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MEMBER OF THE NATIONAL INSTITUTE. 

Citizen First Consul, 

You have permitted me to dedicate this work to you. 

It is gratifying and honorable to me to present it to the Hero, the 
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ADVERTISEMENT. 

This volume contains the numerical values of the secular and periodical 

inequalities of the motions of the planets and moon ; the numbers, given 

in the original work, having been reduced from centesimal to sexagesimal 

seconds, to render them more convenient for reference. The Appendix 

contains ; many important formulas and tables, which are useful to 

astronomers in computing the motions of the planets and comets. Some of 

these tables are new, and the others have been varied in their forms, to 

render them more simple in their uses and applications : none of them have 

heretofore been published in this country. Several of the formulas have 

been introduced into the calculations of modern astronomy, since the 

commencement of the first part of the original work. The portrait of 

the author, accompanying this volume, was obtained in France, and is an 

impression from the original plate, which was engraved under his direction, 

for the Système du Monde. The fourth volume of the work will be put 

to press in the course of a few weeks. 
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PREFACE. 

We have given, in the first part of this work, the general principles of 

the equilibrium and motion of bodies. The application of these principles 

to the motions of the heavenly bodies, has conducted us, by geometrical 

reasoning, without any hypothesis, to the law of universal attraction ; the 

action of gravity, and the motions of projectiles on the surface of the earth, 

being particular cases of this law. We have then taken into consideration, 

a system of bodies subjected to this great law of nature ; and have obtained, 

by a singular analysis, the general expressions of their motions, of their 

figures, and of the oscillations of the fluids which cover them. From these 

expressions, we have deduced all the known phenomena of the flow and ebb 

of the tide ; the variations of the degrees, and of the force of gravity at the 

surface of the earth ; the precession of the equinoxes ; the libration of the 

moon ; and the figure and rotation of Saturn’s Rings. We have also pointed 

out the cause, why these rings remain, permanently, in the plane of the 

equator of Saturn. Moreover, we have deduced, from the same theory of 

gravity, the principal equations of the motions of the planets ; particularly 

those of Jupiter and Saturn, whose great inequalities have a period of above 

nine hundred years. The inequalities in the motions of Jupiter and Saturn, 

presented, at first, to astronomers, nothing but anomalies, whose laws and 

causes were unknown; and, for a long time, these irregularities appeared to 

be inconsistent with the theory of gravity ; but a more thorough examination 

has shown, that they can be deduced from it ; and now, these motions are 

vol.in. C 



X PREFACE. 

one of the most striking proofs of the truth of this theory. We have 

developed the secular variations of the elements of the planetary system, 

which do not return to the same state till after the lapse of many centuries. 

In the midst of all these changes we have discovered the constancy of the 

mean motions, and of the mean distances of the bodies of this system ; 

which nature seems to have arranged, at its origin, for an eternal duration, 

upon the same principles as those which prevail, so admirably, upon the 

earth, for the preservation of individuals, and for the perpetuity of the 

species. From the single circumstance, that the motions are all in the 

same direction, and in planes but little inclined to each other, it follows, 

that the orbits of the planets and satellites must always be nearly circular, 

and but little inclined to each other. Thus, the variations of the obliquity 

of the ecliptic, which are always included within narrow limits, will never 

produce an eternal spring upon the earth. We have proved that the attraction 

of the terrestrial spheroid, by incessantly drawing towards its centre 

the hemisphere of the moon, which is directed towards the earth, transfers 

to the rotatory motion of this satellite, the great secular variations of its 

motion of revolution ; and, by this means, keeps always from our view, the 

other hemisphere. Lastly, we have demonstrated, in the motions of the 

three first satellites of Jupiter, the following remarkable law, namely, 

that, in consequence of their mutual attractions, the mean longitude of the 

first satellite, seen from the centre of Jupiter, minus three times that of the 

second satellite, plus twice that of the third satellite, is always exactly equal 

to two right angles ; so that they cannot all be eclipsed at the same time. 

It remains now to consider particularly the perturbations of the motions of 

the planets and comets about the sun ; of the moon about the earth 5 and 

of the satellites about their primary planets. This is the object of the 

second part of this work, which is particularly devoted to the improvement 

of astronomical tables. 

I 



PREFACE. xi 

The tables have followed the progress of the science, which serves as 

their basis ; and this progress was, at first, extremely slow. During a very 

long time, the apparent motions only of the planets were observed. This 

interval, which commenced in the most remote antiquity, may be considered 

as the infancy of Astronomy. It comprises the labors of Hipparchus and 

Ptolemy ; also, those of the Indians, the Arabs, and the Persians. The 

system of Ptolemy, which they successively adopted, is, in fact, nothing 

more than a method of representing the apparent motions ; and, on this 

account, it was useful to science. Such is the weakness of the human 

mind, that it often requires the aid of a theory, to connect together 

a series of observations. If we restrict the theory to this use, and 

take care not to attribute to it a reality which it does not possess, and 

afterwards frequently rectify it, by new observations, we may finally discover 

the true cause, or, at least, the laws of the phenomena. The history of 

Philosophy affords us more than one example, of the advantages which may 

be derived from an assumed theory ; and, of the errors to which we are 

exposed, in considering it to be the true representation of nature. About 

the middle of the sixteenth century, Copernicus discovered, that the 

apparent motions of the heavenly bodies indicated a real motion of the 

earth about the sun, with a rotatory motion about its own axis : by this 

means, he showed to us the universe in a new point of view, and completely 

changed the face of Astronomy. A remarkable concurrence of discoveries 

will forever render memorable, in the history of science, the century 

immediately following this discovery ; a period which is also illustrious, by 

many master-pieces of literature and the fine arts. Kepler discovered the 

laws of the elliptical motion of the planets ; the telescope, which was 

invented by the most fortunate accident, and was immediately improved 

by Galileo, enabled him to see, in the heavens, new inequalities and new 

worlds. The application of the pendulum to clocks, by Huygens, and that 
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of telescopes to the astronomical quadrant, gave more accurate measures 

of angles and times, and thus rendered sensible the least inequalities in the 

celestial motions. At the same time that observations presented to the 

human mind new phenomena, it created, to explain them, and to submit 

them to calculation, new instruments of thought. Napier invented 

logarithms : the analysis of curves, and the science of dynamics, were 

formed by the hands of Descartes and Galileo : Newton discovered the 

differential calculus, decomposed a ray of light, and penetrated into the 

general principle of gravity. In the century which has just passed, the 

successors of this great man have finished the superstructure, of which he 

laid the foundation. They have improved the analysis of infinitely small 

quantities, and have invented the calculus of partial differences, both infinitely 

small and finite : and have reduced the whole science of mechanics to 

formulas. In applying these discoveries to the law of gravity, they have 

deduced from it all the celestial phenomena ; and have given to the theories 

and to astronomical tables an unexpected degree of accuracy ; which is to 

be attributed, in a great measure, to the labors of French mathematicians, 

and to the prizes proposed by the Academy of Sciences. To these 

discoveries in the last century, we must add those of Bradley, on 

the aberration of the stars, and on the nutation of the earth’s axis : the 

numerous measures of the degrees of the meridian, and of the lengths of 

the pendulum ; of which operations, the first example was given by France, 

in sending academicians to the north, to the equator, and to the southern 

hemisphere, to observe the lengths of these degrees, and the intensity of 

gravity : the measure of the arc of the meridian, comprised between 

Dunkirk and Barcelona ; which has been determined by very accurate 

observation, and is used as the basis of the most simple and natural 

system of measures : the numerous voyages of discovery, undertaken to 

explore the different parts of the globe, and to observe the transits of 

1 



PREFACE. XIII 

Venus over the sun’s disc ; by which means, the exact determination of 

the dimensions of the solar system has been obtained, as the fruit of 

these voyages : the discoveries, by Herschel, of the planet Uranus, its 

satellites, and two new satellites of Saturn : finally, if we add to all these 

discoveries, the admirable invention of the instrument of reflexion, so useful 

at sea ; that of the achromatic telescope ; also the repeating circle, and 

chronometer ; we must be satisfied, that the last century, considered 

with respect to the progress of the human mind, is worthy of that 

which preceded it. The century we have now entered upon, commenced 

under the most favorable auspices for Astronomy. Its first day was 

remarkable, by the discovery of the planet Ceres ; followed, almost 

immediately afterwards, by that of the planet Pallas, having nearly the 

same mean distance from the sun. The proximity of Jupiter to these two 

extremely small bodies ; the greatness of the excentricities and of the 

inclinations of their mutually intersecting orbits, must produce, in their 

motions, considerable inequalities, which will throw new light on the 

theory of the celestial attractions, and must give rise to farther improvements 

in Astronomy. 

It is chiefly in the application of analysis to the system of the world, 

that we perceive the power of this wonderful instrument ; without which, 

it would have been impossible to have discovered a mechanism which is 

so complicated in its effects, while it is so simple in its cause. The 

mathematician now includes in his formulas, the whole of the planetary 

system, and its successive variations ; he looks back, in imagination, to the 

several states, which the system has passed through, in the most remote 

ages ; and foretells what time will hereafter make known to observers. 

He sees this sublime spectacle, whose period includes several millions of 

years, repeated in a few centuries, in the system of the satellites of 

vol. hi. d 
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Jupiter, by means of the rapidity of their revolutions ; which produce 

remarkable phenomena, similar to those which had been suspected, by 

astronomers, in the planetary motions ; but had not been determined, 

because they wrere either too complex, or too slow, for an accurate 

determination of their laws. The theory of gravity, which, by so many 

applications, has become a means of discovery, as certain as by observation 

itself, has made known to him several new inequalities, in the motions of the 

heavenly bodies, and enabled him to predict the return of the comet of 1759, 

whose revolutions are rendered very unequal, by the attractions of Jupiter 

and Saturn. He has been enabled, by this means, to deduce, from 

observation, as from a rich mine, a great number of important and delicate 

elements, which, without the aid of analysis, would have been forever 

hidden from his view: such as the relative values of the masses of the 

sun, the planets and satellites, determined by the revolutions of these bodies, 

and by the development of their periodical and secular inequalities : 

the velocity of light, and the ellipticity of Jupiter ; which are given, 

by the eclipses of its satellites, with greater accuracy, than by direct 

observation : the rotation and oblateness of Uranus and Saturn ; deduced 

from the consideration, that the different bodies which revolve about 

those two planets, are in the same plane, respectively : the parallaxes 

of the sun and moon : and, also, the figure of the earth, deduced from 

some lunar inequalities : for, we shall see hereafter, that the moon, by 

its motion, discloses to modern astronomy, the small ellipticity of the 

terrestrial spheroid, whose roundness was made known to the first observers 

by the eclipses of that luminary. Lastly, by a fortunate combination of 

analysis with observation, that body, which seems to have been given to 

the earth, to enlighten it, during the night, becomes also the most sure 

guide of the navigator ; who is protected by it from the dangers, to 

which he was for a long time exposed, by the errors of his reckoning. 



PREFACE. xv 

The perfection of the theory, and of the lunar tables, to which he is 

indebted for this important object, and for that of determining, with 

accuracy, the position of the places he falls in with, is the fruit of the 

labors of mathematicians and astronomers, during the last fifty years: 

it unites all that can give value to a discovery ; the importance and 

usefulness of the object, its various applications, and the merit of the 

difficulty which is overcome. It is thus, that the most abstract theories, 

diffused by numerous applications to nature and to the arts, have become 

inexhaustible sources of comfort and enjoyment, even to those who are 

wholly ignorant of the nature of these theories. 
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Inequalities depending on the first power of the excentricities [4525, 4526]. 

Inequalities depending on the second dimension of the excentricities and inclinations 

[4527—4529]. 

Inequalities depending on the third dimension of the excentricities and inclinations [4530]. 

There is only one of them produced by the action of Saturn. . . ... . § 37 

Inequalities in latitude [4531]. They are produced by the action of Jupiter and Saturn. §38 

CHAPTER XV. ON SOME EQUATIONS OF CONDITION, BETWEEN THE INEQUALITIES OF THE PLANETS, 

WHICH MAY BE USED IN VERIFYING THEIR NUMERICAL VALUES.£ 39—43 318 

CHAPTER XVI. ON TI1E MASSES OF THE PLANETS AND MOON..333 
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Reflections on the values given to those masses in §21. New determination of those of Venus 

and Mars [4605, 4608]. Discussion of that of the Moon, by the comparison of several 

phenomena which can determine it [4619 — 4637], such as the observation of the tides, the 

lunar equation in the tables of the Sun, the nutation of the Earth’s axis, and the Moon’s 

parallax. From these examinations, it appears, that this mass is rather less than that which is 

deduced from the tides observed at Brest [4637].§44 

CHAPTER XVII. ON THE FORMATION OF ASTRONOMICAL TABLES, AND ON THE INVARIABLE PLANE 

OF THE PLANETARY SYSTEM §45,46 34! 

CHAPTER XVIII. ON THE ACTION OF THE FIXED STARS UPON THF PLANETARY SYSTEM. . . . 343 

The great distance of these bodies renders their action insensible [4673]. Reflections on the 

comparison of the preceding formulas with observations [4687, &c.].§ 47 

SEVENTH BOOK. 

THEORY OF THE MOON. 

Explanation of this theory ; its particular difficulties [4692, &c.]. Considerations that must influence 

us in the approximations. How we may deduce from this theory, several important elements 

of the system of the world [4702, &c.], and among others, the oblateness of the Earth [4709], 

which is thus obtained with greater accuracy than by direct observations.  .355 

CHAPTER I. INTEGRATION OF THE DIFFERENTIAL EQUATIONS OF THE MOON’S MOTION.35g 

Differential equations of this motion given in § 15 of the second book [4753 — 4756]. Method 

of noticing in the calculation, the non-sphericity of the Moon and Earth [4773]. . . . § 1 

Development of the quantities which occur in the differential equations, supposing these two 

bodies to be spherical [4780, &c.].§2 

The ecliptic, in its secular motion, carries with it the moon’s orbit, so that the mean inclination of 

this orbit to the ecliptic, remains always the same [4803]. This circumstance, indicated -by 

analysis, simplifies the calculations, because it permits us to take the ecliptic for the fixed plane 

of projection [4804].§3 

Investigation of the elliptical part of the motions of the Moon and Earth [4826,4828,4837,4838]. § 4 

Principles relative to the degrees of smallness of the quantities which occur in the expressions 

of the co-ordinates of the moon [4841]. Examination of the influence of the successive 

integrations upon the different terms of these co-ordinates [4847, &c.]. Indication of the 

terms of the radius vector, which produce the evection [4850], and annual equation [4851]. §5 



CONTENTS OF THE THIRD VOLUME. 

Use to be made of these considerations. Development of the differential équation which produces 

the radius vector ; noticing only the first power of the disturbing force [4858 — 4903]. § 6, 7 

Investigation of the terms of the order of the square and the higher powers of the disturbing 

masses, which acquire a sensible influence by integration [4904, &c.]. It is necessary to 

notice the perturbations of the Earth by the Moon [4909', 4948, &c.].§8 

Connection of these terms with the preceding. Complete development of the differential 

equation which produces the radius vector [4961].§ 9 

Integration of this equation [4964, &c.]. Inequalities resulting from it. Expression of the 

motion of the lunar perigee [4982, &c.]. 

The variableness of the excentricity of the Earth’s orbit produces a secular inequality in the 

constant term of the Moon’s parallax; but this inequality is insensible [4970]. 

The same cause produces a secular inequality in the motion of the Moon’s perigee, which is 

conformable to observation. Analytical expression of this inequality [4985]. 

The excentricity of the Moon’s orbit is subjected to a secular variation, which is analogous to 

that of the parallax, and like it, insensible [4987].. § 10 

Development of the differential equation which gives the latitude [5018, &c.], noticing, in the 

first place, only the simple power of the disturbing forces.. § 11 

Investigation of the terms of the order of the square of those forces which acquire a sensible 

influence in the expression of the latitude [5039, &c.].§ 12 

Connection of these terms with the preceding, and the complete development of the differential 

equation which gives the latitude [5049].§ 13 

Integration of this equation [5050, &c.]. Inequalities resulting from it. Expression of the 

retrograde motion of the nodes [5059]. 

The variableness of the excentricity of the Earth’s orbit, produces in this motion a secular 

inequality. Analytical expression of this inequality [5059]. Its ratio to that of the perigee 

[5060]. 

The inclination of the lunar orbit to the true ecliptic, is likewise variable by means of the same 

cause ; but this variation is insensible [5061].§ 14 

Development of the differential equation which gives the time or the mean longitude in terms of 

the true longitude [5081, &c.] Integration of this equation. Inequalities which result from 

it [5095, &c.] 

The mean longitude also suffers a secular change, resulting from the variableness of the excentricity 

of the Earth’s orbit ; expression of this inequality. Analytical relations of the secular equations 

of the mean motions of the Moon, its perigee and nodes [5089, &c.].§ 15 

Numerical determination of the several coefficients, occurring in the preceding formulas [5117,&c.] 

and the numerical development of the expression of the mean longitude [5220]. The 

perturbations of the Earth’s orbit by the Moon, are reflected to the Moon by means of the Sun 

and are weakened by the transmission [5225, 5226]. Numerical value of the motion of the 

perigee [5231], and of its secular equation [5232]. This equation has a contrary sign to that 

of the mean motion [5232']. Numerical expression of the motion of the node [5233], and of 
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its secular equation [5234], This equation has also a contrary sign to that of the mean motion 

[5234'] ; hence it follows, that the motions of the nodes and perigee decrease, while that of the 

Moon increases. Numerical ratios of these three secular equations [5235]. Secular equation • 

of the mean anomaly [5238].§ 16 

The most sensible inequalities of the fourth order, which occur in the expression of the mean 

longitude [5240 —5305]._.§17 

Numerical expression of the latitude [5308].§18 

Numerical expression of the Moon’s parallax [5331].§ 19 

CHAPTER. II. ON THE LUNAR INEQUALITIES ARISING FROM THE OBLATENESS OF THE EARTH AND 

moon.585 

The oblateness of the Earth produces in the latitude of the Moon but one single inequality. We 

may represent this effect, by supposing that the orbit of the Moon, instead of moving on the 

plane of the ecliptic, with a constant inclination, to move with the same condition, upon a 

plane which always passes through the equinoxes between the ecliptic and equator [5352]. 

This inequality can be used for the determination of the oblateness of the Earth [5358]. It 

is the reaction of the nutation of the Earth’s axis upon the lunar spheroid [5398], and there 

would be an equilibrium about the centre of gravity of the Earth by means of the forces 

producing these two inequalities, if all the particles of the Earth and Moon were firmly 

connected with each other, the Moon compensating for the smallness of the forces acting on it, 

by the length of the lever to which it is attached [5424]. 

The oblatenes of the Earth has no sensible influence on the radius vector of the Moon [5366] ; 

but it produces in the Moon’s longitude one sensible inequality. The motions of the perigee 

and node are but very little augmented by it [5396, &c.].§ 20 

The non-sphericity of the Moon produces in its motion only insensible inequalities 

[5445,5451, &c.]., . ..§21 

CHAPTER III. ON THE INEQUALITIES OF THE MOON DEPENDING ON THE ACTION OF THE PLANETS. 617 

These inequalities are of two kinds, the first depends on the direct action of the planets on the 

motion of the Moon [5479, 5481] ; the second arises from the perturbations in the Earth’s 

radius vector produced by the planets [5490]. These perturbations are reflected to the Moon 

by means of the Sun, and are augmented by the integrations which gives them small divisors. 

Determination of these inequalities for Venus, Mars, and Jupiter [5491, &c.]. The variableness 

of the excentricities of the orbits of the planets, introduces, in the mean longitude of the 

Moon, secular equations, analogous to that produced by the variation of the excentricity of the 

Earth’s orbit, reflected to the Moon by means of the Sun ; but they are wholly insensible in 

comparison with this last. Thus the indirect action of the planets on the Moon, transmitted by 

means of the Sun, considerably exceeds their direct action, relative to this inequality [5539]. §22 

CHAPTER IV. COMPARISON OF THE PRECEDING THEORY WITH OBSERVATION.642 

Numerical values of the secular inequality of the mean motion of the Moon [5542, &c.], and those 

of the mean motions of the perigee and node of the Moon’s orbit. Considerations which 

confirm their accuracy [5544, &c.].§ 23 
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Periodical inequalities of the Moon’s motion in longitude [5551, &c.]. Agreement of the 

coefficients given by the theory, with those of the lunar tables of Mason and Burg [5575, &c.]„ 

One of these inequalities depends on the Sun’s parallax [5581]. If we determine its 

coefficient by observation, we may deduce from it the same value of the Sun’s parallax, as that 

which is obtained by the transits of Venus [5589']. Another of these inequalities depends on 

the oblateness of the Earth [5590]. The value of its coefficient determined by the tables of 

Mason and Burg, indicates that the Earth is less flattened than in the hypothesis of homogeneity, 

and that the obiaten es is [5593].§24 

Inequalities of the Moon’s motion in latitude [5595, &c.]. Agreement of the coefficients given 

by the theory with those of the tables of Mason and Burg [5596]. One of these inequalities 

depends on the oblateness of the Earth [5598], Its coefficient, determined by observation, 

gives the same oblateness [5602], as the inequality in longitude depending on the same element. 

So that these two results agree in proving, that the Earth is less flattened than in the 

hypothesis of homogeneity.§ 25 

Numerical expression of the Moon’s horizontal parallax [5603]. Its agreement with the tables 

of Mason and Burg [5605].§26 

CHAPTER V. ON AN INEQUALITY OF A LONG PERIOD, WHICH APPEARS TO EXIST IN THE MOON’S 

MOTION..... 

The action of the Sun on the Moon, produces in the motion of that satellite an inequality, whose 

argument is double the longitude of the node of the Moon’s orbit, plus the longitude of its 

perigee, minus three times the longitude of the Sun’s perigee [5641, &c.]. The consideration 

of the non-spherical form of the Earth, may also introduce into the motion of the Moon, two 

other inequalities [5633, 5638'], with nearly the same period as that which we have just 

mentioned; and in the present situation of the Sun’s perigee, they are all three nearly 

confounded together. The coefficients of these three inequalities are very difficult to compute 

from the theory ; it appears that the two last must be wholly insensible [5637', 5639']. . § 27 

The first is evidently indicated by observations. Determination of its coefficient [5665]. [This 

result was afterwards found to be incorrect, as is observed in the note, page 666, &c.]. § 28 

CHAPTER VI. ON THE SECULAR VARIATIONS OF THE MOTIONS OF THE MOON AND EARTH, WHICH 

CAN BE PRODUCED BY THE RESISTANCE OF AN ETHEREAL FLUID SURROUNDING THE SUN. . . g-yg 

The resistance of the ether produces a secular equation in the Moon’s mean motion [5715] ; 

but it does not produce any sensible inequality in the motions of the perigee and nodes 

[5713', 5717].§29 

The secular equation of the Earth’s mean motion, produced by the resistance of the ether, is about 

one hundredth part of the corresponding equation of the Moon’s mean motion [5740]. §30 
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APPENDIX BY THE AUTHOR. 

The chief object of this appendix is to demonstrate a theorem, discovered by Mr. Poisson, that the 

mean motions of the planets are invariable, when we notice only the terms depending on the first and 

second powers of the disturbing forces [5744, &c.] This is done by giving new forms to some of the 

differential expressions of the elements of the orbits, as is observed in [5743, &c]. Forms of these 

differentials, including all the terms depending upon the first power of the disturbing masses 

[5786—5791]. Expressions of the mean motion [5794] ; of the periodical inequalities in the 

elements [5873—5879] ; and of the secular inequalities of the elements [5882—5888]. 

Investigation of the mutual action of two planets upon each other, referring their inequalities to 

an intermediate invariable plane [5905, &c]. 

New method of computing the lunar inequalities, depending upon the oblateness of the earth 

[5937—5973]. 

On the two great inequalities of Jupiter and Saturn ; correcting for the mistake in the signs of the 

functions JVW, MU &c. [5974—5981]. 

IN THE COMMENTARY. 

Among the subjects treated of in the JVotes, we may mention the following : 

Correction to be made in the formula mfà R -f- m'fà R! — 0, [1202], in some of the terms of the 

order of the square of the disturbing masses [4004c, &c]. The necessity of this correction was first 

made known by Mr. Plana [4006ic, &c.]. Results of the discussion upon this subject, by Messrs. 

Plana, Pontecoulant, Poisson and La Place [40056'—4008z]. New formula by La Place, relative to 

some of these terms [4008x], This formula has been called “ the last gift of La Place to Astronomy,” 

being the last work he ever published. 

On the values of the constant quantities f, fj, g, &c. ; introduced into the integral expressions of 

<5r, du, ôs, by La Place [4058e, &c.] ; which were objected to by Mr. Plana. The results of La Place’s 

calculation proved to be correct by him, and by Mr. Poisson, in [4058e—4060A*]. 

Corrected values of the masses of the planets, finally adopted by the author [4061c?]. 

Elements of the newly discovered planets Vesta, Juno, Pallas and Ceres ; corresponding to the 23d 

July, 1831, as given by Encke [4079?]. 

Elements of the orbits of the comets of Halley, Olbers, Encke and Biela [4079m]. 

Inequalities in the motions of Venus and the Earth, having a period of 239 years, and depending 

on terms of the fifth order of the excentricities and inclinations ; discovered and computed by Professor 

Airy [4296 a — q, 4310 c— /]. 

Mr. Pontecoulant’s table of the part of the great inequality of the motion of Jupiter, depending on 

the square of the disturbing force [4431/]. Similar table for the inequalities of the motion of Saturn 

[4489c]. 

Results of the calculations of Professor Hansen [4489 n — p]. 
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The action of the fixed stars affects the accuracy of the equation e2. m. y/ a -f- e'2. m'. \Ja! -f- &c. = 0 

[4685g-]. 
Results of the calculations of several authors relative to the sun’s parallax, hy means of the parallactic 

inequality in the moon’s longitude, and by the transits of Venus over the sun’s disc [5589 a — m\. 

Inequality in the moon’s longitude, whose period is about 179 years. It is found to be insensible 

[5611 a — q] ; instead of being 15s,39 at its maximum, as the author supposes in [5665]. 

The planets and comets move in a resisting medium, according to the observations of Encke’s 

comet [5667 a— c]. 

Notice of the papers published by La Grange and Poisson, relative to the invaxiableness of the mean 

motions of the planets, which is treated of in the appendix to this volume [5741a — l]. 

It appears from the calculations of Nicolai, Encke and Airy, that the estimated value of the mass of 

Jupiter, adopted by La Place from Bouvard’s calculations of its action on Saturn and Uranus, must be 

increased, to satisfy the observed perturbations of the planets Juno and Vesta; as well as those of 

Encke’s comet, [5980 i—p]. 

APPENDIX BY THE TRANSLATOR, 

Formulas for the motion of a body in an elliptical orbit [5985(1—19)] ; with their demonstrations 

[5984(3-25)]. 

Formulas for the motion of a body in a parabolic orbit [5986] ; with their demonstrations [5987]. 

Determination of the symbol log. k = 8,2355814 .. . which is used in these calculations [5987(8)]. 

Formulas for the motions of a body in a hyperbolic orbit [5988] ; with their demonstrations [5989]. 

Kepler’s problem for computing the true anomaly from the time, or the contrary, in an elliptic orbit. 

- Indirect solution of this problem, according to Kepler’s method, but arranged in formulas 

by Gauss [5990]. 

- Simpson’s method for determining the true anomaly, in an ellipsis or hyperbola, where e is 

very nearly equal to unity, noticing only the first power of 1 — e, or e — 1 [5991(1—12)]. 

- Bessel’s improved method for computing the terms depending on the second power of 

1 — e or e — 1 [5991(1—40)] 

- Gauss’s method, in a very excentric ellipsis, noticing all the powers of e — 1 [5992]. 

- Gauss’s method of solution in a hyperbolic orbit, in which e — 1 is very small, noticing 

all the powers of this quantity [5993]. 

Olbers’s method of computing the orbit of a comet [5994, &c.]. 

- Table of formulas which are used in this calculation [5994(9—45)]. 

- Geometrical investigation of this method of calculation [5994(46—ISO")]. 

- Remarks on the manner of determining the approximate values of the curtate distance p 

of the comet from the earth [5994(132—172)] 

Examples for illustrating these calculations [5994(173—242) ], using tables I, II, III, 

Remarks on the calculation of p by means of the equations (C), [D) [5994(136—163, 242', 242")]. 

Forms of the fundamental equations, adopted by Gauss for the determination of the curtate distance, 

or its equivalent expression u, by means of logarithms [5994(244, &c.)]. 

Solution of two examples, reduced to the form of Gauss [5994(247—256)]. 

Analytical investigation of the method of computing the orbit of a comet, [5994(263—403)]. 

Great advantage in having the intervals of times between the observations nearly equal to each 

other [5994(349)]. 
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The method usually employed in this calculation requires some modification, when M appears 

under the form of a fraction, in which the numerators and denominators are both very small 

[5994(257)]. These methods are explained in [5994(387—392)]. 

Mr. Lubbock’s method of computing the orbit of a comet [5994(405—458)]. 

Method of computing the elements of the orbit of a heavenly body ; there being given the two 

radii r, r', the intermediate angle v' — v = 2/, and the time f — t of describing the angle 2/ 

[5995]. 

Collection of formulas for solving this problem, in an elliptical orbit [5995(4—67)] ; with their 

demonstrations [5995(68—174)]. Examples of the uses of these formulas [5995(175—193)]. 

Collection of formulas for solving this problem in a parabolic orbit [5996(2—25)] ; with their 

demonstrations [5996(26—50)] ; illustrated by an example in [5996(51—53)]. 

Collection of formulas for solving this problem in a hyperbolic orbit [5997(1—59)] ; with their 

demonstrations [5997(60—172)]. Example of the uses of these formulas [5997(173—183)]. 

Gauss’s method of correcting for the effect of the parallax and aberration of any newly discovered 

planet or comet, in computing its orbit by means of three geocentric observations, with the intervals 

of time between them [5998]. 

Corrections in the places of the earth, on account of the planet’s parallax [5998(47—50)]. 

Method of calculating the longitude and latitude of the zenith [5998(67—71) &c. ]; also the 

longitude and latitude of the planet from its right ascension and declination [5998(97—107)], with 

examples. 

Method of correcting for the aberration of the planet [5998(108—117)]. 

Example for illustrating the calculations relative to the parallax and aberration [5998(118—126)]. 

Gauss’s method of computing the orbit of a planet or comet, by means of three geocentric longitudes 

and latitudes, together with the times of observation [5999.] 

Table of the symbols and formulas which are used in this method [5999(9—54)]. 

Demonstrations of these formulas [5999(58, &c.)]. 

Example, containing the whole calculation of the elements of the orbit of Juno, from three observa- 

tions of Maskelyne [5999(274—650)]. 

CATALOGUE OF THE TABLES IN THE APPENDIX. 

Table Ï. Contains the square roots of the numbers from 0,001 to 10,1 ; to be used in Olbers’s 

method of computing the orbit of a comet ; in finding r, r'\ c ; from r2, r"2, c2 ; 

which are given by three fundamental equations of this method [5994(31, 32, 33)]. 

Table II. To find the time T of describing a parabolic arc, by a comet ; there being given the sum 

of the radii r-\-r", and the chord c, connecting the two extreme parts of the 

arc. This table is computed by Lambert’s formula [750], namely, 
3 3 

T=9dayS, 688724. j (r + r" -j- cf— (r + r" — cf J ; 

and the numbers are given to the nearest unit in the third decimal place, expressed in 

days and parts of a day. This degree of accuracy being abundantly sufficient for the 

purpose of computing the orbit of a comet, by Dr Olbers’s method ; and the table serves 

to facilitate this part of the calculation. 
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Table III. To find the anomaly U, corresponding to the time F from the perihelion, expressed in 

days, in a parabolic orbit; where the perihelion distance is the same as the mean distance 

of the earth from the sun. The arguments of this table, as they were first arranged by 
days days 

Burckhardt, are the values of F, from t'—O ,0 to if —6 ,0; and the logarithm 

of F from log. F = 0,700 to log. F — 5,00 ; the corresponding anomalies being given 

from U=0<t to U= 172^32”*09s,2. We have also given Carlini’s table for the 

first six days of the value of F. This last table has for its argument log. of F days ; 

and the corresponding numbers represent log. U in minutes, minus log. F in days. 987 

Table IV. To find the true anomaly v, in a very excentric ellipsis or hyperbola, from the 

corresponding anomaly U in a parabola ; according to the method of Simpson, 

improved by Bessel. This table contains the coefficients of Simpson’s correction, 

corresponding to the first power of (1—e) ; and those of Bessel’s correction, 

corresponding to the second power of (1—e) ; for every degree of anomaly from 

0d to 180^ ; as they were computed by Bessel.996 

Table V. This table was computed by Gauss, for the purpose of finding the true anomaly v, 

corresponding to the time t from the perihelion, in a very excentric ellipsis, noticing 

all the powers of I —..999 

Table VI. This table is similar to Table V, and was computed by Gauss for finding the true 

anomaly v, corresponding to the time t from the perihelion, in a hyperbolic orbit, 

which approaches very nearly to the form of a parabola; noticing all the powers 

of (c —1).1002 

Table VII. This was computed by Burckhardt, for the purpose of finding the time t, of describing 

an arc of a parabolic orbit; there being given the radii r,r', and the described arc 

v'-v=2 /..... . 1005 

Table VIII. This table was computed by Gauss, and is used with Table IX or Table X, in finding 

the elements of the orbit of a planet or comet, when there are given the two radii r, 

the included heliocentric arc v' — v = 2f; and the time F — t, of describing this 

arc, expressed in days. . ...1006 

Table IX. This table is used with Table VIII, in the computation of an elliptical orbit, by means of 

r, r\ v' — v and F —-t. .1012 

Table X. This table is used with Table VIII, in the computation of a hyperbolic orbit, by means 

of r, r', v' — v, and F — t.. 1013 

Table XI. To convert centesimal degrees, minutes and seconds, into sexagesimals. ..... 1014 

Table XII. To convert centesimal seconds into sexagesimals, and the contrary. ...... 1016 

The Tables V — X, include all those which Gauss published in his Theoria Motus, etc. We have 

altered, in some respects, the arrangement and forms of these tables, to render them more convenient 

for use ; and upon comparison it will be found, that this appendix contains the most important of the 

methods which are given in that great work, as well as in that of Dr Olbers. The methods of Gauss 

being somewhat simplified, by reducing many of the processes to the common operations of spherical 

trigonometry, instead of using a great number of unusual auxiliary formulas, expressed in an analytical 

manner; and Olbers’s calculations are abridged by the use of Tables I, II. 
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ERRATA. 

CORRECTIONS AND ADDITIONS 

IN VOLUME I. 

Page. Line. 

119 6 bot. For dw read dm. 
120 13,19,21 For (zdx—xdy) read (zdx—xdz). 

125 12 For dZ-\~dyt, read dZ-\-dz,. 

134 7 bot. For—X.m.Sv.ds, read —2/.m.Sv.ds. 

147 7 bot. For —y'ddx1, read —yddx1. 

147 4 bot. For Y read y. 

147 3 bot. Insert dm in the last term. 

159 7 Insert ( after x1. 

182 9 bot. For read 

183 4 bot. For read 

209 9 bot. For axis of z, read axis of x. 

215 16 For dy read S'y. 

220 10 bot. For (dp) read (Sp). 

230 3 bot. For dr' read dr. 

234 4 bot. For ag read a.g- 

235 8 bot. For au read au’. 

280 7 Change the accents in the denominator of F. 

281 1 bot. For read 

301 7 bot. For 2, read r%. 

371 12 For sin.mf, read sin.mnt. 

371 13 For cos .jnt, read cos .mnt. 

378 3 For sin.2nt, read 2,sin.2ra£. 

378 11 For [688a], read [668a]. 
381 1 For sin.4.(ay—0), read sinA^—0). 

398 10 bot. For—, read 
r r 

413 3 For 0",5, read 0s,5. 

455 1,2 bot. For logarithm, read logarithmic. 

464 8 bot. For tang;), tang, ($"'—j) ; read 

sin.($"—/), sin (ft11—j). 

475 7 bot. For (By, read dly'. 

478 6 For c, read cr. 

480 4 For y',y’, &.c., read y,y', &c. 

487 18 For y',y', &c., read y,yf,&LC. 
495 5 bot. For 0' read 

499 6 bot. For c—V, read c'=F'. 

542 4 bot. For A', read Ad). 

581 8 bot. For [1034a], read [1069a]. 

585 1 bot. For the exponent —read L 

Page. Line. 

593 5 bot. For [1098a], read [10976']. 

608 16 For B, read B0. 

618 15 For spherical angle, read spherical triangle. 

679 5 bot. For m'p, read m'p' ; and/or m'q, read m'q'. 
693 4 bot. For m, read m'. 

715 15 bot. For andt, read an, in both formulas. 

IN VOLUME II. 

.370 16 For [1581a], read [1851a]. 

510 11 bot. For k read e. 

780 4 bot. For — , read — . 
r'3 r/3 

L' L' 
781 5 bot. For ~r„, read —. r a ri3 

IN VOLUME III. 

The same measures have been used for .correcting the 

mistakes of the press in Volume III, as in printing the 

preceding volumes. The reader will also omit the third 

line from the bottom in page 501, which is unnecessarily- 

repeated ; and at the end of the paragraph, page 556, line 

16, will make the following addition of a paragraph which 

was accidentally omitted. c< The function [5082s] contains 

also the terms depending on 120m2.^3(8), 120m2.^2(9) 

[5261c, e, line 1], which are derived from the part 

—Ja. funct. [493ly>] contained in [5082/]. For by combining 

the term A&~) ee'.cos^cv-j-c'mv) in [493!j), col. 1] with 

—|.e.sin.(2t)—2mv—cv), in col. 2, we get the first of these 

terms; and by combining the term A&).ee'.cos.(cv—c'mv), 

with —|.e.sin.(2v—2mv—cv), in col. 2, we get the second 

of these terms.” Lastly, in page 458, line 3, we may add, 

that the function [4957] must be multiplied by the chief 

term of [4890], or —, to obtain the corresponding terms of 

[4961 or 4960e]. 



SECOND PART. 

PARTICULAR THEORIES OF THE MOTIONS OF THE HEAVENLY BODIES. 

SIXTH BOOK. 

THEORY OF THE PLANETARY MOTIONS. 

The motions of the planets are sensibly disturbed by their mutual 

attractions, and it is important to determine accurately the inequalities which 

result from this cause ; for the purposes of verifying the law of universal S 

gravitation, improving the accuracy of astronomical tables, and discovering 

whether any cause, foreign from the planetary system, produces a change in 

its constitution or its motions. The object of this book is to apply to the 
L- 

bodies of this system, the methods and general formula given in the first part 

of this work. We have developed in the second book, only those inequalities 

which are independent of the excentricities or inclinations of the orbits, and 

those which depend upon the first power of these quantities. But it is often 

indispensable to extend the approximation to the square and to the higher 

powers of these elements ; and sometimes it is also necessary to consider the 

terms depending on the square of the disturbing force. We shall first give 

the formulas relative to these inequalities ; and shall then substitute in these 

formulas, and in those of the second book, the numbers or values of the 

elements corresponding to each planet. By this means we shall obtain 

the numerical expressions of the radius vector, and the motions of the planet in 

longitude and in latitude. Bouvard has willingly undertaken the calculation 

of these substitutions, and the zeal with which he has prosecuted this 

laborious work, deserves the acknowledgment of all astronomers. Several 

mathematicians had previously calculated the greater part of the planetary 

inequalities ; and their results have been useful in verifying those of Bouvard ; 

for when any difference has been found, he has examined into the source of 

1 VOL. III. 
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the error, in order to satisfy himself of the accuracy of his own calculation. 

Lastly, he has reviewed with particular care, the calculation of those 

inequalities which had not been before computed ; and by means of several 

equations of condition, which obtain between these inequalities, I have been 

enabled to verify many of them. Notwithstanding all these precautions, 

there may possibly be found in the following results, some errors, which 

almost inevitably occur in such long calculations ; but there is reason to 

believe that they amount only to insensible quantities, and that they cannot 

be detrimental to the general accuracy of the tables founded upon them. 

These results, on account of their importance in the planetary astronomy, 

of which they are the basis, deserve to be verified with the same care that 

has been taken in the calculation of the tables of logarithms and of sines. 

The theories of Mercury, Venus, the Earth, and Mars, produce only 

periodical equations of small moment ; they are, however, very sensible, by 

modern observations, with which they agree in a remarkable manner. The 

development of the secular equations of the planets and of the moon will 

make known accurately the masses of these bodies, which is the only part 

of their theory that remains yet somewhat imperfect. It is chiefly in the 

motions of Jupiter and Saturn, the two greatest bodies of the planetary 

system, that the mutual attraction of the planets is sensible. Their mean 

motions are nearly commensurable ; so that five times that of Saturn is 

nearly equal to twice that of Jupiter, and the great inequalities in the motions 

of these two bodies arise from this circumstance. When the laws and 

causes of these motions were unknown, they seemed, for a long time, to 

form an exception to the law of universal gravitation, and now they are one 

of the most striking proofs of its correctness. It is extremely curious to see 

with what precision the two principal equations of the motions of these 

planets, whose period includes more than nine hundredj years, satisfy ancient 

and modern observations. The development of these equations in future 

ages, will more and more prove this agreement of the theory and observation. 

To facilitate the comparison with distant observations, we have carried on 

the approximation to terms depending on the square of the disturbing force, 

and it is hoped that the values here assigned to these equations will vary but 

very little from those found by a long series of observations continued during 

an entire period. These equations have a great influence upon the secular 

variations of the orbits of Jupiter and Saturn, and we have developed the 

analytical and numerical expressions arising from this source. Lastly, the 
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planet Uranus is subjected to sensible inequalities, which we have determined, 

and which have been confirmed bj observation. 

The first day of this century is remarkable for the discovery of a new 

planet, situated between the orbits of Jupiter and Mars,* and to which the 

name of Ceres has been given. It appears as a star of the eighth or ninth 

magnitude ; its excessive smallness renders its action insensible on the 

planetary system ; but it must suffer considerable perturbation from the 

attractions of the other planets, particularly Jupiter and Saturn, which ought 

to be ascertained. It is what we propose to do in the course of this work, 

after the elements of the orbit have been determined by observation to a 

sufficient degree of accuracy. 

It is hardly three centuries since Copernicus first introduced into 

astronomical tables the motion of the planets about the sun. A century 

afterwards, Kepler made known the laws of the elliptical motion, which he 

had discovered by observation ; and from these laws, Newton was led to the 

discovery of universal gravitation. Since these three memorable epochs in 

the history of the sciences, the progress of the infinitesimal analysis has 

enabled us to submit to calculation the numerous inequalities of the planets 

depending upon their reciprocal action ; and by this means the tables have 

acquired an unexpected degree of accuracy. It is believed that the following 

results will give to them a much greater degree of precision. 

* (2341) This volume was published by the author shortly after the discovery of Ceres, 

January 1, 1801; and before the discovery of the planets Pallas, Juno, and Vesta. He did [3698a] 

not compute the numerical values of the perturbations of their motions as he had intended. 
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Differen¬ 
tial equa¬ 
tion in 

[3699] 

r è r. 
First form. 

[3700] 

Radius. 

[3701] 

Differen¬ 
tial equa¬ 
tion in 

[3702] 

r Sr. 
Second 
form. 

[3699a] 

[3700a] 

[3702a] 

[37026] 

CHAPTER I. 

FORMULAS FOR THE INEQUALITIES OF THE MOTIONS OF THE PLANETS WHICH 

DEPEND UPON THE SQUARES AND HIGHER POWERS OF THE EXCENTRICITIES AND 

INCLINATIONS OF THE ORBITS. 

ON THE INEQUALITIES WHICH DEPEND UPON THE SQUARES AND PRODUCTS OF THE 

EXCENTRICITIES AND INCLINATIONS. 

1. To determine these inequalities, we shall resume the formula [926], 

fdR\ 

\drf 

* 

dt2 

We have, as in [605', 669],f 

d2.rSr p.rSr n „ /dR\ 
0 = ———j-3-j-2/ d R + rJ — ' 

9 

cr 

r = a. {1 + J e9 — e . cos. (n t-f- s — to) — Je9, cos. 2 . (n t -f s — to)} ; 

hence the preceding differential equation becomes,! 

q_n2. rbr-^Sn1 a. 5re. cos. (nt-\-s—TO)-|-e2. cos. 2. (nt-{-s—to)} 
dt2 

+ i/AR + r.(±f). 

* (2342) Substituting, in [926], the value of r R' [928'], it becomes as in [3699]. 

f (2343) The equation [3700] is easily deduced from [605'] ; and the value of r [3701] 

is the same as that in [669], neglecting terms of the order e3. 

J (2344) If we use, for brevity, the same symbols as in [1018a], namely, 

T=rit— nt + s'—s, W—nt-\-s—zs, b = le2—e.cos. W—|e2.cos. 2 W, 

we shall have r=a.(l-j-6) [3701]; hence r-3==a-3.(l-{-6)_3==a~3.(l— 36-f-662); 

neglecting 63 and the higher powers of b ; or, in other words, neglecting e3, e4, &c. Now, by 
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Now all the terms of the expression of R, depending on the squares and 

products of the excentricities and inclinations of the orbits, may be reduced 

to the one or the other of these two forms,* 

R = M. cos. [i. (n'1 — nt -{-s' — s) -f- 2 n t -f* K j ; [Firstform.] 

R = N . COS. \i . (ft!t-nt -f- s'-s) + L] ; [Second form.] 

in which i includes all integral numbers, positive or negative, comprehending 

also i — 0 [954"]. We shall, in the first place, consider the term [3703]. 

It produces, in 2 / d R + r the function! 

. 2 ‘ ^. M-{-a. | . cos. {i.(n't•—nt-{-s'—s)-J-2nt-\-K}. 
m -{- (2 — i) . n \d a / ) 

retaining terms of the order e2, we get, successively, Ob2=6 e2.cos.3 W= 3e2-f-3 e3.cos.2 W; 

hence 1 — 3 5 -j— 6 52 = 1 —f- J- es 3 e . cos. W -f- |t.2cos. 2 W. Substituting this in r-3 

[37026], and then multiplying by p.rSr, we get [3702d] ; which is easily reduced to 

the form [3702e], by the substitution of n3 [3700] and r = a. (l~e.cos.fF) [3701] in the 

last term of the second member. Now we have —3e2.cos.3W=— f-e2—f e2. cos. 2 W\; 
hence [3702e] becomes as in [3702/], 

F'~ . rSr-r Sr . e2 -j- 3 e . cos. W-j- § ft2. cos. 2 IT] 

= n3. r S r-\-n3. a <5 r . e2-f- 3 e . cos. W -\-^e3. cos. 2W\.\l — e . cos. W } 

= n3. r Sr -}-n3. aSr . 13 e . cos. fF-f- 3 e2. cos. 2 W\. 

Substituting this in [3699], we get [3702]. 

* (2345) This will be evident by the substitution of w , vt, he. [1009,669] in [957]. 

It also appears from [957viii, &c.] ; for in [3703], the coefficients of n't, —nt, are i, i—2, 

respectively ; their difference 2 expresses the order of the coefficient Jc [957viii, &c.], or 

that of M [3703] ; which must therefore be of the order 2 or e2. In like manner, the 

coefficients of n't, —nt [3704] being both equal to i ; the coefficient JY may contain 

terms of the orders 0, 2, 4, &c. [957viii, &c.], which include those of the order e2; and 

a very little attention to the remarks in [957v, &c.] will show, that these are the only forms 

of this kind containing e2. 

f (2346) Substituting the expression r. =a. [962], in the function 

[3704"], we get 2fidR-\-r . (fgfj = 2/*d R-\- a. la finding dR, we must 

suppose, as in [916'], the ordinates of the body m to he the only variable quantities ; or, in other 

words, we must consider nt as variable, and n't constant, as is done in finding dR [1012a—c]. 

Now in taking for R the form [3703], R=M. cos. {i. (n't—nt-fs'—s)-\-2nt-f K\, 
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[3702'] 

Terms of 
R 

depending 
on angles 

[3703] 
of two 

[3704] 
different 
forms. 

[3704'] 

[3704"] 

[3705] 

[3702c] 

[3702d] 

[3702e] 

[3702/] 

[3704a] 

[37046] 

[3705a] 

[37056] 

[3705c] 
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Terms of 

8 r 

a 
[3706] 
depending 
on angles 
of the first 
form. 

[3707] 

[3708] 

[3709] 

[3709'] 

[3705d] 

[3705e] 

[3705/] 

[3708a] 

[3709a] 

h T 
We have seen, in the second book [1016], that the parts of — depending 

CL 

on the angles i.(n't — nt-j-s'—s) and i.(n't— nt-\-s'—s)-\-nt-\-s, 

are of the following forms, 

8 T . 
— = F. cos.i. (n't—nt-fW—s) + e G .cos.{L (n't—ntfs—^ J 
CL 

T e'7T.cos.{i. (n't—nt-{-s'—s)-\-nt + s—™ \ ; 
hence the function 

3 n*. a 8 r.\e . cos. (nt-\-s — to) -f- e2. cos. (2 n t + 2 s — 2 to) J 

will produce, in [3702], the following terms,* 

C (F-\-G).e^.cos.ii.(n't — nt-\-s'—s)-}-2nt-\-2e—2to] ) 
nQ a?. < ? . 

( -\-H.ee' ,aos.\i. (n't—ntfi—s) + 2nt-{-2s—to—to'} ) 

Therefore, if we notice only the terms depending on the angle 

i. (n't — nt -\-s — e) -j- 2 nt, 

and put |uu = 1 ; which is equivalent to the supposition that the sun’s mass is 

equal to unity, neglecting the mass of the planet ; f ive shall have n1 a3 = 1 ; 

we obtain d R =—-(2— i ) .n.M. sin. \i. (n't—nt-(-s'—s) f 2 nt f-K\. etc Integrating 

this, and multiplying by 2, we get 

2 f d R = . ^-n ' -37. cos.H . (n! t—nt-j- s'—s) -f-2 nt 
J in'g- (2—i).n 1 K J 

The partial difFerèjitial. of R [3705c], relative to a, being multiplied by a, gives 

a . (djg'j — « • * cos* {i • {n11 — nt -j- s'— s) -f- 2 nt-\-K\. 

Adding this to the expression [3705e], we get 2fdR-\-a. j as in [3705]. 

$ T 
* (2347) The forms of the terms of — , assumed in [3706], are the same as those 

computed in [1016]; the constant part corresponding to i = 0; and the secular 

terms being made to disappear, as in [1036v, 8yc.]. Substituting these in [3707], and 

reducing by formula [20] Int., retaining only the terms depending on the angle 

i . (n! t — nt -p s'— s ) —2 n t -j- K [3703], we get [37 08]. 

j (2348) M being the mass of the sun, and m that of the planet, we have 

[914']. If we put M= 1, and neglect m on account of its smallness, we shall have 1 ; 

and then from [3700], we shall get [3709']. 
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and then the differential equation [3702] will become* 

d2.(r<5r) 00 { (F4-G) .e2.cos.{i .(n't —nt4-e'— e) 4-27it-\-2s—2'ti} 
0 =-\-n.rùr-\-^na.{ 

( -j-H. ee'.cos. {i. (n't—nt-\-s'—s) -\-2nt-\-%e—zi’\ dt2 

2.(2—i).7i 
+ n2 tz2. ] —2- -. a M+ a2. 

v da . 
. cos. {i. (n't— n t-]~ s'— s) -j-2 n t-\-K £. 

’ in'-\-[2—i).n 

Hence we get, by integration,! 

cos. [i. (n't — nt-j-s7—s) -\-2nt-\-2s — 2■a] 

-\-H. ee'. cos. (n't — n t -\-s'—s) -j- 2n t-\-^, s — «—zs'| 
•fra* 

(A) 

rSr 

a2 

-f- $ :— -—. ciM-\-a2. ?, w3.cos.\i. (n't—nt~\~£?—s)-\-2nt-\-K] 
C*w'T(2—i).n \da J ) 

{i. n'-|- (3 — i) .n\ . {{w' -j- (1 — i) . w} 

If this expression of - be considerable, and one of its divisors 
a2 

in' -f- (3 — f ) • n, i n' + (1 — i) . w, be very small, as is the case in the 

theory of Jupiter, disturbed by Saturn, when we suppose i = 5 ; 2 n being 

nearly equal to 5n';f the variableness of the elements of the orbit will 

* (2349) Substituting, in [3702], the value of its third and fourth terms [3708], also 

the values of the fifth and sixth terms [3705], multiplied by w2a3 = 1, for the sake of 

homogeneity; it becomes as in [3710]. 

f (2350) If we put, in [865, 870'], y=rSr, a = n, a Q = 2 .&K. (OT/f-i»fy}J 

the letters m, s being accented to prevent confusion in the notation, and 2 denoting the sign 

of finite integrals; we shall have the differential equation [37115], whose integral [S71] 

is as in [3711c], 

0 = +n2-r s r + 2 •a K■ coj. (»< < +£, ) ; 

r 8 r — 2 . 
qg 

mp — ?i2 
sin. coJ’V + O a- Q 

mp—n2 ’ 

Comparing the coefficient of t in the expressions [3710, 37115], we get m=i.(n—n) -j-2n; 

hence mf— n2= (m,+ n) .(OT/—n) = |£n'+.(3—i).n]. ft»'-|-(l—i).n\; substituting 

this in [3711c], and then dividing by a2, we get [3711]. 

t (2351) We have, in [4077], for Saturn ?z'=439975; and for Jupiter n= 109256s 

nearly; hence 5n'—2n = 1473s; which is quite small in comparison with n or n', 

being only part of n. 

[3710] 

Values of 

rôr 
depending 
on angles 
of the first 
form. 

[3711] 

[3712] 

[3710a] 

[3711a] 

[37116] 

[3711c] 

[371Id] 

[3711c] 

[3711/] 
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[3713] 

Another 
value of 

r ft r, 
noticing 
the secu¬ 
lar varia¬ 
tion of the 
elements. 

[3714] 

[3711g-] 

[3711ft] 

[37lli] 

[3711ft] 

[3714a] 

[37146] 

[3714c] 

have a sensible influence on this expression ; it is important, therefore, to 

notice this circumstance. For this purpose we shall put the differential 

equation [3710] under the following form,* 

d^.lrSr) 
0 = —^—f-^2* rôr~\-w*a~.P. cos.{P (n't— nt-\-s'—s) -f-2 n t + 2s} 

-|-n2a9.P'. sin. [f. (n't — nt-^-s'—s) -\-2nt + 2e|. 

Integrating this, and neglecting the terms depending on the second and 

higher differentials of P, P, we shall obtain f 

r ft r n/- 

p+ nr 

a2 [in' (3 — i) . n\. [in'-\- (1 — i).n\ 

dP’ ) 

. cos. \ i. (n't—n tJrs'—s)Jr2ntJr2s ] 
n)4-2»j - 

11/ L 

X 
. {in'-j-(1—i).n] 

P- 

dP 
2.{{.(ti'—.:—■ 

| —i).n j. { in'-\-( 1—i). n | 

_> .sin. {i.(n't—nt-irs'—s)Jr2?it-\-2e\ 

/ 

{B) 

* (2352) If we put, for brevity, Tt = i. (n't — nt-\- s' — s) -}- 2 n t -j- 2 s, the 

term depending on P, in [3710], will become 

|n2û2Pe2. cos. (Tt— 2 ®) = § n2 a2Fe2. {cos. Tt. cos. 2w-f-sin. Tr sin. 2zs] ; 

if we put §Fe2.cos.2ro=P; |Pe2.sin.2^=P/, it becomes n2a?.{P.cos.T^P'.sm.TJ, 

as in [3713]. In like manner, the terms of [3710], depending on G, H, M, maybe 

reduced to the forms [371 U] ; P, F being functions of the variable elements e, zs, he., 

and T, T' independent of these variable elements; observing, that n, a, s [1045', 1044"] 

are considered as constant, as well as the similar elements of the planet W. 

f (2353) Using the abridged symbols mr 7) [371 Id, g], and substituting, in [3711ft], 

the fonction [371li], instead of the terms under the sign 2, this differential equation 

becomes of the form [3714ft], and the integral [3711c], taken in the hypothesis that P, P' 

are constant, becomes as in [3714c], 

0 = -j- n2, r ft t -f- r? a2. {P. cos. T-f-P'. sin. TJ ; 
dt2 

rdr = 
7i2 a2. { P. cos. Tt fl-P. sin. T, | 

to,2—re2 

We shall suppose r ft r, to be increased by the quantity [r ft r], in consequence of the 

secular variation of P, F, so that instead of [3714c], we shall have, generally, 

n2a2. {P. cos. Tt-\- P'.-oX, T,{ 
r ft r ■ 

TO2—712 
-f [rftr]. [3714d] 
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The formula [931] becomes, by putting f* = 1,* 

2d.(rôr) 1 $ (F-\-G).e3. sin. {i. (n't— nt-j-s'—s)-j-2 n t-j-2 s—2vt] 

a*ndt 2’( -j-H. ee'.{?.(«'?—n?+s'— s)+2w/+2e— 

<dM 
ir_«2 ^na~| 

(C) 

0 0/c7Jlf\ 

(6—31)., aM-\_d>h ^ • sin.{i-(v!t—nt-\-s'—s)-\-2nt~\-K\ 

8 v =■ 
j-(2— t).w[2 in'-\-(2—i).n 

v/1 

and by giving to i all positive and negative values, including zero [3704'], 

we shall obtain all the inequalities, in which the coefficient of nt differs 

from that of n't by two. 

Now as the value of rSr [3714c] satisfies the equation [37146], supposing P,F'to be constant, 

and by hypothesis the value [3714c?] satisfies the same equation [37146], when P, P are 

variable by reason of the secular inequalities, we may substitute [3714c?] in [37146], and 

then, from the resulting expression subtract the equation [37146], and we shall obtain an 

equation of the form [3714/], observing, that we must retain only the tenus depending on the 

first and second differentials of P, P', namely, c?P, dP1, d lP, d3P', to the exclusion of P, P', 

0 
e?2.[r6r] 

dtçP 
-j- n3. [r 8 r] n3 a 

c?2. {P. cos. p+P. sin. T/1 

[mf— n2). c??2 

Now we have, generally, d3. (P.cos.T) = c?2P.cos. 7/}-2c?P.c?. (cos.T))-!-Pc?2, (cos.T)); 

in which the term containing P is to be rejected [3714e] ; and if we neglect the term 

depending on c?2P, on account of its smallness, we shall obtain 

c?2.(P.cos. T/)=2c?P.c?.cos. T = — 2dP.m/dt.sm. T, [3711c?, g]. 

In like manner we have 

c?2. (P. sin. T) =2 dP'.d. sin. T, = 2 c? P. m, d t. cos. Tt j 

hence [3714/] becomes 

+ [r i r] + -C0S- T-2m,.d-£.Sm. T, j 0 = 

This is similar to the equation [37116], changing r a r into [r 8r], representing by aQ 

the terms depending on d P1, d P. These terms being divided by mf — n3, give, 

as in [3711c], the following value of [r 6 r] ; 

[r <5 r] = 
n2 a2 

mf — n2 

(2 m. dP ... 2 m 
< —~—:. —— . COS. 1 — —r—— 
t mf— ci2 dt mf-—rfi ji ■ sin‘ T‘ 

Substituting this in [3714c?], connecting together the terms depending on cos. Tn also 

those depending on sin. 1), then substituting the value of mf—n3 [3711c], and dividing 

by g2, we get [3714]. 

* (2354) We have 2r.d8r-\-dr.8r = 2d.(r8r) — dr . Sr, as is easily 

proved by developing the first term of the second member, and reducing. Substituting 
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Values of 

Sv 
depending 
on angles 
of the first 
form. 

[3715] 

[3715'] 

[3714c?7] 

[3714e] 

[3714/] 

[3714g] 

[3714g7] 

[3714ft] 

[3714?] 

[37147c] 

[3715a] 
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[3715"] 

[3715ft] 

[3715c] 

[3715rf] 

[3715e] 

[3715if] 

[3715g-] 

[3715ft] 

[3715i] 

[3715ft] 

[3715Z] 

[3715 m] 

If the coefficient —i) . n be very small, and this inequality 

be very sensible, as is the case in the theory of Uranus, disturbed 

by Saturn [4527] ; we must put the part of R depending on the 

this and [3705a] in [931], we obtain 

2 d.{r8r) dr.8r 

8 v = 

id.(rdr) dr.dr C fdR\ > 
—-—7-——— 4- r < 3 a n a t. d R -4- 2 a n cl t. a . —— } 
(fin d t cfindl~J \ J 1 \da J ) 

v/(l—es) 

The differential of [3701], being multiplied by — 
o r 

cfi 71 dt’ 
becomes 

— d ^ r = — -Lie. sin. (nt -\-s — v>) 4- e2. sin. 2 . (n t -}-s — 
cfindt a 1 K 1 ‘ 1 v 1 J5 

§ j* 
This is to be reduced, as in [3708a], by substituting the value of — [3706], using the 

CL 

formula [18] Int., and retaining only the terms depending on the angle Tt [3711g] ; 

hence we get 

Again, if we put, for brevity, T% — i. (n't—nt-j-s'—s) -j-2 nt-\-K, the term of R [3703] 

will become R = JM. cos. T2 ; hence the differential d R, found as in [91 6'], upon the 

supposition that nt is the variable quantity, is d R — — (2 — i) ,n d t. JM. sin. To . 

Multiplying this by 3 a. nd t, integrating and using rn/ [371 Id], we get 

_ _ , , (6—3i).rfidt nT m 
3afndt.dR =-. a JM. cos. . 

To this we must add 2 an dt. a. (——^ =2 and t. a . (——\ . cos. T!2 ; and then, by 
V da/ \daJ 

integrating the sum, we obtain 
\dM\ 

f ^ oa.fndt.dR-\-2andt.a.(^~^ | 
(6 — 3i).nP 

711; 
aM 4- 

2 n a2 
/dM\ 

■ VÎT' sm. J, 
m, 

Substituting this and [3715d], in [37156], we get [3715]. 

In the great inequalities of Jupiter and Saturn, the most important parts of 8v, §v' 

[ 3715ft, &c.] are those depending on the double integration of d R, d'R', which 

introduces the divisor (5 n — 2n)2. These parts are to be applied to the mean motions 

of the planets, as is shown in [1066", 1070"]. As we must frequently refer to these 

parts <5 v, 8v', of the mean motions £, of the planets m, in', we shall here give then- 

values, deduced from [1183, 1204, 3709a], or from the appendix [5794], representing 

the chief parts of 8v, 8v [37156, &tc.] ; 

6 v deduced from £ = 3 an ,f d t./d R ; 

8 v' deduced from = 3 a! n'.f d t .f d'RI. 
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angle i . (n't—nt-fs—s) -f- 2 n t-\-% e [3703], under the following form, 

R = Q. cos. [%. (n! t — n t -j-£ —£) d- 2 n t -f- 2 s] 

-j- Q'. sin. ^ i. (n't — n t -{- s/ — s) -f- Q n t -f- 2 s j 5 

and we shall haye,f 

* 

3a.ffndt.dR-- 
(6—3 

fin/+(2-i).np' 

(6 — 3 i).n%a 

2. riff 
d t 

in,Jr(2~i).n 

dQ 
2. 

{iri-\-[2—i).n\z 
Q' 

4 t 

i ji'—j— (2—i). n 

.sin. ^ifn't—nt-\-s—s)-f2ntJr2s\ 

. cos. $ i .(n't—n tf-s — s)—|—2 n t-j-2 s |. 

* (2355) Using, for brevity, Kt= K—2 s, and Tt [371 !«•], the expression of 

11 [3703] becomes R — M. cos. ( Tt-\-K) = M. cos. K. cos. 7’—M. sin. Kt. sin. Tt ; and 

by putting J\I. cos. K-= Q, — JW. sin. it changes into R — Q. cos. Tt-\r Q- shi. Tt, 

as in [3716] ; Q, (f being like P, P1 [37115*], fonctions of the variable elements of the 

orbits, and Tt independent of them. Now we have, in [4077], for Uranus n = 15425*'; 

for Saturn n'= 43997s nearly; hence 3n — n’= 2278s; which is much smaller than n 

or n'-, and by putting i= — 1, in the divisor in'-j-(2 — i).n, it becomes 3n—??/; 

therefore this small divisor must occur in computing the perturbations of Uranus by Saturn, 

as is observed in [3715"]. 

]• (2356) The differential d R, deduced from [37165], considering n t as the variable 

quantity, as in [3715/], is 

d R = — (2—i) .ndt. Q. sin. Pt -{- (2 — i). ndt. (f. cos. Tt ; 

hence we have 

3 a . ffn d t. d R=ff a iv*.d t^.\(—6 —}— 37). Q. sin. Tff~ (6—3 i). (f. cos. TJ. 

If the integral of the second member of this expression be taken, supposing Q, (f to be 

constant, it will produce the terms independent of dQ, d(f in [3717]. The terms 

depending on d d (f may be estimated by means of the general formula [12095], 

which, by changing A, R into (f A, respectively, and neglecting d2Q, d3Q, foe., becomes 

ff.â q d 4= <UfA <U3- 2. ^ -Iff A d <*• 

From this formula, it appears, that the term depending on 

d O 
that depending on Q, by changing Q into —2 ,~.dt, 

—-, is easily deduced from 
dt 5 J 

and then integrating relatively 

to t, supposing — to be constant. In this way we easily deduce the term depending 

on d Q [3717] from that of Q ; and in like manner we get the term depending on d (f 

from that of (f. 

[3716] 

[3717] 

[3716a] 

[37166] 

[3716c] 

[37164] 

[3717a] 

[37176] 

[3717c] 

[37174] 
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Another 
form of this 
value of 

S V, 

[3718] 
the ele¬ 
ments 
being 
variable. 

[3718'] 

[3719] 

[3719'] 

[3718a] 

[37186] 

[3719a] 

[37196] 

Hence the formula [37156] will give* 

^ 2d.(rôr) i (F-f-G). e2.sin.{?.(n't—ntfs' — e) ~\~2n ?-{-2s“2to} 
o 2) — * 1 " V) • \ 

cfindt " ( -\-H. ee'.sm.{i.(n't—nt-{-s'—s|-|-%nt-j-2s—to—to'| 
(V) 

+ 
(6 — 3 i). 7t2 

[in'-\~(2—i).nj‘ 

Ç (6—3 %).rfi 

[• 
o d<* -i 2a. -TT- 

Q — 
‘ in'-{-(2—i).nA 

2 naï.(-f) | V da / 

in'-\-{2—i).n 

2 a. "] 2na2.(~) 
rtf. I . 

’+(2-i).n 

r 2a.-Tf "] 2» 
«Q'-—— +— 

L i«/-|-(2—i).nJ in' 

. sin. 

. cos. 

[i.(n't—ntfe'— s)-\-2nt-\- 2 a | 

1 i. (n'f— n — s)-|-2 n t -f- 2 s 1. 

For greater accuracy, we have neglected the divisor y/i—e2 in this 

expression of 6-y ; because it does not affect the part of this expression 

which has the square of in'-j-(2—i) . n for a divisor, as we have seen 

in [1197] ; and in the present case, this part is much greater than the 

others. Moreover, we must, as in [1197viii, 1066", 1070"], apply this part 

of 8v to the mean motion of m f ; and as it is very nearly equal to the 

* (2357) Using the value of R [3716], or rather [37166, 3711 g] ; taking its partial 

differential, relatively to a, which will affect only Q, (f ; multiplying by 2 ar.nd t, and 

then integrating, we get 

f2 andt. a. 
2 n a2 

. sm. T—. (~-) • cos- T ; 
' m/ \ a a J 

mt being, as in [3711c?]. Substituting this in [37156], also the values of the terms 

[3717, 3715c?], it becomes as in [3718] ; except that the divisor y/(l—e2) is neglected, 

for the reason mentioned in [3718'], namely, that the chief part of Sv or £ [1195 or 1197] 

does not contain this divisor ; and as the other terms are very small, it may also be 

neglected in them. 

f (2358) The terms of Sv [3718], having for divisor the square of in' f- (2 — i) . n, 

are those depending on 3 aff n d t. d JR, computed in [3717] ; and it is evident, that 

this part of Sv much exceeds the other parts depending on F, G, H, he. Now, 

by [1066", 1070"], or by [1197viii], the parts depending on 3 affndt. d R, must be 

applied to the mean motion, and as the other parts, depending on the same angle, are much 

smaller, we may suppose that the whole of this equation is to be applied to the mean 

motion, as in [3720]. We may remark incidentally, that the expression of r [1066], as 

well as that of v [1070], contains the double integral ffndt.dR; hence, at the first 

view, it would seem that if v contain terms depending on this double integral with the small 

divisor [in' f- (2 — i) . n|2, as in [3718], r would contain similar terms of the same 

order. But we must observe, that these terms of r, v [1066, 1070] are multiplied, 

respectively, by (ff, (~), 

1 -j— 2 e . cos. (n t —(— s — to) [669]. 

or by their equivalent values a e . sin. (n t -f- s — to), 

Hence these terms of v will be multiplied by 1, 

[3719c] 
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whole term depending on the angle i . (n't — nt s' — e) -f 2 » i -f 2 f, 

we may apply this whole inequality to the mean motion of m. 

We shall obtain the values of 
dP dP' dq dty 

by taking the 
dt dt dt dt 

differentials of the expressions P, P, Q, Q', relative to the excentricities 

and inclinations of the orbits, the positions of their perihelia and nodes, and 

then substituting the values of the differentials of these quantities. But we 

dp 
may obtain these values of —-, &c. more simply in the following manner. 

CL t 

Find the value of P, for an epoch which is distant by two hundred years 

from the epoch taken for the origin of the time t ; then putting P for this 

value, and T for the interval of two hundred years, we shall have* 

T. 
dfP 

d t 
= P—P. 

In the same manner, we may find the values of 
dp dq dq 
dt ’ dt ’ dt 

(5 f r 6 r 
To deduce the expression of — from that of ——, we shall denote 

Ô V Ô P • ■ 
by —, the part of — depending on the angle idmt—nt-{-/—s)-|-2w£-f-2s, 

CL CL 

and we shall havef 

ror r \ —j- F.cos.h [n't—nt-fs'—s)-\-G e. cos.\i. (n't—nt-}-s'—e)-\-nt-\~s—zs\ ( 

a4 

r 

a 
a 

+ Pe' .cos,\i.(n'i—nt -[-s'—s)T nt-\-s—zs'} y 

and those of r by the small quantity e, which vail make it of a less order ; it will also be of 

a different form from those contained in this article, by reason of the factor sin.(n^-|-s*—üi). 

ftp rPP 
* (2359) From Taylor’s theorem [617], we have P^P-j-T.--— 

CL t (L P 

and if we neglect the square and higher powers of T, on account of the smallness of the 

terms, it becomes as in [3723]. 

t (2360) Adding — to the part of — [3706], we shall obtain all the terms of — 

depending upon the angles i . (n't — nt s'— s ), i . (n't — nt-j- s' — s ) -}- n t -j- s, 

i. (n't — nt s'— s) —|— 2 nt -j- 2 s. Multiplying this by -, we get [3725]. 
CL 

VOL. III. 4 

[3720] 

[3721] 

[3722] 

Formula 
for the 
determina- 

[3723] 
tion of 

dP, dP', 
&c. 

[3724] 

[3725] 

[3719d] 

[3723a] 

[3725a] 
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Value of 
6,r, 

[3726] 
for the 
angles of 
the first 
form. 

[3726'] 

[3727] 

Computa¬ 
tion for 
angles of 
the second 
form. 

[3726a] 

[37266] 

[3726c] 

[3726d] 

[3726e] 

[3726/] 

[3726g-] 

[37267t] 

[3727a] 

[3727b] 

PERTURBATIONS OF THE PLANETS. [Méc. Cél. 

Hence we deduce* 

St * S 
~ = • (-^+2Cr).e2.cos.{z.(V£— ntJre'—e)-\-2nt-\-2e—2a} 

Cl Cl 

+ | H. ee'.cos.{«. (n’t—nt-\-z—s')-\-2ntJr2s—to—to'J 

2. We shall compute, in the same manner, the terms depending on the 

angle i. (n't — nt-\- i— s) ; and shall suppose, that, by carrying on the 

approximation to the first power only of the excentricities, we shall havef 

Sr’. 
— = F. cos.i. (n't—nt-\-é—s)+Ge.cos.\i.(n't—nt-\-s'—z)JrnlJrs— 
Cl 

+ G'e .cos.|—i.(n't—nt-\-s'—s)-f-nt-\-s—to j 

+ He' .cos. [ i. (n't—nt -j-s/——to'| 

+ üTe'.cos. j—i,(n't—nt-j-s'——to'| ; 

* (2361) Using the symbols [3702a], namely, T— n't — nt-\~5'—W=nt-{-£—^5 

W'=-nt-\-s'—to/, the expressions [3725] will give, by transposing the terms depending 

on F, G, H y aJLi f -Wf a- /wf, -f- £. ’ 

— -.jF.cos.î T—-.Ue.cos.(iT+ IT) —-.He', cos. (ÎT+ TV/) ; 
7 « n rt v 1 ' /y \ \ ! j r 

r 

a 

0,r 

a a-- 

f 
and from [3701] we get - . = 1 -|- I e2— e* cos. fF — | e2. cos. 2 IF ; which is to be 

Cl 

substituted in [37265]. In making this substitution, we have, by hypothesis, only to notice 

terms of the order e2, ee', e/2, &tc. [3702', &c.], and of the same form as [3703]. Now 

S F ml* 
the term — [3724] bemg already of the second order, we may substitute for the factor -, 

by which it is multiplied, the first term of its value [3726c], namely 1 ; in the coefficient 

of F, we may use the term —\ e2. cos. 2 W; and in the coefficients of G, H, the 

term —e.cos.W; by this means it will become as in [3726g]. Reducing this 

expression by means of [20] Int., and retaining only terms of the form [3703], it becomes 

as in [3726A], which is of the same form as in [3726]. 

yr _ ^ ^ cos> 2W).F. cos. iT -{-(e. cos. W). G e.cos. (%T+W) 

+ (e. cos. W) .He', cos. (i T -f W/) 

= rJlJrlFe^cos.(iTF2W)-\-iG^os.(iT-\-2W)FïHee,.cos.{iT-\-WFW/). 
a2 

S v 
f (2362) The expression of — [3727] is the same as [3706], making the alteration 

Cl 

required by the supposition, that i is positive [3727']. If we use, for brevity, the 

symbols [3726a], this formula will become 

t^F.cos.iT+Ge.cos.{iTi-W)g-Gle^os.(-iTi-W)+m.cos.[iTFW)FH/e\cos\-iTFW;). 
a 

The case of i — 0, is separately considered in [37551V, &c.]. 
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i being positive [3727a, &]. We shall then get * 

r 5 r 

af 

(G-\-G').e2. cos. i. (n't — n t -f- s'— s) \ 

4^.< + . cos. I î . (nb — nt -J- s'— s) -j- rt — rt'\ V 

+ HW. cos.{i. (n't — nt-\-s'—g)— zs~f-^'} ' 

-4- n2. ^-r~ • clN\. cos. \i. (n't — nt-\-s'—s) 4-L] 
1 £ \da J n—n ) ' J 

{in'— (f-f-1). n\ . {in!— (i—1) . n\ 

j (E) 

*(2363) In finding the part of rôr depending on the angle i. (n't—.ntg-s' — s), or i T, 

by means of the formula [3702], it is necessary to compute the part of 2/djR-fr.^j, 

depending upon the same angle, or upon R == JY. cos. (i T-\-L) [3704]. This 

gives for dR, similarly to [3705c?], the expression <1R — nJY. i . sin. (i T-gL) .dt • 

hence 2/d R =-7-. «V. cos. (i T -j- L) \ also from [3705a], we obtain 
7b ■ 7b 

r, ( 
/dR 

\dF 
\ /dR\ /dJY\ .. 

) = tt ' \Jü) = Cl * \~d7j ' C0S- T + L)* 

Multiplying the sum of these two expressions by 1 = n2 a3 [3709'], we get 

2fdR + r. (“) = »9«2- |<A (~) - cos. (i T+ L). 

Again, if we multiply [3727b] by 3 n2 a2, {e . cos. W-f- e2. cos. 2 TV}, we shall obtain 

the terms of [3702], which are multiplied by 3 n2a.Sr; and as we have to notice 

only the terms depending on angles of the form i T [3726'], we may neglect the second 

term of this factor e2. cos. 2 TV [3728/], and then it will become 3 n2 a2. c . cos. W. 

In multiplying [37276], by this last factor, and reducing by [20] Int., the term F 

produces no term of the required form, and each of the other terms G, G', II, IF, 

produces one ; hence we finally obtain 

3 r? a. <5 r. {e. cos. W-\- e2. cos. 2 W\=%n2a2. {( G-\- G'). e2. cos. i T-\-He e'. cos. (i T-j- W/>— TV) 

-fiZW.cos. (iT—W;+W) 

=J-n2a2.[(G-\-G') ,e2.cos.i T-\-Hee'.cos. (iT-\-rt—rt') 

-{-He c'. cos. ( i T— rt -f- rt’). 

The sum of the second members of the expressions [3728e, fj, being represented by a Q 

■ • 

for brevity, the differential equation [3702] becomes 0 = ——-f-rr. rdr-j-a Q • and 
dt% 

we find by inspection, that a Q is equal to the numerator of the second member of [3728], 

(A O 
multiplied by a2. This equation, being solved as in [37116, c], gives r S r = —, 

using m [37lit?] : hence we get r-^~ = —--, 
' L 5 «2 a2.(m2_n2) o2.(m/—n).(ro/»)’ 

as in [3728]. 

[3727] 

[3728] 

Value of 

rô r. 

[3728a] 

[37286] 

[3728c] 

[3728d] 

[3728e] 

[3728/] 

[3728g-] 

[37286] 

[3728i] 

[3728Æ] 

[3728Z] 

[3728m] 
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Value of 

Sv. 

[3729] 

[3730] 

[3729a] 

[37296] 

[3729c] 

[3729d] 

[3731a] 

[37316] 

<5 v = 

2d.(r 6r) 

a2 n d t 
TO 

2 n 

1 } i n!—i n 
. ft 

( G—• G') , e2. sin. i. (ft7t — nt -{-s'— s) 

-J- He e'. sin.\i. (ft71 — nt -{-s'— s) 

— Bee' • sm. ^ i. (ft7 t — n t —J— s' — s) — to —J— to7 ] 

! -- . (n't—nt-{-s'— 
da J [m—m)2 j 1 J 5 

v/1- 

*(F) 

St* S f 
If we put — for the part of —, which depends on angles of the 

CL CL 

form — nt-{-s— s),f and is also of the order of the square of 

* (2364) The value of Sv [3729] is easily deduced from [37156]; since the 

denominator \/{\—e2) is the same in both, also the first term of the numerator; and 

the other terms may he obtained by a calculation similar to that in [3728a—■£]. For if we 

multiply the expression [3728c] by § an dt, and [3728c/] by 2 an dt, and take 

the sum of the products, we shall get 

3 a./ndt .dR-\-2a.ndt .a. 2n. a2. 
3 ft2 

n'—ft 
. cos. (i T-\-L) .dt. 

Integrating this wre get the two last terms of [37156], which are the same as the two last 

terms of the numerator of [3729], or those depending on N, dJY. The only remaining 

term of [37156] is the second, which is found by multiplying the differential of r [3701] 

6 r 
by - 

a2ft dt ’ 

S r 

a 

whence we get 
dr. Sr Sr , . ^ __ 
——— =-. le. sm. W4- e2. sm. 2 W\. 
cfindt a 1 1 5 

as Substituting — [3727], we may neglect the term e2.sin. 2 fV, and the term F. 
CL 

in [3728g, &c.] ; the other terms being reduced as in [18, 19] Int., retaining only angles 

of the form iT; we get, in like manner, as in [37286, See.] ; 

élFl = _/.e.sin. W=h.\ ( G—G').e2sini T+Hee'.sin.[i T-\-W'— W)-Hee'.sm.{i T— Wt+W)\ 
aPndt a 

~h-\{G—G').e!sin.iT-{-Hee'.sin.{iT-{-'^ — to7)— Hee'.sm.(iT—to+to')} ; 

being the same as the terms depending on G, G', H, TF, [3729]. We may remark, 

that from the formulas [3723, 3729], we may deduce others similar to [3714, 3718], in 

which the secular variations of the elements e, to, he. are noticed. 

f (2365) The second member of [3727] being denoted by F', it will include all the 

S T 
terms of —, depending on the angle i T, as far as the first power of the excentricities 

CL 
g 

[3726']. Adding to this the expression depending on the same angle, and on terms 

of the order e2, ee', &c., we get ~ = F'-{-~, for the expression of —, containing 
' a a a 
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the excentricities or inclinations, we shall have 

f = T-^r + è- {G + G'—F\.e*. cos.», (n’t—nt+e—s) 

+ | • Heé. cos.[i . (n't— nt-\-d—s) -[-to—to'] 

-f- | • H'e e'. cos.[i . (n't — n t -J- *—£) —« + «/}. 

In these three expressions i must be supposed positive [3727']. 

3. The great number of inequalities depending on the squares of the 

excentricities, and of the inclinations, makes it troublesome to compute all 

of them ; and we must be guided in the selection of those which are of a 

sensible magnitude, by the following considerations. First. If the quantity 

in'-f-(2—i) . n differ but little from ±w; then the one or the other 

of the divisors in'-f (3—i) . n, in'-{-(1 — i) . n, in the formula [3711], 

will be quite small, and by this means the expression may acquire a sensible 

value. Second. If the quantity in'-f-(2 — i).n be small, those terms of 

the formula [3715], having this quantity for a divisor, may become sensible. 

Third. If the quantity i. (n'—n) differ but little from ± w, the one 

or the other of the divisors in'—(i-f-l).w, in'—(i—1 ).n, of the 

formula [3728], will be small, consequently this expression may acquire a 

sensible value. Fourth. If the quantity i.(n-—n') be small, the terms 

terms as far as the order e2, ee', he. inclusively. Multiplying this by -, we 
CL 

?* 5 v t6t V T 

get —-— . F'. In the first member of this expression, we may put “ = 
a? 

as in [3726<7], and in the factor of F', we may use the value [3726c] ; hence we shall get 

Ô 1% V (5 V 
Ti==fT_j_Jph|_i_ie2_|_e.C0S. ?F+£e3.cos.2 W\ 

ror 
= —-\ e2. F. cos. i T-j- F', e . cos. W; 

the second of these expressions being easily deduced from the first, by observing, that of 

the four terms comprising the factor of F' [3731c], the first term, —1, produces nothing 

of the order e2, when the value of F' [3727] is substituted j the second term, -—£ e2, 

produces the term depending on F in [3731c/] ; the third produces the term depending 

on F' [3731,7J ; and the fourth term, ^ e2. cos. 2 W, produces nothing of the proposed 

form and order. Now substituting, in the term F', e . cos. W [3731c/], the value of F\ 

or the second member of [3727], reducing the products by [20] Int., and retaining only 

angles of the form i T, it becomes as in [3731]. 

VOL. III. 5 

Value of 

8,r 

[3731] 
fov angles 
of the 
second 
form. 

[3731'] 

[3732] 

[3733] 

Method of 
selecting 
the most 
important 
terms. 

[3734] 

[373168 

[3731c] 

[3731c/] 

[3731e] 

[3731/] 
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[3735] 

(General 
value of 

R. 
[3736] 
Firstform. 

[3737] 

[3738] 

[3739] 

Values of 

x, y, z, 
[3740] 

x\ if, z'. 

[3740'] 

[3736a] 

[37366] 

[3740a] 

[37406] 

of the formula [3729], which have this divisor, may become sensible. 

We must therefore estimate carefully all the inequalities subjected to either 

of these four conditions. 

4. The quantities F, G, G', H, H\ are determined by the 

approximative methods in the second book [1016, &c., 3727]. We shall 

now determine M, N ; and for this purpose we shall resume the value 

of R [913, &c.] ;* 

_ni. (x x'~\-y y' -\- zz’)_ rn 

r'3 V{f—x)2-1- (y'—yY~\- (z'—z)2 ’ 

r' being the radius vector of m!. We shall take, for the fixed plane, the 

primitive orbit of m, and for the axis of x, the line of nodes of the orbit 

of w! upon this plane. If we put v for the angle formed by the radius r 

and the axis x ; v' for the angle formed by the same axis and by r' ; 

also 7 for the tangent of -the inclination of the two orbits to each other, 

we shall havef 

x — r. cos. v ; 

x' — r'. cos. v' ; 

y — r . sm. v ; 

, d. sin. v' 
y s/l -j-72 1 

2=0; 

. r’.y.sm.v' 
2 — ___ _ 

v/t+r2 

(2366) As there are only two bodies m, mr, the value of R, X [913, 914] become 

11 = 
m'.[xx'-\-y y'-\-zz') X 

-{ÿ-y?+V-*YŸ 
and by using r’2 = x'2 f y'2z'2 [914'], we get [3736]. 

t (2367) In the annexed figure 72, C is the origin of the co-ordinates, or centre of 

the sun ; C X, C Y, C Z, the 

axes of X, Y, Z, respectively ; M 

the place of the body m, supposing 

it to be situated nearly upon the 

plane of xy [3737] ; M' the place 

of the body m. The co-ordinates 

of m are CA=x, AM=y, z= 0 

nearly; those of m! are CA' — x1, 

A'B'=y', B' M'—z'. Moreover 

angle MCA=v [9246], M'CA'=v', 

tang. M'A’B'=y, CM=r, CJ\I'=r'. 

Then in the rectangular triangle 

X 

m 
m 

1 j 
2 

M 
As 

\s 
y i \ 

72 \ \ 

-r'/ \ b' 
* ** i 

\ 

/ M \ y' 

/ \ 

y 
a! 

JL oc' C 

C A M, we have C A — CJM. cos. A C M, 

A M= C M. sin. A C M, or in symbols, x = r. cos. v, y — r.sin. v [3740]. In the 
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Hence we get, by neglecting the fourth powers of 7,* 

R = ™lL . COS. (v'—v) — 1 . j cos. (V—0) — cos. (V4jJO \ 

m! m'.y2 * tV. {cos. (F—v)—cos.(F-|-«)| 

[r*—2rr'.cos4 {r2—2rr/.cos.(F—v)-\-r'2 * *p 

We shall suppose, as in [954, 956], 

. cos. (V£—nt -3s'— s) — j a9—2 a a', cos. (w'tf—n t + s'— s) + a'2 j - 
Ct 

= %s.A(iK cos. i. (n't—nt-\-s'—s) 

{a9— 2 a a', cos. (n't—n t+s'— s) + a'2 j ~ 12 .J9(i). cos. i. (n't—n t+s'—s) ; 

rectangular triangle CA'J\I', we have CA'= CJffl. cos. A' CJffl, A'J\l= CJM'. sin. A! CJM; 

or in symbols, a/=r'.cos. v' [3740'], AIM'—r* 1.sin. F. In the rectangular triangle A'B'M', 

we have, A'B'=A'M'. cos.Æd'M', B'Ml= A M', sin. B'A'M' ; substituting in these 
1 y 

the preceding value of A'JVF, also cos.B'A!M' = —————, sin. BAM—-;—5-, 
* /(1+72) ^(i+r2) 

we get y', z' [3740']. 

* (2368) If we neglect y4, as in [3741], we shall have (1-{-72)~-= 1—| y2 ; 

hence we obtain from [3740'], y'—r'. sin. v' — -J y2. r'. sin. v' ; z'~= y~. r2. sin.2 v' ; 

substituting these and the other values [3740, 3740'], in the first member of [37426], and 

then reducing by [24, 17] Int, we get [3742c] ; 

xx'-\- y y'-\- zz'=r r'. (cos. v'. cos. v -f- sin. v. sin. v') — \ y2. r /. sin. v. sin. v 

=r /. cos. (t/ — v) —I y2, r r'. {cos. (v1 — v)—cos. (v'-J-v) {• 

Substituting this last expression in the first term of R [3736], we get the two first 

terms of [3742]. Again, if we develop the first member of [3742c], and substitute 

r2=æ2+y2+z2, r'2=/2-j-/2-j-/2 [3740,3740'], also the expression [3742c], we get 

{x'—xf-{- {y'—yf+ (z— z)2=(ar4-y2-f-z2)—2.{xx'-\-yÿ-\-zz')+ (æ'2-f-y'2-f-z'2) 

= {r2—2rr'.cos.(F—r)+r'2}-}-|72.rr'. {cos.(v/-'r)~cos.(F-j-y) ]. 

Involving this to the power —■£, we get 

1 (oé—cc)2—J—(2/'—y)2-\-(z'—z)2]_*={r2—2r/.cos.(F—i;)4-r'2} * 

—J y2.rr. {cos.(v'—v)—cos.(v'-\-v) [. {r2—2rr'.cos.(F—v)-j-.r/2}~2 j 

substituting this in the last term of [3736], we get the two last terms of [3742]. 

19 

[3741] 

Second 
form of 

R. 

[3742] 

[3743] 

[3744] 

[3740c] 

[3742a] 

[37426] 

[3742c] 

[3742rf] 

[3742e] 

[3742/] 

[374%-] 



20 PERTURBATIONS OF THE PLANETS. [Méc. Cél. 

13744'] 

[3745] 
Terms of 

R 
[3745'] 
of the first 
form. 

[3745"] 

[3745'"] 

n. 
[3746] 

[3747] 

[3748] 

[3749] 

[3750] 
Values 
corres- 

[3750'] 
ponding 
to the first 
form. 

[3750"] 

[3750'"] 

[3750a] 

[37506] 

[3750c] 

[3750a!] 

and shall represent R = M. cos. j i. (n't—nt-\- i—s)+2 nt-f K J [3703], bj 

the following function ; 

R = Mw.e2 .cos.ji.(n't—nt-\-s—s)Jr2ntJr2z—2™\ 

-f- M{1).ee'.cos. [i. (n't—nt -f-s'—s)-f•2ntJr2s—-a—v! j 

+ ilf(2). e'2.cos. j i.(n’t—nt-j-s'—s)Jr2nt-\-2e—2™\ 

+ TT(3). T .cos.\i.(n't—nt-\-s'—s)-\-2nt-\-2s—2n \ ; 

n being the, longitude of the ascending node of the orbit of m’ upon that 

of m, counted from the line which is taken for the origin of the angle nt-\-s. 

We have, as in [669], 

V 
1 -f- ^ e2— e . cos. (nt-f- s — w) — \ e2. cos. 2 .-(n t s — w) ; 

Cl 

v = 7i t -f- £ — n -j- 2 e . sin. (nt f s — { e2. sin. 2 . (n t-{-s—^). 

P . 
From these we get the values of —, ©', bj marking with one accent, the 

Ct 

quantities n, e, e, &c. Then we have, as in [955], the product of 

2 . A (i). cos. \i . (n't — n t -f — s)}, 

by the sine or cosine of any angle ft -j- /; which is equal to 

s . A®. 2 {i. (n't— n t + é—s) +ft +1]. 

Hence we easily obtain* 

da 

M™— $ (« - 2). (4 i-3). JP*>— 2. (2 i - 3). a', (fp) + ( ,'ddJV-v 

da'2 

m 
. a a!. 

8 

# (2369) In [952, 953] we have r = a.( 1 —{— «v) | v = nt-\-s — n-f- 'y/j the term II 

being added to conform to the present notation. Comparing these with [3747, 3748], 

we get the following values of w , vt, also the similar ones of uj, vj, using the abridged 

symbols [3726a]; 

u/ = — e. cos. W fie2—£e2.cos.2 TV ; v, = 2e .sin. e2.sin.2 W ; 

u; = —- e'. cos. W fid2—i d2. cos. 2 W ; 2 e'. sin. W'ff • e'2. sin. 2 W'; 
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and in the case of i = 1 [3750y, /], we have 

711Y3) VI (t T/l ! TT> /Q\ 

4 a'2 8 

Finding the squares and products of these quantities, then reducing them by [17—20] Int., 

retaining merely the terms of the second degree in e, e', 7, which are the only terms now 

under consideration [3702'], we obtain the following system of equations. In these 

expressions we have substituted for TV its value W'=T-j- W -f- to—to' [3726a], 

in order that the quantity n' i-j- s' may not appear in the terms of R, except in connexion 

with i, as in the assumed form of these terms of R, given in [3745, &c., 957]. The 

numbers prefixed to the formulas [3750/] express the order of the terms in the 

value of R [957]. * 

2 u/ = £ e2 — £ e2. cos. 2 TV ; 

3 Uf\ — £ e'2 — £ e'2. cos. 2. (T-f W-\- to — to') ; 

4 = £ e/2.sin.2.(T+ W+rt — v')-, 

5 V, = £ e2 . sin. 2 TV ; 

6 uf — £ e2 -f h e 2- cos. 2 TV ; 

7 utu' = £ ee'. cos. (T-f- to— to') f £ ee'. cos. (T-\- 2 TV-J-to— "to') j 

8 m/2 == £ e'2 -f £ e/2. cos. 2 . (T+JF-J-to — to7) ; 

9 uX = — ee'. sin. ( T -f to — to7) — ee'. sin. (T-f 2 IF-f to— •to'); 

10 u.v, = — e2 . sin. 2 JF; 

11 fyfvj — — e'2. sin. 2 . ( T -j- TV-\- -us — -5/) ; 

12 M>, = ee'. sin. ( T -f- to — to) — ee'. sin. ( T -j- 2 7F-{- to— •to7); 

13 tt/2 2 e'2 — 2 e'2. cos. 2. (T-f- JF-f to — to') ; 

14 v/V; = 2 e e'. cos. ( T-f- to — to') — 2 e'2. cos. ( T -f- 2 TVto— • to'); 

15 V2 = 2 e2 — 2 e2. cos. 2 TV. 

Substituting these in [957], we shall obtain the terms of R depending upon M{0), M(1), JV/(2), 

[3745, fac.]. The terms of the form M}3\ arising from the terms of z, z', in the two 

lower lines of the value of R [957], will be considered hereafter in [3750m, &c.]. In 

making these substitutions, we must use the following formulas, which are the same as those 

in [954c, 955a, 955/], changing W into Wn to prevent confusion in the notation. 

cos. Wt 42.^®. cos. i T= i 2 . A® . cos. (i T-f TV) ; 

sin. Wr£s. iA®. sin. iT= — ±2.iA®. cos. (i T + TV) ; 

cos. Wt cos. i T= I 2 . i2A®. cos. (i Tf TV). 

VOL. III. 6 

[3751] 

[3750e] 

[3750/] 

[3750g-] 

[3750h] 

[3750?'] 

[3750*.] 



22 PERTURBATIONS OF THE PLANETS. [Méc. Cèl. 

[3750Z] 

[3750m] 

[3750n] 

[3750o] 

[3750p] 

[3750g] 

[3750r] 

[3750/] 

[3750s] 

[3750Z] 

We shall represent R — N. cos. j i. (n't — n t -f- s'—s) -f L J [3704] 

We shall consider the terms depending on each of the factors M{0), Mw, [3745, &c.] 

separately ; and in the first place, shall take the terms of the form M[0\ e2. cos. (i T-f- 2 W). 

These are evidently produced by the factors sin. 2 W, cos. 2 W, which occur in the terms 

of [3750/"], marked 2, 5, 6, 10, 15 ; reducing the products by the formulas [3750A—7c], 

These five terms, marked in the order in which they occur, without reduction, supposing them 

7ÏI/ 
all to have the common factor — . e2. cos. (i T-{-2W), and omitting 2 for brevity, are 

This expression is easily reduced to the form of the coefficient of —, in the value 

of [3750]. Proceeding in the same manner with the parts of the terms 7, 9, 12, 14 

[3750/'], depending on the angle rZT —2 W-\~ vs— vs', we find that they produce 

in R [957] terms of the form Mwe e'. cos. {(i -f-1) . T-j- 2 W-j-vs— vs'], which may 

m' 
be represented by — — .ee'. cos. | —[— 1) . T-(- 2 W-f- multiplied by the 

following expression, which includes the terms as they occur, without any reduction ; 

We may change in this i into i — 1 [3715'], and then we get for the coefficient 

7)1f 7Y)f 

of-— . ee'. cos.(i T-\-2 W-\-vs—vs), or ■—— . e e'. cos. {i T-\-2nt-\-2s—vs—vs!), 
t: 

71l/ 
an expression which is the same as the coefficient of — — , in the value of M(l) [3750']. 

Again, the terms 3, 4, 8, 11, 13 [3750/], depending on the angle 2. (T-f- TV vs—vs'), 

produce in R [957], terms of the form Aft2). e'2. cos. £ [i -}- 2) . T -}- 2 W 2 vs — 2 vs11 ; 

Tïlf 
which may be expressed by — . e'2. cos. [{i-}- 2) . T-j- 2 W2 vs — 2 vs'], multiplied by 

the following function, which includes all these terms as they occur, without reduction ; 

^ , /dÆ)\ /ddAV) \ . . ; fd A® \ . . »... 
-3 “ • Ur)+5 8 A + d ■ bs~) “4 8 “ • ( w)+4 *2-A() ■’ 

or, as it may be written, 

i. (4i + 5) .^®_8.(9i+l) (—)■ 

We may change in this i into i — 2 [3715'], and then we have for the coefficient 

of yy. e'2. cos. / T-\-2W-\-2vs—2 vs'), or cos. (i T-f 2nt + 2s-1L'), the 
8 o 

mf 
same quantity as the coefficient of —, in the value of Af(2) [3750"]. 
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by the following terms ; * 

R= Nw. cos. i, (n't — n t -}-£'—s) 

+ N0). ee'. cos. [i. {n't— n t -f- s'—s) -f- w — 

-f* iV(2)« ee'. cos. — n£-f-s'—s)—^ + ; 

We shall now notice the terms depending on z, z, which were neglected in [3750g* 1] ; 

these are the same as those depending on y2, in the value of R [3742]. As we neglect 

terms of a higher order than y2, we may substitute, in these terms, the values r = a; 

r=a'; v = nt-\-s — II; v=n't-[-s'— II; v1—v — n’t — —s=27; 

v -\-v — —■ 2 n = T -\-2nt 2s — 2n ; hence this part of 

R [3742] becomes 

R — — . {cos. T—'Cos. {T-\-2nt-\-2 s— 2n)j 

“j—-j—. ^ • {cos. T —• cos. (T-f- 2nt-1- 2 s—2n)|. 
1 4 {a2—2 a o', cos. T+a*p- * v i i js 

Substituting, in the last term, the value of the denominator [3744], namely 12 .B[i). cos. iT} 
and reducing by means of the formula [3750À], it becomes 

R= 
m'y2 

~T~' 

$~^*cos‘ cos* (T+2nt-\-2s— 2n) 

( -\-%aa .s.jB^.cos. (i-f-1) .T— £&a'.2.jBw.cos.{(i-}-l) • T-\-2nt-\-2e—2n£ 

The last term of this expression, changing i into i—1 [3715'], becomes 

—. a a'. 2 . B^\ cos. (i T-J- 2 n t -f 2 e — 2 n) ; 

tr! 
which is of the same form as [3745'"], and is equal toit by putting Mcs> =-. a a'. 2. 

8 

as in [3750'"]. In the case of i— 1, the term [3750x] becomes 

— ~y. a a'. B{0). cos. {T-\-2nt -\-2s — 2 IT) ; 

connecting this with the second term of [3750w>], namely, 

• cos- {T2n t 2 s — 2 n) ; 

and putting the whole equal to this value [3745'"], we get, for this case, the same value 

of as in [3751]. 

* (2370) By proceeding as in the last note, we shall find, that the substitution of the 

values [3750/] in R [957], produces terms depending on the angle i T, i T-f-zs — to', 

* tf+'c/, as in [3752—3752"], without W, which occurs in the forms [3745—3745"']. 

Terms of 

R 
depending 

[3752] 
on angles 
of the 

[3752] 
second 
form. 

[3752"] 

[3750m] 

[3750v] 

[3750u>] 

[3750x] 

[37501/] 

[37502/] 

[3752a] 
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Coeffi¬ 
cients 

[3753] 
depending 
on angle8 
of the 

[3753'] 
second 
form. 

[3753"] 

[37526] 

[37526'] 

[3752c] 

[3752cT] 

[3752e] 

[3752/] 

[3752/'] 

[3752g-] 

[37526.] 

[3752Î] 

and we shall have 

m' 

~ 4 

Na) = 
m' 

T 

JY&)= 
m! 

* 

(dA«~ i) 

V da 
■2./-1)./. 

dA<t~V 

da' 
-j- aa'.i^ 

, (ddA'i-') 

da da' 

We shall calculate these terms separately, commencing with the angle i T, which is 

produced in R [957], by the substitution of the terms Je2, Je/2, occurring in the 

terms of [3750/], marked 2, 3, 6, 8, 13, 15. These quantities produce in R, the 

m' . 
expression — —. cos. i T, multiplied by the following terms, written down in the order 

in which they appear, without reduction, and omitting 2 for brevity ; 

■ e2. a (it)-* «'{ar)-*A «*• **-*ra- 
Now if we multiply the first of the equations [1003] by — 1, and the third of these 

equations by — § ; the sum of their products will give 

a'. 
/dA^\ 

\dd ) 
Id* 

/ddA^\ 

V da'2 / 
a 

/ddA^\ 

substituting this in [3752c], we find, that the coefficient of e/2 is the same as that of e2, 

and the whole expression becomes 

(e’+O 
Of 

fddAW\} 

, da? )) 
cos. i T. 

To this we must add the third term of [3750w], depending on cos. (i-f 1) . T, which, 
7)lf t 

by changing i into i—1> as in [3750x); becomes — lj.cosA T. The 

expression [3752e] is the same for — i, as for + i ; because = [954"]. 

Moreover, the term [3752/], by the same change of i, using R(-i-v = B{i+1) [956'], 

becomes .lad. 2. B[i+V). cos. i T. Hence, if we use only positive values of i, we 

must double the function [3752e], and add to it the two expressions [3752/ /] ; the 

sum of these three functions, being put equal to N[(]). cos. i 7’ [3752], gives the same 

value of N{0), as in [3753]. In the case of i — 1, this sum must be increased by the 

first term of [3750w] ; by which means Nw is increased by the quantity given in [3754]. 

The case of i— 0, which is separately considered in [3755IV], produces, m R, the 

following expression, which is deduced from [3752c,/], by putting i =• 0 ; 
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In these three last expressions i is supposed to he positive and greater than [3753'"] 

m 'v® ft 

zero. Incase i — 1, we must add to iV(0) the term-—[3752/t]. [3754] 

It is more convenient, for numerical calculations, to have the differentials 

relative to only one of the two quantities a, a\ in these formulas.* 

Proceeding in the same manner with the angle iT-J-tf— to' [3752'], we find, that 

terms of this form are produced in R [957], by the substitution of the parts of the terms 

of [3750/] depending on the angle — to', and marked 7, 9, 12, 14; reducing 

them by means of the formulas [954c, 955a,/]. Hence this part of R becomes equal 

m' 
to —. ee'.cos. -f*l) • T—to'], multiplied by the following expression, retaining [3752/c] 

the terms according to the order of the numbers, without any reduction ; 

. da ) 
4 i2. AW. [37521] 

Changing i into i — 1, in [37527c, /], we find, that this part of R maybe represented 

by . ee. JVa). cos. (i T-fa — w') [3753']; observing, that this change in the value [3752m] 

of i, reduces the expression [3752Z] to the same form as the factor of in the 

value of Nw [3753']. We must retain only the positive values of i in [3752', 3753'] ; for 

if we change the sign of i, the expression cos. (i 3§j-w—cf), becomes cos. ( — iT-\-zs—to') [3752n] 

or cos. (i T—to-|-to'), which is of the same form as [3752"]. Hence it appears, that we 

may deduce [3752"] from N{[) [3752'], by changing the sign of i. Performing [3752o] 

this operation on [3753'], we get [3753"], using A^^ = ^+U [3752/']. Finally, the 

case of i — 0, is found by putting i = 0 in [3752m], or in the similar terms depending [3752o'] 

on JY^ [3752o] ; observing, that when Z = 0, the expressions Nw, N™ [3753', 3753"] 

become equal to each other ; and this part of R becomes 

m' on' S A 4(11 I O (dAO)\ , »\ . , fddÆ 1>\ ) 

i-ee-\iA +2o-("^")+ ("^r)+““-(^57)pcos-(a_^- (3752n 

* (2371) In making the reduction of M(1) from [3750'] to [3755], it will be convenient to 

use the abridged symbols and as the [3755a] 

index n is the same foi all the terms depending on J\I^\ we may neglect it, and put simply 

hiAM\ 
A^=a 0, 

A>(n)=,A'0, 
. /dA'(n)\ 

“•(dv)=^> 

„ rddÆn)\ 

a hc-> 

/ddA’M\ -, . 
[37556] 

VOL. III. 
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[3755] 

[3755'] 

Reduced 
values. 

[3755"] 

[3755w] 

[3755*] 

[3755c] 

[3755c?] 

[3755c] 

This is obtained bj means of [1003], from which we get 

. (21-1) .^<‘-<1-2. (21-1). a. (~p\^ ; 

M<«= ^. 
8 

d a 

'dA^~2) 

= J-^(21-2). (21-1). ^»-»-2«.(^)- 

,2 

of a2 

/dd.Ad- 3) 

da J 1 V da? 

ddA'i-U' 

JV« = £1|( 21 + 2) . (21 +1). - 2 «. (^) - A ("^ 
da2 

5. The case of i = 0 deserves particular attention. We shall 

resume the expression [923], and shall consider, in the first place, the 

and the same symbols may be used in the reduction of Jlf(2), JV(1), JV(2). Then the 

coefficient of •—|m', in the value of M{1) [3750'], will become, by the substitution of 

the first and second formulas [1003], 

4. (i — If. A,-f- 2. (i — 1 ) • «Æjtf" 2 . (* — 1) • {Ao A%} 

= 2.(i-l).|2. (* — l) + l}.^0+[4i — 2}. 

= (2i — 2) . (2* — 1) .^0+2. (2i — 1) .^ + -4; 

which is the same as the coefficient of —i m! in [3755]. In like manner, the coefficient 

0f — 3 in [3750"], becomes, by using the first and third of the formulas [1003], 
8 

(i—2). (4*— 3) .A^-fH • * — 3). |«4T Ax\ -f~ {QA0 -j- 4 «4 -j- A%\ 

= |(£ — 3) . (4i— 3)+4; — 4} .4 +2.(2* — 1).^ + ^; 

TYlf • 
which is easily reduced to the form of the factor of —, in M&) [3755']. Again, the 

factor of £ vi, in the value of Na) [3753'] becomes, by the substitution of the values 

in the first and second formulas [1003] ; 

4 . (i — 1)2.*4—2. (i—1) .Al-{-2 .{i— 1) • 1 *4 + {— ^Ax—A%] 

= 2. (i — 1) . [2. (*— 1) —}— 11 . A0 — 2AX — Ac, ; 

which is the same as the coefficient of \ m, in the value of JVU) [3755"]. From this 

we may easily obtain JVm, by merely changing the sign of i, as in [3752o]. 

* (2372) The terms of JR depending on i = 0, are given in [3752*, 3752p] ; they 

are independent of nt, n't, and produce in Sv a secular equation [3773]; and on this 

account, they are carefully computed, though it is finally found, in [4446, 450o], that 
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d . (2 r. d S r 4- d r. S r) „ , . r , , . -, 
term —---—----, of the expression of dSv, given by this 

r2 d v 
formula. We have, as in [1037], by noticing only the terms affected with 

the arc of a circle n tf 

— = 1 — h . sin. (n t -f-s) — l • cos. (n t -f- s) ; 

— = \ m'. (I C f-l' D) . nt. sin. (n t + s) 

— i m'. (A C -f A' .D) . nt. cos. (w t -j-£)- 

they are insensible. To reduce these terms of R to the form [3764], we may use the 

following symbols, given in [1022, 1033] ; 

h — e . sin. to; l = e . cos. to ; Ji'= e!. sin. to' ; l' = e. cos. to' ; 

e2=A2/-Z2; e'2=A/2+Z'2; 

y.sin.n=y?/—/ ; y.cos. II =/— ÿ ; —p)2-|- (/—S')3* * 

Now substituting, in [3752<], the values of e2, c'2, y2 [37565, c], they will produce, 

respectively, the first, second, and fourth lines of the expression of R or S R [3764] ; 

observing, that, by using the sign S, as in [917'], these terms of R may be represented 

by SR. The term [3752/] produces the third line of the same value of S R ; for 

we have, by using [3756a], 

e e'. cos. (to — to') = e d. (sin. to . sin. zd -j- cos. to . cos. to7) = A h'~f-1V ; 

substituting this in [3752/], it produces this term of SR [3764], having the factor hh'-\-IV. 

This value of SR is to be used in the formula [923], to compute the part of Sv, which 

is independent of the angles nt, n't; and of the second degree in A, h!, I, V, he. 

* (2373) The object of the present computation is merely to ascertain the part of 5 v, 

mentioned in [3756/], by means of the expression of dSv [923]. This may be reduced 

to the form [3757/], by observing, that r R' = r . == a . [928', 962], 

and that we have, identically, 2 r. S jR'-j- R!. S r = 2 5 . (r R') — R'. S r. From the first 

of these equations, we see that R' is of the same order as R, or of the order m ; and 

by rejecting terms of the order m'2, as in [3768'], we may neglect the term —R'.Sr, 

and then this expression [37575], by the substitution of r R! [3757a], becomes 

2r. SR' + R'.5r = 2S. (rR') = 2a. 

Substituting this in [923], also the value of r2dv [3759], we get 

d.[2r.dSr-\-dr.Sr) + dt2. | 3/5 dJ2-[-2a. | 

a?.ndt.\/( 1—e2) 

[3755v] 

On the 
secular 
part of 

Sv. 

[3756] 

[3756'] 

[3756a] 

[37566] 

[3756c] 

[3756d] 

[3756c] 

[3756/] 

[3757a] 

[37576] 

[3757c] 

d S'v — [3757c?] 
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[3757] 

[3758] 

These give, by noticing only the terms depending on the squares and 

products of h, l, h!, V, independent of the sines and cosines of nt -\-s, 

and its multiples,* 

d.(2r.dSr+dr.êr) = —n^-f^.\(lv!+P').C + (hh'+ll').D\. 

[3757e] 

[3757/] 

[3757g-] 

[3757A] 

In this we must substitute SR [3764], and those terms of dr, Sr, which produce 

quantities of the form and order mentioned in [3756/]. Now these quantities will be 

obtained by selecting, from the general value [1037], the three terms contained in the 

second member of [3756], for — ; and the terms in the second member of [3756'], for 
a a 

It is unnecessary to use any other terms of a higher order in h, l, he. ; for if we retain, 

V 

in —, any term of the order A2, AZ, Z2, connected with sin.2.(nZ-}-s) or cos. 2. (nt-fs), 
CL 

5 r 
it must also be connected, in [3757cZ], with terms of —, or of its differential, of the same 

forms and order, producing terms of the fourth order in h, l, and independent of the 

angles n t, n't, which are neglected in this article. The same remarks will apply to 

Y 

other terms of —, depending on higher multiples of the angle nt-\-e. Having adopted 
(L 

this form of 
r 
“"5 a 

it will be unnecessary to retain any terms of 
dr 

a 
[1023, 1037], except 

• Ô V 
those in the second member of [3756] ; for, though other terms in — [1023], of the 

CL 

forms P, Pr. sin. (n t -f- s), P". cos. {nt -{— s), might produce, in 2 r. d S r-f- dr . Sr, 

quantities independent of the sine or cosine of the angle nt -\-s, or its multiples ; yet 

if we notice only terms of the order m!, they will vanish in its differential, which occurs 

in [3757/ 3760] ; and this does not happen with the arcs of a circle retained in [3756'], 

as is shown in [3760]. 

* (2374) In finding the terms of 2r .dSr dr .Sr, of the order ni, it is only 

[3758a] necessary to notice quantities of the form Q.nt.dt, containing the arc of a circle nt, 

Q being constant ; for if the function contain any constant term, or elements of the planet’s 

orbit, it will either vanish from its differential [3760] or become of the order m'2, he. ; 

and terms depending on the sine and cosine of ntf-s, are neglected [3757]. Substituting 

r [3756], and its differential, in the first member of the following expression, we get 

[37586] 
2 r . d S r d r. S r = \2 a — 2 ah . sin. {n t -{- e) — 2 a l. cos. (n t -f- s)} .d S r 

+ i-«h . cos. (» t -j- s) -{- a l. sin. [nt -f- s)}. n dt. S r ; 

in which we must substitute the values of Sr, dSr. Now if, for a moment, we 

[3758c] put i ml. a. (I C -j-Z' D) — L, % ml. a . (h Cfh' D)~H, we shall get, from [3756'] 
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We then have r*dv —aqndt.\/1—e2 [1057]; hence we shall obtain 

d.{<!r.d5r+dr.6r) = _ n^ndt J+ ^ Q + „ h' + U'yD^ 

r2 dv 4 ( 

We have, in [1071], 

(0, 1) = — {m'nC; [m] = \m' n D ; 

therefore * 

d . (2 r . d S r -f- d r . 8 r)_ 1 

r2 d v 2 

We shall now consider the term 

d t. j (0, 1 ) . (JV + P) — [m]. Qi h!+ IV) j. 

3 d t -/^_d R o£ tjie same formuia [923] 
r2 dv 

and from its differential, the following expressions, retaining only the terms which contain 

the arc of a circle, as in [3755v] ; 

S r —L . n t . sin. — II. nt. cos. (nt -|- s) ; 

dSr—L. w?. t dt. cos. (n if-}- s) -f- iff. n2. t dt. sin. (nt -|- s). 

Substituting these values of Sr, dSr, in the first members of the equations [3758e], 

reducing by [17—20] Int., retaining only the terms containing the arc of a circle, 

independent of the sine or cosine of n t -j- s, we get 

2 a . d S r = 0 ; 

— 2 ah. sin. (n t -j- s) . d Sr — — ahH . w2 t dt ; 

— 2 a l. cos. (nt -j- s) . d Sr — — alL . w2 t d t ; 

— ah . cos. (nt-1— s) . nd t. <5 r = % a h II. n21 d t ; 

-j- a l . sin. (nt s) .ndt.Sr —^alL.n^tdt. 

The sum of the terms in the first members of [3758e] is equal to the second member 

of [37586] ; consequently the first member of [37586] is equal to the sum of the second 

members of [3758e] ; hence we get 

2r.dSr-\-dr.Sr = — % ah iff. w*t dt — % alL . nzt dt. 

The differential of this expression becomes, by resubstituting [3758c], 

d.{2r.dSr-\-dr.8r\ = — in*a.dt* (hH-\-lL) 

— — £ m'. ?i2 a2 . dt2. | (A2 -j— i2) • C (hh' IV) .D\. 

Dividing this by the expression of r2dv [3759], neglecting the divisor y/(l—e2), which 

only produces terms of the fourth degree in h, h’, e, &c., it becomes as in [3760]. 

* (2375) Substituting the values [3761] in [3760], we get [3762]. 

8 

[3759] 

[3760] 

[3761] 

[3762] 

[3758d] 

[3758e] 

[3758/] 

[3758g*] 

[3762a] 
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or [3757éT]. If we notice only the secular quantities depending on the 

[3763] squares and products of the excentricities and inclinations of the orbits, we 

shall have, by the analysis of the preceding article [3156d—/], 

SR= .haJ~)+a\ 
o ^ \ a a J 

[3764] 

Part of 

ÔR, 
corres¬ 
ponding to 

i=0. 

dddA{0)' 

\ da2 

fddA^ 
ilT 

+ J . (hh'+U). + 2 «. (tg) + 2 (^) + a a'. 
'ddA^' 

A a da! 

m 
+ g- • « • ^(1)- S O'—pT+ O'— qf\ ; 

p, P i çfi denoting the same quantities as in [1032]. Hence we easily 

obtain, from Book II, ^ 55, 59,* 

[3765] 

[3766] 

an.SR = —1.(0, l).{/t3 + Z2+/i'2+r2j-f [77].\hh'+ll'\ 

+ i • (o, i) • ! (p'—p7+ O'— qf i ; 
which gives f 

an . d<5 R = d h. j — (0, [77] . h! j — dl. j (0,1). I — [77]. V j 

— (0, 1 ).dp. (p'—p) — (0, 1) • dq . (q' — q). 

* (2376) If we multiply [3764] by an, we shall get the value of an. SR, which 

may be easily reduced to the form [3765] by the following considerations. The coefficient 

[3765a] of A2-f-?2 is equal to —[1073], and the coefficient of A'2-f-?/2 is of the same 

value ; as evidently appears by the substitution of the expression [3752c?]. The coefficient 

of (p'—p)2-\~ W—1 §')2j in this product, is -§• m! n . cd a'. B{1)= % . (0, 1) [1130]. 

Lastly, the coefficient of h in this product, is evidently equal to § m n, multiplied 

[37655] by the expression of D [1013], and this is shown in [1071] to be equal to [7j], 

as in [3765]. 

f (2377) In taking the differential of [3765], relatively to the characteristic d [37055], 

we must consider h, l, p, q as the variable quantities, and h', V, p, q' as constant ; 

and then we shall get 

an.àôR = — (0, l).(hdh+ldl) + [<M] .{h!dh + l'dl) 

+ (0, !) » {— (P'~P) • dp — (q'— q)-dq}‘, 

being the same as in [3766], with a slight alteration in the arrangement of the terms. 

[3766a] 
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The second member of this equation becomes nothing, in virtue of the 

equations [1089, 1132] ; therefore we have* 

a n . d ô R = 0 ; 

hence we deduce, by observing that n*a3= 1 [3709'],f 

3dt.fdt.d8R 3 m'. g dt 

r2 dv n a2. \fl—e2 ’ 

m!'g being the arbitrary constant quantity added to the integral fdsR [1012']. 

dt2 i2rSR' 4- R' Sri 
It now remains to consider the function —-■   2 —--, which 

r«!) 

occurs in the expression of dSv [923]. If we neglect the square of 

2 8 . (r R1) d t3 
the disturbing force, this function will be reduced to ■ *v 0 *--, 

° r2 ri v 

* (2378) Taking into consideration only two bodies, m, m', we get, as in [1072], 

^=(0,1). 
dl 

dt 
= -(0,l).A + ED.A'. 

Multiplying the first of these equations by —dl, the second by dh, and adding the 

products, we find, that the sum of the terms of the first member vanishes ; consequently 

the sum of the terms in the second member, being the same as the terms depending 

on dh, dl, in [3766], must also vanish. Again, we have, in [1131], 

^ = (0, 1) . (gf — 2 ) ; = —(0,1) - (f—p) Î 

multiplying these, respectively, by —dq, dp, and taking the sum of the products; the 

first member becomes identically nothing, and the second member is the same as the terms 

depending on djp, dq [3766], which are therefore equal to nothing, as in [3767]. 

We may incidentally remark, that the quantities (0, 1), [ôjT], &;c. [3761] ; also dh, dl, Sic. 

[1102, 1102a], are of the order m' ; consequently the second member of [3766] is 

of the order iri2 ; but its integration, in [3768], introduces divisors of the order 

g, gi, g%, &c. [1102, 1102a], which are of the order m' [1097c] ; by this means, the 

integral f dt. à 8R [3768], is reduced to terms of the order to', like the other terms 

computed in this article. 

f (2379) The integral of [3767], using the constant g [1012'], is an.f d8R = an.m'g; 

and then dividing by rü dv = a? n d t 1 — e2) [3759], multiplying this by 

we get [3768]. 

3 dt% 

[3767] 

[3767'] 

[3768] 

[3768'] 

[3767a] 

[3767ft] 

[3767c] 

[3767rf] 

[3767e] 

an 
[3768a] 
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[3769] 

[3769'] 

[3769"] 

[3770] 

[3771] 

[3769a] 

[37696] 

[3770a] 

[37706] 

[3770c] 

[3771a] 

[37716] 

[3771c] 

or by [928, 962], to 

0 /dSR\ 
2 a2. ( —— ) . ndt 

da * 

/!-< 
This quantity produces, 

/dJli °A 
m'.ndt. a?. ( ——J 

in the first place, the term -7——,t which is to be added y 1—e2 

3m'.gdt . 3 m'. a g ndt 
to —-—y. ■ [3768], or to the equivalent expression —a ■ , 

n a2. \/l—e2 

deduced from if cf — 1 [3767'] ; and the sum vanishes by the 

substitution of g — — -i a. (^-f— ^ [1017]. 

Resuming the expression of ôR [3764], we shall observe, that the function 

| . « a'.BV. {(p'-p)2+ (q'-qf} + &C-Î 

* (2380) We have, in [37575, c], by neglecting the square of the disturbing 

force, 2 r ô R' R' ô r — 2 5. (r R') = 2 a . • Multiplying this by d t2 and 

by l = n2a3 [3767], and then dividing by rsdv=cfndt.\/( 1—e2) [3759], we 

/dSR' 

V da 
2 a2. 

get 
.ndt 

\/(l — e2) 
[3769], for the corresponding term of d ô v. 

f (2381) The value of R [957], or rather [1011], gives, for the case of i — 0, 

and for terms independent of nt, n't, ù R = \ m1. A(0'. Substituting this in the term 

of d5v [37696], it becomes as in [3769]. Now if we substitute g——\a. 

m.ndt.aP (dJiS OA . 
becomes-———— . —— , and this is 

y[l— e2) \ da / 

destroyed by the equal and opposite tenu obtained in [3769] ; so that this sum becomes 

nothing, as in [3770]. The calculation [3767—3770] is in some respects a repetition of 

that in [1016", Sic.] ; and we see that the value of g, assumed in [1017], suffices even 

when we notice the parts of R contained in [3764]. 

[1017], in the term of d6v, [3769'], it 

J (2382) Taking into consideration only two bodies m, m, the differential of [3771] 

will be X m'. a a . Bm.\{p'—p)-{dpf—dp)-\-(q'—q) - (d q'—dq)} ; observing 

that Ba) [956] is a function of the constant quantities a, a' [1044"]. Now the first 

and second of the equations [1132] become as in [3767c], and the third and fourth of those 

d ?)* d Qf 
equations give ~~ — — (1,0). (y'—q) ; . =(1,0). (p' — p). Hence the differential 

CL Z CL Z 

expression [3771a] becomes 

a'.B™. (/—p) . (?'—?). {— (1, 0) —(0,1) + (1,0) + (0,1)] .d t ; 
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is equal to a constant quantity independent of the time t, because its 

differential becomes nothing, in virtue of the equations [1132] ; and if we 

consider only two planets, m, m!, as we shall hereafter do, (p'-—p)2+(ÿ—q)2 

will be a quantity independent of the time, in consequence of the same 

equations. Therefore the preceding function [3771] can produce in 

dôR\ 

da.J. [3769], only a quantity independent of tdt, &c., which 
V/l—e2 

may therefore be neglected, since it may be supposed to be included in the 

value of ndt. Hence we shall have, by eliminating the partial differentials 

of A(0) and relatively to a', by means of their values [1003],* 

2 n d t. a2. 

2ndt .a2. 
dÔR 

d a 

m!n dt ■\v+e+h'°+n.{ *. C7!n+2K^)+K^)f 
'ndt. (kh'+lf) ■ 

in which the terms between the braces mutually destroy each other, and render this 

quantity equal to nothing ; therefore the expression [3771] must be constant, and may be 

represented by G, and it will introduce into 5 R [3764] the constant quantity G. Now 

as this quantity, considered as a function of a, produces in [3771"], only a term which 

may be included in the expression of ndt, we may neglect it, and reject the term 

depending on in [3764]. 

* (2383) It appears from [3752d], that the coefficients of | m'. (h2-\-l^), vm'. (A'2-{-Z'2), 

are equal in the value of ô R [3764] ; these terms may therefore be connected together, 

as in [3772Ô]. Now if we put the two expressions of [3753", 3755"'] equal to 

each other, then divide by { m!, we shall have, for the case of i = 0, 

/ddAW\ 

\dad a!) 
=2Aa) — 2a. 

substituting this in the coefficient of lm!. {hh'IV) [3764], it becomes as in [37726]; 

hence we get 

SR= im'. (W+P + h'* + r*).fea.(^) + a*.(?^)^ 

+ **•(**'+■ 

Taking the partial differential of this expression, relatively to a, and multiplying it 

by 2 ndt. a*, we get [3772]. 
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[377iq 

[3771"] 

[3771'"] 

[3772] 

[377Id] 

[3771c] 

[3772a] 

[37725] 
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Expres¬ 
sion of 

dd V 
depend¬ 
ing on 

i = 0. 

[3773] 

[3774] 

[3775] 

[3775'] 

[3773a] 

[37736] 

[3773c] 

[3773d] 

[3773e] 

[3775a] 

[37756] 
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Now if we collect together all these terms, we shall obtain,* 

d dv = m'.ndt C (dAW\ . „ _ /ddAM\ . n , (d*AL°>V 
= -g— ) + ) 

m'.ndt C 2 /dAW\ . . „ (ddÆ 

V da , 

/dwW fddAW\ 

T 
cr 

d3 ^(0) 

da3 

m\ ndt 
^.(hh'+ll').^a.A^-2aK(^) + 15^.^) + ia\ Uu^ 

rfa3 

In this expression we may neglect the terms independent of the time t [3773e]. 

Hence it is easy to deduce the expression of d 8 v', by changing what relates 

to m into the corresponding terms of m! and the contrary ; and observing, 

that, though the value of A(1) [997], relative to the action of m! upon m, 

is different from its value relative to the action of m upon m1, yet we may 

use, in the preceding expression, either of these values at pleasure.f But 

* (2384) The value of dSv [3773] is found, by adding together the several parts of 

the expression [3757cl], computed in this article ; and as the terms [3768'—3771"] destroy 

each other, there will remain only the terms [3762, 3772], to be connected together. 

The expression [3762], by the substitution of the values of (0, 1), [m~| [1073] becomes 

m'.ndt 

2 
.(h*+P).{ 

■m'.ndt.(hh!-\-W) • ^ i — £ a3.^ 
dAW 

d a 

/ddA^\ 

\ da2 / 

and as the factors without the braces are the same as in [3772], the sum of the two 

expressions [3772, 37736] is easily found to be as in [3773] ; which is a function of the 

elements of the orbits similar to that mentioned in [1345vm]. If all the terms of this 

function were constant, they might be included in the expression of the mean motion ndt. 

But e3 = h3-\-l3, e'2 = A/2-[-Z'2, he. [1108,1109], are composed of constant quantities, 

and of others depending on the secular periodical variations of e, e', he. ; and it is evident, 

that the constant quantities produce in d ô v terms of the same form as the mean motion ; 

they may therefore be neglected, as in [3771"', 3774]. 

f (2385) Substituting [964] in [963v], and then putting s=%, we get 

(a2— 2 a a', cos. 6 -{- d3)~i=a,~1 .\^ -f- b(P . cos. Ô -j- cos. 2D -J- &£c.|. 

Now the first member of this equation is symmetrical in a, a' ; therefore its second member 

must also be symmetrical ; so that we shall have, generally, equal to a symmetrical 

function of a, a' ; and if we refer to the formulas [996, 997], we shall see, that for all 

values of i, except i—l, the function dZ(i) is likewise symmetrical. In the case of i=l, 
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we may obtain dôv' more easily by the following considerations. If we 

add the value of dSv, multiplied by m y/â, to the value of d <5 v\ multiplied 

by m'y/ô7, we shall have, by substituting the partial differentials of Aw, A(1), 

relative to a, instead of those relative to a',* 

m\/a-dSv-}- m's/a! . dSv'= — 
3 m ml. d t 

4 

3mm'.dt 

2 

.{A2+Z2+A'2-H'2}.|a 

.{hh' + ll'} . ^A^—a 

corresponding to the action of m! upon m, we have AXI) = ~— ~. [997]; andin 
a! 2 a' * 

a 
the action of m upon W, it becomes A{1) = ~ . b0^ ; but we may neglect the 

ct ct' 
parts — , — , because they produce nothing in d 5 v, d 5 v'. To prove this, we shall 

a 
observe, that by noticing only the part A{X)==-~, we shall get 

Ct ^ 

fdAW\ 1 _ fddA0)\ /ddAO)\ 

\ da J V da* )— > V da3 ) ~~ ° ’ 

substituting these in [3773], the terms mutually destroy each other ; so that we may 

Ct' 
neglect this part of A{1), and for similar reasons we may neglect the part Aw = 37, in 

computing the action of m upon ml, and then the two expressions [3775c] become 

symmetrical in a, a', as in [3775/]. 

* (2386) Multiplying [3773] by my/a, and dividing the second member by nas/a—l 

[3709], we get, by reducing the factors without the braces to a symmetrical form, 

(dA^\ /ddA(W\ /d3AW\ ■) 

+imm'.dt.{kk'+lir { } • 

Changing the elements m, a, v, h, l, Sic. into m!, ct, v', hi, V, &:c. and the contrary ; 

which does not, in the present case, alter the values of Aw or Aw [3775], we obtain 

the expression of ml y/a!. dS v'. The factors between the braces corresponding to the 

first, second, and third lines of [3776a], become, respectively, as in the first members 

of [3776/ f A], and by means of the expressions [1003], they may be reduced to the 

[3775"] 

[3776] 

[3775c] 

[3775d] 

[3775e] 

[3775/] 

[3776a] 

[37766] 
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[3776'] 

[3776c] 

[3776d] 

[3776e] 

[3776/] 

[3776g-] 

[37765] 

[3776i] 

[3776*] 

[3776Ü] 

[3776m] 

[3777a) 

If we consider only two planets, m and m',* the differential of the second 

forms [3776e, g, i\. In making these redactions, we may use the abridged symbols 

A0, A1} Ac,, A3 [37555], observing, that the index of A^ or Aa> remains unchanged; 

-j- {—6A0—18A1 — 9Aq—A3\ 

= — 5 Al — J/- Aq — Az ; 

2“'-(^r)+4‘,'3-(">) + a'3' (v#r)=2-|-^»-^!+442^+4A+4S 
+ {— 6 A0—18 Ax—9A2—A3\ 

— — 4 Ax — 5 A<% — A3 ; 

—a'. (^) -2«'3- =—«0+5 -A-A, 1-y, j 2^0+4^+^ 5 

—2. {— 6A0—18^!—9A2—A3j 

— 5 Aq —|- 5 Ai —{- t/îg —J— 2 «Æ5. 

Now substituting the values corresponding to [3776e, g, i] in the value of rds/d. dSv', 

deduced from [3776a], by the change of the elements [37765], we get 

m!\/a'. d 8 v'— \mm!.dt. (A/2-f- V 2). ^ — 5 a. »2 • 

, ,7 /TO , 70, C . r _ /ddAffi)\ , /d3A(V\) 

A'-f-îî'). [—54>»+5«/^] +-V02. (^r)+2 “3- 
7R4:D 

da5 

Adding together the two expressions [3776a, A], we obtain [3776], observing, that in 

this sum, the coefficient of A2-f~ Z2 is found to be the same as that of A'2-j-Z'2. We 

may remark, that the factor 

3mm!, dt 

Smm'.dt 

printed in the original work. 

in the second line of [3776], is erroneously 

If we multiply the second member of [3776] 

3 _ 

by na?= 1 [3709'], and substitute the expressions (0,1), foTT] [1073], we shall get, 

instead of [3776], the following equation ; 

m \/a. d 8 v -f- m'\/a'. d8v' = §m[/a. d t. (0,1). (A2 -j- Z2 -j- A'2 -j- Z'2) 

— 3 m \/a. dt. pyT] . (A A' -f- IV). 

* (2387) The differential of the equation [3776m], may be put under the following form; 

d.\ms/a.d8v-\-m'\/a!.d8v'}— 3m\/a.dt.|(0,1). (A<Z A —J— Z d l )— [m] .(A'dh-\-Vdl)\ 

+3mV/o.d/.{(0»l)-(AW+Z/d/,)“l^l-(AdA,+ZdZ/)|. 
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member of this equation will be nothing, in virtue of the equations [1089] ; 

therefore we have, by noticing only secular periodical quantities, 

0 = m fa . d 8 v -|- m! fa' - d 8v' ; 

•which immediately gives d 8 v', ivhen d 8 v is known. 

The value of d 8 v is relative to the angle formed by the two radii vector es 

r and r-\-dr. To obtain its value relative to a fixed plane, we shall 

observe, that if we put dvt for the projection of dv upon this plane, and 

neglect the fourth power of the inclination of the orbit, we shall find, 

as in [925],* 

dv=dv.\l + i s9— 

We have, as in [1051], 

s —q. sin. ('ntfe) —p .cos. (w- ^ -{— s) -f- &c. ; 

which gives f 

ds = Çnq—. dt.cos. (nt-\-0 -f- (np + • dt.sin. (nt-\-£) -T&c. ; 

Substituting, in the first line of the second member of this expression, the values d h, dl 

[3767a], it vanishes, because the terms mutually destroy each other. The second line 

of the second member becomes, by the substitution of the formulas [1093, 1094], equal 

to 3 m'fa'. dt .{(1,0) .{h' dh' -\-V dl') — [Vo] • (h dhf g~l dl')\, which vanishes also by 

the substitution of dh'= ^ (1, 0) . V— [Vo] .1}. dt, d V — |— (1, 0) . h' -[- [i,o] .h\. d t, 

deduced from the third and fourth of the equations [1089]. This is also evident from the 

consideration, that the expression [37776] may be derived from the first line of [3777n], 

by changing the elements relative to m into those corresponding to m!, and the contrary ; 

and as that line is found to vanish by the substitution of the values of dh, dl [3767«], 

the other will in like manner vanish by the substitution of the values of d hd l ' 

[3777c]. Now the second member of [3777a] being equal to nothing, we have, by 

integration, mfa . d 8 v -]- ml fa' .d 8 v = G d t ; G being a constant quantity independent 

of the secular periodical equations. This quantity Gdt may be supposed, as in [3771'"], 

to be connected with n dt, n' dt ; so that by noticing only the secular periodical equations, 

we may put the first member of the preceding equation equal to nothing, as in [3777]. 

* (2388) The equation [925] may be put under the form dvt= dv f 11T 58 

Developing this, and neglecting terms of the fourth degree in s or ds, we get [3779]. 

f (2389) The differential of s [3780], considering p, q, t as variable, becomes as 

in [3781]. The squares of these expressions, which enter into the function [3779], are 

10 

ds2 ) 

(l-j-ss)Vr2^ 

Formula 
for 

8 v'. 

[3777] 

[3778] 

[3779] 

[3780] 

[3781] 

[37776] 

[3777c] 

[3777tf] 

[3777e] 

[3778a] 

VOL. III. 
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[3781'] 

[3782] 

[3783] 

[3784] 

[3779a] 

[37796] 

[3779c] 

[3779a!] 

[3779e] 

[3784a] 

[37846] 

[3784c] 

hence we shall find, by neglecting the periodical quantities depending on nt, 

and observing that d v n dt, very nearly, 

dvt — dv -(- \ . (q dp —p d q) ; 

therefore to obtain the value of dSvjf we must add the quantity 

è • (qdp —p dq) to the preceding value of d dv [3773]. 

If we only consider two planets m, m', we shall have, by means 

of [1132, 1130],* 

[qdp—pdq). m\/a-\-{q'dp'—p'dq) .ni \/d——^mm'. dt. a d. B[J) .\{p'—PY~\~ (tf—?)2| ? 

of the order of the terms computed in this article [3702'], and by neglecting terms of a 

d s2 
higher order, we may omit, in — [3779], the terms of dv [3748] depending on e, 

and put d v = n dt, by which means we shall get dv,— dv. ] 1 -j- -S-s2— 4 .  -1 , 

in which we must substitute s, ds [3780,3781]. In making these substitutions, and 

noticing the terms independent of the sine and cosine of nt or its multiples, as is done in 

this article, where the secular periodical terms only are retained, we may, as in [3651a], put 

sin.2 {n t -}- s) = |, cos.2 {nt -j- s) = |, sin. {nt-j- s) . cos. (n t -J- s) = 0 ; 

then the squares of [3780, 3781] will give, by neglecting d q2, dp2, which are of the 

order of the square of the disturbing forces, 

is2=|. (§2+p2) ; 

ds% 1 / dp'Ÿ 

vPdP 4»s nq- 
dt J 4rP 1 ■(”P+jyf=-* 

dp 

n dt/ 

qdp—pdq 

2 dv 

p- 
d q 

ndt 

Substituting these in [3779], we get [3782]. 

* (2390) Substituting the values of dp, dq, dp', d q' [3767c, 3771 h~\ in the first 

members of [3784a, 4], and reducing the second expression by means of [1093, 1094], 

we get the second members [3784a, c] ; 

m\/a .{qdp — p d q) = m s/a . (0, 1) . dt. \q . {q'—q) -\-p . {p'—p)} 

m's/a'. {q'dp'—p'dq') — m's/d. {1,0) . dt. [— q'. {qf— q) ■—-p'. (pf—p)\ 

— m\/a. (0, 1) . dt.\ q'. {(/— q) —p'. {p'—p)\- 

The sum of the two equations [3784a, c] gives the value of [3784] under the form 

— m\/a . (0, 1). d t. {{q' — qf -f~ {p'—pf] ; substituting (0, 1) [1130], and dividing 

by na2 = 1 [3709'], it becomes as in the second member of [3784]. 

[3784d] 
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and the second member of this equation is equal to dt, multiplied by 

a constant quantity ; * therefore by noticing only the secular periodical 

quantities, we shall have 

0 = mfa. d6vt + m!s/g.dôv’ ; 

ô V' and <5 v’ being relative to the fixed plane. 

6. We shall now consider the inequalities in the motion in latitude, 

depending on the products of the excentricities and inclinations of the orbits. 

For this purpose we shall resume the third of the equations [915] ; 

'd,R\ ddz . 
’ " "T d t ‘ d z 

We shall take for the fixed plane the primitive orbit of m, in consequence of 

which we may put z = 0 in the expression of ^ ^ 
dz 

We shall have, 

by [3736—3741], observing that z’ = r's'fi 

'd R 

. dz 

m! s' m! r' s' 

f3,— 2 rr. cos. (F— v) -f-F2j ‘ 
3 1 
2 

* (2391) The differential of the second member of [3784], being divided by —2mdt, 

becomes as in [3771a], and is therefore equal to nothing, as is shown in [3771c] ; hence 

we find, as in [3771F], that the first member of [37S4] is equal to dt, multiplied by a 

constant quantity G, which may be neglected as in [3771 e] ; so that by noticing only the 

secular periodical equations, we shall have (qdp—pdq) .m/a-\- (q'dp'—fid q') .m'/a'=Q. 

Now we have found, in [3782], that by reducing v to a fixed plane, the value of dv or dôv 

must be augmented by % . (q dp —p dq) ; and in like manner, the quantity dôv' must 

be increased by £.(q'dp'—fidq'). Multiplying these by m/a, m!s/a', respectively, 

and adding the products, we get the increment of the function [3777], or the quantity to be 

added to it, to obtain the value of m/a . d ô v/ -j- m'/a! . dô vj. Now this increment 

vanishes by means of the equation [37856] ; consequently the function [3777], varied in 

this manner, becomes as in [3785], 

t (2392) The latitude of the body m', neglecting terms of the third order, being 

represented by s', and the radius vector by r', we shall have, by the principles of 

orthographic projection, z' — r' s', as in [3787]. Now r' [37366] being independent 

of z, the partial differential of R [3736], relative to z, becomes 

/dR\ mfz' m!. [fi—z) 

\ cL 2 ^ 3 ^ 

v 7 

[3784'] 
The same 
formula for 

ôv\ 
reduced to 
the fixed 
plane. 

[3785] 

[37857 
Differ¬ 
ential 
equation 
for the 
latitude. 

[3786] 

[3786'] 

[3787] 

[3788] 

[3785a] 

[37856] 

[3785c] 

[3787a] 

[3787a'] 
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[3789] 

[3790] 

[3791] 

[3792] 

the differential equation in z, will by this means become * 

d d z 
0 = -\-n^ z.{1 -f- 3 e . cos. (n t -f- s — ®) \ 

+ 
in', n2 a3. s' 

v12 

m. n2 a3, r' s' 

We shall now putf 

'dR 

[ r2 — 2 r r'. cos. (v — v) -f- r'2\L 

sin. j i. (n't—nt-f - s'—s) -J-2 n t-f K J -j-iV. sin. {i. (n't—n t-f- s' ■— s) ■-\-L j. 

for the part of [3788] 

'dR 

. 4 z 

m! s' 

J 2 

m'. r s' 

\r2— 2 rr. cos. (v'— v) -f-r'2)] 

depending on the angles i.(n't—nt-\-d—s)Jr2nt and i.(n't—nt-\-d—e) ;* * 

and shall suppose, that by noticing only the inequalities of z, depending on 

and if we neglect quantities of the order z'3, we may reject terms of the order z'2 or y1 

in the denominator; then, as in [3742g], we shall have 

[37876] (a/— x)2 -f" (ÿ — y)2 -j- (z' — z)2 — r2 — 2 r r'. cos. (v — v) -j- r 2 ; 

substituting this and 2; — 0, z' = r's' [3786', 3787] in [3787a], we get [3788]. 

We may here remark, that the method used in this article, in finding the motion in 

[3787c] latitude, depending on terms of the order of the product of the excentricity by the inclination 

of the orbit, is different from that proposed in [948], and used in [1025, &,c.] in finding 

the terms independent of the excentricity. This last method may, however, be applied 

without any difficulty to terms depending on the excentricity, and we shall obtain the same 

[37874] result as in [3795—3797] ; as has been shown by Mr. Plana, in Vol. XII, page 449, &c. 

of Zach’s Correspondance Astronomique, &c. 

* (2393) We have, by means of [3702&, c, 3700], 

[3789a] f* r~3=irar3.{ 1 -f- 3 e . cos. (nt -|-£—^) -j- &c.| = n2.[ l-f-3 e . cos. (nt -j-s—ta) -f- &c.|. 

Substituting this in [3786], also the expression [3788], multiplied by n2a? = 1 [3709'], 

we get [3789]. 

f (2394) The reasons for assuming these forms are evident from [3704a—6], observing 

[3790a] that the object proposed at the commencement of this book, is to notice merely the terms 

depending on the squares and products of the excentricities and inclinations. 
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the first power of the inclination of the orbits, the part of z, relative to 

the angle i.{n't — nt-\- s'—will be* 

z — y a F. sin. j i .(n't — nt-\-s' — s) -j- n t -f-5 — n J • 

We then have, by retaining only the terms depending on the products of the 

excentricities and inclinations,! 

0 = 
dt2 

ddz 0 _ Csin. {*.(«?<—nt-}-s'— s)-\-2ntJr2s — ©■ 
+ rilz-\-%r?.ey.aF.\ , 

(nt—nt-\-s—s)-{-w—n| 

-J-w2a3.M. sin. \i.(n't—nt-j-e'—s) + 2nt-{-K\ 

+ N. sin. —nt-\-s'—s)-\-L\ ; 

■n} 

[3793] 

[3794] 

* (2395) Putting, for brevity, 

T3 = 1. (n! t —• n t —{— s — s) -j— n t —}— s, F= 
m'.r&.cfca! B«-i) 

2 ’ n2——i.(n— 

we shall have, for the terms of s [1034] depending on the expression 

F- Kîr — 9) •sin- T3 — (p1 —p) . COS. T3} ; 

substituting in this the values p' —p = y . sin. II, q'— q = y. cos. n [1033], it becomes 

F y. {sin. T3. cos. II — cos. T3 . sin. n] = F y . sin. (T3 — n) 

= F y. sin. {?'. (ra'tf—w /-[- s'— s) n t-\-s—n^. 

Multiplying this by r, we get the corresponding part of z = r s [3787,3796], to be 

substituted in the term 3 w2 e z . cos. (n t -j- s — zs) [3789]. Now this term is of the 

second order, or of the same order as the terms now under consideration [3702 ] ; and by 

neglecting those of a higher order, we may substitute a for r, in the expression of z [3792c?], 

and we shall have z—as 5 hence the term of 5, computed in [3792c], produces in z 

the quantity [3793]. Substituting this in [3792e], and reducing by means of [18] Int., 

we get the terms depending on F in [3794]. In computing the value of the term [3792e], 

and neglecting quantities of the order in 2 or e2, it is not necessary to notice any other 

terms of s [1034], except those depending on or F, which we have used above. 

For the terms depending on the arc of a circle nt, in the second and third lines of [1034], 

vanish, as in [1051], in consequence of the secular variations of _p, q. Again, having 

taken the primitive orbit of m for the fixed plane, we have z = 0 or 6 =0 [3786'], at 

the commencement of the motion, corresponding to p = 0, q = 0 [1034, 1032] ; so that 

these terms may be neglected in computing [3792e]. Lastly, the terms of s depending 

on sin. (n't -f- s'), cos. (n t -f- s'), in the fourth line of s [1034], may be considered as 

included in the term of T3 or of F [3792a], depending on i — 1 ; consequently the 

function [3792c] is rightly expressed by the terms depending on F in [3794] ; the 

quantity F being of the order m! [3792a], as well as M, JV [3790, 3791]. 

[3792a] 

[37925] 

[37925'] 

[3792c] 

[3792d] 

[3792c] 

[3792/] 

[3792g-] 

[37925] 

[3792i] 

[37925] 

t (2396) The equation [3794] is easily deduced from [3789] ; for the two first terms 

are identically the same in each ; the third term depending on e, reduced as in [3792f &c.], 

VOL. III. 11 
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hence we get, bj integration,* 

( fn?.ey.aF.sm.\i.(n't—nt-\-s'—s)-f-2w£-f 2?—to—nj 

^iif.sin.\i.(n't—nt-\-s—s)-\-2ntJrK\ 
At   ■ - - ■ ... . — ■ - ■ - ___ 

jin'—(i—l).nj. [in'—(i—3).n\ 

C %nz.ey*'aF.sin. [i. (n't—nt-\-s—s)-[-to—n| 

( N .sin.\i. (n't—nt-^s—s) + Z'| 

j in' — (i-f-1). n j. j in'—(i— 1) ,n\ 

We have the latitude s, by observing thatf 

Z Z Z 
s = - = -4-- . e. cos. (nt 4- s — to) : 

r a a v ' 

therefore s may be obtained by dividing the preceding expression of z by a, 

and adding to it the quantity f 

\ey.F.sin. —nt-\-s—+2s—to—nj 

-f \ey.F.sin. —nt-\-z—s)+*—n}* 

[3794a] produces the terms depending on F [3794] ; the two remaining terms, comprised in the 

second line of the second member of [3789], are represented by the function [3791], or by 

the equivalent expression [3790] multiplied by w2a3=1, as in the two last lines of [3794]. 

* (2397) The equation [3794] is of the same form as [865a], putting y = z, a = n; 

[3795a] then any term of [3794] depending on F, M, or JV, being Represented by a Ah sin. (mf-H,)> 

Ct K.Auui- . roi-'iT 1 

[3795&] the corresponding term of z will be represented by ZTA) ’ as 111 L ■ ; J ’> “ie 

letters m/. s/} being accented to distinguish them from the similar letters of the present 

[3795c] article. Now putting m=i.(n'—n) -f- 2 n in the first and third of these terms of [3794], 

and mt — i. («'—n) in the second and fourth, we get, successively, the terms of to [3795] ; 

[37953] all of which are of the order m [3792/r]. 

f (2398) We get, in like manner as in [3787], rs = z; dividing this by r, or its 

[3796a] equivalent expression «.[1 — e. cos . (n t -j- s — to) ] [3701], we get the two values 

of 5 [3796], neglecting, in the last of them, the terms of the third order in e and to. 

X (2399) Substituting, in — . e.eos. (nt-\-z—to) [3796], the term ol to of the first order y, 

assumed in [3793], and reducing the product by means of [18] Int., we obtain the 
[3797a] z 

corresponding values [3797]. Adding these to the term of - [3796], deduced from 

[3795], we get the terms of s, of the proposed forms and order. These terms are neglected 

[3795] 

[3796] 

[3797] 
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Nothing more is required but to ascertain the values of M and N; which 

maybe easily found by the analysis in ^4. We shall, however, dispense 

with this calculation, because the inequalities of this order in latitude are [3797'] 

insensible except in the orbits of Jupiter and Saturn, whose mean motions 

are nearly commensurable, and we shall give, in [3884—3888], a very [3798] 

simple method for the determination of these inequalities. 

If we refer the motion of m to a fixed plane, which is but very slightly 

inclined to that of its primitive orbit, putting 9 for the inclination of the 
. . [3799] 

orbit to this plane, and ô for the longitude of its ascending node ; we shall 

have the reduction of the motion in the orbit to this plane, by the method 

explained in Book II, ^22 [675, &c.],* * 

— i . tang.2cp. sin. (2 v/— 2d) — tang. 9 . <5 s . cos. (vt— ô) ; [3800] 

vt being the motion v referred to the fixed plane. Hence the motion in [3600'] 

latitude produces in the motion in longitude, upon the ecliptic, inequalities 

depending on the squares and higher powers of the excentricities and 

by the author in [3797'] on account of their smallness. The most important terms of the 

perturbation in latitude, of the second order, computed in [3885, 3886], are reduced to numbers [37976] 

in [4458, 4513], for Jupiter and Saturn, in whose orbits these terms have a sensible value. 

* (2400) In the annexed figure 73, A B is the primitive orbit of the planet m, A G the 

fixed plane, D the place of the planet, B B = 5 s the perturbation in latitude now 

under consideration, which is perpendicular to A B ; lastly, the arcs B G, D EF are 

perpendicular to AG, and BE perpendicular 

to BF. Then by using the notation [669;/], 

we have A B — v — /3, A G = vl— Ô, 

BAG~(p ; and in [676'], by neglecting cp4, 

AB=A G-}-tang.21 9. sin. (2 ^—2d) ; but 

on account of the smallness of 9, we may 

put tang.2 £ 9 = ( i tang. 9 )2 = p tang.2 9 ; •v-o 

so that to reduce A B to AG, we must apply the correction —A tang.2 9 .sin. (2r/—2ô), 

as in the first term of [3800]. Again, since BB is perpendicular to AB, and BE 

perpendicular to B F or B G, we have nearly, the angle AB G — angle B B E ; 

moreover, in the spherical triangle AB G, we have cos. ABG= sin. BAG . cos. A G 

[13453'~], or in symbols, cos. B B E = sin. 9 . cos. (uy— $). Now in the right-angled 

triangle BED, we have, very nearly, BE = BB. cos.BBE=:8s . sin.9. cos. (v— Ô) ; 

and on account of the smallness of 9, we may change sin. 9 into tang. 9, also B E into FG ; 

hence F G = ô s . tang. 9 . cos. (vt—6). Subtracting this from AG, we get A F; and 

in this way we obtain the second term of [3800]. 

[3800a] 

[38006] 

[3800c] 

[38007] 

[3800e] 

[3800/] 

[3800g-] 
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[3800"] inclinations of the orbits ; but these inequalities are insensible except for 

Jupiter and Saturn. 

[3801] 

[3802] 

[3804] 

[3805] 

If we notice only the secular quantities, and put, as in [1032], 

tang, tp. sin. 6 = p ; tang. <p. cos. 6 = q : 

we shall have* 

$$ ■= t, ~ . sin. (n t -f s) — t. ~ . cos. 
dt ’ v ' y 'dt 

[3803] The term — tang. 9.65. cos. (v/— 6) produces the following expression, 

-^ pdq) . so t^at we -j- 
2dt 

r—rlt ÜdP — Pd9) ■ 
v-v + l- zTt ’ 

which agrees with what we have found in the preceding article [3782] 4 

[3801a] 

[38016] 

[3801c] 

[3804a] 

[38046] 

[3804c] 

[3804c?] 

[3804e] 

* (2401) If we suppose s to be a function of t, which becomes S, when t— 0, we 

shall have, by the theorem [607, &c.], s — S -j~ t. • (~[^ + &c. If we 

neglect i2 and the higher powers of t, and notice only the secular inequalities, we shall 

get s— Now s—S, being the variation of s in the time t, is what is 

represented above by 8 s ; hence 8 s = t. i and by noticing only the secular 

inequalities depending on dp, dq, in [3781], we obtain 

(vf) = «-sin- ("* + *)-?7-cos- (n<+s); 

consequently 8 s becomes as in [3802]. 

f (2402) Developing cos. (v,— Ô) by [24] Int., and then substituting the values [3801], we get 

— tang. 9 . cos. (v/— Ô) = — tang.9. [cos. Ô. cos. sin. Ô. sin. vJ] = — q . cos. v,—p. sin. v, 

= — q.cos. (nt-\-s)—p. sin. [n t ~j-s) ; 

observing, that as this quantity is of the order p, q, and is to be multiplied by Ss, in [3800], 

which is also of the same order [3802, 3767c], we may put v=7it-j-e, neglecting, as usual, 

the terms of a higher order in p, q. Multiplying together the expressions [3802, 38046], 

and retaining only the quantities independent of the periodical angle 2nt-\-2e, we may 

use the values [3779c], and we shall get, for —-tang. 9.8 s . cos. (v,— $), the same 

expression as in [3804]. This represents the secular change of v, arising from the last 

term of [3800] ; and by adding it to v, it gives vt, as in [3805]. We may observe, that 

the first term of [3800] produces no secular terms, or such as are independent of 2 vt— 2Ô, 

and it is therefore neglected in this estimate of v, [3805]. 

% (2403) Neglecting terms of the order t2 or m'2, we may suppose £.(qdp—pdq) [3805a] 
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ON THE INEQUALITIES DEPENDING ON THE CUBES AND PRODUCTS OP THREE DIMENSIONS OF THE 

EXCENTRICITES AND INCLINATIONS OF THE ORBITS AND THEIR HIGHER POWERS. 

7. The inequalities depending on the cubes and products of three 

dimensions of the excentricities and inclinations of the orbits, are susceptible 

of two forms,* 

R — M. sin. \i. (n't — nt + s'— s) + 3 n t + K] ; [Fusiform.] 

R = N. sin. [i . (n't — n t -j- s' — s) -f- n t + L }. i^ondform.] 

We may determine them by the analysis employed in the preceding articles ; 

but as they become sensible only when they increase very slowly, we can 

make use of this circumstance to simplify the calculation. We shall resume 
Q d • (ï* $ r) 

the expression [37156], and shall neglect the term - Jn d f- , which is 

then insensible,f because of the smallness of the coefficient of t, in the 

inequalities now under consideration. Then this formula becomes 

5v = — '?£^: + 3a.ffndt.dR+2fndt..a‘. (VTt 
a2.ndt 1 J J J \d a ) 

to be equal to Cdt, C being a constant quantity; then [3782] becomes dvt=dv-\-C dt, 

whose integral is v=v C t, as in [3805]. 

* (2404) The reason for assuming these forms is evident from the principles used 

in [3704a—6]. For the coefficients of n't, —nt, in [3807], are i, i — 3, respectively; 

their difference 3 expresses the order of the coefficient Tc [957vlil, &tc.], or that of M [3807], 

which must therefore be of the order e3. Again, the coefficients of n't, —nt [3807'] 

are i, i — 1; their difference is 1, consequently JY may contain terms of the order 

1, 3, 5, &ic. [957vii, &c.] ; which include those of the order e3 ; and it is evident from 

[957v, &cc.], that these forms embrace all these terms of the third order. 

f (2405) This remark applies exclusively to terms of the form [3807], like those 

in the three first lines of the second member of [3819], depending on the angles 

i.(n't —nt-\-sr—s) -\-3nt, whose differential introduces the very small factor i.(n'—n) -f-3n 

[3818cZ]. But this small factor is not produced in the differential of the terms of the 

form [3807'], contained in the last line of the second member [3819] ; and then the 

term [3808] is not neglected, but is computed in [3822c]. 

f (2406) In the terms treated of in §7, and depending on the cubes of the excentricities, 

no quantities are finally retained except those which have the small divisor i.(n'—n)-\-3n, 

or its powers; and as the expression of Sv [37156] contains the function 2<6.(r<5r), 

divided by a?.n dt ; we must examine whether this function contains the small divisor we 

have just mentioned. Now by the inspection of the value of rSr, or rather of ô r [1016], 

12 

[3806] 

[3806'] 
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of R of 
the third 
order. 

[3807] 

[3807] 

[3808] 

[3809] 

[38056] 

[3807a] 

[38076] 

[3808a] 

[38086] 

[3809a] 

[38096] 
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[3809'] 

[3810] 

[3811] 

[3812] 

[3809c] 

[3809*] 

[3809e] 

[3812a] 

[38126] 

The divisor y'l—e2 [37156] must be neglected for greater accuracy, as 

in Book II, ^54 or [3718']. We must also, by the same article, apply these 

inequalities to the mean motion of the planet m, in computing Us elliptical 

motion [3720]. This being premised, if we suppose 

R — m' P. sin. [i. (n't — nt -{-s'— s) -j- 3 n t -f- 3 sJ 

+ m'P - cos.{i. (n't — n t + /— s) -f 3 n t + 3 e} ; 

which comprises all the terms of R, where the coefficient of nt is greater 

or less than that of n't by the number 3 ; we shall get, as in [1209],* 

Sa./find t.dR — 

X 

2 dP 

3.(3—i) .m'rfi.a 

\i.[n'—re)-(-3n}2 

3 ddP' 

~)P— 

-re)-[-3re} .dt \i.[n'—re)-)-3re}2.dt2[ 

2 dP' 3 ddP 

sin. [i.(n't—nt-\-s—,s)—{—[—3s | 

m-rrô~T"7: — <r, ,-0 )0 f.COS.\i,(n't-nt-\-s'—z) 
\i.[n—n)-pon[ .at \i.[n—re)-j-3re}2.di2)) * 1 ' 1 J 1 ’ 

we shall not find, in the preceding function, any term depending on the first power of e, 

and having the divisor i. [n— n)-\-Sn. In quantities of the second order in e, e', 

given in [3711, 3714], we find such terms having the first power of that divisor ; but these 

terms depend upon angles of the form i .{n't —nt -\- s'— s) -f- 2 n t, which are different 

from those under consideration in this article [3806'—3807'] ; so that they may be 

neglected. To investigate the similar terms of the order e3, which depend on the angle 

i . (n't — n t -f- s'—s) —j— 3 nt, we may go through a calculation similar to that in 

[3703 —3714], changing, however, the angle i . (n't — nt -f-s' — s) -\-2 nt into 

i.(n't—nt -\-s—s) ~\~3nt ; which is the same as to increase the integral number 2 — i, 

connected with nt by unity ; by which means the divisors in-f~(l—i)-n, in'-\~ [2—i).n, 

in'T (3 — i) . n, which occur in [3705,3710,3711,3714], are changed, respectively, 

into in'-\-(2—■i).n, in'-1-(3 — i).n, in'-f-(4 — i).n. Hence the quantity rSr, 

similar to [3711], will contain a term of the order e3, depending on the form [3807], and 

having for divisor the first power of the small quantity in! ( 3—i) .n, as is hereafter 

found in [3819] ; but this divisor will vanish from the differential d. (r à r) ; therefore it 

may be neglected, as in [3809a] ; and then the formula [37156] becomes as in [3809] ; 

omitting the divisor, y/(l — e2), for the reasons given in [3718']. 

* (2407) Substituting, in the first member of [1209], the assumed value of 

k . sin. (i'n't— in t -j- A) [1208vi], it becomes 

ff a n2. d t^. [ Q. sin. (i'n't—i n t-\- i' s' — is) -j- Q'. cos. (i1 n't —int -j- i's'— is)} = 

3 d2 Q 4d3 Q' n2a.sin.fiVf—int-\-i's'—is) C 2d Q' 
--j—Q-rnrj. 

+ 

[i' n'—ire)2 

re2 a. cos. (i'n't—i re t -j- i's'—i s) 

(i'n'—ire)2 • -O'- 

(i're'— in).dt ' (i're'— ire)2.di2 [i'n'—ire)3.d<3 

2d Q 3d2 Q' 4d3 Q 

&c. ! 

[i'n'—in).dt 1 [i'n'—ire)2.di2 [i'n'—ire)3.dt3 
he. >. 
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\ 

Then we shall have* 

/dR\ 
2 .f ndt. a2. 

2m' n 
a2. 

dP 

da 
.co$.{i.(n't—nt-{-s — s) —f-3?z 3 s | 

da / iAn-—n)4-3n \ /dp' \ 
a2, f \ -sin. —s)-f-3wt-j-3s} 

Lastly, we shall suppose, that by noticing only the angle 

i. (n't — n t T s' — s ) -f- 2 n t T 2 £, 
we havef 

r Sr 
—= H. cos. [ t . (n' t — u t T £/—'s) 2 u t -}- 2 s -j- A j 5 

Now if we take the differential of [3810], relatively to d, then multiply it by 3 a .ndt, 

and prefix the double sign of integration, we shall get, by using for brevity, 

T—n't — nt-\-d—s [3702a], 

3 a .ffndt.&R-= ffari*. d t2. 
— 3.(3 — i). ml. P'. sin. (i T7 —{— 3 ^ -}— 3 s) i 

-{-3.(3 — i) .m. P . cos. (fT-}-3w?-f-3s)} 

The second member of this expression is of the same form as the first member of [38126], 

as is easily perceived by changing, in [38126], % into i, and i into i—3; also 

putting Q = — 3.(3 — i) . m'. P', Q' = 3 . (3 — i)m'.P ; then making the same 

changes in the second member of [38126], we obtain for 3 a .ff n d t. d R, the same 

expression as in [3812]. We may observe, as in [3714c?'], that the secular variations of 

the elements are noticed by the introduction of the differentials dP, dP', ddP, ddP\ 

which are computed in [4415, &c., 4484, &c.]. 

* (2408) The partial differential of R [3810], taken relatively to a, being multiplied, 

by 2ndt. a2, and then integrated, gives [3813]. 

f (2409) The expression [3814] is equivalent to that in [3711] ; H being taken for 

the coefficient of any one of the terms of this formula, and A representing that one of the 

quantities — 2zs, — zs — K — 2 s, which is connected with this coefficient H ; 

observing that H is of the second dimension in e, d. The differential of [3701], is 

dr = a e . n dt. sin. (n t -{-s — zs) -f- &c. ; multiplying this by [3814], and neglecting 

terms of the fourth order, we get, by using T [3812c], 

r Sr 
— • dr = H a e . n d t. cos. (i TAr2nt~\~<2sJrA) . sin. (tt?-j-s — zs) 

= l TI a e . n dt. sin. (i T-|-3m?-{-3s — zs A) 

— J H ae .ndt. sin. (<T+ n t —[— s —j— zs —J— A)* 

As this is of the third order [38146], we may, in the first member, put r= a, and then 

dividing by — andt, we get 

dv St 
--—— = — |Re. sin. (i T -\-Snt4-S s — zs-\-A) 

a? ndt v 1 1 1 ' 

-f- h He . sin. (i T -f- nt-\- s zs A). 

[3813] 

[3814] 

[3812c] 

[3812d] 

[3812e] 

[3812/] 

[3813a] 

[3814a] 

[38146] 

[3814c] 

[3814rf] 

[3814e] 
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order. 

[3818] 

[3814/] 

[3814g-] 

[3816a] 

[3818a] 

[3818a'] 

[3818a"] 
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H being determined as in [3814a], and having the very small divisor 

i. (n'—w) -f 3 w ; then the first term of o v [3809] gives the following 

expression ; 

(I t $ v 
-^ ‘ = — \ He . lin. | i. (n't — n t -f-s'—s) -\-3nt + 3 s — ^-\-A j. 

ct .ndt 

Hence we shall find, by noticing only terms which have the divisor 

i. (n'— n) -f- 3 n* 

ôv = 
3.(3-t).TO'.wg 

w)-]-3n}a 

' p/> 2a.dP Sa.ddP' . C i.[n't—nl-\-d— s) 

' ‘ —n)-\Sn}.di n)-\-3n}2.dfi\ ' C -f-3 ni-j-3 s 

{.{n't —nf-j-s'— s) ' 2a.dP' Sa.ddP 
.cos. 

2m! n 

\i.(n'—n)-\~3n \.dt f i.[n' — ri)-\-2n\2.dfi 

a3. • cos.fi. (n't—nt-\-s'—s) -J-3 n t -f-34} 

_ —[—3 t-p3 s 

i.[n'—n)-\-Sn 
—fl2' (//) ‘sin* ^ — nt -\-e'—e)-\-3nt -[-3s} 

— |ffe. sin. \i. (n't—nt-\-s'—s) -f-3 nt-\-3 s — zs-\-A\. 

The differential equation [3699] 

q _(rSr) fy r o r 

d t‘ 
+ 2/d R + r . ,f 

The first term of the second member is the same as in [3815] ; the second term is noticed 

in [3822/j. We may observe, that it is not necessary to notice terms of the order ê 

in dr [3814c], because they depend on the elliptical motion, and have no divisor of the 

form i . (ri— n) -f- 3 n ; moreover they must be multiplied by terms of the order e, 

which occur in — [1023], to produce terms of the third order now under consideration ; 

and these terms of [1023] do not contain the small divisor just mentioned. 

* (2410) Substituting, in the expression of Sv [3809], the values of the terms in its 

second member, given in [3815, 3812, 3813], we get [3817]. 

f (2411) The expression [3818] is the same as [3699], from which we have deduced 

[3702], and by using [3705a], it becomes 

0_d2. (rSr) _|_ n2 m r s r_j_ 53n9a.5r.[e.cos.(nf+e—tf)-[-e2.cos.2.(?h-{-s~®)]-J-2/dR-f a.(^—^ 
dt% C. 

This is solved as in [3711A c], and if any term of the expression between the braces be 

represented, as in [37116], by a K. sin. (m,t -f *)» or a A*-cos. (mj + s,), the 

corresponding terms of ror [3711c] will contain the divisor m,2 —n2, or rather the two divisors 

(W;—n). To find the values of mt producing the divisor ». (ft — rcJH“3n [3818'], 
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gives, bj noticing only the terms which have the divisor i.(n'—n)-\-3n, 

rSr 2. (i— 3 ).mn C «P.sin.\i. (n't—nt -j-s7— s) -J-3 n ^-}-3sj j) 

a2 i . (n' ■—n) -(-3 n ' ( -\-a P'.cos.\i .(n't — nt-\-s'•—<s) -\-3nt-\-3s\ ) 

— f He.cos. [i.(n't—nt-\-s—s)-\-3nt-\-3s—-us-]-A] 

-f- 5 Hg . cos. [ i. (n't—n s — / -]-nt -}- Aj. 

we shall put it successively equal to m/ -f- n and m/ — n ; and we shall get 

m/—i.(n'—n)-\-2n, m = i.(n'—n)-\-An; but we may neglect the last, because 

the coefficients of n, n differ by 4, and the terms depending on it must be of the fourth 

dimension in e, e! [3704a, &c.], which are here neglected. Therefore, in finding r<5r, 

we need notice only the following terms. First. Where ml = i.(n' — n) -f 2n. 

Second. Where the quantity R, or rather f d R, contains the divisor i . (n! — n) 3 n 

[3818']- Hence it is evident, that we may neglect a . j which produces no such 

terms. The part of R, given in [3810], produces in 2 fd R, the following terms, 

— 2.(i—3).m'.n C P.sm.\i.(nt — n ts'—s) -j- 3 n t -f- 3 s] 

i.{n'— n)-f 3 n ^ -j- p\ cos. [ i. (n't — nt -\-d— s) -[- 3 n t -j- 3 s} ) 

These come under the second form [38185], in which a.K has the divisor i.(n'—n)-\-3n. 

The part of r 8 r [SSlSa'7], depending on these terms, is found by dividing them by 

—n2 ; m/ being in this case equal to i . (n—n) -j-3 w ; and by hypothesis it is very 

small in comparison with n. Thus, for Jupiter and Saturn, where i= 5, it becomes 

m,= i.(n'—<n) -{-3n — 5 n'—iln=j\n [3711/]; so that mf is less than ^7;, and 

for the divisor m2 — n2, we may write simply —n2= — ar3 [3709']. Therefore, by 

multiplying [3818c], by —a3, we get the part of rôr corresponding to these terms 

of 2/d R ; and then dividing this result by a2, we obtain the corresponding terms of —f. 
CL** 

The terms thus computed agree with those in [3819], depending on P, PIt is not 

necessary to notice the terms of 2/d R, like those depending on [3703, 3704], because 

they will produce in — , terms depending on different angles from those proposed 

in [3807, 3807'], or else such as have not the small divisor mentioned in [3818']. 

The next term of &K [3818a'], which we shall notice, is that depending on the quantity 

3 n2 a . ô r . e2. cos. 2 . (n t -|- s — w) [3818a] ; and as we retain merely the terms of the 

third dimension in e, e', &c., it will only be necessary to notice terms of the first dimension 

in Sr. Now if we examine [1023], we shall find, that none of its terms, of that order, 

have the small divisor [3818'] ; therefore we may neglect this part, and then the only 

remaining quantity in [3818a], producing terms of cuV, is 3 n2 a. Sr. e . cos. (nt-j- s — vj). 

As this contains the factor e, we may notice in S r only terms of the second dimension, in 
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[3820] 

Terms of 

<5 r. 

[3821] 

[3818/i] 

[3818i] 

[3818ft] 

[38180 

[3821a] 

Adding this expression to that in [3814], 

T $ T 

— =H, cos. {i.(n't — nt-j-s'—s)-f-2^ + 2s + A], 

we obtain* 

Ô T 

~ = H . cos.\i.(n't—nt+s'—s) +2 ntJr2s-\-A} 

—He.cos. [i. (n't—nt-f-s'—s)-j-3?U-}-3s— 

[ He.cos. [ z. (n tnt-f-s ■ s) —|— nt—s—j—® A.] 

j 2. (i—3 ).m'n ( aP.sin. \i.(n't — nt-\-s'—s) -J-3razf 3 s} 

i. (ri—n)-\-3n ( -j- aP'.cos. {i. (n't— nt-\-s'—s) -\-3nt-\-3e} 

order to procure those of the third dimension, which are the only ones investigated in this 

article. The terms of the second dimension, which can produce the angles proposed 

in [3807, 3807'], are evidently included in the form [3814] or [3820]; multiplying this 

by 3 aa2 a2. e . cos. (n t -f- s — <s), and reducing by [20] Int., it becomes 

3?i2a.(5r.e.cos.(7it-j-£—tz) X ■%He ,n2a2. 
cos.\i .(rit—nt-\-s'— s)-}-3»f-|-3 e — 

T cos. [ i. [n't—nt-\-s—s)-\-nt-\-s-\~T3-\-Jl\ V 
Now He [38146] is of the third dimension in e, e', he., and by neglecting higher 

dimensions, we may put - = 1 [3701], and then we shall have for the remaining tenus 

of aAT.cos. (mtt -f- g) [3818a], 

%He . n2a2.cos.\i. (rit—nt-{-s'—s) -j-3nt-\-3s— 

-j-# He .n2 a2.cos.\i. (n't—nt-\-s'—s) -\-nt-\-s-\-vs-\-Jl\. 

Dividing this by mf —n2 [3818a"], we get the corresponding terms of r ù r. Now for the 

first of these angles i. (rit—nt-\-s’— e) + 3wf+3e—zs-\-A, we have m,=i .(ri—n)-\-3n, 

and as this is very small [3818d], it may be neglected ; and then the divisor becomes —aa2. 

In the second angle [3818a*], the value of m/ is i.(ri—n)-\-n or \i.(ri—ri)-\-Sn]—2n, 

which is nearly equal to —2 aa ; hence mf—n2 is nearly 3 n2 • consequently this divisor 

is nearly equal to 3aa2- Therefore if we divide these terms of [3818a] by —n2 and 3aa2, 

respectively, we shall obtain the corresponding terms of r S r ; lastly, dividing these results 
7' S 7* 

by a2, we get the terms of —— depending on He, as in [3819]. 
CL^ 

V Ô V Si* 
* (2412) None of the terms of —— or —, of the order m! e, contain the small 

az a 

divisor [3818'], as is evident from the inspection of the formula [1016] ; so that the terms 

vbv 
of —, containing this divisor, and which must be noticed, are included in the functions of 

the second members of [3819, 3820]. Adding these quantities together, and multiplying 
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This value of — produces in 5 v, an inequality depending on the angle [3822] 
a 

i. (n't — n t -f- i — g) + n t + s, which has i. (n' — n) + 3 n for a divisor. [3822'] 

To determine it, we shall resume the expression of 8 v, given by the 

formula [931].* The part ‘ ^ of this exPression produces [3822"] 

in 8 v the term 

<5 v = ■§■ He . sin. [i. (n't — n t -f- s'—« s) -f- n t -f- s -fa -\-A} ; [3823] 

which is the only one of this kind having the divisor i. (n'— 

The inequality of 8v depending on the angle i. (n't—nt-\-s— s)-j-2 -j-2 g, [3824] 

noticing only the terms having the divisor i. (n'—w)-}-8n, is, by 

[3715, 3814], very nearly equal to 

2H.sm.{i.(n't— »f+^—s)+2fi<+28+4}- £825] 

their sum by -, which, by [3701], is equal to 1 -j- e . cos. [n t -{- £—rï)-}-&sc., we [38216] 

(5 y* 

get the corresponding terms of —. The quantities produced by this multiplication are 
a 

equal to the sum of the terms [3819, 3820], with the additional term produced by 

multiplying the function [3820] by e . cos. s— zs), and this term is 

He . cos. (nt -\-s — zs) . cos.\i.(n't — nt s' — s) -\-2 n t 2s A\, [3821c] 

which, by [23] Int., becomes 

^ H e . cos. [ i . (n' t — n t —j— s — s) —j— 3 n t —J— 3 s — z$ -j- Ji. j 

-j- \ He . cos. {i , (n’t — nt -J- s'— z) n t szsJl]. 

Connecting this with the other terms [3819, 3820], we obtain, by reduction, the 

function ^ [3821]. 

[3821d] 

* (2413) This formula, by the substitution of [3715a, 3705a], becomes as in [37156], 

the part mentioned in [3822"] being represented by ^ ^ Now the last [3822a] 
cfi.ndt aP.ndt 

term of the second member of [3819] depends on the angle iT-{-nt-\-s-\-zS-\-Jl 

[3702a], mentioned in [3822'], and if we substitute it in the first term of the preceding 

2d.(r6r) 
expression 

c&.ndt 
it produces the term 

He 
11. (n —• n) [ n | . . sm. ^ i T —n t —|— s —j- %ï —j— Jl £ j [38226] 

and as we have, very nearly, ——n) n\ = 2n [3818&] ; it becomes 

2 He . sin. Tn t zs ~\~ A). Again, the second term of [3S22a] has already been 

computed in [3814c], and contains the quantity § He . sin. (i T-\-n ts zs -\-A ) ; [3822dj 

connecting this with the preceding [3822c], the sum becomes as in [3823]. 
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[3828] 

[3829] 

[3826a] 

[38266] 

[3826c] 

[3829a] 

[38296] 

[38296'] 

[3829c] 

[3829c'] 

Therefore, if we denote this inequality by 

isf.sin. —nt-f s'—s)-f 2ntf 2efB},* 

we shall have, in 5 v, the following expression, 

Sv = {Ke. sin. —nt-—z)fnt-\-e-\-nsfjgj. 

8. It is chiefly in the theory of Jupiter and Saturn that these different 

inequalities are sensible. If we suppose i = 5, the function 

i . (V— n) -\-3n = 5n' — 2 n, 

becomes very small [3818J], in consequence of the nearly commensurable 

ratio which obtains between the mean motions of these planets ; and from 

this cause the corresponding terms of Sr, Sv acquire great values. To 

determine them, we shall resume the expression of R [3742]. The partf 

m r 
cos. (V—v) ■ 

m'. y2 7 
.— . [cOS.(F-v)-COS.(v'-j-v)j -j- 

m'. y9 rr'.cos. {v'—v) 

4 £ r2—2 rr'. cos.(v'—v )-J-r'912 
3 ? 

* (2414) The parts of R [957, 1011], represented by M, JY [3703, 3704], do not 

contain the small divisor i . (n'—n) -J- 3 n, as is evident from inspection. Moreover, 

F, G, H [3706], being the parts of — [1016], depending on terms of the first degree 
CL 

in e, e, do not contain this divisor, as appears by the inspection of [1016]. Therefore no part 

2 d.irSr) 
of Sv [3715], except the first term , contains this divisor: and if we substitute 

c&.ndt 

in this term the value of rSr [3814], we shall obtain, in S v, the term 

2 
— ~*{i> —n) sin. [i. (n't—ntfe'—s) fZntfsfA} ; 

substituting — \i. (n'— n) -j- 2 n\ — n [3822c], it becomes as in [3825]. If we now 

compare the expressions [3825, 3823], wre find, that [3823] may be derived from [3825] 

by multiplying its coefficient by fe, and decreasing the argument by n t -f- e — ns. 

The same process of derivation being used upon the assumed form [3826], produces the 

expression [3827] ; which is computed in [4439] for Jupiter, by this very simple process. 

f (2415) We shall suppose, as in [1009, 956c, 963iv, 1018a], for the sake of brevity, 

r =a(l-[Mjj r' = a'. (l-J-Jw/) ; v =nt-\- efvp, v'—n'tf s'-f~ v' ; 

T 

a u, a a u ! . a 
*7 > ~ — ** “7 j 

n’t—ntfe'—sj dT=(n'—n).dt; 

a a: / ’ 

W=nt fe¬ ns W' = n't + e'- • ns 

a , w/ v\ — v are of the order of the excentricities, and a is changed into a0, to 
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produces no term of the third order of the excentricities and inclinations, [3830] 

distinguish it from a [963iv]. If we represent the function [3829] by u, and suppose U to 

be the part of this value independent of un uj, vt, vj, we shall have U as in [3829/"] ; 

observing that the last term of [3829] becomes in this case, by using [3744, 3749], 

^m'.y2. a«'.cos. T.f a2—2««'.cos.T-[-a/2} 2 =^m'.y2. a a'. cos. T. ^2 . B(i\ cos .i T 

— ^ ml. y2, a a'. \ 2. B{i\ cos. (i -f-1 ). T 

= ^ ml. y2. a a'. 2. B{i~1'). cos. i T ; 

U— • cos. T — \ml. y2. ~ . cos. T -}- % ml. y2. ~ . cos. (n t -f- n t -{- s' s) 

-f- ml. y2. a a'. 2 . B[i~l). cos. i T ; 

i being as in [3715']. The development of u, as far as the second powers of a0, a', a ", 

being found as in [957e], is 

[3829d] 

[3829c] 

[3829/] 

U: 

+* ■->■'1■- (i^) ■+s)+^"a< 
ddU 

[3829g-] 

the terms of the third order, obtained in the same manner, are 

+ia»a'2- {££1)(££) 

+*■’■* GS+^"2' 0n£r) 

+ ^ a' 0." 3. ( JJÿÿs) + tt0 a' a". + i a" 3. . 

We have given this full development of u, because it will hereafter be of use in the notes on 

this article ; and for the same purpose, we shall also insert the following expressions, deduced 

from the comparison of the values of a0, a', a" [38295, a] with [659, 668, 669] ; 

a0 = a.[ie2 —(e—fe3) .cos. W — £ e2.cos. 2 W — f e3. cos. 3 W ] ==aut; 

a' = «'4£e'2—(e'— fe'3) .cos. W— £ e'2. cos. 2 W — f e'3. cos. 3 W'lJa'u/; 

$ (2e'—ie/3).sin. fF+fe'2. sin. 2 7F'+||e'3. sin. 3 W) 

[38295] 

(2e —i e3) .sin. W — |e2.sin.2 W— ||e3.sin. 3 W 
■ v, 

[3829i] 

[38295] 

[3829/] 

[3829m] 

From these values it appears, by a slight examination, that none of the terms of U [3829/*] 

produce quantities of the third order, depending on the angle 5 n't — 2 nt, now under 

consideration. For the terms of [3829/], multiplied by y2, of the second order, depend 

on the angles T, n! t -f- n t -f- s'-f-e, i T ; and when we combine these with terms of the 

14 

[3829n] 

VOL. III. 
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Value of 

R 
for this 
case. 

[3831] 

[3832] 

[3S29o] 

[3831a] 

[3831a'] 

[38316] 

[38316'] 

[3831c] 

[3831d] 

[3831c] 

[3831e'] 

[3831/] 

depending on the angle 5 n't — 2nt; such terms can therefore only arise 

from the remaining part* * 

R = — 
m m. 7 rr'. cos. (i/-j-i>) 

fr2—-2rr'. cos. (v—v) -f-r'2]2" fr2—2rr'. cos. (y'— v) -|-r/2£2 

and then the expressions of P and P' [3810] will be the same, whether 

we consider the action of m' on m, or that of m on m. We shall now 

investigate these values of P, P'. 

first order in a0, a/, a" [3829A:—m], they will not produce the angle 5 n't—2 n t. The 

only remaining term of U [3829/] is the first, depending on cos. T or cos .{n't—nt-j-s'—s); 

and if this were multiplied by a term depending on the angle 4 n't—nt, it would produce a 

quantity of the required form ; hut none of the powers and products of a0, a', a" [3829k—m\, 

retained in [3829g, A] contain terms of the third order depending on this angle ; therefore 

we may also reject this term, as in [3830]. 

* (2416) If we reject the terms of II [3742], mentioned in [3829], which we have 

proved, in the last note, not to contain terms of the required form and order, we shall obtain 

for II the function [3831]. This expression is not altered by changing r, v into r', v, 

respectively, and the contrary ; so that it will be of the same form, whether we compute the 

action of m upon m, or that of m upon m! ; hut in the first case it will he multiplied 

by 7)i, in the second by m. Supposing, as in [3829c?], that the general value of the 

function It [3831] is represented by u, and that it becomes equal to U, by putting 

r — a, r'—a! v — nt-\-s! v'=rit-\-s', v — v = n't — ntf-s'—s=T, 

we shall get the first of the following expressions of U [3831c]. The second expression 

[3831c?] is deduced from the first by the substitution of the values [3743, 3744], neglecting, 

however, the first term of [3743], which makes an exception in the value of Æl), in the 

case of i = 1 j because this term produces no effect in the present calculation, as we 

have seen in [3829o] ; 

U=—ml. [ a2—2 a a . cos. T-j-c/2]-^—. [ a2 — 2 aa!.cos. 

— %m!. 2. JP*. cos. i T—tM', a af, cos. (^ _]_ n {— s'-f- s) .2. B[i). cos. i T 

= £m\2. A^.cos.i T—J-m'.y2..«a'.2. ZU'-ffcos. (i Tf-Snt-f-Qs—2n). 

We may remark, that, in reducing [3831c?] to the form [3831 e], we obtain, in the 

first place, from [3749], 

cos. {ii’t f-ntIs) .2. jBw.cos.iT=:2.B(-zhcos. (i Tn't-fnts'-f s) 

=2.jEU\C0s. I(f —f-1 ). jP —f— 2/z^ —{— 2s| ; 

and by changing i into i—1, it becomes 2.cos.fi TJr2nt -j- 2 s} ; but as this 

quantity is to be multiplied by y2, we must change 2ntJr2s into 2»?-j-2s—2n, as 

in [3745w—3748], and then the value of U becomes as in [383le]. 
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We have, in Book II, ^22, by carrying on the approximation to terms 

of the third order of the excentricities [659, 668, 669],* 

- = 1-J-ie2—(e—f e3).cos. (nt-\-s—to)— |e2.cos. (2ntJr2s—2*) 
Ct 

— f e3. cos. (3nt-r3s—3to) ; 

v = (2>e—ie3).sin. (nt + s—®)+ f-e2.sin. (2ntJr2s—2to) 

-j--ff-e3.sin. (Snt-^Ss—3to). 

* (2417) We shall now commence the investigation of the part of R depending upon 

the first term of [3831e], namely, £7=| m'. 2 . cos.i T; the other terms depending 

on being computed in [3840a, &c.]. Substituting this value of U, in the 

terms [3829g*, A], we get the following value of R, 

1 R= cos.i T 

2, 3 

4 

5, 6 

7, 8 

9, 10 

11, 12 

13, 14 

15, 16 

17, 18 

19, 20 

+ 

+ 

, 1 ^ ( d A Œ \ . , , / / d AW \ 
T" a m . u0.2 . () • cos. i T -|-1 w . a. 2 . f - ■). cos. ï T 

— -J m'. a". 2 i . «4®. sin. i T 

, , , 2 „ fddAW\ /ddAW\ 
+1 ». 2. (.. COS. » T+ i m'.^ a . 2 . (_J^) .cos.ï T 

+ Ï m'- 2 •2 • ( rfn,g ) • cos. i T—2 m'. a0a". 2 i. ( ^ - ) . sin. i T 

— im'.iJaJ'.si.[ ■ %i. i T—cos. i T 

+*m'- ^ s ' (j£r) • “s.i T+ i in'.<l*a'.2. (^). cos.i T 

«'3 v fdZA{i)\ „„ y 

iT 

/dSAW 
+1 m'.a0a/2.2 . J . cos. » T-fTh m'. a'13.2 . • cos. i 

+ \ —^w'.a02a".2i 
. /ddAW 

v da? 

. fddAW 

sm.z r-ii»'.«1(i«>.s?.(i^).coS.( 

—im'.a'V'.2i. (^) .sin.i T—im'.a'tt»».2i*.(MU) .cos.i 

i / / // • (ddAW\ fji' 
—km'.a0a'a ). sin. * T+— .a"3.2?;3. sin. i T 

T 

We must substitute, in this expression, the values of a0, a', a" [38297r—m], and retain 

only the terms of the third dimension, and of the form bn't—Znt [3834"], in which the 

coefficients of n t, nt differ by 3. Now as these coefficients are equal in the angle i T, 

which occurs in [38345], this difference in the coefficients of n't, nt must arise from the 

Values of 

r, v. 

[38331 

[3834] 

[3834a] 

Terms of 

R 
depend¬ 
ing on 

AW. 

[38346] 

[3834c] 
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[3834'] 

[3834c?] 

[3834e] 

[3834e'] 

[3834/] 

[3834g-] 

[38347i] 

[3834i] 

[3834/c] 

[3834/] 

PERTURBATIONS OF THE PLANETS. [Méc. Cél. 

This being premised, if we develop R [3831] according to the order of the 

powers and products of a0, a', a"; and it is evident, from [957viii, &c.], that such terms 

must have for a factor, some one of the four quantities e'3, e'2e, e'e2, e3. If we take 

the powers and products of the quantities a0, a', a" [3829&—m], of the third dimension, 

and reduce them by means of [17—20] Int., we shall find, that the greatest angles connected 

with these factors e'3, e'2e, e'e2, e3, are, respectively, 3 TV', 2 W'-\- TV, TV-j-2 TV, 3 W-, 

it is not necessary to notice the smaller angles TV, TV, 2 TV—■ TV, he., because they 

do not produce terms of the form 5 n't—2nt [3834c]; substituting TV— T-f- nt-\-e—zs', 

TV = nt-\-s — zs [3829c] ; they become, respectively, 

3 T —|— 3 n t —{— 3 s — 3 zs ; 2 T —j— 3 il t -j— 3 s —— 2 zs' — zs ; 

T —j— 3 n t —3 £ — zs '■— 2 to ; 3 n t —j— 3 s —- 3 zs. 

Now we perceive, by inspection, that the cosine of any one of these angles is multiplied, 

in [38346], by a term of the form A^\ cos. i T \ and its sine by a term of the form 

. sin. i T ; the products reduced by the formula [3749], are found to depend, 

respectively, upon the angles 

(i —f- 3) . T -j- 3 n t —j— 3 s — 3 zs ; (i -J— 2) . T -j- 3 n t -j- 3 s — 2 z?—• w ; 

(* + l) . T 3nt -^-3 s — zs'— 2 zs ; i T+ 3 n 14- 3 £ — 3 zt. 

In order to reduce all the angles to the form i T, we must change, in the first, i into * —3 ; 

in the second, i into i — 2 ; in the third, i into i — 1 ; and make the same changes in 

the index of Axa) ; by this means the terms in question become of the forms 

e'3. 2 . . cos. (iT-\~3nt-\-3s — 3zs') ; 

e'2e. 2 .A^~®. cos. (i T -{- 3 nt -j- 3 s — 2 zs'-— zs) ; 

e e2.2. A^~l\ cos. (* T -\-3 nt -f- 3 £ — zs- — 2 to ) ; 

e3.2 . A^\ cos. (iT-{-3nt-\-3s — 3 zs). 

Putting * —5, as in [3828], these expressions become of the same forms as the four first 

terms of R [3835], depending on Mw), Mw, M&), M(3\ respectively. The two 

remaining terms , MA), depend on which was neglected in [3834c], and 

will be computed in [3840c, &c.]. We may remark, that the exponent of e, in any one 

of the terms [3834A], being increased by i — 3, gives the corresponding index of Al} 

and when i = 5, we have for this increment i — 3 = 2. 

We shall now proceed to the computation of the values of the powers and products 

of a0, a', a", which occur in the expression of R [38346], retaining only the terms 

depending on e'3, e'2e, e'e2, e3, which are wanted in finding the values of M[0), 
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terms depending on the angle 5 n't — 2 nt, we shall obtain an expression [383V] 

of the following form, 

<M{1\ M(3\ These quantities are arranged in the following table, in the order in [3834m] 

which they occur in [38345], noticing only the greatest angles mentioned in [3834e] ; 

2 S = — f « . e3. cos. 3 TV; 

3 a' = ■ — f ff. e/3. cos. 3 TV' ; 

4 off = e'3. sin. 3 TV— if e3. sin. 3 W ; 

5 a02 — \ a2, c3. cos. 3 TV ; 

6 a0 a' = p ff a . e'2 e . cos. (2 TV'-j- TV) -f- i ff a . e' e2. cos. ( IF'-{- 2 TV) ; 

7 a'2 = iff2.ff3.cos.3IF*; 

8 a0 off = f a. e3. sin. 3 TV— | a ff:2 e. sin. (2 IF'+ IF) ~ f a. ff e2. sin. ( IF'-f 2 IF) ; 

9 a'off — f ff. e'3. sin. 3 IF'-j-1 a!. e'e2. sin. ( W'+Z W) -j- £ ff. e'2 e. sin. (2 IF'-j- W) ; 

10 a"2 — — | e3. cos.3 IF-j-f ffe2.cos.( IF'-}- 2 IF)-j-|ff2e.cos.(2 IF'-}- IF)—fe'3.cos.3 TV; 

11 a03 = — p a3, e3. cos. 3 IF ; 

12 a02 a' = — p ff a2, e' e2. cos. ( W'-\- 2 IF) ; 

13 u,0a'2 — — iff2a.e'2e.cos. (2 IF'-j- IF); 

14 a'3 = — i ff 3. e'3. cos. 3 TV' ; 

15 a02a" — — | a2, e3. sin. 3 IF -j- £ a2, ff e2. sin. ( IF'+ 2 IF) ; 

16 a0 off 2 = a. e3. cos.3 IF—2 a. e'e2. cos. (IF'—j— 2 TV) -\- a. e®e. cos. (2 IF'-}-IF) ; 

17 a'2 a" = p ff2. e'3. sin. 3 IF'— £ ff3. e'2 e . sin. (2 IF'-}- IF) ; 

18 a'off 2 — ff. e'3. cos. 3 TV-— 2 ff. e'2e . cos. (2 IF'-j- TV) -J-ff. e'e2. cos. ( IF'-f- 2 IF) ; 

19 a0 a' a" = —■ \ a ff. e' e2. sin. ( IF'-j- 2 IF) -j- J a ff. e'2 e. sin. (2 IF'-j- IF) ; 

20 a"3 = 2e3.sin.3 IF—6e'e2.sin.( IF-j-2 IF)-j-6e'2e.sin.(2 IF'-j- TV)—2e'3.sin.3 IF' . 

We shall use these expressions in the following notes, in computing M(0), M{]\ &c. ; and 

we shall also make use of the following formulas, which are deduced from [955e—/i], by 

taking the differentials relative to T, and dividing by ± d T, changing also IF into IF, 

as in [3750A, &c.] ; 

sin. TVt. £ 2 . i3. . sin. i T=- — | 2 . ?3. cos. (? T-j- IF}) ; [38356] 

cos. Wt. | 2 . ?3. sin. IT — £2.i3. ^>. sin. (iT+ IF,); [3835c] 

sin. TVt. . iz. A[i\ cos.i T — |2.i3. w0®. sin. (?) T-j- IF,); [3835c?] 

cos. IF,. 1 2. t3. AM. cos.i T = |2.i3*^®. cos.(ir+ IF,). [3835e] 

15 VOL. III. 
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General 
form of 

R 
for terms of 
the third 
order. 

[3835] 

[3836] 

[3836a] 

[38366] 

[3836c] 

[3836d] 

[3836e] 

[3836/] 

[3836g-] 

[38366] 

R = M(0). e'3. cos. (5 ri t — 2 n t -J- 5 s' — 2 s — 3 to') 

+ M{i).e'Qe.cos. (bn't — 2^2 +5 s'— 2s — 2 to' — to) 

+ M(2).e'e2. cos. (5n't — 2nt b s' — 2 s — to' — 2to) 

+ M{3), e3. cos. (5w'^ — 2nt b s' — 2 s — 3 to) 

+ -^"(4)• eV2- cos. (bn't — 2nt b s' — 2s — to' —« 2 n) 

+ -^(5) • er2- cos. (5 n't — 2nt b s'■— 2 s — to — 2 n) ; 

and we shall find, after all the reductions,* 

a' M(0) = — 
m 

48 

-(2) 

389 b\ + 201 a . 
,d2> a 6 a 

d a 
27 a~ 

(2) (3) 

I a3 «* ** 
do? do? 

* (2418) The part of R [3835], depending on e'3, may be put under the form 

Mw.e'3. cos. (i T-j-3W) or M(0). e'3. cos. (2T-f-3fP), using T, TV, he. [38296', c] ; 

the coefficient of T being i— 2. Terms of this kind are produced in R, by multiplying 

the quantities which are connected with e'3 in [3835a], by the corresponding terms with 

which they are combined in [38346], and then reducing the products by means of the 

formulas [955, 955a—6, 38356]. The terms depending on A(:ù and its differentials, are 

given in the value of M[-0) [3836c?], in the order in which they occur, without any reduction, 

and omitting 2 for brevity ; so that the terms of [3835a], marked 4, 10, 20, are connected 

with 3, 9, 18 with (^); 1, n With (^) i 14 with . 

Substituting i — 2 [3836a] in this first value of M(0), we get the second value of [3836e] ; 

and this, by using the values [1003], becomes as in [3836/], or by reduction, as in [3836g]. 

Lastly, substituting in this the values [996—1001], we get [38366], which is easily 

reduced to the form [3836] ; 

MW =«'• A?\ 1 a i+# i3 + * i3} + »'• o'. (3/) • f — A — A *—i **| 

+ (vTt) ■ a'?(~). A 

= w »'• ^- W a'. (^) + « m. a!». (^) - A »'■ «'3- (^/) 

=VV ^® + -W- [2^2,+4«.(~)+«2.(^/)^ 

'•^®+ w œ • (jnr)+» (v^)+s • “3- ® . A8/ 

= — . j — 389 6?—201 a- 27 a*, - a3, 
48a' f s da da2 da3 



VI. i. §8.] TERMS OF THE THIRD ORDER IN e, c', y. 59 

a! 
(3) db™ ddb'i 

= ~. < 402 6, + 193 a. lift + 26 a2. ~4 
16 / » d a d 

m 

a 

(3) 

a3. f ;* 
d a3 ^ 

[3837] 

* (2419) Proceeding as in the last note, we find, that the part of R [3835] depending 

on e/2e, may be put under the form M{1). e'2 e . cos. {i T2 WW') [38296', c], [3837a] 

in which the coefficient of T is i = 3. Substituting the values [3835a] in [38346], 

we obtain the first of the following values of Ma) ; observing, that the terms of [3835a] 

depending on e'2e, marked 10, 20, are connected with ; the terms 8, 16, with fl^—\ • 
\ Ct (C J 

the terms 9, 18, with ; the terms 6, 19, with ; the term 17 
\ da J \dada J 

with 
/ddA®\ 

\ da’* ) ’ 
and the term 13 with 

d3 A® 
da!'2da) ' Substituting 6 = 3 in [3837c], [38376] 

we get [3837(6] ; and this, by using the values [1003], becomes as in [3837c], or by 

reduction, as in [3837/]. Lastly, substituting in this the values [996—1001], we 

get [3837g], which is equivalent to [3837] ; 

-•§m. 
) 16 a'W*Ta) 

• *££■ in’. A°>— m’. a . (/-) + to m’- ([[7 ) 

16 \da'da) ,5m'a \da‘S ) 

[3837c] 

306 
UF 

/dWN /^)N 

\da'* ) 16 \dafida) 

m'.Æ3)— -y-ml,a. (çj~^ + ft m!. A{3) — a . ^ 

m!À 6 

[3837c?] 

403 .* « -198 „. (£) - 36 A (^) - «3. (Iff) } [3835/] 

(3) n 
m 6®+ 193 a. 

à a a 

t a \ 
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[3838] 

[3838a] 

[38386] 

[3838c] 

[3838c? ] 

[3838e] 

[3838/] 

[3838g-] 

[38386,] 

[38386'] 
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i 
a! \ 396 b '*’+ 184 a. + 25 a2. + a3. 

16/ 2 rlc\ n 2 ‘ 

dbf 
(4) 

dd h £ 

16 ( d a d a2 

(4) 
d*bh 

d a3 
.* 
? 

* 
(2420) We may compute [3838, 3839] as in the two last notes, but it is rather less 

laborious to derive them from , Ma\ by changing the symbols as below, namely, 

For i, n't, nt, s', s. 

Write —i, nt, n't, s, s', 

VS 

vS. 
vs, 

vs 

a 

e, a. 

a 

a 

a CL; 0 5 

cLq , d , 

T; 

— T. 

The changes in these three last values of a', a0, T, evidently follow from those proposed 

in the other symbols, using [38296:, /]. The value a" [3829m] is not altered, except in its 

sign, because e.sm.W changes into e'. sin.W, and e'.sm.W into e.sin. W, he. ; 

moreover, ACl) is not altered, because we have jR~i)=A{i') [954"]; we also have, as 

in [3831c, d], — [a2— 2 a a', cos. T-j- £ 2 . A{i\ cos. i T ; and as the first 

member is symmetrical in a, a', the second, or A(i), must also be symmetrical, and will 

not be varied by putting a, a' for a', a, respectively ; lastly, the expression of R [38346] 

is not altered by making these changes ; observing, that the quantities i cl", i T remain 

unchanged. Now the part of R [3835] depending on e' e2, may be put under the form 

M&). e' e2. cos. (i T-j- 2 W-\- W), in which the coefficient of T is i = 4. Comparing 

this with [3837a], we find, that by making the changes [3838a, 6], the expression [3837a], 

corresponding to i = —4, will become like [3838e], and Ma) will change into Mm ; 

we may therefore obtain the values of Af(2) [38386], by changing a, a', i into a', a, —i, 

respectively ; then putting i = 4, we get [38386']. This value may be reduced to the 

form [3838i], by the substitution of the values [1003], and also the partial differential of 

the second of this system of equations, taken relatively to a, which gives 

«-.(££] = _ 3. 
\da da?J \ da? J \ d a3 J 

Reducing the expression [3838Z], we get [38386:] ; and by the substitution of the values 

[996—1001], it becomes as in [3838Z], being the same as [3838] ; 

m. act 
id?A^\ t (d*m\ , . - , id3Æ»\ 

u / i /dÆ*)\ . . idÆ4)\ . iddM4)\ 
=Wrn.#•>-tlm.a. (-^r) +■W» • « • (■Jr) ~tt rrl.a a . (j^,) 

\da? ) 16 m-a a\da?da') 

=W m'.^(4)+a. (^f^j ^+-V#m'.a. (^)+t W- fa. «2- 
4)\ ) 

da J'" \dd?)\ 
, _ fd*Aw\ . , , c „ /d*æ*)\ fd3.m 

+1■ a\-d^) +*m • l3 a • (lïr) + a • \dtf~ 

[3838Î] 
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a! M{3) 

(5) (5) (5) 

m' db& , „ ddb 1 , „ d3bi { ~ 
— . < 380 6, + 174a.-_A + 24a2. ——â- + a3. —-f >;* 
48 i d a da2 1 o'a3 1 1 

a! M(4) = — 
to'a 

TeT 

(3) 

JW®>= 
m 

16 
^396 + 184 a . + 25 a2. 

/d3^4)\ ^ 

V rfa3 ys 

m! 

16a' * 

(4) 

■ 396 & x ■ 184 a. 
da 

25 a2. 

(.4) (4) 
d26^ 3 d3^. / 

da2 d a3 j 

* (2421) The part of R [3835] depending on e3, may be put under the form 

M(3).e3. cos. (i T-{-3 TV), in which the coefficient of T is i— 5. Comparing this with 

[3836a], we find, that by making the changes a, a1, i, he. into a', a, —i, he., respectively, 

as in [3838a, 6], the expression [3836#] will become as in [38396]. This represents the 

value of M{3), or the coefficient of e3 in [3835]; and by putting i — 5, it becomes as 

in [38396'] ; which, by means of [996—1001], is easily reduced to the form [3839] ; 

m 

48a"' 

„ (5) (5) (.5) 
. 7(3) . cZ&i . „ d26 j. d^b l 1 

380 6,4-174 0..—^- 4- 24 a2. —± 4- a3, ^ , 
* a a da2 a a . 

t (2422) The values of AF4), M(5) [3840, 3841] depend on the second term of [3831c] ; 

and by retaining only this term, we shall have U ——ï-to'. y2, a a'. 2 . cos. T4, 

supposing, for a moment, that TA = i . (?i'£ — nt~j- s' — s)-j-2n^-{-2s — 2n. 

As this expression is multiplied by y2, of the second order, we need only notice terms 

of the first order in a0, a', a", in the development of u or R, and we shall get 

for this part of R, the following expression [3829g], 

observing, that we notice in this article only terms of the third dimension. The values 

of a0, a', to be substituted in this expression, are the same as in [3829fc, /] ; and 

by retaining terms of the first order, we have a0 = — a e . cos. W, a — — a'e'. cos. TV'. 

The angle T4 represents the mean value of i . (v — v) -j- 2 v ; its increment, depending 

16 

61 

[3839] 

[3840] 

[3838/fc] 

[38381] 

[3839a] 

[38396] 

[38396'] 

[3839c] 

[3840a] 

[3840a'] 

[38406] 

[3840c] 

[3840d] 

VOL. III. 
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[3841] a' M^ = 
in' a 

16 

(4) 
(4) H 1/ 2. 

7&3+a. ~ 
77 ‘ d a 

[3840$] 

[3840c] 

on vt, vj [3829a], is ol'= i. (vj— vt) -j-2vt=ivf—(i—2). v/, and by substituting 

v'z=2 e'. sin. IF', vt — 2 e. sin. IF [669], we get a", and then [38405] becomes 

cos-w’- © -2 *' • si“-«"■ ©) | 

-e • {“ • * • ©+(2 '-4) • **• ^ (*£) 1 ; 

[3840/] 

and by substituting the partial differentials of U [3840a], we obtain, without any reduction, 

Pi= ml. e y2. cos. IF'. ^ a! a . 2 . jj(i_1). cos. T4 -j- a'2 a . 2 . •C0Si ^4 f; 

-f- -]• rd. d y2. sin. IF'. d a . 1 i , B[i~1). sin. T4 

-J- i ml. e y2. cos. IF. ^ a' a . 2 . B(l_1). cos. TA -j- a2 a'. 2. . cos. T41 

— Îml. e r3. sin. IF. d a. 2.12 i — 41 . B(i~}). sin. T.. 

The terms of this expression, depending on d y2, contain the factors cos. W. cos. T4, 

[3840g*] and sin. IF', sin. T4, both of which, as in [17, 20] Int., produce the terms ^-cos. (T4-[-IF'); 

which, by putting i—4, becomes 1 cos. (5 n't — 2w 6-j-5s'—2s—to'—2n) [3840a']. 

Comparing this with the term depending on M(-i) in [3835], we get the first of the 

following expressions, omitting 2 for brevity, and then by successive reductions, using 

[963lv, 1006—1008], we finally obtain [3840/], which is easily reduced to the form [3840] : 

[38401] 

[38407] 

[38407c] 

Ç /(/ Ti{i—1) \ -) 

Vm'. < o' a a' ~ a .( —^ ■ / j i — | ml. a' a A . BKl~l) 

re m'* da. j — 7 _BC3) + a'. |= TV m'. da. j— 7 R::3) + [—3 B3;-a. (^-)] j 

TV id .da.^ — 10-B— a. j=xV m' ’da. 

(3) 

10 a(3) 
a'3’ I a'4 ‘ da 

[38407] 
m'.a 

16/ * 

(3) 

10ô4 -J- cl • 

(3) 
db§ 
da 

In like manner, the terms of [3840/], depending on e y2, contain the factors 

cos. IF. cos. T4, sin. IF. sin. T4, producing the term i cos. (T4+ IF), which, 

[3840wd by putting 1 = 5, becomes J cos. (5 n't — 2nt-{-5s—2 s — vs — 2n) [3840/]. 

Comparing this with the term depending on M& [3835], we get the first of the following 
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Hence we deduce* 

m'. a' P = a' 31'(0). e'2. sin. 3™' a' M(1). e/2 e . sin. (2 to'-}- 

+ a'3P*\ e'e2. sin. (to' + 2 to) + e3. sin. 3 « 

+ a'JP4). e'79. sin. (2n + to') + a'iJP5>. ey\ sin. (2 n + to). 

/Fe s/m/Z m'. a' P, by changing the sines into cosines, m £/<is expression 

of m'. a' P ; and it will be easy to deduce the values of a P, a P, by 

expressions, in which we must put i — 5, and then, by reducing as above, it becomes as 

in [384%?] ; whence we easily deduce [3841], 

= ***.. + «.(!!£?)) 

(4) 

. 1 
- T6 

>7/4 ) a dbg 
) —.63+—^ 

a'4 da 

16 a' f ? ” 

d&^ 
cn 
a 
2 

da 

* (2423) In the case of i — 5, if we use, for a moment, the abridged symbol 

T5 = 5 n't — 2ntJr 5 s — 2s, the value of R [3810] becomes 

R == ml. P. sin. T5-\- m'. P'. cos. T5. 

Now each term of R [3835] may be easily reduced to the form [3842a'] ; since, if we 

take, for example, the first Jf(0). e'3. cos. (T5 — 3 to'), and develop it by [24] Int., it 

becomes M(0). e!3. sin. 3 to'. sin. T5-j-JJPh e'3. cos. to'. cos.T5. Comparing this with [3842a'], 

we get for the parts of ml.P, m.P', the following expressions, 

ml. P — e'3. sin. 3 to', ml. P == J\l{0). e'3. cos. 3 to', 

as in [3842, 3843]. In like manner, we obtain the other ternis of [3842] from [3835]. 

The values of P, P', deduced from [3842, 3843], may be put under the following 

forms, which will be of use hereafter, 

P= 2 . M1. e'6'. e6. y20, sin. (b' to'-}- b to -{- 2 c n), 

P'= 2 . M'. e'6'. e&. 72c. cos. (b' to'-}- b to -j- 2 c n) ; 

General 
form of 

P; 

[3842] 

and of 

P'. 
[3843] 

[3840n] 

[3840o] 

[3840p] 

[3842a] 

[3842a'] 

[38426] 

[38426'] 

Expres¬ 
sions of 

P, P'. 

[3842c] 

2 being the characteristic of finite integrals, and b', b, c, integral numbers, including zero, 

satisfying the equation 6' ~j- 6 -}- 2 c = 3. 
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[384:3'] 

Expres¬ 
sion of the 
terms of 

ÔV 
of the 
third 
order. 

[3844] 

Expres¬ 
sion of the 
terms of 

ôr 
of the 
third 
order. 

[3845] 

[3845Q 

[3844a] 

[3846a] 

[38466] 

[3846c] 

[3846d] 

[384ftf] 

multiplying a P, a' P1, by — or a. We shall then find, by putting 

i= 5, in the expressions of sv and ~ [3817, 3827, 3821], * 

ôr 

a 

-I 

C D/ . 2a.dP 3a.ddP' ) . , , 
1 “P+(5iiCâ5 'sm' (5«<-2»<+5s'-2e) 

^ .cos.(5nt—2nt-\-5s—2s) 

— 6 m'. n% 

[5ri!—2nf t ( __ 2a. dP' 3 a.ddP 

2 m! n 

(5 n'—2n).dt (5 n'—2nf, 

«2- .cos.n't—2nt-f-5s/—2s) 

5 n'—2n 1 /dP'\ 
-«2. ( .sin. (5n't—*2nt-\-5s'—2s) 

— %He. sin. (5rit — 2nt-\-5s'—2s—vs-\-A) 

-f-£ Ke. sin. (5n't—4nt-\-5s'—4s-\-tx-\-B) -, 

H .cos.(5n't—3nt-\-5s'—3s-]-«$) — He.cos.(5n't—2nt-{-5s'—2s—rt-\-A) 

+ He • cos. (5 7i t~~~4cn t —[* 5 s —• 4 s —j— tzs —|— Jl) 

4 TYl/ » 72, 
-f- j^>_2n • IaP'&n. (5n't—2n t-j-5s'— 2s) -j-aP\ cos. (5n't—■ 2nt-j-5s'— 2s) j. 

If we suppose i = —2,f and change the elements of m into 

* (2424) Adding the terms of Sv [3817,3827], and putting i = 5, we get [3844]. 

Putting i = 5, in [3821], we obtain [3845]. 

t (2425) By restricting ourselves to terms of the first order of the masses, and of the 

R 
third dimension in e, e', y, the expression of — [3831] becomes symmetrical in the 

elements of m, m!, so that these elements may be interchanged without altering this value 

R R 
of — [383In, a']. The same symmetry obtains in the expression of — [3810] ; for 

if we put, for a moment, T5 = 5n't — 2nt-\-h^—2s, T6 = 5?it—2n'tJr5s — 2s, 

and retain, in [3810], only the two terms arising from the successive substitution of the 

values i = 5, i = — 2, it becomes 

~—P. sin. T5-\- P'. cos. T5~\~ Pq. sin. P6 P'0. cos. T6 ; 

P0, P'0, Tq , being, respectively, the values of P, P', T5, when the elements a, n, e, &c. 

are changed into a', ri, e', &c., and the contrary, this being necessary to preserve the 

symmetry [3846«]. In computing the action of rd upon m, it is not necessary to notice 
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the corresponding ones, relative to m', and the contrary, we shall obtain 

Sv'= 
15 m .n'% 

(5 n!—2n)2 

£ a'F 

— ^ a'j 

, ( 2 a'.dP 3 a'.ddP' \ 
| .sin. (5n't- -2nt-\-*> s'- -2s) 

(5 n'—2 n).dt {5n'-2nf.dt* [ 

2 a'.dP' 3 a'.ddP ) 
- .cos.(5n't- ~2nt-[-5 s'- -2 s) 

[5 n'—2 n).dt (5n'-2n)2.<^2 j 

2 m.n1 

5 n—2 n 

.cos. (5 n't—2nt-\- 5 s'—2s) 

• sin. (5n't'—>2wZ-}-5s'—2s) 

— | H'e. sin. (5n't—2nt-\-5s'—2s—zs'-\-JÏ) 

-f- f K'e'. sin. (3n't—2nt-\-Ss'—’2b~\-zs'-\-B') ; 

H'. cos. (4 n't—2 n t -f- 4 s'— 2 s -\-A') —H'e'. cos. (5 n't— 2 n t -f-5 s'— 2s — 

-|- H'e'. cos. (3 n't—2n t -j- 3 s'— 2 s-J-tf' -f- v2') 

1 0 71? 7?/ 

■—— * - . Sa'P.sin. (5n't — 2nt-\-5s'—2s)4-a'P'.cos.(5n7—■ 2nz!-|— 5s'-—2s)( ; 
5 n—2 n v v 

F (5 F 
JET. cos. (4 n't — 2 n t -f- 4s' — 2 s -j--4') being the part of depending 

on the angle 4n't — 2nt,* and K'. sin. (4n't — 2tt£-f-4s'—2s-|-_B') 

the angle TG, because it does not produce terms having the small divisor 5 n' — 2 n. 

In making the change of the elements of to into those of to', according to the directions 

R 
[3845'], the value of —, corresponding to the action of m upon m', becomes 

-=P0. sin. P6 + P'o . cos. Tg + P. sin. T5 -f P'. cos. P5. 
7)1/ 

The second members of [3846c, e], are evidently identical ; but in this last expression 

the terms depending on the angle T5, are derived from those of [3846c], which depend 

on i=—2 ; by changing the elements to, a, e, be. into those of to', cl , e', be., as in [3845']. 

Lastly, we may observe, that the quantities P, P', connected, respectively, with 

sin. t5, cos. t5, are the same in [3846c, e]. Hence we may derive S v from Sv, by 

taking the sum of the two parts of Sv [3817, 3827], putting i =— 2, then changing 

to, a, n, e, H, K, be. into to', a', n', e', H', K', be., respectively ; by which means 

we get [3846]. In like manner, we may derive [3847] from [3821]. 

m (2426) These terms correspond to [3814,3826], putting i— — 2, and changing 

the elements as in [3845']. 

Expres¬ 
sion of the 
terms of 

Sv' 
of the 
third 
order. 

[3846] 

Expres¬ 
sion of the 
terms of 

Sr' 
of the 
third 
order. 

[3847] 

[3848] 

[3846cT] 

[3846e] 

[3846/] 

[3846g-] 

[3848a] 

VOL. III. 17 
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[3849] 

Computa¬ 
tion of 

dP, ddP, 

&c. 

[3849'] 

[3850] 

[3851] 

[3850a] 

[38506] 

[3850c] 

[3852a] 

being the part of 6 v' relative to the same angle. In these various 

inequalities, we shall, for greater simplicity, refer the origin of the angles to 

the common intersection of the orbits of Jupiter and Saturn ; as we have 

already done in the development of the expression of R [3736—3738], and 

shall continue to do in the following article. For the sake of symmetry, 

we shall retain the angle n, which must be supposed equal to nothing. 

We shall determine the differentials 
dP 

d t ’ 

ddP 

~dtri 

dP' 

dt ’ 

ddP 

~dW' 
111 

values of 

the following manner. We shall compute, for the two epochs of 

1750 and 1950, which embrace an interval of 200 Julian years, the 

de dzs de' dzd d y dll 

dt ’ dt ’ dt ’ dt ’ dt’ dt ’ 

quantities, at the second of these epochs, by —, , —, 
cl- ts a i cL i 

we shall then have, by supposing t to be expressed in Julian years,* 

de. de. _ _ d d e 
t- = t- + 200 . —— ; 
d t dt dt9 

and shall represent these 

&c. ; 

in which the differentials de, d d e, in the second member, correspond to 

the epoch 1750. The value of e,f for any time t, neglecting the cube 

* (2427) We have, as in [607, &c.], 

“=^-(w)+u2-(^)+&c'’ 

C? 6 dt c 
u being a function of t, which becomes U, when t = 0. Now putting u=—L, U= — , 

d i d t 

as in [3850], we get, by retaining only the first power of t, ~ +1. ^ , which, 

by putting t=200, the interval mentioned in [3849'], becomes as in [3851]. From this 

being computed, as in 
dde 1 Cde. de) de de 

we S'* rfïï=«55JTt~TtV The values of Tt’Ti’ 
[4238, See., 4330a, &c.], for the epochs 1750, 1950 ; we obtain, by substitution, in [3850c], 

the value of 
dde 

~diJ 
corresponding to the epoch 1750. 

t (2428) Putting U=e, u — e,, in [3850a], we get 

[3852]; 
de . , „ dd e 

e^e + t-Tt+it — 

in which we must substitute the values of e, — , 

dt2 

de d de 

dt ’ dt* 
[3850, 3850c], for the epoch 1750. 
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of # and its higher powers, is 

. J de . t2 d d e 

e + t-Tt + 2-int' 

e, eke 

d t 

d d e 

d t2 ’ 
being supposed to correspond to the year 1750 ; this 

expression may be used for ten or twelve centuries before or after that epoch* 

In like manner, we may determine the values of % e', «/, 7, and n ; 

thence we may compute the values of P, corresponding to the three 

epochs 1750, 2250, and 2750. If we represent these values by P, P/? P„, 

and the general expression of P byf 

j-» , , dP , t* ddP 

p+t-Ti+ri[^' 

we shall have, by putting successively, t = 500, t = 1000, 

P, = P + 500 . P- + 250000.4. 
' dt 2 dt2 

P=P +1000. ^ +1000000. *. ; 
" dt 1 2 dt* 

hence we obtain Î 

dP _4Pt— 3 P — P, ddP P„—QPt+P 

dt 1000 ’ dt2 — 250000 

# (2429) To give some idea of the rapidity with which the terms of the series [3852] 

decrease, we may take the value of eiv [4407] for the case of t = 1000, and we shall 

find *-yy=329s, —\t2.^^ — Qs- so that the second is about Part of die 

d3e 
first ; and with the same rate of decrease, the third term it3. -— will be insensible ; 

dt3 

similar remarks may be made relative to the other terms of [4407, &c.]. 

t (2430) The expression [3854] is similar to [3850a], and by putting, successively, 

t = 500, #=1000, we get P„ P„ [3855,3855']. 

$ (2431) Multiplying [3855] by 4, [3855'] by —1, adding the products, and then 

dP 
dividing by 1000, we get — [3856]. Again, multiplying [3855] by —2, adding 

the product to [3855'], and then dividing by 250000, we §et P8** 

[3852] 

[3853] 

[38534 

[3854] 

[3855] 

[38554 

Values of 

dP, ddP. 

[3856] 

[3853a] 

[38536] 

[3855a] 

[3856a] 
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[38560 

[3857] 

[3857'] 

[3858] 

9. The terms depending on the fifth powers of the excentricities may have 

a sensible influence on the great inequalities of Jupiter and Saturn ; but the 

calculation is very troublesome on account of its excessive length. The 

importance of the subject has, however, induced that very skilful astronomer 

Burckhardt, to undertake the computation. He has discussed, with scrupulous 

attention, all the terms of this order depending on the angle 6 n't — 'tint, 

neglecting merely those terms which depend on the products of the 

excentricities by the fourth power of the mutual inclinations of the orbits ; 

which produce only insensible quantities. The expression of R [3742] 

corresponds to the action of m! upon m ; and the part of the expression 

which has the most influence on this inequality, is the product of m' by 

the following factor,* 

R 

m! 

_1_ 

✓r2— 2r r'.cos. (v'— v) -J-r'2 
+ 

y 2 

~ .r/. [cos. («'•—v) — cos. (v'f-v)] 

[r2—2rr'.cos. (v'—v) 

[3858'] This factor is the same for both planets ,*f by developing it, and noticing 

* (2432) If we proceed by a method similar to that used in [3829a, &c.], we may 

prove, as in [3829n, Stc.], that the second and third terms of R [3742], namely, 

[3858a] 
TO . T 

— .[cos. (F—v) — cos. 
V ^ 

do not have any influence in producing terms of the order now under consideration, depending 

on the angle 5 n't—2nt, and by neglecting them, and also the first term of [3742], 

R 
which is noticed in [3861, 3868], we obtain the value of —r [3858]. 

[3859a] 

[38596] 

f (2433) As y enters into R [3858] only in the even powers, and the quantities 

multiplied by y4 are neglected [3857], the terms of R of the fifth order, must contain 

factors of the following forms, 

5 e'4 e, e '3 ,'2 .3 f z>4 e e 05 . yV3, 2 r! 2 y e y2 ë e2, y2 e3 ; 

of which the six first terms compose all the combinations of e, ë, of the fifth dimension, 

and the remaining terms all the combinations of e, ë, of the third dimension, multiplied 

by y2 of the second dimension. Now we see, as in [957vm, 957* * * 1V V * * * *], that if R contain a 

series of terms of the form m!. Jc . cos. (5 nt—-Intg-A), the first term of the series 

[3859c] will be of the order P— i = 5 — 2 = 3, or of the third order ; the second term will be 

of the order i'—if- 2, or of the fifth order ; and by noticing only terms of the fifth 

order, the angles will become, respectively, of the forms [3859]. For in the elliptical 

[3859d] motion the angle ntf-s is always connected with —tf, n't f-s' with —vi [669, 957X1] ; 
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only the products of the excentricities and inclinations corresponding to the 

angle 5 n't— 2 n t, we shall have a function of this form, 

R 

m 
7 = JV(0). cos. (5 n't — 2nt -\- b ! — 2 s — 4 to'4- to) 

+ iV(]). cos. (bn!t — 2 n t + 5 s' — 2 s — 3 to') 

4~ iV(2). cos. (bn't — 2 n t + 5 s' — 2 s — 2 to' — to) 

+ JV(3). cos. (bn't — 2nt b s — 2 s — to' — 2 to) 

4- iV(4). cos. (5wh — 2 n t + 5 s' — 2 s — 3 to) 

+ iV(5). cos. (5 n't — 2nt b s' — 2 s -J- •&/ — 4 to) 

4- N(6). cos. (bn! t —■ 2 n 14- 5 s' — 2 s — 2 to' 4- to — 2 n) 

4- N(7). cos. (5 n't — 2nt -\-b ! — 2 s —-to' — 2 n) 

4- N(8). cos. (5 £ — 2nt b ! — 2s — « — 2n) 

4- iV(9). cos. (bn't — 2nt-\-bs — 2s 4- to' — 2to — 2n) 

and we find* 

(O) 

and in the terms depending on 72, the angle 2 n't-^-2 s' is connected with — 2II ; 

so that if the coefficients of to, to', n, be represented by g, gf, g", respectively, we 

shall always have, by noticing the signs g 4~ g' 4~ g" = —3 ; which is similar to [959], 

changing the signs of the coefficients. Moreover, the sum of the coefficients g, g', g", 

considering them all as positive, must not exceed 5 [957ix], because the present calculation 

is restricted to terms of the fifth order. Thus, for example, a term depending on the 

angle 5 n't — 2 n t -j- 5 s'— 2s — 5 to' -\-2 to, must be rejected, because the sum of 

the coefficients of to', to, taking them positively, is 7, corresponding to terms of the seventh 

order. Now a slight examination will show, that the values of g, g, g'1, which satisfy the 

equation g 4- g' 4~ g" = —3 [3859e], with the prescribed condition, are as in the 

following table ; the corresponding numbers being placed in the same vertical lines. 

These numbers agree with [3859] ; 

Values of g's - -4, -3, - -2, — L 0, -2, — 1, o5 15 

Values of g> 1» 0, - -1, -2, - -3, — 4; i) 0, — 1, -2; 

Values of g"’ 0, 0, 0, o, 0, 0; — 2, —2, — 2, — 2. 

* (2434) The signs of all these values of a'jVt0), a'JYw, he. [3860—3860ix], have 

been changed from the original so as to correct the error mentioned by the author 

in [5974, &z:c.]. Before the discovery of this mistake, he had computed and used these 

erroneous values in ascertaining the inequalities of Jupiter and Saturn [4431, 4487] ; 

hence it becomes necessary to apply the corrections of the mean longitudes, given in 

[5976, 5977, &c.]. We have given [3860—3860ix] as they were printed by the author, 
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[3858"] 

Forms 
of the 
terms in 

R 
of the fifth 
dimen¬ 
sion in 

e, e', 7. 

[3859] 

[3859e] 

[3859/] 

[3859g-] 

[3859fc] 

[3860a] 
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[3860] 

Terms of 
the fifth 
dimen¬ 
sion in 

«. «'» r- 

[3860'] 

[38605] 

[3860c] 

[386jfc] 

[3860c] 

[3860/] 

e'4 g 

768 

(i) 
31386, —13 a. —A — 1556 a* 2 

(i) 

d CL 

(P b ^ 

d a2 

(i) 

438 a3, 

(B 
dHh 

d a3 

—* 38 a4. 

U) 
d*bh 

d a4 

to 
d5bh 

CX* « 

d a5 

,(2) 

— (20267 e'2+ 24896 e2). i']’—(7223 d*+ 8144e2). a. 
k d a è 

(2) /3 (2) (2) 

a'W'i = — . <| + (i094 e-2+ 3692 é). a2. + (482 e*+1436 e2). a.3, d-h. 
fZ a c? a2 

(2) (2) 

(41 e'2+ 140 e2) . a4. + (e'2+4e2) .a5AJ* 
CL CL d a5 

correcting the signs as above ; but without pretending to verify more than one or two terms 

of each of the coefficients. The calculations of Burckhardt, on this subject, are given in 

the Mémoires de l’Institut, T. IX, 1808, p. 59, supp., but generally with wrong signs. 

From what has been said in the preceding notes [3809a—3856a], concerning the terms 

of the third order, we may form some idea of the great labor of computing and reducing the 

terms of the fifth order [3860—3860ix]. The series [3829g—m, 38346] must be very 

much increased by the introduction of terms of the fourth and fifth orders ; a table similar 

to [3835a] must be formed, containing terms of the fifth order, depending on the proposed 

angles and on the powers and products of a0, a', a", as far as the fifth order inclusively. 

Then we obtain, as in [SS36d, 3837c, &c.], values of , JYW, he., depending on A® 

and its differentials relatively to a, a' ; which may be reduced to the differentials relative to a 

only, by extending the table [1003] to differentials of the fifth order; finally, by the 

substitution of the values A®, B[l), and their differentials, in terms of b‘], b ’l, and their 
2 2 

differentials [996—1008], we get the required values of JY®\ JY{1), he. This short 

sketch of the method of computing the terms of the fifth and higher orders, must suffice ; 

more minuteness would be inconsistent with the prescribed limits to the notes on this work ; 

in which we have proposed to point out and illustrate the methods of computing the various 

inequalities, by occasional examples, without attempting to verify the immense number of 

numerical calculations with which the work abounds. 
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a'NW= 

a'N{3)— 

+ 

a'N^= 
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(3) 

—(109392e,3+53064e2).6(3)—(42368e'9+23436.e5).a dbh 

e'2 e 

768 

d a 

(3) 
2 (3) (3 

+ (1064e'2+2088 e2) .a2. +4 +(1572e'2+1710e2). a3.+i 
CL CL'4*’ (Ji CL° 

(3) (3) 

+ (152 e'2+192«2) .a.4. +• + (4e'2+6e2).a5.+i 
(X CL 

e'2 e y2 

128 ‘ 

595 a . (V+C ) + 245 a2, (+ + d b% 
^ S' 2 / \ da 

e'e2 

768 

e'e9 y2 

128 

(Za. / 

/,n(2) (4)v / (2) (4)> 

+ 29 CL3. (+1 ++0 + a4. (+1+^!M 
\ d a2 d a2 / vk3 da.3' 

—(42912e2+199848e'+6<f—(21728 e2+82032e'2).a+ 
s y da. 

2 (4) (4 

— (640 e2+2970 e'2) .a2, + (864e2+l854e'2) .a3. ^ 

(4) (4) 

+ (116 e2+210 e'2) . a4. Ë?± + (4 e2+ 6 e'2). a5, 
da? v ' d. ri.® 

/ (3) (5) \ 

580a.. (53 + 63 ) +234<l2. 
\ 2 2" / 

' (3) (5) 

fZZ>§ fZ Z>§ 

'da. da. 

+ 28 a3. 

(3) (5)\ 

fZ2Z># , cZ2Z># j 
■ „ (3) (5)s 

s+^J+a4.(+»+^ 
eZa2 da? ' da? da? 

— (11840 e2+152000e'2). — (6560 e2+65168 e12). a. 

.(5) 

(5) 

da. 

(5) 

768' — (592 e2+ 4720 e'2). a2, + ( 152 e2+920 e12). a3. —4 
a a cZ a3 

,4+) (5) 

+ (26 e2 + 128 e'2) . a4. + (e2+4 e'2) . a3. 
*Za tZa5 

e3 y2 

384 

/* (4) \ / (6) v 

554a. ++ 6k+222a2.(^i + ^i) 
2 2 ' \ da. da. ? 

+ 27 a3. (+t + +i) , a4 (*$ , ajft) 
^ da? da? / ^ \ /7fi3 "1“ ^3 ) 

[3860"] 

Terms of 
the fifth 
dimen¬ 
sion in 

e, e', y. 

[3860'"] 

[3860iv] 
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[3860v] 

[3860vi] 

Terms of 
the fifth 
dimen- 
sioa in 

*»e'> 7- 

[3860™] 

[3860viii] 

[3860‘x] 

[3861] 

[3861a] 

[38616] 

a' N(5) 
e' e4 

768 

(e) g (© 

41448 . èl[ + 18392 a. + 1780 a2. ^ 
s a a da2 

156 a3. 

(6) 
d3bj 

cl a3 
29 a4. 

(6) 
A*H 
d a4 

a5. 

(6) 
d5b± 

d a5 

a?NV>; 
g'2 g ^2 

128 ' 

,01 (2) (2) (2) 

— 85a.63 + 85a2.^ + 2Ia3.-^ » ~4 b- 
d a d a2 

+ a4. 
d a3 

a' N(7) = e'72 

128' 

(3) 7 i (3} 

(56 e2+ 842 e'2) . a . 53 + (4 e2 + 87 e'2) . a3, ZpL 
v 2" v da 

— (16e3+2e/2).a3. 

(3) 

d*b§ 

da,2 
(2e2+e,2).a4. 

(3) 

d*b f 

da3 

a'N^= 
6 y2 

128 

(4) fl j^r! 
( 174 e2 +196 e'2). a. 6 3 + (50 e2+180 e'2). a2. ^ 

d a 

^2J(3) <i30(3 
+ (14 e'2— e2) . a3. ^-AJL + (2 e'2+ e2) . a4. " 

CL d a3 

g'e2 
(5) 

(5) 

db& 
a'N(9) — 128 .7580a.53+86a3. 7 

s- da 

(5) 

d2 b$- 
8 a3. ___il — 

d a2 
a4. 

(5) 't 
d35f ( 

d a3 ^ 

When we consider the action of m' upon m, we must augment a'N{0) [3860], 

by increasing b^ with the term —or —a [3743], which increases 

3125a. e,4e 

a; 

a'N(0) by 
768 

.* When we consider the action of m upon m1, 

* (2435) In [996], we have, generally, —,. É'I — — A(i) ; but in the particular case 
CL * 

of i= 1, this becomes, as in [997], ^.è(1)— ~ =— dZU). The part ~ being 

introduced by the term . cos. (n't — n t -}- s'— s) [954], which does not occur in the 

terms noticed in the value of R [3858], so that wherever the quantity — .b'^] occurs, 
CL 2 

we ought to add-y2 j or in other words, b{1^ ought to be increased by the term — 

or — a. To notice this circumstance, we must apply a correction to the value 
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, , , a) 1 » « « « , -ati 500e'4e 
we must add to b , the term-5 ; which increases a N(U) by g- • [3862] 

h a2 763 a" 

This being premised, we shall multiply the preceding values of a! iW°>, 

a' N(1), &c. by m', and shall reduce each of the cosines by which 

they are multiplied in the function [3859], into sines and cosines of [3862'] 

5 n’t —2 nt-\-5 s'—2 s ; which gives to this function the following form,* 
Value of 

a!R= a! P/. sin. (5n’t — 2nt~{-bs'—2 s) R- 
[Action of ml on r/i]. [3863] 

+ W' a' P'r cos. (5 vit — 2 n t + 5 s' — 2 s). 

We shall likewise multiply by m the values of a! N{0\ a! N{1\ &c. 

relative to the action of m upon m' ; and shall reduce the sines and cosines 

of a! N{0) [3860], which may be computed by supposing = — a, which 
..en en 

gives 
db 

d a — Ij 

CD 
dd b x 

d a 
= 0, Sic. Substituting these in [3860], it becomes 

e'4e i oiqq , ,0 ? 3125a.e'4e 
— 7TÔ • {—3138 a -j-13 af = 768 ’« 1 ""i— 768 

as in [3861]. When we are computing the action of m on ?n', the formula [3861a] becomes 

[3861c} 

a i cfi ’ 
or — 4® = -,. \ bal — - ? = L 5 j® _ a-« ; 

a' C i a? S a' ? h 

so that the correction of b\ is —a~2, and the correction of a'JV[0) for this case, will 

be found by putting bf =— a~2 in the expression [3860]. Now this value of bl gives 

db(? 
: 2 a-3 ; 

dd l 
(i) 

l = _6a-4; — 24 a“5 ; 

CD 

d a4 
— 120 a-6; 

d a 7 d a2 7 d a3 

substituting these in that expression of a! Nt0), it becomes 

e'4e , 

— msTÏ • [—3138 — 2 X 13 + 6 X1556 — 24 X 438 +120 X 38 — 720! = 
* uo ix > 768 a4 

as in [3862]. 

[3861 rf] 

* (2436) The reduction here used is the same as that in [38425, &c.], by which 

tne function [3835] is reduced to the form of [3842a/], and were it not for the terms 

[3861, 3862], the values of Pn P[ [3863] would be identical with P„, PJ [3865], 

respectively ; for the factor [3858] is the same for both planets ; and the reasoning made [3864a] 

use of in [3846a—-g] will serve to prove, in [3863,3865], that Pp Pj will be respectively 

equal to Pn, PJ, jf we neglect the terms [3861, 3862], and we shall show, in [38665], [38646] 

that these terms do not affect the result. 
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[3864] 

Value of 

R. 

[3865] 

[3865'] 

[3866] 

[3867] 

[3868] 

[3866a] 

[38666] 

[3868a] 

[38686] 

[Méc. Cél. 

of the function [3859] to sines and cosines of 5 n't— 2nt-\-5 s'—2s; 

which will give to it the following form, 

^ R = m . a’ P" . sin. (5 n't — 2 n t -f 5 s' —-2 s) 

pm. a'Pf cos. (5 n't — 2n i -f 5/— 2s). 
[Action of m on m']. 

We shall then substitute these values successively, in the expressions 

of 6 v, 6 v\ of the preceding article [3844,3846], neglecting their second 

differences, because of the smallness of these quantities ; and in this 

way we shall obtain the parts of the inequalities of Jupiter and Saturn, 

corresponding to the angle 5n't — 2nt, and depending on the powers and 

products of the excentricities and inclinations of the orbits of the fifth order. 

We may here observe, that in consequence of the ratio which obtains 

between the mean motions of Jupiter and Saturn, we have 3125 a3= 500 ;* 

for cl3 = — and bn' is very nearly equal to 2n; consequently . 
n n2 25 

Hence it follows, that the value of a' N(0) is the same, whether we consider 

the action of m' upon m, or that of m upon m’. Hence we may deduce 

the preceding part of 5 v' from the corresponding part of 6 v, by multiplying 

the latter by 
5 m . n'2 a' , 
Ci I 2 * *7 2 m. n a 

* (2437) We have nearly h=n*cF=n’*a'3 [3709']; hence ~=^g=a3 [38296] ; 

but by [38187], we have nearly 5»'•—2n=0, or - = therefore a3=fffY=— , 
n 5 \n / 25 

as in [3867], and 3125 a3=500, or 3125 a = ~ ; substituting this in the increment 

of a! JW0) [3861], corresponding to the action of ml upon m, it changes into the 

expression [3862], representing the increment of a'JYm in the action of m upon m', 

as we have remarked in [38646]. 

f (2438) If we multiply the factor 
6 ml. n 2 

(5n'— 2nf ’ 
connected with the chief term 

of Sv [3844], by the quantity 
5 m.n'% a' 

2 ml. ?i2 a 
[3868], the product becomes 

15m.n'% a! 15 m.n'3 1 

(5n'—2 n)2 ’ a (5 n'—2 n)2 ’ a ’ 

, . _ , 15m.n'2 . . „ 
in which the part ——is the same as the corresponding factor of the terms of <5 v1 [3846] ; 

o! 
the other part, -, being multiplied into the terms a P, aP', adP, adP’, he. [3844], 
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10. In the theory of Mercury disturbed by the Earth, tue must notice the 

inequality depending on the angle nt — 4 n!t, because the mean motion 

of Mercury is very nearly four times that of the Earth [4077a]. Supposing 

m to be Mercury and m! the Earth, we shall obtain the proposed inequality 

by putting i — 4, in the expression of 6v [3817]. Considering the 

extreme minuteness of this inequality, we may neglect all the terms 

depending on 
dP dF_ 

dt ’ dt’ 
and retain only those having the divisor (n—4<n')~. 

Hence we shall get * 

5 V 
3 m!. w2 

(n— 4 n'p 
j aP. sin. (nt—4 n't-fe—4 s') -f-aP. cos. (nt—4 n'tf-s—4s') \. 

We can easily determine P and F in the following manner. We may 

7* Ô T ■ 
calculate, by formula [3711], the value of —, corresponding to the 

Ct 

angle 4 n't — 2 nt, by substituting in it i = 4. Hence we obtain a 

T S T 
value of —7T of the form,f 

er 

r-^r — L . e2.cos. (4 n!t — 2 n t-\- 4 s'— 2 s— 2si) 

-j- Ul\ e e'. cos. (4 n't — 2 n t -f- 4 s' — 2 s — w — W) 

+ jL(2). e'2. cos. (4 n!t — 2 n t -{- 4 s' — 2 s — 2V) 

+ L(3). y2. cos. (4w'£ — 2w^ + 4s/ — 2s — 2 n). 

We shall then observe, that this value of — 
Cl* 

of the excentricity and perihelion, depending on 

results from the variations 

nt — 4n't, in the elliptical 

produces the corresponding expressions a' P, a! P', a' d P, ci d P', he. [3846] ; the 

values P, P' of S v', having been proved in the two last notes to be respectively equal 

to those of P, P1, in Sv. 

* (2439) Neglecting dP, dP', ddP, ddP', and H, in [3817], and putting i—4, 

we obtain the expression [3872]. 

f (2440) The two first of the angles [3874], connected with e2, e e', are explicitly 

contained in [3711] ; the others, as well as these two, are included in the form 

cos.\i . (n't — nt -(- £ — s) -j- 2 wfH" E], 

which occurs in [3711], and is developed in [3745—3745'"]. 

[3869] 

Inequality 
of a long 
period in 
Mercury. 

[3870] 

[3871] 

[3872] 

[3873] 

[3874] 

[3868c] 

[3872a] 

[3873a] 
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[3875] 

[3876] 

[3876a] 

[38766] 

[3876c] 

[3876c?] 

[3876c] 

[3876/] 

[3876g] 

[38766] 

^2 

expression of This expression contains the term —e.cos.(ni-\-s—vs), 

whose variation is* 

ô e and 

r 8 t 
— — — 8e. cos. (nt-\-z —vs) — eôvs . sin. (nt + s — vs) ; 

8 vs being the variations of e and vs, depending on nt—4 n't. 

* (2441) If we square the value of r [3701], and substitute 

cos.2 (nt -{- s — w) = £ -J-1- cos. 2 ,(nt-\-s — vs), 
we shall get 

r2= n2.[l -f- f e2— 2e. cos. (nt-\~s—vs) — \ e2. cos. 2.(n t-\-s—w)-j-&c.|. 

In the troubled orbit the elements r, a, e, s, vs, n t, are increased by the variations 

5 r, 8 a, 8 e, 8 vs, 8 v, respectively ; and if we neglect the squares and products of these 

variations, the increment of the preceding expression will be found by taking its differential 

relatively to the characteristic 8 ; hence we get 

2r8r=2aSa.\l-\-§e2— &c. £ 

—f- 13 e <7 e — 2 8e . cos. (nt-\-s — vs) — 2 e 8 vs. sin. (n t -J- s — vs) — he.|. 

Dividing this by 2 a2, it becomes of the form 

T ô V 
—— = — Se. cos. (nt -j~ s — vs) — eS vs. sin. (n t -[- s — vs) -|- X ; 

CL^ 

representing, for brevity, by the symbol X, all the terms of the second member, excepting 

the two parts explicitly retained by the author in [3876]. If we neglect X, and substitute 

in the remaining terms the values of 8 e, e 8 vs [3877, 3878], we shah get the expression 

of — [3879], which the author supposes to be identical with [3874], and thence by 

integration obtains Sv [3882]. In the Memoirs of the Astronomical Society of London, 

Vol. II, page 358, &c., Mr. Plana has pointed out some defects in this method, and has 

shown, that the terms depending on X materially alter the result. To prove this, he has 

computed directly the terms of 8 v depending on the divisor (n —4 nf, using formulas 

similar to those in [3835—3841] ; which we shall give in [3881?-—w'] ; after going over 

the calculation by the method of the author. From the comparison made in [3883m, ■w], 

it appears, that this method of La Place cannot be considered, in an analytical point 

of view, as a very near approximation to the truth ; though he seems rather unwilling 

to admit the fact, in a note he published on the subject in the Connaisance des Terns, 

for 1829, page 249. 
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We shall have, by [1238, 1297],'* 

dP 
8 e = 

e 8 © = 

m .an 

n—4 n 

m! .an 

—nt-\-4s— S) + (^) -cos.(4n't—nt-\-4s'— 

/dP'\ 
. cos.(4?i'£—nt-j—4 s'—s)-j- f-yy) «sin. (4 n't—nt-\- 4 s'— _-s — f—) 

n — 4ml \de J 

*)y, 

s)h 

hence the variation of —e. o,os.(nt-\-s—®) becomesf 

r<5r dP> 

d e 
. cos.(2 nt—4 n't-{-2 s—4 s'—to) |. 

This function is identical with the preceding expression of 
r 8 r 

cr 
[3874] ; 

therefore if we change, in both of them, 2 n t + 2 s into 

«r being the semi-circumference, we shall obtain f 

n t -j- s -j- to -f- 
2 ’ 

m'.an Ç/dP\ , , , , . , , . /dP'\ . , , , 
„_4b,- 1['ï7>)-cos-(,,<—'4ni+s—• sin. (rai—4»i+£—4e') 

= L . e2. sin. (4w'tf— w£-{-4s'— s — 3 to) 

+ -£(]}* * c e'. sin. (4 n't — n t + 4 s' — e — to'— 2 to) 

T- T(2)- e'2. sin. (4n'£— +4s'— s — 2 to' — to) 

+ L(3). 72. sin. (4»'tf—nt-f-4s'— e— to — 2n). 

# (2442) The expression of R [1287] is the same as in [3810] ; so that P, P' have 

the same values in both formulas. Now putting i'— 4, i= 1, ;x=l [3709], in the 

expression of 8 to [1297], and then multiplying it by e, we get the value of e 8 to [3878]. 

The variation 8e [1288] becomes, by similar substitutions, of the same form as in [3877]. 

f (2443) Putting, for a moment, 4 n't — n t -J- 4 s'—s=T7, nt-\-s— zs—W; 

then multiplying [3877] by — cos. W, also [3878] by — sin. W, and adding the 

?* S T 
products, we get for the second member of [3876], or the value of —, the expression 

[38796] ; reducing this by means of [22, 24] Int., it becomes as in [3879c], which 

is equivalent to [3879] ; 

rôr 

~d£ =^^/-l(^)-(-sin'T^cos-fr+cos-T7-sio-ffr)—(^).(cos.T7.cos.Wr+sin.T7.sin.fF)i 

m'.an \fdP\ . , TTr /dP'\ , 7 

•Sln- < W~TJ - 

v Sv 
t (2444) We have two expressions of —— [3874, 3879], depending upon the 

Qj 

angle 2nt — 4n't, and it is evident, that if it were not for the terms produced by the 

vol. hi. 20 

[3877] 

[3878] 

[3879] 

[3880] 

[3881] 

[3877a] 

[3879a] 

[38796] 

[3879c] 

[3880a] 



78 PERTURBATIONS OF THE PLANETS. [Méc. Cél. 

[38618 If we integrate this equation relatively to e,* and then multiply it by 

we shall obtain 

3 re 

re—4 re' ’ 

[3882] 

L . e3 . sin. (4n't — nt-j-4s' — s — 3w) 

+ | La). e2 e'. sin. (4 n't — n t + 4 s' — s — vs' — 2 a) 

-f- jL(9). ee'2. sin. (4 n't — n t -f- 4s' — s — 2 vs — vs) 

+ L{3\ e y2. sin. (4) n't — nt-\- 4 s' — s — « — 2n) 

fonction X [3876e], they would be identical ; therefore they will still be equal to each other, 

if we change the angle 2nt-j-2s into nt-\-s-\-vs-\-^v. Now if we make this change 

in [3874], we shall find, that a term of the form cos.(4re'zJ—2retf-f-4s'—2s-\-A), becomes 
[38806] 

cos. (4 n't — nt 4 s'—s-\-A — vs — y <k) = sin. (4 n't —nt -{- 4 s' — s — vs) ; 

and the second member of the expression [3874] changes into the second member of [3881], 

In like manner, sin. (2nt— 4 wh-f 2 s — 4 s'—vs) becomes 

[3880c] sin. (nt — 4 n’ t -j- s — 4 s'-f-1 *) = cos. (nt — 4 n'ts — 4 s') ; 

and cos. (2 nt — 4 n't -f 2 s — 4 s'— vs) becomes 

[38804] cos. (nt — 4 re't -f- s — 4s'-f-§ <r) = — sin. (nt — 4 n't -J- s — 4 s') ; 

hence the second member of [3879] becomes as in the first member of [3881]. 

[3881a] * (2445) Multiplying the equation [3881] by de, and then integrating it relatively 

to e, in order to obtain the values of P, P', we get 

~ — ~ . j P. cos. (nt — 4n't-\-s— 4 s') -j- P'. sin. (nt — 4n't4-s — 4 s') ] 
n—4n' ( ) 

= £ L . e3 . sin. (4 nit — n t -j- 4 s'— s — 3 vs) 

[38816] -f %L(1). e9 e'. sin. (4 n't — re t -f 4 s' — s — vs'—2 vs) 

-{- L&). ee'2. sin. (4 n't — n t -)- 4 s'— s — 2 to'— to) 

-f- L(3) • e y2, sin. (4 re'?; — re t -j- 4 s'— s — vs — 2 n). 

The first member of this expression being multiplied by ,, becomes equal to the 

value of <5 re [3872] ; therefore S re will be obtained by multiplying the second member 

[3881c] of [3881ô] by - ^ -- ; and in this way we obtain [3882]. In the integration relative 

to e [3881a, è], we may add terms depending on e'3, and e' y2, which are considered 

as constant in the integrations ; but the excentricity of the Earth’s orbit e', being only 

[38814] about ~ of e [4080], the term depending on e'3, must be much smaller than the 
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In this integration, we neglect the terms of P and P' depending on 

others ; and the same remark will apply to the term depending on e' y2. The author 

has neglected these terms, because they are so much less than those which are included 

in the expression [3882]. 

Having followed the author in this indirect method of computing the value of S v [3882], 

we shall now proceed to the direct investigation of the same inequality. For this purpose 

we must have an expression of R, similar to [3835], depending on the angle 4 n't — nt. 

This expression is evidently of the following form, 

R = MW). e/3 . cos. (4 n't — n t -j-M s'-— s — 3 to') 

-f- J\I[1). e'2e. cos. (4 n! t — nt -J- 4 s'—• s — 2 to'— zs) 

-f- ihT(2). e' e2. cos. (4 n't — n t -f- 4 s'— s — zi— 2 zs) 

—}— «7kTC3). e3 .cos. (4n't — m/-|~4s'—s — 3zs) 

-}- JH(4). e' y2. cos. (4 n't — m / -|- 4 s'— s — zs!— 2 n) 

e y~. cos. (4 n't — m / -f~ 4 s'— s — zs — 2 n) j 

but the factors M(S)\ Mm, he. are different from those in [3836, &c.] ; we shall give 

their values in [3881?*—m/]. If we suppose, for a moment, the preceding expression 

of R to be put under the form R = 2 M. cos. (4 n't—nt-\-K), we shall have 

d R = n 2 M. sin. (4 n't — nt-\-K) [916']. Substituting this in the expression of the 

mean longitude g [3715/], we shall get the corresponding term, 

5 v = 3 ff andt. d R = 
3 an9 

(4 n'— w)2 
. 2 M. sin. (4 n't — nt ~j- K) ; 

therefore the value of 5 v may be easily derived from R [3881/], by multiplying it 

by — ’ an^ changing the cosines into sines. The terms of R may be very 

easily obtained from the values of , M°\ he., computed in [3836«Z—3840o], by 

merely decreasing the value of i by unity; so as to change the angle 5 n't—2 nt 

into 4:n't — nt. In this way of computing M{0), we must use the decreased value 

i= 1 [3836a], and then [3836c/] becomes as in [3881r]. In computing M{1) from 

[3837c], we have the decreased value i= 2 [3837a]; hence we get [3881s]. 

From [3838e, K], we get the decreased value i— 3, and Jlf(2) [3881/]. From [3839a, 6], 

we get the decreased value i = 4, and M{3) [3881m]. These expressions are reduced, in 

the first place, by means of the formulas [1003], and then by [996—1001] ; so that we finally 

obtain the values [3881r', s', /', m']. Observing, that in computing [3881r'], we must 

notice the increments of 6a) and represented by —cjl and —1. 
i d a 

as in [38615—c], by which means we shall obtain the first term, 
m 

48 M 

respectively, 

.{—256a], 

[3882'] 

[3881e] 

[3881/] 

[3881g] 

[3881ft] 

[3881*1 

[3881ft] 

[3881/] 

[3881m] 

[388In] 

[3881/] 

[3881o] 
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[3883] e'3 aiid e' y3; but as the excentricity of the orbit of the Earth is quite small, 

[38810'] 

[388+] 

[388+] 

[3881?*] 

in the expression [3881/], which is omitted by Mr. Plana by mistake. In like manner, 

from [3840/i] and the decreased value i— 3 [3840g-], we obtain JIf(4) [388Ir] ; also from 

[3840/i] and the decreased value i=4 [3840m], we obtain Af(5) [3881+] ; which, by 

similar substitutions [1008, &c.], are reduced to the forms [3881/, w'~\. In making these 

successive reductions, we have used the abridged expression [3755a], A[n)= am 
dam 

■Mm= ~ . ]64 Aa) — 48a'. /+) + 12a'2. (‘ 
48 (_ V d / ) 1 V 

[3881/] 

[3881s] 

[3881s] 

[3884] M(2) 

[3881/] 

1- 
48 

ml 

48 ’ 

ml 

48 ' 

m! 

48/ 

m' is
 

1 

ml 

~ 16 ‘ 

m! 

“ 16 ’ 

ml 

16/ 

in' 

16 ' 

ml 

16 ’ 

ml 

16 ’ 

_ ml 
i r* t 

ddÆD\ 

da'2 ) da'3 y 

C 64 Aw + 48 . [Aw + A f>] + 12 . [2 Aw + 4 A^ + 4+] 

\ + [6 AV+18 A^ + 9 4®+4^] 

\ 142 A® +114 4(1)+ 214® + A™ ] 

(1) 

■ 256 a + 142 +114 a. + 21 a£ 
à da 1 

U) W 
d2&x , , d3^ 

+ a3. 
d a2 d a3 

104.^+ 26++)-40 o'. (+)_l0«'a. M' 
\ da / \da J \da daj 

.4a/9 (If^Ua'Sa 

( 104^+26^+40 . [/?®+ 4<+ + 10 . [24(2) + 4(2)] 

( + 4 . [2 Am + 4 4'2> + ++] + [6 4<2>+ 6 42>+ 4®] 

| 152d2(2) + 108 4(S) + 20 4(9) + A^\ 

, \ 1526? + 108 a. + 20 a2. d-^~ + a3/3 6 * ^ 
C 2- 1 da * da2 1 da3 

<■($£) 

C 126 43^ + 21. [4® + 4®] + 60 43>+ 10 . [2 A,™ + J>(3)] 

( + 64^+[343>+4t3)] 

f 147 43) + 101 43)+ 1943) + 4(3^ 

C3) 
__ 4- 10 f. 2. ffl6 
da 2 

(3) 
db i d2 & 

~dâ+ 

(3) 

3 
l3. - - 

da3 
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in comparison with that of Mercury, and the inequality in question is very 

^8)=- 5 136 .*« + 93 « • {—) + 18 A (^5-) + A 

m 

48a' 

to' 

, (4) (4) (4) 

TOr 7,(4) l no . dbi , in 9 d26i , T d3b L 
136 6 i q- 93 a. —-fr 18 a2. —— + ^ • -r^r 

2 d a 1 d a2 d a3 

16 l 1 \ da' 

m 
=— — .a'a. < 8 iP2^ 

16 c 

f (2) 
fdBW\l m' a 3 Q 7(9) . 46 J. 

\ da /) 16 a C § da 

m 
M<5>= «'«. $ 5 B® + « . (^ 

16 ( 1 V 4 a 

r (3) 
m a 3 _ , <3> , 4 6 5- 

= — . - . j 5 o 3 -4- a . ■ ■ 
16 a f 2 i 4 a 

If we substitute in these the numerical values [4095—4102], also 

a. 

(2) 
46* 

(i) 

&h_ 
d a3 

5,340815, 

d a 
1,96112, given by Mr. Plana, in Vol. II, page 366, of the Memoirs of the 

Astronomical Society of London, we shall obtain, by supposing a!— 1, 

a'M^= — m'. 0,3411; a'Mw= m'. 3,3192; a'M™= — m!. 1,4808; 

a'M^= ml. 0,2181 ; 0,1921; «'Af© = m'. 0,0690. 

The last four of these numbers agree nearly with those given by Mr. Plana; but he 

finds a M&)——m'. 2,40567, = 9430; so that he makes seven 

times too great, and Ma) about a seventh part too small. The first of these mistakes 

arises from the omission of the term — 256 a [388lo] ; the second is an error in the 

numerical calculations. We must observe, that the indices of M in La Place’s 

notation, namely, 0, 1, 2, 3, 4, 5, correspond, respectively, to 3, 2, 1, 0, 5, 4, in 

the notation used by Mr. Plana. In computing the value of 8 v, Mr. Plana uses the 

elements corresponding to the year 1800, namely, 

e'= 0,0168532 ; e — 0,2056163 ; y = tang. ld 0m 6s ; vd — 99d 30m 5s ; 

^=74^21™47-; n=45* 57* 31'; «'=1 ; «=0,38709; and n [4077] ; 

he also reduces the mass m! from [4061] to g54W6} Mfrch makes 

81 

[3883] 

[3881m] 

[3881m] 

[3881»] 

[3881m] 

[3881m] 

[3881m>] 

[3883a] 

[38836] 

[3883c] 

[38834] 

[3883e] 

[3883/] 

VOL. III. 21 
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[3883"] 

[3883g-] 

[38834] 

[3883i] 

[38834] 

[38831] 

[38S3f] 

[3883m] 

[3883n] 

[3883o] 

[Méc. Céî. 

small, we may neglect these terms without any sensible error [3881c?]. 

M* '=—0,0713 [4230'] ; then by the method [388li], he finally obtains 

Sv = 0 s,5596. sin. (4 n't — n t -f- 4 s'— s — 16^ 59m 20s). 

If we correct the errors mentioned in [3883c] ; also another error, in his substitution of the 

value of 2 IT, which is taken too small by 40^, in [3881/] ; it will become 

Sv = 0s,61. sin. (4n't — nt -j~ 4 s'— s — 21d 19m). 

This differs but very little from the computation of La Place in [4283], namely, 

«5 v = (1 -j— /') . 0s,69 . sin. (4 n" t — n t -f- 4 s" — s —• 19d 2m 13s) 

= 0s,64 . sin. (4 n" t — n t + 4 s"— s —19^ 2m 13s) [3883/]. 

Notwithstanding this near agreement in the numerical results, the method of La Place is 

essentially defective, as may be seen by comparing the term depending on e3 in the 

expression [388U,/], namely, 

Sv = -— e3> sh1, (4 n't — n t -[- 4 s'— s — 3 to), 

with that given by La Place in [3882], 

Sv =-—- . L . e3. sin. (4 n't — nt As’— s — 3 to). 
n—4 n' v 1 ' 

To compute the value of L, we may observe, that L.e2.cos.(4w7—2nt-\-As’—2s—2to) 

is the term of —, depending on e2, in [3874]. Now the term of — [3711], 

corresponding to i — 4, and having the divisor 4 n'—n, is 

■4 n 

4 n'—2 n 
. a M -f- a2 

(dM 

(4 n'—n). (4 n'— 3 n) 
\daj ' n%' cos^ j — 2 w 1 -f- 4 s' — 2 s — 2 to) ; 

and as we retain here only the terms depending on e2, we may put M—JVLe2 

[3703,3745]; moreover, we have, in the present case, very nearly An!—2n = —n, 

An — 3 n== — 2n [3869] ; hence this term of — becomes 

2.(4 n'—n) 
n e2. cos. (4 n't — 2 n t -f- 4 s'— 2 s — 2 to). 

Now we may obtain the expression of [3883y>], by putting i—A [3883m], in [3750]. 

The partial differential, relative to a, is as in [3883/]. Substituting these two values 
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11. It follows, from [1337'—1342], that the two terms of R [3835], 

represented by 

R — M(4). e' f. cos. (5 n't — 2 nt-\- 5 s' — 2 s — to'— 2 n) 

+ ilf(5). e y9, cos. (5 n't — 2 n t + 3s' — 2 s — to — 2 n), 
[3884] 

in the first member of [3883r], and making the same reductions as in [999, &c.], we 

get [3883s], by putting a’= 1, 

m! C , . /dÆ|\ . „ /d*Æ4)\^ 

^"’= ? d44-4'1+14“ • hr)+“ • (-Sir)J 

l. $58. » +16« . + A (d~)l 
\ da ) 8 ( \ da J \ da2 / \ da 3 /$ 

[3883p] 

[3883g] 

r . (4) (4) (4) 

m>a I 1,/ t O d26* . o dW 1 
=-— o 176 5.4- 114a.--U 20 a2. —-Î- 4- a3. * 

8 f g d cl n! n 2 1 da2 
[3883s] 

Substituting this in [3883o], and putting the result equal to 

L . e2. cos. (4 — 2 n Z -f- 4 s'— 2s — 2 to) [3883Z'], 
we get 

_ m'.an S 
L — ———-■ .11765 ! 4-114a. 

16. (4 n — n) C 2 d a 

(4) 

db i 
(4) (.4) 

20 a2. —r4~ -f- cl3. d3bi 
d a2 d a3 [3883*] 

consequently the part of 5 y [3883Z], computed by La Place, is 

m\ a n2. e3 (4) 
(4; (4) (4) 

tv = — -p;J'; • '“ . i 176 bv+144CL2, -f 20CL2. 
16. (4n—rif’ ( r 1 da. 1 da2 1 da3 da 1 ~ da2 

whereas the real value, obtained by the direct method [3881f, ?/], is 

[3883w] 

S v = — 

(4) 
m'.aii2.c3 } , _ - (4$ diW „ d2& 

ft $ \o • > 136 6 1 -j- 93 cl . —-1— 18 CL2. —-—; 
16.(4n— n)2 ( 2 da. 1 da■ 

d*bf 
3 d31)(i 

a ' d a3 
[3883»] 

If we substitute in these expressions the values given in [4095, &lc.], we shall find, that 

7flf • Ct'nfë g3 
in the first is 12, 54, and in the second 10, 50; so [3883a;] the coefficient of 

16.(4ra'—n)2’ 

that La Place’s method makes this term too great by about one fifth part ; and the same [3883a:] 

discrepancy occurs in the coefficients of most of the terms of these two formulas. 
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produce in the value of s, or in the motion of m in latitude, the inequality,* 

2 an ( M w • e'y • sin. (5 n't — 3nt-\-5z'—3 s — to'-—n) 
[3885] 6 S = — —-— . < 

5n—2n _ e y # sin> (5 n't _ sn t _f_ 5 3 8 __ n) 

Moreover the same terms produce in the value of s', or in the motion of m' 

in latitude, the inequality f 

[3886] 
2 a' n' m { M{A). e' y. sin. (4 n't — 2nt 4 s'—* 2 s — to'— n ) 

^?l ~ M m ( -f- Jlf(0). e 7 . sin. (4n't — 2nt -j- 4 s'— 2 s — & — n) 

There is a small inequality in the motion of the Earth, depending on the same angle 

nt — 4 n"t, given by the author in [4311]. He seems to have computed it from 

[3883;*/] the term for Mercury [4283], by means of the formula [1208], ôv" =—<5 v . , 

using ôv = — 0s,690412 [4283], and the other elements [4061,4079]. This method 

will answer, as the inequality is extremely small. 

[3885a] 
* (2446) Putting, in the term of R [1337"], tang. 9/ = 7, it becomes 

R = m 7r . 7s. cos. (i' n't — int -\- A — g th) ; 

[3885a] comparing this with [3884], we get g =2, è't — n, i'— 5, i — 2; also in the 

first term, m!k ==M(4). e', A = 5 s' — 2 s — to' ; and in the second term, mJc = M{5). e, 
roQQeri'i ' 7 77 

A — 5 s'—2s — to. Substituting these in [1342], which is obtained from the integrals 

[1341a, 1341], we obtain in s, from the first term, the quantity 

[3885c] 
2 an 

5 n' — 2 n 
. e 7 . sin. (5 n! t — 2 nt — v -f- 5 s'—■ 2 s — to'— n) ; 

and from the second term, the quantity 

[3885d] 
2 an 

5 n'—2 n 
. M(5). e 7 . sin. (5 n't — 2 nt — v -f- 5 s'— 2 s — to— n) ; 

observing, that y. = 1 [3709]. Putting, in these, for v, its mean value nt-\-s [3834], 

and connecting the two preceding terms, they become as in [3885]. 

f (2447) The tenus of R [3884], used in computing s [3885], are deduced from 

the function [3831], which is multiplied by the factor or mass m. In computing the 

[3886a] value of s', corresponding to the planet mf, and to the shine angles, we must use the 

factor m, instead of m ; therefore the value of R to be used in computing s', is equal 

to the function [3884], multiplied by — ; which amounts to the same thing as to change 
171/ 

771/ 771/ 

[38866] Jkf(4), into and respectively. 
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n being, as in the preceding inequality of s, the longitude of the ascending 

node of the orbit of m' upon that of m. These are the only sensible 

inequalities in latitude, in the planetary system, depending on the product 

of the excentricities and inclinations of the orbits. 

We have seen, in [3800], that the value of 6s produces in the motion 

of m, reduced to the fixed plane, the term —tang. <p . 6 s . cos. (v/—d) ; 

by substituting the preceding inequality of s [3885] in this term, we shall 

obtain a term depending on bn't — 2 nt, which must be added to the 

If we now compare the value of s [3885] with the value of R [3884], we shall find, 

that s may be derived from R, by multiplying it by —^ • then integrating relatively 

to t, as in [38855, &c., 1341a], and after integration, decreasing the angles by the quantity 

v — n [3885c], or by its mean value n t -f* s— n. In like manner, we may derive 5' 

from R [3884], after multiplying it by the factor — [38865]. This value of —;. R 

is to be multiplied by 
2 a' n'. d t 

7 
to correspond with [3886c], and it will become 

C Mi4). d y . cos. (5 n't — 2 n t 5 s'— 2 s — zt* — 2 n) 4 
— 2 a'ri.dt.-,.} 

m ( -{- e y. cos. (5 v!t — %nt — 2s — is — 2n) ) 

and then by integration, we get 

2a'n' m ^ AT(4). e' y . sin. (5 n't — 2nt -\~b s'— 2 s — zs' — 2 IT) 

5n'— 2n ’ m! * 
-f- MC5). e y . sin. (5 n't — 2nt -\-b s'— 2 s — zs — 2n) 

The angles 5 n't — 2nt-\-'os' — 2 s — zs — 2n, &c., must now be decreased by 

v — U'=n'tJrsl—n', corresponding to the planet m', as in [3886d] ; the angle n' 

being the longitude of the ascending node of the orbit of m upon that of m! ; in the same 

manner as n [3746] is the ascending node of m' upon that of m ; and it is evident, 

that n' = 180rf-f-n; hence v'—n'= n't -j- s'—n—180^. Subtracting this from 

the angles which occur in [3886e'], it becomes 

2a! n' m ( M(4). e' y . sin. (4 n't — 2nt-\-\d—2 s — zf—n-f-180rf) 4 

5n— 2n m ^ g-Mt5). e y . sin. (4n't — 2nt~\-As'—2 s — zï — n-f-180Æ) ^ 

which is easily reduced to the form [3886]. 

85 

[3886'] 

[3887] 

[3886c] 

[3886c/] 

[3886e] 

[3886c'] 

[3886/] 

[388%] 

VOL. Ill, 
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great inequality of the motion of m ; but this term is insensible for 

Jupiter and Saturn.* 

* (2448) The functions 8 s, Ss' [3885,3886], reduced to numbers in [4458,4513], 

are of the order 3s or 9s ; these are multiplied by tang, cp in [3887], and as this tangent 

is very small [4082], these terms may be neglected. 
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CHAPTER II. 

INEQUALITIES DEPENDING ON THE SQUARE OF THE DISTURBING FORCE. 

12. The great inequalities which ive have just investigated, produce other 

sensible ones, depending on the square of the disturbing force. We have 

given the analytical expressions in [1213, 1214, 1306—1309] ; and it 

follows, from [1197, 1213], that if we put 

the great inequality of Jupiter £ = H. sin.(6n't—2ntfôs—2s-\-a), 

we shall have 

(5 V = 
(2 m! fa’ -j- 5 m fa) 

m fa! 
. sin. 2. (5 n't — 2nt -f 5s'— 2 s -j- ^), 

for the corresponding inequality of Jupiter, depending on the square of the 

disturbing for ce J This inequality, like that from which it is derived, is to 

be added to the mean motion of Jupiter. 

In like manner, if we put 

the great inequality of Saturn£'=—H'.sin.(5n't—2ntJr5s'—2s+JT), 

we shall have 

8V 
H,2 (2 m!f a! -j- 5 m fa) 

8 mfa 
. sin. 2 . (5 n't— 2nt-\- 5 s'— 2 s + 

* (2449) The great inequality of Jupiter is found, by substituting, in £ [1197], 

fA=l [3709], also i — 2, i'— 5; and if we put 

^==5s—2 s-\-a, T5=57it — 2 -}~ 5 s'— 2 s, if=— fggrjJJf' 

we get £ = H. sin. ( T5 -f- 5), as in [3889]. Making the same substitutions in the 

terms of the second order [1213], it becomes as in [3890]. 

[3889] 

Great in¬ 
equalities 
of Jupiter. 

[3890] 

[3890'] 

[3891] 

Great in¬ 
equalities 
of Saturn. 

[38910 

[3890a] 

[38906] 

[3890c] 
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[3891"] 

[3891'"] 

[3892] 

[3891a] 

[38916] 

[3891c] 

[389M] 

[389le] 

[3892a] 

[38926] 

[3892c] 
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for the corresponding inequality of Saturnf ivhich must he added to the 

mean motion of Saturn. 

The variations of the excentricities and perihelion may introduce similar 

inequalities in the mean motions of the two planets. To determine them, 

we shall observe, that if we notice only the cubes and products of three 

dimensions, of the excentricities and inclinations of the orbits, we shall havef 

3a.ffndt.dR = — 6a m'.ff ri* d tQ. 
P. cos. (5 n't — 2 n t -}- 5 s'—-23) 

P'. sin. (5 n't — 2n t -f- 5 s'— 2 s) 

* (2450) Substituting £ [3890c] in [1208], we get 

the great inequality of Saturn £' = — —fy-, • H. sin. ( T5 -}- a) ; 
771 y CL 

putting this equal to the assumed value [3891], we obtain 

_, m v/a _ _ _ 
H———;.H, and a — A. 

my a 

Now by comparing the two formulas [1213, 1214], we find, that the part of the great 

inequality of Saturn, depending on the square of the disturbing force, is equal to the 

corresponding part of the great inequality of Jupiter, multiplied by —gyf ^rj py 
m' ya' J 

using the expression of this inequality of Jupiter [3890], that of Saturn becomes 

2 my a (2 m'y a'-\-5 m y a) . . . (2m,y«'-j-5mv/a) . /rn 
H -^W'-mVV?-sm-2.(r.+W)=*#'».-^--,.Sin.2.(T5 + ^) m'y a‘ my a 

the second of these formulas being deduced from the first, by the substitution of H [38916]. 

This last expression agrees with that in [389T], except that A is changed into Jl'; so as 

to make both the expressions [3891, 3891'] depend on the same argument ; observing, 

that these quantities are very nearly equal to each other, since, in the year 1750, we have 

A — 4d 22M 2P [4434], and 4^21” 20s [4492]. 

f (2451) The part of R depending on the angle 5 n't — 2 nt, and terms of the 

third degree in e, e', y, Szc., is given in [3842a']. Its differential, relatively to the 

characteristic d [916'], is 

d R = — 2 rd. n dt .\P. cos. Ta — P'. sin. T5 £. 

Multiplying this by 3 a.ndt, and prefixing the double sign of integration, we get [3892], 

which represents the part of ô v [37156], depending on dR, the divisor \/(l~~e2') being 

neglected, as in [3718']. The quantities P, P', which occur in this expression, are given 

in [3842, 3843], in terms of the elements of the orbits of m, id. 
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which gives, in Sa.ffndt.dR, the quantity* 

-6 a mi .ffn~d ft. 

<5 e. ^ . co3.(5n't—2ni-p5s'—2s)—(^fë~).sin.[5n't—2nt-\-5s'—2s) j 

]-<5 to . ^{j~) ‘ cos*(5îi't—2nt-j-5e—2 s)—^ . sin.(5n't—2 nf-j-5 s'—2 s)^ 

Kd P\ /dP'\ ) 
—j—; J. co8.(5n't—2nt-\~5s'—2 s)—( ) .sm.[5n't-—2nt-\-5s'—2s) ,■ 

l-j-ciTO'. | (^).cos.(5n't—2fti-j-5s'—2s)—.sin.(5n7,—2n£-f5s/—2s) ^ / 

-[-<5 y. |J ,cos.(5n't—2nf-j-5s/—2s)——■) .sin.(5?i'f—2n£-|-5s/—2s)| 

+ ^II» | • cos> ft71'1—^ut-\-5s'-—2s)—.sin.(5n't—2nt-\~5s'—2s)^ 

[3893] 

se, ôrt, ôe', 6to', 6y, <5n, being the parts of e, to, e', to', y, n, respectively, 
[3893] 

depending upon the angle 5n't — 2nt. We have, by means of [3842c],f 

/dp\ (dP'\ fdP'\ / dP\ 

\drt) ~e\de ) ’ \d*) e'\ de ) ’ [3894] 

/dP\ , /dP'\ /dP\ , / dp\ 

\drf) 

II 

Gw e\ .de')’ 
[3894] 

fdP \ /dP'\ /dP'\ / rdP\ 
[3894'] 

\dnj ]-r\dy)’ Cm)— U Jy )' 

* (2452) We have already noticed the effect of the secular variations of P, P', in the 

terms of 3a.ffndt.dR [3812,3812/*], depending on sin. t5, cos .T5; using, for brevity, 

T5 [38906]. The object of the present investigation is to ascertain whether the periodical 

variations of e, e', to, to', r, n, depending on the angle T5, which are computed in [3893a] 

[1288, 1297, &c.], produce, in the function 3 a ./fn dt. d R, any secular or periodical 

inequalities. Now if we suppose the elements e, e', to, to', y, n, to be increased by the 

variations 5e, fie', 6to, <5to', <5y, fin, respectively, the corresponding increments of P, P', 
will be obtained, by means of [607—612], in the following forms, 

these parts of the general values of P, P1, being substituted in [3892], produce the 

expression [3893]. 

f (2453) The equations [3894—3894"], are easily deduced from the general values 

23 

[3893c] 

[3893d] 

VOL. III. 
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[3895] 

[3895'] 

[3896] 

[38960 

[3894a] 

[38946] 

[3895a] 

[38956] 

[3895c] 

[3895c?] 

[3895e] 

[3895/] 

[3895g-] 

Moreover we have, as in [1297, 1288], * 

d p\ /dP'\ 
-p—J .cos. (5n't—2nt-{-5s—— ) -skn 2nt-\-5s'-—2s): 

(5 n'—2 n) 

m'.an " “ ” ’ 

(jUr) 'C0S* -5 s'—2 s) -j-.sin.(57i't—2nt-\-5s—2s) = ‘ 

we likewise havef 

(yyr')*cos. (5n't—2nt-\-'osl— 2s) — «sin. 2w£-j-5s'—2s) — 

(S")‘co3- 2nt-\~bs'—2s) -J-^-^7-^ • sin- {5n't—2nt-\-5 s'—2s)=- 

(5 n'—2 n) 

vi. a n 
. <5 e ; 

(5)i — 2n) 
--—-—. 6 0 TO 

m. a n 

(5n5—2n) 
m i i • 0 6 a 

m. a'n! 

of P, P' [3342c], which give 

(C^3-'\ = 2 5 . M1. en'. eh. y2e. cos. (6'to'-]- 5 to -f- 2 c n) ; 
\dTÜ / 

(~y~^) = 25. M1. e,b'. es_1.y2c.cos. (5'sf-f- 5 zs -}- 2 c n). 

These expressions satisfy the first of the equations [3894] ; and in like manner, we may prove 

the others to be accurate, by the substitution of the partial differentials of P, P' [3842c]. 

* (2454) The value of R [3842a'], is the same as that assumed in [1287], 

supposing f* = 1, i'— 5, i — 2, as in [3890a]. Making the same substitutions in 

ôe, à vi [1288,1297], we get, by using the abridged symbols [38465, p], the following 

expressions, which are easily reduced to the forms [3895', 3895] ; 

\ rp , (dP- 
1 . cos. Ik -4-1 

d e 
5e = - 

5 TO1 = 

m. a n 

5 n' — 2 n ’ 
.sin. P5C , 

de 1 ot- 5 

??i. a n 

(5n'—'2n).e (A de 

dP 
. COS. Tr 

dP' 

de 
. sin. Tr 

f (2455) The values <5e', c'5to', depending on the angle T5, noticing only terms of 

the third order in e, e', y [389T"], are easily deduced from those of oe, coto [3895, 3895'], 

by a process similar to that employed in [3846a—g) ; using also the same abridged symbols 

Ts, T6j P0, P0', &c. For if we substitute, in [1288], the values i'=—2, i— — 5, 

we get the following term of ô e, which may be added to [38955], to obtain a symmetrical 

form of 5 e, similar to [38465, &c.], 

This last term may, however, be neglected in computing the value of S e ; because it has 

not the small divisor 5 n—2 n. Now changing the elements m, a, n, e, &c. into 

m, a', n', e', &c., and the contrary, as in [3846a, d], we find, that the part of 5 e', arising 
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To obtain the values of <5 y and 6n, we shall observe, that the latitude of m, 

above the primitive orbit of on', is s=—/.sin. (v— n),* * which gives 

6 s = — 57. sin. (v — n) -f 7 . (5 n . cos. (v — n). 

Now wTe have, in [1342],f 

65 = 
ni. a n 

5 n'— 2 n ’ 

. cos. (5 n't— 2 nt-fib s'—2 s — v fi- n) 

. sin. (5n't — 2 nt-fibs'— 2s — v fin) 

from [38956], has the divisor 5 11 — 2 n', which is large ; therefore this part is small, 

may be neglected. The other part, derived from [3895/], becomes 

and 

which is easily reduced to the form [3896']. In the same manner, we may derive 0 v! 

[3896] from Six [3895c]. 

* (2456) It may not be amiss to remark, that the object of the calculation in 

[3896"-—3902], is to ascertain the parts of <5 y, 7 8 n [3900, 3901], arising from the 

perturbation of m in latitude, by the action of in' ; supposing the fixed plane to he the 

primitive orhit of m! [3897]; these parts are denoted by 8/t 7, 7 f IT, respectively, 

in [3899']. In like manner, the action of m upon m' affects the values of 8 7, 7 8 n, 

by terms which are represented by 8/ 7, 7 St IT, respectively, [3904]. The sum of these 

two parts of <5 7 gives the complete value of 8 7, as in the first equation [3905] ; and the 

sum of the two parts of 8 IT gives the complete value of 8II, as in the second of the 

equations [3905]. Having made these preliminary observations, we shall now remark, that 

the expression [3897] is similar to [679], changing v, into v, tang.© into 7 [669", 3739] ; 

and 6 into n 4-180* [669", 3746] ; observing, that as n [3746 or 3902] is the longitude 

of the ascending node of m' upon the orbit of in, we shall have n -j- 180*, for that of the 

ascending node of m upon the orbit of m', taken for the fixed plane [3896"]. Hence 

[679] becomes s—y.sin.(v — II—180'*)=—y.sin.fw—n), as in [3897]. Supposing 

now 7, n to vary ; the corresponding variation of s will be as in [3898]. 

j* (2457) Using the values [3895a], also g=-% tang.p/ —y, / = IT [3902,1337']; 

also, for brevity 

T5 = 5 n't — 2nt -\-5 s'— 2 e, T8 — 5n't — 2 nt A — 2 n ; 

the expressions of R [1337"], and s or 8 s [1342], become 

r> '70 m ? —Qm'k.an frr, . 
H — m k . y4. cos. 18, Ss— —5w;_2 • 7 • sin. (T8 — v -f- n). 

[3896"] 

[3897] 

[3898] 

[3899] 

[3895/t] 

[3895t] 

[3897a] 

[38976] 

[3897c] 

[3897c?] 

[3897c] 

[3897/] 

[3897g] 

[3899a] 

[38996] 
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Comparing this expression with the preceding [3898], we shall obtain, 

[3899'] for the parts of ôy, y <5 n, depending upon the action of m! upon m, which 

A- we shall represent by ^7? y^,11? 

[3900] 

[3901] 

y* IT- 

[3902] 

[3903] 

A* 
[3904] 

[3905] 

[3906] 

A/7=—g^iz£nm ^ ‘sin* (5 n,t—2nt+5 s'—2s) + (flf) •cos* (5ra'<-2nf+5 s'-2 s) ^ ; 

^ .cos.(5n't—2nt-j-5s — 2s)— .sin. (5nt—2nt-\-5s'—2s)~^' rA/n= 
m . an 

5n'—2n l \d 

7 

dP 

in which y is the mutual inclination of the two orbits to each other, and n the 

longitude of the ascending node of ml upon the orbit of m [3746]. These 

quantities also vary by the action of m upon ml ; so that if we put these 

last variations equal to 6/ y, ôt n ; the whole variations being 6 y, 6 n ; 

we shall have* 

<5/7 
m. a' ill 

m. a n 

ôy = S/y + A 7 1 

mf a 
• A/ 7 = >"7”7 • A/ 7 i my a 

<5 n = <5/ n -f A n ; 

m.a'n' m\/a 
6.11 = —-. <5 ji = - , . A/1Ta 
' ml. a n ml fa’ 

If we compare this value of 6 s with that of It, we shall find, that 6s = ~-—( —- ) 
[3899c] 5n'—2n \dy /’ 

provided we increase the angle 5 n't —2 n t by the quantity 90'z—v -j- n, by which 

[38994] means cos. T8 will change into cos. (T8 -j- 90Æ— v -f- n) = — sin. ( T8 — v -j- n) ; 

and if we use R [3842a], the expression of 6 s [3899c], becomes as in [3899/, g, or 3899]. 

[3899e] Now if we put, for brevity, v — U = v/, and develop the terms of [3899/], by means 

of [22, 24] Int., it becomes, as in [3899ft], 

[3898f] 

[3899g] 

[3899ft] 

[3899i] 

[3899ft] 

[38994] 

Comparing this with 5 s = —S y. sin. vf - y <5n. cos. vt [3898], and putting the coefficients 

of sin. c , cos. vn separately equal to each other in both expressions, we get [3900, 3901]. 

If we compare the value of y S^Tl [3901] with that of R [3842a], we easily perceive 

that it may be put under the form y An = — an .f dt. and having found yc^n 

by this formula, we get from it the value of / 7, by changing the angle T5 into f-fQO0', 

as is evident by comparing the two expressions [3901, 3900]. 

* (2458) From the expression of y 6pi [3899ft;], we may obtain the value of 7 A11? 

[3906a] corresponding to the action of m upon ml ; by observing that the values of P, P', which 
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This being premised, if we substitute these different quantities in the 

function [3893], we shall find that it vanishes.* Therefore the variations 

of the excentricités, of the perihelia, of the nodes and of the inclinations of 

the orbits, corresponding to the two great inequalities of Jupiter and Saturn, 

do not introduce into the mean motion of Jupiter, or into the greater axis of its 

occur in R [3842a'], are the same in both cases, as is remarked in [3832 or 3846/, Sic.] ; 

1Tb 

so that it is only necessary to change R [3831] into — . R, and an into a'n', to 

obtain from [3899/c], the expression y 6, II = — ~. a' n'.f d t . • Dividing this 

by y y II [3899k], we get the first form of n [3906]; and by applying the principle 

of derivation [3899/] to this value of y 6 IT, we obtain that of 6 y [3906]. The second 

forms [3906] are derived from the first, by putting an=a~i, a!n'—a'~^ [3709']. 

Substituting the values [3906] in [3905], we get 

. .a'n' . 
sr=——-Kv, m.an 

. m'.anA-m.a'n' 
7(în= —-• 7 K H 5 m.an 

in which we must substitute for /y, y / n, their values [3900, 3901]. Therefore, 

to obtain the complete values of S y, y <5 n, we must change the factor m!. a n into 

m'. an -\-m . cl n', in the formulas [3900, 3901]. 

* (2459) If we substitute the values [3894—3901] in [3893], we shall find, that the 

terms of this expression mutually destroy each other. In proving this, we shall neglect 

the factor —6 am'.ffn2dt2, which affects all the terms; and shall use the symbol 

T5 [38906], also, for brevity, 

5 n'—2 7i 

m'.an ’ 

5 n' — 2 7i 

m.a'n' J 

5 n'—2n 

m '. a n -j- m. a' n' ’ 

Then the expressions [3895, 3895'] may be put under the following forms [39076] ; the 

similar values [3896, 3896'] become as in [3907c] ; and if we change, in [3900, 3901], 

the factor m'.an into m!. an -j- m . a'n', in order to obtain the complete values of 

ô y, y <5 n [3906/*], they will become as in [3907cZ] ; 

.sin. T5=— Mi. 6 e ; 

•C0S-T=+(^) 

n i fdP\ . COS.7r + ( - ) 
5^W > 

.sin. T5='—M2.6e'; 

. sin. 

(/).co,T5-(/).si„.T5=M2.e^'; 

The in¬ 
equality of 
the mean 
motion, 
arising 

[3906'] 

from the 
terms hero 

[3906"] 
treated of, 
vanishes. 

[39066] 

[3906c] 

[39064] 

[3906c] 

[3906/] 

[3907a] 

[39076] 

[3907c] 

VOL. III. 

-M3. (5 y ; ^ ■ cos- ^5 — (/u) ’ s*n* ^—^’7 ^n- [39074] 

24 
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[3907] 

orbit, considered as a variable ellipsis, any sensible inequality, depending on 

the square of the disturbing force ; and it is evident, that the same result holds 

good in the mean motion of Saturn and in the greater axis of its orbit. 

[3907c] 

[3907/] 

[3907g-] 

[3907^] 

[3907i] 

[39075] 

[3907Z] 

[3907m] 

[3907»] 

[3907o] 

[3907p] 

[3907g] 

Substituting these values in the first members of the following equations [3907e—y], then 

reducing, by: the neglect of the terms which mutually destroy each other and putting 

sin.2 T5 -f- cos.2 T5 = 1, we get 

—Mv S e .cos.Tr—Mv e 5 ©. sin.Tb= (~- j ; MvSe.sin.Tb—Mx.e 3©.cos.Tb=—(^) ; 

—M2.<5e'.cos.T5—sin.Tb=(^^j ■ M2. ô ë. sin.Tb—M2. e'5©'.cos. T^=—{^ ; 

—M3.S7.cos.T5—M3.yôn.sm.T6=(^^ ; Jlf3..sin.TV-Af3.y5n.cos.T5= — ; 

Now the first line of [3893] becomes, by the substitution of Mx . e <5 © [39075] equal 

to 5 e . (Mx. e 8 ©) = . e 5 e . <5 ©. The second line of [3893] becomes, by the 

substitution of [3894], equal to e 8 w • [ (77) •cos- Tb + (77) • sin. T51 , and by 

using —Mx.<5e [39075], it is reduced to e <5 © . (—Mx.àe) =—Mx. e<5 e. <5© ; adding 

this to the first line [39075], the sum becomes zero. In like manner, the third line of [3893], 

by the substitution of Mz . e' 5 ©' [3907c], is equal to <5 e!. (M,2 . e' 5 ©') = . eh) eh d ©' 5 

and the fourth line, by the successive substitutions of [3894'] and —M2.8e' [3907c], 

is e' 8©'. (— M2 . <5 e) = — M2 . e'5 e . 5 ©' ; the sum of these two lines is therefore 

equal to zero. Substituting AZ3.y5n [3907<5] in the fifth line of [3893], it becomes 

S y . (M3 . y 5 n) = M3 .yôy.ôH; and by successively using the equations [3894"], 

also the value of —M3Sy [3907d], we shall find, that the sixth line of [3893] is 

yôTL.(—M3.Sy) = — M3.yôy.ôTI-, therefore the sum of the fifth and sixth lines 

is equal to zero. Hence we see that all the terms of [3893], included between the braces, 

mutually destroy each other, as is observed in [3906'] ; consequently the values of 

<5 e, 5©, S e', ôy, S n [3895—3901], do not produce in 3a.ffndt.dR 

[3892 or 37155] any term of the order of the square of the disturbing forces. The 

function 3 a .ff n dt .dR, represents the mean motion of the planet m [1183] ; therefore 

the variation of the mean motion, arising from these values of ô e, S ©, <5 e', &c. is nothing. 

Again, from [3709'], we have 2a = 2» 3, and as the mean motion nt or », is 

not affected by these values of 5 e, 5©, &c., it follows, that the transverse axis of the 

ellipsis 2 a is not affected by the variations 5 e, 5©, &c. now under consideration, as is 

observed in [3906"]. The same result holds good when we notice the variations of the 

motions of the body mf, disturbed by m, as in [3907], 
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13. We shall now consider the variations of the excentricities and of the 

perihelia. We have given, in [1287—1309], the expressions of the 

r d e d-us de' d to' 1 
increments or —, , —, ——, depending on the two great 

dtdtdtdt 1 & b 

inequalities of Jupiter and Saturn, and we have observed, in [1309", &c.], 

that the variations of e, e', to', relative to the angle 6 n't— 

* (2460) The expression de [1284], is integrated in [1286], and put under another 

form in [1288]. Now as this last expression is used in this article, we shall take its 

differential relatively to t, and then change the angles n't, nt into respectively, 

as in [1194'"] ; for the purpose of noticing the inequalities of the mean motion. If we 

put p.= l, i'=5, i= 2, as in [3895a], wre shall get from [1288] the following value 

of de } and in like manner, from [1297], we get dto [3908d] ; 

C /d P \ /cl P'\ -s 
de=—m. andtf J .cos.(52£+5s'—2s) — ( — j. sin. (5 2£+5s'—2s) l ; 

dto=—m!. andt.(^j . sin. (5£ — 2£+5 s'—2s)-j-1. ^. cos.(525 s'—2s)?. 

t (2461) If we put the values of under the forms N, %—n't-f-JV', 

we shall find, by comparison with [1304, 1305], and using the symbols [3890a, b], 

JY = 

JV'= 

6m'. ari* m _ 

(5n'—2nf ’ C0S‘ ^ * Sin< ^5 ? > 

6m'.an2 m\/a , 
,v , 0 v0 • -7-77 • I-P* cos. P5 — P'. sin. P51. 
(5n/—2/i)2 m \/a ( 0 

Substituting the values [3909a] in the first member of the following expression, we get 

5 2 g + 5 s'— 2 s = 5 n'*—2 -f-5 s'— 2 s 4. (5 V'— 2 JV)=P5 -f (5N'—2N), 

and by neglecting the square and higher powers of 5 JY’—2JV, using also [60,61] Int., 

we obtain 

sin. (5 £— 2 £ + 5 s'— 2 s) = sin. T5 4. (5 W'— 2 JV) . cos. P5 ; 

cos. (5 2 I -f 5 s'— 2 s) = cos. T5 — (5 V'— 2 V) . sin. P5. 

Substituting these in the value of de [3908c], or, as it may be called, dôe, we get 

"*'■0 n dt - (f) ■T.+(f) ■ ««■ 

-h wi • a n d t. (5 JV'— 2 JV). ^ ^ . cos. T5 -f- (fw'j • s^n* 7^ ♦ 

[3908] 

[3908a] 

[39086] 

[3908c] 

[39084] 

[3909a] 

[39096] 

[39096'] 

[3909c] 

[39094] 

d S e = 
[3909e] 
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may introduce in these expressions some variations similar to those produced 

[3909/] 

[3909g-] 

[39097i] 

[3909Î] 

The part of this expression, depending on the factor 5 JY'— 2 JY, is of the order m'2 ; 

and as the other terms are of the order m!, we must notice, in them, the variations 

arising from the variations of 8 e, 8 w, he. The additional 

terms of the values of 
dP 

de 

(dJP 

\de 
■y, from this source, may be found by changing 

/d P\ /dP'\ 
P, P1 into ? (-77 ) ’ respectively, in [3893c, d] ; and as the former quantity 

is multiplied by —ml. a n d t. cos.T5, in [3909e], and the latter by ml. andt .sin.Ts, 

the complete expression of d 8 e will be 

(dP'\ • t ■ '-- '. sm. 1-, 
7, , 7 C /dP\ „ . /dP'\ 
dàe= ml.andt.<— f — J . cos. I5-j-(—J 

+ m'.andt.( 5 JY'— 2 JY). ^ . cos. T5 + . sin. T5 ] 

ml. andt. cos. T5 

+ m1. andt. sin. T5 

+ 
fddP 

\ d e2 ) \dedrtj \dede) 

+ (PA\m+ (AL\. sY+(AL-\. an 
' \dedT3'J ~\ded7) /~\dednj 

+ (*£-). Se + (¥f). >*+ (¥£). i < 
' \ de2 / \d edits/ ‘ \dedej 

+ (îir\ij+(É£r\.sr + (pZ-).la 
1 \d edits') ' \dedy) *'\deduj 

Now if we take the partial differentials of [3894—3894"], relatively to e, we get 

Substituting these in [3909A], and retaining only the terms of the order m'2 ; or in other 

words, neglecting those terms of the first line of [3909A], which are independent 
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by the two great inequalities. If we apply this method to the elements of 

97 

of the factor 5 JY'—- 2 JY and the second differentials ddP, ddP', we get 

dSe= ml.andt. (5 JY—2 JY). * cos* ^5 ~\~ * s^n’ ^51 

to'. andt.cos.T5.< 

(ddP ^ 

\ddP) 
. S e 

( d d P' 

~'\clede' 

fddP' 

.e'S 'W 4J. 

d P' 

d e 

ddP 

-|-to'. andt.sin. T5 

/ddP \ 

\ de2 ) ,Se— 

‘ \d e d y 

dP 

) -f57+( 
fddP' 

ddP 

de de 
7^ .e'àzi'-\- 

d e 

ddP' 

dedy 

. <5'25- 

. 5 y — 

dedy 

ddP 

</e2 

ddP 

dedy 

- , fddP' 

‘e^\dM 
-fie'. 

7 <5 n 

We must substitute in this the values [3895—3896', 3906/], and then by integration, we 

shall obtain fie [3910], as will appear by the following calculations, using the abridged symbols 

to'2. a~ n~ 3 to'2, a2 n3 (5 to pa -f- 2 m!\/a!) 

1 {on'—2 ft)2’ m'\/a' 
JVo 

5n'—2 a 

A/, mm.aann 

J 3= 5n'—2n~ J 

to denote the factors of the three different groups of terms which occur in [3910]. If V'e 

compare these expressions with those in [3907a], we shall obtain the following values of 

m'. an, which will be used hereafter ; these equations are easily proved to be identical, by the 

substitution of [3907a, 3909/] and reducing. to'. an = Mi JY%=M.2 JY3 =M3. (JY% -j- JY3). 

First. We have, by means of [39095, 5'], 

r 1 j. f f* ~\pr ci T\f'\ Oto w. (l~ JZ3 (.) TO*/a-f-2TOV/« ) c ti m ~n/ ■ 'n 7 7 
m.andt .{oJS —2J\ ) = — —,—7—:. -7—--A P. cos. T5—P. sm .TA.d t 

N ' (5 n — 2 np my a 1 J 

= — 2JYX.\P. cos. T5 — P'. sin. T5]. dt. 

f Ôj jp/ \ / d Jp \ 
Multiplying this by J . cos. T5 -}- *sin.T5, we obtain the value of the first line 

of [39095:], as in the first member of the following expression, which, by means of 

[1, 6, 31] lift,, is reduced to the form [3909o] ; 

— 2JV^dt.lP.cos.T5— F. sin.TsS](~).cos.Ts + (?£).sin.T5] 

=-2^.*./.(^).cos.^5-r.(^),in.^s-[F.(f)-r.(^)],i„.T,c<B.T^ 

■ —JYx.di. 
P-(lu) -pl\lP)+ ['’■ (“/) + P’- (77)] •C03'27’s 

[P.( 
dP' 

d e **■©] 
) . sin.2 T* 

Its integral gives the terms of Se [3910], depending on the factor (5to\/a -f-2m1 \/d), 

vol. hi. 25 

[39095] 

[3909/j 

[3909m I 

[3909n] 

[3909o] 
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[3909] 

[3909p] 

[3909?] 

[3909?-] 

[3909s] 

[39091] 

[3909m] 

[3909s] 

[3909m] 

the orbits of Jupiter and Saturn, and put 6 e, <5 w, for the variations arising 

Second. The term of [3.9097/, connected with the factor 
fddP 

x de'3 
• d t, is as in the 

first member of [3909p] ; which, by the successive substitutions of [3909m, 3907e], 

becomes as in [3909/. whose integral gives the corresponding term in the fourth line 

of Se [3910] ; 

m .an .\ Se.cos,T5—eSzs, sin. T5^=J\1XJY2. £— 5 e . cos. jP5— e Svs. sin. T1/ 

=JV2. {—Mx .5 e. cos. 7 5—Mr e S z$ . sin. T5} =JV2. • 

Third. The term of [39097c], connected with \—ggr J.dt, is as in [3909r], and 

by reduction, using [3909m, 3907e], it becomes as in [3909s] ; whose integral gives the 

corresponding term of the fourth line of [3910] ; 

rri.an.{t5e.sin.T5—eSa. cos.T5}=Ml.{Se.sin. 7$ — eS&.cos.T5] 

=JVq.\My• Se.sin.Ts—Mx.eSzs. cos.T5].== —JV2. (pg-'j* 

Fourth. We may proceed in the same manner with the terms of [39097/, connected 

with the factors which will be found to be represented, 

respectively, by the first members of [3909p, r], accenting the symbols e, Se, Szs- 

If we also put rri. an = M2JY3 [3909m], and reduce the formulas as in [3909^, / by 

using the expressions [3907/], they will become, respectively, JV3. (-~j), — 

Multiplying these by the factors [3909/], and integrating relatively to t, they become as in 

the last line of the expression [3910]. 

», / d d jP \ 
Fifth. In like manner, the terms of [39097k], connected with the factors (--) .dt, 

\d e d y 1 
/ddP'' 

ded 7 
.dt, will be represented by the first members of [3909p, /, changing e, Se, Szs, 

into y, S y, S n, respectively. Then substituting m1. an — M3 . (Wg-f- JV3) [3909m], 

and reducing the formulas, as in [3909^, /, using [3907y], they become respectively, 

(•Wo -f- JV3). ^ s —(*W2 “f" *W3) . (pj~fJ • Multiplying these by the factors [3909/, 

and integrating relatively to t, we get the corresponding terms of Se [3910]; the terms 

depending on JV2 being in the fourth line, and those on JY3 in the last line of [3910]. 

Sixth. The two remaining terms of [39097/ are as in the first member of [3909/] ; 

which is reduced to the form in the second member, by the substitution of m1. an = Mx JV2 

[3909m], and M1.Stz [39076]. Reducing the products by means of [31, 32] Int., 
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from the square of the disturbing force, ive shall find 

3 m'2. a9?i3 (5 m</a-|-2ml\/a!) 

(5 n'—2ft)2 m'y'a' 

\P. 

\P. 

dP' 

de 

dP' 

d e 

P. 

F. 

dP 

de 

dP 

d e 

A 

2.(5 n'—2 n) 

\P\ 
dP' 

d e 
—P. 

dP 

d e 

2. (5 n'— 2 n) 

• sin. 2.(5 n't—2 n t-f-5 s'— 2 s) 

, cos.2 .{5 n't—2nt-\-5e'—2 s) 

m/9.a%2 

1 5n'—2 n 

. sin.2.(5n't—2ntJr5sl—2s) 
2. (5 ft/—2n).e 

\ 

jjmm'.aa'.nn'.t fdP'\ ( ddP\ (dP_\ (ddP'\ , fdP'\ ( ddP \ fdP\ fddP'\\) * 

5n'—2n C \ de' ) \dedet ) \de')‘\dede')'\ dy )\dedyj\dy)\dedy )y 

it. becomes as in [3909y] ; then integrating relatively to t, it produces the terms depending 

on cos. 2 T, sin. 2 T, in the fifth or sixth lines of [3910] ; 

m1. andt. 8 TZ 

• COS.T5 
1 

e l\de ) \de ) 
. sin. T5. cos. 7\ 

* (2462) If we compare the expressions of de, dv [3908c, d], we shall find, that 

dw may be derived from de, by subtracting 90d from the angle 5£'— 2 £-f-5 s'—2s, 

and connecting the factor - with each of the quantities by this means 

the angle T5 is also changed into T5 — 90d, in all the terms of [3909e, h, ¥\, in which 

Inequality 
of the ex-’ 
centricitv 
of Jupiter. 

[3910) 

[3909a;] 

[3909?/] 

[3910a] 

[391061 
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IP. 
dP 

d e ) + P'^7>V 

oftheality Sm'Z.aPn? (5mUa-|-2myV) 

perigee of (5n'—2»)* 2.e" mVtt' 
Jupiter. ' Y 

[3911] 

7 +■ 
!P.f^)-P/(dP/ 

d e 

+ 

2. (5 n'— 2 ») 

2.(5»'— 2 ») 

, sin. 2.(5n't—2nf-)-5y—2s) 

. c os. 2. [5n't—2« t-f$ s'— 2 

/iP\ fdâP\ , fdP'\ fddP'\ ,fdP\ fddP\ ( fdP>\ fddP' 

\de J\ dez’J'K de 

dP\2 /dP'\2 

de2 ) \dy >©+(■ dyJ\ded 7. 
-.t 

m'2. a2»2 

(5»'—2«).e * 

d e d e 

2. (5 »' — 2 »). e 

dP\ /dP'' 

. sin. 2. (5 n'i — 2 « £ ~f* 5 s'— 2 s) 

+ (£)■(£) 

(5 »'— 2 »). e 
. cos. 2 . (5 »'f — 2 » f -f- 5 s'— 2 s) 

mvi'.aa'nn'd $/dP\ f ddP 

(5»'—2?i).e ’ £ \de'/ \dede' H 
<ip\ (ddp,\+(dp\, ( ddP \ 

14-1 (dp,\ 1 (ddP'\ 

\de’ )\dede') 1 \d7)A \dedy) Ur/' \dedy) 

[3910c] T5 explicitly occurs; observing that no change must be made in the factor 5 «/V7—2 N, 

Hence it appears, that if we change in [3909A] the angle T5 into T5 — 90'z, without 

1 
altering 5 JY'-— 2 JY, and then multiply the resulting expression by - , we shall obtain 

[3910c?] all the terms of dSns} except those arising from the variation of the factor - , connected 
6 

with the quantities 
dP 

d e 

dP' 

d e 
[39106]. These last quantities depend upon the 

two following terms of d <5 w, namely, 

[3910e] m1. an dt.7 | * s*n’ *cos'^5 | ’ 

corresponding to the two first terms of [3909e] ; and as the variation of - is 

^ -?=^4@-*-r‘+(£)-“"-r*} [390W]; 

also ni. a n = Mx JYÜ [3909m], this part of d ô -vs will be represented by 

W■■ 'il-■ I -Q •sin-7’ - (w) • cos. T5 ] . { (£j.Sin. T5+(£) . cos. Ts ]. 
g) • (%) ■ sin. T5. cos. T, J . .dt. dP\2 . 

de ) 

[3910g] 
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The parts of these expressions, proportional to the time t, give the secular 

variations of the excentricity and of the perihelion, depending on the 

square of the disturbing forces. To obtain the periodical terms of v depending 

on this square, we shall consider the term 2 e . sin. (n t +£ —[3748], 

in the elliptical expression of the true longitude. If we put s e, <5 w, for 

the variations of e, depending upon the angle bn't — 2nt T 5/—2s, 

This is to be connected with the terms mentioned in [3910c?], to obtain the complete value 

of d 8 zs ; and then by integration, we shall get § zs [3911], as will appear by the following 

investigation, taking the terms in the same order as in the preceding note [3909»—y\. 

In the first place, the terms depending on 5 JV— 2 JV, are multiplied by the factor 

d p'\ / dP\ 
. cos. T-f-( w— I . sin.T5, in the expression of d5e [3909/j], which becomes 

de d e 

-. (--j—) • sin.T5—-. \cos.fT5, in dtizs [3910$]. Now it is evident, by inspection, 
\ et c y & \ et c J 

/clF\ . 1 
that this last expression may be derived from the first, by changing (— ) into - 

and 
dP' 

into 
dP 

dP' 

d e 

, .— . . ,, without varying the angle T5, or the factor 5 JV—2 JV ; 
(h Q I ù \. CL ô / 

therefore we may use the same process of derivation in obtaining the part of dSzs, depending on 

5 JV'—2 JV, from the similar part of dSe [39097c-] ; or in other words, the part of 5zs [3911], 

connected with the factor 5 m p/a -J~ 2 m p/a!, from the similar part of o e [3910]. 

We shall now apply the principle of derivation mentioned in [3910$], to the terms 

[3909p—w], and we shall find, that the factor of -. . dt, in dSzs, deduced 
e \ de* J 

from [3909y], is JV2 —Mi • $ e . sin. T5~\~M1. e à zi. cos. T5 ] = JV2. [3907e], 

producing the term —- . (yyp'j * (^d!v) whose integral is as in the first 

term of the fourth line of ôzs [3911]. The term [3909s], by similar reductions, 

gives 
JV2 fdP’\ /ddP‘ 

d \ de2 
t ; the terms [3909t] give 

JV‘3 fdP 

7" ' w 

ddp 
/ ) ‘ t ) 

JV (dP1 

e 

ddP' 

de de' 7 Ms \dt de' J 7 e ' \ de' 

the terms [3909m] give 

«+*>•(? 

as in the fourth and seventh lines of 3 « [3911]. 

VOL. III. 26 

[3912] 

[3912] 

[3912"] 

[3910ft] 

[3910] 

[3910ft] 

[3910/] 

[3910 m] 

[3910m'] 

[391On] 

[3910o] 

[3910o'] 
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[3913] 

[3913'] 

[39%] 

[3910g] 

[3910r] 

[3912a] 

[3910a] 

and upon the first power of the disturbing force,* also de, <5'vs, for the 

preceding variations of e, depending upon the double of this angle ; f 

moreover, if we denote by <5 s the sum of the two inequalities of M, the 

Lastly, the terras of d 8 vs, deduced from those of dSe, in the first member of [3909r], 

by the principle of derivation [3910d], are 

m'. an dt. ^ ) . sin.Ts+y. • cos.T5 | • 8 vs ; 

which, by the substitution of ml. a n — Mx JY2 [3909m], and 8 vs [39075], becomes 

(£) • 00, T.-(£) .Sin. T. p .< m . CO ,T.-m . sin. T-1 
Iff \ dt 5 

dp_ 

de 
d£) ■ sin. Ts . cos. T5 ] . 

Adding these terms to those in [3910g-], and putting cos.2 T5 — sin.2 T5 = cos. 2 T5 

2 sin. T5 . cos. T- = sin. 2 T5, we get 

JVS 
ës 1 ^ ( ff )2cos.2T5-(^)2.coS.2T5-2. 

dP\ /dP' 

d e d e 
. sin. 2 T, 5 f ; 

and by integration, it produces the terms of 5 vs, depending on sin. 2 % 5 cos. 2T5, 

in the fifth and sixth lines of [3911]. 

* (2463) These values of de, 8 vs, are given by the formulas [39075]. 

f (2464) The formulas [3910—3912'] give, by using T5 [38905], 

8'e: 
3 w!\ ft rft (5 m \/a -j- 2 m's/a1) 

2.(5?d—2n)3 ' tin!'/a! 

[p-ff)+*'•(£)]•*>■'8 r* 
+[f. dP 

de 

dP 

d e 
J . cos. 2 n 

+ 
m% eft rft 

4.(5 n’—2nf.e •i[(f)-ff)>*r-*-ff)* 

d'vs = 
3 m!~. rft n3 (5 m /à-f- 2 

2.(5 n'—2n)3.e ’ m'/a1 

^+[p'(f)+iKw)]-c°3-3^ 

to'2, ft rft 

2.(5n'—2«)2.e2 

[39136] 



VI. ii. 413.] DEPENDING ON THE SQUARE OF THE DISTURBING FORCE. 103 

one depending on the angle 5 n't — 2 nt 5 s'— 2 s, the other upon 

the double of this angle,* the term 2e . sin. (nt-{~s — to), will become [3913"] 

(2 6 -j- 2 <5 6 -I- 2 <5 c) . sin. (n t -f- £ d- 6 s — ® 5 ^ — <5 to). [3914] 

If we neglect the cube of the disturbing force, the preceding expression may [3914'] 

be developed in the following form,f 

2 e . sin. (n t -j-5 + ss — ®) 

-f- 2 6 e . sin. (n t -|- s — to) — 2 e 6 to . cos. Qt t -f- s — to) 
[3915] 

-j- {2^/e-f2e5w.^s — e . (5 to)2}. sin. (A t + £ — to) 

— {2e<5'TO-f-2(Se.<5TO — 2 6 s. <5 e}. cos. 1 -f s — to). 

The term 2 e . sin. (n t -f-5 d~ <$s— w) is that obtained by increasing the [3915] 

# (2465) The great inequalities [1197, 1213, &c.], are to be applied to the mean 

motion of the planet [KUO'7]. If we notice only the chief terms of 8 s, having the divisor [3914a] 

(5 %7-™ 2 w)2, they will become, by putting i = o in [3817], and using T5 [38905]; 

6 m!. a rfi 

£ = (5V-a„)2 • Sp-cos-T» — p-sin- Ts l ■ l3944*’] 

We may remark, that the terms of v [3748], depending on e2, e3, he., are here neglected [3914C] 

by the author, on account of their smallness ; they are, however, noticed by him in the 

fourth volume [9062, &c.]. 

f (2466) Putting a = ni-\-s-\~8s— to, 5 = <5 to-(-5 to7, in [22] Int., we get [3915a] 

the second member of [39155], which is successively reduced to the form [3915c], 

by using [43, 44] Int., neglecting terms of the order to73, and finally putting [3915a'] 

cos. a =* cos. (n t -j- S — to) — 8s. sin. (nt-\-s — to) in the term multiplied by 8 to ; 

sin. (^^-}—s^s —-toï—5-ro—5'-sj) = sin.a.cos. (5to-[-57to) — cos.a.sin.(^to-J-Pto) 

= {1—T (<ivr)2} .sin.fl— (5to-|-57to) .cos. a 

—sin. a — (tÎto)3. sin.(/ï s — taï) — (ciTO-j-o7^) . cos.(?iGj-s—to) 

d-oTO.5s.sin. (nt-f-s—to). 

[39156] 

[3915c] 

Multiplying this by 2 e -f- 2 5 e -p 2 57 e, and neglecting terms of the order m'3, it 

becomes as in [3915] ; observing, that in the term multiplied by 2 8 e, we may put 

sin. a = sin. (n t s — to) -j- 8 s. cos. (n t -j- £— to). [3915/2] 
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[3915"] mean motion n t, by 5 s, in the elliptical part, according to the directions 

in [1070"]. The two terms 

[3916] 2 6 e . sin. (nt -\-t — to) — 2 e 6 to . cos. (n t -{- s — w), 

form the inequality depending on the angle 3 n t — 5 n't-f- 3 s — 5 s', given 

by the formula [3718].* If we then substitute in the other terms, the 

* (2467) If we put i — 5 in [3814,3825], where only the terms having the divisor 

on' — 2n are retained [3818', 3824], we get 

[3916a] — = ff.cos. (5n't—3nt-\-5s'—Ss-^-A) ; 5v=2^[.sin. (jon't—‘6nt-\-bd—3s-\-A) ; 

and we may observe, that this value of <5 v is easily obtained from that of r S r, by means 

9 d • {y* $ 
[39166] °f the formula [3718] ; retaining only its first term ôv= ^ , which contains the 

small divisor 5 vl—2 n [3814, Sic.]. If we substitute, in this last expression of à v, the 

value of r 5 r [3876d], neglecting the small terms depending on X, it becomes 

[3916c] S v = 2 <5 e . sin. (nt-j-s — to) •— 2 e S to . cos. (nt -\-s —■ to). 

Comparing these two values of S v [3916a, c], we find, that the two terms in the second 

line of [3915], depend on the angle 5 n't——3s, or 3nt——'5 s', 

as in [3916']. The same result may be obtained by the substitution of the values 

^ of <5e, e <5 to [39076] in [3916], and using the symbols T5 = 5n't — 2«4 -f- 5 s'—2 s, 

,3916d] jf =n.t -\-s — to; since it becomes, by successive reductions, as in [3916g] ; being 

of the form mentioned in [3916'] ; 

26 e .sin. W— 
2 

-2 e 6 to. cos. W——— . 
Mi 

UdP’\ 

l\de) 
[3916e] 

2 WdP\ 
~My 1 \de) 

2 (dP\ 

[3916c'] 
Mi \dej 

© 2 

+Ü* 

[3916/] II 1 

©■ 

2 (dP\ 
Mi' \dej 

[3916g1] 

© +w 

dP’ 

d e 
sin. | . cos. W 

m-w)+k 
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values of be, b^ [39076], and for s' e, b'w, their preceding values 

[391So, 6] ; the sum will give, by neglecting terms depending on the sine 

and cosine of nt-f-s, because they are comprised in the equation 

of the centre," 

3 m'K a2 h3 (5 m/a a') 

(5 rc'—2n)3 m' s/a’ 
.cos. (5nt—10n't5s — 10s'— 

3 m'Z.cfiri3 * S (5 m./a-\-4 m'/a') ^ p, /dP'\ „ 
(5ml—2w)3’ m'/a' ‘C \~d7j~ 

jysin. (but—\0Vt-\-bs—10 s'—to1). 

If we put, in [3916g], )==—^H.sm^A—-m), cos.[A—ra), 

and reduce the result by means of [21] Int., it becomes equal to 

2 H. sin. (5 v!t — 3 n t -f- 5 s' — 3 s -\-A). 

This is of the same form as [3825], which represents the most important term of this form 

and order, having the small divisor bn'—2 n [3824]. The factor H is of the second 

dimension in e, e! [3314b], being of the same order as the quantities 

For the values of P, P [1287], which correspond to the angle T5, are of the third 

dimension in e, e, 8zc. [957vm, &c.], and their differential coefficients, which occur 

in [3916g], are of a lower order by one degree. 

* (2468) The first and second lines of the expression [3915] are accounted for in 

[3915", 3916] ; the remaining terms become, by using the abridged symbols TV, T5 [3916d], 

|25'e + 2c5s.5s —e.(5^)3}.sin.?F-f-f—2e.<5'« — 2be.bttf-j-2bs. be}. cos. W) 

in which we must substitute the values of be, 5 ■& [3907b], ô' e, S'& [3913a, b], 

S s [3914b]. In making these substitutions, the terms vus. ô s, (b w)2, b e . b ot, bs.be, 

will produce factors of the forms . cos.2T5, A'.sin/Tr, A". sin. T*. cos. Tk, 

or % A \ A. cos. 2 T5, % A'— |-,M. cos. 2 P5, \ A . sin. 2 Tb [1,6,31] Int. 

Substituting these in [3917a], we find that the parts ± A, ±A'} independent of 2 Ts, 

produce terms depending on sin. TV, cos. TV, of the form a . sin. TV -f b . sin. TV -, 

which, by putting a = 7c.sin. p, b = k. cos. p, and reducing by [21] Int., becomes 

k . sin. ( TV -j- (3) = k. sin. (nt -f- s — trf -J- p). This may be connected with the equation 

of the centre [3915'], as is observed in [3917] ; therefore these terms may be neglected, 

and we may substitute in [3917a] the following values, 

cos.2 TL ; cos. 2 T5 ; sin.2 Tb = — y c**,. 2 T5 ; sin. T5 . cos. jP5 = y sin. 2 T5. 

Substituting these in the square of Szs, multiplied by —e, deduced from [3907b, a], we get 

V ; 2.(5n'—2n)2,e c L\ de / \ de ) 
• cos. 224—2 fdP\ (dp/\ 

\de)‘\d7 ) 
sin. 2 74 

27 

[3917] 

[3918] 

[3918] 

[3916b] 

[3916i] 

[39167] 

[3916b:] 

[3917a] 

[3917b] 

[3917c] 

[3917c] 

[39174] 

[3917e] 

VOL. III. 
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[3919] 

[3917/] 

[3917g] 

[3917ft] 

[3917Î] 

[3917ft] 

This inequality may be put under the form [3921] ; for if we represent by 

<5 v — K. sin. (5 n't — 3nt-\- 5 J — 3 s + B), 

This term is destroyed by the corresponding terms of 2 6'e, deduced from the third 

line of [3913a], so that the sum becomes 

/r \2 3 m2.a2n3 (5 
2 o' e — e. (<5wr =— ———-— . -———1--—'. 

' J (on- 2n)3 m'y'a' 

V .sin.2% 
d e \dej_ 

+ F. f—Vp/~Y 
d e \de /_ 

. cos .2T5 

Multiplying the value of eSzs [39076, a], by Ss [3914a], and reducing the product 

by means of the expressions [3917/], we get, by putting the factor 6, in this last 

expression, under the form 3 . ^ 
my a 

~ ç 3 m2.a2n3 2mVa 
2eozs.d£= — ——-——- . — 

(5 n—2 n)3 m\Za' 

>-©+f,'(w)]-sin-2T 

T" 
, fdP’ 

d e 
.cos.2 7% 

. ^ i . , . ,, 3m'2.a2n3 (5m4m'v/a') 
Adding this to [3917/], and putting, for brevity, ^ = —(5n/.2n/--» 

we get 

2<5/e-|-2e<5'ztf.(L — e. (<5 to)5 
^•/(w)+f'(w)]-sin-2T 

+-M-[p'(w)-p-(^)]-C0S-2T 

Again, multiplying together the two equations [39076], and dividing by \M±.e [3907a], 

we get, by substituting the values [3917/], 

-26e. 
m'2. a2 n2 

:(5 »'—2n)2.e * dP\/-dP' 
de J \ de J_ 

. cos. 2 

Adding this to the expression S' zs [39136], multiplied by —2e, it is destroyed by the 

term depending on the third line of [39136], and the sum becomes 

—2eS'zs~2Se. Szs —— 
3 m/2. a2 n3 (5 m \/a -j- 2 m' /a') 

(5 n'— 2 n)3’ m'y'a' 
m-W*®)** 

-K£> 

-■Qj 
.cos •2F 

.sin. 2 P, 
[3917Z] 
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the inequality of m, depending on 3nt — s— 5 s' ;* and as 

in [3889], 

the great inequality £ = H. sin. (5 n't — 2nt-\- 5 s1 — 2 s -\- Â), 

Multiplying —Mj_.Se [39076] by —, also by <5 e [39146], and then reducing 
Jr'l j 

by means of [3907a, 3917(6], we get 

2ôe.8e: 
3 m'2. a2 n3 2 ml s/al 

. cos. 2 Tk 

(5 n'—2?i)3 ’ ml \/a! 

The sum of [3917/, m], using [3917A], is 

+MP- 
[— 2e<5'irf—2Se.S,ü-\-2Ss.ôe}= ■ 

—Ma. jj , (dF_ 
de 

cos. 2 T5 

. sin. 2 Tr 

Multiplying [39176] by sin. W, and [3917w] by cos. W, then adding the products, 

we find that the first member is equal to the expression [3917a] ; and the second 

member, by the substitution of sin. 2 T5 . sin. W-j- cos. 2 T5 . cos. W = cos. [W — 2 T5), 

cos. 2 T5 . sin. W—sin. 2 T5. cos. W = sin. ( W— 2 T5), becomes 

\P-(tt) +p' (£)}• “"• (^-2T=) +JVMP' (£} 
rfPV 

de ) 
.sin. (IF—2 T5) ; 

and by resubstituting the values of Jtf4, T5, IF [3917A, 3916d], it becomes as 

in [3918, 3918']. 

* (2469) The expression [3919] is of the same form as that assumed in [3826], or 

that computed in [3916g], assuming 6 = 5; moreover [3920] is the same as [3889]. 

Hence if we put, for brevity, T5=5ri t — 2nt 5 s— 2 s, W2 = n t -{- s, and 

then make the two expressions [3919,3916g] equal to each other ; also [3920, 39096, a], 

using M [3907a] ; we shall obtain the two following equations ; 

Kûn.(T,-Wt +B) =-—^-1) • cos.( T5_^+.)+ (£) .sb.(T5- W^)\; 

6 m'. an2 
H.sin.(T5-|- A) =^±2n), • \ P-cos. T,-F. sin. Ts]. 
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[3920] 

[3917 m] 

[39l7w] 

[3917o] 

[3917/?] 

[3920a] 

[3920a] 

[39206] 

[3920c] 
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[3921] 

[3921a] 

[89216] 

[3921c] 

[39234] 

[3922a] 

[39226] 

[3922c] 

the preceding inequality will be, by §69, of the second book,* 

(5 m\/a -f- 4 to' \/ «') 

m'\/ a' 
. HK. sin. (bnt —10nft-^-ôs —10/—B—A). 

In like manner, we shall find, by noticing only the secular variations,! 

* (2470) Multiplying together the equations [39206, c], and reducing the products 

by [IT—20] Int., we find that the first member becomes equal to 

à HE. cos. + I — — cos. (lf2 —2 T5—B—A)-, 

and the product, in the second member, depends on similar angles , TVn — 2 T5. 

Now as these expressions must be equal to each other, whatever be the value of t, we 

may put the terms depending on the angle JV2 — 2 T5 in both members, separately equal 

to each other, and we shall get 

_ _ 6 a2 n3 
■illK. cos. ( W%—2T5—B—Jl)=—^5n/_2np • ' 

■N 

de 

dP' 

d e 
-p■ (^)] .cos.( W%—-2T5—w) 

This equation being identical, we may change W% — 2 T5, into W2 — 2 Tg -[- 90" ; 

by which means the expressions cos. — 2 T5—B— j]), sin. (W% — 2 Tg— vr), 

cos. ( W2 — 2 Tg — ro), become, respectively, — sin. ( W2 — 2 T5 — B —A), 

cos. ( W2 — 2 Tg — vr), — sin. ( W2 — 2 T5 — vr) ; substituting these in [39216], and 

5 m v/« -{- 4 m! \/n! 

2 m! 
multiplying the result by the first member of the product becomes as 

in the second member of [3921] ; and the second member of this product includes the terms 

[3918, 3918'] ; observing, that W2 — 2 T5= 'ont — 10 n’t -f- 5 s — 10 s' [3920a'] ; 

therefore the inequality [3921] is equal to the sum of the two expressions [3918, 3918']. 

f (2471) Using the abridged symbols P0, P0', T0, he. [38466—d] ; also 

Z — 5 — 2 £ ~J- 5 s'— 2 s, Z0= 5 g — 2 £'-]-5s — 2 s' ; we find, that the expression 

of de [3908c] may be rendered symmetrical by the introduction of the two terms 

depending on the angle Z0, or T6, in the value of R [3846c] ; so that we may put 

de -m. an 
* • Kvr) •cos- (?r) •sin- (jt) ■oos- z> 

In computing <5 e from this expression, it is not necessary to notice the angle Z0 , because 

it does not produce terms which are so essentially increased by the small divisor 5 n'—2w, 

as has been already observed in [38464"]. From this expression of de, we may derive 
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depending on the square of the disturbing force, 

3 trfi.a3n?.t (5m \/a-[2 m!/a!) (p /dP'\ / d P \ / 

(5 2 n)2. a' ’ m pa / \de' ) \ d e' / $ 

that of d e, by changing the elements of the body m into those of to', and the contrary ; 

by which means P changes into P0 [3846d, &c.], P’ into /J'0, Z into Z0, a into a', 

e into e!, he.} hence we have 

UP' 
de'— — m . a’n dt. 

dP0\_ry fdP’, 
—j.cos.Z»- 

de' 
sin. Z, o I dc 

7 ldP,\ • 7L .COS .Z-( yyl.sm. Z > . 

Neglecting the terms of this expression depending on the angle Z:), because they do 

not produce by integration the small divisor 5 n' — 2 n ; then substituting the values 

of sin. Z, cos.Z [3909d, 3922a], we get the following value of de, or as it may be 

written dSd, being similar to [3909e], 

sr)r-f (£)•“• J 
d 8 e' m. a' ri dt.< — 

-f m. a' n'dt. (5 JY'— 2 JY). £ . cos. T5+(^7) • sin. T5 

The part of this expression depending on 5 JY'— 2 JY, is easily deduced from that in the 
7ÏI • of Pi! 

first line of [39 097c], or from its development in [3909o] ; by multiplying it by —f—■, 
771 ■ Ct 71/ 

and changing the partial differentials of P, P1, relative to e, into those relative to e. 

Hence we obtain the following expression of the part of d 8 er, depending on the 

factor (5 JY1-—2 JY) [3922/*], 

P. 

■JY,. 
m. a'n' 
m. an 

.dt 

dP' 
~d7 

Now by successive reductions, using an = a [3709'], ar n'=a' " we get 

1 
m. a n m. a5 

m'.an m'.a'h- 

m. a 

m'.a!hah ’ 

hence from [3909/], we obtain 

3m'2. a2n3 (5 m\/a-\-2m’\/a') m.a 3m%.a3n3 (5 ?npa-(-2m'v/'a] 

(5n'—2w)2 ’ to'. iZ * to'. a!* a- (5n'—2n)2.a' mpa 

to . a'n' 
■ JY,.Z_Z=. 

to . a n 
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[3922e] 
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[3922ft] 

[3922ft'] 
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[3923a] 
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3ni2. a3 «3. t (5my/q-j-2 m!\/a') Ç /d P \ ^ fdP'\ ) 

(5 n!— 2 rifba'e' * my'a { ‘\J7)+J \d7) S 

m2. a!%n\t WdP \fddP\ fdP’\ /ddP'\ ,(dP\ fddP\ /dP'\ fddP'\) 

' (5 A 2 n). e' ' {Vde'/\ de72 / ' \deV \ de'2 /"* W/Kde'dy)' V"dy~ )\defdy )\ 

mm'.aa'.nn'.t WdP\ lddP\ (dP'\ fddP'\ ( fdP\ fddP\ f /dP'\ fddP'\) 

^{5n'-2n).e'’l\deJ\dede'J^\de )\d7db')+\df )\d7d7/)^ \J^)\d7dj)$* 

Substituting this in [3922A], and integrating, we find, that the terms multiplied by t, 

become as in the first line of [3922] ; the other part depending on 2 T5, produce 

in 8 e! the terms 

3 m2. a3 n3 5 m \/a A 2 rn' \/a' 

2. (on'—2»)3. a' ’ m jj/a- 

+ P'. . sin. 2 T5 

. cos. 2 T5 

If we compare the terms of d 8 e, which are independent of (5 J\r'—• 2 JY) [3909e], 

with those of d 8 e [3922/], we find, that the latter maybe derived from the former 

by changing the elements m, a, n, e, -us, &c. into m, a', n, e1, Y, &c., respectively, 

without altering P, P', T5 ; and as the divisor 5 »'—2 n is introduced merely by 

the integration of terms depending on the sine or cosine of the angle T5 and its multiples, 

this divisor will also he unchanged. Now making these changes in the secular terms, in 

the fourth and seventh lines of o e [3910], we obtain the similar terms in the second and 

third lines of ô e [3922] ; moreover the periodical terms, depending on 2 T5 , in the fifth 

and sixth lines of <5 e [3910], produce the following terms of 8e', 

m2.a'2»'2 f 

:. (on'—2n)2.e/ ’ ( 

dP\ 2 

77 ) " 

/d_P'\2~\ 

V de' J J 
.cos. 2 T5—2. 

The sum of the expressions [39227c, n] may he represented hy 8' e', to conform to the 

notation in [3913], the characteristic 8' being used to include the terms depending on 

the angle 2 T5. These terms are used in [3924c]. 

# (2472) In the same manner as we have deduced the expressions [39226, e,/] 

from [3908c], we may obtain the following expressions of d to, J A, d 8 to' from [3908/]; 

dvi——m'.andt u dP\ . 1 fdP' 
.sm. Zt- 

d e \ d < 

7 , , a fdp0\ . „ . i /dP'0\ „ , i /dP\ . „ , i fdp\ _ > 

da-«i.fflluZft|-,Ae,).sjn.Z0+-.(—).cos.Z0+;;.(—).sm.Z+?.(—).coé.Z 

1 f dP\ . 
d<5to'= m.a'n'dt.{ — . ( — J . sin.7--:. 

1 /dP' 

de' 
cos. T, 

+m.a’n'dt.{5JY'— 2JV).] — i .(/) .cos. T5/•((/)• s‘n-T5 ( • 

[3933c] 
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We also hud, that the motion of m' in longitude, is affected with 

the inequality* 

3 to* 2. a3 n3 

(5 n'—2 m)3. a' 

(3 ms/a -j-2 m's/a') 

m\/a 

+ 

P. (fJ/f^^rP''(fdff) "cos"i^ni—9£—9s'—to') 

sin. (4nf— 9 n't-j-4 s—9 s'—to') py%)-pÆ) 
de' \d e! /_ 

[3924] 

This last expression being developed, as in [3922g, Sic.], and integrated, gives this part 

of o to'. It may also be derived from d<5 e' [3922/], in the following manner. We 

perceive, by inspection, that the part of [3923c], depending on the factor 5 JVr—2 JY, [3923d!] 

can be derived from the corresponding terms of d o e [3922/], by changing 

(si) int0 and (ff) int0 -h(S)' If we make the same 

changes in the first line of 5 e' [3922], which was derived from the factor 5 JY'—2 JY, [3923e j 

[39221, &c.], we get the first line of the expression of 5 to' [3923] ; and the periodical 

terms of e d to'', corresponding to [3922/c], become equal to the following function, which 

is used in [3924m] ; 

3 to2, a3 v? (5 m s/a -p 2 in's/a!) 

2.(5 n'—2 n)3. a' ms/a 

. cos. 2 T5 

. sin. 2 T5 

[3923/] 

The part of d 5 to' [3923c], which is independent of 5 JY'— 2 IV, may be derived 

from the corresponding part of d à to [3908/ 3910a—e, or 3911], by the principle 

of derivation mentioned in [3922/, &c.] ; that is, by changing m, a, n, e, to, he. 

into m!, an', /, to', he., respectively, without altering P, P', T5, or the divisor 

5 n!—-2 n. In this way, we find that the fourth and seventh lines of [3911] give the 

second and third lines of [3923] ; and the periodical terms, corresponding to the fifth and 

sixth lines of [3911], produce in e' ô to' the following terms, 

m2. a'~ n'2 

2. (5 a—2 nf. e' ' 

'dP'y 

The sum of the expressions [3923/ A] depending on the angle 

of e' S' to', [3913] ; which is used in the next note. 

[3923A] 

2 T5, represents the value 
[3923i] 

* (2473) The expression [3924] represents, for the planet m', the terms similar to 

those in [3918, 3918'], which correspond to the planet m, and are derived from the 

function [391/a]. The similar function, relative to the planet m', using the symbols 

T5 = 5 n't — 2?i t-\- 5 s' — 2 s, W'=n't-{-d—to', is [3924a] 

f 2 <$' e' -f 2 e' <5 to' . <5 s' — e’. (3 to')2/ sin. TV — \2 e' A' to' -J- 2 ôe'.S vh— 2Se'.S e'}. cos. TV. [3934^ 



112 PERTURBATIONS OF THE PLANETS, [Méc. Céh 

[3925] 

[3924c] 

[3924c/] 

[3924e] 

[3924/] 

[3924g] 

[39247i] 

[3924/] 

If we denote the inequality of ml, depending on the angle 2 nt—4n/j-2s—4s', 

by 
ôv1 = K'. sin. (4 n't — 2n t + 4 s' — 2 s 

By the inspection of [39075, c, a], we perceive, that S e, Su, become equal to Sel, Su, 

respectively, by changing the elements m, a, e, he. into m', a', e!, he., ivithout 

altering P, P', T5, or the divisor 5 n ' — 2 n ; upon the principles of derivation 

used in [3923g]. By this method of derivation, we may obtain — e'. (S to')2 from [3917c]. 

and we find, that it is equal to, and of an opposite sign to the part of 2 S' el [3922?f] ; so 

that these terms destroy each other, in the value of 2 S’ el— el. (o ul)2 ; and then the 

other part of 2 S'el [39227c], spoken of in [3922o], produces the following expression ; 

26 'e'—e'.{Su'f = - 
3 m2.a3n3 (5 ms/a -j- 2 m' \/a') 

( 5 n'—2 n )3. a! ’ m p a 

+/•( ■*■(£ 
.cos. 2 TL 

Now if we represent, as in [3913'j, by Ss1, the part of Sv [3846, &c.], depending on 

the angles T5, 2 P5, and notice, as in [3914c, fee.], only the chief terms of Ss' depending 

on we shall get the following value, which is similar to [39145], 

5 s' = 
15 m. aln'2 

(5 n'—2 n)2 
! —P.cos. P5+P'. sin .T5\. 

Multiplying this by 2 e' S u' [3907c, a], and substituting the values [391 idl\, we get 

2 e'S u'. S s' = 
15 m2.a/2?fi3 

(5»'— 2n)3 * 

>-(^)+p'(S)]'s:n-2T= 

+ P'. 
dP' 

77 —P. 
dp\ 

d e' 
,cos.2 Tr 

We have very nearly 5n'=2n [3818c/], and n'aa'3 = rt?a3 [3709']; multiplying 

these two equations together, and the product by 3 m2, we get 15 nP. a'3 n'°= 6 m2. a3 n3 ; 

substituting this in the first factor of the second member of [3924/], it becomes 

15 m2. a'2»'3 3 m2. a3 n3 2 m 

(5nr—2tî)3 (5rfi—2 n)3. a' m\/a 7 

and then the sum of [3924//] becomes, by writing, for brevity, 

M, = — 
3 m2. a3 n3 (3 m pa 2 m'pul) _ 

(5n'—2n)3.cf m\/a 

(£>'•©] 
[3924Æ] 2 5' e' -f- 2 e 5 5 s' e'. (5 vj' )2= 
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and the great inequality of m' [3891] by* 

£'= — H'. sin. (5n't — 2ntJr 5s' — 2 s -{- [3926] 

Again, if we multiply together the two equations [3907c], and divide the product 

by [3907a], we shall get an expression of —Sôe'.ôzJ, similar to [3917fc], 

W, a, re, e, being changed into m, a', re', e', respectively, without altering the divisor 

5 re'—2 re. Adding this to the part of —2 deduced from [3923A], we 

find that the sum becomes nothing ; and the term of e'6 ' to' [3923/] produces the 

following expression, 

—2e,ô'vs'—2ôe'.8‘BS'=~ 
3m2. a3«3 (5mv/a-p2 m'y/a') 

(on/—ânp.tF m \/a 

[p-(^)+p'C/)]-cos-2T= 

[3924?] 

[3924m] 

Multiplying —Jbf2.<5e' [3907c] by — 

[3907a, 3917/], we get 

2 ô s'. <5 e'= 
15 m2. a'2re'3 

(5re'—2re)3 ' 

—, and by S s' [3924e], and reducing, using 
M.2 

[3924»] 

in which we must substitute the factor [3924A] ; then the resulting expression being added 

to [3924m], using M5 [39247/ the sum becomes 

—{2e'S''x'-\-2Ze,.8iz,—2M.Se’] = 

. cos. 2 T5 

. sin. 2 T5 

[3924o] 

Multiplying the equation [3924A] by sin. TV', and [3924o] by cos. TV, then adding [3924/?] 

the products, we find that the first member of the sum is equal to the function [39246] ; 

the second member, reduced by formulas similar to [3917o], is 

which, by resubstituting the values [3924f, a], becomes as in [3924]. 

* (2474) If we interchange the elements of the bodies m, m!, in [3826], and suppose 

B to become B', and i = — 2, we shall obtain an inequality of the body m', of the 

form [3925]. Substituting T5=5n't—2re?-|-5s' —2s, W3=nt-\-e', W'=rit-j-s'—to7, 

we find that the expressions [3925, 3926] become, respectively, 

W = K'. sin. ( T5 — W3 + B' ) ; £' = — H'. sin. ( T5 + A' ). 

29 

[3926a] 

VOL. III. 

[39266] 
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we shall find, that the inequality of m', depending on the angle 

4 nt — 9 n't -j- 4 £ — 9 s, is represented by 

Svfs==it (3wy/a-f 2;/y//) 
m\/a 

. H' K'. sin. (4 nt — 9 n't-{-A s— 9 s'—B' ~ A1). 

These may be reduced to forms similar to [39206, c], respectively, by observing, that 

the term 2e'. sin—zs), in the motion of m', similar to that of m [3913"], may 

be developed as in [3915], and will contain the terms 2 6 e'. sin. W— 2 e! ô zs' . cos. Wr, 

which may be reduced, as in [3916/], to the form 

2 

mA 

and by the usual process, as in [3916ft, i]j, it may be reduced to the form K'.sm.(T5— 

Now if we put B1=B'— to', and W’= W?j — zs [3926a], it becomes, as in [39266], 

K\ sin. ( T5 — W3 -f- B ' ) ; so that by substituting the value of Mz [3907a], we shall 

have identically, in like manner as in [39206], 

K’. sin. ( Tr-W.+B’) = // )-(/). cos. ( %- ?^+ra')+(!/).sin.( Tr- W3+rf) ^. 

Putting the two expressions of the chief terms of the great inequality [3924e, 39266] 

equal to each other, wre get, by changing the signs, 

_ . f m I "r: , . 15 Wl t Ct 72 ■' ^. ___ -, . . m ~ 
H. sin. (P5-f A') = 0 .[P. cos. T5— P'. sm. T5f. 

V 1 J (5 12-2 72)2 < 

The identical equations [3926c,/] are similar to [39206, c], and may be derived from them 

by changing ml, a, ?i, e, vr, ,/Z, P, K, H, into m, a, nr, e', zl, A', B', K', HW3, 

respectively ; also multiplying the second member of [3920c] by -1/ ? without altering the 

angle T5, or the divisor (5 n'—2 n). Making the same changes in the product of these 

two equations, and in [39216], we get from this last the following equation ; 

15?7i2.a'%'3 

(5 n'—2n)3 

.sin.( W3—2T5—to') 

.cos.{W3-2T5-tx') 

This equation being identical, we may change W3 — 2 T5, into 

(3 m \/a -j- 2 m' \/a!) 

W3 — 2P5 + 90d; 

then multiplying by 
2 m</a 

we find, that the second member of the product 

becomes equal to the expression [3924] ; and the first member becomes equal to [3927] ; 

observing that W3—2T5=4:nt—9n't-\-4s~9l and 15m2. a!3n'3=6?»2.a3n3 [3924g] ; 

therefore the expression [3927] is equivalent to [3924]. 
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14. The nodes and inclinations of the orbits of Jupiter and Saturn are 

subjected to variations analogous to the preceding. To determine them, we 

shall observe, that 9, <p, being the inclinations of the orbits to a fixed plane, 

and 6, d the longitude of their ascending nodes, we shall have, as in [1338], 

by reason of the smallness of 9, <p',* * 

7 . sin. n r=s f sin. d— © . sin. ê ; 

7 . cos. n = f cos. d— 9 . cos. ô. 

Moreover, from [3906], we havef 

, , . . N mt/a , . x 
à. (<p. sin. 6 ) — — — v . ô . ( cp. sin. 6 ) : 

mya v y 

<5 . (<p'. COS. d) = — . 3 . (<p . cos. 6) . 
my/a v y 

The subject of the small inequalities, treated of in this article, is resumed by the author 

in the fourth volume [9062, &c.] ; where he notices terms of the order m'2. e2, &c., 

which are omitted in [3914c]. His object in using the indirect methods, adopted in this 

article, is to avoid the great labor of a direct calculation ; assuming as a principle, that these 

very small inequalities may be determined in this manner to a sufficient degree of exactness, 

for all the purposes of practical astronomy ; as will appear from the minute examination 

of the terms of this kind in [9041—9114]. 

* (2475) Comparing the notation in [1337', 3902], we get d/=II; tang. p/ = tang. 7=7 

nearly ; hence the equations [1338] become p'—£> = / ■ sin-n, q' — q = y.cos.U. 

Now on account of the smallness of <p, we have very nearly p = cp . sin. Ô, q = cp . cos. d 

[1334]; and in like manner, for the orbit of m!, p' = <p'. sin. 6', q'= g. cos. 0'. 

Substituting these in [39296], we get [3929, 3929']. 

t (2476) The variation of the second member of [3929], arising from the action 

of the body ml upon m, is represented by —ô. ( <p. sin. 6 ), because <?', do not 

vary by the action of ml. The variation of the first member of the same equation, 

using the characteristics S/} y/5 as in [3899', 3904], is ô/r (7. sin. n) ; hence by 

development, we have 

— 6 . ( (p . sin. Ô) = <5/ 7 . sin. n -f- 7 • H . cos. II. 

In like manner, the variation of the second member of [3929], relative to the action of the 

body m, which does not affect 9, ê, is 8 . (9'. sin, Ô') ; and that of the first member is 

[3928] 

[3929] 

[3929'] 

[3930] 

[3930'] 

[3926*] 

[3926?] 

[3926m] 

[3929a] 

[39296] 

[3929c] 

[3930a] 

[39306] 
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[3931] 

[393r] 

[3932] 

[3932'] 

[3930c] 

[3930d] 

[3930e] 

[3930/] 

[3930g] 

[3931a] 

[39316] 

[39316'] 

[39316"] 

[3931c] 

[3931c?] 

[3931e] 

[3932a] 

From these four equations, we deduce the following,* 

cp <5 Ô = — 

' 6 cp = 

cp' <5 ô' = 

m! y/d 

m \/a -f- m! \/o! 

m! \/ d 

m [/a-j- m \/o' 

m \/a 

my/a-j- m!y/d 

my/a 

m y/a -f- m' y/a' 

• {(5 7 . cos. (n — é) —y . <5 n. sin. (rr — d) j ; 

.{(5 7 . sin. (n — ô) -j- 7 . <511. cos. (n —ô) J ; 

.{^7. cos. (n — d) — 7.0 n . sin. ( n — 0')} ; f 

.{07 . sin. (n — d) 4-7 . an . cos. (n—ô’)]. 

5/. (7 sin. n) ; hence we get [3930d]. Substituting successively in this the values 

[3906, 39306], we finally obtain [3930/], as in [3930], 

8 . ( cp1. sin. Ô' ) = / 7 . sin. II -j- 7 . <5, n . cos. n 

7ïh 1/CL 

= •sin-n + r-^n-c°s-n} [3906] 

= — .«5.(9. sin. è ) [39306]. 
m y a' 

In the same way, we may deduce [3930'] from [3929']. 

* (2477) We shall put, for brevity, Ms——mda 
v J L J 0 m y/a -j- m /a' 

then taking the variation of [3929], relative to the characteristic 

substitution of [3930], the following equation, 

m =_. 
7 m y a m' s/a ' 

S, we get, by the 

6.(7. sin. n) = 

or 

6.(9'. sin. d) — 6.(9. sin. Ô ) 

= — m,V'a; .6.(9. sin. Ô) — 6.(9. sin. Ô) = — — .6.(9. sin. Ô), 
m'ya M7 

6.(9. sin. Ô) = — M7. 8 . ( 7 . sin. n ). 

In like manner, from [3929', 3930'], we get 6.(9. cos. Ô ) — — M7.6.(7. cos. n ). 

Developing these two equations, we obtain 

<5 9 . sin. Ô -j- 9 <5 Ô . cos. 0 = — JVl7 .(67. sin. n -j- 7.8 n . cos. IT ) ; 

8 9 . cos. Ô — 9 8 6 . sin. 6 = — M7 .(67. cos. n —17.6 II. sin. n ). 

Multiplying [3931c, d] by sin. Ô, cos. è, respectively; adding the products, and 

substituting sin.2 Ô -j- cos.2 0=1, sin. II. sin. 6 -f- cos. II. cos. Ô = cos. ( n — Ô ), 

cos. II. sin. Ô — sin. n . cos. 0 = — sin. (II — ô), we get [3931]. Again, multiplying 

[3931c, d] by cos. d, —sin. Ô, respectively; adding the products, and making similar 

substitutions, we get [3931']. 

-j- (2478) We may compute the equations [3932, 3932'] from [3929—3930'], in like 

manner as in the last note; or more simply by derivation, in the following manner. 
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Therefore the variations of <p, 6, <p', ô', depend on the variations of y and n. 

We have, by § 12,* 

d y 

d t 

(m y'a -f- m! \/a!) 

ml y/a' 
. ml. an . 

. cos. {built—Qnt^ôs—2s) 

.sin. (bn't—2nt-\-5l—2s) 

1 

y.d n 

d t 

(m\/a \/a ) , 
—1-—. - . —-.m .an. 

m y a 

(—•) .sin. {bn't—Unt^-bl—2s) 

-f- ^ .cos.(5n't—2nt-\-bl—2s) 

If we change m, a, <p, Ô, y, into ml, a', <p', Ô', —-y, and the contrary respectively, in 

the equations [3929—3930'], they will remain unaltered, as will be evident by changing the 

signs of the two first of these equations, and multiplying those which are derived from the 

77% t/a 

two last by the factor —^-7. Making the changes [39326] in [3931,3931'], which 

are deduced from [3929—3930'], we get [3932, 3932']. 

* (2479) Substituting the values 8lty, 8fJlL [3900, 3901], in [3906e], and using, 

for brevity, the symbols T5 [38906], also an = a~i, oln' = a'~i, 

tit m'.an-\-m.a'n' (m/a + mVa') lir , + 
•lYh =---=-; - - , Mq— M o. m. an — -——7—~— .m'.an, 

ml. an m! \./n! 7 J 0 m'.Jn’ ' 
we get 

m' y'a: m y a 

nr m'.an {fdP\ . ^ , fdP'\ ^ } 

7 “—^ • 5 - 3 » • K 7 ) 'sm ‘Ts + ( ïf ) 'cos •Ts s5 

6n 

The divisor 5?i'—2n is introduced in S s, he. [1342,3899—3901], by the integration 

relative to t, spoken of in [1341a, &c.], in finding p, q, s [1341, 1342] ; where the 

angle T5 is considered as the only variable quantity ; the very small terms, of a different 

form or order, depending on the variations of the elements, which enter into the second 

members of [1342, he., 39336, c], being neglected. If we again resume the differentials 

of the expressions [39336, c], upon the same principles, we shall get 

d ,{8y) 

d t 
=—mr ml. an . cos. T5 

dP' 

dy 
. sin. Tr 

These equations are equivalent to [3933, 3933'], omitting the characteristic 5, which 

merely signifies, that the calculation is restricted to terms depending on the angle T5 [3893']. 

vol. hi. 30 

[3933] 

[3933'] 

[39326] 

[3932c] 

[3933a] 

[39336] 

[3933c] 

[3933c'] 

[3933d] 

[3933e] 

[3933/] 
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[3933"] Hence we deduce, by neglecting periodical quantities* ivhose effect is 

insensible, and observing thatf 

[3934] dP'\ /ddP\ 

dy )\dy*J 
dP\ /ddP' 

d 7 d y^ °5Î 

* (2479a) If we compare the expressions [3842, 4401] with the numerical values 

[393%] of eiv, ev, y, or tang, y [4080, 4409], we shall easily perceive, that the terms of P [3842], 

[39335] depending on y, are not a thirtieth part so great as some of the terms depending on eiv, ev ; 

therefore the periodical inequalities depending on the variation of y, will evidently he 

[39331] mucd *ess d)an those arising from the variations of eiv, ev. Now from the computation 

made in [4438, 4496], it appears, that these last inequalities are nearly 44' and 9s ; hence 

it is evident, that we may neglect the periodical quantities spoken of in [3933"]. 

[3934a] 

[39345] 

t (2480) Dividing [3842] by a', and taking the partial differentials relatively to y, we get 

ni. ^ — 2 Af(4). e' y . sin. ( 2II to7 ) -j- 2 M(5). e y . sin. (2n-j-ÿ) ; 

in. — 2 M{A). e'. sin. ( 2 n -f- to') -j- 2 M{S). e . sin. ( 2 n ns ). 

[3934c] 

Multiplying the second of these equations by y, it becomes equal to the first ; hence we 

get, by dividing by ml, y . • In ^e manner, from the values of 

fddP'\ /dP'\ 
m'.dP’ [3843], we obtain y . (j J = ^ —-j ; dividing the first of these 

expressions by the second, we get an equation, which is easily reduced to the form [3934]. 

| (2481) To obtain the effect of the variations of P, P', £, £', in dy [3933], we 

may proceed in the same manner as we have done in notes 2461, 2462 [3909a, &c.], in 

finding the variations of de, cMs. In the first place, we must substitute, as in [3908a], 

for nt, n't, in [3933], and use the symbols [3933a]; hence we get 

[39355] dy——JW8. m'.andt. <j •cos. (5 2 £-j-5 s'—2s) — ^. sin. (5 2g-f-5s'—2 s) . 

[39355] 
Substituting in this the values [3909c/], we get the following expression, which is nearly 

similar to [3909c], changing e into y, &c., and writing, as usual, d 6 y for 5 y, 

[3935c] 

The variation of this expression, arising from 5 e, o zs, S e', <5 to] ôy, S n, in the two 

first terms, may be found as in [3909e—7c] ; or more simply by derivation, in the following 
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3 in' a. a2 n3 (my/ct-f-m/y/a') (5 vii/a-^-Sm's/a') ( /dP'\ , /dP\y 

(5»'—2/2 mls/a! ’ m'y/a' * ^ ” \ d y / *W7/; 

m'2. a2 n2 (my/a-hmVa') Ç /dP'\ /ddP\ /dP\ /ddP'\ } 

5n'—2« * m'y/a' ' ( \de / \detfy/ \ d e / \dedy ) ) 

| mm!.aa!.nn' (my/a-fm'y/œ') ^ Ç (dP'y (ddPy (dP\ (ddP'y^ 

5 w'—2» ’ mV«' * ( \de' / \de'dy ) \dd ) \de'dy) \7 

manner. If we change, in dSe [3909e], e into y, to into n, and the contrary ; also 

in' into M8. in', without altering the values of P, P', JV, JV, T5, e, to', he. ; 

we shall find, that this expression of d ô e becomes equal to that of d S y [3935c] ; and 

by making the same changes in the other expressions of d, 6 e [3909A, 7c], we shall get the 

similar values of d ù y. After making these changes in [39097c], and putting, for brevity? 

Mÿ= M8 . m!. a n [3933rt], we may alter the arrangement of the quantities, so that the 

terms depending on the same differential coefficient may be connected together, and 

wre shall get 

dS7= M9.dt.(5N'—2N).{(j^ycos.T5+(^').sm.TA 

-{- J\I9. d t. //)•(—fo*c os.T5-—e fe.sin. rl'^)-\-J\l<j.dl.y ^ . (oe.sin. 7^—,c< 

<h'.cos.T5_y5n.sm.T5)+M9.£//[/.(c5y.sin.7t—yJn.ci 

A7P'\ t 

.M9.dt.Su.l(yLysia.T5+(^).ms.T5\. 

We may neglect the fourth and fifth lines of this expression. For if we substitute the 

values [3907g] in the fourth line, it becomes equal to ~ f multiplied by the terms in 

the first member of [3934], and is therefore equal to nothing. Moreover, by using the 

value of S n [3907c7], we find that the lower line of the expression [3935/] becomes of a 

similar form to that in the second member of [3909/] ; the partial differentials of P, P' 

being taken relative to y, instead of e. Hence we find, as in [3909y], that this line 

of [3935/] depends upon the periodical quantities sin. 2 t5, cos» T5 j which sue 

neglected in the present calculation [3933"]. The three remaining lines of the expression 

[3935/] being reduced, and integrated relatively to l, produce respectively the three lines 

of the expresson of 8 y [3935]. For if we compare the first line of [39097c], multiplied 

*^8 m\an [3933a], with the first line of [3935/], we shall find that they become 

identical, by changing the partial differentials relative to e into those relative to y ; hence 

Inequality 
in the 
inclination 
of the 
orbits of 
Jupiter and 
Saturn. 

[3935] 

[3935c/] 

[3935e] 

[3935/] 

[3935g] 

[3935/;.] 

[3935i] 
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Inequality 
in the 
place of 
the node. 

[3936] 

[3935A] 

[3935Z] 

[3935m] 

[3936a] 

[39366] 

[3936c] 

[3936c?] 

[3936c] 

3m/2.a2m3 (m\/a-\-m!\/a!) [5m[/a-\-2m,{/a/) ^ p /c?P\ /dP'\^ 

(5 n'—2 n)2.y m's/a' ‘ m'y/a' ( * v?y/ ' "\dy/) 

+ 
to'2, a2 n2 (my/a-j-m'i/V) 

(5n'—2«).y m'y/a' 

we obtain the coefficient of t, in the term of <5 y, depending on the first line of [3935/], by 

multiplying the first line of [3910], which is derived from the first of [3909/], by M& [3935* *], 

and changing the differential divisor de into d y, as in the first line of [3935]. Again, 

substituting the values [3907c] in the second line of [3935/], and using 

Mg to'2, a2 n2 (to ffa ffi m!\/a') 

5 n'— 2 m ‘ m! y/d 
[3933a, 3907a], 

we get the second line of [3935]. Lastly, substituting [3907/], and 

** = . ("v/<,+mV°') [3933«, 3907a], 
M2 5n'—2n m!s/d 1 ’ 

in the third line of [3935/], we get the third line of [3935]. 

* (2482) We may compute (in from [3933e], in the same manner as we have 

found <5 y [3935] from [3933c?] in the last note ; or we may use the principle of derivation ; 

observing that the expressions of dy, y d n [3933c?, e] have a relation to each other, 

which is similar to that of de, c c?vs [3908c, c?]. Moreover the former values may 

be derived from the latter, by changing e, he., into y, n, he., respectively, as 

in [3935c?] ; therefore we may derive the expression of <5 n from that of <5 y, in the same 

manner as we have derived 8 vs from S e, in note 2462 [3910a, &c.]. Proceeding now 

as in that note, we shall find, by changing e into y, &c. in the terms [391 Op, q], and 

reducing as in [3910r], that these terms depend on the periodical quantities sin. 2 T5, 

cos. 2 %, which are neglected in [3933"] and in [3935A]. In the terms depending on 

the factor 5 JV'—2 JV, we find, by proceeding as in [39107c], that we must change 

© imo yC/)’ and ©) in,° «V ™ki"S *ese 

changes in the first line of S y [3935], we get the corresponding terms of <5n in the first 

line of [3936]. The remaining terms corresponding to those which are computed in 

[3910m—o], depend on the second differentials ddP, ddP', and maybe computed 

from the second, third, and fourth lines of [3935/]; changing T5 into T5—90^, as 
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15. If we wish to determine, for any time whatever, the elements of the 

planetary orbits, we must integrate the differential equations [1089, 1132], 

by the method explained in [1096, &c.] ; but in our present ignorance 

of the exact values of the masses of several of the planets, this calculation 

would be of no practical use in astronomy ; and it becomes indispensable to 

notice the secular variations, depending on the square of the disturbing 

force, which we have just determined ; since they are very sensible in the 

orbits of Jupiter and Saturn. These variations increase the values of 
Àh'v cl liv dpiv d qvr dhv 0 . . 
IfT’ ~d7’ ~dT ’ ~d7’ ~dt ’ ^C’’ relatlve to these two planets, by the 

quantities* 
h'v. Seiv 

elvt 
+ 

liv. S elv hiv.8ziiv 

eht r 
jpIv.c)<plv q'v.8ôiv 

c-pivt t 
&c., [3938] 

in [3910a—d], and substituting the values [3907e—g] ; by this means we shall obtain 

the corresponding terms, which are to be multiplied by 

in 5 n, namely, 

M9 WdP\ /ddP\ (dp,\ 

Mx ' * \17dr)~^\d7) ’ 
ddP' 

ded 7 

Mg 

' Mo 

dP 

de' 

M9 $/dli 

~T~Mz'l\d7 

Substituting in this the values [3935/, to], also 

Ma 
M3 

m!~. a2 n9 mm.a ann 

dt 

7 

ddP 

de' dy 

ddP 

d y2 

(m \/a -j- m'\/a') 

w!\/a' 

in d 8 n ; or by 

+Œ e 

. fdP'\ (ddP'\7 

^\dy)'\düf~)S 

15n'—2n 1 5 n'—2 n 

we get, by a slight reduction, the second and third lines of [3936]. 

[3933a, 3907a], 

ddP' 

dt' dy 

ddP' 

t 

7 

[3936/*] 

[393%] 

* (2483) The equations [1022], corresponding to Jupiter and Saturn, are 

A1V = eiv. sin. roiv ; liv= eiv. cos. vÛ ; MW ev. sin. ; lv= e\ cos. 

Taking the variations of these quantities, relatively to the characteristic 8, used as in [3938'], 

and then substituting the values of sin. ^iv, cos. vjiv, &c., deduced from [3938a], we get 

8 hlv= 8 eiv, sin. roiv -f eiv. 8 wiv. cos. roiv= <5 eiv . — 4- eiv. 8 •raiv. — ■ 
giv * eiv 7 

Sliy==8 eIv. cos. w —■ eiv. 8 wiv. sin. wiv = 8 eiv . ^ — eiv. 8 TOiv. — , &c 
eiv eiv ’ 

The secular part of any one of the quantities <5eiv, 8^iv, Sev, 8^ [3910, 3911, 3922, 3923], 

may be put under the foim en = A t \ A being a function of the elements of the orbits, 

of the order m'«. Its differential, divided by dt, gives = A = observing, 
(L t tr 

that the variations of A may be neglected, because they are of the order to', and are 

VOL. III. 31 

[3938a] 

[39386] 

[3938c] 

[3938c?] 



122 PERTURBATIONS OF THE PLANETS, [Méc. Céb 

[3938'] 

[3939] 

[3940] 

[3940'] 

[3941] 

[3942] 

[3943] 

[3938e] 

[3938/] 

[3939a] 

[3940a] 

considering only in 6elv, Swlv, the quantities 'proportional to the time t. 

determined in the preceding articles. We must substitute, in these last 

quantities, the values of elv, sin. ■xlv, cos. to1/ &c., expressed in terms 

of hlv, llv, &c.* The differential equations [1089] will then cease to 

be linear ; but it will be easy to integrate them by known methods of 

approximation, when, after the lapse of many centuries, the exact values 

of the planetary masses shall be known. In the present state of astronomy, 

it is sufficiently accurate to have the secular variations of the elements of the 

orbits, expressed in a series ascending according to the powers of the time, 

carrying on the approximation no farther than to include the second power. 

We have seen, in [1114", 1139'"], that the state of the planetary system 

is stable, or in other words, that the excentricities of the orbits are small, 

and their planes but little inclined to each other. We have deduced this 

important result of the system of the world from the equation [1153],f 

constant = (e9 -f- ©2) . m \/a T (e'9 -j- <p/2) . m' \/a' + &c. ; 

for the second member of this equation being small in the present state 

of the system, it must always remain so ; consequently the excentricities 

and inclinations of the orbits will always be quite small.f We shall now 

prove that the differential of the preceding equation [3941], 

(e d e -f- 9 d <p ) . m y/a -j- (e' d e' -f- <?' d /) • cn! \/al -j- &c. = 0, 

multiplied by <5 elv, which is of the order m'2, producing terms of the order m!3. For a 
fov l iv 

similar reason, we may neglect the variations of — , — , he. in finding the differentials 
61V 

of [3938/ &;c.]. Hence the differential of the last expression in [3938/, divided by dt, is 

dShiv d&eiv hiv , . dô^iv Ziv <5 eiv /iiv , . ôt&v l * . . 
as in [3938], omitting the = ——. -—f- e1 

dt elv 1 
— = — 4- elv. 
elv t eiv 1 dt dt eiv 1 dt ’ eiv t e& ' t eiv 

characteristic ô in the first member. In a similar way, we may obtain the other values 

dpiv dep 
[3938] from [3938c, &c.] ; also the variations of 

dt d t 
he. from [1132, 1032]. 

# (2484) The equations [3938a] give eiv= p/(Ahr2-|-Ziv2), ev =p/(Av2 -f- lv2), as 

in [1108] ; which are to be substituted in [3938] ; and when the resulting quantities are 

added, respectively, to the second members of [1089, 1132], they cease to be linear 

in hlv, llv, he., as is observed in [3939]. 

f (2485) Neglecting terms of the order <p4 * 6 * *, we may put tang.2<p = p2, and then [1153] 

becomes as in [3941]. 

% (2486) This must be understood with the restrictions mentioned in note 762 [1114a, &c.] . [3941a] 
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obtains even when ice notice the secular variations of the elements of the orbits 

determined in the preceding articles [3910, 3922, 3935, &c.]. Hence it 

will follow, that these variations do not affect the stability of the planetary 

system. To render this evident, it is only necessary to prove, that if we 

represent the mass of Jupiter by m, that of Saturn by m\ and put 

5 e', <5 <p, 6 o', respectively, for the secular variations of e, e<p, f 

which were found by the preceding calculations, we shall have 

{e 8e -j- ? 8<p) . m fa + (e'<5 e' + <p'ô$0 . m' fa!= 0. 

If we substitute, in the function <ps <p. m\/a -f- <pQ f m'fa', the values 

of <p, 5<p, f 6f given in the preceding article, it becomes* 

mm'fa d 
--- • y 6 y * 
mf a m'f d 1 

which changes the equation [3944] into 

/ , / r , , , , mm’\/ad 
e à e . mfa e 6 e. m fa J-;—- , . ,. y 6 y 

m fa -j- m f d 
= 0. 

We shall now commence with the consideration of the first line of the 

expression of 6 e [3910], which becomes, by the substitution of a3 rd= 1 

[3709'],f 

8e 
■ 3 m!. (5 m fa -J- 2 m! fa') 

(5 n'—Qnf.af d 
. nt .\P. 

'dP' 
P'. 

dP 

d e 

* (2487) Multiplying [3931, 3932] by cp.mfa, cp'.m'fd, respectively, and adding 

the products, we get 

mm’fad ( ^7 • I ~9 • cos-( n~0 + ^ cos. (n —H 
-Vn-V <*-. Cp 0 (D -j-cp d(p = --y-. < > . 

m/afmyd ^ y n . { <p . sin. ( II— 6) — cp'. sin. ( II — &)} } 

Now multiplying [3929, 3929'] by sin. n, cos. IT, respectively, adding the products, and 

putting sin.2II-}-cos.2n = 1, sin.II.sin.ô'-j-cos n.cos.ô'=;cos.(il—$'), he. [24] Int., 

we get [3944c]. In like manner, multiplying [3929] by —cos. n, and [3929'] by 

sin. n, and reducing the sum of the products, it becomes as in [3944d] ; 

cp'. cos. ( n •— Ô') — (p . cos. ( IT — Ô ) =y ; 

cp'. sin. ( n —< Ô') — cp . sin. ( n — & ) = 0, 

Substituting these in [3944a], it becomes as in [3945] ; and by this means [3944] 

changes into [3946]. 

f (2488) Substituting a2 n3 — — [3946'] in the first line of 8 e [3910], it becomes 
Ct 

as in [3947]. Again, substituting a3n3=n [3946'], in the first line of 5 e' [3922], 

we get [3948] ; in like manner, the first line of [3935] becomes as in [3949]. 

[3943'] 

[3943"] 

[3944] 

[3944'] 

[3945] 

[3946] 

[3946'] 

[3947] 

[3944a] 

[39446] 

[3944c] 

[3944d] 

[3946a] 
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[3948] 

[3949] 

[3950] 

[3950'] 

[3951] 

[3951'] 

[3952] 

[3949a] 

[3950a] 

In the second place, we shall consider the first line of the expression 

of (5 é [3922], 

3m. (5 2m't/V) C fdP'\ 77/ /fZP\l 
se =-/A oA ,/ l-nt.]P.l-rr) — P'. yrU- 

(57i—2nf.as/a ( \de J \de 

Lastly, we shall notice the first line of the expression of S y [3935]. 

3m'.{■ôm\/a-\-<Zm'\/a') C p /dP'\ p, fdP 

(5n'—2»)2. a\/d id \/a! ( \dy ) d 7 

If we notice only these terms, we shall find * 

/ / / , . , . m.m'y/aa' 
e 6 e.m \/a + e <5 e.mwa -f —7—7—rT7 • 70 7 

v v rn \/a -{-M y/a! 

„ r /dP'\ , , fdP’\ , (dP 
P. e . ( —— J -f" e • ( ~T~r ) 7 • ( 

3mm'. (5m\/a-\-2m'\/a') ^ L \de J \de / \ 7 

(5 ri— 2?i)2.\/ao' 
d 7/J 

Now P, P', being homogeneous functions of e, e', 7, of the third 

dimension, we shall havef 

e . 

e. 
^P' 

„ d e 

5ZP'\ , AZPr 

,77)+r-Lr. 
3 P' ; 

therefore the equation [3950] will become 

, , , . , . mm'\/a a! r. 
e 6 e . m \Za -\- ë 6 e'. m! \/a d-,.7-,. 7 a y = 0. 

* (2489) Substituting the terms of $e, Se', 07 [3947,3948,3949], in the first member 

of the expression [3946], it becomes as in the second member of [3950]. 

f (2490) The expressions of P, P' [3842, 3843], are evident!) homogeneous in 

e, e', 7, and of the third dimension. Now the theorem in homogeneous functions 

[1001a], by putting n = 3, a = e, d = e\ a"=y, A{l)=P, becomes as 

in [3951]; and if we put A^=P', we get [3951']- Substituting these in [3950], 

we get [3952]. 
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We shall, in the next place, consider the following terms in the fourth line 

of <5e [3910],* 

m'z.t C/dPA fddP\ (dJL\ fddP'\ fdP'\ (ddp\ fdP\ /ddP'\'i 
(5 n/—2n),a't\de)\de^ ) \de ) \ de% )'\ dy ) \dedy) \d<y )\de dy)\ 3 ^ 

and the terms in the third line of 6e' [3922], 

j mm'.t UdP'\7ddP\ 7dP\7ddP'\ 7dP'\fddP\ /dP\fddP'\} 

'C~(5n'-‘2n)Vaarl\de )\dede'J \de )\d7d7)~p\dy J\d7dÿj\Jty)\dïdÿ)y ["54] 

also the terms in the second line of 8 y [3935], 

*7= "A . ($*£)-(") ; [3955] 
(5n— 2n).a m'^a' l\dej \dedyj \de J \dedyj S 

we shall have, bj noticing these terms only, and observing that we have, 

as in [3934], 
fdp'\ fddP\ (dP\ (ddP’\ 

139561 

e ô e . m [/a -f- e! 8 é. m! \/a! -f- 
mm!\/a a ' 

m\/a-\-m! \/ a 
,'7 8 7 

[3957] 

* (2491) The part of <5 e in the fourth line of [3910], by the substitution of 

W £ P946']- a3n3 = - [3946'], becomes as in [3953]. Again, we have an-. 

1 . r " [3952a] 
aa.nn'=-^—7; substituting this in the third line 8 e! [3922], it becomes as in [3954]. 

Lastly, substituting a3n3=~ [3746'], in the second line of 8 y [3935], it becomes [39526] 

as in [3955]. 

f (2492) Adding the two terms [3956] to the two terms between the braces, in the 

last factor of the expression of 8 y [3955] ; it becomes of a symmetrical form with the [3957a] 

values of 8 e, 8 e' [3953, 3954]. Substituting these values of 8 e, 8 e<5 y, in the first 

member of [3957], and connecting together the terms depending on the same factors of the [39576] 

first order, it becomes as in the second member of [3957]. 

vol. hi. 32 
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[3957] 

[3958] 

[3958'] 

[3958"] 

[3959] 

[3959'] 

[3960] 

[3958a] 

[39586] 

[3960a] 

[39606] 

[3961a] 
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and are homogeneous in e, e!, 7, and of the second 

dimension ; hence we have* 

1#) +c • [dTdl'J +ï\dü^J 

/ddP'\ , , /ddP'\ , /ddP'\ 

\-d^)+e\d^;')+^\jrrr) = 2- 

de y 

dP's 

de 

Moreover ’ (~^y) are homogeneous in e, e', 7, of the second 

dimension ; therefore we have 

'ddP 
e. 

e. 

^de dy 

'ddP 

\ , , (dd,P\ (ddP\ _ AIP 

)+e\m)+r-w)=2- 

, fddP’\ 

;)+e\ddTy)+7- 

Cddr\ 
^dedyj 1 \de'dyj 1 ‘ \ dy2 ) 

hence we find, by noticing these terms only,f 

2. 

d y 

dPr 

d y 

/ r / / / / / t mm! \/a a! 
ehe .msja-^r e se. mya H--—p——, .767=0. 

m ya -f- m y a 

Lastly, we shall consider the following terms of 6 e, | included in 

* (2493) It evidently appears from the values of P, P' [3842, 3843], that 

/dP\ (dP'\ (dP\ fdP'\ . 
V'Tê"/ \de)'> Vdy)’ Vdpr') 3X6 homogeneous functions m e, e, y, of the second 

degree, corresponding to the formula [1001a,], supposing a = e, a'==e, a!' —y, m=2. 

If we put, in this formula, Âli) = > we get [3958] ; and £{i) = gives 

/dP\ /dP'\ 
[3958']. In like manner, by putting successively, A[i) = ( — j, A[i) = {y—■) [1001a], 

we get [3959, 3959']. 7 ' 7 

f (2494) Substituting the values [3958, 3958'] in the first and second lines of the 

second member of [3957], we find that these terms mutually destroy each other. In like 

manner, the terms in the third and fourth lines of [3957], are destroyed by the substitution 

of [3959, 3959'] ; and the whole expression becomes as in [3960]. 

\ (2495) Substituting a a', n n' = - [3952a], in the last lines of the values 

of S e, 8 y [3910, 3935], we get [3961, 3963], respectively. Putting a'2n'2=-/ 

[3952a], in the second line of 8 e [3922], we get [3962]. 
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the seventh line of [3910], 

be 
m ml. t 

(5 n'—2n).\/aa' 

and the terms of <5 e', in the second line of [3922], namely, 

Se’ = 
mP.t 

(5 ri—2 n).a 

also those terms of <5 y, in the third line of [3935], 

mm' (my/a-j-mVa7) Ç /dP'\ /ddP\ /dP\ /ddP'\ 

^ y (5 ri—2n).\/aa! m'i/a' \ \del J \de'dy) \de' )\de' dy) ) 

Hence we shall have, by noticing these terms only,* 

m in fa a 
e 0 e . ffli/fl 4- e6 e. m wa -)--—, . .yôy — 0. 

K v m fa -j- m fa 

Therefore the equations [3946, 3941 ] hold good, even when we notice the terms 

depending on the square of the disturbing force [3910, 3922, 3935]. 

* (2496) Substituting the values of 0 e, be', ô y [3961—3963], in the first member 

of [3964], and reducing, as in the preceding notes, by means of formulas similar to 

[3958—3959'], we shall find, that the terms mutually destroy each other. But without 

taking the trouble of writing down these formulas at full length, we may abridge the 

calculation, by the principle of derivation, in the following manner. If we multiply 

the values of <5 e, Sel, b y [3953,3954,3955], by the factor ar>d in die terms 

which are connected with the two differential coefficients 

partial differentials of P, P', of the first order relative to de, into those relative 

to de'; and in the differentials of the second order, de2 into de de', de de' into de'2, 

d e d y into d e' dy, the other differentials being unchanged ; we shall obtain the three 

expressions [3961, 3962, 3963], respectively. The same changes in the partial differentials 

may be made in [3958.3958'] ; as is evident by putting, in [1001a], a = e, a'=e', a"=y; 

and then A[i) = 3 t0 obtain the equation corresponding to [3958] ; also A1''— (fff) ’ 

to obtain the equation corresponding to [3958']. To render the expression [3963] 

symmetrical, we may, as in [3957a], add the two terms [3956] to those between the 

braces in [3963]. Hence it is evident, that if we substitute these values of be, be', by 

[3961,3962, 3963,3964/], in the first member of [3957], the result will be equal to 

the second member of [3957], multiplied by the factor [39646], changing also the partial 

[3961] 

[3962] 

[3963] 

The sta¬ 
bility of 
the orbit of 
a planet i? 
not dis¬ 
turbed by 

[3964] 
terms of 
the order 
of the 

[3964'] 
square of 
the dis¬ 
turbing 
forces. 

[3964a] 

[39645] 

[3964c] 

[3964rf] 

[3964e] 

[3964/] 

[3964g] 
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[3965] 

[3965'] 

[3965'"] 

[3965'"] 

[3966] 

[3966'] 

[3964/i] 

[3964/] 

[3964Æ] 

[3965a] 

[39656] 

[3965c] 

[3966a] 

The determination of the invariable plane, given in §62, Book II, is 

founded on the three equations,* * 

C = m [/a.{ 1 —fc2) • COS. 9 -f mf fa'. (1 — e'2) . COS. &c. ,* 

c' = m fa7(l—e2) . sin. 9 . cos. ô -f m!fa'.{ 1 —e'2). sin. 9'. cos. ô' -j- &c. ; 

c" = m fcf\—e2). sin. 9 . sin. ô -j- m'p/a'.(l—e'2). sin. 9'. sin. ô' -j- &c. ; 

a and a' being constant, having regard even to the terms [3906'—3907], 

depending on the square of the disturbing force. The first of these 

equations gives, by neglecting the products of four dimensions in e, e, &c., 

9, 9', &c.,t 

constant = (e9-f 92) . mfa + (e's -f 9,a) . m'fa' + &c. ; 

and we have just seen, in [3964'], that the terms depending on the square 

of the disturbing force, do not affect the accuracy of this equation. The 

differentials, as in [3964c]. Now the third and fourth lines of the terms between the 

braces, in the second member of [3957], remain unchanged [3964c/] ; they must therefore 

vanish, as in [3960//], by the substitution of the expressions [3959, 3959]. In like 

manner, the first and second lines vanish, as in [3960a], by the substitution of the two 

equations found in [3964c], corresponding to [3958, 3958]. Hence the second member 

wholly vanishes, and the result becomes as in [3964]. We may remark, that this 

demonstration is restricted to terms having the small divisor (5 n'—2?i) j but it is 

extended to other terms in [5935, &c.]. 

* (2497) Substituting ( 1 -f- tang.2 9)"* — cos. 9 ; ( 1 -f- tang.2 <p')~*= cos. 9] &c. 

in [1151], it becomes as in [3965]. Making the same substitutions in d, c" [1158,1159], 

and putting also, as in [1156], 

p . cos. 9 = sin. 9 . sin. Ô ; q. cos. 9 = sin. 9. cos. ê ; p’. cos. (pf = sin. 9'. sin. 6', &c., 

we get [3965] 3965'] It may be remarked, that the quantities c', c", are in the original 

work called c", c', respectively ; they are here altered so as to conform to the notation 

in [1158, 1159]. 

f (2498) If we neglect terms of the order e4, 94, we shall have 

s/a.{ 1— e2) = (1 — be2), fa, cos. 9 = 1—\92 [44] Int. ; 

hence m f a.( 1—e2). cos. 9 = mfa — b • (f T 92) * m fa j substituting this and the 

similar terms of a', e', 9, &c., in [3965], it becomes 

c = mf a -j- mf a! -j- &,c. — b 9s) . m fa -f- (e'2 72). m! fa! -f- &c.[. 

Multiplying this by —2, and transposing the constant terms —2 mf a, —2 m'fa'—&c. 

to the first member, we get [3966]. 

[39666] 
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equation [3965"] gives, by neglecting the products of three dimensions 

in e, e\ &c., 9, f &c.,* 

<5. (©. sin. ô) . m /a -j- <5. (<?'. sin. ô') . m!\/a! -f &c. = 0. [3967] 

Now if we notice only the terms depending on the square of the disturbing [3967/] 

force [3931—3936],f this equation will hold good ; therefore the expression 

c" = m /a/J^e2) • sin. <p • sin. 6 -§- m! /a'. (1—e'2) . sin. cp'. sin. ô' -j- &c. [3968] 

[3965"], will not be affected by these terms. In like manner, we find, [3968'] 

that a similar result is obtained from the equation [3965'], 

c' = m / a. {I—t2) . sin. 9. cos. â -j- ml /d. (1 —e'2) - sin. cp'. cos. & -j- &c. [3969] 

Hence the invariable plane, determined in ^ 62, of the second book [3969'] 

[1162, 1162'], remains unchanged, even when we notice these terms 

depending on the square of the disturbing force. 

16. The terms depending on the square of the disturbing force, have a 

sensible influence on the two great inequalities of Jupiter and Saturn ; J we [3969"] 

* (2499) Neglecting terms of the order cp3, cp'3, we may put sin.p=p; sin.<p'=<}>#, &c. 

[43] Int. If we also neglect terms of the order e2©, e'2<p', he., the equation [3965"] 

may be put under the form c" =(o . sin. Ô). m/a-j- ( <p'. sin. Ô1) . m! /a' -f- he. ; and [3967a] 

if we take the variation relatively to the characteristic <5, it becomes as in [3967]. 

f (2500) The terms here referred to, are those mentioned in [3943'], and computed 

for two planets in [3929—3933']. The equations [3930, 3930'] may be put under the 

following forms, 

S . ( ©. sin. Ô ) . m /a -}- ô. ( cp'. sin. & ) . m! /a' = 0 ; 

5.(<p. cos. Ô ). m /a -f- (5. (9'. cos. 6' ) . m! /d= 0. 

[3968a] 

[39686] 

In the same manner, other planets produce similar expressions, and the sum of all the 

equations, corresponding to the first, forms the equation [3967] ; a similar equation may [3968c] 

also be obtained from the sum of the equations of the second form. 

X (2501) Substituting the expressions [37565, c, e], in ô R [3764], it becomes as 

in [3970]; observing, that the coefficients of A2-]-/2, A'2-}-?'2 [3764], are equal to [3969a] 

each other, as appears by multiplying [3752<7] by — 4. 

33 VOL. III. 
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[3970] 

[3970'] 

[3970"] 

[3970"'] 

[3971] 

[3970a] 

[39706] 

[3970c] 

[397Od] 

[3970e] 

shall proceed to determine the most considerable of these terms. We have 

seen, in [3764], that the expression of R or ôR contains the function 

<5 R = 
771 

~ . (e2-j- e'2) . ] 2 a . 
8 ( 

dA^ 

da ) 
fed 

dddA(-0)\') 

+ |.^cos.(^-w).|4^ 
, fdÆf , (dd&9\ 

771 

+ — .aa'.B^.f. 

If we increase the quantities e, e!, w, ra, r, in this expression, by their 

variations, depending on the angle 5 n't — 2 nt,* we shall obtain in R 

some terms depending on the same angle ; and it would seem, on account 

of the divisor bn'—2 n, connected with these variations, that these 

terms might become sensible. But we must observe, that this divisor 

disappears in d R, because the differential characteristic d, refers only 

to the co-ordinates of m, or to the variations of e, zs [916'] ; so that it 

introduces the multiplicator bn' — 2 n. Now we have seen, that the great 

inequality of m depends chiefly on the term Saffndt.dR [ 1070"]]. 

The inequalities of the radius vector and the longitude, which depend on 

the variations of the excentricities and perihelion, relative to the angle 

5 n't—2nt, have therefore very little influence on the two great inequalities 

of Jupiter and Saturn. 

We shall see hereafter [4392, &c., 4466, &c.], that the most sensible 

inequalities of these two planets, depending on the simple excentricities 

* (2502) The variation of e, d, zs, he., here referred to, are those represented 

by S e, Sd, ôzs, he. [3907&, c, d] ; all of which have the divisor 5 n'—2 7i [3907a]; 

but the divisor is destroyed in finding their differentials d e, d ct, &c., as is evident from 

[3908c, &c.]. Hence it follows, that the differential of the expression [3970] gives, 

in d à R or d R, terms depending on e d e, e e'd zs, Sic., which do not contain 

this divisor ; and if we substitute them in the chief term of the great inequality [3970w], 

they will produce terms which are of the order ???/2, or of the order rn', in comparison 

with the chief terms computed in [3844, 4418, 4474] ; but as these terms of the order m'2, 

have the same divisor (5 n — 2 w)2, as the chief term, it seems proper to examine 

carefully into their exact values, instead of neglecting them, as the author has done. We 

shall also see, in [4006q he., 4431/], that several terms, omitted by the author, similar 

to those treated of in this article, are quite as important as those which he has retained. 
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of the orbits, are relative to the angle nt— 2n't. We shall put* 

— = F. cos. (nt — 2 n't -j- s — 2 s' -f A), 
a v 

for the term of depending on this angle ; and 

ô v = E. sin. (■n t — 2 n't + e — 2 s' + B ), 

[3972] 

[3973] 

for the term of 6v, depending on the same angle; also for the 

S t' 
corresponding terms of — and 6 v', 

a 

% = F'. cos. (n t — t ri-t +« — 14 + A') ; £3074) 

ôv' = E'. sin. (nt—2n't + 8 — 2f+B'). [3974'] 

If we suppose that R corresponds to Saturn, disturbed by Jupiter, and [3974"] 

then develop it relatively to the squares and products of the excentricities 

and inclinations of the orbits, noticing only the angle 3 n't — nt, we shall [3974'"] 

obtain, as in [3745, &c.], a function of this form,f 

R = M{0). e'2. cos. (3 n't — n t -f- 3 s' — s — 2 -J) 

+ M{i). e e'. cos. (3 n't — n t -f- 3 s' — e — « — to') 

4- M(2). e2. cos. (3 n't — n t -f- 3 s' —*s — 2 

+ M(3). y2. cos. (3 n't — n t -j- 3 s' — s — 2 n). 

[3975] 

* (2503) The terras of o v [439*2], depending on the angle nt — 2 n't, or rather 

on 2 nvt — n" t, are of the order 138’’ or 56% and may be reduced to the form [3973] ; [3973«] 

those of 5 v1 [4466] are of the order 182% 417% and may be reduced to the form [3974'] ; 

they are the largest terms of the expressions [4392, 4666]. In like manner, the parts 
Ô T (3 

of —, [4393, 4467], may be redueed to the forms [397*2, 3974]; the last of [39736] 

which is the greatest term of [4467], 

f (2504) This value of R is similar to that assumed in [3745—3745"'], changing 

reciprocally the elements of m! into those of m ; also Mt2) into Mm, M(0) into M {‘2) ; [3975a] 

and afterwards putting i = — 1. This form of the angles in the value of R, is selected 

because it produces, in connexion with the variations [3972—3974'], terms in dR, d'R, [39756] 

of the order m2, depending on the same angle 5 n't—2 n t, as the great inequality, as is 

seen, in [3979, 3982, 3985, 3989, 3991]. We may remark incidentally, that in this article 
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[3976] 

[3976'] 

[3977] 

[3978] 

[3975c] 

[3975 d] 

[3975e] 

[3976a] 

§9766] 

[3976c] 

[3976A] 

[3976c] 

[3977a] 

The quantity M(0). e'2. cos. (3 n't — nt + 3 s' — s — 2o') arises from the 

development of the term of R, denoted by A(i). cos. (V — v) ;* in which 

we must increase r by <5 r, r' by <5 r\ v by 6v, v’ by 6 v’. This 

is the same as to increase, in the development of this term, a by S r, 

a by 6 /, and n't — nt by 5v' — <5 v ; by which means it produces the 

following expression,! 

R = — e'2. (ôv' — sv). sin. (3 n’t — n t -f 34 — 6 — 2 «') 

“j- ct . 
/dM^\ 

i e'2 ir 
\ d a J 

| • C/ • 

a 

-fa'. ( 
fd M{0)\ 

e'2 5r' 
V da' J a 

j . e'2. — . cos. (3 n't — n t -f- 3 s' — s — 2 -s/) 

the values R, Rt, differ from those in other parts of the work ; since R, R, [3974", 4005'] 

take the place of R1, R [1199'], respectively; m being the mass of Jupiter, m that 

of Saturn. The object of the author, in making this change in the value of R, is to 

obtain express formulas for the direct computation of the inequalities of Saturn, which are 

much larger than those of Jupiter ; and then to deduce the corresponding smaller ones 

of Jupiter, by means of the formula [1208] ; it being evident, that this method of 

deduction, in the cases ivhere it can he applied, must be more accurate in finding the small 

inequalities of Jupiter from the large ones of Saturn, than in an inverse process. 

* (2505) The part of R, independent of f, corresponding to the action of Jupiter 

■upon Saturn, is found by changing, in [3742], ml, r, r', v, v, into rn, r. r, v', v, 

respectively ; and if we suppose, that when a, a, n t T s, n't -j- s', are changed 

into r', r, F, v, respectively, the quantity A(i) [3743] becomes Af, we shall get, 

from [3742, $743], for this part of R, the following expression, 

„ mr ,, x 
R = —r ■ COS. ( V —V) 

m m 

s/\A— 2/V. cos. ( v1—v ) -|-r'2)} 2 
. 2 . Af. cos. i. ( v1—v). 

Substituting in this the values of r, r', v, v' [952, 953], we obtain an expression of R, 

of the same form as [957], and possessing the properties mentioned in [957—963] ; 

moreover, the term multiplied by the factor e! 2, being represented by 

M(0). e's. cos. \i .{n't — n t + s'—s) + 2 n't-f 2#— 2 a} [957—959'], 

becomes of the form [3976], by putting i= 1 ; then the corresponding term of R [3976c] 

is of the same form as in [3976']. 

f (2506) The term Mw. e'2. cos. (3 n't—ntf-3 s'— s— 2 w') [3975], is produced 

in the function R, by a development similar to that which is used in [957], that is, by 

the substitution of the elliptical values of u, vn &c., without noticing the perturbations 

[3972—3974']. If we wish also to notice these terms, we may suppose a, a', v, v', to be 
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This produces in R, the terms* 

R = —l M^KE'. e'3. cos. (ôn't — 2nt + ô s'_-2s —2to'- 

-f- i M{0\ E . e!2. cos. (5 n't — 2 n t + 5 s' —* 2 s — 2 to' 

+ J a!. ■ F'- e'*. cos. ( 5 rit — 2 » J.H- 5 s'— 2 

+ J a . • -f. e'2. cos. {Brit — 2 « f + 5 s'— 2 £ 

B') 

B) 

Sri—A1) 2ri 

2 V A). 

increased, respectively, by 5?-, fir', fir, 5 v' ; by which means A'^.cos — r) 

will be augmented by the three terms in the second member of the following expression, in 

which we have retained the factor i— 1, for the purpose of more easy derivation hereafter; 

S .\A{i).cos.i.{v—v)} =— A[i).i . (<5 v'— 5 v ). sin. i . (v'—v) 

—j- ci. 
'dM)\ 

. da ) 

fir 

a 
.cos.i.( v'—v ) T a'. 

fd.m\ 

V da' ) 

fir' 

a' 
cos .i.(vr—r); 

and in the same manner as we have derived from Aa). cos. i. (P — v) the term 

M°\ e'2. cos. [i . (n t — n t -f- s'— s) -j-2n! t -\-2 s'— 2 to'} [3976e], 

we may derive the three terms [3978] from those in [39776]. Thus the first term of the 

second member of [39776] is the variation of A®.cos— v) or of Aa).cos.(v'—v), 

supposing the angle i . (vf—v) to increase by i.(8v'—Sv); in like manner, the 

first line of [3978] is the variation of the term 

M{0). e'2. cos. . [n't — nt -j- s'— s) -[* 2 v! t -j- 2 s'— 2 to'}, 

supposing the angle i .{n't — nt -f- s' — s ), corresponding to i . ( v' — v), to increase 

by the same quantity S v'— S v. The second line of [3978] is deduced from the second 

term in the second member of [39776], by supposing a to be increased by Sr in Am 

and M coh Lastly, the third line of [3978] is derived from the third term of the second 

member of [39776], by supposing a' to be increased by Sr', in Am and M(0). 

* (2507) The expression [3979] is deduced from [3978] by the substitution of 

[3972—3974], and reducing by [17—20] Int., retaining only the angles which are similar 

to that of the great inequality, depending on 

5 n't — 2 nt = (3 n't — nt) — (nt — 2 n't) ; 

or the difference between the angles contained in [3978] and those in [3972—3974']. 

34 

[3979] 

[3977a'] 

[39776] 

[3977c I 

[3977d] 

[3977e| 

[3977e'] 

[3977/] 

[3979a] 

[39796] 

VOL. III. 
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à1 R. 
[3980] 

[3981] 

[3982] 

We shall put cl ' 1.1 for the differential of R, supposing the co-ordinates 

of in' to he the only variable quantities. In the terms multiplied by E' 

and F\ the part o n't — n t, of the angle 5 n't — 2 ntf is relative to 

these co-ordinates. In the terms multiplied by E and F, the part 3 n t> 

of the same angle 5n't~—2nt, is relative to the same co-ordinates; 

therefore we shall have, by noticing only the preceding terms of R [3979], 

a'a1 R = \. (5n' — n) ,dt. a'M^.E'. e'2.sin. (5 n't— 2?i t-\-hd—2 s— 2to—B ) 

A/ 7lf(.0)\ 
— |. (5?f — n).dt. a'2. L - - , - \. F'. e’2. sin. (5 n't — 2nt-\- 5 s'—2 s—2 A — A') 

— f. n'dt. «' M '01. E. el2. sin. (5 n't —■ 2 n t-(- 5 s'—2 s — 2 F — B ) 

— f .n'dt.aa'. (p-j—^.F.e'2.sin. (5n't—-2ntf5s—2s — 2ra'— A). 

The term M°K ee'. cos. (Sn't — ntf 3/-j-®~b') [3975], 

results from the development of A(2). cos. 2 . (V—v), in the expression 

[3982«] 

[39826] 

[398269 

y (2508) The differential relative to cl' [3980], does not affect n t in the angle 

3 n't — n t, which occurs explicitly in [3975], so that d'. (3 n't — nt) — 3n'dt ; but 
<5/ 

this characteristic d' affects the ivhole of the values of —, ôv' [3974,39749, connected 

with F', E', consequently the whole of the angle nt — 2 n't, which occurs in these 

values, must be considered as variable, and its differential is ndt — 2n'dt. The 

difference of these two expressions gives 
J. o 

[3982c] d'. (5 n't — 2 n i ) — d'. (3-n't — nt) — d '.{nt — 2 nft) = (5 n'— n). dt ; 

which must be taken for the differential of the angle 5 n't — 2 n t [39796], depending 

on 22', F', in the first and third lines of [3979] ; hence we obtain the first and second 

[3982d] lines of [3982]. In like manner, the differential relative to d' does not affect the 

Sr 
[3982e] expressions of —, Sv [3972, 3973], connected with the factors F, E ; or in other 

words, the differential of the angle n t — 2-n't. connected with these factors, must vanish ; 
F3982/n ° 

J and we shall have d'.{nt — %n't)=0; subtracting this from [3982a], we get, in 

this case, for the differential of [39796], 

[3982g-] d'. (5 n't — 2 n t) = d'. (3 n't— nt) — d '.{nt — 2 n't) — 3 n'dt. 

[39826] 
Substituting this in the differential of the second and fourth lines of [3979], we get, 

respectively, the third and fourth lines of [3982]. 
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of R* Therefore we must vary, in this term, a by Sr, a! by Sr', 

also 2 n't— 2 nt by 26 v'— 2 Sv ; and by this means we obtain the 

following terms of R, 

R = — 2 Tf(1). e e'. (<5 vr — s v) . sin. (3 n't. — n t -f- 3 4 — £ — w — to') 

fd Mw\ ô r 
•f fl. ——— ) . e é. — . cos. (3 n t — n 14- 3 s' — s — to — w' ) 

\ a a J a K 

fd S r' 
+ a'. ( - ^ ^ • ) . ee'.—. cos. (3n' t — nt-f- 3 s'— s — to — to'). 

Hence the part of a! d'R, relative to this expression, is 

a'd' R= (5n' — n) .dt. a' E'. ee'.sin. (5n't — 2nt-J-5s'— 2 s— to—to'— J3' ) 

— i . ( 5 n' — n). dt .a'2. . É'. & e'. sin. ( 5 n't—2 n i-\~h s'— 2 s —to — to'— A') 

— Sridt .a’ M^.E.ee' .sm.(bri t — 2nt-\-hsl—2s — to—to'—.B) 

— f v! dt. a a!. Ç~~^a - \ F.ee'. sin. (5 n't — 2 nrt -f- 5 s' — 2 s—to—tF—A). 

The term Af(2). e2. cos. (3 raf? — n t -j- 3 s'— s — 2 ®) [3975], arises 

from the development of M(3).cos. (3 F — 3»), in the expression 

# (2509) Proceeding with the term depending on M{J\ [3975], in the same manner 

as we have done with that multiplied by M((>\ in the three preceding notes, we find, that 

it may be put under the form 

Jll e e . cos. [î . ( n i — n t -[— s — s) -|— n't —{— n t —j— s' —J— s — to' — to] , 

supposing i = 2 ; by which means it becomes as in the second line of [3975], and the 

corresponding term of [3976c], is of the form 

L ni. A)l). cos. i . ( v' — v ) = A^\ cos. 2 . ( v' — v ). 

The variations of this term, depending on Sr, Sr', S v, Sv', are as in [39776], supposing 

7*= 2 ; and from these we may deduce the functions [3984, 3985], by a computation 

similar to that used in finding [3978, 398.2]. We may, however, obtain the former 

by derivation in a more simple manner ; for if we change M(0), e'2, — 2 to', into 

M(!), cc', —to —to', respectively, we shall find, that the first term of [3975] becomes 

like the second; and the doubling the values of Sv', Sv, in [39776], on account of the 

factor i = 2, make it necessary that we should double the values of E, E' [3973, 3974']. 

Making these changes in [3978, 3982], they become, respectively, as in [3984, 3985]. 

[39S4j 

[3985] 

[3985] 

[3984a] 

[39846] 

[3984c] 

[3984c/] 
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of i?.* Therefore we must vary, in this term, « by i r, a' by 6 r', and 

[3987] 3 n't — 3 nt by 3 <5 v'— 3 5v ; hence we get the following terms of R, 

J? == — 3 ilf(2). e2. (6 v'— 6 v) . sin. ÇS n't — % £ -{- 3 s'— s — 2s) 

Mt-2) \ A r 

[3988] -f- a • j . e2. —. cos. (3n't— w t -f- 3s' — s — 2s) 

/(( Mm\ or' 
+ d* ( - ) • e2. —. cos. (3 w'tf — £ + 3 s' — e — 2 ns), 

Therefore the part of a1 d'R, relative to this expression, is 

«'d'_R= f .(5a,'—n) .dt.dM®\E'. e2.sin.(5n'*—2n/-f 5 s'— 2 s—2m—B') 

— J.(5n'—n).dt.a;'2. •■F'.e2. sin. (5w'i — 2wt“b5s'—2s— 2m—A') 

13989] 
— | .n'dt.a'M^.E. e2.sin.( 5 — 2nt-\-5s'—2s—2vr— B) 

— %.n' dt .ad. ( •* j._F. e2.sin. (5n 't—2wf-f~ bs7—2 s—2m—A). 

[3989'] Lastly, the term M(3). y2. cos. (3 rit — 77 £ -f 3 s' — s — 2n) [3975], 

[3989"] arises from the term multiplied by y2. cos. (3v'—v), in the expression of 7?-f 

* (2510) Proceeding as in the last note, we may put the term [3975], depending 

on M&), under the form 

[3988a] M&). e2. cos. \i ,{v! t — nt-\- s'— z) -\-2nt -\-2 z— 2 «], 

supposing 7 = 3; and then the corresponding term of [3976c] is of the form 

| 39886] & m ‘ cos. £ . ( if— y ) = «/2(3). cos. 3 . ( v'— v ). 

The variations of this term are as in [39775], supposing 7 = 3; from which we may 

get [3988, 3989], in the same manner as [3978, 3982] were found. The same result 

may be obtained more easily by derivation, as in the last note ; by changing, in [3975, &;c.], 

[3988c] M(0), e'2, A®, 2m, into e2, A'?>). 2m, respectively ; by which means the first 

term of [3975], changes into the third; and the trebling of the values of Sd, Sv, in 

i3988d] [39775], on account of the factor i — 3, makes it necessary to change E, E' 

[3973, 3974'] into 3 E, 3 E', respectively. Making these changes in [3978,3982], 

they become as in [3988, 3989], respectively. 

f (2511) We must now compute the termsarising from the introduction of the increments 

[3990a] 5 r, Sr, S v, Sd, in the expressions of r, d, v, d, connected with the factor y2, in 

the value of R [3742]; which were neglected in [3976a]. These terms of R may be 
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we must therefore vary a by sr, a' by 5 r', 3 n't by 3ôv', and 

nt by 6 v ; hence we obtain the following terms, 

R == — M(3). y2 . (3 6 F— sv) . sin. (3 n't — nt -j- 3 s' — s — 2 n) 

//7 A r 
+ « . ( —— ). y2. —. cos. (3n't — nt-f 3 s' — s — 2n) [3990] 

\ da J a 

ff] M (3)\ A / 

+ ( -y 7 ■ ) • — • cos. ( 3 n't — n t + 3 s' — s — 2 n ). 
V Ct Ct J Ct 

deduced from those depending on y2, in [3742], by changing the elements as in [3976a], 

These four terms of R [3742] are already multiplied by the factor y2, of the second 

dimension, and as none of a higher order are noticed in [3975], we may substitute in 

these terms, r= a, r' = a', v = ntJr s — II, F= v!t -j- s' — n ; and retain only 

angles of the form 3 n't — nt, assumed in [3975]. Nowit is evident, that the two 

first of these terms of R [3742], depending on the angles cos. (F— v), cos. (F+v), 

produce the angles n't — nt, n't-\-nt, which are not included in the proposed form. 

The third of these terms [3742] contains F— v in its numerator and denominator, 

and when the denominator is developed, as in [3744], the whole term will depend on 

quantities of the form cos. i. (F — v) or cos. i. ( n't — nt), which are not comprised 

in the form 3 n't—nt, now under consideration ; so that we need only retain the last 

term of [3742], which, by making the changes indicated in [3976a], may be put under 

, ,, -r, my2 rr'. cos. (P+v) 
the form R — — 7 -- 1 

we change a, a 

Now if in the formula [3744], 

v, F, Bp, we shall get 

]r2—2 rF. cos. (v'—v) -j- F2} ^ = . B®. cos. i. (F—v). 

4 —2 r r'. cos. [v'—v ) 

n t —J- s, n't-f- s', i?w, into r, r. 

[39906] 

[3990c] 

[3990<Z] 

[3990d'] 

[3990e] 

[3990/1 

Substituting this in R [3990e], and reducing by means of formula [3749], it becomes 

R = — i m> • y2- r F. % 2 . Bp. cos. \i . (F— v ) -f-F-j-flj. [3990/’/] 

If we change i into i — 1, and put — |m.r F. = M[i), we get 

R = y2- 2 •M{i)- cos- • K — v) -f 2 v] j [3990g-] 

which in the case of i — 3, produces a term of the form R = M{?,). y2. cos. ( 3 F — v ). [39906] 

Taking the variations of this term, as in [3977a7, &c.], wTe get the following expression, 

similar to [39776], 

<5.{cos.(3F—v)\==—My2.(35F— 5 „).sin. (3 F— v) 

/dM<®\ „ 6r x , fdM&y /dM®\ 0 5r ,/dMto\ o <5/ , . 
+a-Viïr)v •7-cos'(3t’-0+«(-^r-)-r2vcos'(3,,-0- 

[3990i] 

Substituting in this the values [39906], we obtain [3990]. 

35 YOL. III. 
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Hence we obtain in a'd'R, the following terms, * 

[3991] 

a'd'R — §. (5n'—n) .dt .ct! M[3).E'.y1.sin.(5n't—2ntJr5s'—-2s — 2IT — B') 

/flM (3) \ 
— J. (5n'—n).dt.a'2. f —J .F'. y2. sin. (5 n't — 2nt-\-hs'—2s-—2 n 

— %n' dt .a! JVL^. JE . 7 2 sin. (5n't — 2 n t -f- 5 s'— 2 s — 2 n —B) 

— %n'dt. act'. ^ • F- y2*sin. (5 n't — 2 n t-}- 5 s'— 2 s — 2II —A). 

-A') 

The most sensible inequalities, arising from the squares and products of the 

[3991'] excentrieities and inclinations of the orbits, which neither have 5 n'— 2 n\ 

for a divisor, nor depend upon the variations of the elements relative to the 

# (2512) The expression [3991] is deduced from [3990], in the same manner as 

[3982] is from [3978] ; or more easily by the principle of derivation. For if we change 

[3991a] Mw, e'2, Sv', —2-s', into 72, 3<5P, — 2n, respectively, the function 

[3978] will become as in [3990] ; consequently E' [3974'] must be changed, as in [3984c/], 

[39916] *nt0 3 Et. Making the same changes in [3982], which was deduced from [3978], 

we get [3991]. 

[3992a] 

[39926] 

[3992c] 

[3992tf] 

[3992c] 

f (2513) The divisors in [3714, 3715], which may be small, in the theory of the 

perturbations of Jupiter and Saturn, are in'-j-(3—in' T[1 i)-n, in -j- (2 i) .n ; 

and since n!=\n nearly [3818^], they become (3 — f i).n, (1—fi).n, (2—f i).n. 

If we put i = 5, the first divisor becomes 0, the others being large. If i = 4, the 

last divisor becomes — ^ n, and the others are larger. If i = 3, the last divisor 

becomes \ n, and the others are greater then this quantity ; and it is evident, that next 

to i— 5, this value of i gives the least value to the divisors [3992a] ; therefore the terms 

of rSr, Sv [3714,3715], of the second order, relative to the quantities e, e', 7, and 

depending on the angle 3 n't — nt, may be increased by this divisor, so as to become 

greater than other terms of the same order, relative to e, e', 7, which have not a small 

divisor. This reasoning is confirmed a posteriori by the inspection of the numerical values 

of 6 riv, ôrv, S viv, 3 vv [4397,4470,4394,4468], in which the terms depending on 

the angle 3 n't—nt, are generally greater than any of those that are noticed in [3991'], 

excepting 4n't—2nt. This last angle is here neglected, because the terms Sr, Sv, he., 

depending upon it, do not produce in [3995], functions of the foim [3998], depending 

on the angle 5 n' t — 2nt, which are the only ones under consideration at the present 

moment. Now if we notice only the terms depending on the angle 3 nt nt, in 

[3714, 3715], we shall obtain for —, Sv, quantities of the forms [3992, 3993], 

and in like manner, in % , Sv', terms of the forms [3994, 3994']. 
CIr 
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angle 5 n't— 2 nt, are those corresponding to the angle 3 n't— nt. 

We shall put 

Ô T 
— = G. cos. (3 n't — n t-\-3s— e-f-C), [3992] 
a 

$ f* 

for the part of — , depending on this angle ; also 
cl 

ôv = H. sin. (3 n't — n t -j- 3 s'— s -f- D), [3993] 

for the part of ô v, depending on the same angle ; in like manner, 

Sr' 
— = G'. cos. (3n't — nt 3s' — e-f C), [3994] 

ôv' = H'. sin. (3 n't — nt 3 s'— s -f- D'), [3994'] 

ô r' 
for the parts of — , ôv', depending on the same angle. The expression 

CL 

of R, developed relative to the first power of the excentricities, contains 

the two following terms,* 

R — iV(0). e . cos. (n t — 2 n't-\-s — 2 s' -f-w) 

+ ^V(1) • e' • cos. {nt — 2 n' t -j- s — 2 s' -}- w'). 
[3995] 

* (2514) In the same manner as we have deduced, from R [3976c], the three 

terms [3976c, 3984a, 3988a], of the second order in e, e', we may obtain two of the 

first order in e, e, of the following forms, 

R = Nw. e . cos. \i .(n't — nt s' — s) -\-nt -f- s — ■kj| 

-f- JV(c. e!. cos. {i. (n't —nt -j- s'— s) n't s'— v!\. 

[3995a] 

[3995&] 

If we put i = 2, in the first of these terms, it becomes of the same form as the first [3995c] 

term of [3995] ; and by proceeding in like manner as in note 2506, we easily perceive [3995d] 

that this term arises from the development of A{i). cos. i . (v'—v), supposing i= 2, [3995e] 

as in [3995c]. Moreover the second term of R [39955], becomes of the same form as 

the second term of [3995], by putting *= 1 ; and then the term A[i). cos. i . (v'—v), [3995/] 

upon which it depends, becomes Aa\ cos. (v'—v), as in [3998']. 

We have already computed, in the case of i = 2, the effect of the substitution of the 

variations ô r, Sr', ô v, Sv', in the development of Æ*\ cos. 2. ( v'—v) [39846], and [3995g-] 

we have found that this substitution, in [39846], produces the function [3984]. A similar 

method may be followed with the first line of R [39956] ; but it is more simple to derive [39957*.] 

it from [3984a, 3984]. This is done by changing, in [3984a], the factor J\lw.ee' 

into W(0). e, and decreasing the angle, which is contained under the sign cos., by the [3995i] 
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[3995'] 

[3995"] 

[3996] 

[3997] 

[3997'] 

[3995Æ] 

[39951] 

[3997a] 

[3998a] 

The first of these terms arises from the development of A(3).cos. (2v'—-2v), 

in the expression of R ; and in this development we must increase a by Sr, 

a' by Sr', 2 n't — 2 nt by 2sv'—2ôv; from which we obtain the 

following expression, 

R = 2 iV(0). e . (6v'—sv) . sin. (nt— 2nr t -f-£ — 2s'-f- vs) 

SdN c0)\ Sr 
+ a . —-— ) . e . — . cos. (nt— 2n'tJre— 2/ +w) 

\ da J a v ' 

/dJV{0)\ Sr' 
-f- a'. f da~j • e • -j . cos. (n t — 2 n't -f- s — 2 s'-}- . 

Hence we get in R, the following terms,* * 

R = N(0\ H', e . cos. (5 n't— 2n t-f 5 /-2a-« + D') 

— N(0).H. e . cos. (5 n't — 2ntJrb s'— 2s — xs + Z) ) 

/dJV(0)\ 
-f- J a'. f -- ; ■ ). G', e . cos. (5 n't — 2w£-j-5 /— 2 s — 

/d,JV(0)\ 
+1 a . f j . (r. e . cos. (5 n't — 2 n t -f 5/— 2 s — + C). 

To obtain the corresponding part of d'i?, we must vary the angle 

— nt, in the terms multiplied by H' and G';f but in the terms 

quantity 1 -j- s'—■ zr' ; by which means it becomes as in the first line of [39955]; 

then putting i = 2, it becomes as in the first term of [3995]. The same changes being 

made in [3984], which was derived from [3984a], it becomes as in [3996] ; observing 

that when the angle 3 n't — n t T 3 s' — s —-vs — rd [3984] is decreased by the quantity 

n't -f- s— vs' [39955:], its sine becomes 

sin. (2 n't — nt -j- 2 s' — s— w) =—sin. (nt — 2n't s — 2 s'-j-zs), 

as in the first line of [3996], and its cosine is as in the second and third lines of the 

same expression. 

* (2515) Substituting, in [3996], the values of Sr, S v, Sr', Sv' [3992—3994'], 

reducing the products by [17—20] Int., and retaining only the terms depending on the 

angle 5 n't — 2nt, it becomes as in [3997]. 

]• (2516) The characteristic d' [3980] affects only the angle 2n't, in [3995], so 

that in these terms we shall have d'. (nt — 2 n't) = — 2 n d t ; but d' affects the 

6 y' 
the whole values of —, Sv', consequently also the whole of the angle 3 n't—nt, 

d 
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multiplied by H and G, we must only vary 2 n t ; hence we obtain 

o' d'R= — (5n!—n).dt .a' JVW. II'. e .sin. (5n't—2nt-f-5s' — 2 s— th-\-D1 ) 

/’dJVW’S 
— J. (5ri—n) .dt '(j , j • G'. e .sin. (5n't— 2nt-}— 5s'—2s — to 

2n'dt. a' JY[0). H.e .sin. ( 5 n't — 2nt-{—5s' — 2s — «-J- D ) 

— n'dt. a a!.( j. G.e .sin. (5nG—2nt-J-5s'—2 s—-zu-j- C). 

+ <?') 

The term _/V(1). e'. cos. (n t — 2n't-\-s—2 s'-f-to'), arises from the 

development of the term of R, represented by A l). cos. (V—«)* [3995/*]; 

which occurs in the terms [3994, 3994'], which are multiplied by G\ II'; so that in 

these terms we shall havre d'. (3 n't — nt) = Sn' dt — ndt. Subtracting [3998o] 

from this, we get 

dh (5 n't — 2nt) = d'. (3 n't — n t) — dh (nt — 2 n't) = ( 5 n'— n) . dt, 

for the differential of the angle 5 n't — 2nt, which occurs in the terms of R [3997], 

depending on G', H' ; it being evident, that the angle 5 n't — 2 n t is produced in these 

terms by combining the angles 3 n't — nt, nt — 2 n't, as in [3998c]. Substituting 

this in the differential of the first and third lines of [3997], taken relatively to d', we get 

the first and second lines of [3998], containing the factors G', U', as in [3997']. 
$ x 

Again, the characteristic d' [3980] does not affect —, ô v, so that in their values 
CL 

[3992, 3993], which contain the factors G, H, we have d'. (3 n't — nt) = 0; 

subtracting from this the expression [3998a], we get 

d'. (5 n't — 2 nt) = d'. (3 n't — nt) — d\ (n t — 2 n't) = 2n! dt ; 

which is to be substituted in the differential of the second and fourth lines of [3997], 

taken relatively to d', to obtain the third and fourth lines of [3998], containing the 

factors G, II] as in [3997"]. The whole value of d R is to be multiplied by a', to 

obtain d d R [3998]. 

# (2517) We have seen, in [3995/], that the second term of [3995], 

JV(l). e'. cos. (nt — 2 n't-{- s— 2 s'-J- to'), 

is derived from a term of R, of the form cos. (v'—v), corresponding to i= 1 ; 

being of the same form as [39/7c/]. Now the effect of the substitution of the variations 

of Sr, d r, à v, dv', in the development of this quantity, having been computed in [3978], 

we may deduce from it the terms of R [3999], corresponding to the present case, by a 

similar method of derivation to that made use of in [3995A—/]. Thus, instead of the 

36 

141 

[3997"] 

[3998] 

[3998'] 

[3998i] 

[3998c] 

[39984] 

[3998c] 

[3998e'] 

[3998/] 

[•3999a] 

[39996] 

VOL. III. 
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[3998"] we must therefore vary, in this term, a by <5 r, a' by <5 r', ri t — nt by 

Sv'—Sv, and we get the following expression, 

R = 2V(,). e'. (S v' — <5 v) . sin. (nt — 2 n't -j- s — 2 s' -f- to') 

/dJVL1)\ Sr 
[3999] -j- a . ( —-— ) . e'. — . cos. (nt — 2 n't -\-s — 2 s' -j- to' ) 

\ a a J a v 

/// xru)\ a./ 
+ a'. ( —7-7— ) . e'. —cos. — 2/i'i + f — 2 s'-f-to'). 

\ da J a ' 

Therefore the part of a' d'R, relative to these terms, is* * 

a'd'R = — {. (5n'— n) .dt. a H'.e'.sin. (5n't — 2nt-)-5s'—2 s — to'-}-D') 

/d A/M) \ 
— \. (5n'—n).dt.aQ. ( ———■) . G'.e'. sin. (5 n't — 2ntf-j-5s'—2s — to'-}- O') 

[4000] 
-j- n' dt .dH. e'.sin. (5 n't — 2n£-j~ 5s'—2s—to'-}-D) 

— n' dt .ad. —j. £r. e'.sin. (5 n'tf— 2nf-j-5s'— 2s—to'-}- 0), 

The values of M{0\ M(1), Af(3), are determined in the formulas 

[400°'] of ^4, by changing the quantities relative to m into those relative to m!. 

and the contrary [397ha, 6].f The values of N'0) and JV(1> are determined 

operations mentioned in [3995i], we must, in the present case, change the factor J\I t0). e'2 

[3977e] into e' ; and decrease the angle which is contained under the sign cos., 

L J by n't-f-s'—to'; by which means [3977e] becomes as in the second line of [39956], 

[39994] or the second line of [3995], supposing i— 1. Now making the same changes in [3978], 

which is derived from [3977e], it becomes as in [3999] ; observing that when the 

angle 3 n't — n t -j- 3 s'—s — 2 to' [3978], is decreased by n't-{-s'—to' [3999c], 

^ ^^ it becomes 2 n't — nt -J- 2 s' — s — to' = — [nt —• 2 n't -}- s — 2 s' -j- to') . 

* (2518) The function [4000] may be deduced from [3999], by the method we have 

used in computing [3997] from [3996], It may, horvever, be deduced more easily from 

[3999/*] j"3g9g} 3997J j by changing JV(0), e, to, Sv, Sv', into JY(1), e', to', ^Sv, {Sv', respectively. 

For by this means, [3996] changes into [3999] ; and H, H' [3993, 3994'] become 

[399%] y yj? 1 J/y respectively. These changes being made in [3998], it becomes as in [4000], 

f (2519) If wre put i = —1, in the terms of R [1011], depending on e, e', and 

[4000a] retain only these two terms, putting also — Æl) [954"], w’e get, for this part of R. 

relative to the action of Saturn on Jupiter, 

R = — ~ À a . ) — 2A{V)X . e . cos. (2 nt — n't -{— 2 s — s'—to) 
2 ( \ 4a / ) 

[40005] 
e'. cos. (2 nt — n! t -{-2 s — s’— to') . 
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by the equations, 

a' N(0) = —2m. a'Am — h m . a a'. 

a'N^ = m. a!. AW— J m . a'2. ’ 

Connecting together all these partial expressions of a'd'R, we obtain 

a term of this form,* * 

a'd'R = m ri. I. d t. sin. (5 n't — 2 n t + 5 s' — 2 s — O). 

Hence the term 3 a!f f n'd t. d'R, of the expression of <5 vgivesf 

5v'= —- .-*?nr~~'Jn-Ts. sin. (5n't — 2nt-\-5s>— 2s — O). 
(dm — 2 ft y v 

This is the most sensible term of the great inequality of Saturn, depending 

on the square of the disturbing force. 

Changing, reciprocally, the elements of in! into those of m, we get the corresponding part 

of R, relative to the action of Jupiter on Saturn. Comparing this with the assumed 

form [3295], after having changed the signs of all the terms contained under the sign cos., 

in [3995], we get the expressions of JV<0), JVU') [4001, 4001']. 

* (2520) Adding together the parts of d d 'R [3982, 39S5, 3989, 3091, 3998, 4000], 

and putting, for brevity, T5 = 5nt — 2 n it-|-5 s'—2 s, we get a series of terms 

of the first form [4002c] ; I' being used for brevity, for the coefficients, and O' for the 

quantity connected with T5. Developing this by [23] Int., we get the second form 

[4002c or 4002rf] ; in which we may substitute 

2.1', cos. O' = m n'. I. cos. O, 2 . i7. sin. O'— — m ft'. I. sin. O, 

and we obtain the first form [4002e], which by means of [22] Int., becomes as in the 

second form of [4002e], agreeing with [4002], 

a' d'R = dt. 2.1', sin. (T5 -j- 0')4= d t. 2.1', [sin. T5 . cos. O'-j-cos. T5 . sin. 0'\ 

— dt. sin. T5.2 . /'. cos. O'-j- cl t. cos. T5.2 . sin. O' 

== mix'. I. dt. [ sin. T5 . cos. O — cos. T5 . sin O] = rrin'.l. d t . sin. ( T5 — O ). 

t (2521) Multiplying [4002] by 3 n'dt, and then integrating it twice, relatively 

to t, we get, for 3 d ff n' dt. d ' R, the expression [4003] ; and this quantity is evidently 

the most important one in the value of 5 v': depending on the term now under consideration, 

included in the expression [3715?ft]. 

[4001] 

[4001'] 

[4002] 

[4002'] 

[4003] 

[4000c] 

[4002a] 

[40026] 

[4002c] 

[4002d] 

[40G2e] 

[4003a] 
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[4003'] 

[4004] 

[4005] 

[4004a] 

[40046] 

[4004c] 

[4004,4] 

[4005a] 

[40056] 

It the expression of R, divided by the disturbing mass, be the same 

for Jupiter and Saturn, we shall have, as in [1208], the corresponding 

inequality of Jupiter 6v, by substituting the preceding value 6vf [4003] 

in the formula 

6 V = — m! y/ a' 

m\/a 
. <5 V 

but the value of A{1) [3775c] is not the same for the two planets, 

therefore the terms* 

Af(0). e'9. cos. (3 n! t — nt -f 3 s'— s — 2 A) ; 

iV(1). e'. cos. (nt — 2 n't -f- s — 2 s'-J- to') ; 

divided by the disturbing mass, are different for each of them. But it 

follows, from [1202], that by noticing only the terms having the divisor 

(5 n'— 2 w)9, we shall have in this case,f 

m ./ cl Rt -f- m'. f d'it — 0 ; 

# (2522) The terms mentioned in [4004] are derived from cos. (v1—v), as 

it appears in [3976', 3998'] ; but the value of A(l) is not the same, in computing the action 

of m upon in' ; as it is in computing the action of m! upon in [3775c]. Now we have 

already remarked, in Yol. I, page 651, that the method of finding the inequality of Jupiter 

from that of Saturn, by means of the formula [1208 or 4003'], is not applicable, without 

some restriction, to the computation of terms of the order of the square of the disturbing 

force. This is evident from the consideration, that in the equation 

m ./d R m'.fd'R' = 0 [1202], 

from which the formula [1208] is derived, terms of the third order in m, in are neglected, 

which is equivalent to the neglect of terms of the second order in R, R' ; being of the 

same order as the terms computed in [3982—4002]. 

f (2523) This formula is corrected for a typographical mistake in the original work, 

and is the same as in [4004c] ; terms of the third order in in, in being neglected. 

We have already spoken of the different meanings of the symbol R, and it may not be 

amiss again to repeat, that in is the mass of Jupiter, in' that of Saturn ; also in formula 

[4004c], the value of R corresponds to the action of m! on in [913], and R' to the 

action of rn on in' [1199']. These are changed in the present article to Rt [4005'] 

and R [3974''], respectively. 
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R/ being what R becomes relatively to the action of Saturn on Jupiter, and 

the differential characteristic d referring to the co-ordinates of Jupiter.* 

* (2524) Substituting Sv' [4003] in the formula [4003'], we get the corresponding 

inequality of 8v [4006]. This method of deriving ôv from 8 v', would be sufficiently 

accurate, were it not for the terms of the third order in m, m!, omitted in [4004c, 4003']. These 

neglected terms make it necessary either to correct the result obtained in [4006], or to compute, 

in a direct manner, the value of Sv from the formula 8v = 3 affndt .dR [3715/]. Thus, 

for the terms of Rn which are similar to those of R [3978,3984,3988,3990,3996,3999], 

we must compute the corresponding values of a dRt, similar to [3982, 3985, be.—4000], 

and by combining all of them together, we get the value of adi?y, corresponding to [4002]. 

This is to be substituted in [4005c], to obtain the required inequality 8v, which is to be 

used instead of [4006]. It will not, however, be necessary to repeat the whole of these 

calculations, since we shall soon show that the terms of R, of the form and order in the 

development [3742], combined with those of a similar development of Rt, satisfy the 

equation [4005], when we except the terms depending on Aw, and notice only such 

quantities as have been under consideration in this article, namely, those which are of the 

order of the square of the disturbing force, and depend on the angle 5 n! t — 2 n t. 

For if we put 

A = cos. ( v'— v ) — J y2. cos. (v1 — v ) -f- \ y2. cos. (P-J- v ) ; 

B = — {r2 — 2 r r. cos. (v'— v ) -|- r 2 } 2 

_ 3. . 
4" ï y2.{cos. (vf—v) — cos. . {r2 — 2rr'. cos.(F—v)-\-r'^\ 2 ’ 

we shall obtain the value of R [4005/], corresponding, as in [3974"], to the disturbing 

force of Jupiter upon Saturn ; the expression is derived from [3742], by changing m, r, v 

into ml, r', v', and the contrary. Moreover Rt [4005/', 4005'] corresponds to the action 

of Saturn upon Jupiter, being the same as in [3742], 

R—mA —j- m B ; [Action of Jupiter on Saturn.] 

R.= m'A. — -j- mlB ; 
r -J 

[Action of Saturn on Jupiter.] 

If we neglect, for a moment, the term A, we shall have R — mB, R/ — m'B', 

7R- 

whence Rt= — .R; so that the terms of Rp corresponding to R [3975], maybe 

found by changing Mw, M&), M™, into — .Mw, — .Ma}, 
m m m m 

respectively, in [3975—3991]; also JV(0), JY(1\ into -.JV*<°>, - .JVU) [3995—4001'] ; 
m m 

or in other words, we may compute the parts of Rn depending on B, by multiplying the 

37 

[4005'] 

[40056'] 

[40056"] 

[4005c] 

[4005c/] 

[4005e] 

[4005/] 

[4005g-] 

[40056] 

[4005/] 

[40056] 

[4005/] 

[40051'] 

[4005î«] 

[4005-n] 

VOL. III. 
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[4005o] 

[4005jp] 

[4005?] 

[4005r] 

[4005r'] 

[4005s] 

[4005#] 

[4005k] 

[4005w] 

[4005k»] 

[4005tt»'j 

[4005*] 

[400%] 

Hence it follows, that the inequality of Jupiter, corresponding to the 

coiresponding teims of R [3978, 3984, &c.] by . In finding the differentials relative 

to d, we shall proceed in the same order as we have done in finding those relative to d' 

[3982a, &c.], observing that d does not affect 3 n't, in the angle 3 n't— nt, which 

occurs explicitly in [3975]. Hence we shall have d . (3 n't —nt) = —n dt, similar 
r / 

to [3982a] ; moreover, as the sign d does not affect the values of —, Sv', the differential 
a' 

of the angle n t - 2 n t, which occurs in these values, or in the terms connected with 

E , F [3974', 3974], is d.(w# — 2n't) = 0. The difference of these two expressions, 

corresponding to the equation [3982c], is 

d. (5 n't — 2nt)=d.(3 n't — nt) — d . (nt — 2n't) = — ndt; 

now we have very nearly 5 ?#' — 2 n = 0 [3818c?] ; and the inequalities S v, 5 v\ under 

consideration, are very small, as we shall see in [4431jf] ; therefore we may put 

— n — — (5 n' — n), and the preceding expression becomes 

d . (5 vît — 2nt) — — (5 n'— n) . dt ; 

which is equal to that of d'. ( 5 n't — 2 n t ) [3982c], but has a different sign. Hence, 

by noticing only the part of R, depending on B, and connected with the factors E', F', 

we have dR =— d'R ; substituting this in the differential of R, [4005m], taken 

Rif yYl! 
relatively to d, we get dR/ = —. dR =-.d'R; which is easily reduced to the 

m m J 

form m. d Rt -j- m!. d1 R = 0 [4005]. In like manner, the differential d affects the whole 
6 v 

of the values —, 5v [3972, 3973], depending on the factors E, F; so that the 

differential d, of the angle nt — 2n't, connected with these terms, is 

d. [nt — 2 n't) = n dt — 2 n' dt. 

Subtracting this from [4005p], we get 

d . ( 5 n't — 2n t) = d . (3 n't — nt) —^d. (nt — 2 n't) = 2 n! d t —<2 n dt ; 

and by substituting 2 n' — 2 n = — 3 n’ [4005r'], it becomes 

d . (5 n't — 2 nt) = — 3 n! d t — — d'. (5 nt — 2 nt) [3982g] ; 

hence, for these terms, we also get, as in [4005?], d R=—d'R and m .dR^m'.d'R—Q. 

The same result holds good when the terms of R, instead of depending on the angle 

3 n't—nt [3975], have other forms, as for example, nt — 2 n't [3995] ; which are to 

be combined with the corresponding terms of Sr, Sv, Sr', Sv', so as to produce the angle 

5 n't — 2 nt. Thus, if instead of the particular values of R, — [3975, 3974], we 

assume the following general values, 

R= M. cos. ( i\n't — ix n t -j- ), ~ = E'. cos. (i^nt — i'2 n't A.2) ; 
Ct 

[4005z"' 
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preceding expression [4003], is 

/a 

_ft. I. sin. (bn't — 2 n t-\~ 5 s' — 2 s — O) 
(5n'~2n)2 v 

in which = 5; -{- 4 = 2 ; we shall find that the products of these two 

expressions, contained in a function similar to [3978], will produce a term depending on 

the angle 5 n't—2nt, as in [3979]. In this case, the equations [3982c, 4005r] 

become, respectively, by substituting i\ -f i'2 = 5 [40052'], 

d'. (5 n't— 2 nt ) = d'. (i\n! t — i1nt) — d'. (i2nt — i'2 n't) 

= i\n dt — (i2ndt — d t) = 5 ri d t — i2n dt ; 

d . (5 n't— 2n t) = d . (i\n't — ilnt) — d. (i.2nt — i'Qn't) = — ixn dt. 

The sum of these two equations, substituting ix-\-i.2=2} 5 n'—2?i = 0 [4005s:', r'], is 

d'.(5 n't—2n t) -j- d . (5 n't— 2nt) = 5n'dt—2ndt = 0, or d'R -]- dR = 0, 

as in [4005f] ; and from this we get, generally, as in [4005.r, 4005], m. d R, + in'. d'R=0. 

Hence it follows, that if we put 8vx, 8v2, for the parts of Sv, of this form and order, 

depending on A, B, respectively; also 8v\, Sv'2> for the similar parts of 8v', we shall have 

5 v = 8 vx -j- 8 v.2 ; 8 v' = 8 v\ -j- 8t>'2 ; 

and the formula [4006e] gives, as in [1202, &tc.], the following expression, similar to [4003'], 

8v 2 
m' \/a' 

m\/a 

From this formula we may compute 8 v2, after having found Sv'2, by a direct process 

similar to that used in [3975—4003]. 

In computing the terms of 8vx, Sv\, depending on A [4005A], we may neglect the 

two terms containing y2, for the same reasons as in [3990a —c]. Then we shall have 

simply A = cos. (v'—v) ; hence the corresponding parts of R, R, [4005/, /'], become 

r' y 
R = m . — . cos. (F— v) ; //, = m!. — . cos.. (v'— v ). 

These quantities evidently depend on the term connected with the coefficient Aw, in the 

development of — [954, 957], as is evident by the substitution of the values [952, 953]. 

Hence we have, by noticing only this part of A[1), 

i o! 
Aa) = m . ~ ; in computing 8 v'x, arising from the action of Jupiter on Saturn ; 

Aa)= m. — ; in computing 8v, arising from the action of Saturn on Jupiter. 

Now Al~l) occurs only in the development of the term A^X cos. (v'—v); and it is 

[4006] 

[4005z'] 

[4006a] 

[4006&] 

[4006c] 

[4006d] 

[4006c] 

[4006e'] 

[4006/] 

[4006g] 

[4006/t] 

[4006f] 

[4Q06&] 

[4006Z] 

[4006m] 
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17. In the inequalities of Jupiter and Saturn, in which the coefficient 

[40060 of t is neither bn'— 2n, nor differs from it by the quantity n, in 

[4006n] 

[4006o] 

[4006p] 

[4006?] 

[4006r] 

[40065] 

[40065'] 

[4006£] 

[4006w] 

[4006v] 

[4006«?3 

therefore found in [3976, 3976'], also in JV™ [4001'] ; but not in Mw, M®\ Ma\ 

«7W0) [3983, 3986, 3989", 3995'] ; so that in these last terms we shall have <5 iq = 0, 

8 v\ = 0, <5 î>3 = 8 v, 81? g = Sv' ", consequently the value of 8v may be correctly 

obtained from 8 v', in these cases, by means of the formula [4003']. A different process 

must be used with the terms depending on J\IW, JVa), which contain d2(1). For we must 

compute 8 v\ in a direct manner, by means of the value of Æl) [4Q06&] ; also 8 vx, from 

[4006/] ; by a process similar to that used in computing 8 v' or 8 v\, in [3982, 4002'] . 

Having thus obtained 8 v1, Sv\, 8 Fg, we get SvQ, by means of the formula [4006g-], 

and then by substitution in [4006/*], we obtain the values of Sv, 8v', corresponding to 

these terms. These remarks are not restricted to the two forms of R, treated of by the 

author in [3975, 3995], but apply generally to others of a similar nature, contained in the 

general table, which we shall give in [4006m]. 

In addition to the terms of R, depending on the angles 3 n't— ni, nt—2 n't', 

treated of by the author in [3975, 3995] ; there is an infinite number of a similar nature ; 

some of which are deserving of peculiar notice, on account of their magnitudes ; and one 

of them is of nearly the same order as those we have already noticed. The 20 forms of 

R, 8 r, Sv, Sr, Sv', he., producing the angle 5 n't — 2 nt, are contained in the 

annexed table. Thus the form which is marked with the number 6, includes the terms 

of R, depending on the angle 3n't — nt, as in 

the first form assumed by the author in [3975] ; and 

when this is combined with or, Sv, See., of the form 

2n't—nt, it produces terms depending on 5n't — 2nt, 

as in [3979]. We may also take these angles in an 

inverse order, corresponding to the accented numbers, 

supposing, as in the number 6', that R depends on the 

angle 2n't — nt, corresponding to the second form 

of the author, in [3995], and or, Sv, he. depend on 

the angle 3n't — nt. The numerical values of these 

terms of 8v, Sv', are given inaccurately in [4432,4488] ; 

as was first observed by Mr. Plana, in the second 

volume of the Memoirs of the Astronomical Society of 

London ; in which he has given the calculations of the 

separate terms at full length ; and has also noticed the terms of R, of the forms 5, o, 4 $ 

observing, however, that they have hardly any sensible effect in the complete value» 

of Sv, 8 v'. The final values of Sv, 8 v', computed by Mr. Plana, by a direct process, 

and independently of each other, did not satisfy the equation [4003'] ; and this numerical 

result, he considered as a demonstration a posteriori, that this formula could not be applied 

to all these terms of the order of the square of the disturbing masses. In consequence 

No. 

Coefficients of £ in 
the terms of 

R. 

Coefficients of t in 
the terms of 

Sr, Sv, Sr', Sv'. 

1 0 5 n'— 2 n V 

2 n' 4 n'—2 n 2! 
3 2 n' 3 n'—2 n 3' 

4 3 b' 2 n' — 2 n 4' 
5 n' — n 4 n'—n 5' 
6 3 n'—n 2 n—n 6' 

<
 11 '—n-, 

i = any positive integer. 

7 5 n'— 2 n-\-iv i v 7' 

8 5 n'— 3 » -j- i v tv — n 8' 

9 5 n!—4 n-\-i v tv — 2 n 9' 

10 5 n' — 5 n —J— i v iv — 3 n 10' 

Coefficients of t in Coefficients of t in 
the terms of the terms of N o. 

Sr, Sv, Sr', Sv'. R. 



VI. ii. § 17,] DEPENDING ON THE SQUARE OF THE DISTURBING FORCE. 149 

Jupiter, or n' in Saturn; we must increase nt and n't by their great 

inequalities depending on 5 n't — 2 nt. For we have seen [1070"], 

of these remarks, La Place resumed the subject in a memoir published in the Connaissance 

des Terns for the year 1829 ; in which he tacitly admits the inaccuracy of the application of 

the formula [4003'] to all these terms of the order of the square of the disturbing forces ; and 

gives a new formula [4008æ], expressing the relation between the complete values of the 

terms of ôv, S v', like those computed in this article, and others of a similar form and order, 

calculated by Mr. Plana [4006F]. This new formula has been called the last gift of La Place 

to astronomy. Upon applying the numerical values of S v, 5 v', given by Mr. Plana, to this 

formula, it was not satisfied ; whence La Place inferred, that these numerical calculations 

of Mr. Plana were incomplete or inaccurate. Some strictures having been made on this 

formula by Mr. Plana, in the Memorie della Reale Accadernia delle Scienze di Torino, 

Tom. XXXI ; it was followed by two other demonstrations of this new formula ; the first 

by Mr. Poisson in a memoir published in the Connaissance des Terns for 1831 ; the second by 

Mr. Pontécoulant, in the same work, for 1833. In the memoir of Mr. Poisson, he notices 

the term of the form 1, in the table [4006m], and shows, that it is of sufficient importance 

to be introduced into the calculation. Under these circumstances, he recommends a 

revision of the whole calculation, by taking into consideration all the forms comprised in 

the table [4006m], which produce terms of 8 v, or', of any sensible magnitude. This 

extremely laborious task has been performed by Mr. Pontécoulant, who has given the 

abridged results of his investigation in the Connaissance des Terns for the year 1833, from 

which we shall make some extracts, in the notes upon the twelfth and thirteenth chapters 

of this book, in treating of the orbits of Jupiter and Saturn. These results, so far as they 

relate to terms of the forms 6, 6' [4006m], computed in this article, differ but very little 

from those of La Place [4432, 4488], except in the signs ; and upon referring to the 

original manuscript, in which these last calculations were made, a mistake in the signs 

was discovered. Finally, Mr. Pontécoulant suggested to Mr. Plana, some corrections 

which were necessary in his work ; and upon the revision of his calculation, it was found, 

that the results were almost identical with those of Mr. Pontécoulant ; these corrected 

values, combined with the other terms of this kind computed by Mr. Pontécoulant, are 

found to satisfy very nearly the new formula of La Place [4008a:]. We shall now give 

the demonstration of this formula. 

[4006a?] 

[4006?/] 

[4006z] 

[4007a] 

[40076] 

[4007c] 

[4007d] 

For this purpose, we shall use the same notation as in [1198], in which M represents 

the sun’s mass, m the mass of Jupiter, m! the mass of Saturn ; x, y, z, the rectangular [4007c] 

co-ordinates of Jupiter, referred to the sun’s centre ; r its radius vector, &,c. ; and the same 

letters accented correspond to the orbit of Saturn. Then putting, for brevity, [4007/] 

w ■ xx'fyy'-fzz' 
W‘ 

xx'-\-yy'fzzf ~ - ___ • 
^\{x'-xf-\-{y'-yf^r[z>~zf\ ’ [4007g-] 

VOL. III. 38 
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[4006"'] that these great inequalities must be added to the mean motion, in the 

[4007%] 

[4007i] 

[4007k] 

we get, as in [949,1200], by observing that r^=x2Jry2-\-z2, r'2=a/2-f-y'2-[- 4 2 [914']. 

R = 7ÏI. (iJj —j— X) j [For the action of Saturn upon Jupiter.] 

R'  711 . (w —{— X) j [For the action of Jupiter upon Saturn.] 

Now if we multiply the formula [1198] by Mm-\-in', it will become of the form 

[4007o] ; for the two first terms of the second member of the product, or those in the 

first line of [1198], may be put under the form, 

-'-f- . in'.— ‘ 3 1 ' 
W V 

[4007Z] 
dï~ 

[4007m] 

+ mr.---- 4- m 2.-1—-—-—— 
1 dt 2 1 dt* ’ 

of which the first line is the same as in the first line of [4007o]. Connecting the terms in 

the second line of [4007Z] with those produced by the second line of [1198], namely, 

_ (m dx-\-m'dx'f [mdy-\- m!dÿ'f (mdz-j- tin!dz'f- 

dt2 Jt% df2 ’ 

it produces the second line of [4007o] ; observing, that 

7ii2 d x2 -j- m! 2 d x'2 — ( m d x -f- in' d a?')2 = — 2 m m!. d xd x', &c. 

The first and second terms of the third line of [1198] produce, without any reduction, the 

[4007n] third line of [4007o], and the last term of [1198] gives the last of [4007o], using 

X [4007g] ; hence we have 

, n/r i A {dx%-\-dÿ*-\-dz%) . (dx'*4-dy'^ 4-dzf*) 
constant = () .m.--- / o 1-’ -f- {M-\- m) . mf. — T J 1 ; 

Cl t ^ 

_ . Cdxdx' , dydiK . dzdz! 

dt 2 

[4007o] 
dt% dt* 

ct ( n/r i I !\ I Mm‘ — 2. ( M-j- m -f- m ) • y — —pr- 

-f- 2. ( M -j- m -|- m!) . m m!. X. 

rr 1-ri r r dx*-\-dy*-\~dz* dx'*-\-dy'*4-dz!* 
If we multiply the values of -- -—, -‘ ^4—- [1199,1200], by 

(M-\- m!) . m, [M-\- m) . m', respectively ; and add the products, we shall get, for 

the first line of the second member of [4007o], the following expression, 

[4007jj] ( M -f- m'). m. 2/dRjj + (M--f m). m. — 2/d'R'jL 
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formulas of the elliptical motion ; they must therefore be added to the same 

151 

If we substitute this in [4007o], we shall find, that the term having the divisor r, is 

2 m 

r 
. \{M + O . (M-f m) — (M + m -fro'). M\, 

.... . . 2to2m' , . ... , , / • 2 mm! ~ 
which, by reduction, is —-— ; and m like manner, the term depending on r, is ——— ; 

so that if after this substitution is made, we divide the whole expression by 2, and transpose 

the ternis depending on d li, d'R', we shall obtain the following équation, in which 

nothing is omitted, the constant quantity being included in the signs f 

( M + m'). m .fdR + ( M + m ). m'.fd' R'= m m'. (- + 

mm! 
d x d x'd y dy'-\- d z d ; 

“ dt% 

m -j- m') . m m'. X. 

We must now consider the terms of this equation affected with the small divisor 5 n'—2 n, 

and having 5 n't — 2 n t for the argument ; these terms being the only ones which can 

acquire the divisor (5 n' — 2 n )2 by another integration in ffdR, ffd'R', or in 

the expression of the longitudes of the two planets [3715?, m\ ; and in making this 

investigation, we shall reject all terms of the order m4. In the first place, we shall 

observe, that the expression in the second line of the second member of [4007y] does not 

contain such terms of the order m2, as is evident from the reasoning in note 819 [12017], 

where it is shown, that these terms of the order m2, arise from the substitution of the 

elliptical values of x, x', y, y, &c. ; and to obtain terms of the order m3, wre must augment 

these elliptical values of x} xr, &c. by the terms depending on the perturbations. These 

terms may be easily obtained by considering the orbits as variable ellipses, in which we may 

suppose x, x', to be of the forms, 

x = A1-\- B1. cos. ( n t -j- Cy) -J- &c. ; 

x' — Aq-^-Bq. cos. (n't -j- C2) -j- &c.} 

B1, C], &c., JR, B.2, G,, &lc. being functions of the elements of the orbits. 

These elements for the planet Jupiter are ; the mean longitude of this planet n t -j- s ; 

s the mean longitude of the epoch ; a the semi-transverse axis of the ellipsis ; e the 

excentricity ; & the longitude of the perihelion ; y the inclination of the ellipsis to a fixed 

plane ; and Ô the longitude of the ascending node. The same letters being accented, 

represent the corresponding elements of the orbit of Saturn- In the values of all these 

elements, the secular inequalities are supposed to be included. The differential of the 

expression [40071, u], being found as in [1168'], become 

dx = — B1.n dt. sin. (n t -j- Cx) — he. ; 

d x' — — B2 . n' d t. sin. ( n't -f C2) — &,e. 

[4007/] 

[4007?] 

[4007r] 

[4007s] 

[4007t] 

[4007m] 

[4007«q 

[4007m"] 

[4007a] 

[4007ta] 
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[4007] 

[4007a'] 

[4007y] 

[4007z] 

[4008a] 

[40086] 

[4008?/] 

[4008c] 

[4008d] 

[4008e] 

[4008/] 

[4008g] 

quantities in the development of R. Let 

R — H. cos. (%'n't — int -f- A), 

The product dxd x', will therefore contain only periodical quantities of the form, 

H.cos. (i' n't — in t -j- E) ; 

H, E, being functions of the elements of the orbits; and i', i, integral numbers, positive 

or negative ; moreover n't, nt, in the planetary system, are incommensurable quantities 

[1197"]. Now if we consider the elements as variable, their variations, corresponding to the 

great inequalities of Jupiter and Saturn, will have the same argument as these inequalities, 

namely, 5 nt — 2 n t, and they have 5 n' — 2 n for a divisor, as is evident from what 

we have seen in [1197, 1286, 1294, 1341, 1345'], or more completely in the appendix to 

this volume [5872—5879]. Substituting these variations in [4007v], and reducing by 

[17—20] Int., we shall obtain terms having this divisor; but it is evident, that they will 

not have the same argument, except i' =10 and i = 4; in which case H will be of the 

order e6 [957vm, &,c.], which is neglected, because we notice only terms of the third order 

relative to the excentricities e, e, and of the same order relative to the masses m, m!. 

The same remarks may be made with regard to the products d y dy, d z dz’ ; hence we 

conclude, that the function included in the second line of [4007<7] does not contain terms 

of the order m2 or m3, which has for its argument 5n't — 2nt, and for divisor 5n'—2n ; 

so that we may substitute, in [4007y], the following expression, 

in m. 
dx dx'-f- dy dy'-j- dz dz' 

= 0. 

In the function comprised in the third line of [4007j], namely, ( M -f- m -j- ml ). m rd. >., 

we may change the factor M -j- m -j- m! into M ; it being evident, that the neglected 

quantities do not comprise terms of the order m3, having the argument 5 n't — 2nt 

and the divisor 5 n! — 2 n. Then substituting, in X [4007g'], the elliptical values of x, x1 

[40071, u\, and the similar values of y, y1, z, z’ ; it becomes, by development, of the form, 

\ = A-\-K. cos. (5 n't — 2 n t -j- I) -}- Q, 

in which A represents the part depending on the argument zero, and Q all the terms 

depending on angles of the form i'n't-fint, i', i, being integral numbers, positive or 

negative, excluding those 'producing the argument 5 ri i — 2 nt, ivhich is connected 

tvith K, and the argument zero connected with A ; hence we have 

( M -J- m in) .mml.'k — M . mm'.\A-\- K. cos. (5 n't — 2111 -f-1 ) -f- Q ^. 

7)1/ 

The quantity mm'.— [40077], is of the third order in m, in', and as the value of r 

contains no term having the divisor 5 n' — 2 n, except it be of the order m', we may 

neglect this term, because it produces nothing except of the order w4 ; and the same is to 
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be any term of this development ; and 

ôv — L. sin. (*'n't — in t + B), 

7ïv 

be observed relatively to mm'.—. Substituting these and [40036,/] in [4007q\, we get 

M. [ infd R -f- m'fd 'R'} -f- m in. \fdR -f-fd!R'\—M. m in'. [ A-\-K. cos. (5 n't—2 n t -f-J) + Q}. 

We shall represent by (R), (R')} the parts of R, R', respectively, of the order m ; 

then using the characteristic 8 of variations, we shall put 8 R, SR', for the-remaining parts 

of the same quantities of the order m2, <kc., and we shall have 

R= (R) +SR, R'={R')f-8R'. 

If we also put [(.$)-f-(üf) .cos.(5w7—2nt-\-jf)] for the part of A-fK.cos.(5n't—2nt-{-I), 

which is independent of m, in' ; and prefix the sign 8 before the same quantity, to denote 

the remaining part, we shall have 

A-\-K. cos. (5 n't — 2n t-{-1) -{- Q = \_{A) -j- (K). cos. (5 n't — 2 n t 

[Af-K. cos. (5 n't — 2ntQ. 

Substituting [4008^:, w] in [40086], and neglecting the terms mm'.fdSR, mm'.fd'SR’, 

which are of the order in4; also the terms M.mm. Q, because the integration does 

not introduce the divisor 5 n'—2 n, we get 

M. {m .fd {R ) -f m'.fd' (R)} + m m'. {fd {R ) +/d' (R')j + M.\m ./d SR-f m' .fd' 8 R' \ 

—M.mm'. [[A ) -j-(IT) .cos. (5n't—2nt-\-I)~\-\-M. mm'.8.[A-f R.cos. (5n't—2nt-\-l)]. 

Now equating separately the parts of this equation, which are of the order in2, and those 

of the order ni3 ; putting also M= 1 [3709], in terms of the order in3, we get 

M.\m.fd(R)+ m'.fd' (R)} = M. m ni'. [(A ) -f- ( K). cos. (5 n't — 2 n t +1 )] ; 

mm.\fd(R)f-fd'(R')\+m.fdSR-f m'.fd'8R'=mm'.S.{A+K.cos.(5 n't—2nt+I)}. 

If we neglect the terms of the second member of [4008(7], or ’>‘n other ivords, the terms 

of the elliptical value of X, depending on the two arguments zero and 5n't —2nt, we 

shall have the following expression [4008s], which includes all the arguments except these 

two ; and is accurate both as it regards terms of the third order of the masses m, ml, and 

of the third order relative to the excentricities and inclinations, 

m ml. [ fd (R) +/d' (R) 1+m.fdSRf- m'.fd' SR = 0. 

Substituting M= 1 [4008o] in the product of [4008p], by the quantity ml, we get, by 

neglecting terms of the two forms 0 and 5nit—2nt [4008r], mm'.f dR-\-m'~.fd'R'=Q. 

Subtracting this from [4008s], we obtain 

m .fdSR-{- m'.fd'SR' + (m — m') . m'.fd' R' = 0. 

39 

[4008] 

[4008&] 

[4008i] 

[4008Æ] 

[4008Z] 

[4008t?i] 

[4008?i] 

[4008o] 

[4008p] 

[40089] 

[4008r] 

[4008s] 

[4008/] 

VOL. III. 

[4008«] 
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the corresponding inequality of Jupiter.* If we increase nt, n't, by their 

great inequalities in the expression [4007], there will result in R a 

term of the form,f 

[4009] R — ± q H. cos. \i'n't — intûz(5n't — 2 nt)-\-A±E). 

2. 5. 

and since a2 n — a'2 n' = 1 [3866a], neglecting terms of the order m, this may be 

put under the following form, terms of the order m'4 being neglected, 

[4008v] m a2 n.fdSR-f m'. a' % n'.fd’ 5 R -f ( m — to'). m'. a' * n'.fd' R' = 0. 

Now if we put f , for the great inequalities of Jupiter and Saturn; 6/(£', for the 

[4008c/] parts of f, depending on d SU, d'SR' ; or in other words, those which depend on the 

combinations [4006m], excluding the angles zero and 5 n't — 2 nt, wTe shall have, 

as in [3715/, to], 

[4008w] Sj £ = San .ffd t.dSR} ^'=3«' n'.ffd t.d'SR'-, Z'=3a?ri.ffdt.d'R'. 

La Place’s 
last for¬ 
mula, 
which 

[4008a:] 
includes 
some 
terms of 
the order 

m3. 

[4008?/] 

[4008z] 

Now multiplying [4003c], by 3 d t, integrating and substituting [4008m?], we get 

m \/a . 4 £ -|- to' \/a. 8, £' -J- (m — m!) . m!. \/cL = 0 ; 

which is the last formula of La Place, 'proposed to he demonstrated in [4007c/] ; and the 

complete values of 8/ 6 £' ought to satisfy it ; so that if one of these quantities be 

accurately computed, the other may be deduced from it ; but the usefulness of the theorem 

is restricted by the circumstance, that it can only be applied to the results obtained from all 

the sensible terms of this kind, taken collectively; or to all the terms corresponding to 

each of the six factors e3, e2 e1, e e'2, e'3, e f, e! f. 

# (2525) The relation between R and Sv is expressed by the equation [37156]. 

A particular case of this formula is considered in [3703, 3715], in which 

[4009a] R — M. cos. (m,t -f K) [3703, 3711c/] ; 

and we find, by mere inspection, that the third and fourth terms of ov [37156] have, as 

in [3715A], the divisors mf m, ; also by comparing [3702, 3711c], wTe find, that the 

^ terms of 8 v [37156], depending on Sr, have the divisor to,2— m2, or to, ± m. It is 

[4009c] easy to generalize this result, as in [4010], where m/ = i,n'—in. 

f (2526) If we increase n’t by the great inequality of Saturn [3891], and nt by that 

of Jupiter [3889], the angle i'n't — in t, which occurs in [4007, 4008], will be 

increased by a quantity, which we shall represent by p ; then putting, for brevity, 

T5 = 5n't — 2 n t -j- 5 s'— 2e ; — i'PL'. cos.Â'—iH. cos..5= 2q .cos.c ; 

— i' H'. sin. A'— i H. sin. A—Zq. sin. c; 5 s'— 2 e -f-c — E, 

[4012a] 
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Now the series of operations, which connects H and L, gives to the parts 

of H the divisors (i' n'—i w)2, i'n'—in, i'n'—indtn [40096, c] ; 

and the same series of operations gives to the inequalities corresponding 

to the parts of R [4009], the divisors* [i'n'—indb(5n'—2 n)Y, 

i' n’ — in±(bn'— 2 n), i' n'—in±(hn'—2w)±n. If i'n'—in 

or i ' n'—i n ± n be not small quantities of the order bn! — 2 n, we 

may neglect bn'—2 n in these divisors,! and then the inequality, 

corresponding to 

R = ztq H. cos. \i'n!t — int ± (5 n't — 2 n t) -R A dzE\, 

will be 

ôv = ±qL . sin. \i' n't — int ± (5 n't — 2 n t) -R B ± E\ ; 

we get, successively, 

p = — i' H1. sin. ( T5 -j- Â') — i H. sin. ( T5 -J- A ) 

= — %' H'.{sin. T5. cos. A'-R cos. T- . sin,,#'} — i H. {sin. T5. cos. À + cos. T5. sin.^#} 

= 2q .{sm.Ts.cos.c-(-cos.T5.sin.c} = 2q. sin. (T5-Rc) = 2q. sin. (5n't—2nt-RE). 

If we increase the angle i'n't—int-RA [4007] by the quantity p ; then develop the 

expression by means of [61] Int., we shall obtain an additional term of the order p, and 

represented by —p H. sin. (U n't — int-RA). Substituting in this the value of 

p [4012c], and then reducing by [17] Int., it becomes, as in [4009], 

qH. cos. {i’n't—int-R (5 n't— 2 n t) -RA -RE]—qH • cos. {i' n't—i ni — (5 n't—2 n t) -RA—E}. 

* (2527) The coefficient of t, in [4007], is i'n' — in, and from this arise the 

divisors [4010] ; but in the term [4009], this coefficient is augmented by the quantity 

±(5 n' — 2 n) ; which requires a corresponding increase in the resulting divisors [4010]; 

by this means the divisors [4010], depending upon the term [4007], change into those 

given in [4012]. If we suppose 5 n — 2 n to be very small, in comparison with 

i'n'—in or i'n'—i n ± n, wre may neglect it ; and then the chain of operations 

connecting H, L [4007,4008], will have the same divisors as that collecting qH, qL 

[4013, 4014]. Now [4007] is changed into [4013], by multiplying by ± q, and 

augmenting the angle i'n't — int by ±(5n't — 2nt)zhE. Applying the same 

process of derivation to [4008], we get the corresponding inequality of Jupiter, as 

in [4014]. 

f (2528) In restricting the formula [4014] to the terms mentioned in [4006'], we 

may consider the part which is neglected in [4012'], as of an order ——or ^ 0f 
ÎI 

that retained [3818#]; so that the error of the terms ôv [4014] is of the order R^qL; 

[4010] 

[4011] 

[4012] 

[4012'] 

[4013] 

[4014] 

[40126] 

[4012c] 

[40124] 

[4012c] 

[4014a] 

[40146] 

[4014c] 

[40144] 

[4015a] 
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[4015] 

[4016] 

Mauner of 
noticing 
the effect 
of the 
secular 
variations 
of the 
elements. 

[4017] 

[40156] 

[4015c] 

[4015(2] 

[4016a] 

[40166] 

[4017a] 
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which is the same as to increase nt, n't, by the great inequalities in the 

term of ôv [4008].* 

We must also increase, in the terms depending on the first power of the 

excentricities, the quantities e, e', zt, U, by their variations, depending 

upon the angle 5 n't — 2 nt ; but it is evident, that this will not produce 

any sensible inequalities.f 

18. The coefficients of the inequalities of the planets vary on account of the 

secular variations of the elements of their orbits ; ive may notice this in the 

following manner. We must first put the inequality relative to any angle 

i' n t — int, under the form % 

P. sin. (if n't — intffi i' e—i s) -j- P'. cos. (i' n't — int-\- i' s'— i s). 

and as q is of the order |p [4012c], it becomes of the order T^p L. Now the great 

inequalities of Jupiter and Saturn being nearly 1265s,—2957s, [4434, 4474], the quantity 

p [4012a] becomes — 5 X 2957s— 3 X 1265s = •— 18530s, or about Ty of the radius ; 

consequently the quantity TU~p L is less than TpF X TV L, or less than T4(7Ty L ; and 

the error of this computation of d v [4014], arising from this source, will generally he less 

than T477 of the inequality [4008], which is under consideration. 

* (2528a) If we increase n't, nt, by the great inequalities, using p [40125], the 

expression S v [4008] will become S v = L . sin. ( i' n't — i n t -\-B -f- p ). Developing 

this as in [60] Int., we get Sv = L. sin. (i'n't—int~\-B)-\-pL.cos. [i'n't— 

Substituting p [4012c], and reducing by [19] Int., it becomes equal to the sum of the 

two expressions [4008, 4014]. 

f (2529) The smallness of these terms may be seen, by a rough examination of the 

increment of the value of It [1011], arising from the introduction of the part of e or ô e 

Tl 

[1286], when we put i'— 5, i — 2, a— 1, ———= 74 [38184], m! = 3 Ar? > 

e — 0,05 [40614,4080] 5 observing that as i' — i= 3, k [128F], may be considered as 

of the order e3, and (-7^ 
\a e 

the order HAm'. e2. cos. (5 n’t — 2 nt-\-A), or e • cos. ( 5 n't—2nt-\-ji) nearly. 

Consequently this increment of e produces terms of the order 7q7, in comparison with 

those depending on e, in [4392], none of which amount to 200s; hence it is evident) 

that these terms are insensible. 

t (2530) The form assumed in [4017] has been frequently used, as, for example, 

in [371U]. 

of the order e2; so that ôe [1286] may be considered as of 
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We must determine the values of P, P', for the epoch 1750, and then put 

P' _ 
tang. A = — ; L = \/P2-f P/2 ; 

the sign of sin. A is the same as that of P', and its cosine is the same 

sign as that of P [4019d~\ ; then the proposed inequality will be* 

L . sin. (£'n't — int-\-i's'— is-f- A). 

We must determine the values of P, P', for 1950, noticing the secular 

variations of the elements of the orbits ; and we shall have for this 

inequality, in 1950, 

(L + <$ L ) . sin. (%' ri t — int-f i' s'— i e -f- A -j- 5 A). 

If we denote by t the number of Julian years elapsed since 1750, the 

preceding inequality relative to the time t will assume the following form,! 

t-5L\ 
200 ) i' n't — i n i s A-A + 

t.SA) 

200 ) 

Under this form it may he used for several centuries before and after 1750. 

But this calculation is not necessary except with those inequalities which 

are quite large. 

In the two great inequalities of Jupiter and Saturn, it will be useful to 

continue the approximation as far as the square of the time, in the part 

* (2531 ) Using, for brevity, i'n't — i n t + i' s' — ie = T9 ; then developing [4019] 

by means of [21] Int., and putting the expressions [4017, 4019] equal to each other, 

we get, identically, 

P. sin. T9 -f- P'. cos .T9 = L . sin. (P9 -\~A) =L . cos.A. sin. . sin.^ . cos. P9. 

Comparing the coefficients of sin. Tg, cos. P9, separately, in both members, we get 

P = L. cos. A, P'=L. sin. A. Dividing the second by the first, also taking the sum 

of their squares, we get [4018]. The quantity L being considered as positive, we 

get, from [4019c], the signs of sin. A, cos. A, as in [4018]. 

t (2532) If 5 L, 8 A, represent the variations of L, A, in 200 years, between 

1750 and 1950 ; then their variations in t years will be represented by 
t.ôL t.ôA 
200 ’ 2ÔÔ 5 

respectively. Substituting these in [4020], it becomes as in [4021]. 

40 

[4018] 

[4018'] 

[4019] 

[4020] 

[4021] 

[4021'] 

[4019a] 

[40196] 

[4019c] 

[4019c/] 

[4021a] 

VOL. III. 
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[4022] 

[4022^ 

Great in¬ 
equality 
of Jupiter, 
reduced to 
a tabular 
form. 

[4023] 

[4022a] 

[40226] 

[4022c] 

which has the divisor (5ft'—2n)9. This part of the expression of 6v 

is as in [3844], 

2a. dP 3 a.ddP' 
\ iaf+nr 

6 m'. n2 
8v = - 

(5nf—2n).dt (5 nf—2 n)2.dt%. 
, sin. (5 n't— 2 n t -j- 5 s'-— 2 s) 

(5 n'—2 nf' 
—^aP■ 

2a.dP1 3 a.ddP 
■.cos. [5 n't— 2nt-)-5d—2 s) 

(5 n'—2 n).dt (5 n'—2 nf'.dft 

the values of P, P', and of their differentials, being relative to any time 

whatever t. By developing them in series, ascending according to the 

powers of the time, and retaining only the second powTer, and the first and 

second differentials of P, P', the preceding quantity will become* 

aP'- 
2a.dP 3 a.ddP' 

ÔV- 

6 m/. n2 

(5 n'—2 nf 
aP 

(on1—2n).dt (5 n'—2nf.dP 

iP< . 3a.ddP 1 . . „ 

dt (5n‘— 2n).dt2 ) 

2a.dP' 3 a.ddP 

dP 

(on'—2 n).dt (5 n'—2 n)2.df2 

, ( dP 2 a.ddP' ) 1 2 d dP ! 

~dt% 

> .cos.(5 n't—2nt-\-5d—2s) 

* (2533) The values of P, P’, and their differentials [4022], must be computed for 

the particular time t, for which the value of o v is wanted ; but this is an inconvenient 

method; therefore the functions by which sin.P5, cos.ïk [3842a], are multiplied in [4022], 

are developed in [4023] in series, ascending according to the powers of t. This is done 

by means of the formula [3850a], neglecting t3, and the higher powers of t. Thus, 

if we put the factor of sin.P5, included between the braces in the first line of [4022], 

equal to u, and take its first and second differentials, neglecting the differentials of the 

third and higher orders ; we shall get the following values of U, and its differentials ; in 

which the terms in the second members correspond to the epoch t = 0 ; 

2a.dP Sa.ddP' 
l = a P + fin>__2n).dt~~ {5n'—2nf.dt^ * 

/d U\_ dP' 2a.ddP /ddU\__a.ddP' 

\dt ) a" dt (5n'~ 2n).dt% ’ \ dt% ) dt2 

Substituting these in [3850a], we get for u, the same expression as the factor of sin. T5, 

in the first and second lines of [4023]. In the same manner, the factor of cos. P5, m 

the second line of [4022], produces the corresponding factor, in the third and fourth 

lines of [4023]. 

[4022d] 
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The values of P, P', and their differentials, correspond to the epoch 

of 1750, and are determined by the method in [3850, &c.] ; the other parts 

of the great inequality of m being rather small, it will be sufficient, by 

what has already been shown, to notice the first power of the time. This 

great inequality will then have the following form, 

ô v = (A -f-P t -f- C t*) . sin. (5 n't — 2 n t -f- 5 d—2 s) 

+ (A'+B't + C'tf . cos. (5 n't — 2 n t + 5 s'— 2 a). 

We may also put the great inequality of m' under the same form, by which 

means it will be easy to reduce these inequalities into tables. 

If we wish to reduce the preceding inequality to one term, we must calculate 

it for the three epochs 1750, 2250, 2750. Let 

f3 . sin. (5 n't — 2 n t + 5 s'— 2 e-j- a) 

be this inequality in the year 1750; and f3, a,; |3y, A//, the values of (3, A 

at the epochs 2250, 2750 ; then the inequality corresponding to any 
time whatever t, will be * 

Svfp + t-d£+n*dd£)-sf5n't-2„t+5l'-2s + A + tg + ttKd^i 

the differentials f3 and a correspond to the epoch in 1750; and we shall 
have, by [3854—3856],f 

d (3  4 |3,— 3 ft— ft 

d* ~ 1000 

d a _ 4 a,— 3 a—a 

d* _ 1000 

d d j3 (3/, 2 f3y ~{~ p ^ 

dt2 — 250000 ’ 

dd A_ A„ — 2 A,4-a 

Iff ~ 250000 * 

(2534) p and A being functions of t, we shall have, as in [3850a], 

P + U7t+W- 
dd{3 i . \ ,dA..^nddA. 

and A4-/.-4-I/2. - 
1 df ‘ * dt2 

for their value» ; using for /3, A, and their differentials, the values corresponding to the 

epoch in 1750. Substituting these in [4025], it becomes as in [4026]. 

t (2535) If in the general formulas [3854—3856], we change P, P,, P„, into 

0/5 0//j die expression [3854] will become like the first of the functions [4025a] ; 

and by making the same changes in [3856], we shall get the values of — 
dt dfâ 

[4023'] 

[4024] 

[4025] 

[4025'] 

Great in¬ 
equality of 
Jupiter, 
reduced 
to one 
term. 

[4026] 

[4027] 

[4027'] 

[4025a] 

[4027a] 
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In conformity to the remark we have made in [3720], these two great 

[4027"] inequalities of Jupiter and Saturn must be applied respectively to their 

mean motions. 

[40276] 

[4027c] 

[4027]. In like manner, by changing, in [3854—3856], P, P/: Pu, into A, A/5 A//3 

the formula [3854] will become as in the second of the functions [4025a], and [3856] 

will give the values of —, [4027']. dt5 dt2 
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CHAPTER III. 

PERTURBATIONS DEPENDING ON THE ELLIPTICITY OP THE SUN, 

18'. Since the sun is endowed with a rotatory motion, its figure will 

not be perfectly spherical. We shall now investigate the effect of its 

ellipticity on the motions of the planets ; putting 

P = the ellipticity of the sun, expressed in parts of its radius ; 

q — the ratio of the centrifugal force to the gravity at the sun’s equator ; 

= the sine of the planet’s declination relative to the sun’s equator ; 

D = the sun’s semi-diameter ; 

1 — the sun’s mass, usually called M ; 

then it will follow, from [1812], that the sun’s ellipticity adds to the 

function R [318], the quantity* 

* = (r—is)-?-0*—+)• 

# (2536) We shall suppose m', m", in!", he. to represent the particles of the sun’s 

mass ; considering it as being composed of concentrical elliptical strata of variable densities, 

symmetrically arranged about its centre of gravity, taken as the origin of the co-ordinates 

of these particles x', y\ z' ; x", y", z", Sec. The co-ordinates of the attracted planet m 

being represented by x, y, z, and its distance from the sun r =p/(æ2-j- y^-\- z2). In 

this case, the expression of R [913] will be reduced to its last term R= — — : because 
m 

r i r mf.(xxf4-yy'4-zz') . 
any term ol the iorm ————---—-, depending on the particle m', whose co-ordinates 

(a/a+y's+z'sp 

are x1, y1, z', is destroyed by a similar term, depending on an equal particle m'r whose 

co-ordinates are —x', —y', —z'. Substituting, in [40296], the value of X [914], 

Symbols, 

[4028] 

Value of 

R, 
depending 
on the 
ellipticity. 

[4029] 

[4029a] 

[40296] 

[4029c] 

VOL. III. 41 
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[4030] 

[4031] 

[4029d] 

[4029c] 

[4029/] 

[4029g-] 

[4029fc] 

[4029i] 

[4030a] 

[40306] 

[4031a] 

[40316] 

[4031c] 

If we notice only this part of R, and put f d R = g + R; g being a 

constant quantity ; we shall find, that the differential equation in rôr 

[926, 928'] becomes, by neglecting* the square of jx, 

0 dK(rSr) 

°- dt» + 

n2 a3, r 5 r 
+ 2g+(f~*g,)-~-1 3 r' 

neglecting terms of the order m! m", and using the sign f to represent the sum of the 

7ÏI/ 
terms depending on all the particles, we get R = — f++ ^ * 

This expression of R corresponds to that of — F in [1385'", 1386], m! being the attracting 

particle, and \/{ (d— xf -f- (yr— y)2 + (z' — z)2\ its distance from the attracted planet ; 

hence R = — V) and by substituting the value of V [1812], we get 

jyr. (fx2—i). 
r t 3 

The last term being multiplied by D2, to render it homogeneous with the first, because 

in [1812, 1795"], the semi-diameter of the body M is put equal to unity, and here it is 

supposed to be JD. Again, by comparing [1670', 4028], we get a <p == q ; also by 

comparing [1801, &c., 4028], we get a A = p. Substituting these in [4029e], we obtain 

(i,-r ,)■ 

Now if the sun were of a spherical form, with no rotatory motion, we should have 

p _ o, q = 0. and then R=—~ [4209#]. Subtracting this from the general value 

of R [4029#], we get the part of it depending on the sun’s ellipticity, namely, 

[hq — P)-#2 
R = 

and by putting, as in [4028], the sun’s mass M= 1, it becomes as in [4029]. 

* (2537) The inclination of the sun’s equator to the ecliptic is less than 8d, and its sine 

is nearly A, so that (x2 must be less than (|)2, or 5 which may be neglected m 

comparison with y ; and then [4029] becomes R= $ • ( P ^ ? ‘ /s ' 

dR 
f (2538) Substituting, in [926], the value of rR’=r-\dr 

[3700], we get 

) [928'], also fx= n2 a3 

0 = + 2/d R + r. (f ) . 

Now the value of R [40305], depending on the sun’s ellipticity, gives 

fdl 
r3 1 6 ’ \dr ) 

1 R2 (dR\ t \ 

rdfl=-i.(p-iî).DVdv=-i-(p-iî)-w+«'; r'Ur]=(p-2'î)’>* ; 
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To determine the constant quantity g, we shall observe, that the formula 

[931] gives, in 6vf the quantity* * 

D2 
3 a . ngt + (p — i q) • ^ • nt\ 

n t denoting the mean motion of the planet ; this quantity must be equal 

to zero ; therefore we have 

_(p-èy)^2 

£ “ 3 a3 

Hence the differential equation in rSr becomes, by neglecting the square 

of e, and observing that n^a3 = 1 [3709'],f 

r~ + cos* + £ — «) ] — 2 ' ^P 3 2- D2 

+ . n9. JQ2. [ 1 -f 3 e . cos. (n t -j- s — ra)}. 
O 

substituting these in [40315], vve get [4031]. We may observe, that the symbol p- [4031a] 

is entirely different from that in [4028]. 

* (2539) The constant quantity g is to be found, as in note 699, Vol. I, page 550, by 

t « 
putting the terms of [931], multiplied by t, or rather by -—-r., equal to nothing. 

f*'VP—e~) 

These terms are evidently produced by the two last terms of [931], 

Safndt.fàR-{-2a fn dt .r . ’ 

but from [4031c], we get 

3a/dÆ + 2ar. = 3 «ê* + (p “ $q) .^ = 3flg + (p- 

noticing merely the term a of the value of r, which is evidently the only part which afîècts 

the coefficient of t, now under consideration. Multiplying this last expression by n d t, 

and integrating, it becomes as in [4032], which represents the part of <5 v, connected with 

the factor t. Putting this equal to nothing, we get [4033]. 

t (2540) We have r = a.\ 1 — e , cos. (n t -]- s— tf)} [3747], neglecting e2; 

hence we get, by using [4033'], 

^ = ~.[l-j-3e. cos. (ni -f- e — ■tf)} = n2.[l-(-3e. cos •(«<-)-t — «)] ? 

substituting this, and g [4033], in [4031], we get [4034]. 

[4032] 

[4032'] 

[4033] 

[4033'] 

[4034] 

[4032a] 

[40326] 

[4032c] 

[4034«] 

[40346] 
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This gives, by integration,* 

r Sr D2 
— i- (p — i 7) * "^ï •{1 — Se.nt, sin. (nt-\-s — to)}. 

The elliptical part of i is 1 — 2 e . cos. + [3876a] ; and 

if we suppose to to vary by <5 to, we shall have [3876d],f 

[4036] 
rSr 
—p = — e 6 to . Sill. ( 71 t -J- s — to ) 

* (2541) This integration is made as in [865—871"], putting rSr=yhence [4034] 

becomes, by connecting together the terms depending on e, 

[4035a] 

[40356] 

0 = 
d*y' 

~dtâ 
1 
3 

Putting y'=y+i.(p 

(P —hq)-n2. 

-iq)-^2, 

•D2+{»2Y+i'(P—?q) .n2-D2\.3e .cos. (ra4-{-£—to). 

and neglecting the term of the order y e, or e2, we get 

[4035c] 0 = 
d3y 

~dt2 
+ n2- V 2 • ( P “ i- q) * U2, e . cos. ( ra ? -j- s — to ) ; 

[4035c?] which is of the same form as [865a, 870', 871'], changing a or m into ra, s into s—to, 

a K into 2 . ( p — ^ q) n2. _D2. e, and then [871"] becomes 

CL Kt 
y —-• sin. (n t -f- s — to) = — (p — ±q) ,nt. D2. e . sin. (ira £ -J- s — to) ; 

substituting this in y' or rSr [4035S], we get 

[4035e] r 5 r = |. (p — ±q). D2 — (p — ±q) . nt. U2, e . sin. ( n t -f s —to) ; 

dividing this by a2, we obtain [4035]. We may remark, that the term of the form 

a if. cos. {nt-\-z—to) [871/] is included in the elliptical motion, and it is not necessary 

to notice this term in the present calculation. 

• T Ô V 
t (2542) Comparing together the expressions of — [3876i, 4035], we find, that 

if the coefficients of sin. ( n t -j- s — to) be put equal to each other, we shall get 

[4036a] — e 5 to = A * ( P — i q ) • ~ • ( — 3 e .nt)', 

whence we obtain o to, as in the first equation [4037]. The second expression [4037] is 

^ ^ deduced from the first by the substitution of n = a w [3709']. Again, since the 

formula [4035] does not contain a term depending on n t. cos. (ra t £—to), and 

[4036c] in [3876] this cosine is connected with the factor <5 e, we shall have S e = 0. The 
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If we compare this expression of 
r Sr 

with the preceding, we shall obtain 

. ^.nt = (p — [4036^, b] ; 

a” 
a‘ 

therefore the most sensible effect of the ellipticity of the sun, upon the motion 

of a planet in its orbit, is a direct motion in its perihelion ; but this motion 

being in the inverse ratio of the square root of the seventh power of the 

greater axis of the planetary ellipsis, we see that it cannot be sensible except 

in Mercury [4036/]. 

To find the effect of the surfs ellipticity upon the position of the orbit, 

we shall resume the third of the equations [915]. This equation may be 

put under the following form,* 

d d z . v? a3, z . id R 

0 = + 

We shall take the solar equator for the fixed plane, which gives fx2 

[4040a] ; then by observing that r~= x^rf- ifrf- z*, we shall liavef 

n2.D2 

af *z; 

v Sr , Sr, 
constant part of gg > which is nearly equal to that of —, is represented in the present 

case by the first term of the second member of [4035] ; so that we shall have 

<5 r 

as in [4042]. Now we shall see, in [4262—4265'], that if the sun be homogeneous, 

D2 
we shall have, for the orbit of the planet Mercury, <5#=(p—4 q). — a=0*,012./ nearly 

[4265] ; and this expression is much smaller for the other planets, on account of the divisor a? ; 

so that it produces only 12s in a thousand years for Mercury, and is much less for the other 

planets. The quantity S r [4036/ 4260—4263] is evidently insensible. 

* (2543) Substituting fi = n2a3 [3700] in the third equation [915], it becomes 

as in [4039]. 

f (2544) In [4028], is put for the sine of the planet’s declination above the plane 

of the sun’s equator, its perpendicular distance above this plane being z, and its distance 

42 

Motion 
of the 
perihelion, 
arising 

[4037] 
from the 
oblateness 
of the 
sun, is 
insensible. 

[4037'] 

[4038] 

[4039] 

[4039'] 

[4040] 

[4036d] 

[4036c] 

[4036/] 

[4039a] 

[40396] 

VOL. III. 
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[4041] 

[4042] 

[4043] 

[4044] 

[4045] 

[4040a] 

[40406] 

[4040c] 

[4041a] 

[4042a] 

[4045a] 

hence the preceding differential equation becomes* * 

ddz . „ C- 3<5r . _ . . , Z>3 
0 = 

dp Jrn^z * 11 — + 3 . (p — \ q) . | Î 

now by what precedes [4036c/], we have 

Sr D2 

hence we obtain 
a a* 

This gives, by integration,f 

( / D*\ ) 
z = y. sin. <nt. f 1 + (p — i 9) • ) —0\ 

9 
- being the inclination of the orbit to the solar equator,f and ô an arbitrary 

% 
from the sun’s centre r ; hence we evidently have (*=-; also r = y/(x2-|-y~~f-z2) 

[914/] - Substituting this value of p in [4029], we get 

Taking its partial differential relatively to z, neglecting z2, and observing that 

we get 

£) = (p-i t).m 

1 1 n2 
Retaining only the constant part of r, we may put — = —==— [3709'], and then the 

preceding expression [4040c] becomes as in [4040]. 

* (2545) Noticing only the terms of r, depending on the sun’s ellipticity, we may put, 

1 1 / 3 d r\ 
as in [4036d], r — a -[- <S r, whence — = —. ( 1-— ). Substituting this and [4040] 

in [4039], we get [4041] ; and if we use [4036c?], it becomes as in [4043]. 

c 2)2) 
f (2546) Comparing [865', 4043], we get y = z, a — n . < 1 -j- ( p — I S' ) • t » 

by neglecting ( p — \ q)2. Substituting these in the first value of y [864a] ; changing 

also 5 into <p, and cp into —• Ô, we get [4044]. 

X (2547) The sine of the declination is equal to ~ [4040a], and its greatest value 

is equal to ^ [4044] or ~ nearly j which evidently represents the sine of the 

inclination of the orbit to the solar equator. 
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constant quantity. Thus the nodes of the orbit on this equator have a 

retrograde motion equal to the direct motion of the perihelion, and tvhich 

cannot therefore be sensible, except in the orbit of Mercury.* At the same 

time ive see that the sun’s ellipticity has no influence on the excentricity of the 

planet’s orbit [4046c], or on the inclination of this orbit to the solar equator ; 

it cannot therefore alter the stability of the planetary system. 

[4045'] 

[4046] 

* (2548) It is evident from the form of the angle, which occurs in [4044], that the 
2)2 

retrograde motion of the node in the time t is represented by n t. ( p — £</). — , [4046a] 

because the body is in the node when z — 0, and it completes its revolution, to the 
2)2 

same node, while the angle wf+wt. ( p—• J <p) . — increases by 360^; the mean [40466] 

periodical revolution being performed in the time t, which makes nt = 360d [4032']. 

Hence it is evident, that the retrograde motion of the node in the time t is nearly equal to 

the difference of these quantities, as in [4046a], being the same as the direct motion of the 

perihelion [4037]. As Se = 0 [4036c], the excentricity is not affected by the sun’s [4046c] 

ellipticity, neither does it affect the inclination ~ of the planet’s orbit to the sun’s equator 

[4045a], which is constant, because <p is one of the constant quantities obtained by integration. 

The results found in this chapter agree with those found by Mr. Plana in the Memoirs 

of the Royal Society of London, Vol. II, page 344, &tc., noticing the term neglected by [4046c/] 

La Place in [4030] ; making also the computation directly from the formulas [5788 —5791], 

and carrying on the approximation to a rather greater degree of accuracy. 
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[4047] 

Symbols. 

[4048] 

PERTURBATIONS OF THE PLANETS, 

CHAPTER IV. 

PERTURBATIONS OF THE MOTIONS OF THE PLANETS, ARISING FROM THE ACTION OF THEIR SATELLITES. 

19. The theorems of ^10, Book II [442", &c.], afford a simple and 

accurate method of ascertaining the perturbations of the planets from the action 

of their satellites. We have seen, in [45 T, &c.], that the common centre 

of gravity of the planet and its satellites, describes very nearly an elliptical 

orbit about the sun. If we consider this common orbit as the ellipsis of the 

planet ; the relative position of the satellites, compared with each other and 

with the sun, will give the position of the planet, relative to this common 

centre of gravity, consecjuently also the perturbations which the planet suffers 

from its satellites. Let 

M = the mass of the planet ; 

R = the radius vector of the common orbit, or the orbit of the centre of gravity 

of the planet and satellites, the origin being the sun’s centre ; 

U = the angle formed by the radius R, and the invariable line, taken in 

the common orbit, as the origin of the longitudes ; 

m, m', &c. the masses of the satellites ; 

r, r', &c. the radii vectores of the satellites, the origin being the common 

centre of gravity of the planet and its satellites ; 

v, v', &c. the longitudes of the satellites, referred to this common centre ; 

s, s', &.c. the latitudes of the satellites above the common orbit, and 

viewed from the common centre ; 

X, Y, Z the rectangular co-ordinates of the planet ; taking the common 

centre of gravity of the planet and its satellites for their origin ; 

the radius R for the axis of X ; and for the axis of Z the line 

perpendicular to the plane of the common orbit. 
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We shall have very nearly, from the properties of the centre of gravity, 

and by observing that the masses of the satellites are very small, in 

comparison, with that of the planet,* 

0 = MXf-m r . cos. (v — U) + m'r'. cos. (v' — U) + &c. ; 

0 — MYm r . sin. (v — U) + mlr'. sin. (V — U) -j- &c. ; 

0 = MZJrm.rsJr ml. r* .s'-f- &c. 

The perturbation of the radius vector is nearly equal to X ; consequently 

it is equal to 

—jj^*r’C0S* (v—U)—./.cos. (V—U) — &c.=Perturbation of radius vector. 

The perturbation of the motion of the planet in longitude, as seen from the 

Y 
sun, is very nearly — ; therefore it is equal to 

JLli 

77% T m! 

— M'R'^n' (V——M'R’Sin* —&c. = Perturbation in longitude. 

* (2549) If we let fall from the points where the bodies M, m, m', Szc. are situated, 

perpendiculars upon the axes of X, Y, Z, the distances of these perpendiculars from 

the common centre of gravity of the planet and its satellites, taken as the origin, will be, 

respectively, as follows; 

On the axis of X ; r . cos. [v — -U)-, F. cos. (F—U), &c. ; 

On the axis of Y ; Y; r . sin. (v- -V)-, r'. sin. (F—U), &c. ; 

On the axis of Z ; z-, r s ; r' s', Sic. nearly. 

Multiplying the distances [40506] by the masses M, m, m, &c. ; and taking the sum of 

these products, it will become equal to nothing, by means of the first of the equations [124] ; 

hence we get the first of the equations [4050]. In like manner, by multiplying the 

distances, measured on the axis of Y, by M, m, m!, &cc., respectively, and putting the sum 

of the products equal to nothing, we get the second of the equations [4050]. The third of 

these equations is formed by a similar sum, corresponding to the axis of Z. From 

Y Z 
these three equations, we may find the values of X, —, —, as in [4051,4052,4053]; 

and as the radius R, or axis X, passes through the place of the common centre of gravity, 

Y Z 
it is evident that these quantities X, —, — will represent, respectively, the perturbations 

of the radius vector, of the longitude and of the latitude, conformably to what is said above. 

43 

[4049] 

[4050] 

Perturba¬ 
tions. 

[4051] 

[4052] 

[4050a] 

[40506] 

[4050c] 

[4050d] 

[4050e] 

[4050/] 

[4050g] 

VOL. III. 
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[4053] 

Lastly, the perturbation of the motion of the planet in latitude, as seen from 

the sun, is very nearly ; hence it is nearly equal to 

— ir,! • • r-~-&c. = Perturbation in latitude. 
MR MR 

These different perturbations are sensible only in the earth, disturbed by the 

moon. The masses of Jupiter’s satellites are very small in comparison with 

that of the planet, and their elongations, seen from the sun, are so very 

small, that these perturbations of Jupiter are insensible. There is every 

reason to believe that this is also the case for Saturn and Uranus. 

[4054] 



VI. v. §20.] ELLIPTICAL PART OF THE RADIUS VECTOR. 171 

CHAPTER V. 

CONSIDERATIONS ON THE ELLIPTICAL PART OF THE RADIUS VECTOR, AND ON THE MOTION OF A PLANET. 

20. We have determined, in [1017, &c.], the arbitrary constant 

quantities, so that the mean motion and the equation of the centre may 

not be changed by the mutual action of the planets. Now we have, in 

the elliptical hypothesis,* 
1 -\-m 

cr 
the mass of the sun being put equal 

to unity. Hence we obtain 

[4055] 

• 0 + -4»») 5 [4056] 

for the semi-transverse axis, which must be used in the elliptical part 

of the radius vector. 

If we suppose, in conformity to the principles assumed in [4078— 

4079, &c.], that 

a = n~~'s ; a'=n'~~^, &c. ; [4057] 

we must increase a, a', &c. in the calculation of the elliptical part of the 

* (2550) This is the same as [3700], putting, as in [3709a], = and 

M= 1, as in [4055]. From this we get 

a — n = w 3,(l_j_i.m — XV &c.) ; 

which, by neglecting terms of the order m2, becomes as in [4056]. 

[4056a] 
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[4058] 

Increment 
of the 
radius 
vector 

[4058a] 

[40586] 

[4058c] 

[4058c?] 

[4058e] 

[4058/] 

[4058g-] 

[40586] 

[4058i] 

radius vector by the quantities \m a, i m' a1, &c. respectively ; but this 

augmentation is only sensible in the orbits of Jupiter and Saturn.* 

* (2551) The values of alv, av, for Jupiter and Saturn [4079], are respectively 

augmented by the correction [4058], in the expressions [4451, 4510]. The similar 

augmentation, corresponding to the other great planet Uranus, is ±mvl aYi, which, by using 
«vi 

mvl [4061], becomes - . If this quantity were an arc of the planet’s orbit, 
t)O0l2 

perpendicular to the radius vector, it would subtend only an angle of 3s,6, when viewed 

from the sun ; but being in the direction of the radius vector, it produces no change in the 

longitude, seen from the sun ; or from the earth, when the planet is in conjunction or in 

opposition. The most favorable situation for augmenting the effect of this correction, in 

the geocentric longitude of the planet, is when the earth is nearly at its greatest angle 

of elongation from the sun, as seen from the planet. This angle for the planet Uranus 

a” 
is quite small, its sine being represented by —. =TV nearly [4079] ; and as the above 

correction 3s,6 is to be diminished in the same ratio, it produces only 0s,2 for the greatest 

possible effect of this augmentation of the radius, in changing the place of the planet Uranus, 

as seen from the earth ; consequently this correction is wholly insensible. 

We have already observed in the commentary in Vol. I, page 561, that Mr. Plana 

makes some objections to the introduction of the constant quantity g, in the integral [1012'], 

and he has also urged similar remarks against the use of the constant quantities f, f 

[1015'], in finding the integral 5u [1015] ; but a little consideration will show, that these 

objections do not apply to the accuracy of the results, or to the astronomical tables founded 

upon them ; but merely to the most convenient way of ascertaining, as a mere matter of 

curiosity, the orbit a body would describe if it were not acted upon by the disturbing force, 

or of computing the whole effect of the disturbing force in a given time. This subject has 

been discussed very ably by Mr. Poisson, in the Connaissance des Terns for the year 1831, 

pag. 23—33 ; and we shall, in the remaining part of this note, avail ourselves of his remarks. 

The complete integrals of the three differentia] equations [545], which determine the 

co-ordinates x, y, z, of the planet referred to the sun’s centre as their origin, contain 

six arbitrary constant quantities [571a], which we shall denote by a, b, c, &c. ; and the 

same is true in using the polar co-ordinates r, v, s ; as we have already seen, in [602"], 

in the first approximation, where the disturbing forces are neglected, and the simple elliptical 

motion obtained. In a second approximation, in which we notice only the first power 

of the disturbing forces, we may put 5r, 0 v, 5 s for the increments of r, v, s ; and then 

the integrations being made, as in [1015, &c., 1021,1030], will introduce six new arbitrary 

constant quantities, a', b', d, &c. ; these accented letters being taken for symmetry, instead 

0f g, f, //, &c., used by La Place. A third approximation includes terms of the second 

order of the disturbing forces, and by similar integrations, produces six other constant 

quantities a", b", c", &c., and so on successively. If we restrict ourselves to the second 
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We must then apply to the radius vector the corrections given by the 

approximation, neglecting terms of the order of the square of the disturbing forces, the 

polar co-ordinates will be r-\~8r, s-j-5^, containing the twelve constant quantities 

a, b, c, he. ; a', V, d, he., which must, by the nature of the question, be reduced to six 

only, or to six distinct functions A, B, C, D, E, F, of these twelve quantities. The 

values of A, B, C, he. may be determined by the position, velocity, and direction of the 

planet at a given moment ; or by the comparison of the values of r-\-8 r. v-\-8v, s -j- 8 s, 

with those deduced from observation ; in each case the result will be fixed and determined. 

On the contrary, we may assume at pleasure any values of a', b', c', he. ; and the values 

thus assigned to these terms, will determine absolutely the quantities a, b, c, he., which 

differ but little from A, B, C, he. on account of the smallness of the disturbing forces. 

If we wish that o r, 8v, 6 s should express the effects produced, by the disturbing forces 

on the radius vector, the longitude and the latitude of the disturbed planet ; we must 

determine a, b, c, &c. so that the elliptical co-ordinates r, v, s, and their differential 

d v d v d s 
coefficients —, —, —, may represent the position, the velocity, and the direction of 

CL L CL lr CL V 

the planet at the commencement of this interval of time ; and afterwards determine 

y a, v , ^, d, he., so that we may have at the same epoch 

d.ôr 
(5 r = 0, 8 v = 0, 8 s — 0 ; 

d t 
= 0, d ,8v 

dt 
= 0, d.6s 

d t 
= 0. 

At the end of the time t, counted from the same epoch, r will be the distance of the planet 

from the sun, which will obtain, if the disturbing force cease to act from the commencement, 

and 5 r will be the augmentation of distance produced by this force. Similar remarks 

may be made relative to the quantities v, dv ; or s, Ss. If we determine a', b', d by other 

conditions, the perturbations of the troubled orbit will no longer be wholly expressed by the 

quantities 8 r, 8 v, 8s ; because the elliptical parts r, v, s, are also affected by means 

of the constant quantities a, h, c, he., which partake of the disturbing forces, and are 

different from what they would be if these forces were suppressed. But this is not attended 

with any inconvenience ; since it does not prevent these complete values of r -f- 8 r, 

v —|— 8 v, s +o s, from representing, at every instant, the true position of the planet, which 

is the object of the tables of its motion, into which these values are finally reduced. 

Instead of considering directly the increments Sr, Sv, Ss, of the elliptical orbit, we 

may use the method depending on the variation of the arbitrary constant quantities; 

supposing Sa, 8b, Sc, he. to be the increments of the constant quantities a, b, c, he., 

contained in r, v, s. These six variable quantities d a, 8 b, 8 c, he. will be given by 

direct integration of formulas similar to [1177], or like those collected together in the 

appendix [5786 5/91], supposing that we neglect the second and higher powers of the 

disturbing forces. These values will then be of the forms, 

<5 a = -}~ a ; 8 b = bl-\- j3 ; 8 c c, f-y, he. 

[4058Æ] 

[4058/] 

[4058m] 

[4058?i] 

[4058o] 

[4058/?] 

[4058</] 

[4058r] 

[4058*] 

[4058/] 

VOL. III. 44 
[40581] 
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[4058m] 

[4058v] 

[4058w] 

[4058a-] 

[405%] 

[4058z] 

[4059a] 

[4059&] 

[4059c] 

[4059d] 

[4059e] 

formulas of Book II, ^50 [1020, &c.], and by the preceding articles 

at 5 &/5 c, being new arbitrary constant quantities, and a, 0, 7, he. functions of t, and 

of a, b, c, he. Substituting a-\-oa, b-\-5b, c-[-<5c, &ic. for a, b, c, he. in the values 

of r, v, s, we shall obtain for the co-ordinates of the disturbed planet, expressions which 

are equivalent to the preceding values of r -j- 5 r, v -j- 5 v, s -j- 5 s. The constant 

quantities at, bn ct, he., as well as a, 7, &tc., are of the order of the disturbing 

forces ; therefore, by neglecting terms of the second order, as in [40585'], we may put, 

in the values of a, |S, 7, &c.; a + a, for a, b-\-bt for p, c+ c, for c, he.; 

by which means a-\-at, b bt, c-f-c/} he. will be the six arbitrary constant 

quantities, which occur in the values of r-\- ôr, v -f- 5 v, s -{- Ss. This shows how the 

arbitrary constant quantities, contained in the co-ordinates of the disturbed planet, as found 

by the two first approximations, are reduced to the number corresponding to the system 

of differential equations upon which they depend. 

If we wish to determine the total effect of the disturbing forces upon each of 

the elliptical elements, during a given time, we must find, as above, the constant quantities 

a, b, c, &c. ; by means of the position, the velocity, and the direction of the planet 

at the commencement of this interval of time ; and then the constant quantities at, bt, c , 

by means of the equations 

a, + a = °» + P = c, + 7 = &c., 

corresponding to the same instant. The effect of the disturbing force at the end of any 

proposed time t, will be expressed by means of the quantities 5a, 5b, 5c, he., which will 

then contain nothing arbitrary. This is practised in the theory of comets, in which the 

values of 5 a, 5 b, <5 c, he. are calculated, by quadratures, for the interval of time between 

the two successive appearances of a comet. 

These general considerations agree with the method used by La Place in the second 

book of this work. In the abovementioned paper of the Connaissance des Terns for the 

year 1831, page 29, he., Mr. Poisson has applied these principles to the investigation 

of the effect of the whole disturbing force of a planet m', upon another planet m, moving 

in the same plane. The radius vector and the longitude of the planet m being affected by 

this action, but not its latitude, because the bodies m, m' move in the same plane. In this 

case, the six arbitrary constant quantities mentioned in [4058/], are reduced to four. 

If we neglect terms of the order e2 in the elliptical motion of the body rn, the expressions 

of the radius vector and longitude [669) 605'], become 

r = a — ae . cos. (nt s — to); 

v — nt -{— a —]— 2 e . sin. (nt -f- s — vs) ; 

n2 a 3 = M-\- m = p. 

If we suppose the body m to begin to disturb the motion of m at the commencement 
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[3706—4058]. The expression of Sr [1020] contains these two terms, 

s t = — m! a .f e . cos. (nt~\- s — to) — m! a. f e'. cos. ( n t + s — to') ; [4059] 

of the time t, we may determine the effect of the perturbation of the radius vector by 

means of the value of [1016], in which the arbitrary constant quantities are retained. [4059/q 

The expression of Sv [1021] would give the perturbations in longitude, if particular values 

had not been assigned to the arbitrary constant quantities g, / f. To obviate this 

objection, we must retain these arbitrary quantities as they are found in the functions 

[10216, c, d,e], whose sum is assumed in the first line of the note in page 556, Vol. I [4059#] 

[1021e—/], for the value of Sv. In order to simplify this calculation, it will be convenient 

to change the form of the terms depending on / f ; by developing the sines and cosines 

of the angles nt-{-s—to, nt-\-s—■ to', into terms depending on sin. n t, cos. n t, 

by the method used in [1023a] ; and changing the values of the arbitrary constant 
(5 T 

quantities / /', so that the part of the expression of — [1016], depending upon them, [4059/0 

may be put under the form /.cos. n t +/'. sin. n t. The corresponding terms of the value [4059i] 

of S v may be found by multiplying this expression by 2, and changing the angle n t into 

n t -j- 90^ ; as is evident, by comparing the terms of — [1016], depending on / /', 
CL 

with those of Sv [10216]; hence these terms of Sv become —2/.sin.wzf-f 2/'. cos. ni. [4059*] 

We may also add an arbitrary constant quantity h, to the part of Sv, computed in either 

of the integrations [1021/ e], and retain the terms 

rn!. an t\3s + a-(?irr)\ [««la,<Q, [4059/] 

which were put equal to nothing in [1021/]. Making these changes in the expressions 

6v 
of —, Sv [1016, 1021] ; neglecting the other terms of the order e or e', because this 

CL 

degree of accuracy is sufficient in our present calculation, which is only designed for the 

purpose of illustration ; and supposing also, for brevity, as in [1018«], 

v — n — ft' ; T=rit — nt-\-d — s; G = a2. -f ^ . a A% [4059m] 

we get 

7 = — 2 m'- aS — 4m'-ftS* (77) + £ m'•n2-2 • ■cos. i T-f-/. cos.ft t -j-/'. sin. n t ; [4059n] 

Sv — h— 2/. sin.ft/4-2/.cos.ft/-(-w'.ftL<3«p‘-{-a2. (-) 
C \ da J 

+ Jm'.s. \~.aA&. 4 
2n3. G 

l V“ iv.^2v2_n2] ^ .sin.i T; 

[4059©] 

which are substantially the same as the equations (5), (6), of Mr. Poisson, in the paper 
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[405%] 

[405%] 

[4059r] 

[4059s] 

[4059f] 

[4059«] 

[4059a] 

[4059ifl] 

/ and /' being determined bj the two following equations, given in [1018], 

abovementioned ; observing, that i includes all integral numbers, positive and negative, 

except i= 0 [1012'J ; whereas he only uses the positive values of i. Now if we use 

the expression of g [1017], the terms depending on nt will vanish from Sv, and then 

f d AW 

\ da 
S r [1020] will contain the constant part m . a3 but this is not the whole 

effect of the disturbing force upon the radius vector ; because a part of this perturbation is 

introduced in the value of n, which is affected by the value of g, assumed in [1017], 

and n is connected with a by means of the equation [4059c], 

We shall, for greater simplicity, take, as the epoch, the instant of the mean conjunction 

of the planets m, m'$ so that wre shall then have t = 0, T=0 ; also s' = s. We shall 

also suppose that the body m!, at that instant, commences its action upon the radius vector, 

and upon the longitude of the body in. Now we may find, from the tables of the planet’s 

dv dv 
motion, the numerical values of r, v, —, —, when t=Q; and these are to be put 

equal to the values deduced from [4059c, d]. These four equations, being combined 

with [4059c], determine the constant quantities n, a, e, s, vs ; and then the formulas 

[4059c, d] determine the elliptical motion, which obtains, if the disturbing force cease to 

act at the epoch t = 0. This being premised, we must put i — 0, T— 0 [4059r], 

in the four equations [4058o], 

<ir = 0; S v = 0 ; 
d. Sr 

dt 
= 0 

d.âv 

di o; 

and by substituting in them the values [4059n, o], we may obtain the values of the four 

arbitrary constant quantities g, f f, h, introduced by the second approximation. 

If we substitute these values of g,f,f, h, in Sr, Sv [4059n,o\ they will express, at the 

end of the time t, the effect of the disturbing force during that time. Now the differential 

of Sr [4059n], relative to t, being found, and substituted in the third equation [4059^], 

gives f'= 0, when t = 0, T=0 [4059r], With this value of f, and those of 

Sv [4059o, t\, together with £ = 0, T= 0, we get h = 0. Substituting these values 

d 3 v 
of t, h, /', in the equations Sr~0, —— = 0 [4059tf], using also the values [4059n,o]t 

a t 
we obtain the following equations, 

0 = — 2 m'.ag — i m'. u\ + i »"•2 • +/s 

fd&„ , Cn2 . 2n3. G 7 
0=—2fn -j- mi.n.^3ag-\-cP. —j ^ 2.^^-. aÆ:)- 

i 2 P — n~ { 

Multiplying the equation [4059a] by 2 n, and adding the product to [4059w] we find 

/dÆ o) 
that the terms depending on /, G, 

da 
vanish from the sum, which becomes 

nA 
0 = — ni. n ag — £ in'. 2 . — . a A( ) ; [4059x7 
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[4060] 

71 
whence g ——— . 2 .A{'\ Substituting this in [4059«], we get 

f- 
m. an ._ fdS-, . _ G 

, 2 . A[l) -f i rri. a2. ( —-— ) — \ ni. n2. 2 . ——- 
\ da J i2v2 — n2 

By means of the values of f, h, g, f [4059m, y\, the expressions [4059w, o] become 

6r m'.an ... . . , 0 fdA^\ 
— = —-—.2. Ai’. (1—cos.nt) —. a . f ——). (1—cos. nt) 

G 
4-i m'.n9.2.—— --.(cos.i T—cos.ra^ : 

i2v2—n2 v J 

. / C 3 an /dA^\') 
Sv — m.nt. <--— .2.-j-a2, ( —— ) £ 

(_ 2v \ aa / ) 

4-ni. <- .2 . A(l)— a2. ( —— )-f-n2.2.7—-- £ .sm. 
C v \ da J i2v2—n2) 

. 1 n2 .. ^ 1 2n3 G 
-]- J m . 2 » •< . .Ctjl -}- . , .g g Q. 

Civ2 iv.(i2v2—n2) 

2 v2—n21 

.sin.i T. 

nt 

[405%] 

[40592] 

[40502'] 

If wre retain merely the non-periodical parts of r, v, <5 r, 5 v [4059c, d, z, 2'], and 

resubstitute the value of v [4059?n], we shall get 

T —}~ Ô T ==■ CL -j- 

rri. a~ n 

n— n 
.2 .A&—h ni. a3 

/dÆ o)\ 

■■‘‘"■"■{da J 
3an . , . 1 , , , \ 3 an „ fd AW\ ~) 

v-\-Sv — nt-\-s-\-m.nt.< — ——— . 2. A[l) -f- a2. ( ——- ) ( ; 
t 4.(n—n') \ da /) ’ 

for the expressions of the mean distance and mean longitude of the planet m. 

[4060a] 

[40606] 

The expressions of the same mean distance and mean longitude, according to La Place’s 

calculation [1020, 1021], are 

/dA'V\ 
r -)- S r — a -\-^ni. a3, f■ y, v -j- <5 v — n t. [4060c] 

The differences between these values, and those in [4060a, 5], are merely apparent, and 

arise from using different values of n, a, in [4060c] from those in [4060a, 6]. To 

render this evident, we shall suppose, for a moment, that nt t represents the mean motion 

of the planet m, derived from observation ; then, by putting the coefficient of t, in the 

equation [40606], equal to ntt, we shall have 

[4060c/] 

VOL. III. 
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[4060'] 

[4060e] 

[4060/] 

[4060g-] 

[4060ft] 

[4060i] 

[40604] 

The preceding part of the radius vector [4059] may be united in the same 

table with the elliptical part of the radius.* 

1_ _2 
Let at be the value of a, deduced from the equation a — ^'A.n 3 [4059e], when 

is substituted for n ; so that this equation holds good for a, n, and also for « , n, ; 

we shall have successively, by development, neglecting the square of n,— n, 

1 _2 

at = ps.n, 3: 

—5 ■+0S?)!~*—&<*■-»• 
Substituting in this the value of nt—n [4060d], we get, by transposition, 

, „ , f 3 an M„ fd A^) \ ) -.s.^w + A[— 

This value of a being substituted in [4060a], we find, that the parts depending on A{i) 

destroy each other, and we have 

r + sr = a,-f£W. a3. ■ 

Now as we neglect terms of the order in/2, we may change a into an in the part depending 

on A<® ; and then the expression [4060A] becomes of the same form as in [4060c] ; being 

equivalent to that found by La Place. This calculation serves to illustrate and confirm his 

method of calculation ; and shows, at the same time, how we can dispose of the additional 

arbitrary constant quantities, which are introduced by the integrations of ô r, ô v ; so as to 

conform to the actual situations and motions of the attracting bodies ; and to investigate the 

part of the effect of the disturbing forces, that we have particularly considered in this note. 

* (2552) We have here omitted a clause, in which the author directs, that the sign 

of the term of f, depending on ddA^\ should be changed; because we have previously 

corrected the mistake, and given the accurate expression of f in [1021g], which agrees 

with that in [4060]. 
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CHAPTER VI. 

NUMERICAL VALUES OF THE DIFFERENT QUANTITIES WHICH ENTER INTO THE EXPRESSIONS OF THE 

PLANETARY INEQUALITIES, 

21. To reduce to numbers, the formulas contained in the second book 

and in the preceding chapters, we shall use the following data ; 

Masses of the Sun and Planets.* 

Sun, . . . . 

Mercury, . 

Venus,. . . 

The Earth, 

Mars,.... 

Jupiter, . . 

Saturn,. . . 

Uranus, . . 

14-fi 
rm -  !_ * 

2025810 5 

, 1+/ 

m 383130 ? 

! + • . 
329630 ’ 

m 
m 1 -f ^ . 

1846082 ’ 

1 ~f~ f* . 

1067,09 ’ 

mv l H~ 

3359,40 ’ 

1 ~{~ 

19504 ’ 

vi 

log. to = 93,6934013 

log. to' = 94,4166538 

log. to" = 94,4819733 

log. to'" — 93,7337490 

log. to’v= 96,9717990 

log. tov = 96,4737383 

log. TOvi= 95,7098763. 

Masses 
of the 
planets, 
the mass 
of the 
sun being 
unity. 

[4061] 

* (2553) The factors 1+^, 1 -j- //, &c. in the values of in, ml, &c. [4061], are 

not inserted in the original work ; but as they are introduced in [4230'], and frequently 
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Of all these masses, that of Jupiter is the most accurately determined ; 

it is obtained by means of the formula [709]. If we put T for the time 

used in computing the perturbations of the motions of the planets, it was thought best, 

[40616] for the sake of convenient reference, to insert them in this place. When the author printed 

this part of the work, he supposed, in conformity with the best observations, which could 

then be procured, that the masses of the planets were as in the table [4061], putting each 

[4061c] of the quantities /a, yl, &c. equal to zero. Since that time, he has been induced, by other 

observations, to make successive corrections in these masses, as in [4605, 4608, 9161, &c.]. 

In his last edition of the Système du Monde, Jie adopts the following^ 

Masses 
finally 
adopted 
by the 
author. 

[4061(f) 

Corrected Masses of the Planets. 

Mercury,. . 
1 

7Y) ' — —-* 
* 2025810 J 

, 1 
-P

. 
? 

Il 
II 

1 0,056030 ; 

log. to = 93,6934013 ; 

log. to' —94,3916120; 
• * * m 405871 ’ 

The Earth, 
* * * m 354936 ’ 

f=— 0,071297 ; log. to" = 94,4498499 ; 

Mars, . . . . ml" 1 
2546320 ’ 

0,275000 ; log. m!"= 93,5940870 ; 

Jupiter,. . . 
1 

(Aiv- 0,003186 ; log. miv= 96,9704133 ; 
* * 1070,5 ? 

Saturn, . . . 
* * * 111 3512 9 

ixv = — ■ 0,043451 ; log. tov = 96,4544455 ; 

Uranus, . . ... TO 1791g , ixvi = 0,088514 ; log. TOvi= 95,7467105. 

The alterations here made in the values of ml, to"', are in conformity with the results of the 

calculations of Burckhardt, in his late solar tables, by comparing the observed perturbations 

[4061e] of the earth’s orbit with the theory. The change in the value of to", arises from the 

supposition, that the sun’s horizontal parallax is nearly equal to 89,6 [5589], instead of 8s,8, 

assumed in [4073]. Lastly, the values of TOiv, tov, to/, are obtained, by Mr. Bouvard, 

from the observations used in constructing his new tables of Jupiter, Saturn, and Uranus, by 

comparing the theory with the actual perturbations depending upon their mutual attractions. 

[4061/] Putting the values in [4061] equal to those in [4061c/], respectively, we get the 

corresponding values of [x, yl, &c. [4061c/]. Lindeneau, in his tables of Mercury, printed. 

[4061#] 'm 1813, supposes that the mass of Venus ought to be increased to -3-x g kv o 5 making 

y! = 0,09643 nearly; to satisfy the perturbations of Mercury, by the action of Venus. 

Encke, in his Astronomisches Jahrbuch for 1831, states, that the mass of Jupiter to 5> 

deduced by Nicolai, from the perturbations of Juno, agrees better with the observations 

[40616] of Pallas and Vesta, than the mass adopted by La Place [4061, 4065], and that it probably 
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of the sidéral revolution of the planet m' ; T for that of one of its satellites ; 

q for the sine of the greatest angle, under which the mean radius of the 

orbit of this satellite appears, when viewed from the centre of the sun, 

at the mean distance of the planet from that centre ; then the mass of the 

sun being taken for unity, that of the planet will be expressed by * 

2 

- = mass of the planet. 

agrees also better for Vesta. Comparing this with [4061], we get = 0,012492. When 

we take into consideration that the first value of ^1V = 0 [4061, 4065] is obtained from the 

observed elongations of the satellites of Jupiter; the second value, pi,=—0,003186 [4061c?], 

from the perturbations of Saturn and Uranus ; the third value, /x'L= 0,012492 [406 L], 

from the perturbations of the newly discovered planets ; we shall not be surprised in finding 

these small differences in the results of methods, which are so wholly independent of each 

other. Nothing is known relatively to the masses of these new planets or the masses of the 

comets, except that they are all very small ; so that their action on the other bodies of 

the system is wholly insensible. 

* (2554) This is deduced from [709], —~ , in which we must write 

for M, as is evident from [706'] ; and as m! represents the mass of the planet, in the 

present notation, we have jx = M-\- m!. Moreover p is the mass of the satellite [707'], 

and M that of the sun [706'] ; h the mean distance of the satellite from the planet ; 

a the mean distance of the planet from the sun ; so that — represents the quantity 

q [4062] ; hence the preceding equation [4062a] becomes = o3. ( — ) . If we 

neglect p in comparison with m!, and put M= 1 ; also, for brevity, cp 

2 
k 

T\2 1 ,3 / _ 1-1 
T ) k 5 

we 

get, as in [4063], m' = 1 

k 
k — 1 * 

If we put piV, pv for the mean densities of the 

bodies mlv, mv ; also Riv, Rv for the radii ; we shall have nearly, as in [2106], 

wiv= f * • piv. (Riv)3 ; my= f* .pv. (Rv)3. 

Hence we easily obtain the relative densities of these two bodies, — = —■.( —V- 
’ pv TOV \Rlv / 

This may be used for ascertaining the densities of all the bodies, whose masses are known, 

and whose apparent diameters have been well observed. 

46 

[4062] 

[4063] 

[4061t] 

[4061*] 

[4061/] 

[4061m] 

[4062a] 

[40626] 

[4062c] 

[4062d] 

[4062e] 

[4062/] 

VOL. III. 
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We have, relatively to the fourth satellite,* 

q = sin. 1530",38 = sin. 495s,84 ; 

[4064j T = 4332days,602208 = 4332' 14* 27m 10%8 ; 

T = 16days,6890 = 16* 16* 32*09*,6. 

[4065] 

From [4063, 4064], we obtain 

1067,09 * 

The mass of Saturn is found by the same method ; supposing the sidéral 

revolution of its sixth satellite to be 15rlays,9453 = 15'227t41m 13 ,9, and 

the greatest angle, under which the mean radius of the orbit of this satellite 

appears, when viewed from the sun, in the mean distances of Saturn, 

[4066] 552",47 =179*. The mass of Uranus has, ia like manner, been obtained, by 

supposing, conformably to the observations of Herschel, that the duration of 

the sidéral revolution of its fourth satellite, is 13days,4559 = 13'10?' 56m29s,8 ; 
[4067] anc| t]ie mean radius of the orbit of this satellite, viewed from the sun, 

at the mean distance of Uranus, 136",512 = 44s,23. But the greatest 

elongations of the satellites of Saturn and Uranus have not been so 

accurately ascertained as that of the fourth satellite of Jupiter. Observations 

of these elongations deserve the careful attention of astronomers. 

The mass of the earth is found in the following manner. If we take 

the mean distance of the earth from the sun for unity, the arc described 

by the earth, in a centesimal second of time, will be obtained by dividing 

the circumference of a circle, whose radius is unity, by the number of 

[4068] seconds in a sidéral year, 36525638se%4. Dividing the square of this arc 

1479565 
[4068'] by the diameter, we obtain its versed sine = ——2o— ?t which is the space 

the earth falls towards the sun in a centesimal second, by means of its 

relative motion about the sun. On the parallel of latitude, whose sine is 

[4064a] * The values of q, T [4064], are nearly the same as those used in the theory 

of this satellite [6781,6785] ; the value of T corresponds to the mean motion nlv [4077]. 

f (2556) The radius of the orbit being 1, its circumference is 6,28318 nearly; if we 

[4068a] divide this by 36525638,4, and take half the square of the product, we get the expression 

of the versed sine, corresponding to this arc, as in [4068']. 
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equal to the attraction of the earth causes a body to fall through 

3metl,66553* in one centesimal second. To deduce from this the earth’s 

attraction at the mean distance of the earth from the sun, we must multiply 

it by the square of the sine of the sun’s parallax, and divide the product by 

the number of metres contained in that distance. Now the earth’s radius 

on the proposed parallel, is f 6369374met* ; therefore, by dividing this 

number by the sine of the sun’s parallax, supposing it to be 27",2=8S,8, 

we obtain the mean radius of the earth’s orbit, expressed in metres. Hence 

it follows, that the effect of the attraction of the earth, at a distance equal 

to that of the mean distance of the earth from the sun, is equal to the 

product of the fraction A, by the cube of the sine of 27",2 : 
6369374 J ’ ’ 

44885 
consequently it is equal tot —. Subtracting this fraction from 

1479565 , . 1479560,5 r 
~20 , we obtain 1Q20 for the effect of the attraction of the sun, 

* (2557) This computation varies a little from that in [388"] or in [388a] ; probably 

owing to a small difference in the ellipticity, used in reducing the observations. 

f (2558) Using the polar and equatorial semi-axes of the earth, 6356677met-, 

6375709met- [20356], whose difference is 19032met-, we find the radius corresponding to 

the latitude, whose sine is \/±, to be 6375709met- — | X 19032raet-= 6369365met\ 

agreeing nearly with [4069']. 

Î (2559) Gravity decreases, in proceeding from the earth’s surface, inversely, as the 

square of the distance of the attracted point ; or as the square of the sine of the horizontal 

parallax of that point, nearly. Hence the earth’s attraction, at the distance of the sun 

will cause a body to fall through a space represented by 3met,66553 X (sin. ©’spar.)2, 

in one centesimal second of time. To reduce this from metres to parts of the mean 

distance of the earth from the sun, we must divide it by that distance, which is evidently equal 
earth’s radius 6369374met- 

= sin. 27",2 ’ so t^iat t^ie sPace faHen through in a second, becomes 

4 4885 
. (sin. ©’s par.)3 = -1— , as in [4071']. Now in [4068'], we have found, that 

to 
sin. ©s’ par. 

3,66553 
6369374 v - ~ ~ r--, — 102o 

the earth falls towards the sun, in the same time, by the combined action of the sun and 

1479565 - - 1479565—4,4885 1479560,5 earth 
1020 

nearly ; and as that of the earth is 

hence the effect of the sun alone is 

4,4885 
1020 ’ 

1020 1020 

the mass of the earth is to that of the sun 

as 
4,4885 1479560,5 
TbiT t0 — 102o > or 1 to 329630 nearly, as in [4072]. 

[4069] 

[4069'] 

[4070] 

[4071] 

[4071] 

r 

[4069a] 

[4070a] 

[4071a] 

[40716] 

[4071c] 

[4071d] 

1Q20 
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at the same distance. Hence the masses of the sun and earth are in the 

ratio of the numbers 1479560,5 to 4,4885 ; consequently the mass of 

[4072] the earth is ^ the sun’s parallax differ a little from the quantity 

we have assumed in [4070], the value of the earth’s mass will vary as 

[4073] the cube of that parallax, compared with the cube of 27",2 = 8?,8 [4071c]. 

We have computed the mass of Venus from the formulas [4251,4332, &c.], 

which express the secular diminution of the obliquity of the ecliptic to the 

[4074] equator; supposing it, by observation, to be 154730 = 50s. This diminution 

is obtained from those observations which appear the most to be relied upon.* 

With respect to the masses of Mercury and Mars, we have supposed, according 

to observation, that the mean diameters of Mercury, Mars, and Jupiter, 

viewed at the mean distance of the earth from the sun, are, respectively, 

[4075] 21",60 = 7S; 35",19 = 1 Is,4 ; 626",04 = 202?,84. Now Jupiter’s mass 

being ascertained, we could, by means of these diameters, obtain the masses 

of Mercury and Mars, if the relative densities of these three planets were 
r 

known. If we compare the masses of the Earth, Jupiter, and Satutn, 

with their magnitudes, respectively, we find, that the densities of these 

planets are very nearly in the inverse ratio of their mean distances from the 

* (2560) If we change y, A [3102e] into cp", Ô", respectively, to conform to the 

[4074a] notation used in [408*2, 4083] ; we shall find, that the arc F G — y . cos. A [3109c], 

which represents the difference between the inclinations of the equator to the fixed ecliptic 

of 1750 and to the variable ecliptic of 1750 -}- 5 is equal to cp”. cos. Ô”, or q" [4249], 

[40746] The value of q" is found by integrating the second equation [4251]. In this expression 

of q", the coefficients of fx, fjtpv, /vi, are small, and the value of Av [406Id] is small 

and tolerably well ascertained ; therefore we need only retain so that the integral 

[4074c] becomes q" = —( 0s,500955 -j- 0S,309951. /). t. If we suppose A = 0, the annual 

[4074d] decrement becomes Ge,500955, being nearly as in [4074]. The action of the planet Venus 

has more effect in producing this change of obliquity, than that of all the other planets 

taken together ; as is evident from the inspection of the value of d q" [4251] ; in which 

[4074c] we find, that the coefficient of / exceeds the sum of the coefficients of the other quantities, 

(jy ju///, ijJv. [xv, ;xvi. We have already remarked, in [3330ft—q\, that the author increased 

the annual variation to 0s,521154 [4613] ; on the other hand, Mr. Poisson uses 0 45692 

[4074/] [3380/], and Mr. Bessel 0s,48368 [3330ç] ; each of them varying the values of ja, p/, he., 

so as to conform to their assumed decrements. 
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sun ;* we shall therefore adopt the same hypothesis, relatively to the three 

planets Mercury, Mars, and Jupiter ; whence we obtain the preceding 

values of the masses of Mercury and Mars [4061]. The irradiation 

and the other difficulties attending the measures of the diameters of the 

planets, taken in connexion with the uncertainty of the hypothesis adopted 

on the law of their densities, render these estimated values somewhat 

doubtful, and this uncertainty seems to be increased from the circumstance, 

that the hypothesis is not correct relative to the masses of Aenus and 

Uranus. Fortunately, Mercury and Mars have only a very small 

influence on the planetary system ; and it will be easy to correct the 

following results, so far as they are affected by this cause, whenever 

the development of the secular inequalities shall make known exactly the 

values of these masses. 

* (2561) The densities of the Earth, Jupiter, and Saturn, given by the author in the 

Système du Monde, are 3,93 ; 0,99 ; 0,55 ; respectively, being found as in [4062/, &c.]. 

These densities of Jupiter and Saturn are nearly in the inverse ratio of the distances 

aiv, av [4079] ; but the density of the earth differs considerably from this rule. If we 

suppose this ratio of the densities to hold good for the three planets Mercury, Mars, Jupiter, and 

represent their apparent diameters [4075], by D=2V,60, D'//=35//,19, D1V= 626",04 ; 
JJ 3 D'"3 j0iv3 

the corresponding masses will be m — b. — ; m,//=b . ; mIV = b . —- ; b being 

a constant quantity, to be found by means of the value of mlv [4061] ; which gives 

b 
at* 1 

' 1067,09 * 
Hence we get 

1 / D \3 

m = 1067,09 ' VlU/ ’ 
rn nr 

1067,09 ' VZ>,V 

W"\3 a iv 
77 i a 

and by substituting the values [4076c, 4079], we get, for m, m", rather greater values 

than those in [4061]. These differences probably arise from having used different values 

of D, D", D v, which cannot be obtained, by observation, to a great degree of accuracy. 

In some of the subsequent calculations, it will be sufficiently accurate to use the values 

of n, n', &c. to the nearest degree; and for convenience of reference we have here 

inserted these approximate values ; 

n = 1661°; u! = 650°, ?i"=400°, ^"=212° ,7, niv=33°,7, 

ny = 13°,6, nvi=4°,8. 

[4076] 

[4076'] 

[4076a] 

[4076i] 

[4076c] 

[4076d] 

[4076c] 

[4076/] 

[4076g-] 

[4076h] 
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Mean 
motions 
of tho 
planets. 

[4077] 

[4078] 

The 
time £ is 
expressed 
in Julian 
years. 

Mean 
distances 
of the 
planets 
from the 
sun. 

[4079] 

22. Mean sidéral motions of the Planets in a Julian year of 365J days, 

or the values of n, n\ &c. 
Sexagesimals. 

Mercury, . n = 16608076",50 = 5381016 s,786 ; log. n =6,7308643; 

Venus,. . . n' = 6501980",<§$=210664Is,520 ; log. n! =6,3235906 ; 

The Earth, n" = 3999930",09 = 1295977s,349 ; log. n!' = 6,1125974 ; 

Mars,-n"'= 2126701",00= 68905T',124 ; log. n'" = 5,8382514 ; 

Jupiter, .. niv = 337210",78= 109256',293; log. nw = 5,0384465 ; 

Saturn, . . ny = 135792",34= 43996s,718 ; log. nv =4,6434203 ; 

Uranus, . . nvi= 47606",62 = 15424s,545 ; log. wvi = 4,1882124. 

If we use these values of n, n', &c., the time t will be represented in 

Julian years ; hence if we put the mean distance of the earth from the sun 

equal to unity, we shall obtain, from Kepler’s law [385'"], the following 

mean distances of the planets from the sun. 

Mean distances of the Planets from the Sun, or the semi-major axes 

of their orbits.* 

Mercury,.a = 0,38709812; log. a =9,5878211; 

Venus,.a' = 0,72333230 ; log. a' = 9,8593379 ; 

The Earth, ...... a" = 1,00000000 ; log. a" = 0,0000000 ; 

Mars, .......... a!" = 1,52369352 ; log. a!" = 0,1828976 ; 

Jupiter,.aiy= 5,20116636; log. aiv = 0,7161007 ; 

Saturn,.ay = 9,53787090 ; log. ay = 0,9794514 ; 

Uranus,.ayi = 19,18330500 ; log. avi = 1,2829234. 

* (2562) These values of a, d, be. are deduced from [4077], by putting them, 

/n"\â fn"\ 2 /«"\2 

respectively, equal to [vf’ W7/’ 

The elements of the orbits of the newly discovered planets, Ceres, Pallas, Vesta, and 

Juno, were first computed by Gauss, and have since been repeatedly corrected by him, 

[4079c] 
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The mutual action of the planets alters a little their mean distances ; we 

shall, in [4451, 4510], determine these alterations. 

and by other astronomers ; taking notice of the most important perturbations, from the 

action of the nearest planets ; so that we can now compute the places of these bodies 

with a considerable degree of accuracy. The usual methods of finding the perturbations 

can be applied to these small planets ; but the great excentricities and inclinations of some 

of their orbits, will make it necessary, when great accuracy is required, to notice the terms 

depending on the powers and products of these two elements, of a higher order than is 

generally used with the other planets. The laborious task of ascertaining all the inequalities 

of these four planets, was not performed by the author of this work ; and it will probably be 

a long while before it can be done completely, on account of the small imperfections in the 

present estimated values of the elements, which have not yet been determined with perfect 

accuracy in the short period since the bodies have been observed. It is evident, also, that 

until these elements have been found very nearly, it will not be of much use to compute 

several of the very small inequalities, with the extreme minuteness which is used relatively 

to the other planets. 

In computing the Jahrbuch, it has been found most convenient by Encke to apply the 

corrections directly to the elements of the orbit, rather than to the elliptical places of 

the bodies ; in a manner similar to that which is used in finding the elements of a comet, in 

two successive returns. He finds, when the elements are thus adjusted to any particular 

moment of time, that they will give, tolerably well, the places of the planet for a considerable 

period, on each side of this epoch. The elements of the orbits obtained by him, for these 

four planets, about the time of the opposition of Pallas, in the year 1831, are as in the 

following table ; which will serve to give an idea of the relative positions of the orbits 

at that time ; remarking, that these elements must not be confounded with the mean values. 

Epoch 1831, July 23d, 0/l, mean time at Berlin. 

Vesta. Juno. Pallas. Ceres. 

Mean longitude,. 84^47"* 03 s 74^39“ 44 s 2S0'-38"! 12s 307rf03w26* 

Mean anomaly,. 195 35 26 20 22 31 169 33 11 159 22 02 

Longitude of the perihelion, .... 249 11 37 54 17 13 121 05 01 147 41 23 

Longitude of the ascending node, . 103 20 28 170 52 34 172 38 30 80 53 50 

Inclination,. 7 07 57 13 02 10 34 35 49 10 36 56 

Excentricity,. 0,0885601 0,2555592 0,2419986 0,0767379 

Mean daily sidéral motion,. 977*75540 813*,52533 768*,54421 76926059 

Semi-major axis,. 2,361484 2,669464 2,772631 2,770907 

Periodic revolution corresponding, . 1325,5 days 1593,1 days 1686,3 days 1684,7 days 

[407%] 

[4079c] 

[4079c/] 

[4079e] 

[4079/] 

[4079g] 

[4079ft] 

Element* 
of Vesta, 
Juno, 
Pallas, 
and Ceres. 

[4079t] 
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Eccen¬ 
tricities of 
the orbits 
of the 
planets. 

[4080] 

[4079&] 

[4079Z] 

Elements 
of the 
orbits of 
the four 
known 
periodical 
comets. 

[4079m] 

[4079ra] 

Ratios of the excentricities to the mean distances, or the values of e, e', &c+ 

for the year 1750. 

Mercury,.e = 0,20551320 ; log. e = 9,3128397 ; 

Venus,.é = 0,00688405 ; log. é = 7,8378440 ; 

The Earth,.e" = 0,01681395 ; log. e" = 8,2256698 ; 

Mars,.e'" = 0,09308767 ; log. ë" = 8,9688922 ; 

Jupiter,.exv — 0,04807670 ; log. eiy= 8,6819346 ; 

Saturn,.ev = 0,05622460 ; log. ev = 8,7499264 ; 

Uranus,.evl= 0,04669950 ; log. eY1— 8,6693122. 

The distances of the planets Pallas and Ceres from the sun, are so nearly equal to each 

other, that it may sometimes happen, in finding the apparent orbits, in the preceding 

manner, that the order of the bodies will be inverted, relative their distances from the sun, 

by means of the perturbations. 

Besides these planets, there are four comets, whose periodical revolutions have been 

discovered by Halley, Olbers, Encke, and Biela. They have been usually called by the 

names of the discoverers respectively. That of Olbers has been observed only once, at 

the time of its return to the perihelion in 1815 ; the others have been observed in several 

successive revolutions. 

Halley’s. Olbers’s. Encke’s. Biela’s. 

Periodic revolution, .. 76 years 74 years 1204 days 6,7 years 

Time of perihelion,. Nov. 7,1835 April 26,1815 Jan. 10,1829 Nov. 27,1832 

Longitude of perihelion on the orbit, 3$4rf31™43? 149d 2m 157U8m35s 109rf56OT45s 

Longitude of the ascending node, 55 30 83 29 334 24 15 248 12 24 

Inclination,. 17 44 24 44 30 13 22 34 13 13 13 

Excentricity,. 0 9675212 0,9313 0,8446862 0,751748 

Semi-major axis,. 17,98705 17,7 2,224346 3,53683 

Of the seven periodical bodies, which have been made known to astronomers since the 

commencement of the present century, three were discovered by Dr. Olbers of Bremen ; 

namely, Vesta, Pallas, and the comet of 1815. His great success in the discovery of 

these remarkable bodies, which had silently performed their revolutions in the heavens 

for ages, unperceived by astronomers, induced an eminent German writer to style himj 

the fortunate Columbus of the planetary world. 



VI. vi. § 22.] NUMERICAL ELEMENTS. 189 

Longitudes of the perihelia in the year 1750, or the values of -, ra', fc. 

Mercury,.« = 81°,7401 = 73"33”58s; 

Venus,.•.= 142°,1241 = 127 54 42 ; 

The Earth,.«" = 109°,5790 = 98 37 16 ; 

Mars,.o'" = 368°,3037 = 331 28 24 ; 

Jupiter,.o'” = 11°,5012= 10 21 04; 

Saturn,.s'= 97°,9466 = 88 09 07 ; 

Uranus,.185°, 1262 = 166 36 49. 

Inclinations of the orbits to the ecliptic in the year 1750, or the values 

of <p, 9, &c. 

Mercury,.9 = 7°,7778 = 7d00n}00*; 

Venus,.9' = 3°,7701 = 3 23 35 ; 

The Earth,.9" = 0° ; 

Mars, ..9"'= 2°,0556 = 1 51 00 ; 

Jupiter,.9iv = 1°,4636 = 1 19 02 ; 

Saturn,...9V = 2°,7762 = 2 29 55 ; 

Uranus,.9vi = 0°,8596 = 0 46 25. 

Longitudes of the ascending nodes on the ecliptic of the year 1750, or 

the values of d, ô\ frc. 

Mercury,.& = 50°,3836 = 45^20"* 43*; 

Venus,.tf = 82°,7093 = 74 26 18 ; 

The Earth,.0" as in [4249—4251] ; 

Mars, ..ô'"= 52°,9376 = 47 38 38 ; 

Jupiter,.  oiv= 108°,7846 = 97 54 22 ; 

Saturn,.= 123°,8960 = 111 30 23 ; 

Uranus,.r= 80°,7015 = 72 37 53. 

Longitudes 
of the 
perihelia 
in 1750. 

[4081] 

Inclina¬ 
tions of 
the orbits 
to the fixed 
ecliptic of 
1750. 

[4082] 

Longitudes 
of the 
ascending 
nodes of 
the orbits 
on the fixed 
ecliptic of 
1750. 

[4083] 

VOL. III. 48 
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Epoch. 

[4084] 

Longitude 
of the 
perihelion. 

[40840 

[4085] 

[4086] 

Mercury 
and Venus, 

[4087] 

[4086a] 

[4086&] 

All these longitudes are counted from the mean vernal equinox, at the epoch 

of December 31st, 1749, mid-day, mean time at Paris. We may here 

observe, that by the longitude of the perihelion, is to be understood, the 

distance of the perihelion from the ascending node, counted on the orbit, 

increased by the longitude of that node. 

23. We have obtained the following results, by the formulas of §49, 

Book II. 

MERCURY AND VENUS, 

a = 4 = 0,53516076 : 
a 

hence we deduce 

Then we obtain* 

6j = 2,1721751 ; 

4? =0,1107665; 
2 

i(!’= 0,0123166; 

6 0,0012758. 

r, = 2,145969210; 

= — 0,515245873. 
— 2 

4l” = 0,6057052 ; 
2 

4^=0,0520855; 

ba± = 0,0060633 ; 

4'!1 = 0,2465877 ; 

4^=0,0251378; 
2 

5f = 0,0029287 ; 

* (2563) From a, a [4079], we have a=^7 

we find, , as in [4086] ; from these we get 

as in [4085]. Then from [989], 

b ^, b(^ [4087], by means of 

the formulas [990,991]. Then putting, in [966], s = |, and successively, i — 2, i=3, 

t = 4, Sic. we obtain the remaining terms of [4087]. From these last, we get those 

in [4088], by putting, successively, i — 0, i = 1, See., and s = 4> in [981]. The 

same values, being substituted in [982], give [4089] ; also [983] gives [4090] 

Lastly, by taking the partial differential of [983], relative to a, we shall get an expression 

(i) 
T 

0f __1; in which we must put s = |; then i = 0; i= 1, &c. ; and we 
da4 

(0) G) 
shall get [4091]. Again, the formulas [992] give b s, b a , [4092]; from these two 

[4086c] 
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(0) 
dbh 

d a 
= 0,780206 ; 

db 
(i) 

d a. 
= 1,457891 ; 

(2) 
dbh 

d CL 
= 1,070071 ; 

7 7(3) dbj 
d a 

(6) 

db_k 
d a 

= 0,691487 ; 

= 0,147708 ; 

(4) 
db& 

d a. 

(7) 

db \ 

d a 

= 0,423818; 

= 0,085953 ; 

(5) 
db£ 

d CL 

(8) 

dbh 

da. 

= 0,252376 ; 

= 0,050726. 

(0) 

dnh 

d CL2 
= 2,756285 ; 

CD 

dn _ 

d a2 
2,426165 ; 

(2) 

d*bh 

d a2 
= 3,395022 ; 

(3) 
d*bh 

d CL2 
= 3,381072 ; 

(4) 

d*bh 

d a2 
= 2,826559 ; 

(5) 
dnk 

d a2 
= 2,137906; 

(6) 
dnh 

d a2 
= 1,511016; 

(7) 

dn 

d CL2 
* = 1,014134 ; 

(0) 
dnh 

da? 

(3) 

d3bh 

d a3 

(6) 
d3bh 

d a3 

Ci) 

11,308703; 

14,584366 ; 

= 13,720218. 

dn, 

d a3 
= 12,064245 ; 

(4) 
dnh 

d a: 
;-== 16,067040; 

(2) 

d3bh 

d a 

o <5> 
d?bh 

d a3 

11,983424; 

= 15,617274; 

(2) 
dAbx 
d CL4 

(5) 
dnh 

d a4 

= 69,60594 ; 

= 105,33962. 

(3) 
dnh 

d a4 
82,36773 ; 

(4) 
dnh 

da? 
= 92,72610 ; 

terms, we may obtain the others of [4092], by means of the formula [966] ; putting 

s = i’ and, successively, i= 2, i= 3, &c. The values [4093] are found from [981]", 

by putting 5 = |, and i — 2, i = 3, &c. Those in [4094] are deduced from [982], by 
using similar values of 5, i ; observing to substitute, in any of these formulas, the values 

of b, or its differentials, which occur, and have been found in the preceding parts of the 

calculation. All the other terms of this article, §23, are found in the same manner, except 

those m [4113, 4119, 4124, &c.], where a is very small ; and there is no difficulty in the 

calculation, except the ennui, arising from a long and uninteresting numerical calculation. 

[4088] 

[4089] 

Mercury 
and Venue. 

[4090] 

[4091] 

[4086c?] 

[4086e] 
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z(0) b 3 — 4,214154 ; 
(i) 

2 
= 3,035376 ; 

(2) 
63 ¥ 

[4092] /3)_ 
^ 3 - 

2 
1,192372; 

(4) 

63 
2 

= 0,708667 ; ,<5) 
^ 3 IS 

Mercury 
andVenus. 

(6) 
= 

2 
0,238807. 

[4093] 

,/2> 
dôf 

d a. 
12,50630; 

(3) 

da. 
= 9,76666; 

(4) 

db* 

da. 

(5) 

da. 
4,88781. 

I4094! ^ = 78,09476 ; ^i= 67,14764. 
ar d a2 

MERCURY AND THE EARTH. 

[4095] 

hence we deduce 

[4096] 

Mercury 
and the 
Earth. 

Then we get 

bi = 2,081980 ; 
2 

[4097] 6? = 0,038900 ; 

b . = 0,001629 ; 

a = 4, = 0,38709812 : 
a" 

610' = 2,07565247 ; 
~2 

i'1’ = —0,37970591. 
~2 

(1) (2) 

= 0,411140 ; bt = 
2 2 

(4) (5) 

b£ — 0,013202 ; 6^ = 

, (7; (8) 
bk = 0,000573 ; bx = 

2 2 

1,950536; 

0,413762; 

7,08399 ; 

0,120178; 

0,004603 ; 

0,000177. 
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(0) 
db ^ 

d a 
: 0,464378 ; 

(1) 
db\ 

d a 
= 1,199633; 

(2) 
dbi 

d, a 
= 0,665739 ; 

II : 0,316756 ; 

(4) 

dbi 

d cl 
= 0,141792; 

(5) 
dbJ 

d a 
= 0,061433 ; [4098] 

dbj 

d a 
: 0,026130 ; 

(7) 
dbi 

cZ CL 
= 0,011153. 

(0) 
d*bh_ 

d cls 
1,672199; 

(1) 

d a2 
= 1,220775; 

(2) 

d^h 
«Z a2 

= 2,235935 ; 

(3) 
dHh _ 

da? 
1,852364; 

(4) 
dnh 

d a2 
= 1,197245; 

(5) 

d*H 
da? 

= 0,670874. 

[4099] 

Mercury 
and the 
Earth. 

„ (2) 

«Z a3 
5,49232 ; 

d3b ^ 

da? 
= 5,45663; 

(4) 
dnh 

da? 
= 6,51373. [4100] 

(0) 6 = 2,871833; 6? = 1,576062; c = 0,747619 ; 

S' 2 

(4) 

2 

[4101] 

0,334212 ; = 0,153779. 

(3) 

db § 

d CL 
= 3,05535. 

[4102] 

MERCURY AND MARS, 

a = = 0,25405312 ; 
Cl 

hence we deduce 

6® = 2,03240384 ; 

6™ = — 0,25198657. 

[4103] 

Mercury 
and Mars. 

[4104] 

VOL. III. 49 
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[4105] 

Mercury 
and Mars 

[4106] 

[4107] 

[4108] 

[4109] 

Mercury 
and 

Jupiter. 

[4110] 

Then we have 

b” = 2,033500 ; 

6? = 0,010546 ; 
h 

(0) 
d b £ 

d a 

d a 

(0) 
dHi 

~d^F 

„ (3) 

d*b± 

d a2 

0,273829 ; 

0,127139 ; 

1,244725 ; 

1,050458. 

2,322536 ; 

(i) 
b 4 = 0,260462 ; 

6l,4) = 0,002331 ; 
2 

-A = 1,077839; 
a a 

(4) 

4^ = 0,037781. 
a a 

(i) 
f] ^ J) 1 

= 0,656780 ; 
d cU 

6® = 0,863876 ; 

(2) 
b x = 0,049765 ; 

S 

(5) 

6, =0,000538. 

<2) 

4^- = 0,402980 ; 
a a 

d^h i 

-Tnr= 1,778641 ; 
d cU 

= 0,272085. 

MERCURY AND JUPITER. 
i. 

a = = = 0,07442555 ; 
alv 

hence we deduce 

6™ = 2,00277053 ; 

è(‘; = — 0,07437397. 
“à 

In computing the values of 6^, 6^, &c., by means of the formulas 
'2 2 

[966—983], it is found, that the successive terms of the series become 

more inaccurate, particularly if a, be rather small ; because these values 
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are the differences of numbers, which vary but little from each other ; so 

that we are under the necessity of computing them to an extreme degree 

of exactness, to enable us to determine correctly their differences,* and 

this requires the use of tables of logarithms to ten or twelve places of 

decimals. To obviate this inconvenience, we may have recourse to the 

value of b, developed in a series, by means of the formulas 

[976, 984—985],f 

o *-(*+l)-(g+2) (j+i— 1) 

1.2.3. 

4, £. (£±i) i *141) (.9+i).(.9+H-l) 4 

' 1 * iT1 ' '' 1.2 ' (i-f-l).(i+2) ' 

I + + .(s-j-?T-l).(g-[-{-j-2) fi 
1.2.3 * (i-|-l).(i+2),/ft+3) ' ^ . 

This value of b"l) is, in the present case, very converging, on account 

of the smallness of a. We shall hereafter use it, in finding the values of 
(0) (i) 

&c. ; ,(0) r &c., in all cases where a is rather small. 
h ’ h 

By this method we have computed, for Mercury and Jupiter, the 

following values ; 

(0) 
bL = 2,002778 ; 

(i) 

2 

(3) 

0,000258 

bx = 0,074581 ; 

(4) 
b^ = 0,000017. 

(2) 

bl = 0,004164 ; 

* (2564) Thus, if we put s = £ and i= 2, in [966], it becomes 

, (1) (0) 

(2) —i^-b t 
6, =-_- 

Now bi, is much smaller than b^ or b™ [4105], and the preceding value of 

(2) 
b i is divided by the small quantity § a. Hence it necessarily follows, that the terms 

(1 -{- a,* 2 * * *) . b ^ and — J a. b^\ in the numerator of this expression, must be very nearly 

equal to each other ; and their difference, which is to be divided by a quantity of the 

order a, must therefore be very accurately computed. The same takes place in b&l , &c. 

t (2565) The quantity Zy is the coefficient of cos. i 6, in X~s [976] ; and i 

the product of the two factors [985]. If we multiply these factors, and retain only terms 

ol the form putting ==%-co$.i& [12] Int., it becomes 

as in [4112]. 

is 

[4111] 

[4112] 

[4113] 

Mercury 
and 

Jupiter. 

[4111a] 

[41116] 

[4112a] 
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[4114] 

Mercury 
and 

Jupiter. 

[4115] 

[4116] 

[4117] 

[4118] 

Mercury 
and 

Saturn. 

[4119] 

[4120] 

[4121] 

(0) 

d a 
(3) 

dbh 

d a. 

(0) 

d*bh 

d a2 

,(°) 

? 3 
4 

PERTURBATIONS OF THE PLANETS ; 

= 0,074891 ; 
(U 

db4 
1,006269; 

(2) 

db ^ 

da d a 

= 0,010428 ; 

(i) (2) 
= 1,018876; 0,171781 ; 

dHh 

d a2 d a2 

= 2,025143 ; A(1) 6f _ 0,225613 ; t>(2) 
^ 3 

IT 

MERCURY AND SATURN. 

hence we deduce 

Then we find 

6^=2,000828; 

= 0,000042 ; 
2 

(Q) 

d~- = 0,040662 ; 
a a 

(3) 

ïh- = 0,003085. 
d a 

2 (0) 
= 1,003904 ; 

d a2 

a 
* = - = 0,04058547 ; 

a 

i (°) 

b-t = 

bm = 

2,00082368 ; 

— 0,04057711. 

a) 
b L = 0,040610 ; -(2) 

b^ = 0,000001. 

(U 

d a = 1,001841 ; 
d b 

(2) 

d CL 

d2b(k 
-4= 0,091840; 
d 

(2) 

«i 
d a2 

= 0,111380; 

= 1,499780; 

= 0,020984. 

0,001236 ; 

= 0,060919 ; 

= 1,469188. 
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MERCURY AND URANUS. 

O. = — = 0,02017895 ; 
aY1 

hence we deduce 

6“ j = 2,00020360 ; 

= — 0,02017792. 
2 

Then we find 

[4122] 

[4123] 

Mercury 
and 

Uranus. 

6j = 2,000182; C = 0,020183; bf = 0,000306 ; 

(0) 

= = 0,020196 ; 

(1) 

d CL 
1,000913. 

[4124] 

[4125] 

VENUS AND THE EARTH. 

hence we deduce 

a 

a” 
= 0,72333230 ; 

= 2,27159162; 

Then we obtain 

= — 0,67226315. 

b^ = 2,386343 ; 
(i) 

6X 
2 
= 0,942413 ; 

(3) 

= 0,323359; 
2 

6? 
2 

= 0,206811 ; 

= 0,090412 ; 
(7) 

P 
2 

= 0,061101 ; 

VOL. III. 50 

(2) 

i, =0,527589; 
2 

(5) 

= 0,135616; 

b? = 0,041731. 
2 

[4126] 

[4127] 

Venus 
and the 
Earth. 

[4128] 
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[4129] 

[4130] 

Venus 
and the 
Earth. 

[4131] 

[4132] 

(0) 
dbi 
d a 

= 1,643709; 
a) 

dbj 
d a 2,272414; 

(2) 
db h 

d a 
(3) 

d bi 
d a 

= 1,738781 ; 

(4) 
db± 

d a 
1,407491 ; 

,,<5> dbi 
d at 

(6) 

db4 

d a 
= 0,867147 ; 

(7) 
db4 

tZ a 
0,668830. 

(0) 
dHi 

d a2 

= 7,719923 ; 
(i) 

dH^ 

d a2 
7,531096; 

(2) 
dHh 

do? 

(3) 
dnj 
d a2 

= 9,112527; 
(4) 

d,nh _ 

d a2 
9,107400; 

(5) 
dHh 

d a2 

(6) 

«à 
rZ a2 

= 7,842733. 

(0) 
d3Z>i 
da3 

= 56,55335 ; 
d3b^_ 

d a3 
57,35721 ; 

„ (2) 
d3b% 
d a3 

(3) 

dHh 

d a3 

= 62,87646 ; 

(4) 

<Z3Jè 
tZ a3 

66,32409 ; 
(5) 

cZ3ôè 
a3 

, (°) 
2- 

= 9,992539 ; 7(1) 
oa = 

2 

8,871894; 
7 (2) 

2 

,(3) 

S' 
= 5,953940 ; a(4) 

03 = 
2 

4,704321 ; c 
2 

[4133] 

(3) 

db j 

d a 
56,65440 ; 

(41 
db§ 
d a 

= 50,90290. 

VENUS AND MARS 

[4134] 

Venus 
and Mars. 

hence we deduce 

a 
a = ~ = 0,47472320 ; 

a 

b(^ = 2,11436649 ; 

b('l = — 0,46094390. 

2,069770 ; 

1,113704; 

8,558595 ; 

8,634030 ; 

58,19633; 

70,54326. 

7,386580 ; 

3,652052. 

[4135] 
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Then we find 

.(0) 
b = 2,129668 ; 

,(i) 

b' = 0,521624; 
(S') 

6, = 0,187726; 
2 

Î (3) 

6* = 

&?= 

0,074675 ; 

0,005829. 

(4) 
5 = 0,031127 ; 

(5) 
0,013337 ; 

db 
(0) 

d a 
0,631752 ; 

db 
(3) 

d a 
= 0,510976 ; 

(i) 
dhh 
d a 

(4) 

d a 

1,330781 ; 

0,279002 ; 

7 7^2) 

d a 

7 7,(5) d b % 

d a 

0,884106 ; 

= 0,147606. 

(0) 
d2hl 

= 2,192778 ; 
do/ 

d*b 
(3) 

da.2 
= 2,628516 ; 

(i) 

~ = 1,815836 ; 
CL CL 

(4) 

d a2 
= 2,004429. 

(2) 

2,795574 ; 
dr 

(0) 

do? 

(3) 
d36 

7,65440 ; 

d a3 
= 10,66513. 

dn^ 

d a3 
= 8,45655 ; 

(2) 

do? 
8,17676 ; 

.(0) 

) 
3 
12 

,0) 
b = 

3,523572 ; 

0,722687. 

6™ = 2,304481 ; 
2 

(2) 

= 8,47521. 
a a 

(2) 

63= 1,325959 ; 

VENUS AND JUPITER, 

a 
<*=-= 0,13907116; 

a 

[4136] 

[4137] 

[4138] 

Venus 
and Mars. 

[4139] 

[4140] 

[4141] 

Venus and 
Jupiter. 

[4142] 
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[4143] 

[4144] 

Vomis and 
Jupiter. 

[4145] 

[4146] 

[4147] 

[4148] 

Venus and 
Saturn. 

hence we deduce 

Then we have 

6?= 2,009778 

6? =0,001695 
2 

1 

cl a 

(3) 

dlh 
d a 

0,142160; 

0,036783 ; 

%-f- = 1,067532 ; 
d ov 

(3) 
rj 2 h A 

Vf = 0,533951. 
d a2 

U = 2,089736 ; 

Jl0> = 2,00968215 ; 
Ha 

6“! = — 0,13873412. 
-à 

C = 0,140092; 
2 

(4) 
b^== 0,000206 ; 

d a 

d a 

(i) 
d2b | 

d a2 

1,022206 ; 

0,006111. 

0,325869 ; 

(2) 

d a 

d a2 

(i) 

= 0,432801 ; 

VENUS AND SATURN. 

a = - = 0,07583790 ; 
av ’ 

hence we deduce 

6<0] = 2,00287673 ; 
“S' 

0,014623 ; 

0,000026. 

0,212046 ; 

1,575190; 

: 0,075054. 

[4149] 

0,07578334. 
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Then we obtain 

C = 2,002886 ; 
(i) 

b L = 0,076002 ; 
(2) 

(3) 0,000273 ; b^ = 0,000018. 
2 

(0) 
db è 

= 0,076331 ; 
(i) 

dbh 
1,006490; 

(2) 
db% 

d a d a d a 

(3) 
dbh - 0,011085. 
d a 

« (°) (i) (21 
d2 b h 

= 1,019629 ; 
dH | 

0,172510; 
dnh 

d a2 d a2 d a2 

(0) 
b =2,026116; b3 =0,229988; 

.(») 

* 3 
2 

= 0,004323 ; 

= 0,114267 ; 

= 1,419950. 

== 0,021791. 

VENUS AND URANUS. 

d = — = 0,03770634 ; 
avl ’ ’ 

hence we deduce 

b'°\ = 2,00071095 ; 

6Ui = — 0,03769964. 
— 2 7 

Then we find 

= 2,000712; 

6 j = 0,000034. 

(0) 

Hi 
da 

= 0,716690 ; 

VOL. III. 

6 j = 0,037725 ; 

U) 
dbh 

d a 
1,000829; 

51 

b'l’= 0,001067 ; 
2 

d a 
0,056634. 

[4150] 

[4151] 

[4152] 

Venus and 
Saturn. 

[4153] 

[4154] 

[4155] 

[4156] 

Venus and 
Uranus. 

[4157] 

[4158] 
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[4159] 

[4160] 

[4161] 

The Earth 
and Mars. 

[4162] 

[4163] 

THE EARTH AND MARS, 

a = ~ = 0,65630030 ; 
a 

hence we deduce 

b(°l = 2,22192172 ; 

= —- 0,61874262. 

Then 

(0) 
= 2,291132; 

(1) 
b, 

2 

= 0,804563 , 
(2) 

b, = 
2 

(3) 

b1 
2 

= 0,224598 ; c 
2 

= 0,129973 ; 
(5) 

V 

(6) 

bi 
= 0,046595 ; 

(7) 

bL 
2 

= 0,028480 ; 6? = 
2 

(0) 
dlk 

d a 
= 1,228078; 

(1) 
db ^ 
d a 

= 1,871211 ; 

(2) 

db h 

d a 

(3) 

dhh 

d CL 
= 1,240990; 

(4) 

db j 
d a 

= 0,920710; 
(5) 

cZ a 

(6) 

dbk 
d a 

= 0,473942 ; 
(?) 

db4 

d a 
= 0,333444. 

(0) 
d*bh 

d a2 
= 4,985108 ; 

U) 
dHh 

d a2 
— 4,744671 ; 

(2) 

d26è _ 
da2 

d2b \ 

d a2 
= 6,057860 ; 

(4) 

dHh 

d a2 
= 5,776483 ; 

(5) 

d*bh 

d a2 

(6) 

d*b j 
d a2 

= 4,388001. 

(0) 

d a3 
= 29,03400 ; 

d*b~h 

d a3 
= 29,78930 ; 

(2) 

d3èi __ 
e? a3 

(3) 

dzb±2 

d a3 
= 33,29381 ; 

(4) 

d3b4 _ 

d a3 
= 36,32093 ; 

(5) 

d*bl 

d a3 

: 0,405584 ; 

0,077170; 

0,0175565. 

1,601236 ; 

0,666207 ; 

5,731111 ; 

5,141993; 

30,18848 ; 

37,23908. 
[4164] 
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(0) 
b 3 = 6,856336; . (i; 

b 3 = 5,727893 ; 
,(2) 

ft 8 = 4,404530 ; 

b® = 3,255964 ; 

ft(? = 1,174650. 
2" 

(4) 

>3 
2 

2,351254; 
(5) 

ft3 = 1,671668; 

(2) 

Pi = 31,80897 ; 
a a 

(3) 

d a 
= 32,26285 ; .... 

(5) 

db | 

d a 
= 18,25867. 

THE EARTH AND JUPITER. 

a = - = 0,19226461 ; 
alv 

ft™ = 2,01852593; 
—5 

ft"’ = —0,19137205. 
“”3 

hence we deduce 

Then 

6? = 2,018885; 

6? =0,004516; 

ft™ = 0,000023. 
I 

(0) 

= 0,200586 ; 
d a ’ ’ 

(3) 
dbk 

j ~ = 0,070932 ; 
d a ’ 

ft'" =0,195003; 
2 

ft ‘4)= 0,000779; 

-P = 1,043204 ; 
d a 

(4) 

== 0,016369 ; 

ftï = 0,028195; 

ft j = 0,000132 ; 

-3-2- = 0,297995 ; 
d a 

db(5) 
—i = 0,003448 ; 
rl rl 7 

203 

[4165] 

[4166] 

[4167] 

[4168] 

The Earth 
and 

Jupiter. 

[4169] 

[4170] 
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[4171] 

The Earth 
and 

Jupiter. 

[4172] 

[4173] 

[4174] 

[4175] 

The Earth 
and 

Saturn 

[4176] 

[4177] 

(0) 
d2b i 
——— = 1,132355 ; 
a a/ 

(3) 
/] 2 b i 
Vir = 0,746681. 
a a2 

(0) 
r/ 37 i 

Vf = 1,472714; 

6'“’ = 2,176460 ; 
2 

(3) 
b § = 0,032493. 

a) 
d2b k 

d a2 
= 0,466165 

(2) 

d a2 

ddbi 
- 2,874986 ; 

d a3 

6^ = 0,619063; 

(2) 

a?3^è 
c'a3 

THE EARTH AND SATURN. 

hence we deduce 

Then 

b'l’ = 2,005535 ; 

b™ = 0,000724 ; 
2" 

(°) 

ïA = 0,106155 ; 
d a 

(3) 

= 0,020779. 

a = - = 0,10484520 ; 
Ov 

b™ = 2,00550004 ; 

6^ = — 0,10470094. 

= 0,105283 ; 
h 

(4) 

5, =0,000066. 
2 

1,012536; 
a a 

(2) 
d b ^ 

d a 

1,628667; 

= 1,418830. 

0,148198; 

0,008282 ; 

: 0,158723; 



T vi.§23.] VALUES OF b{ts J AND ITS DIFFERENTIALS FOR MARS. 205 

(0) (>) (2) 

\ 7 = 1,037816; 
a ar 

cf ^ b x 
7 t =0,246193; 

a ctr 
d2b ^ 

d a2 
1,526303. [4178] 

(0) (i) (2) 

b = 2,050321 ; 
3 7 7 2 

b =0,321144; 
3 7 7 S' 

b = 

i 
0,041977. [4179] 

THE EARTH AND URANUS. 

hence we deduce 

Then we find 

a 
a' 

av 
0,05212866 ; 

(0) 

(1) 

2,00135893; 

— 0,05211095. 

b^= 2,001355; 
2 

(3) 
b t = 0,000089. 

£ 

(i) 
5 = 0,052182; 

»: 

(0) (i) (2) 
~ = 0,052288 ; 
a a = 1,003060; 

d a t? a 

[4180] 

0,002040 ; 

[4181] 

Tho Earth 
and 

Uranus. 

[4182] 

= 0,078449. [4183} 

MARS AND JUPITER. 

a!" 
a = — =0,29295212. 

alv 

VOL. III. 52 

[4184] 
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hence we deduce 

[4185] 

[4186] 

[4187] 

Mats 
and 

Tupiter. 

[4188] 

Then 

*r- 
2 

c- 
2 

2,045112; 

0,016357; 

0,000297 ; 

(0) 
db% 
d a 

= 0,324004 ; 

(3) 

dbj 

d a 
0,172096; 

(6) 

'^1=0,006173. 
d a 

(0) 
dnh 
do? 

(3) 
dHi 

do? 

— 1,338759 ; 

= 1,258858; 

(0) 

b ,= 
-2 

(1) 

b ,= 
-2 

0) 

2,04314576 ; 

— 0,28977479. 

(4) 

b. =0,302922; 

0,004192; 

0,000081. 

= 1,105998 ; 

= 0,058420 ; 

hm 
bi = 

(1) 
db\ 

d a 

(4) 

d b% 

d a 

d*l% 

do? 

(4) 

dnh 

d a2 

0,794557 ; 

0,623184. 

2 

(5) 

b , = 

(2) 
db\ 

d a 

, ,(5) 

db\ 

d a 

(2) 

dnk 

d a2 

[4189] 

„ (0) 
d*bh 

d a3 

(3) 
d*bk 

do? 

= 2,69358 ; 

5,47068. 

<M± 
d o? 

3,77722 ; 
„ (2) 

dHh 

~d o? 

(0) 

b „ = 2,444762 ; 

(3) 

2 

=0,127942. 

a) 
b = 1,040206; è(2)= 

3 
IS 

0,066812; 

0,001109; 

= 0,473717 ; 

= 0,019258; 

= 1,871538; 

= 2,91068 ; 

= 0,376693 ; 
[4190] 
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(0) 
f] b 3 
-p = 3,48815 ; 
a a 

(n 
dbl 

d a 
= 4,80540 ; 

, (2) 

= 2,99684. 
d, a 

hence we deduce 

MARS AND SATURN. 

a = — = 0,15975187; 
av ’ 

ba\ 
2 

2,01278081 ; 

Then we find 

A 
2 

0,15924060. 

(0) 

b ^ — 2,012945 ; 

(3) 

bL = 0,002577 ; 

a) 
K = 

2 

b{:= 
2 

0,161305 ; 

0,000360 ; 

(2) 

6, =0,019347; 
2 

(5) 

6. = 0,000052. 

Ab't 

d a 

d a 

= 0,164463 ; 

= 0,048740 ; 

a) 
dbh 
d a 

7 ,<4) 
doit 

d a 

= 1,029493; 

= 0,009065. 

(2) 
db è 

da. 
= 0,244843 ; 

(0) 

^ a2 

(3) 

c? a2 

= 1,090095 ; 

= 0,620632. 

d a2 
= 0,379322 ; 

(2) 
d*bh 

do? 
= 1,596248 ; 

&'30> = 2,119585; 2" 
.(1) 

b,= 0,503071 ; b(: = 0,100136 ; 
I 
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[4191] 

[4192] 

[4193] 

[4194] 

Mars 
and 

Saturn. 

[4195] 

[4196] 

[4197] 
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[4198] 

[4199] 

Mars 
and 

Uranua. 

[4200] 

[4201] 

[4202] 

Jupiter 
and 

Saturn. 

[4203] 

MARS AND URANUS. 

a!" 
a = — = 0,07942807 ; 

avl ’ 
hence we deduce 

bm = 2,00315565 ; 
—h 

bm = — 0,07936538. 
—5 

Then we find 

6 j = 2,003167 ; 

6? =0,000314; 
2 

(0) 

= 0,079995 ; 
cl a 

(3) 

^fi = 0,011982. 
a a 

b'1' = 0,079617; 
2 

6^== 0,000022. 

^-= 1,007144; 
cZ a 

(2) 

cZ a 

JUPITER AND SATURN. 

a = - = 0,54531725; 
av 

hence we deduce 

6^ = 2,15168241 ; 

&[j = — 0,52421272. 

Then we have 

6j = 2,1802348 ; 6™ = 0,6206406 ; b™ 

0,004746 ; 

0,119822 : 

0,2576379 ; 
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(3) (4) (5) 

b1 =0,1179750; 
2 

II 
; hn 
i>C> : 0,0565522 ; 6, 

2 
= 0,0278360 ; 

6? = 0,0139345 ; 
(7) 

= 2 
0,0070481 ; 

(8) 

b x = 2 
- 0,0035837 ; [4204] 

b\!’ = 0,0018056 ; 
(10) 

0,0008632 ; ,(1I> 6i = 
2 

= 0,0003223. 

, 4 _ 0,808789 ; 
d a 

ao 4 

^ a 
1,483154; 

7 ?(9) è 
d a 

= 1,105160 ; 

(3) 

, 1 _ 0,726550; 
d a 

(4) 

c? a 
= 0,453285 ; 

(5) 
d b 4 

d a 
= 0,274717 ; 

(6) 
dbi =0,163506; 
d a 

(V) 
db $ 

d a 
0,096019 ; 

(8) 

db% 
do. 

= 0,056171 ; 

[4205] 

(9) 

,* =0,033083; 
d a 

(10) 
db \ 

d CL 
: 0,020265. 

Jupiter 
and 

Saturn. 

(0) 
dHt =2,875229; 
a cl2 

(i) 
d^b \ 

d o? 
2,552788 ; 

(2) 
dHh 

d o? 
= 3,521040 ; 

2 
,7 —3,533622; 

a a2 

(4) 

dnk 

d a2 
: 2,995647 ; 

(5) 

dnh 

d o? 
= 2,302428 ; [4206] 

(6) 

, }-= 1,664586; 
d 

(V) 
dnh _ 

d a2 
: 1,144377; 

(8) 

c? a2 
= 0,760603 ; 

(9) 

.J =0,485135. 
« a2 

3 <0) 

,7 = 12,128630; ar 

0 (i) 
d3bh 

d a3 
12,878804 ; 

(2) 
«4 

d o? 
= 12,832050 ; 

(3) 
d3hi 

, * = 15,454850; aad 

(4) 

dHh 

d a3 17,058155 ; 

(5) 

d3b% 
d o? 

= 16,655445 ; [4207] 

(6) 

V7 = 14,958762 ; da3 1 

„ (7) 
tZ3&4 _ 

do? 
12,234874 ; 

„ (8) 
d3b% 
d a3 

= 9,566420. 

VOL. III. 53 
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[4208] 

(0) 
d^b\ 

d a4 

(3) 
d4bj 

d a4 

= 84,40159 ; 

89,8615 ; 

a) 
d*bh 

d a4 

(4) 
dAb^ 

d a4 

83,94825 ; 

= 101,3809; 

(2) 
dHh 

d a4 

(5) 

d^bk 
d a4 

» (6> 
dHh 

d a4 
118,6607; 

(7) 
d*bh 

d a4 
115,9588. 

[4209] 

(0) 

d^H 

d a5 

(3) 
d5b| 
d a5 

(6) 
d5b' 

d a5 

= 747,480 ; 

= 785,884 ; 

912,301. 

(i) 
d5b^ 

d a5 

„ (4) 
d5b± 

d a5 

753,417; 

= 819,180 ; 

(2) 
d5b* 

d a5 

(5) 
d5b£ 

d a5 

Jupiter 
and 

Saturn. 

[4210] 

(0) 

>3 
2 

(3) 

6V = 

a(6) 
6f = 

(9) 

^3 = 
F 

4,358387 ; 

1,295672; 

0,273629 ; 

0,053922. 

a) 
3 F 

' (4) 
67 = 

, (7) 

67 = 

3,185493; 

0,784084 ; 

0,158799; 

»(2) 
3 
2 

a(5) 0 3 — 

2 

(8) 

* 3 
2 

(0) 
db # 

d a 
i — 14,681324; 

a) 

cZ a 
15,239657 ; 

(2) 

db% 

d- a 

[4211] 

(3) 

C^F 
^ a 

(6) 

d a 

10,598611 ; 

= 3,710043 ; 

(4) 

c?6f- 

d a 

(7) 

d a 

= 7,802247 ; 

= 2,426079 ; 

(5) 

db§ 

d a 

(8) 
db§ 

d a 

(0) 

d2èf 
d a2 

= 96,68536 ; 

a) 
dn§ 

d a2 
94,91701 ; 

(2) 

d*b* 

d a2 

87,3027 ; 

: 113,5238; 

= 761,843: 

= 884,505 ; 

2,082131 ; 

0,466047 ; 

0,092290 ; 

13,416026; 

5,470398 ; 

1,563695. 

93,19282; 
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(3) 

d o? 
= 86,90215 ; 

(6) 
dn f 
do? 

(0) 
d36f 
d a3 

„ (3) 

dH | 
c?a3 

= 47,48185 ; 

= 830,0586 ; 

= 785,5855 ; 

d2&§ 
do? 

= 75,08115; 

(7) 

= 35,74355. 
cir 

r 
= 830,1580 ; 

(4) 

d3b f 
do? 

= 740,6775 ; 

(5) 

d2b§ 

do? 
61,10115; 

(2) 
d3&4 

d a" 
810,1045; 

d3b^ 
-r£= 666,4080 ; rfa3 

[4212] 

Jupiter 
and 

Saturn. 

[4213] 

(6) 

d3b% 

do? 
= 574,9115. 

JUPITER AND URANUS. 

a = 21' = 0,27112980; 
a 

hence we deduce 

b'd = 2,03692776 ; 

= —0,26861497. 

[4215] 

Then we get 
Jupiter 

and 

6(°’ = 2,038359 ; 
i 

b1’’ = 0,278966 ; 
2 

6? = 0,056906 ; 
S' 

Uranus. 

= 0,012879 ; 
2 

(4) 

=0,003058; 
2" 

6 j = 0,000745 ; [4216] 

6? =0,000185. 
2 

(0) 

^A. 
d a 0,295410 ; 

„(1> 
ao è 

a = 1,089551 ; 
(2) 

db % 

d a 
0,433630 ; [4217] 
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Jupiter 
and 

Uranus. 

[4218] 

[4219] 

^-=0,145398; 
a a 

(°) 
rj 2 A i 

Vf = 1,283434 ; 
dr 

(3) 
,727, i 

Vr = 1,133359. 
a a2 

07= 2,372983; 
f 

fe(3)=:0,099260. 3 7 

(4) 

a 
= 0,045930 ; 

(5) 
db\ 

d a 
0,015410. 

ml 

d a2 
= 0,714932 ; 

(2) 

d-^± = 1,815451 ; 
d 

f'= 0,938794; 5^=0,315186; 

SATURN AND URANUS. 

[4220] <>.= — =0,49719638; 
awl 

hence we deduce 

b l"!= 2,12564287 ; 
-2 

[4221] 

Then we get 

b ?= —0,48131675. 
-2 

Saturn 
and 

Uranus. 5'“ = 2,144440 ; 
2 

5',"= 0,552007 ; 
2 

è'2>= 0,208313; 
i 

[4222] b’= 0,086834 ; 
2 

5” = 0,037909 ; 
2" 

ft® =0,016990; 
2 

b*’= 0,007728 ; 
2 

5<7>= 0,003522 ; 5<*> = 0,001547. 
2 

t»> 

H =0,683055; 
d a 

(1) 

^ = 1,373806 ; 
d a 

(2) 

0,949128 
d a. 
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(3) 

db£ 

d CL 

(6) 
dbl 
d a 

0,572896 ; 

0,098799 ; 

(4) 
db ^ 
d CL 

(7) 

d a 

0,327198 

0,053642. 

(5) 
db± 

d CL 
0,181370; 

(0) 
d:2b£ 

d a 

(3) 

d 2 b l 

d a2 

2,377102; 

= 2,881218 ; 

(0 

d a2 

(4) 
dn\ 

d a2 

2,017767 ; 

= 2,278077 ; 

(2) 

d*b$ 

d a2 
= 2,992245 ; 

(5) 
dn± 

d a2 
= 1,616470; 

(6) 

d*bj 

d a2 
= 1,067430. 

(0) 
d3b | 

d a3 

(3) 

dzb% 

da? 

= 8,798999 ; 

= 11,904140 

(i) 
d3b± 

d a? 

(4) 

d*bj 
d a3 

9,578267 ; 

= 12,988670 ; 

(2) 

11 a3 

(5) 
d3bi 

d a3 

= 9,425450 ; 

12,135721, 

(0) 
b V = 3,750905 ; 

(3) 

6 == 0,872105 ; 

b 3 = 
2 

2 

2,547992 ; 

0,482564 ; 

,(8) 

bs = 
S’ 

b5) = 
3. 
2 

1,530452 ; 

0,262146. 

(2) 
db § 

d CL 
= 9,75656 ; 

(3) 
dbj 

d a 
7,24097 ; 

(4) 

db | 

d a 
4,95052. 

VOL. III. 54 

[4223] 

[4224] 

Saturn 
and 

Uranus. 

[4225] 

[4226] 

[4227] 
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Forma las 
for the 
computa¬ 
tion of 
(0,1), &c. 

[4228] 

[4228'] 

[4228a] 

CHAPTER VII. 

NUMERICAL EXPRESSIONS OF THE SECULAR VARIATIONS OF THE ELEMENTS OF THE PLANETARY ORBITS. 

24. We shall now give the numerical values of the secular variations of 

the elements of the planetary orbits. For this purpose we shall resume the 

differential variations of the excentricities, perihelia and inclinations of the 

orbits [1122, 1126, 1142, 1143, 1146]. To reduce these formulas to num¬ 

bers, we must previously determine the numerical values of the quantities 

(0,1), ro,!~l, &c. These are obtained by computing, in the first place, the 

values of (0,1), [ÿÿ] ; by means of the formulas [1076, 1082],* 

(0,1) = — 3 m!. n a.2. b_y, 

4. ( 1—a3)2 ’ 

3 m!. n a 
(i) (0) 

1(1 + 
2.(1— a2)2 

From these we have deduced the values of (1,0) [ i,o], by means of the 

equations [1093, 1094]. 

* 2566. The values of m', n, a, b_\, b_\ to be used in these formulas are given in 

[4061 — 4222]. By the formula [4228] we must compute the values corresponding to 

the exterior planets, namely ; (0,1), (0,2). (0,3), (0,4), (0,5), (0,6); (1,2), (1,3), (1,4), 

(1,5), (1,6); (2,3), (2,4), (2,5), (2,6); (3,4), (3,5), (3,6); (4,5), (4,6); (5,6); and the 

similar ones of [4228'], namely; [~ô|ï~] Sic.; QT] Sic.; [IgT] Sic.; pM~] Sic.; [1^] 

Sic.; [jM[]. The remaining terms corresponding to interior planets are to be deduced 

from these by the formulas [4229]. Thus, if it be required to compute (4,5), [1J] cor¬ 

responding to the action of Saturn upon Jupiter. The value of m1 to be used in [4228], 

[42286] 
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, . . . m .\Y a , _ . - W./fl r--, 
[v>] = - . , . [ 0,1 J. 
1- m.ya - 

By this means we have obtained the following results, in seconds, supposing 

the numerical characters 0, 1,2, 3, 4, 5, 6 to refer respectively to Mercury, 

Venus, the Earth, Mars, Jupiter, Saturn, and Uranus. The preceding masses 

of ike planets [4061, 4061(1], have been multiplied by 1 -f 1 + f, If- f, 

&c. respectively, in order that these results may be immediately corrected, 

for any change in the values of the masses, which may hereafter be found ne- 

[4229) 

[4230] 

[4230'] 

cessary. 

(0,1) = (1 +/).3*,052453 ; 

(0,2) = (1 +ic"). 0-,963818; 

(0,3) = (1 + f). O’,040631 ; 

(0,4) = (1 +(J').l',575473; 

(0,6) = (1 + f ). 0",080660 ; 

(0,6) = (I -f^1). O’,001702 ; 

(1,0) = (1 -ff. ).0*,422318 ; 

(1.2) = (1 +(.")• T,416280; 

(1.3) = (1 +f"). O’, 148161 ; 

(1.4) = (1+(rlv).4',131166; 

(1,6) = (1 +p.v). O’,207370; 

(1,6) = (1 + ,<*”). O',004354 ; 

(2,0) = (1 + n ). O’,097574 ; 

(2,1) = (1 -|V). 5',426695; 

(2,3) = (1 + V") •<>’,432999; 

[TV] = (!+/*')• 1',961407 ; 

[TV] = (1 + f). O',457195; 

[7J] = (1 -|V"). O',012797; 

[TV] = (1 + (*w) • O', 146329 ; 

[TV] = (1 + V) • O’,004086 ; 

[TT] = (1 + V). O',000042. 

[TV] = (1 -ft1 )• O’,271367 ; 

[TV] = (1+/(•"). 6% 174974; 

[TV] = (1 + O. O',085252 ; 

[TV] = (1 +^').0',716427; 

[TJ] = (I + k" ) .0,019641 ; 

[TV] = (1 + f) . O',000205. 

[TV] = (l+,“ ).O',046285; 
[VT] = (1 -ft/ ).4',518397 ; 

[TV] = (1 +0-O’,332961 ; 

[4231] 

Mercury. 

[4232] 

Venus. 

The Earth. 

[4233] 

is that of Saturn, mv — ——-— [4061], the value of n is that of riv = 109256*293 
^5y,4° (0) [4228c] 

[4077]; the value of a is 0,54531725, [4202]; then we have b_% = 2.15168241, 

= —0,52421272 [4203]. Substituting these in [4228, 4228'] we get the values 

of (4,5), [ 4,5] as in [4235]. Lastly the formulas [4229] give (5,4) = m -(4,5); 
171 • V/ Cl 

_ 1 / ^iv 

| 5,4] == v- • [4,5 ] ; hence we obtain (5,4), [vT] as in [4236], using the factor [4228t/] 

1 -{- ^1V instead of l -j- (xv. In like manner the other formulas [4231 — 4237] are to be 

computed. 
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TheEarth. 

[4234] 

Mars. 

[4235] 

Jupiter. 

[4236] 

Saturn, 

[4237] 

Uranus. 

[4337'] 

PERTURBATIONS OF THE PLANETS ; [Méc. Cél. 

(2.4) = (1+3**). 6',947861; 

(2.5) = (l+i*v). O’,340441 ; 
(2.6) = (l+i*vi). O’,007095; 

(3,0) = (1 + i* ). O’,018662; 
(3.1) = (1 ). O’,491880 ; 
(3.2) = (l+i*"). 1*,964546; 
(3.4) = (1 + §'’). 14*,411136 ; 
(3.5) = (1 + (*v ). O’,658341 ; 
(3.6) = (1 +i*vl). 0*,013436; 

(4,0) = (1 +i* ). 0*,000226; 

(4.1) = (1 +(*' ). 0*,004291 ; 

(4.2) = (1 +(*"). O',009862; 

(4.3) = (1+(*'"). O’,004509; 

(4.5) = (1+(*'). 7’,701937; 

(4.6) = (l+f*vi). O',096647, 

(5,0) = (1 +i* ). O',000027; 
(5.1) = (1 +/*' ). O’,000501 ; 

(5.2) = (l + i*"). O’,001123; 

(5.3) = (l+i*'"). - O’,000479 ; 
(5.4) = (1 + (**). 1T,905446 ; 
(5.6) = (1 + (*ri). O’,355214 ; 

(6,0) = (1 +i* ). O’,000002; 

(6.1) = (1 +(*' ). O’,000043; 

(6.2) = (l+i*"). O’,000096; 
(6.3) = (l+i*'"). O’,000040; 

(6.4) = (l+i*iv). O',919814; 
(6.5) = (1+(*'). 1‘,454176; 

[Ü] = (1 +1*") • 1',662036 ; 
rgl = (l+i*v). O',044514; 

[H] = (1 + f*vl). O',000463. 

[U] = (l+i* ). O',005878 ; 
[jm] = (1 +(*' ). O’,283029 ; 
[]+] = (l+i*"). 1',510657; 
[It] = (1 +i*"). 5’,219092; 
m = (1 + (*v). O’,131041 ; 

[H] = o +(*”). O',001333. 

[V] = (l+i*. ). O’,000021 ; 

[17] = (1 +(*-'). O’,000744 ; 

= (l+i*"). O',002359; 

[TJ] = (1 +1*"'). O’,001633; 

[7J] = (1+(*’)• 5',034195; 
[UT] = (1 + p.v>). O’,032446. 

[V] = (1 +i* )• O’,000001 ; 
[IE] = (1 + /*' ) • O’,000047 ; 
[UT] = (1+/*"). O’,000147; 

[IE] = (!+(*'")• O’,000095; 
[H] = (I + f*iv). 11',703495 ; 
f 5.61 — (1 + f*.v‘). O’,213356. 

run = (i +i* ). o',oooooo, 

fij] = (1 +(*'). O',000002; 

r«J1 = (1+1*"). O’,000006; 
rui = (1+0- O’,000004; 
run = (1 + f*iv) . O',308803 ; 

R,T| = (1 + (*v ). O',873434. 

25. By means of these values and the formulas [1122, 1126, 1142. 

1143, 1146] the following results have been obtained; which exhibit, at 

the epoch of 1750, the annual variations of the elements, during a year 

of 365[ days, namely, 
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— = the annual sidéral motion of the perihelion in longitude in 1750;* 

the annual variation of the equation of the centre, or that of double 

dzs 

dt 

2de 

d t 

d <p 

d t 

d^L 

d t 

d Ô 

d t 

dôt 

d t 

[4238] 

[4238'] 

the excentricity in 1750 ;f 

the annual variation of the inclination of the orbit to the fixed ecliptic j-4239- 

of 1750; q hl 
1 Symbol*. 

the annual variation of the inclination of the orbit to the apparent 

ecliptic ; 

the annual sidéral motion of the ascending node of the orbit upon the 

fixed ecliptic of 1750 ; 

the annual sidéral motion of the same node upon the apparent 

ecliptic. Î 

[4240] 

[4241] 

* (2567) Neglecting terms of the order t2, we get u = U-\-t.~—-, by Taylor’s [4238a] 
(i/ t 

theorem [3850a]. The time t is counted in Julian years [4078] and the values of n, n', n" 

&c. [4077] are taken to conform to this unit of time, so that n"t, which represents generally 

the motion of the earth in the time t, will become simply n", in one year, or when 

t = 1. Now U being the value of u when i — 0, if we subtract it from the value for 

d 
the case of t= 1, which by [4238a] is U -}- —, we shall get the annual variation of 

tl v 

[42386] 

u equal to 
dTJ 

dt 
Therefore if we write successively ns, 2e, 9, cp/y ô, for u, 

we shall obtain the annual variations of these quantities respectively, namely, 

d<p d®, dô dè, 

dt’ rft’ dd dt 

drt 
d t ’ 

2 - l-dt’ Now in [4080 — 4083] zs represents the longitude of 

[4238c] 

the perihelion, e the excentricky of the orbit, 9 the inclination of the orbit, and Ô the longitude 

of the ascending node of m, upon the fixed ecliptic. Moreover, 9, is, as in [1143iv], the 

inclination, and 0/ the longitude of the node counted upon the apparent ecliptic. With one 

accent above these quantities, they correspond to the body m'; and with two accents to the 

body m", &tc. 

[4238c?] 

[4238e] 

t (2568) Neglecting terms of the order e2, in the equation of the centre [3748], it 

becomes 2 e. sin. (n t -f- s — ra) ; the maximum value being 2 e, whose annual variation is [4239a] 

2. ~ [4238c]. 
(v l 

t (2569) The formulas used for computing the values [4242 — 4248] are as follows. [4242a] 

vol. in. 55 
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Mercury. 

[4242] 

[42426] 

General 

expres¬ 
sions of 
the annual 
variations 

of the ele¬ 
ments of 
the orbits. 

[4242c] 

[4242c?] 

MERCURY. 

— = 5’,627032 + 3',014032 . (/+ O',929932. djlf 0*,041845 . ?■"' 
a t 

+ Is,560043. 0%079478. i*v+ 0s,001702. 

2 f = 0*,013690 + O’, 021948 . |/+ O',006511 . O',002330. v!" 
at 

0s,012560 . M-iv+ 0s,000116 . m-v+ 05,000004 . 

d^- = — 0s,119993 — 0s,087951. f— 0S,000052 . f/"— 0*,028764. ^ 
d t 

— 0s,003215 . v?— 0S,000011. 

^ = + 0*, 177408 + 0*,068409 . (*'+O’,000508 . n'"+ O’,098085 . 
cL ^ 

+ 0%010373 . 05,000033 . f*vi. 

— = — 4’,224994— 1!,764590. t!— O’,963817 . n"— O’,029951 
d t 

— 1-,396112 . — 0s,068989 . 0s,001535 . 

= _ 7s,566802 — O5,097574 . i* — 4",054426 . fi— 0s,963817 . f 
dt 

__ 0s,143774 . f"— 2% 187093 . ^— 0s,117889 . jfr 

— 0s,002228 . 

The values of &c. are given in [1126] ; 2~ 2.~, he. are derived from 
dt dt ai ai 

t1122]; sf> Tf &c- “d 
dô: 

— , —, &ic. from [1142, 1143]. Lastly — -^~,he 
dt d t dt’ dt 

and tk he. are obtained from [1146]. If we put i for the number of accents over 
dt dt 

<p; vs, he. so that ou\ &c. represent the values of <p, vt, he. corresponding to the planet 

which is numbered i, according to the notation adopted in [4230] ; and suppose the sign 2 

of finite integrals to include all the values oj k, contained in the series of numbers, 0, 1,2, 3, 

4, 5, 6 [4230], excepting i = k ; then the four first of the preceding equations, may be put 

under the following forms, as is evident by mere inspection, 

UK] . ÿ- cos. («*> - *<*>)} ; [1126] 

2.— 23 . fTTl.e1*). s;n. (w®—ou’); [1122] [4242e] 
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VENUS. 

~ = — 2',343127 — 4',315177. p — 5*,'754638 . n"+ 1’,203777 . p!" 
a t 

+ 6s,435827 . 0*,083814. ii’+O*,003269 . 

2 = — 0*,260567 — O',090479 . p. — O',101170. n"— O',006378 . p-'" 
d t 

— 0s,061143. 0s,001409 . f*v+ 0s,000012. 

djr = — 0s,015950 + 05025200 . ? + 05002157 . f"— 05037854. ^ 

— 05005455 . is + 05000002. if 5 

~ = 05044538 + 05019377 . 0s,004148. /'+ 05025810 . ^ 

+ 05003500 . ^v— 05000001 . fATi. 

~ — 95900996 + 05342053. m- — 75416280 . ft/;— 05076112. y!" 

— 25661705. fv—05085589. 05003363. ^vi. 

dôr 
jf- = — 18',387762 + O’, 165450 . p — 5’,426693. i*'— 7',416280 . (*" 

— O',286675. p'"— 5’, 133067 . K'— 0’,285519 . n* 

— O',004978 . 

d<pw 

dt = 2. [ a ] . tang. fk\ sin. (ô(i) — 

rfflco 
df 

— 2 ■(*, At] -j— 2 .f , ft). 
tang.fp1-^ 

tang. <pW 
. COS. (d® — 0{k)). 

[1142,1143] 

In like manner the expressions [1146] may be reduced to the forms [4242i,le], supposing 

the orbits of all the other planets to be referred to that which is numbered l [4230]; cpf 

being the inclination, and êf the longitude of the node of the orbit denoted by i referred to 

that which is denoted by l\ conformably to the notation [1143iv] ; the fixed plane being the 

orbit of l, at the epoch 1750, 

d<pzw) 

dt 

d éjW 

dt 

= 2-{ (i,le)— (l,le) ]. tang. cp{k). sin. — ô 

-(U i) 2U j le) -f- 2. {(t*, le) — {l, le)] . 
tang-. aPO 

tang, cpd) 
. cos. (ô{î)—0{k)). 

Venus. 

[4243] 

[4242/] 

[4242g] 

[4242ft] 

[4242i] 

[4242ft] 
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The Earth 

[4244] 

[4242Z] 

[4242m] 

[4242n] 

[4242o] 

[4244a] 

[42446] 

[4244c] 

THE EARTH. 

* dri' 
_ = 1 p ,949588 — 0s,414923 . ^ + 3%813276 . p’+ P,546163 . 

+ 6s,804392. O',194066. O',006614. /P1. 

2 * *7/7 = O',187638 — O',008057 . f* -f O',030435 . O',049410. y!" 

— O', 159738 . /*iv— 0s,000909 . fp-f O',000040. fPh 

Instead of excepting k — i [4242c], we may suppose the sign 2 to include all the numbers 

0, 1,2, 3,4, 5,6 [4230] ; putting (i ,i) = O, [7TTJ = 0, in all the formulas [4242d — k~\ ; 

observing also that the first term of [4242fc], namely — (l,i) is that which arises from the 
+ Q V» Q» /Vs ( J^) 

value k = i, under the sign 2 ; because then = 15 cos.(0(ft— 6W) = 1. We may 

moreover remark, that as the orbit of the planet l, in 1750, is taken for the fixed plane 

[4232fi], tang. <p(l) must be of the order m, and since this is multiplied, in [4242?'], by quanti¬ 

ties of the same order, the product will be of the order m2, which is neglected; likewise the 

term depending on tang. ow vanishes, because it is multiplied by sin. (0(l)— êty) = 0. If 

we now substitute in [4242c?—k] the values [4080 —4083, 4231 —4237], we shall 

obtain the expressions [4242 —4248]. For the sake of illustration, we shall give a few 

examples of the numerical calculations in the following notes. 

* (2570) As an example of the formula [4242(7], we shall compute the action of Mercury 

on the Earth, in which case i = 2, k = 0 , and the corresponding terms of this formula 
<o 

are (2,0) — [âTô] . —, cos. (to"—-to). Substituting the values of (2,0), QÿT], e, e", to, to" 

[4233, 4080,4081], it becomes, 

(1 -f fi). ^ 0s,097574 —0s,046285 . o^TefiHs*C0S' (98<* 37?n i6'—73<* 33m 580^ 

= (1 4- rt • {0s,097574 — 0??512497 j= — 0s,414923 — 0*,414923 . p ; 

d 
in which the part depending on [J. is the same as in —— [4244], the other part —0s,414923 

C1 v 

is included in the constant term 11s,949588, which is the sum of all the coefficients of/x, 

dzitl 
he. noticing their signs. This constant quantity represents the value of yy, supposing n, 

fi.', &c. to vanish, or the numerical values of the masses [4061] to be correct. 
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MARS. 

7 III 

-j- = 15’,677160 + O’,015944. p + 0s,511046. p'+ 2',129320. p" 
cl t 

+ 12*,312891 . (-.*'+ 0*,693878 . pv+ O’,014082 . p*. 

2. y'= O',372537 + 0‘,002363. p + O',001566 . p'+ O',040492. p" 

+ O',314982.p"+ O',013167 . pv— O',000032. p". 
,1 W 

4- = — O',293800 + O',000092. p — O',013146. p'— O',254879 . plY 
et I 

— O',025790 . pv— O’,000076 . pvi. 

= — O’,012984 — O’,000388 . p + O',131893. p'— O’,131999 . p" 
a t 

— 0s,012454 . 0s,000036 . f*vi. 
A"/ 

9s,728234 + 0s,052224. f* + 0s,314067 . Is,964546. p" 
a t 

— 7',855103. p.1’—O’,266532. pv— O',008345 . p". 

= — 22',789674 — O’,318395 . p —8’,577599 .p'— 1',964546. p" 

— O',432999 . p'"— 11’,015955 . piv— 0’,469146 . F 
— O',011 033. p’1. 

de" 
In like manner the terms of 2 . — 

dt 
[4242e], depending on Mercury, become by using 

the same values as above, 

— (1 —{— ju.) . [ITo] . 2 e . sin. (to" — to) 

= — (1 + n) . 0,046285 X 2 X 0,20551320 . sin. (98* 37™ 16'- 73d33m 58s) 

= — (1 + fl). 0s,008057 = — 0',008057 — O',008057 . (*, 

in which the coefficient of is the same as in [4244], and the quantity 

— 0®,008057 forms part of the constant quantity —05,187638 [4244], as in the 

case of —— [4244c]. In like manner we may compute any other values ——, 

2. 
de© 

d t 

Mars. 

[4245] 

[4244d] 

[4244e] 

VOL. III. 56 
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JUPITER. 

TT = 6s’599770 + 0s,000186 . f* + 0s,004330. 0s,009837 . (*" 

+ 0s,002047 . 6%457871 . 0s,125498. ^. 

2 ' ^7 = °’’554418 — 0*,000008. p. + 0s,000009 . p'+ O’,000079 . p" 

— O’,000191 . p'"+ O’,553308 . Pv-f O’,001220 . py1. 

* lft=~0*>078140 + 0!>°00022-'‘+O’,000101 .p'+0’,000112.p"' 
Jupiter. 

— 0s,078933. f^v+ O',000557. i*vi. 

d-jf = — O’,223178 — O’,009491 . p — O’, 128114. p'—O',010645 . p'" 

[43461 — O’,075444. py+ O’,000516. p" 

A-f = 6*,456281 + O’,000509. p + O’,005857 . p'— O’,009862 .p" 
CL Z 

— O’,000461 . p"'+ 6*,505571 . pv— O’,045332 . pri. 

d-^-= —14’,663377 — O’,316227 . p — 12’,828736. p'— O’,009862 . p" 

— O’,389153. p"'— 6’,947861 . p"+ 5’,877561 . py 

— O’,049100. p". 

* (2571) As an example of the use of the formula [4242/"], we shall compute the 

d <piv 
[4246a] part of —depending on the action of Mars. In this case i — 4, k == 3. and 

the corresponding terms of the formula become, by using the values [4080 — 4083, 

4231 — 4237]; 

[42466] 

(4,3). tang. cp'". sin. (0iv— 6'") 

=fl+ f*"') . 0s,004509 X tang. U51w X sin. (97d 54w22s— 47d38OT 38s) 

= (1 + i»!") .0s,000112 = 0!,000112 + 0%000112. f/" 

of which the part depending on p/" is the same as in ~ [4246], and the other term 
(Z I 

O',000112 forms part of the constant quantity —0s,078140 of this formula. 

[4246 c] In like manner by putting i=4, Jc=3, l = 2 in [4242i], and using the same data, 
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SATURN. 

~ = 16* *,112726 + O',000022. n + O',000496 . |/+ O',001080. (*" 
cl i 

+ 0s,000550. f*'"+ 15s,790810. f^iv+0s,319768 . r. 

= — 1’,080409 — O',000000 . p + O',000000. |»'+ O',000001 . (*" 
ft / 

— O',000016. 1',099919 . (.*+ O',019524. n”. 

^ = O',099740 + O',000003 . i» + O',000018 . f/+ O',000014. 

+ O',096696 . (*i'+ O',003010. i*ri. 

= — O',155290 — O',010955. O’,193918. /— O',012542. i»'" 

+ O',059175. O', 002950. n". 

~ == — 9*,005292 + O',000004. ^ + O',000042 . O',001123 . / 

— O',000323. ii"'—8',734249. i*iv— O’,269642. ^vi. 

^ = — 19',041499 — O’, 110961 . n — 5’,883249. K— O',001123. n" 

— 0‘,141414.12',292960 . p.iv— O',340441 . n* 

— O',271351 . . 

Saturn. 

[4247] 

d <p3^v . . d cpiv 
we get the part ol - ^ -, or as it is called - [4246], depending on Mars, equal to 

} (4,3) — (2,3)} . tang. <?'" .sin. (ôiv— é"') 

= (1 + 0s,004509 — 0s,432999}X tang. ld 5Vn X sin. (97d54ro22'— 47<*38M 381) 
' [4246d] 

= — (1 + f*'") • O',010643 = — 0s,010643 - 0s,010643 . [>!", 

which agree very nearly with the corresponding terms of d~ [4246]. 
(X V 

* (2572) Putting i= 5 in [4242p-], we get the expression of and the terms 
d* [4247a] 

corresponding to the action of any one of the planets, is found by using the value of k 

corresponding to it ; thus for Mars k = 3, and the terms depending on this planet 

become, by using the data [4080— 4083, 4231 — 4237], 



224 PERTURBATIONS OF THE PLANETS ; [Méc. Cél. 

URANUS. 

Uranus. 

[4248] 

^ = 2-,454851 + O',000003. i* + 0*,000043 .O',000095 . /' 

+ O',000048. /"+1',210830. /* * * v+ 1',243833. i»\ 

2.-£.* — — O’,108184 — O',000000 . f. — O',000000 . /— O',000000. /' 

+ O’,000000. M*"'— 0s,011952. f*iv— 0s,096232. 

^ = — 0?,048861 + 0?,000000. f* + 0s,000000. /+ 0s,000000. 

— 0s,009036. ^iv— 0s,039826 .f*\ 
rfm VI 

-j<- = — O',027460 — O',005492. p. + O',010145./— O',005907. /" 
Qj Z 

+ O',059217. /' — O',030502. +. 
/7 Avi 

-T- = 2',700876+O',000017. s-+0',000146./—O',000096./' 
£U 

+ O’,000047./"+ O',496382. /'+ 2',204381./. 
/7d vi 

= — 34s,403396 — 0s,788517. m- — 23s,815885. 0s,000096. p." 
at 

— O',938767 ./"—10s,200902. /"+ 1',347866. i*." 

— O’,007096.+. 

-(5,3) + (B,3).^.cos.(r_r) 

C tano* \ 
= (1 + »!"). <—O’,000479 -f- 0?,000479. — ■ cr . cos. (Ill* 30m23*-47d38m38s) l 

v 1 1 l ’ 1 tang. 2d29™ 55s v ' ( 
[4247fc] 

= (1 + p/") .{—0s,000479 + 0s,000156 | 

= — 0s,000323 — 0s,000323. fas in [4247]. 

Putting i = 5, 7 = 2, in [4242/c], we obtain the expression of in the notation 
(l z 

[4247c] [4247]. The term of this expression corresponding to Mars, is found by putting yfc=3, 

and using the above data, by which means it becomes, 
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The variations of the earth’s orbit are not included in the preceding formulas ; 

they may be determined by the equations * 

tang. 9". sin. ô" == p" ; tang. 9". cos. è" = q". 

With respect to the values of p", q", we may determine them by the 

formulas [1132, &c.], and we have, by taking the ecliptic of 1750 for the 

fixed plane f 

p"= t. 

q"=t. 

d P" 

dt 

df 

dt 

t'2 dd p" 

~^2* dt2 

ft dd q" 

+ 8--5?- 

+ &c. ; 

+ &c. ; 

in which is the number of Julian years elapsed since 1750, and 
d p" 

TP 
d q" d d p" 

d t ’ d t2 ’ 
&c. are taken to correspond to that epoch. It is only necessary 

to notice the first power of t in these formulas, if t be less than 300. 

If t do not exceed 1000 or 1200, we may reject the third and higher powers 

of t ; and we may do the same even with the most ancient observations, 

- (5,3)+ 1(5,3) -(2,3) cos. (r-<T) 

— (1 + (*"')■ 5 — 0»,000479 -I- (0.000479 — O’,432999) .cos. 63<■ 51m45‘] 

= (1 -f p)-{ — 0s,000479 — O’,141035} = —0,141514 — 0s, 141514.p/", 

which differs 0s,0001 from that given by the author. We have thus given an example of 

the numerical calculations of each of the formulas [4242d — h~\. 

* (2573) The formulas [4249] are similar to [1032], accenting p, q, &c. with two 

accents, in order to conform to the case now under consideration. 

f (2574) Putting successively u=p", U— p"; or u = q", U = q", in the 

formula [3850a], we get the following expressions of p", q", 

P"=r''+P+P7f + ^. 
dt* 

d f\,f rf 2 ni* 

*+*■-%+*■-£+* e.; 

in which the quantities p", q", and their differentials, in the second members, correspond 

to the epoch of 1750. Now at that epoch we have 9" = 0 [4249'] ; substituting this in 

[4249], we get p" = 0, q" = 0 ; hence the formulas [4250a] become as in [4250]. 

57 

[4249] 

[4249'] 

[4250] 

[4250'] 

[4250"] 

[4247d] 

[4249a] 

[4250a] 

[4250A] 

VOL. III. 



Values 
corres¬ 
ponding 
to the 
earth’s 
variable 
orbit. 

[4251] 

Motion of 
the peri¬ 
helion de- 
pendingon 
the ellipti- 
city of the 
sun. 

[4252] 

[4251a] 

[42516] 

[4251c] 

[4251c?] 

[425 le] 
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taking into view their imperfections. We obtain from the formulas [4250], 

the following results.* 

d p" 
-JJ = 0s,076721 -f 05,008420.fx -f 0s,086316. 0s,009423. f" 

— 0s,022021 .fv— 0?,005446 .0s,000029. 
do" 

= — O',500955 — 0s,008522.(x — 0*,309951 .f- 0s,010335.f" 

— 0%158234.fxiv— 0*,013821 .f— O',000091 .[xvi. 

26. We have seen, in [4037], that the oblateness of the sun produces, in 

the perihelia of the planetary orbits, a small motion, which is represented by, 

H2 
<Ssf= (p—lq). — .nt. 

* (2575) If we substitute the values p", q1' [4250], in the terms of 

dp" 
[1132], depending upon p", or q", they produce terras of the order {(2,0) —(~ (2,l)-f~ &tc. |. 

(1> v 

dp" da" . 
or of the order m in comparison with ——-, —, which occur in the first members of these 

dt dt 

equations ; therefore these terms may be neglected, and then the values of ~, 
(it d t 

[1132], become, 

= (2,0). q -f (2,1 ). q1 -f (2,3). he. ; 

~= - (2,0) • V ~ (2,1) •/- (2,3) .p'"~ &o. 

Substituting _p = tang. 9 .sin.Ô, p' = tang. 9'. sin. Ô', he. ; q = tang. 9. cos. Ô, he. we get 

= (2,0) . tang. 9. cos. 6 -f- (2,1). tang. 9'. cos. è' -f (2,3). tang. 9"'. cos. â"'-f he. ; 
dy_ 

dt 

da" 
— = — (2,0). tang.9.sin.6 — (2,1) . tang.9'. sin. 6'—(2,3). tang. 9'". sin. if'— he- ; 
CIf I/ 

and by using the values [4082, 4083, 4233], they become as in [4251] nearly. Thus the 

term of depending on Mars, is • 
Cl c 

(2,3) .tang. cff. cos. Ô'" = (1 -fix'"). 0 s,432999 X tang. U51mX cos, 47d38« 38s 

= (1 -f f"). O’,009423, 

[4251/] 
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We shall consider the motion relatively to Mercury. Now q is the ratio of 

the centrifugal force to gravity at the solar equator [4028] ; and if m t be 

the sun’s angular rotary motion, the centrifugal force at the solar equator will 

be m2Z).* Putting the mass of the sun equal to S, we havef —3 = n//2, or 
Cl 

S = n"%. a"3, which gives the gravity at the solar equator, 

therefore we have J 

S n"z.a"\ 

W ~~ jD2 ’ 

m2 U3 

n'2 a"3 

/D\3 

n") ’ \a") ' 

The time of the sun’s revolution about its axis, according to observations, is 

nearly equal to 25days,417. The duration of the earth’s sidéral revolution is 

365days,256 ; hence we obtain, 

m 365,256 

7? ~ 25,417 ’ 

The apparent semidiameter of the sun, at its mean distance, is 96P,632; 

which gives 

in which the coefficient of y!" is the same as in the value of 

t rr fj nf/ 

we find the other terms of —-, — [42511. 
dt dt L J 

df 
d t 

[4251]. In like manner 

* (2576) The angular rotary velocity being m, and the equatorial radius D ; the actual 

velocity of a point of the surface of the equator will be represented by m D. The square 

of this, divided by the radius D, gives the centrifugal force [54'], equal to m2D, as 

in [4253]. 

t (2577) We have v? = -' =—[3700,3709a] ; and in like manner n"z== 
a3 a3 L J a 3 

Now changing AT into 3 to conform to the notation [4254], neglecting also m"in comparison 
g ft % 

with S, we obtain — 3— w"2 [4254]; multiplying by ^ we get [4255]. 

W'% n"3 

X (2578) The centrifugal force m? D [4253'], divided by the gravity —, gives q 
u~* 

[4253], as in [4256] ; substituting the values [4258, 4260] it becomes 

[4253] 

[4253'] 

[4254] 

[4255] 

[4256] 

[4257] 

[4258] 

[4259] 

[4253a] 

[4254a] 

[4254&] 

/365 256 \ 2 
q = f 25^-) • (sin. 961s,632)3 = 0,000020926, as in [4261]. 

[4255a] 
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[4260] 

[4261] 

[4262] 

[4263] 

[4264] 

[4265] 

[4266] 

B 

a 
- = sin. 96 P,632 ; 

therefore we have 

q = 0,0000209268. 

If the sun be homogeneous, we have P = \q [1590', 1592'], in which case 

the motion of Mercury’s perihelion [4252], produced by the ellipticity of 

the sun, is* 

D2 D2 

= (p —• »<= fq-—a ■nt, 

or the equivalent expression, 

6 th = %q. (sin. 961s,632)2. nt. 

If we substitute in this formula the values of n, a, a" [4077, 4079], it 

becomes = 0s-,012250.t ; so that it increases ~ [4242] by the quantity 
CL l 

0',012250, which is nearly insensible. This must be still farther decreased 

if the sun be formed of strata whose densities increase from the surface to the 

centre, as there is reason to believe is the case.f Hence we may neglect this 

expression for Mercury, and much more so for the other planets. The 

variations of the nodes and inclinations of the orbits, depending on the 

same cause, may also be rejected on account of their smallness [4045'] 

[4262a] 

[42626] 

* (2579) The density of the sun being supposed uniform, we have X2 = |.y nearly 

[1590']* Moreover by [1592'] the polar semiaxis being 1, the equatorial semiaxis is 

\/( 1 + ^2) — 1 T = 1 + 4 9' nearly ; so that the ellipticity p is nearly equal to f q, as 

in [4262] ; substituting this in [4252] we get [4263]. Now we have 

5 = -=(si,96W.(^[426 0], 

hence [4263] becomes as in [4264] ; and by using the values of q, a, a", n 

[4261, 4079, 4077], it becomes as in [4265], namely, 

[4262c] 5W = |X (0,0000209268) X (sin. 961s,632)2 X (0,38709812)-2 X 5381016*. *= 0*,01250X. 

t (2580) The effect of increasing the density towards the centre is seen, in the extreme 

[4266a] case, when the whole mass is collected in the centre, and p = ^cup [1732w] ; or in 

the present notation p = iq [1726', 4253]. Substituting this in [4252], we get 6^=0. 

so that in this case the ellipticity has no effect on the motion of the perihelion ; hence it 

[42666] appears that this increase of density, towards the centre, decreases the motion of the 

perihelion. We have supposed, in this example, that D remains unaltered, the density 

being considered as infinitely rare, from the surface towards the centre. 
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CHAPTER VIII. 

THEORY OF MERCURY. 

27, The inequalities of the planets which are independent of the 

excentricities, and those which depend on the first power of the 

excentricities, were computed by means of the formulas [1020, 1021, 1030], 

having previously ascertained the values of A(0), A(l) Sic. and their [4267] 

differences, by the formulas [963lv— 1008], The results of these 

calculations are contained in this, and in the following chapters, neglecting 

the perturbations of the radius vector, whose effect on the geocentric neglected 
on account 

longitude of the planet is less than one centesimal second. To determine * 

* (2581) Let S be the sun, E the earth, M Mercury, supposing it to move in 

the plane of the ecliptic ; S the line drawn from the sun towards the first point of Aries in 

the heavens, being the line from which the longitude v, v" are counted. Then S E = r" 

SM=r, ES<?=v", MS°f=v, ESM—v —v". 

Hence the longitude of the sun, as it appears from 

the earth, is 18Cri-j-ri'; and if from this we 

subtract the angle of elongation SEM = E, 

we shall obtain the geocentric longitude of Mercury 

V=180d-\-v"—E. Now if SM=r be 

increased by the quantity MJW — ôr, the angle 

E will increase by the quantity ME M' —ô E, ^ 

while v, v" remain unaltered ; therefore the variation of the preceding value of V will 

be <5 V = — !)E. If we draw M'JY, EE, perpendicular to EM, SM respectively, 

we shall have in the'similar triangles MJVM'. MFE ; ME : EF :: MM’ : M'JY: 

hence M' JY = 5 r . . Dividing this by M'E, or ME, we obtain very nearly the 

angle MEM' =5E = —SV=0r. substituting EF = SE. sin. ESM 

=r". sm.(v—v"), and MEQ= r" 9—2 Fr . cos.(^—r2 =ff2. |l-2a. Cos.(u —2] 

[62 Ini. 4268], we get [4269]. 

58 

[4268a] 

[42686] 

[4268c] 

[4268c?] 

[4268e] 

VOL. III. 



230 PERTURBATIONS OF THE PLANETS ; [Méc. Céï. 

the limit, which an inequality in the radius vector must attain, to produce 

one second in the geocentric longitude of Mercury, we shall observe that if 

[4268] we put this longitude equal to V, and r = r"a, we shall have for the 
variation <5 V corresponding to 6r, 

[4269] 
(5 T 

av _ L sin (v—v") 
0 v — 7 1 —2a . cos.(« —v") -j-a2 * 

[4270] 

The maximum of the function 

sin.fr— v") 

1 — • 2a . cos.(u —v") -|-a2 

corresponds to* 

[4271] cos. (y ■— 
2 a 

[4271'] which gives 2 [4270e] for this maximum ; therefore we shall 

then have,f 

* (2582) The maximum of [4270] is found, by taking the differential, supposing v to 

[4270a] the variable quantity; putting it equal to zero, and dividing by d.{v—v"). This 

differential expression being multiplied by [1—2a.cos.(v—i/')-j-a2]2 becomes, without 

[42706] reduction, as in the first of the following expressions, and this is easily reduced to the 

last form [4270d] ; 

[4270c] 0 = cos.(*>— v") . ^ 1 — 2a.cos.(u —v") —(— oes| — 2a. sin.2.(v —v") 

= (1 -j- a2) . cos.(t! — v') —2a.[C0332.[v —v") -j- sin.2. (a — v")} 

[4270c?J = (1 + a2). cos. (v — v") — 2 a. 

From this we easily obtain [4271] ; thence 

[4270e] 
sin.(v—v") = 

1—2 a. cos. [v — F')-j-a2 — 1 

4a2 U a-4 

(1-f a2)2/ 

4 a3 

1+aS 

a2 : 
(1—a2)2 

1 + a2 1 l-f-a2 

Dividing the first of these expressions by the second, we get the value of the maximum of 

the function [4270], as in [4271']. 

f (2583) Substituting in [4269] the value of the function [4270], at its maximum 
[4271a] (j r x 

[427P], we find <5V =-~ . --2; hence we get Sr [4272]. 
ï J. 1 (X»w 
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6 r = — r". ( 1 — a2).iV. 

If we suppose <$V = ± l"g= ± O’,324, and take for r, r", the mean 

distances of Mercury and the earth from the sun [4079], we shall have by 

what precedes r" = 1 ; a = 0,38709812 [4095] ; hence we obtain* 

ér = q= 0,000001335; 

therefore we may neglect all the inequalities of the radius vector of Mercury, 

in which the coefficient is less than ±0,000001. Among the inequalities of 

the motion in longitude, we shall retain generally only those whose coefficients 

exceed a quarter of a centesimal second [07081] ; but as the inequalities 

depending on the simple angular distances of the planets can be introduced 

into the same table with those of greater magnitude, they are retained. 

Inequalities of Mercury, independent of the excentricities. 107662353 . sin. (n't — nt -j- s' — a) 

— Is,457111 . sin.2{n't — nt + e—s) 

— 07128075 . sin.3(n'f — nt+ *' — *) 

— 0s,029264. sin.4(V£ — nt-fs — «) 

— 0%008905. sin.5(V2 - n t + 4 — ») 

$ 

i 

+ (i + O • 

07201688 . sin. (n"t — ntf"- a) 

— 07165645 . sin.2(n!'t — n t -J- a"— a) 

— 07016901 . sin.3(V7 - nt + a" — a) 

— 07003127 . sin.4(V7 - nt + s"- s') 

+ (l+^iv)- 

07569336 . sin. (nivt — nt + £iv~ a) 

— 07118384 . sin.2(rivt — nt + aiv— e) 

— 07003118 . sin.3(wiT _ n t + aiv— a) 

* (2584) Using the mean values r — a, r" = a" [4079], we get cl [4095], 

substituting these and 6 V = V. or <5 V = ± sin. 1" = ± 0,324 . sin. 17 we 

obtain [4274]. 

[4272] 

[4273] 

[4274] 

[4275] 

Inequali¬ 
ties of the 
radius 
vector 
which 
may be 
neglected 

[4276] 

Inequali¬ 
ties inde¬ 
pendent of 
the ex- 
centrici- 
ties, 

[4274a] 
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[4277] 

[4277a] 

[42776] 

[4277c] 

[4277d] 

[4277 e] 

[4277/] 

[4277g-] 

[42776] 

6 r — (1 + f^) 

( 0,0000000376* 

— 0,0000004094. cos. (n't — nt -{-s' — s) 

+ 0,0000015545 . cos.2(n't — nt-\-s— e) 

+ 0,0000001702 . cos.3(»'< -nt + e'-e) 

+ 0,0000000437 . cos.4(t7't — n t -j- s' — s') 

* (2585) The parts of Sr, Sv [1023, 1024] independent of the excentricities are, 

by using T [3702a], 

in which m, a, n, s correspond to the disturbed planet, and m!, a! n', s', to the 

disturbing planet. These expressions must be accented so as to conform to the notation 

[4061,4077— 4083], taking for i all integral numbers from i= — oo to i = co . For 

example, if we wish to calculate the action of Mars on the earth, we must, in the formulas 

[4277a, Z>], change m, a, n, s into m", a", n", e", &c. corresponding to the 

disturbed planet ; and m!, a1, n', s', he. into m", a"', n'", s'", he. respectively, 

for the disturbing planet. 

As an example of the use of these formulas we shall apply them to the computation of 

the perturbations of Mercury by the action of Venus. The constant part of or deduced 

from the first term of [4277a] is as in the first expression [4277A]. This is successively 

reduced, by the substitution of the values 

d A vQ> 

da 

'0) 
dbh 

a' ! 2 d a 

- = a = 0.53516076 
a! 

[999], 

[4085], 

a = 0,38709812 [4079], 

m 

m 

6" 

dA®)\ 

da J 

m 

(0) 
dbh 

d a. 
= 0,780206 [4088], 

, 1 + f* 
m 383130 

(0) 
a2 dbh 

* 7^2 * a ^ d a 

[4061]; 

(O') 

dbh 
.aa2, —/) . 0,0000000376, as in [4277]. 

Again by putting successively t=l, i——1, A{1) = A{ n [954"], in [4277a], 

and connecting the two terms, we obtain the part of Sr depending on cos. T, namely, 
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Inequalities depending on the first power of the excentricities.* I O',295201. sin.(V t -f- — w) 

— 4*,030852. sin. (2 n't— nt-\-2s'— e — to) 

— ls,686174. sin.(3 n t — 2n t -f- 3 s' — 2 s — to) 

+ 0s,093989. sin.(3 n't — 2n t3 /— 2e—v') 

+ 0s,293992. sin.(4n't — 3 n t -f 4 i—3 e — *>) 

— 0% 176820. sin.(2n*— + 2s — s' —to) 

-f 0s,394486. sin.(3 n t — 2n't + 3 s — 2 s' — to) 

in which we must substitute 
„ a) 

a «/2U) = a.2 — a . 6 j, a* 
/dÆO\_ 

V da )~ 
ar or 

„d) 
db& 

da. 

[997,1000,963iv], and use the values [4277c] corresponding to the disturbing and disturbed 

planets. Thus in computing the action of Venus upon Mercury, we must use the 

values a, a, m'[4277g], n = 5381016s,1786, n'= 2106641*,520 [4077], b[4087], 

a) 

((7a ^88], anc* we s^ia^ 5 r =0,0000004094 . cos. T, as in the second 

line of [4277]. The terms depending on cos. 2 T, cos. 3 T, cos. 4 T, he. are found 

from [4277a], by using successively, ?i = =F2, Z==F:3_. i = he. 

In like manner, the part of bv [42776], depending on sin. T, is found by using i — g- 1 • 

hence we have 

6 v = m 
(n-n'Y 

. a«/2(1) -f 
2 w3. | '•(r' ) 

2 n 

n — n 
-, aA™\ 

(n — n') .\{n — n'f n* 
. sin. T. 

Substituting the values of the elements given in [4277g,Z], it becomes 0s,6623. sin. T, as 

in the first line of [4276] ; the other terms depending on sin. 2 T, sin. 3 T, &c. are found 

in like manner, from [42776], by using successively i = ± 2, i^-i-3, he. The 

similar terms, corresponding to the other planets, are computed by means of the same 

formulas [4277a, 6], altering the accents as in [4277c]. The results of these calculations 

are given in [4289, 4290 ; 4305,4306 ; 4373, 4374; 4388, 4389; 4463,4464; 4523,4524]. 

* (2586) The terms depending on the first power of the excentricities are those parts of 

<5r, bv, [1020, 1021], containing e and e'. The calculation of these terms is made as 

in the preceding note ; using for e the excentricity [4080], corresponding to the disturbed 

59 

[4278] 

[4277i] 

[4277k] 

[42771] 

[4277m] 

[4277» i] 

[4277o] 

[4877*] 

[4278a] 
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Inequali¬ 
ties de¬ 
pending 
on the fit3t 
power of 
the eccen¬ 
tricities. 

[4279] 

[4280] 

[4281] 

[4282a] 

-k(i-fV'). 
0s,095418. -(- s"— «) 

— 0s,461708.sin.(2n"t— nt-\- 2s"_ s_w) 

+ O’,244148. sin.(3 n"t — 2 n t + 3s"— 2 s-— w) 

+ (1 + f^iv) • 

-a+o. 

f 0s,236346. sin. (niyt -j- siv  

< — 0s,572172. sin.(wiv^ -|-£ÎV— roiv) 

( — 3,278687 . sin.(2 rivt — n t -j- 2siv — s — ra) 

0s,084167 . sin. (nvt -}- sv'— 

-j- 0,395493 . sin.(22sv — s — w) 

<5r = (1 -}- {/) . 0,0000013482. cos.(3n't — 2nt -j- 3s— 2s — 

— (1 -j- j*IV). 0,0000029625 . cos.(2nivt— nt -j-2 siv— s — -n). 

Inequalities depending on the squares and products of the excentricities and 

inclinations of the orbits. 

These inequalities have been calculated by the formulas of [3711—3755], 

Now twice the motion of Mercury differs but very little from five times that 

of Venus ;* so that 5 (n'—n) + 2n is very nearly equal to —n\ we must 

therefore, as in [3732], notice the inequality depending on 3nt—5 n't. 

The angle 3n't—nt varies quite slowly, therefore it is necessary to notice 

the inequality depending on it [3733]. Moreover the motion of Mercury is 

very nearly equal to four times that of the earth, so that 4.Çn"—n) -j-2n 

differs but little from — n ; therefore, we must, as in [3732], notice the 

inequality depending on 2 nt—4n"t. Hence we obtain, 

planet ; and for e' the value [4080] corresponding to the disturbing planet ; these symbols 

being accented so as to conform to these two bodies. 

* (2587) Using the values [4076/i] we have very nearly 2 n — 5 n' = 72° = —, 
S3 

Yb 7b 

3 n' — n — 289° = - , and n—■ 4 n" = 61° = — ; so that these three quantities are 

small in comparison with n, as is observed above. Hence 5 [nf — n) -j- 2 n is very nearly 

equal to — n, and must be noticed as in [3732] ; also 3 {n' — n) -j- 2 n is very small, 

and must be noticed as in [3733] ; lastly 4 {n"— n) -(- 2 n is very nearly equal to — », 

and must be noticed as in [3732]. The terms of R [3745-3745'"] depending on these angles 

[42826] 
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$ 1’,690443. sin.(3rc? — 5n't+3s—5s'— 43H8m32s)) 
iv — —( +l*> I 4. 0-,597664. sin.(3 n’t — n t+3s'— . + 40i36“35I) $ 

— (1+(<.") . 0',26S474.sin.(2»< —4»"< + 2s —4s"—41M1-46*) 

if = (1 -fV). 0,0000016056 . cos.(3 nt— 5 n't + 3s — 5/—42s58“04'). 

are found by putting in the first case i— 5 ; in the second z =3, and in the third i — 4. 

The values of Ma), M®\ corresponding to these values of i, are successively 

obtained from [3750, 3755, 3755', 3750w] ; and they may be reduced to terms of 
dh<i) 

bu\ &c. by means of the formulas [996 —1001]. These values are to be 

substituted separately for M in the expressions of —, ô v, [3711, 3715], and we shall 

. (5 r 
obtain very nearly the terms of — , Sv, having the small divisors 5 n' — 2 n, 

3 n' — n, 4 n'!— », which are the only ones necessary to be noticed in this place. Now 

if we use, for a moment, the abridged symbol, Tt—i .{n't — n ts' — s)-j_ 2 n t -}- 2 s 

$ V 

[371 Ig], the resulting terms of — or S r [3711, &c.] will be of the form [4282/z]. 

Developing this by [24], Int. it becomes as in [4282z] ; substituting A1sin.Bl for the 

coefficient of sin. T), also ^cos. Bx, for the coefficient of cos. T), it changes into 

[4282fc], and is finally reduced to the form [4282Z], by means of [24], Int. 

<*r = M®\cos.( T,—2to)4-J1//).Cos.( T,— ®—®')+M/2bcos.( T— -2®') + M™. cos.( T—2n) 

= cos. 2® -f- Mta). cos.(® + ®) cos. 2 to' -|- Mf3Kcos. 2n}. cos.T, 

-j-{4//0). sin. 2 to -j- Mf1\ sin.(to -{- to) -f- Mp\ sin. 2 to' -{- illt3). sin. 2 n]. sin. T, 

= Ax. {cos. Bx. cos. Tt -f- sin. Bx. sin. Tt\ 

= Ax , cos.(T)—•J51), as in [4282]. 

In like manner the several terms of ô v may be reduced to the form A2. sin XT,—Bü) ; 

there is no other difficulty than the tediousness of the numerical calculation, arising from its 

length. 

We may observe that the quantities y2, 2 IT, which occur in [3745'"], are not 

explicitly included among the data [4077 - 4083], but must be computed from the formulas 

[1032, 1033]. 

y . sin. n —■ tang. 9'. sin. Ô'— tang. 9. sin. ô ; y.cos. n = tang. 9'. cos. Ô' — tang. 9.cos. 6; 

supposing 9, 4 to correspond to the disturbed planet, and 9', Ô’ to the disturbing planet ; 

these symbols being accented so as to conform to the notation [4230] ; then using the 

values [4082, 4083] we get the required values of y, n. 

Inequali¬ 
ties of the 
second 
order. 

[4282] 

[4282c] 

[4282c?] 

[4282e] 

[4282/] 

[4282g-] 

[42827t] 

[4282Ï] 

[4282*] 

[42827] 

[4282m] 

[4282»] 

[4282o] 

[4282jp] 
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[4282'] 

[4283] 

Inequali¬ 
ties of the 
third 
order. 

[4283'] 

[4283a] 

[42836] 

[4283c] 

[4283d] 

Inequalities depending on the cubes and products of three dimensions of 

the excentricities and inclinations of the orbits. 

The first of these inequalities, depending on the angle 2 nt — 5 n't, is 

computed by means of the formula [3844] ;* the second, depending on 

the angle nt — 4 n% is found by means of [3882];f hence we obtain, 

6v = — (1 + f2) . 8s,483765 . sin.(2 n t — 5 n't + 2s — 5='+ S0d 13m 365) 

— (1 -j- f*w). 05,690612 . sin.( nt — 4 n"t -j- s -—4s"+ 02"1 13 s). 

The inequalities of Mercury’s motion in latitude, may be calculated by 

means of the formula [1030] ; but as they are insensible, being less than 

a quarter of a centesimal second, it was thought unnecessary to insert 

them. 

* (2588) The first line of [4283] is obtained from the formula [3844], connecting all 

the terms into one, as in [4282A— T\. 

f (2589) The second line of [4283] is obtained from [3882], reducing all the terms 

into one, as in [4282A — /]. We have already seen in [3883A], that the correction, as it is 

given by the author, in [4283], is rather too great ; his method of computation [3882] being 

merely an approximation. The direct method of computation has already been explained 

in the previous notes [3876a—3883w] ; and it is unnecessary to say more upon the subject 

in this place. There is a similar equation in the earth’s motion [4311, 3383y]. 
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CHAPTER IX. 

THEORY OF VENUS. 

r< 

28. If we put — = a, and V' equal to the geocentric longitude 

of Venus, we shall find that the equation [4272], 

<5 r = — r". (1 — a2). <5V, 

will become, relatively to Venus, 

«5 r' = — r". (1 _a2).<5V. 

Taking for r', r", the mean distances of Venus and the earth from the 

sun [4079], we shall have, as in [4126], a = 0,72333230 ; therefore by 

putting 6 V' = ± 1"— ± 0s,324, we shall obtain, 

a r' = =f 0,0000007489. 

[4284] 

[4285] 

[4286] 

[4287] 

[4288] 

Therefore we shall neglect those inequalities of the radius vector whose 

coefficients are less than 0,0000007. We shall also neglect the inequalities Si 

of the motion in longitude, which are less than a quarter of a centesimal Sr tEST1 
A *ma]lness. 

second, or 0s,081. 

Inequalities of Venus, independent of the excentricities. 

6V' = (1+0 . 

+ +,015931 

+1 Is,424392 

- 7s,253867 

- U,056720 

— 0 s,345898 

- 0s,145382 

- 0s,069726 

— 0s,036207 

60 

. sin. (n"t 

. sin.2(n"t 

. sin.3(nT 

. sin.4(wT 

. sin,5(n"t 

. sin.6(+1 

. sin. 7 (w" 2 

. sin. 8 (n" 2 

ri t + V- s')' 

n't + £"_ + 
ri t + s"_ s') 

n' t + V— s') 

n' t + s"— s') 

n't + s"__ s') 

n‘ t + s".— s') 

n‘ t -f- s"— s') 

[4289] 
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[4*289] 

Inequali¬ 
ties inde¬ 
pendent of 
the ex¬ 
centrici¬ 
té» 

[4290] 

+ a+n. 

+ (i+^iv) 

0s,079908 . sin. (n"'t. 

0s, 105987 . sin.2(n"'t ■ 

0s,010853 . sin.3(n'"t 

0s,002332 . sin A(n"'t. 

2s, 891136 . sin. (niyt 

0s,877624.8m.2(n*f 

0s,040034 . sin.3(«. 

0s,002754. sin.4(niv7 

IV t + s'" 

n't -f- s" 

n't + r 

n't + s'" 

■o 

■') 

0 
0 

* 

0% 190473 . sin. (nvt 

+ (1 +^v) • <J — 0s,039859 . sin.2(nvt 

— 0%001306. sin.3(%v£ 

■ n't -f siv— s'^ 

n't + siv— s') 

n't -f siv— s') 

n't -f si¥_ s') 

n't -f-£V- 
n't -j- £v- 

n't -f £v- 

* *"=(!+ f*") 

— 0,0000003145 

+ 0,0000038362 

+ 0,0000165050 

0,0000140155 

— 0,0000024255 

- 0,0000008873 

I— 0,0000004021 

— 0,0000002033 

— 0,0000001094 

.cos. (n"t 

. cos.2(n"t ■ 

. cos.3(n"t ■ 

. cos.4(V't 

. cos.5(n"t 

.cos.6(n”t - 

.cos.7(V'£ - 

.cos.8(w"£ ■ 

• w'* + s"— s') 

* n't -|- £"— s') 

■ n't -f s'— s') 

■ n't + £"_ s') 

n't -f s"— s') 

n't + s"— s') 

n't + s".— s') 

n't + s"— s') 

+ (I + f^iv) • 

— 0,0000003106 

-f- 0,0000048903.cos. (nivt- 

— 0,0000021911 .cos.2 (nivt 

l— 0,0000001155. cos.3(niyt 

— 0,0000000098 .cos.4(VvL 

n't + £iv- 

• n't + siv- 

- n't + £iv- 

- n't + £iv- 

s') 

s') 

s') 

O 

* (2590) The values 8v, <Sr' [4289,4290], were computed from the formulas 

[4277a,6], accenting the symbols as in [4277c], so as to conform to the present case. 
[4289a] 
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Inequalities depending on the first power of the excentricities.* 

<5 v' =s (1 -f- . 0s,800933 . sin.(2^ — n t + 2 s'—s — a) 

O',073206 . sin. (n"t -f- s" — w') 

— 0s, 127720 . sin. (n"f + s" — a") 

-J- 0s,163115 . sin. (2 n"t — rit -f 2 s" — s' — a') 

— 0s, 113443 . sin. (2 n" t — ri t + 2 s" — 4 — a") 

— 1',549550 . sin. (3 n"* — 2 n't + 3 s" — 2 s' — ri) 
+ (14V') ./ + 4',766332 . sin. (3 ri't — 2 n't + 3 s" — 2 s'— a") 

— 0s,299478 . sin. (4n"t — 3 + 4s" — 3 s' — o') 

+ 0s,947648 . sin. (4n"t — 3 n't + 4 s" — 3s' — a") 

— O',691744. sin. (5 n" t — 4 n't + 5 s" — 4 s' — a') 

+ 2s,196527 . sin. (5 ri't — 4n't + 5 s" — 4 s' — a") 

+ 0s, 106435 . sin. (Sri t— 2 ri't + 3 s' — 2 s"— a') 

(1 4V") . U,092755 . sin. (3 ri" t — 2 + 3 s'"— 2 s'— a"') 

+ (1 + fv) •< 

— Is,503893 . sin. (V + siv—4V) 

— 0s,321108 . sin. (2 nivt — rit + 2 siv— s' — o') 

+ 0s,232430 . sin. (2 — rit + 2 siv— s' — 4V) 

— 0s,163470 . sin. (3 « — 2 n't + 3 siv— 2 s'—4V) 

— (1 +f.v) . 0s,218743 . sin. (nvt+ sv — ; 

i r' = (1 -f (i) . 0,0000008831 . cos. (2 rit — n 14- 2 s'— s — o) 

0,0000016482 . cos. (3ri't — 2ri t 4- 3 s" _ 2 s' ■ 

4- (1 -{-(x") —0,0000011406 . cos. (5 n"t — 4rit 4- 5 s" — 4s' 

4- 0,0000036421 . cos. (5 ri't — 4 rit 4- 5 s" — 4s' ■ 

( 1 _i_ 4" ) . 0,0000019404 . cos. (3 ri" t — 2 rit 4- 3 s'" — 2 s' 

* (2591) The terms of <5 F, <5 r' [4291,4292] are computed from the parts of ô v, 5r 

[1021, 1020] depending upon the excentricities e, e'; in the same manner as the 

calculation is made for Mercury in [4278a]. 

239 

Inequali¬ 
ties de¬ 
pending 
on the first 
power of 
the excen¬ 
tricities. 

[4291] 

[4292] 

[4291a] 

/ 
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Inequalities depending on the squares and products of two dimensions 

of the excentricities and inclinations of the orbits. 

5 d — — (1 + f*) . O',333596 . sin. (4 n't — 2 n t -f- 4 s' — 2 s —39" 30“30s) 

N ( 1 *,505036 . sin. (5 n"t — 3 n't + 5 s" — 3 a' -f 20"54“26s) ) 
[4293] — (1 -f u.") . { \ 

K ( + 0s,089351 .sin. (4»"* — 2 n't + 4/'— 2 s'+ 26" 56“ 32s) $ 

&athe + ( 1 + ) • 2s,009677 . sin. (3 nw<— n't + 3s' + 65"53“09s). 
second 

The mean motions of Mercury, Venus, the earth and Mars, bear such 

proportions to each other that the quantities 2n — 5n', bn"—3n' and 

[4293'] n'—3 n'" are very small in comparison with n'•* hence it follows from 

the remarks made in [3732, &c.], that the preceding inequalities [4293] 
are the only ones of the order of the square of the excentricities which 

can become sensible. 

Inequalities depending on terms of the third order, relative to the powers 

and products of the excentricities and inclinations of the orbits. 

[4294] 

Inequali¬ 
ties of the 
third 
order. 

3V = (1 +f*) . Is,184842 . sin. (2nt — bn't + Zs — 5s' + 30rf13“36s).f 

Inequalities of the motion of Venus in latitude. 

The formulas of § 51. Book I. givef 

7%' 

* (2592) The values [4076/i] give, very nearly, 2 n — 5n'=72° = — ; 

y\! Tl* 
[4293a] 5 n"—3 n! — 50° = —• ; n’ — 3 — 12°= —- ; all of which are small. The 
L 13 7 547 

first of these gives 4 n! — 2 n nearly equal to — n', and corresponds to the 

first form mentioned in [3732]. The second quantity 5 n"—3 and the third 

n1—3 being nearly equal to zero, correspond to the second form [3733]. The 

[42935] terms of 3 v' [4293] corresponding to these quantities are to be computed from [3715], 

and reduced as in [4282A—/]. The term depending on 4n" t ■—2 n! = 300° = 

nearly, is computed for the same reasons as that in [4310']* 

t (2593) This is obtained from [3817], reducing the several terms to one, as 
[4294a] in ("4282^—/]. 

[4295a] t [2594) If we change, in [1030], v, a, s, n', a', s', into n', d, s', n", a', s", 
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à s'— —(i +(*")• 

0*,124804. sin.(n"< + " _ 4') 

-f O’,090932. sin.(2re"« — n't + 2e"— s' —4') 

+ 0*,073443. sin.(3 n"t — 2 n’t+ 3 s"— 2 < — o') 

+ O’,081481. sin. (4 n"t — 3 n't + 4 s"— 3 s' — 4') 

+ O’,312535. sin. (5 n"l — 4 n't + 5 s"— 4 s' — 4') 

— O’,078119. sin.(2n'i — n”t + 2s'— s"—4') 

— (1 + is.'") . O’,148701 . sin.(3 n'"t—2n't + 3 s'" —2s — n'") 

-1- (1 +(/.”) . O’,161414. sin.(2»ivl— »7 + 2si' — s' - niv). 

respectively, we shall obtain the value of 5 s' corresponding to Venus disturbed by the 

earth ; and by neglecting the term containing the arc of a circle n t without the 

signs of sine and cosine, as is done in [1051] ; also excluding i — 0 [1028, &ic.] from 

• 7 • sm.(n" t -j- s" — n) 

the sign 2, we get, 

<5 S': 
to" n'2 a' 2 

n'2—«"2 * a"2 

+ 
to". »'2.a'2a" 

2 •sin-?*'(»"< - «' (+s"-s')+n'i+s'- nj. 

In this formula, 7 [1026'] represents the inclination, and II the longitude of the 

ascending node of the orbit of the disturbing planet, above that of the disturbed planet. 

These quantities for the earth’s action upon Venus are, nearly 7= tang. <p', and 

n== 180^—f— è’ ; <p' being the inclination of the orbit of Venus to the fixed orbit of the 

earth ; and d the longitude of the ascending node of the orbit of Venus upon that of the 

earth [4082,4083]. For Mars they become y'", n'"; for Jupiter yiv, niv, he. 

In the expression [42955] we must include all positive and negative integral values of i, 

except i — 0 [1028, &c.]. The values of 7, y', &ic. n, n', he. are deduced 

from those of tp, <p', &c. ô, Ô', he. [4082, 4083] ; by means of formulas similar to 

those in [4282o]. Thus if we wish to find the part of <5 s' depending on the angle 

2n"t—n't, we must put i— 2, in [42955], and the term in question becomes, 

Bd).y m . n *. a a 

n'2—(2n"—?t£)2 
. sin.(2 n"t — n’t -j- 2 e"— s' — n). 

1 CD 
Now the factor w'2 — (2n'—?i')2 = 4/.(tj'—n") ; also 2?(1)=— . 5 „ 

a 
[1006] ; 

substituting these and 7, n [4295c], in [4295g-], it becomes, 

m n'2. a!^ a!' 5 § . tang. <p' . ,Q //.  ,f , Q c// _ ^ 
-8 4ra".(ft'—n"}.a"3 * t nt + Zt-e— 6) 

(l) 

m".n'2.b& /ct'\2 , . „ , . 0 „ , 
~ 85*7(17=/ -{V')- ‘“S'9 •Sln'(3 n ‘ ~ n * + 2 £ - £ - 4 )• 

Inequali¬ 
ties in the 
latitude. 

[4295] 

[42955] 

[4295c] 

[4295d] 

[4295c] 

[4295/] 

[4295g-] 

[42955] 

VOL. III. 61 
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[4295'] 

[4295i] 

[4295*] 

[ 42951] 

[4295m] 

[4295n] 

[4296a] 

[4296&] 

[4296c] 

[42962] 

[4296e] 

[4296/] 

nw being here the longitude of the ascending node of the orbit of Mars 

upon that of Venus,* and nlv the longitude of the ascending node of the 

If in this we substitute m" = [4061], n" = 1295977*, n'= 2106641s [4077], 

<d a> 

K = 8,871894 [4132], — = 0,72333230 [4126], 23» 35s [4082]; it is 

reduced to — 05,090932.( 1 -f /'). sin.(2ri't — n't + 2 s" — s' — /), as in [4295]. In 

the same way we may compute other terms. If we suppose i = 1, there will be found 

two corresponding terms in [42955] ; namely, 

m". n'2 ct'2 

^a~_ W"a ' ‘ tanS- V f1 — £«" ® • sin. (nfl t-f s" — d'). 

But by changing a’ into a", in [1008], to conform to this case, we have = 5^; 
¥ 

hence the preceding expression becomes ' tang. <?'• (*—i -5^j. If we 

use the values of m", n', n", ~ [4295*]; also 5^ = 9,992539 [4132]; we get 

0s,031231, for the part independent of 5^; and —0S.156035, for the part 

(°) 

depending on 5,; the sum is — 0s,124804 . sin. (n"t + /— (f) ; as in the first 

line of [4295]. 

(2595) A small inequality in the mean motion of Venus, depending on terms of the 

fifth ordei of the powers and products of the excentncities, has lately' been discovered by 

Mr. Airy, arising from the action of the earth upon that planet. This inequality affects the 

mean motion, the radius vector, the perihelion, the excentricity, and the latitude ; its period 

is nearly 239 years ; being the time required for the argument 8 n't —13 n" t to increase 

from 0J to 36Qfh This appears from the values of nf} nfl [4077] ; from which we 

get 8 n' 13 n =5427i’ = ^^- nearly; and as this quantity is very small, it follows 

that the mean motions of Venus and the earth must be affected by inequalities, depending 

upon the argument 8 n't — 13 n"t ; in like manner as the mutual attraction of Jupiter and 

Saturn produces the gréât inequalities of these planets in [1196,1204] ; supposing the accents 

on the letters a, n, he. to be increased to conform to the present notation, and putting 

— 8, i" — 13. The variations in the excentricities and in the motions of the perihelia, 

similar to those of Jupiter and Saturn [1298 — 1302], are in the present case nearly 

insensible. The inequalities of the mean motions of Venus and the earth, g', depending 

on the argument 8 n't—13 n"t, are of the order 13 — 8 = 5 [957viii, &c.], or of 

the fifth order relative to the powers and products of the excentricities. Now e', e" are 

both quite small, so that the largest of them e" gives e,/5 = nearly ; but this 
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orbit of Jupiter upon that of Venus. 

very minute fraction is multiplied, in [1197], by =3X 13 X (239)2=2200000 [4296g-] 

nearly, in finding the value of ; and by this means the correction is very much increased. 

The theory and numerical computation of this inequality are given by Mr. Airy, in an elaborate 

paper on this subject, in the Philosophical Transactions of the Royal Society of London for £42J6/i.] 

1832; using the data [4061—4083]; and putting / = — 0,045, = 0, so that [42967] 

4ÔT2ÏÎ' fin(is the correction <£' of the mean motion of Venus, to be represented by [4296fe] 

£'= \2’,946-t. 0J,0002970} .sin.^8n't — I3n"t-f 8s'—13 s"-f 220*44™ 34s-t. 10s,76}. [4296/] 

He also obtains the following equations, depending on the same cause, and similar to those 

given in [1298 — 1302]; 

5 vs' = — 5s,70. cos. (8 n'/ — 13n"/-f 8s' — 13 s"); 

5e'= — 0,000000190. sin.(8n'f — 13n'/ + 8 s' — 13#) ; 

5s = O’,0151 . sin.(9 n't — 13 n't-\~9 s' —13 s" -j- 140* 31™). 

These corrections of 5 vs', 5 e, 5 s, may be generally neglected, as insensible ; as also 

that in the radius vector,similar to [1197]. We shall give, in [4310c—/], the corresponding- 

corrections of the earth’s motion. The expressions of £', <?" [4296?, 4310c], are subject 

to the noted equation [1208], which in the present case becomes 

[4296m] 

[4296n] 

[4296o] 

[4296p] 

m'.\/a'. m" y/a". £" = 0. 
[4296g] 
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[4296] 

[4297] 

[4298] 

[4297a] 

[42976] 

[4297c] 

X 
[42974] 

CHAPTER X. 

THEORY OF THE EARTH’S MOTION. 

29. If we suppose the geocentric longitude of Venus to be represented 
r' 

by V', and — = a ; V7 * will be a function of a and v' — v”. 

Then we shall have, by [4269], 

y,_ 5 a . sin. (v'—v") 

1 — 2a. cos. (i/— v") -j- a2 ’ 

which gives, as in [4272], where aV' is at its maximum, 

* (2596) In strictness it is not the angle V' which is to be considered as a function 

of a and v—v" exclusively, but the angle of elongation E of Venus, as seen 

from the earth. This will appear by referring to fig. 74, page 229 ; supposing M to 

represent the place of Venus ; SM = rl, TSM — v'. For it is evident that the angle of 

elongation E= SEM will remain the same, if the angle E S M = v1 — v" and the 

SM r' 
ratio a = = — do not vary, whatever changes may be made in the absolute lengths 

of the lines S M, $E. This inadvertence of the author, in using V' for E does not 

however affect the result of his calculation [4297, &c.] ; because the differentials only of 

these quantities are used; and we have, as in [4268c] ôV' = — SE. Now in [4268, 4269] 

we have supposed r" to be invariable, so that the variation of ~ = a is — — 5 a ; 
r r 

substituting this in [4269], and accenting the letters r', v', so as to correspond to the 

planet Venus, we get the expression [4297]. This is reduced to the form [4298], by the 

substitution of the maximum value of the coefficient of — 6 a, [4271'], in the second 

member of [4297]. 
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a (5 r" 

r 
Supposing r" only to vary in 6 cr, we have <5 a, = —• —grr i* therefore, 

r". . iV. 
a 

If we put sV — ± 1" = ± (T,324, and take for r' and r", the mean 

distances of Venus and the earth from the sun [4079], we shall get, 

<5 r" = ±0,000001035. 

r" 
If we put V'" for the geocentric longitude of Mars, and — = a, we 

shall have, by [4272],f 

<5 r" = —i*". (1—a.S).<5F'". 

If we take for r", r'", the mean distances of the earth and Mars from 

the sun, we shall have, 

a = 0,65630030 [4159]; 

rm = 1,52369352 [4079]; 

and if we put sY1" — ± 1" = ± 0s,324, we shall obtain, 

ô r"= =f 0,000001363 ; 

therefore, we may neglect the inequalities of <5r", whose coefficients are 

* (2597) If we suppose r' to be invariable in the value of a [4296], we shall 

get S a = —° —— =-— [4299] ; substituting this in [4298], we obtain [4300] j 
r ^ v 

which is reduced to the form [4301], by the substitution of <5V = ±1" [4300'], 

r" = 1 [4079] and a = 0,7233323 [4126]. 

f (2598) Venus, being an inferior planet to the earth, is situated in the same relative 

position as the earth is to Mars ; therefore the equation [4286], which obtains relatively to 

Venus and the earth, may be applied to the earth and Mars, by substituting in [4286] the 

value of a [4284], and then adding one more accent to each of the symbols r1, r", V' ; 

by which means we shall obtain S r" =—r"’. ^1— ^ . <5 V" [4286]. In this 

case <5 V" is the change of the longitude of the earth, as seen from Mars, arising from the 

increment 5 r" ; and is evidently equal to the increment of the geocentric longitude of 

Mars, depending upon the same cause, which is represented by <5 V" -y hence we get 

i r" = -r"\ (l. S V'", as in [4302]. 

[4299] 

[4300] 

[4300'] 

[4301] 

[4301'] 

[4302] 

[4303] 

Terms 
which 
may be 

[4304] 
neglected 
on account 
of their 
Bmallnes?. 

[4299a] 

[4301a] 

[43016] 

[4301c] 

[4301rfJ 

VOL. III. 62 
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less than ±0.000001.* We shall also neglect those inequalities of the 

[4304'] earth1 s motion in longitude, which are less than a quarter of a centesimal 

second, or O5O8I. 

Inequali¬ 
ties inde¬ 
pendent Oi* 

the ex- 
eentrici- 
I ies. 

[4305] 

Inequalities of the Earth, independent of the exceniricities.f 

i v " = (1 + v!) . 

5%290878 . sin. (n't 

- 6s,015891 . sin. 2(n't 

- 0^743445 . sin. 3 (n't 

- 0S,225439 . sin. 4t(n't 

- 05091210. sin. 5(n't 

- 05042805 . sin. Q(n't 

- O5022027. sin. 7(n't 

- 05012053 . sin. 8(n't 

O5427214. sin. (n'"t 

35433037 . sin. 2(nl"t ■ 

O5215249 . sin. 3(n"’t 

4- 0 + O • l — 05047022 . sin. 4(n"'t ■ 

05015871 . sin. 6(n'"t ■ 

• 05006458 . sin. Q(n"'t 

■ 05002923 . sin. l(n"'t ■ 

in n" t + s’ 

n" t + s'" 

n"t + i" 

n" t + s'" 

n" t + s'" 

n"t + s'" 

n"t + s'" 

(î+r). 

75059053 . sin. (nwt 

2q674257 . sin.2(nh7 

05167770. sin. 3(nwt 

O5OI6549 . sin. 4(nlvt 

V_ -'/j 

05439410. sin. (nvt 

(1 + . \ — G5111010 . sin. 2(nvt 

— 0s,004145 . sin. 3(nvt 

n"t -j~ sv— 

n"t + s'— 

n"t -f- sv— n 
* (2599) This quantity, independent of its sign, is less than either of the value* 

[4301, 4304], corresponding to the nearest inferior and superior planets ; and for the more 

[4304a] distant planets this degree of accuracy is more than is absolutely requisite, in the present 

state of astronomy. 

f (2600) The quantities [4305, 4306] are deduced from [4277a, 5] ; accenting the 

[4305«] symbols so as to correspond to the present case, and using the data [4061, Sic.]. 
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0,0000015553 

— 0,0000060012 . cos. (n' t 

4- 0,0000171431 . cos.2(n't- 

<î r" = (1 +/). ( + 0,0000027072 . cos. 3(n't 

+ 0,0000009358 . cos.4(n't- 

4- 0,0000004086 . cos. 5(nf t 

-f- 0,0000002008 .cos. 6(n't- 

.n"t + e'—s") 1 

n"t + s'—s") & 

. n"t 4- s'— e") 

n"t + s'- s") 

n"t -f- s'— s'') 

n"t -j- s'— s") 

- 0,0000000478 

4- 0,0000005487 .cos. (n’"t 

4- (1 -j./') . / 4- 0,0000080620 .cos. 2(n"'t 

— 0,0000006475 . cos. 3(ri"t 

— 0,0000001643 .cos. 4(»'"*■ 

n"< 4- s'"— s") 

rc"? 4- *") 
n"t 4~£///—£") 

n"t 4- 

+ 0 4- +) • 

— 0,0000011581 

4- 0,0000159384.cos. (nwt 

— 0,0000090986. cos. 2(niyt 

— 0,0000006550. cos. 3(nivt 

k— 0,0000000704. cos. 4(+T 

n"t 4- siv— s") 

4- Siv— e") 

n"t 4- £îv—sf') 
I 

n"t 4- slv— s") / 

- 0,0000000580 

+ (1 4- f+), 4- 0,0000010337. cos. (n't — n"t 4- s") J>. 

— 0,0000003859. cos. 2(nrt—n"t + sv— e") 

In the solar tables of La Caille, Mayer, La Lande, Delambre and Zach, published before 

the year 1803, the chief correction of the radius vector of the earth’s orbit, arising from the 

action of Jupiter, is given with a wrong sign ; in consequence of taking, for n" t -f- s", the 

sun’s longitude, instead of that of the earth, in finding the argument corresponding to the 

terms which were used, namely, 

4- 0,0000159384 . cos. (rivt—£iv— s") — 0,0000090986. cos. 2 (nivt— ri't 4- s* — £"). 

This mistake was first made known in a letter communicated by me to La Lande, and 

noticed in vol. 8, p. 449, of the Monatliche Correspondenz for 1803. 

Inequali¬ 
ties inde¬ 
pendent of 
the excen- 
tricities. 

[4306] 

[4305ft] 

[4305c] 

[4305c?] 
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inequali¬ 
ties de¬ 
pending 
on the first 
power of 
the excen- 
tricities. 

[4307] 

[4307a] 

Inequalities depending on the first power of the excentricities.* 

iV = 

l O',075910 . sin. (n't -f- s' — to") 

— 0s,129675 . sin. (2 n't — n"t -j- 2 s' — s" — to") 

+ 0s, 145179 . sin. (2 n"t — n't + 2 s" — s' — to") 

— 0s,168981 . sin. (2 n"t — n'tf 2 s"—s'— to') 

(1 + f*) • — 3',667112 . sin. (3 n"t — 2n't + 3 s" — 2s' — to") 

+ Is,186390 . sin. ([Sn"t— 2 n'tf-Ss" — 2 s' — to') 

— 2s,342956 . sin. (4 n"t — 3 n’t + 4 s" — 3 s' — to") 

-f- 0s,722424 . sin. (4 n"t — 3 n't -j- 4 s"—3 s' — to') 

0s,216368 . sin. (5 n"t — 4 n't -j- 5 s" — 4 s' —to") 

— P,095603 . sin. (2 n'"t — n" t -j- 2 s'" — s" — -æ") 

+ 2s, 137658 . sin. (2 n'"t — n"t -J- 2 s'"—s" — TO'") 

—0s,087400 . sin. (3 n"'t — 2 n" t + 3 s'"— 2s"— to") 

+ O', 661950 . sin. (3 n'"* — 2 n" t + 3 s'"— 2 s"_ to'") 

— 0s, 103758 . sin. (4 n'"t — 3 n" t + 4 s'"— 3 s"_to") 

+ 0s, 807111 . sin. (4 n"'t — 3 n" * + 4 s'"— 3 s"—to'") 

— 0s, 134915 . sin. (5 n'"t — 4 n!' t -j- 5 /"— 4 s"— to'") 

/ 

+ (1 + f*iv) • < 

\ 

05,302092 . sin. (nivt + siv — to") 

— 2',539884 . sin. (nivt + siv — to-) 

— 1',492044 . sin. (2 rivt — n"t -f 2 siv— s"— to") 

+ O',606399 . sin. (2 ri' t — »"* + 2 s-_ s"_ to-) 

— O',543364 . sin. (3 — 2 n" t + 3 siv— 2 s"— to-) 

— 0s, 148925 . sin. (2 n"t — nivt -j- 2 s"— siv— to") 

—0s,093643 . sin. (2 n" t — n™t -f- 2£"— eIV— to-) 

\ 

+ (1 + iJ'v) 
{ —O',359921 . sin. (nvt -j- sv — tov) 

( — O',151752 . sin. (2n't—n"t + 2sv— s"— to") 

* (2601) The terms of ôv", <5r" [4307,4308] are computed as in the theory of 

Mercury [4278a]. 
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fi_ 0,0000030439 . cos. (Sri't — 2n't + Si' — 2Y — *") 

6r" = (1 + ,«/)•< — 0,0000049815 . cos. (4ri't — 3rit + 4a" — — V') 

(+ 0,0000015895 . cos. (4n"t — 3rit + 4s" — 3/ — ri) 

4- (1 + **").0,0000017707 . cos. (4n"'t—Sri't + 4 a'"— 3s" — ri") 

r —0,0000030410 . cos. (2rivt — ri't+2*™— — o')') 

-f-(l + iiiv). ) + 0,0000012652 . cos. (2 ri't + 2 siv— £" — ( 

( — 0,0000018101 . cos. (3rivt — 2 ri't + 3^—2s' — ^)\ 

Inequalities depending on the squares and products of the excentricities and 

inclinations of the orbits.* 

tv" = (1 4V) . Is,125575 . sin. (Sri't — 3rit + 5e"— 3J+ 2l*Q2n 18*) 

; C 4-0s,993935 . sin. (4 — 2 n!'t 4- 4 a'"— 2 «"+ 67d48w564 
4- (1 4~ f') • \ 

v { 4-0s,351796 . sin. (5 ft — 3 n"t 4~ 5 a'"— 3 a" 4- 68d25m09s) 

The mean motions of Venus, the earth and Mars bear such proportions 

to each other, that the quantities 5 n" — 3 ri, 4 nl" — 2 n" are small 

in comparison with ri' ; hence it follows, from [3733], that the two 

first of these inequalities are the only ones of this order which are 

deserving of notice. However we have calculated the third ; because 

3 n"—5 ri", being very nearly equal to y ri', it is satisfactory to show, by 

a direct calculation, that this inequality acquires by integration only a very 

insensible value.f 

(2602) From [4076A] we get, very nearly, bn"—3 n' = 50° = — ; 
8 

A n 2n/=50-,= — ; 3 n"—5 n'" — J37° = —. These angles ought therefore 

to be noticed, as in [3733] ; and by making the computation, as for Mercury [4282a—p\, 

we may reduce the terms, depending on each angle, to one single term, as in [4282A — Z]. 

t (2603) We have already mentioned, in [4296p], that Mr. Airy had discovered an 

inequality in the earth’s motion, depending on terms of the fifth order of the excentricities 

and inclinations, connected with the angle 8n't—13 n!'t. He has given in the paper 

mentioned in [4296A] the numerical values of the inequalities of the mean motion f, 

of the perihelion 8 ri', of the excentricity 8 c", and of the latitude 8 s", namely, 

63 

[4308] 

Inequali¬ 
ties of th« 
second 
order. 

[4309] 

[4310] 

f [4310'] 

[4309a] 

[4310a] 

[43106] 

VOL. III. 
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Inequali¬ 
ties of the 
third 
order. 

[4311] 

Inequali¬ 
ties in the 
latitude. 

[4312] 

Symbols. 

[4313] 

[4310c] 

[43KW] 

[431 Oe] 

[4310/] 

[4311a] 

[4312a] 

Inequalities depending on the powers and products of three dimensions of 

the excentricities and inclinations of the orbits. 

ôv" = (1 -j- /* *■) • 0s,069915 . sin.{n t — 4 n"t -f- s — 4 s"+ 19fZ 02”* 13*).* 

Periodical inequalities of the Earth’s motion in latitude. 

We find, by formula [1030],f 

^ s'f  \ 0s,099180 . sin. (2 n"t — n't + 2 s"— s'— 6') ^ 

\ 0s,234256 . sin. (4 n”t — 3 n't + 4 s"— 3 s'—f ) £ 

+ (1 + f^iv) . 0s, 164703 . sin. (2 nwt — n't -f 2 siv — s" — f ). 

Inequalities of the Earth depending upon the Moon. 

30. If we put 

U - the longitude of the moon, as viewed from the centre of the earth ; 

v" = the longitude of the earth, as viewed from the centre of the sun ; 

R = the radius vector of the moon ; its origin being the earth’s centre ; 

r = the radius vector of the earth ; its origin being the sun’s centre ; 

m = the mass of the moon ; 

M = the mass of the earth ; 

5 = the latitude of the moon, as viewed from the earth’s centre, 

f — (2s,059— t.0s,0002076).sin.(8wZ— 13 n"t-f- 8 s'— 13 s"-f- 40r744m34s— 10s,76); 

8 ra" = 2s,268 . sin.(8w7 — 13 n"t + 8s' — 13 s"-f- 60*16™) ; 

àe" — — 0,0000001849 . cos.(8 n't — 13 n" t —j— 8 s' — 13 s''-j- 60d 16m) ; 

8s' = 0s,0105 . sin.(8 n't — 12 n"t f- 8 s' — 12 s" — 39"29m). 

* (2604) The direct calculation of this inequality can be made, by a process like that 

which is used for Mercury, in [3881e, &lc.] ; but it is probable that the author deduced it 

from the similar inequality of Mercury [4283], by the method given in [3883y]. 

t (2605) The terms of [4312] are computed by means of the formula [42956]; 

changing, in the first place, n', a', s', into n", a", s", respectively. Then changing 

m", w", a", s" into ml, n', a', s', in computing the action of Venus on the 

earth ; or into mw, niv, aiv, sivr, respectively, in computing the action of Jupiter on 

the earth. 
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we shall have, for the inequality of the earth’s motion in longitude [4052], 

produced by the action of the moon,* 

M m ■ 7, -sm- (U—v ). 

The inequality of the radius vector of the earth [4051] is 

(5r" = — JÇj ' R ' C0S- — *") ’ 

and the inequality of the earth’s motion in latitude [4053] is 

$& = 
m R 
— ■ 77 • ^ « 
Af r" 

For greater accuracy, we must substitute f 
m m 

M-\- m 
for —, in the 

M 

expressions of these three inequalities. 

We shall suppose conformably to the phenomena of the tides [2706,2768], 

m 3S 

ïï* = 7*; 

* (2606) The moon’s action upon the earth produces, in the radius vector, the longitude 

and the latitude of the earth, the inequalities given in [4051, 4052, 4053] ; namely, 

m / TT\ 

~~ M'r •cos,(^— U)> 
m r 

M ' R 
. sin. (v— U ) ; 

m rs 

M * ~R 5 

and by comparing the notation used in [4047, 4048], with that in [4313], it appears 

that we must change R, r, v, U, into r", R, U, v", respectively, to conform 

nearly to the notation of this article. By this means the preceding expressions become, 

m 

M 
.R . cos. (U — v") ; 

m R 
M * sin. {U—v") ; 

TO R s 

M ' T7” ’ 

corresponding respectively to the formulas [4315, 4314, 4316]. In the original work the 

divisor r", by mistake, is omitted in [4314], and inserted in [4315] ; we have rectified 

this mistake. 

f (2607 ) The radius r [4048] has for its origin the common centre of gravity of 

the earth and moon. This is changed into R, in [43146], to conform to the present 

notation ; but as the origin of R [4313] is in the centre of the earth, the value of the radius 

is too great, and must be decreased in the ratio of M to Mf-m-, which is equivalent 

to the multiplication of the perturbations [4314 — 4316] by —— ; or in other words 
J M-\-m 

to change the divisor M. into J\I~\~m, in all three of these formulas. 

The 
moon’s 
action 
produces a 
perturba¬ 
tion in the 
longitude ; 

[4314] 

in the 
radius ; 

[4315] 

and in the 
latitude. 

[4316] 

[4317] 

[4314a] 

[43146] 

[4314c] 

[4314c?] 

[4316a] 

[43166] 
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[4318] 

[4319] 

[4319'] 

[4320] 

Mass of 
the moon. 

[4321] 

[4322] 

[4323] 

[4318a] 

[4318&] 

[4318c] 

[4318d] 

[4318e] 

[4318/] 

[4318g-] 

S being the sun’s mass. Now, by the theory of central forces [3700],* 

we have, 

R3 

n,t being the moon’s mean motion; hence we obtain, 

m 3 n" 2 

M-j-rn nf 

We have by observation 

consequently, 

- = 0,0748013 [5117, 4835] ; hence we get, 
Ul 

m 1 
. - ______ • 

M-j-m ~ 59,6 ’ 

m 1 

M= 58 
[4318 d]. 

If we suppose the sun’s horizontal parallax to be 27",2 = 8s,8, and 

the moon’s mean horizontal parallax 10661" = 3454s = 57m 34/f we 

shall have, 

R sun’s hor. par. 8,8 

r" moon’s hor. par. 3454,0 ’ 

* (2608) Substituting [3709a] in [3700], then changing a, n, into 

R, nt, respectively, we get the first of the equations [4318], corresponding to the moon’s 

motion about the earth. Changing in this, M, m, R, n, into S, M, r", n", 

and neglecting M in comparison with S, we get the second of the equations [4318] ; 

corresponding to the earth’s motion about the sun. Multiplying the first of the equations 

[4318], by 
rn 

M -}- m ’ 
and the second by 3; then substituting the products in [4317] we 

rn 
n 2 = 3 n"2 ; dividing this by ?if, we obtain [4319]; substituting in this Set M+m 

the value [4319'], wre finally get the expression of the mass of the moon [4321]. This 

was afterwards found to be too great [4631, 11905, &;c.], as we have already observed 

in [33805, &ic.]. 

Instead of supposing, as in [2706], that the ratio of the mean force of the moon on the 

tides, is to that of the sun as 3 to 1, we may express it more generally by 3(1 —/3)to 1 ; 

by which means the second members of the equations [4317,4319, 4320], wall be 

_ 1 —J3 . 
59,6 * 

X—p 

multiplied by 1 — (3 ; and the last of these expressions will become 
m 

M-j-m 

m 
whence wTe get the following expression, which will be used hereafter, — = ^ 6_^. 

f (2609) This parallax, taken for the mean between the greatest and least values [4322a] 
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consequently,* 

i# = — 27",2524 . sin. (U— v") = — 8*,8298 . sin. (U— v") ; 

Sr" — —- 0,000042808 . cos. (U — t/'). 

Then taking for s the greatest inequality of the moon in latitude, which 

we shall suppose to be 18543*. sin. (U—ô) [5308]; U—6 being the 

moon’s distance from her ascending node; we shall obtainf 

^ ,s" = _ 0s,7938 . sin. (U — ô), 

for the inequality of the earth’s motion in latitude. We must add it to 

the terms of 6 s" [4312], to obtain the complete value of 6 s"; and by 

taking this sum, with a contrary sign, ice have the inequalities of the surfs 

apparent motion in latitude. These inequalities in the latitude have an 

influence on the obliquity of the ecliptic, deduced from the observations of 

the meridian altitudes of the sun near the solstices. They have also an 

influence upon the time of the equinox, deduced from observations of the 

sun, when near the equinoxes, as well as upon the right-ascensions and 

declinations of the stars, determined by comparing directly their places in 

exceeds, by 33s, the constant quantity in Burg’s tables [5603], and is nearly conformable to 

the result given by La Lande in § 1698 of the third edition of his astronomy. For the 

purpose of illustration, we may neglect all the inequalities of the moon’s parallax, except 

those depending on the moon’s mean anomaly ; then taking the coefficients to the nearest 

second, we have, from Burg’s tables [5603], 

D’s hor. par. = 3421s -f- 187s. cos. (mean anom.) 10s. cos. (2 mean anom.). 

The greatest value of this expression, corresponding to the perigee, or the mean anom. = 0, 

is 3421s -j- 187s -J- 10s; and the least value, in the apogee is 3421s— 187s-j-10s. 

The wean of these two values 3421s -f- 10s, exceeds by 10s, the constant term 3421s; 

and it is from causes similar to this, that the difference above-mentioned depends. 

* (2610) The inequalities [4324] are deduced from [4314,4315], by using the values 

[4321,4323], and multiplying the value of 6 v" by the expression of the radius in 

seconds 206264s,8. 

f (2611) Substituting the values [4321, 4323], and s [4325], in [4316], we get 

5 s" [4326] ; changing M into Mfm, in all these calculations, as in [43166]. 

Perturba¬ 
tions in the 
longitude, 

[4324] 

and in the 
radius. 

[4325] 

Perturba¬ 
tion of 
the earth, 
in lati¬ 
tude. 

[4326] 

Sun’s 
latitude. 

[4327] 

[43226] 

[4322c] 

[4322dj 

[4324a] 

[4326a] 

VOL. III. 64 
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Perturba¬ 
tion of the 
sun in 
declina¬ 
tion, 

[4328] 

and in 
right- 
ascension. 

[4329] 

[4329'] 

[4328a] 

[43286] 

[4328c] 

[4328c?] 

[4328e] 

the heavens with that of the sun. On account of the great accuracy of 

modern observations, it is necessary to notice these inequalities. It is 

evident that this correction increases the apparent declination of the sun, by 

the quantity,* 

Increment of O’s declination = — ^cos- °,f the efPtic) ; 
cos. (sun s decimation) 

and its apparent right-ascension is also increased, by the following 

expression, 

Inc. of O’s right-ascen. = 6s"' sin' (ob]iquity of the ecIiPtîc) • cos, (sun’s right-ascension) 
cos. (sun’s declination) 

We must therefore decrease, by these quantities, the observed declinations and 

right-ascensions of the sun, to obtain those which would be observed, if the 

earth did not quit the plane of the ecliptic. 

# (2612) Let EC C be the ecliptic, E Q Q' the equator, P the north pole of the 

equator; then if the earth’s latitude, north of the ecliptic, be 

5 s", that of the sun will be south, and may be represented 

by CL' = 5 s" perpendicular to the ecliptic. P CLQ, 

P C E Q', are circles of declination, perpendicular to 

the equator, and L E is parallel to the equator. The 

small differential triangle C LE, may be supposed 

rectangular in L, and angle LC E= 90rZ—angle E C Q. 

Then in the spherical triangle E CQ, we have, by 

[134532], cos .E C Q=sm.L CE—sm. CE Q.cos.EQ; 

* *|TT /y /y i~ rv -r » COS# O E Q 

sin.L C Q = cos L CL = cos q • Now the declination 

is decreased by the quantity C L ; the right-ascension is 

increased by the quantity Q(f= ^ ^ • y-, -r — , , and we have 
sm. P L cos. dec. ’ 

LE— CE.sin.LCE = 5s".sm. CEq.cos.EQ; 

Pole 

75 

A 
\c> 

^L\ 
^l' 

Equator Q Q' 

hence we get, 

Increm. dec. = — CL = — CE. cos. L C E = —5s 
cos. CE Q 

LE 

cos. dec, 
= 5s". 

cos. C Q 

sin. CE Q. cos. JE Q 

as in [4328] ; and 

as in [4329]. [4328/] Increm. right-ascen. Q Q' = 
cos. dec. 
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On the secular variations in the Earth1 s orbit, in its equator, and in the 

length of the year. 

31. We have given, in [4244, 4249, &c.], the secular variations of the 

elements of the earth’s orbit ; but the influence of these variations on the most ^29"] 

important phenomena of astronomy has been an inducement to compute them 

with greater accuracy, noticing the square of the time t;* supposing t to 

denote the number of Julian years elapsed since 1750. We have found by 

the methods given in [1096 — 1126], and using the values of the masses of [4329'"] 

the planets [4061], that the coefficient of the equation of the centre of the 

earth’s orbit is represented by,f 

* (2613) The values of e2, tang, vs [1109,1110], give those of e"2, tang.w"; 

by changing the quantities corresponding to m, into those relative to m", and the contrary. 

The formulas, thus found, may be developed in series, ascending according to the powers of 

t, by Taylor’s theorem [3850a] ; hence we easily deduce the values of e", vs", in similar 

forms. The calculation may also be made by the method pointed out in the following note. 

[4329a] 

[43296] 

t (2614) We have, by Taylor’s theorem, as in [1126'"], 

2 e"; 0 V\2de" i _L_ dde" 
-*E+ wt+ 

neglecting the higher powers of t ; the values of 

dt 2 

de" dde" 

dt 
— , being taken to correspond 

de" 
to the epoch 1750. The differential of — [1122], taken according to the directions 

CL L 

in [1126IV], or as in note 768, vol. I. p. 612, and divided by dt, gives 
dde" 

in terms 

of e, e', he. vs, vs', he. and of their first differentials. Substituting in this expression, 

the values of these first differentials, given in [1122, 1126], it changes into a function of the 

finite quantities e, e!, he. vs, V, he. ; and by substituting the values of these quantities, 

for the year 1750, given in [4080, 4081], we obtain the expression of Moreover, 

[4330a] 

[43306] 

[4330c] 

[4330tf] 

d& 

de" 
by similar substitutions, we get the value of the expression of — [1122]. These values, [4330e] 

being substituted in [4330a], give the expression of 2 e" [4330]. The formulas 

[4330—4360] are so frequently referred to in the work, that we have given the numerical [4330/] 

values in centesimal, as well as in sexagesimal seconds. The values given in 

[4330, 4331, 4332], are altered, in [4610 — 4612], by reason of the changes in the masses 

of Venus and Mars. 

We have seen in vol. I. p. 612, note 468, that terms of the order m!e' are retained, 

and those of the order mV3, which are of the first order relative to the mass m', are 
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[4330] 

Secular 
equations 
of the 
earth’s 
orbit. 

[4331] 

[4332] 

[4330s-] 

[4330A] 

[4330i] 

[4331c] 

[43316] 

[4331c] 

Coeff. equa. centre = 2 E — t. 0",579130 — f. 0",0000207446 

= 2E — t. 0s,187638 — f. 0?,0000067213, 

2E being this coefficient at the beginning of the year 1750, when t is 

nothing. We have also found the sidéral longitude of the perihelion of the 

earth’s orbit, namely,* * 

Long, perih. of the earth = to"+1.36",881443 +1.0",0002454382 

= V? +1. 1 Is,949588 + f . 0\0000795220. 

Lastly, the values of p", q", at any time t, have been found respectively 

equal to,f 

f = t. 0",236793 -j- f. 0",0000665275 

= t. 0s,076721 + f. 0 s,0000215549 ; 

q" — — t. 1",546156 +f. 0,0000208253 

= — t. 0 s,500955 + f. 09,0000067474. 

de" 
neglected, in the expression of — [1122]. If we suppose, for a rough estimate, that 

e' = 2V> the neglected terms will be of the order of Tdo part of those retained; so that 

the neglected part in the coefficient of t [4330], may be considered as of the order 

shxs X0®,187638 = 0s,0004, which is much greater than the coefficient of t2 in [4330] ; 

and at the first view it might be thought strange that we should neglect this, and yet notice 

the much smaller coefficient of ft, which is of the order of the square of the disturbing 

masses. But the reason will appear very evident from the consideration, that when t is 

large, the term depending on t3 becomes very great in comparison with these neglected 

terms. Thus, if t= 2500, the neglected term 0,0004 z! is only one second, while the 

term depending on t2, exceeds 42s. Similar remarks may be made relative to the 

quantities to", p", q" [4331, 4332]. 

* (2615) Proceeding as in the last note, we may deduce from [3850a], by changing 

// n // i do" , . „ Wfl" .... . 
u into to , to = to -j- t. ——j- £ t*. - ; the quantities in the second member referring 

to the epoch of 1750. The differential of [1126], divided by dt, gives 

in terms of e, e', he. to, to', and their first differentials. Substituting in this expression 

the values of the differentials [1122, 1126], it changes intd a function of the finite quantities 

e, e', he. to, to', &c.; and by using the numerical values [4080,4081], we get the 

values of , —^-2~, to be substituted in [4331a], to obtain [4331]. 

f (2616) The expressions of —, -jy, are in [42516]; their differentials taken 
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We have given, in [3100—3110], the expressions of the precession of the 

equinoxes,* and of the inclination of the equator, referred to the fixed 

ecliptic, and to the apparent ecliptic. In these formulas, we have supposed 

the values of p", q'\ to be given under the forms 

p" — s . c . sin. (g t 4 l3) ; q" = 2 .c . cos. (g t + |3) [30686]. 

Moreover, we have seen, in [1133], that the finite expressions of p", q", 

appear under these forms, and we may determine, by the method explained 

in [1098, &c.], the values of c, g, (3. To obtain these quantities 

accurately, by this method, we must know the correct values of the masses 

of the planets; and there is considerable uncertainty relative to some of 

them, as we have observed in [4076, &c.]. Therefore, instead of making 

the tedious calculation, required by this method, it is preferable to simplify 

it, so as to embrace a period of ten or twelve hundred years, before and 

after the epoch of 1750 ; which is sufficient for all the purposes of astronomy. 

We may easily rectify these calculations as often as the development of the 

secular variations shall make known, with greater accuracy, the masses of 

the planets. We shall give to the values of p" and q" the following- 

forms, which are comprised in those mentioned in [4334].f 

p" = 2. c. sin. (gt + (3) = c. sin. [3— c . cos. (3. sin.g£ — c.sin.|3. sin. (gTf-irk) î 

q" — 2. c.cos.(gt -J-/3) = c . cos. (3 — c. cos. [3.cos.gt — c. sin. |3 . cos. (g't-\-\v) ; 

* being the semi-circumference of a circle whose radius is unity. If we 

relatively to t, and divided by dt, give —in terms of —, —, kc. 
at dt d& ’ d& 

dq d q' 
—, kc.-, substituting the values of these last quantities [1132], we get 

d dp” d d q" 
d *2 » ~dp~ ’ 

expressed in finite terms of p, p', kc. q, q', kc. The values of p, p', kc. 

q, q', kc. are given in [4251c], in terms of <p, <p', &c. Ô, 6', kc. ; and the 

numerical values of these last quantities, in the year 1750, are in [4082, 4083] -, hence we 

obtain the numerical values of p, p', kc. q, q', kc. at that epoch. Substituting 

d d d d cf,f 
these in [4251 d,e], and in the preceding values of -3^-, we get the numerical 

values of 
dp” dq” ddp” dd q‘‘ 

dt2 ’ d & 

~dt’ ~dt ’ ~d¥~’ at Same eËoch’ diese are t0 be substituted 

in the general values of p', q" [4250], to obtain [4332]. 

* (2617) The formulas, here referred to, are [3100,3101,3107,3110]. 

f (2618) The three terms of the second member of the value of p" or q" [4337], 

vol.in. 65 

[4333] 

[4334] 

[4335] 

[4336] 

Assumed 
forms of 

[4337] 
ft ~tf 

P» Ï- 

[4332a] 

[43326] 

[4332c] 

•[43324] 

[4333a] 
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Values of 

[4338] 

[4339] 

[4337a] 

[43376] 

[4337c] 

[4338a] 

[43386] 

[4338c] 

[4339a] 

develop these two functions relatively to the powers of the time t, we 

shall find, by comparing them with the preceding series [4332],* 

eg . cos. j3 = — 0s,076721 ; 

eg', sin, [3 = —0s,500955; 

eg\ cos. (3 = 0s,0000134948 ; 

eg'2, sin. [3 = 0s,0000431098. 

Hence we easily obtain,f 

g = — 36s,2808 ; 

g' = — 17s,7502 ; 

c. sin. j3 ■== 5821s,308 ; 

c . cos. [3 = 436s, 17. 

are deduced from those of f or q" [4334], by changing c, g, p, respectively, into 

c, 0, p, in the first term; —c . cos. 0, g, 0, in the second term; and — c. sin. p, gf, , 

in the third term. These expressions of p", q", being developed according to the powers of 

0 and compared with those in [4332], give, as in [4339], values of c, p, g, g', which 

satisfy the numerical expressions of y", q", [4332], neglecting t3, and the higher 

powers of t ; and as the values [4332] will answer for ten or twelve centuries from the 

epoch, it will follow, that the forms assumed in [4337] will answer for the same period, by 

using these values of c, p, g, g'. 

# (2619) We have by development, using the formulas [43,44] Int. and neglecting terms of 

the order t3, sin .gt = gt; cos.g£=l— \g2ft‘, sin. (g't -|- J'v) = cos.g7=l—ig,2tQ-, 

cos. (g't -j- \ *) = — sin. g t = —g't ; substituting these in [4337], we get, 

y" = 2 • c . sin. (gt -f- p) = c . sin. p — c . gt. cos. p —c . (1 — %g'2t2)-sin. p 

= — t. (c g . cos. p) + t2. a eg'2, sin. 0) ; 

q" — 2 . c . cos. (gt -\-p) = c. cos. p —c . (1 — | g2t2). cos. p -f c g't. sin. p 

— t. (eg1, sin. 0) -j- ft- (2 eg2, cos. 0). 

Comparing the coefficients of t, in these expressions, with the corresponding ones in [4332], 

we get, without any reduction, the two first equations [4338]. In like manner, by 

comparing the coefficients of \ t2, in [4332,43386], we get the other two equations [4338]. 

f (2620) Dividing the square of the first equation [4338], by the third, we get 

c . cos. 0 [4339] ; and the square of the second, divided by the fourth, gives c . sin. 0 [4339]. 

Now, dividing the values of eg2, cos. 0, eg'2, sin. 0 [4338], by those of eg. cos. 0, 

eg', sin. 0 [4338], respectively, and multiplying the products by the radius in seconds, 

206265 , we get g, g' [4339]. 
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Now we have seen, in [3100], that the precession of the equinoxes 4-, relative 

to the fixed ecliptic of 1750, noticing only the secular variations, is, 

4 = /1 + £ 2 • | (j.— 1^ • tang, h -f- cot. h j . y. sin. (ft -f- f3). 

To obtain 2 . c . sin. (ft -f- j3), we must increase the angle g t -j- (3, in 

2. c . sin. (g t -f* (3), by the quantity 11 [3073', &c.] ;* making f = g f l 

[3113a] ; then we shall have, 

2 . c . sin. (ft + f3) = c . sin. (It -j- f3) — c . cos. f3 . sin. (gt -\-It) 

— c . sin. (3 . sin. (g't -f- It T4'ir)î 

consequently,f 

* (2621) If we increase the angle gt, by the quantity lt—(f—g) t [3113a], 

the function 2 . c . sin. (g t -j- p) will become 2 . c . sin. (ft -f- (3), as in [4341] ; and the 

first equation [4337], will change into [4342]; observing that we have g = 0 [4337a], 

in the first term, or c. sin. (3 = c . sin. (0 . t -f-|3), which becomes c . sin. (It -{- (3), as in 

the first term of [4342]. 

t (2622) The expression 2 . c . sin. (ft -j- (3), in the form assumed [4342], consists 

\ of three terms. In the first of these terms, the general symbols c, f 0, of the first 
\ IT 7* . . 1 - 7 1 •! 

'member, become c, ?, 0 ; or in other words, f is changed into l, 

unaltered ; and the corresponding term of [4340] becomes, 

while c, 0, are 

(j-• tang, A-f-cot- A^ . y . sin. (I t + 0) ; or simply, c.cot. A. . sin. (It -f* 0) ; 

which is the first term of 4 [4343], depending on c. The second term of [4342], 

— c . cos. 0 . sin. (g t -|- 11), being compared with the general expression c . sin. (ft -j- 0) , 

in the first member of [4342], shows that c, f 0, must be changed into —c.cos.0, 

g -{- l, 0, respectively ; and the corresponding term of [4340] becomes, 

ft \ lc. COS. 0 . . , , , 
-1) ■ tang, h + cot. A£ . • sm. (g t -f It) 

which is easily reduced to the same form as the term of [4343], depending on the angle 

g l + 11. Lastly, the third term of [4342], — c . sin. 0 . sin. (ft -f- 11 -{- \ *), being 

compared with the general term, in the first member of [4342], gives for c, f 0, the 

corresponding expressions, —c.sin.0, g 1, £«, respectively; and the resulting 

term of [4340] is, 

E'+l 
, tang, h -j- cot. A^ 

l c.sin.0 . , ... 
.(gt + lt + £*); 

which is easily reduced to the form of the last term of [4343]. The two first terms of 

[4340, 4343], represented by It are the same in both formulas. 

Precession 
relative to 
the fixed 
ecliptic of 

1750. 

[4340] 

First form. 

[4341] 

[4342] 

[4341a] 

[4342a] 

[43426] 

[4342c] 

[4342rf] 

[434 2e] 

[4342/] 

[4342g] 
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Precession 
relative to 
the fixed 
ecliptic of 

1750. 

4> = 11 c. cot. h . sin. (It + (3) 

[4343] 

Second 
form. 

[ëiàuve'‘to Then hy putting V for the inclination of the equator to the fixed ecliptic of 

eci7?n°f 1750, we shall have, as in [3101],* 

[4344] 

First form; 

To obtain 2 . c . cos. (ft-j-fi), we must increase the angle gt-{-/3 in 

2 . c . cos. (gt-\-[3) by lt\ [3073, &c.] ; hence we shall have, 

2 • c. cos. (ft -j- (3) = c. cos. (lt-\- (3) — c. cos. (3 . cos. (g t -j- /1) 

second 
form. 

[4346] 

[4347] 4/ denoting the precession of the equinoxes relative to the apparent ecliptic, 

* (2623) This is the same as [3101], putting Y for the part of Ô, depending on 

[4344a] h and 2 ; or in other words, neglecting the periodical terms depending on the angles 

ft + l3') 2v'. 

f (2624) This is done upon the principles used in [4341, &tc.] ; and in the same 

[4345a] manner as [4342] was deduced from the first of the equations [4337], we may derive 

[4345] from the second of [4337]. 

t (2625) Proceeding as in [4342a—f] ; and comparing the general form of the first 

[4346a] member of [4345], with the three terms of the second member, we find, that c, j\ p, 

become, respectively, c, l, p, in the first term ; — c . cos. p, g-j- l, 0, in the 

[43466] second term > an^ —c.sin.(3, g'l, 2 S in the third term. Substituting these values 

in the terms under the sign 2 [4344], we get the three terms containing c, in [4346] ; 

the first term h, is the same in both expressions [4344, 4346]. 
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and V' the inclination of the equator to this ecliptic ; we shall have, as in 

[3107, 3110],* 

V = /1 + g + . c . cos. (3 . $ cot. h + —— . tang. //, J . sin. (gtf-lt) 
lH- Z+ 

? 
-}- —-. c. sin. [3 . 5 cot. h g- —- . tang, h 1. sin. (g't -j- It -{- v); 

Z+A C /-r^ 3 

V' =h- g 
prl 

. c . cos. (3. cosfgtg- It)—c.sin.jS. cos.(g'tg-1t-j-}*). 
1 + g l+g 

The expression of T gives,! 

a ^ 7 1 ~ ~ —- a S 7i 1 ^ tang, /i I . cos. Q>* Z + Z 0 
d t 

— Z + c g'. cos. 0 . I cot. h -f —— 
l l+g 

+ eg'. sin. |3 . ^ cot. h -f 7-7—7 * tang, h \ » cos. (g'Z _j_ Z t -f- 4^). 
( ^ ~r ^ ) 

(IV 
If we subtract from this value of ——, when t is nothing, its value at any 

cL t 

other epoch, and reduce the difference of these two expressions to time ; 

considering the whole circumference as equal to one tropical year ; we shall 

get the increment of the length of the tropical year since 1750. We see, 

by this formula, and by the differential of the general expression of 

* (2626) Retaining only the secular inequalities in 4/, Ô' [3107,3110], changing 

also Ô* into V' [3108, 4347'], we get, by a slight reduction in the term of 4/, under 

the sign X, 

T = z * + £ + 2 • $ cot. h -f J . tang. A^ . (fjr'j • c . sin. (ft -f js) 

V = A -f- 2 . • C • cos. (ft + 13). 

In the terms under the sign 2 [4347/3], we must substitute, successively, the values of the 

triplets of terms c, f (3, given in [4342a, c,f], and we shall obtain [4348] ; observing 
jr _ f 

that the first term vanishes, because the factor —— = 0. In like manner the substitution 
*/ 

of the same triplets of values [4346a —A], in [4347c], gives A [4349] ;the first term vanishing, 
y_i 

on account of the factor ——- = 0. 

f (2627) The differential of f [4348], taken relatively to t, and divided by dt, 
gives [4350]. 

[4347'] 

Precession 
and obli¬ 
quity rela¬ 
tive to the 
apparent 
ecliptic. 

[4348] 

[4349] 

[4350] 

[4350?] 

[4350"] 

[4347a] 

[43476] 

[4347c] 

[4347dj 

[4347e] 

[4349a.] 
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[4350'"] 

[4351] 

[4351'] 

[4352] 

[4353] 

[4353'] 

[4353"] 

[4354] 

[4350a] 

[4351a] 

[43516] 

[4352a] 

[4353a] 

[4354a] 

4' [3107],* that the action of the sun and moon changes considerably the 

law of the variation of the length of the year. In the most probable 

hypothesis on the masses of the planets, the whole variations, in the length 

of the year, and in the obliquity of the ecliptic, are reduced to nearly a 

quarter partf of what they would be without that action [3115,31,I3w]. 

According to observation, we have in 1750, 
d 4/ 

d t 
154",63 = 50s,l ; 

but, by what has been said, we get at this epoch, J 

dÿ 
d t 

— l-^cg. cos. [3 . I cot. h 
l + g 

tang, h 

hence wre obtain, 

1 +eg. cos.[3 . \ cot. h -f ~1— . tang, h ] = 154",63 = 50s, 1. 
( lJrg 5 

If we neglect the square of c, in this equation, we may substitute for 

h, the obliquity of the ecliptic to the equator in 1750.§ This obliquity 

was then, by observation, 26°,0796 = 23d28'n17s,9 ; hence we deduce,** 

l = 155",542 = 50s,396 ; 

* (2628) This differential is found in [3118],and by reducing it into time, as in [3118'], 

we get the decrement of the year, using f=g-l-l [3113a]; or the increment of the 

year, by changing its sign, as in [4350"]. 

f (2629) This subject has already been discussed in [3113a — 2] ; and we have merely 

to remark in this place, that the values arbitrarily assumed in [4337—4339] do not produce 

such essential alterations in these variations of 44 V', as are mentioned in [3113ic, 4351]. 

This difference is what might be expected, taking into consideration, that the results, obtained 

in [4338, 4339], are restricted to values of t, which are less than 1200 [4335] ; and that 

for much greater values of t, the results cannot be relied upon. 

t (2630) At the epoch 1750, we have t= 0 [4329"], and then cos. (g^+ It)— 1, 

cos. (ghT^Ti"3') — cos.i-TT = 0 ; substituting these in [4350], it becomes as in [4352] ; 

putting this equal to 50?,1 [4351/], derived from observation, we get [4353]. 

<§> (2631) The expression of V [4346] differs from h, by terms of the order c ; 

hence it is evident that if ws neglect terms of the order c2, we may substitute indifferently, 

the value of V or A, for h, in [4353]. 

** (2632) Substituting in [4353] the values k — 23^ 28m 17s,9 [4353"], also the values 

of eg. cos.(3, g [4338,4339], it becomes, as in the following equation, from which we 

easily obtain the value of l [4354], 
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then we have in 1750,* 

V' = h — . c . cos. [3 ; [4355] 

which gives, 

h = 26°,0796 — 3460",3 = 23* 28** IT,9 — 1121s, 1. [4356] 

By means of these values we obtain the following expressions,! [which are 

altered in 4614 — 4617], 

as 076721 7 
/ _ 0s,076721 . cot. 23f/ 287,117s,9 — * tanS-28'n IV,9 = 154s,63. [43546] 

* (2633) Putting 7 — 0 in [4349], it becomes as in [4355]. Substituting in this, 

V'= 23!i 28"117s,9 [4353"], also the values of I, g, c. cos./3 [4354,4339], it becomes, [4356a] 

23rf 28”117s,9 = h -f- 1121s,1 ; hence we get h [4356]. 

f (2634) Dividing the value of c.sin.|3 [4339] by that of c.cos.j3 [4339], we 

get tang. /3 = 13,34636 = tang. 85d42m 54s ; hence (3 = 85^42m 54s ; substituting this [4357a] 

in the expression of c . sin./3 [4339], we obtain c = 5821s,308 . cosec. (3 = 5837s,6. 

Using these values of |3, c, and these of h, Ï, g, g* [4356, 4354, 4339], we get, [43576] 

c . cot.A = 13646s,3 ; 

— m— • c . cos. a 
lTg 

1 • <; + 7 — rr— .. c . sin. 8 . < cot. h 
l+g C 

cr 
cot. h —.— . tang, h > = 

l+g 5 

g / 
• ——7. tang. h> = 
l-Yg' 6 S 

■ 5352s,8 ; 

23097s,7 j 

[4357c] 

l = 14s,115 ; l-\-g' — 32s,645. Substituting these in the third, fourth and fifth 

terms of [4343], we get the third, fifth and fourth terms of [4357], respectively. The [4357^] 

term It [4343, 4354], gives the first term of [4357]. The term £ [4343], is to be 

taken so as to render 4 — 0 [4357] when 7=0; whence 

£ = — 13646s,3 . sin. 85d42"154s -f 23097s,7 = 2*38“ 9s,4. [4357e] 

In like manner, we have, 

. c . cos. (3 = 1557s,3 ; - . c . sin. (3 = 8986s,6 ; 
i-be 1 1+1 

substituting these and h [4356], also the preceding values [4357c], in [4346], we 

get [4358]. 

From the same data, we have, 

[4357/] 

g 

* + g' 

g' 

l+g’' 

C . COS. (3. 

c . sin./3 . 

\ cot. h 4- 7-,— • tang, h ! 
' 1l+g b ! 

; cot. h -f- . tang, h \ 

= — 4333s,2 ; 

= — 94895,4 ; 

[4357g’] 
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[4357] 

Precession 
and obli¬ 
quity of 
the eclip¬ 
tic for the 
year 

1750. 

[4358] 

[4359] 

[43G0] 

[4357ft] 

[4357i] 

[4357ft] 

[4357Z] 

+ = t-155",542 +2°,92883 + 42118",3. sin. (t. 155",542 4- 95°,2389) 

— 71289",2. cos. L (100",757) — 16521", 1. sin. (t. 43",564) 

= * • 50s,396 + 2"38nl09s,4 +13646s,3. sin. (t. 50s,396 -f 85*42M54*) 

— 23097',7 . cos. (*. 32s,645) — 5352s,8 . sin. (t. 14s,115) ; 

V = 26°,0796 — 3460",3 — 18017",4 . cos. (t. 155",542 + 95°,2389) 

+ 4806",5 . cos. (*. 43",564) — 27736",3 . sin. (*. 100",757) 

= 23d 28-17s,9 — 1121s,1 — 5837s,6 . cos. (t. 50s,396 + 85* 42™ 54s) 

4- 1557s,3. cos. (t. 14s,115) — 8986s,6 . sin. (t. 32s,645) ; 

■¥=t. 155",542 4- 2°,92883 — 29288",3 . cos.*. (100",757) 

— 13374",2. sin. (t. 43",564) 

= t. 50s,396 4- 2d30m 09s,4 — 9489s,4. cos. (t. 32s,645) 

— 4333s,2. sin. (t. 14s, 115) ; 
r Apparent] 

V'= 26°,0796 — 3460",3 . {1 — cos. (t. 43",564) j L 

— 9769",2 . sin. (t. 100",757) 

= 23d 28w17s,9 — 1121s,l. j 1 — cos. (t. 14s,l 15) J 

— 3165s,2. sin. (t. 32s,645). 

We may determine, by means of these formulas, the precession of the equinoxes 

and the obliquity of the ecliptic, in the interval of ten or twelve hundred years 

sin. (g't 4- It 4- \ at) = cos. (g't 4-It)— cos. (t. 32s,645) ; 

It = t. 50*,-396. Substituting these in [4348], it becomes as in [4359], the constant 

quantity £, being taken so as to make 4' = 0, when t = 0 £4359] ; consequently, 

£ = 9489s,4 = 2d 38m 9s,4. 

Lastly, by a similar calculation, we have, 

ry / 

Z+4 • ^ • cos. (3 = 1121s,l ; - . c .sin. |3 = — 3165s,2 ; 

cos. (g't 4- ï t 4- \ *) = — sin. (g't fit) = — sin. (t. 32s,645) ; 

substituting these and [4356] in [4349], we get [4360]. The numerical values, given in 

[4357—4360], are varied by the author in [4614 — 4617], on account of the changes made 

in the values of the masses of Venus and Mars. We have already given the formulas of 

Poisson and Bessel, in [3380p, y]. 
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before, or after the epoch of 1750; observing to make t negative, for any 

time previous to this epoch. We may indeed apply the formula to the 

observations made in the time of Hipparchus ; taking into consideration 

the imperfections of these observations. 

The preceding value of 4/ gives, for the increment of the tropical year, 

counting from 1750, the following expression,* 

Increment of the year = — 0day,000083568 . {1 —cos. (t. 14s, 115) j 

— 0day,00042327. sin. (t. 32s,645). 

Hence it follows, that in the time of Hipparchus, or one hundred and 

twenty-eight years before the Christian era, the tropical year was 12se%326 

[= 10s,65 sexages.] longer than in 1750 ;f the obliquity of the ecliptic was 

also greater by 2832",27 = 917s,66. 

* (2635) Using the same data as the preceding note, we get the numerical values of 

the two functions [4362c, d |, expressed in sexagesimal seconds. These are turned into time 

by supposing the whole circumference, 360d— 1296000s, to be described in one year, or 

365flays,242 ; hence we have, 

eg . cos. |3 . cot.h + qL . tang.h^= — 0s,296527 = — 0!,ay,000083568 ; 

cg'. sin. |3 . \cot. h -f- —— . tang.hl=— Is,501877 = — 0day,00042327. 
t i-rg ) 

d 4/ 
Substituting these and [4357cZ],in [4350], we get the general expression of —- [4362/] ; 

d t 

which becomes as in [4362g], when t = 0. Subtracting the first of these expressions 

from the second, we get the increment of the year [4350'], as in [4362], corresponding to 

any number t, of years after 1750. 

~ = l — 0day,000083568 . cos. (t. 14s,115) + 0day,00042327 . sin. (t. 32s,645) ; 

^=1 — 0day,000083568. 
CL t 

These numerical values are altered in [4618], in consequence of a change in the values of 

the masses of Venus and Mars. 

f (2636) In the year 128 before the Christian era, t = — 128 — 1750 = — 1878 ; 

substituting this in the two terms of the expression [4362], we find that the first term 

becomes, — 0day,00000069, and the second, + 0day,00012396 ; their sum is 0day,00012327, 

as in [4363] nearly. The variation of the obliquity of the ecliptic, in the same time, 

deduced from [4360], is nearly the same as in [4363'], being expressed by, 

— 1121s,1 . [1 — cos. (t. 14s,115)[ — 3165s,2. sin. {t. 32s,645) 

= — 9s,2 -f 926s,9 = 917s,7 nearly. 
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[4362] 

[4363] 

[4363'] 

[4362«] 

[4362ft] 

[4362c] 

[4362d] 

[4362e] 

[4362/] 

[4362g-] 

[4.362k] 

[4363a] 

[43636] 

VOL. III. 

[4363c] 
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[4363'/] 
Remarka¬ 
ble astro¬ 
nomical 
epoch, 
when the 
equinox 

[4364] 
and sun’s 
apogee 
coincide. 

[43640 

[4365] 

[4365'] 

[4366] 

[4367] 

[4367] 

[43670 

[4365a] 

[4366a] 

[4367a] 

[43676] 

A remarkable astronomical epoch, is that when the greater axis of the earth’s 

orbit icas situated in the line of the equinoxes ; because the apparent and mean 

equinoxes then coincided. We find, by the preceding formulas, that this 

phenomena took place about 4004 years before the Christian era, and at this 

epoch most of our chronologists place the creation of the world ; so that, in this 

point of view, we may consider it as an astronomical epoch. For we have, 

at that time, t — —5754 ; and the preceding expression of f gives,* 

4'= — 79* 04™ 04s; 

which is the longitude of the fixed equinox of 1750, referred to the equinox 

of that time t. The preceding expression of to", gives, for the longitude 

of the perigee of the earth’s orbit, or of the sun’s apogee, referred to the 

fixed equinox of 1750,f 

vt= 80" 15m 11s. 

This longitude, referred to the equinox of the year 4004 before the Christian 

era, is 1" ll™Q7s;f hence it follows, that the time when the longitude of the 

suhs apogee, counted from the moveable equinox, was nothing, precedes, about 

sixty-nine years, the epoch usually assumed for the creation of the world. 

This difference will appear very small, if we take into consideration the 

imperfections of the preceding expressions of f, and to", when applied to so 

distant a period, and the uncertainty which still remains relatively to the motion 

of the equinoxes, and to the assumed values of the masses of the planets. 

# (2637) Putting t = —5754, we have t . 32 s,645 = 52* 10™ 39 s; 

t . 14s, 115 = 22* 33 ™ 38s ; t. 50s,396 = 80* 32™ 59s ; 

substituting these in [4359], we get the value of f [4365]. 

t (2638) Substituting to"= 98* 37™ 16s [4081], in [4331], it becomes, 

to"= 98*37™ 16s-f* t. 1 Is,949588 -f t2. 0s,000079522 ; 

and by putting t — — 5754, itis reduced to 98*37™16s— 19*5™58s-f- 43™ 53s= 80*50™11% 

as in [4366]. 

J (2639) Taking, for the fixed point, the equinox of 1750 ; the longitude of the 

moveable equinox, and of the solar apogee, corresponding to the year 4004 before Christ, 

will be respectively 79* 4™4s, 80* 15™ 11s [4365,4366] ; the difference of these quantities 

1*11™ 7s represents the distance of the perigee from the equinox at that time. The 

distance of these points, in the year 1750, was 98*37™ 16s [4081] ; so that in the period - 

of 5754 years, they have approached towards each other, by the quantity, 
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Another remarkable astronomical epoch, is that when the greater axis of the 

earth’s orbit, was perpendicular to the line of equinoxes ; for then the apparent 

ana mean solstices were united. This second epoch is much nearer to our 

times ; it goes back nearly to the year 1250. For if we suppose t = — 500, 

the preceding formulas give 9(Flra,* * for the longitude of the sun’s apogee, 

counted from the moveable equinox. Hence the time when this longitude 

was 90“*, corresponds very nearly to the beginning of the year 1249. The 

imperfections of the elements used in this calculation, leaves an uncertainty 

of at least one year in this result. 

98<2 37“ 16s— ld 11mIs = 91d 26“ 9s ; 

being at the rate of about 61s in a year ; and at this rate, the arc will be 

described in about 69 years; so that the equinox and solar apogee must have coincided about 

the year 4004 -f- 69 = 4073 [4367'] before the Christian era, according to the data we 

have used. 

* (2640) In the year 1250, we have t = 1250—-1750= — 500; and for this 

value of t, we get, from [4359, 4366a], — 6d57“; to" == 96d53m; therefore 

the solar apogee, in 1250, was distant from the equinox of that time, by the quantity 

96d 58“ — 6d 57“ = 90fZ 1“ ; 

and as the distance of these points, in 1750, was 98^37“ 16s [43676], the variation of 

distance, in five hundred years, is 98^37“ 16s — 99d I“= 8d 36“ 16s, being about 61s in a 

year, as in [4367c?] ; consequently, the distance of these points must have been 90d, about 

one year before the year 1250, or in the year 1249. 

Another 
remarka- 

[4367"'] 
hie epoch, 
when the 

[4368] 
equinox 
and sun’s 

[43683 
apogee are 
distant 

90«*. 

[4369] 

[4367c] 

[4367<2] 

[4368a] 

[43686] 

[4368c] 
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[4370] 

[4370'] 

[4371] 

[4371'] 

Terms 
which 

[4372] 

may be 
neglected. 

[4370a] 

[43706] 

CHAPTER XL 

THEORY OF MARS. 

32. We have, in the case of the maximum* of sV'", 

<5 a = — (1 — a2).(5 V'" ; 

supposing — = cl. If we consider r"' as the only variable quantity in 

a, we shall have, 

Sr"' = ±.(l — as).iV'". 

If we take for r", r'", the mean distances of the earth and Mars from 

the sun [4079], and suppose <5 V'" = ± 1" — ± 0?,324, we shall get, 

5 r"' = ± 0,000002076 ; 

therefore we may neglect the inequalities of the radius vector r'", whose 

coefficients are less than ±0,000002. We shall also neglect the inequalities 

of the motion in Mars in longitude, which are less than a quarter of a 

centesimal second, or 0s,081.f 

* (2641) The earth is situated, relatively to Venus, in the same manner as Mars is. 

relatively to the earth; therefore we may obtain 6 V"', corresponding to Mars [4370], 

from the calculation made for Venus in [4297, 4298], by merely changing the accents on 

V, in [4298], which makes it become as in [4370], and using a [4370']. Now the 

(J r,/f, vn 
variation of a [4370'], considering a, r'", as the variable quantities in 5 a = — ——— ; 

substituting this in [4370], we get [4371]; and by putting r" = a", r'"=a" [4079], 

using also oi [4159], à V"1 [4371']; it becomes as in [4372]. 

* (2642) The values [4373,4374] are computed from the functions [4277a, &], 

accenting the symbols so as to conform to the present example. 
[4373a] 
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Inequalities of Mars, independent of the excentricities. 

0?,208754. sin. (n't — n'" t -f /— e'") 

— 0s,024915 . sin. 2 (n't — n'" t + s'— s'") 

— 0s,005000 . sin. 3 (n't — n'" t + s'— s'") 

— 0%001368. sin.4(n't — ni" t + s'— s'") 

èv’"= (1+0- 

6s,988832. 

- 0s,968689. 

- 0s, 183012. 

+ (1 + **") . / — 0s,058242 . 

- 05,023099. 

- 0s,010339. 

- 0 s,004992. 

24 s,440843. 

- 13%598063. 

— Is, 180288. 

- 0s, 172768. 

- 0s,033166. 

- 0s,013422. 

+ (1 + ^) • 

sin. (n"t. 

sin. 2 (n" t 

sin. 3 (n" t 

sin. 4 (n" t 

sin. 5 (n" t 

sin. 6 (n" t 

sin. 7 (n" t ■ 

sin. (nivt 

sin.2(Vv t 

sin.3(w,v£ 

sin.4(Vv£ 

sin. 5 (niv t 

sin. 6 (niv t 

ni" t + s"- 

n'" t + s". 

■n'"t + s"- 

n!" t + 

n'" t + s"- 

n'" t -f- s"— 

n'"t 4. 

n 
o 

") 

„///> 

j/n s 

s'") 

s'") 

") 

') 

+ (1 +^v) 

1 *,343754. sin. (nvt 

0s,443668 . sin. 2 (nvt 

0s,023088 . sin. 3 (nvt 

0s,001879. sin. 4 (nvt 

n t + sv 

n'"t 4- sv 

n'"t 4~ s* 

n'"t + sv 

o 

o 

o 

') 

_///> 

[4373] 

Inequali¬ 
ties inde¬ 
pendent of 
the excen¬ 
tricities. 

«*■"' = (1 + 0* 

0,0000016104 

4- 0,0000021947. cos. (n't — n"'t 4- s'— £'") 

+ 0,0000001972. cos. 2(n't — n'"t + s'— s'") 

4- 0,0000000418. cos. 3(n't — n'"t 4- s'— s'") 

[4374] 

VOL. III. 68 
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Inequali¬ 
ties inde¬ 
pendent of 
the ec¬ 
centrici¬ 
ties. 

[4374] 

+ (1+^) 

+ (1 + ^iv) 

+ (1 +^) 

0,0000023860 

— 0,0000187564.cos. (n"t■ 

+ 0,0000052387. cos. 2 (n"t 

4~ 0,0000011969. cos. 3 (n"t 

+ 0,0000004169 . cos. 4 (n"t 

+ 0,0000001733. cos. 5 (n't 

~h 0,0000000796 .cos. 6(n"t ■ 

>— 0,0000066174 

+ 0,0000784371. cos. («■ 

— 0,0000679436. cos. 2 (n*t 

— 0,0000069390. cos. 3 (nivt 

— 0,0000010930. cos. 4 ('nivt - 

— 0,0000002004. cos. 5 (rivt ■ 

— 0,0000000520. cos. 6 (nivt - 

— 0,0000003173 

-}- 0,0000047062.cos. ('nyt- 

— 0,0000023275. cos. 2 (ny t ■ 

— 0,0000001399. cos. 3 (nvt- 

— 0,0000000125. cos.4(wvL 

nm t 4- s" 

■ n'"t + s". 

n"’t -f £"- 

n’"t + /- 

— s'") 

n 
n 
V") 

o 

o 

///> 

„///> 

■ n"'t + a* 

-ri"t + s". 

- n'"t + siv 

■n'"t-{- aiv' 

• n"'t + siv. 

■ri"t + siv. 

n'"t + av— 

■n"'t +£V- 

■n'"t + sy- 

n'"t + sv- 

— s'") 

— s'") 

') 

') 

') 

') 

s'"; 

///> 

C///N 

-///' 

_///'’ 

///> 

0 
0 
') 

') 

Inequalities depending on the first power of the excentricities. 

Inequali¬ 
ties de¬ 
pending 
on the first 
power of 
the excen¬ 
tricities. 

Is,082545 . sin. (2 n'"t - 1 ss.
 

+
 1 __ 

— 0s,252586. sin. (2 ri" t - — n't -f 2 s'" — s ./_ 

*0 s 

0s,698649 . sin. (n"t + s" — to'") 

— 0s, 134530 . sin. (2 n"t - — n!" t + 2 s" — s'"- - 

—10s, 114699 . sin. (2 n'"t — ri't + 2 s'" - ■ s"- lll\ 
-TO ) 

+ 5s, 123062 . sin. (2 n'"t 1 +
 l - s" — -to") 

— 6s,516275 , sin. (3 n'"t — 2n"t + 3 s'"- — 2 s" — to'") 

+ 0s,846004 . sin. (3 n"'t — 2 -f3 s'"- -2 s - TO J 

+ 0s,677748 . sin. (4 n"'t — 3»/^ + 4s"'- -3 S - TO ) 

— 0S,079155 . sin. (4 n'"t -3^4-4/"- -3 S - TO ) 

+ 0s, 119926 . sin. (5 n"'t — 4 ft"* 4-5 s'"- -4 if i/r\ 
S - TO 1, 

[4375] 
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+ (1 + f) 

+ (1 + ^ 

ir"' = (1 + f*') 

+ (1 + V1") 

* (2643) The 

as for Mercury, in 

consideration. 

j+ 5*,490297 . sin. (nwt + siv — to'") * 

/ — 5s,367005 . sin. (nXvt -f- siv — to*v) 

J —23*,552332 . sin. (2 ri't — n"'t -f 2 siv—s'"—to'") 

I + 2s,593100 . sin. (2 nivt — »'"* + 2 siv— s'"— to*) 

I -f 2s,296703 . sin. (3 nivt — 2 ri" t + 3 s* — 2 s'"— to'") 

I — 3s,568875 . sin. (3 wiv£— 2 n"'t -f- 3 siv — 2 s'"— to*) 

’ \+ 0S,220149 . sin. (4 nivt — 3 n"'t + 4 s* — 3 s'" — to'") 

I — 0s,352640 . sin. (4 rivt —3 n"'t + 4 s* — 3 s'"— to*) 

| —2s,868651 . sin. (2n"'t— -f~ 2 s'"— s*—-us'") 

I — 0s,204519 .. sin. (2 n"'t— nivt-f 2s//'— s*—to*) 

I + Is,853159 . sin. (3m!"t — 2nivtJr3s"—2 s*—to'") 

' + O’,198136 . sin. (4 n"'t — 3 nivt -f 4 s'"—3 s*— to'") 

(0%143758 . sin. (nvt + sv— to'") N 

— 0s,696926 . sin. (nvt-{- sv— tov) 

— T,798071 . sin. (2 nvt — m!" t2sv— s'"—to"7) | 

+ 0s, 132176 . sin. (2nvt — n"' t -{- 2 sv — s'" —TOV) / 

— 0s, 100246 . sin. (3 nv t — 2 n"'t -f- 3 sv— 2 s'"— tov) 

^— 0s, 1567 84 . sin. (2 n"'t — nvt -f- 2 s'" -— sv — to'") j 

C 0,0000044700 . cos. (2n'"t— n't + 2 s'" — s' — to'") ’ 

( _ 0,0000009713 . cos. (2n"'t — n't+ 2 4" — s' — * ' ) 

/ —'0,0000022865 . cos. (n"t s" —to'") 

! + 0,0000086337 . cos. (2ri"t — n"t + 2 s'"—s" — to'") 

■j — 0,0000031269 . cos. (2 n"'t — rt't + 2 s'"— s" — to" ) 

/ — 0,0000200331 . cos. (3 n"'t — 2n"t -f- 3 s'"— 2 s"_to'") 

I + 0,0000025454 . cos. (3 ri"t — 2 n"t -j- 3 s'"— 2 s"_to" ) 

[ -f 0,0000030863 . cos. (4 n'"t — 3 n"t -f- 4 s'"— 3 s"_to'") 

1 + 0,0000040239 . cos. (4 n"'t — 3nt + 4 s'"— 3 s"_ to") 

computation of the terms [43/5, 4376], is made in the same manner 

[4278a] ; accenting the symbols so as to conform to the case under 

[4375] 

Inequali¬ 
ties de¬ 
pending on 
the first 

power of 
the excen- 
tricities. 

[4376] 

[4375a] 
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[4376] 

+ (H- 

0,0000035825. cos. (n'"t -f-£'"— ™'") 

— 0,0000107986 . cos. (nivt + giv— 

-f- 0,0000031431 . cos. (nivt +giv— wiv) 

|— 0,0000599470. cos. (2 rivt — rti"t + 2 * *iv— s'"— 

' + 0,0000069892. cos. (2 rivt — ri"t + 2 siv— s'"— wiv) 

i-j- 0,0000114352 . cos. (3 nlvt — 2nH,t -f- 3 £iv'— 2^"—®//') 

0,0000169741 . cos. (3 nlvt — 2n'"tJr3siv—2s'"—wiv) 

- 0,0000020307 . cos. (4 rivt — 3 n’"t -}-4giv— 3 s'"— ^iv) 

-f- 0,0000087307 . cos. (2 n"'t -— + 2 s"'— siv—- 

K— 0,0000063983. cos. (3 n"'t — 2rivt-\-3z"— 2ziv—4") 

— (1 + Pv) • 0,0000061906 . cos. (2 ny t — n"'t -f- 2 sv— sw— sf"). 

Inequali¬ 
ties of the 
second 
order. 

[4377] 

Inequalities depending on the squares and products of the excentricities 

and inclinations of the orbits* 

àv'" = — (1 + /) . 6%899619 . sin. (3 n'"t — n't + 3/'—sf+65i26* 15s) 

C Is,414532 . sin. (3 ri"t — n"t + 3e'"— e" + 73dllm55*) ) 

— (1 + 4') . ) + 4",370903 . sin. (4 ri"t — 2 n"t + 4 s'"— 2 # _j_ 67*49w 0s) 

\fr 2\665900 . sin. (5 n'"t — 3 n"t -f- 5 s'"— 3 s" 4 68d23m0s) 

f— 0s,462779 . sin. (nivt 4- n"'t -f siv + 6"' — 53d 07m 485) 

+ (1 -f fxiv) . ) — Is,444122 . sin. (2 niyt + 2siv + 60" 07m 02’’) 

( + U,295408 . sin. (nivt — n'"t + siv — s'"-j- 41m 326’) 

*,/// 

* (2644) Using the values [4076A], we get very nearly, 3 n'"— n' =— 12°=-- ; 
18 
n"t 

[4377a] also 3 ri" — v!'= 238°, which is nearly equal to n"' ; An'"— 2w" = 51° = — ; 

n'" 
[43776] ^n'"—3n"= — 137°= — — nearly. Hence it is evident, that if we proceed in the 

same manner as in the computation of the similar inequalities of Mercury [4282a, he. ], 

we must notice the angles depending on these coefficients, in computing the terms of 

[4377 — 4380]. For the second of these angles comes under the form [3732], 

[4377c] — i) . n1" = n"', supposing i — — 1; and the others under the form [3733], 

supposing successively, i — — 1, i = — 2, i — — 3. Lastly, as riv is small in 
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The last of these expressions may be connected with the following inequality, 

computed in [4373], and which is independent of the excentricities, 

(1 + +) . 24 s,440843 . sin. (nivt ~ n"'t + * *iv — *"') ; 

their sum, by reduction,* gives the following term of <5î/", 

6 v"' = (1 -f- +) . 25s,211710 . sin. (nivt— n"'t -j- siv— s"' + 2d 24OT IT). 

We have also, 

è r'" = — (1 + ft'). 0,0000023461. cos. (3 n"'t — n't + 3s'"— s' + 64^47m 29s) 

/ 0,0000050403 . cos. (3 n'"t — n"t + 3 s's" + 72* 47"100’) ) 

+ (1 + +). j +0,0000070248.cos.(4n'"t —2n"t+4,e'"~-2e"—ô8dôlm50s) [ 

( -0,0000075032. cos. (5 h"ï — 3+'/+ 5 s"'— 3s"— 68d 27m28s) J 

C +0,0000080002. cos. (2 tfvt + 2 *iv + 60* 17m 52s) ) 
+ H + +) < v i 1 y / 

( +0,0000041488. cos. (+v£ — n'"t + siv — s'" + 59^ 8m 57s) $ 

The last of these quantities may be connected with the following inequality, 

which is independent of the excentricities [4374], 

(1 + +) . 0,0000784371 . cos. (»*< — *"'* + s-_ d") ; 

their sum gives the following term of 6 r"', 

<5r'" = (1 + +). 0,0000806432 . cos. (+v/ — n"'t + siv_ s'" + 2d3T"55s). 

The inequalities of the motion ol Mars, in latitude, are hardly sensible. 

comparison with w'", their sum 7iiv + ?i'", is very nearly equal to n'", so that 

this angle comes under the form [3732] i wiv+ (2 — i) . nsupposing i = 1 ; and 

produces the term of [4377], depending on the angle 7iivt + n'"t. If we suppose i= 2, 

in the same expression [4377c/], it becomes 2 + j now, as this is small in comparison with 

n'", it comes under the form [3733], and produces the terms of [4377, 4380], depending on 

the angle 2 n}vt. T lie quantity iilv — ml" differs but little from —ml", and comes under 

the first form [3732], depending on the angle nivt — m!" t [4377, 4380]. 

* (2645) The term (1 + +). 24s,440843 . sin. (nivt — n"'t + siv — s'") [4373] may 

be added to the term ( 1 + +) . Is,295403 . sin. (niv t — ml" t + siv — s'" + 54<* 41m32s) ; 

and the sum reduced to one single term [4379], by a calculation similar to that in 

[4282/t /]. In like manner the terms of [4374, 4330], depending on the angle 

nlvt — n'"t> may be reduced to one single term of the form [4382]. 

[4378] 

[4379] 

Inequali¬ 
ties of the 
second 
order. 

[4380] 

[4381] 

[4382] 

[43774] 

[4380a] 

VOL. III. 69 
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[4383] 

[4384] 

Putting •nlv equal to the longitude of the ascending node of Jupiter’s orbit 

upon that of Mars, we find,* 

. ( 0^094394 . sin. (nivt + siv — niv) 
^ g'tr_ /1 _i .iv\ ; \ 1 / 

\ 0?,403269 . sin. (2 rivt ■—- n"t -f- 2 siv.— s'"— niv) 

[4384a] 

[43846] 

* (2646) The term of §s"’, depending on the attraction of Jupiter, maybe derived from 

the formula [42956], by adding two accents to the quantities s', a* 1, n', s', a", n", s", m"; 

also supposing 7 to represent the inclination, and n the longitude of the node of Jupiter’s 

orbit upon that of Mars [4295c]. The term independent of 2 produces the first term of 

[4384], and the term under the sign 2, corresponding to i = 2, gives the second term ; 

1 W 
using [1006,4190]. 
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CHAPTER XII. 

THEORY OF JUPITER. 

33. The reciprocal action of the planets, upon each other, and upon the 

sun, is most sensible in the theory of Jupiter and Saturn ; and we shall 

now proceed to show that the greatest inequalities of the planetary system 

depend on this cause. The equation [4371], 

in 2 

sr = r—. (i _ «•). 4 V», 

corresponding to Mars, becomes for Jupiter, 

«5 riy = ~ . (1 — a2) . <5 Viv. 

If we take for r", riv, the mean distances of the earth and Jupiter from 

the sun [4079], and suppose <5 Viv = ± 1"= ± 0s,324, we shall obtain, 

6 r'v = =f 0,0000409225. 

Therefore we may neglect the inequalities of <5 riv, which are below 

=F 0,000041. We shall also omit the inequalities of Jupiter’s motion in 

longitude, or latitude, which are less than a quarter of a centesimal second, 

or 0*,081. 

Inequalities of Jupiter, independent of the excentricitiesJ 

C O’, 120833 , sin, (n"t — rivt + e" — siv) ) 
8vlv=n+^).{ V > 

v y ( _0^000086. sin. 2(n"t — n't + s" — siv) ) 

[4384'] 

[4385] 

[4386] 

[4387] 

[4387] 

Inequali¬ 
ties inde¬ 
pendent of 
the ec¬ 
centrici¬ 
ties. 

* (2647) The inequalities [4388,4389], are deduced from [4277a, b], increasing by 

four the accents on the symbols, to conform to the present case, and using the data 
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[4388] 

Inequali¬ 
ties inde¬ 
pendent of 
the eicen- 
tricities. 

+ (1 4- fO 

82*,811711 . 

- 204*,406374. 

— 17*,071564. 

— 3s,926329. 

— Is,210573. 

— 09,428420. 

— 0s, 170923. 

— 0*,076086. 

— 0s,041273. 

sin. (nvt 

sin. 2 (nv t 

sin. 3 (»v t 

sin.4(wv t 

sin. 5 (wv t 

sin. 6 (nv t 

sin. 7 (nv t 

sin. 8 (nvt 

sin. 9 (nv t 

+ (1 -f ^vi) 

Is,051737. sin. (nvit 

0s,427296 . sin. 2 (n'1' t 

0%044085 . sin. 3(ri*'t 

0*,005977. sin. 4(^7 

rivt + £vi 

n{v t + £ 

ri'w t + e' 

rivt -f s' 

-n 
■ £iv) 

£iV) 

n 

[4389] é riv = (1 + 

— 0,0000620586 

+ 0,0006768760. 

— 0,0028966200. 

1—0,0003021367. 

— 0,0000782514. 

i—0,0000258952. 

J— 0,0000094779. 

— 0,0000037560. 

— 0,0000014781 . 

. _ 0,0000004799. 

COS. (1lvt■ 

cos. 2 (nvt ■ 

cos .3(nvt ■ 

cos.4(ftvU 

cos .6(nvt- 

cos ,Q(nvt- 

cos. 7 (nvt ■ 

cos. 8 (nvt 

cos. 9 (vCt ■ 

rivt + sv ■ 

nivt + sv- 

nivt 4- sv- 

nivt 4- sv- 

nivt 4~ £V ■ 
nivt 4- sv- 

n'"t 4-£v- 

■ nivt + £v- 

rivt 4-ev- 

CIV> 

Inequalities depending on the first power of the excentricities. 

Several of these inequalities are of considerable magnitude, so that it 

becomes necessary to notice the variations of their coefficients ; which we 

[4061, &c.]. The term depending on sin.{nvt — n^t-ps*—s'v)j being computed, by 

r43886] means f°rmida [4277ft], is found to be nearly the same as in the first line of this page, 

and has the same sign ; therefore the remark made in the Philosophical Transactions for 

1831, page 65, that the sign of this coefficient is negative, is incorrect. 
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shall do, in those terms of the expression of 6v1Y which exceed 100", or 

32s,4. The coefficients of the inequalities depending on ™'r, have for a 

factor the excentricity eiv ;* therefore, by putting one of these coefficients 
5 giv 

equal to Ae", its variation will be Aelv. —We shall find, in [4407], 

that if we include even the quantities depending on the square of the 

disturbing force [4404, &c.], ôf which we have given the analytical expression 

in [3910], we shall have, 

* (2648) The terms of § v'v, Srw [4392,4393], were computed from those of 

8v, Sr [1021,1020], depending on e, e' ; changing m, a, e, -a, e, n, into 

miv, aiv, ew, wiv, siv, wiv, respectively. In computing the disturbing force of Saturn, 

we must also change the symbols mf, a', he. into mv, av, he. ; and in computing that 

of Uranus, we must change them into mvi, avi, he. We shall neglect the terms containing 

the arc of circle ni, without the signs of sine and cosine, as is done in [1023, 1024]. In 

this notation, the angle wiv, is evidently connected with a coefficient having the factor eIV ; 

and the angle •rav, with the factor ev ; as in [4389', 4390']. The variations of eiv, ev, 

are given in [4407] ; and if we retain only the first power of the time t, they will be as in 

[4390,4391]. For an example of the method of computing these variations, we shall take 

the largest term of 8viv [4392], which arises from the substitution of the value of i = 2, 

in the term multiplied by e, or eiv [1021] ; so that this term becomes, 

F&) . , . 
nlvmv. --r- . elv. sin. (2 nv t — n,v t 4- 2sv — £IV—rolv). 

2nv—«1V v 1 J 

Substituting the values of the elements [4061,4077, 4081], and that of jF(2) deduced from 

F(i) [1019], we find that the coefficient becomes, as in [4392], 

— 138s,373337 = A eiv [4389']. 

8 e 
This is to be multiplied by —, to obtain the expression A 8 e,v. Now, 8 eiv= t. O',329487 

[4390], being divided by the radius in seconds 206265s, becomes, 

<5eiv= t. 0,0000015974 ; 

dividing this by eiv [4080], we get, 

— = t. 0,000033226 : 
eiv ’ ’ 

multiplying this by Aeiy [4390/], we finally obtain, 

A8eiv = — t. 0s,004598. 

Connecting this with Aeiy [4390/], we get the coefficient of the term depending on the 

angle 2 nv t—nlvr -f-2sv—slv—-5ilv [4392]. In the same way the variations of three of 

[4389'] 

[4389"] 

[4390a] 

[43906] 

[4390c] 

[4390rf] 

[4390e] 

[4390/] 

[4390g] 

[4390A] 

[4390i] 

VOL. III. 70 
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[439°] ôeiv=t. O',329487. 

In like manner, the coefficients of the inequalities depending on 

[4390'] the factor e , and by putting B e' for one of the coefficients, its 
ô ev 

will be B e\ —, and we shall find, as in [4407], that 

[4391] h ey =, — t, 0s,642968, 

This being premised, we obtain, 

Inequali¬ 
ties de¬ 
pending 
on the first 
power of 
the excen- 
Iricities. 

6V" = (1 -f fxv) 

[4392] 

8*,608489 . sin. (nyt + *v— wiv) 

— 9s,692385 . sin. (nyt -f- sv — sv) 

—(138*,373337[+-1.040045985). sin. (2nyt—niyt+2sy— 

+ (564634099—t. 040031398) .sin. (2nyt— ri'yt-\-2sy— 

— (44 s,460822+*. 040014775). sin. (3rft-^2r?'t+3s'—2 

+ (844942569 -t. (£0047094). sin. (3nyt— 2niyt+3ey—2 
+ 74925312 . sin. (4rf/— 3niyt-{- 4sv— 3slv OTiv) 
—154629621 . sin. (4 nvt — + 4sv 3siv *▼) 

+ 14047717 .sin. (5nvi—4?tiv^-f 5sv — 4siv TOiv) 

— 24781664. sin. (5nyt — 4wiv^-j-5sv—4siv_OTv) 

+ 04407251 . sin. (6 nyt ■— b rivt-\- 6 sv — 5 siv—raiv) 

— 04913302. sin. (6nyt — 5 riyt + 6 sv —5siv — 

+ 04149277 . sin. (7 n' t — 6 niyt -f 7 sv— 6 siv—wiv) 

04325592 . sin. (7 nyt — 6riyt + 7 sv — 6siv — ^) 

— 54208122 . sin. (2ri'yt— nyt + 2 siv— sv — ^iv) 

— 04569738 . sin. (2 w’7 — nvt + 2 siv— sv — rav) 

+ 124876650 . sin. (3 — 2 nyt +3 siv— 2 sv — wiv) 

— O4352399 . sin. (3 rciir£ — 2 nyt + 3 siv— 2 sv — ®v) 

+ 14287482 . sin. (4 riyt — 3 nyt + 4 siv— 3 *v — *iv) 

— O4172892 . sin. (4 niyt — 3nyt 4-4 siv— 3 sv — ) 

4- 04356627 . sin. (5 rivt — 4 4~ 5 £,v— 4 sv — roiv) 

— 04083189 . sin. (5 wiv* — 4 4- 5 siv— 4*v — sjv) 

wv, have 

variation 

the other large terms of [4392] are computed. The variations of the remaining ones are too 

small to be noticed. 
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/ O', 123506 . sin. (nvi t -f svi — ^ir) 

\ — 0s,235240 . sin. (ny[t + svi — ^vi) 

(1 _f_ ^t>) . / — 0s,533079 . sin. (2 nY1t — nivt -J- 2 svi 

) -f- 0", 102673 . sin. (2 — rivt + 2 svi 

I—0 s,127963 . sin. (3nvi* — 2rivt+ 3 svi 

ariv= (1+^). 

0,0000206111 

— 0,0000795246 

0,0000492096 

— 0,0002922130 

4- 0,0001688085 

J— 0,0004584483 

+ 0,0009047822 

0,0001259429 

-0,0002424413 

+ 0,0000268383 

— 0,0000516048 

+ 0,0000579151 

l—0,0001346530 

. cos. (n,vt -j- siv— wiv) 

. cos. (nv t + sv — raiv) 

. cos. (nv t -f- sv— zsv') 

. cos. (2 ny t — nivt -f- 2 sv — 

. cos. (2 nv t — rilvt + 2 sv — 

. cos. (3 t — 2 wiv7 -J- 3 ev— 

. cos. (3 nvt— 2 3sv— 

. cos. (4 nv t — 3 nivt 4* 4 sv — 

. cos. (4 — 3nh7 4- 4ev— 

. cos. (5 nY t — 4 wiv£ -{“ 5 sv— 

. cos. (5 nv t — 4«iv7 5sv — 

. cos. (2 4~ 2jiv— 

. cos. (3 nlvf — 2nyt -f- 3 siv— 

• Siv-TOiv) 

■ 2siv—siv) 

2siv—wiv)l 

2 siv_wv) 

3siv—^iv), 

3 £*v-TOV)| 

4siv-OTiv) 

4^—^) 

£v-ZSiv) 

2sv—TOiv) 

Inequalities depending on the squares and products of the excentricities 

and inclinations.* 

1',003681 . sin. (nvt 4. nivt 4- sv -f-giv 4- 45^ 29™ 22s) 

— 5s,578707 . sin. (2 nyt 4- 2sv 4- 15d 56™ 24s) 

4-1 Is,724245 . sin. (3 nvt — rivt + 3e' — siT+ 79d 39™ 48s) 

/ —18s,075283. sin. (4 nyt — 2n}vt -f 4sv— 2siv— 57d12™26s) 

=(1+1*')- j ^.(169^265895- <.0',004277). 

j -{- Is,647140 . sin. (6 nvt — 4 nivt -j- 6 sv— 4siv— 54rf25™48s) 

ilY 

i + 2s,476404. sin. ( nY t — niv 14- £v— siv 4- 43*17™01s) 

V — 6s,287997 . sin. (2 nvt — 2 n'vt 4- 2 sv— 2 siv 4- 42'40™44s) 

(2649) The calculation of the six first terms in [4394] is made in exactly the same 

way as for Mercury, in [4282a—6]. The coefficient of the angle 3 nivt — 5 n't, being 

Inequali¬ 
ties de¬ 
pending on 
the first 
power of 
the eccen¬ 
tricities. 

[4393] 

Inequali¬ 
ties of the 
second 
order. 

[4394] 

[4394a] 
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These two last inequalities being connected with the two following* 

H ^ 82*,811711 . sin. (nvt — n'y t -f sv— siv) | 

** * l —204s,406374. sin. 2 (nvt n[vt + sy — siv) $ ’ 

which are found in [4388], among the terms independent of the excentricities, 

produce the terms,* 

[4396] 

Inequali¬ 
ties of the 
second 
order. 

[4397] 

SV 

[4398] 

, x (— 84?,628936. sin. (rciv nv * + siv — sv — U08w535) 
( 1 *f~ t^y ). < v ' 

* ( -f-209^093224 . sin. (2n'vt— 2nvt+2eiv—2sy— lrf09w58s) 

Then we have [4394d], 

0,0000822415. cos. (2 nvt -f 2 sv + 1 U00m 55*) 

+ 0,0000226252. cos. (3 nyt—n'yt + 3 sv— siv—21d47m18*) 

ôrw=(l + ^)J —0,0001010533. cos. (4 nvt—2n'ytJr4iSv—2s'y—5U04”l04*) l 

-(0.0021114502^0,00000006323).coS^^-f<Q ' 

— 0,0000652204. cos. (2nvt—2n'yt-{-2sv— 2eiv+ 54rf08w52i) 

If we connect the last of these inequalities with the following, 

— (1 -j- f^v) . 0,0028966200. cos. 2 (nv t — riv t + sv — siv) ; 

which is found in [4389], among the terms that are independent of the 

excentricities, we obtain the equivalent expression, 

[4399] <5 r'y— — (1+ f*v) . 0,0029251892. cos. (2 rivt — 2nyt + 2 iy—2 sv—U02"l08s). 

The preceding inequalities of <5?fv, are calculated by the formulas [3711, 

3715, 3728, 3729] ; excepting, however, that which depends on the angle 

[4400] Sn'vt — 6nyt; observing that 5ny— 2 n'v, is a very small coefficient, as 

appears from the ratio which obtains between the mean motions of Jupiter 

large, its variations must be noticed and computed by the method pointed out in 

[43946] [4017 — 4021]. The other coefficients are less than 32s,4, and their variations are 

neglected, as in [4389', Sic.]. The two last terms of [4394] correspond to [3729, 3728] ; 

[4394c] using i= d= 1, or i = ± 2 ; the values of JV being found, by means of the formulas 

[3753 — 3755"']î and the corresponding terms are to be connected together, like those 

depending on M, in [4282/t — /]. In like manner, the four first terms of [4397] are 

[4394d] deduced from [3711]; the last term from [3728]; noticing always the variations of the 

elements in the greatest coefficients, as is done with the terms of S v. 

[4396a] * (2650) This computation is made in the usual manner, as in [4380a]. 
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and Saturn [4076Æ] ; so that the angle 3nivt— 6nvt differs but very little 

from nivt, as in [8712, &c.] ; in consequence of which, we have used the 

formulas [3714, 3715], in computing this inequality, by the method given 

in [4017 — 4021], 

Inequalities depending on the powers and products of three and five 

dimensions of the excentricities and inclinations of the orbits, 

and on the square of the disturbing force. 

The great inequality of Jupiter, is calculated by the formulas 

[3809—3868; 3910—4027]. We find, from [3836—3841], 

a\ MW = — 5,2439100 . mr ; 

a\ M(l) = 9,6074688 . mv ; 

a\ MW = — 5,8070750 . mv ; 

a\MW= 1,1620283. mv ; 

a\ MW = — 0,6385781 . mv ; 

a\ MW = 0,3320740. m\ 

Hence we find, at the epoch 1750,* 

a\ P = 0,0001093026; 

a\ P'= — 0,0010230972. 

We must find the values of the same quantities in 2250 and 2750. For 

this purpose it is necessary to determine the values of eiv, ev, roiv, kv, 7, n, 

in series, ascending according to the powers of the time ; continuing the 

series so far as to include the second power of t. We must, in the first 

place, calculate, by the formulas [3910 — 3924], the secular variations of 

<5elv, 6 ev, ôzsv, depending on the square of the disturbing force ; and 

we shall obtain, for these variations,! 

# (2651) The values of d*P, avP' [4402], are deduced from [3842, 3843] ; adding 

fnu accents to the letters *m, a, e, rs, m!, a!, e, &c. to conform to the present 

notation, and then using the numerical values [4061,4077,4079, 4080. &c.]. 

t (2652) The value of <5eiv [4403], is computed from the part of 5 e [3910], depending 

on the time t, without the signs of sine and cosine ; adding four accents to the letters 

m, a, e, ml, a', e!, &c. to conform to the case now under consideration. [4403], is 

[4400'] 

[4401] 

Inequali¬ 
ties of the 
third 
order. 

[4402] 

[4402'] 

[4402a] 

[4403a] 

VOL. III. 71 
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[4403] 

[4404] 

[4405] 

[4404a] 

[44046] 

[4404c] 

[4404c?] 

^iv= *. 0s, 052278 ; 

t. 0s,352941 ; 

<5ev ^ . os, 102763 ; 

6vv = t. 3%242722. 

The coefficients of t, in these expressions, represent the parts of 
d eiv d zaiv 

d ev 

dt , 

d vs' 

d t 

dt1 dt 7 

[4404a, b, c], depending on the square of the disturbing force.* 

Adding them respectively to the parts of the same quantities, determined in 

[4246, 4247], we obtain the entire values in 1750, 

d eiv 
— = 0s,329487 ; 

d-Cjiv 

— = 6\952808 : 
dt ’ ’ 

(l^~ = — 05,642968 ; 
dt ’ 1 

dy- = 19*,355448. J -1 * 

obtained from the like parts of àvs [3911]. The expressions 5 ey, 5vsv [4403], are deduced 

from [3922, 3923], by making the same additional number of accents to the letters, and 

then substituting the values of these elements [4061, 4077,4079, &tc.]. 

d eiv 42 eiv 
* (2653) We have, as in [4330a], eiv = eiv -f-1. —— + i ?2. —j elv in the second 

member, being the value of eiv, at the epoch ; and by putting for eiv — eiv, its value <5 elv, 

we get, 

„ . deiv , , « d* eiv 
Selv=t . -t— + | ts -—- 

dt dt* 

In like manner we have, 

Sev = ,.^+i,,^+&c.; s^ = t.~ + it*.~+kc. 

The coefficients of t, \ t2, in the second members of these expressions, correspond to the 

epoch. The coefficients of the first power of t, in these expressions, are composed of two 

parts, namely, those computed in [4246,4247], and those depending on the square of the 

disturbing masses, computed in [4403] ; the sums of the corresponding parts give the 

coefficients, respectively, as in [4405]. Thus, 

rJ p) V 

— = 0s,052278 + £x0s,554418 = 0s,329487, &c. as in [4405]. 
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We obtain, by the same method, their values in 195 0, and find, at this epoch,* 

O’,326172: 

^11= 7',053178; 
(Jr t/ 

d-f- = — O’,648499 ; 
dt ’ 

ii’ = 19*,424739. 
dt 

From these we get, as in [3850, &c. 3850c], the following expressions of 
e,v, to,v, ev, -siv ; for any time whatever ; 

eiv = civ -f t. 0s,32948 7 —1\ 0s,0000082871 ; 

wiv = TOiv + t. 6s,952808 + t\ 0?,0002509259 ; 

ev = ev — t. 0%642968 — f. 0s,0000138275 ; 

+ *. 19s,355448 + t\ 0s,0001732274; 

the values of c’v, ^1V, ev, ®v, in the second members of these equations, 

correspond to the year 1750. 

* (2654) The calculation of the annual variations of the elements [4406], for the year 

1950, Is made in the same manner as in [4405], using the expressions of eiv, ev, •zsriv, •civ, 

corresponding to 1950. These elements are obtained, very nearly, by means of the annual 

decrements [4405], which give, with sufficient accuracy, the required values, when t does 

not exceed 200. Thus the increment of eiv, corresponding to 200, is 

200 X 0s,329487 = 65s,8 nearly [4405]; 

being the same as the term depending on the first power of t, in the expression of eiv [4407]. 

The term depending on t~, in this last expression, is very small, being represented by 

— 2002 X 04,0000082871 = — 0s,3 nearly ; 

which is about part of the term corresponding to the first power of t. Similar remarks 

may be made relative to the values of ev, vj'% If these calculations were to be repeated, 

in consequence of any changes in the assumed values of the masses of the planets, we could 

take into consideration the parts depending on t2, as they are given in [4407] ; and by this 

means we might obtain, by successive operations, corrected values of the elements. This 

process is the same as that so frequently used by astronomers, in re-touching and correcting 

the elements of the orbits of the heavenly bodies. 

Now, from [3850c], we have, 

its value 0s,326172 [4406] ; also for 

d d eiv 

2dt2’ = 

d eiv, 

d t 

d en’ 

d 

dt 
in which we must substitute 

dt 
, its value 0s,329487 [4405] ; hence 

[4406] 

General 
values of 

eiv, ev, 
TOiv, TOV. 

[4407] 

[4407'] 

[4406a] 

[44066] 

[4406c] 

[4406c/] 

for 
[4406e] 
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[4408] 

[4408'] 

[4409] 

[4410] 

[4406/] 

[4406g-] 

[4409a] 

[44096] 

[4409 c] 

We may find the values of 7, n, by means of the equations,* * 

7 . sin.n = <pv. sin. èv — tpiv. sin. 0iv ; 

7 . cos.n = <pv. cos/v— <piv. cos.4lT. 

d t dt ’ 
their values 

Then we compute the values of —, by taking the differentials of 

, 1 , , . . „ dq>iv dtp* dô'"f dèv 
these equations, and substituting for —-, —L-. 

0 dt dt 

[4246,4247]. We find, in this manner, in 1750, 

7 = T15m305; 

n = 12 5d 44w 34* ; 

/ = — 0s,000106; 
cl t 

d n 
dt 

= — 26s,094133. 

The formulas [3935,3936] give, for the secular variations of 7 and rr, 

depending on the square of the disturbing force, 

Ôy= t.0%000184; 

5 n = — t. O',00763. 

If we add the coefficients of t, in these equations, to those in the preceding 
d d 

values of ~ , — [4409], we obtain, for the complete values of these 

quantities in 1750, 

we get % (it% =-^0— = — 0*,000008287. Substituting this value of —^, and 

d e,v 
that of [4405], in elv [4404a], we get the first of the equations [4407]. The values 

of •ra,v, ev, -rav, are found in the same manner, changing eiv [4404a, 4406e], successively, 

into toiv, ev, tov, and using the values [4405,4406]. 

* (2655) The equations [4408] are similar to those in [4282o], adding four accents to 

<p, Ô, Ô', to conform to the present case ; and changing tang.<piv, tang.pv, into <p’v, <pv, 

respectively, on account of their smallness. In this case 7 [3739] represents the tangent 

of the inclination, or very nearly the inclination itself, of the orbit of Saturn to that of 

Jupiter ; and n [3746], the longitude of the ascending node of the orbit of Saturn upon 

that of Jupiter. Substituting in [4408] the values of <piv, éiv, tp\ ôv, [4082, 4083], we 

get 7, n [4409]. Then taking the differentials of [4408], and substituting the preceding 

values of <piv, dv, &c. ; also those of d®w, dôiv, dpv, dôv [4246, 4247], we get the two 

last equations [4409], by making a few^ reductions. 
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V- = 0s,000078 ; 
a t 

V-= —26', 101764. 
dt ’ 

We find, by the same process, in 1950, 

iL=— 0!,001487; 
d t 

26”,402056. 
dt ’ 

Hence we obtain, by the method in [3850—3853], for any time whatever t* 

7=7 + t. 0s,000078 — t\ O',000003913 ; 

n = n—t. 26s,101764 —1\ O',000750731. 

The values of 7, n, in the second members of these equations, correspond to 

1750. This being premised, we find in 2250,f 

a\P = — 0,000080189; 

a\ P' = —0,001006510; 

and in 2750, 

a\P = — 0,000260997 ; 

a\ P= — 0,000954603- 

(2656) If we change the symbols 7, n [4412], for the year 1950, into 7/, n 
/> 

respectively, and leave those in [4411], corresponding to the year 1750, without accents, we 

shall have, as in [4406e], 

dd y 
, . . ' ‘ — 1 ' 0s,000003913 ; 

2 dt2 

also, 

dd n 

2dt* 

d7, d7 

d t dt 

d IT, d n 

d t d t = *** ‘ {It ~ dJt\ — 26s,402056 -{- 26s,101764] = — 0s,00075073. 

Substituting these and the values of [4411], in the general expressions of y, n [4404a], 

namely, 

7 = 7 + t • 
d 7 

dt + K3 
d2 y 

‘ ~dP’ 
u = n-\-t 

d n 

dt 

d~ n 

d*2 5 

we get [4413,4413'] ; observing that the values, in the second members, correspond to the 

year 1750. 

j (2657) The values of ay. P, av. P', are given in [3842, 3843], in functions of 

e'v, ev, zslv, rcv, y, n, &c. ; and their values in 1750, have already been given in [4402], 

72 

[4411] 

[4412] 

Inclination 
y, and 

[4413] 

[4413'] 
longitude 

IL of the 

[4413"] 
ascending 
node ofthe 
orbit of 
Saturn 

[4414] 
on that of 
Jupiter. 

[4415] 

[4413a] 

[44136] 

[4413c] 

[4414a] 

VOL. III. 
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[4416] 

[4417] 

Great 
inequality. 

[4418] 

[44146] 

[4416a] 

[4418a] 

Hence we deduce, by the method of [3850—3856],* 

av- d~= — 0,000000387666 ; 

dP' 

aV-Jj= — 0,000000002145 ; 

a\ ~= 0,000000000034734; 

ddP' 
a\ 0,000000000141280. 

The part of 6vw, given in [4023], is,f 

Gmy. niy~ 

(5 ny -2 niy 

aiv. P'-f 
2a>V dP 3aiv. ddP' 

(5nv — 2rily).dt (5ny— 2n'yf.dt^ 

l+tSa».d-f+ 
L dt (5 ny— 2 niv).di%() 

2“”-ddP 
dt* 

a iv. P- 
2aiv. dP’ 3 aiv. ddP 

*+P^aiv. 

(5 ny—2 niy).dt (5 ny— 2 n^f.dt* 

dP 2a*ddP' ? ddP j 
dt (5»v_2wiv).d*25l"2 L‘a’dt^ 

.sin. {5»vf—2nivf-j-5sy—2s‘v) 

.cos.(5nyt—2niyt-Jr5sv—2siy) 

This becomes, by reduction to numbers, 

cS viv={ 1 263s,799671 — t. 0s,008418 — P. 0^000019247). sin. (5 nU— 2 nivt + 5sv—2 dy) 

-f (119s,526951 — t. 0%473686 -f *9- 0 s,000078562). cos.(5 nh — 2 nwt + 5 sy—2siv). 

The great inequality of Jupiter includes several other terms ; thus, it 

contains, in [3844], the expression,]: 

To obtain av.P, av. P' in 2250 [4414], we must put £=500, in [4407,4413.4413'], 

and substitute the corresponding values of e’v, ot‘v, he. in [3842, 3843]. In like manner, 

by putting t — 1000, we get their values in 2750 [4415]. 

# (2658) The values of av.P [4402,4414,4415], being substituted, respectively, 

dP d% P 
lor P, Pt, Pni in [3856], give the values of av.~-, av.—— [4416]. In like manner, 

dt dt* 

from av.P' [4402, 4414,4415], we get the terms depending on the differentials of P' [4416], 

t (2659) The formula [4417], is the same as in [4023], increasing the accents on the 

elements m, a, e, he. m, a', e', he. by four, to conform to the case under consideration. 

Substituting in [4417], the values [4402,4416], it becomes as in [4418]. 

t (2660) The expression [4419] includes the third and fourth lines of o v[ v [3844], the 

accents being increased as in the last note. 
[4419a] 
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6vlv = 
2 mv.?i'v 

5 ?jv — 2 n" 

( «iv 2- (~r^ • cos. (5 ift — 2 n™t -f 5 sv — 2 siv) 

— aiv 2. ^ • sin* (5 nv t — 2 n,v t -f- 5 ev — 2 slv) 

To reduce it to numbers, we must calculate the values of av2. 

'dM 

'dM(0)N 

d a iv 

« v 2 

a*' 

a 

a 

v 2 

« 

a' 

v 2 

), &c. ; and we find,* 

(dMW\ 

\ daw ) 

/dMW\ 

\da'v ) 

fdMM\ 

\ d a'v ) 

/dM<®\ 

V d a'v ) 

/dM^\ 

V d aiv ) 

(dM( ®\ 

\ d aiv J 

a v 2 

a v 2 

= — 26,46390 . mv ; 

= 65,75870 . mv ; 

= — 50,22714. mv; 

= 12,14696 . mv ; 

=— 6,75963.mv; 

= 4,13173. mv. 

From these we deduce the values of av3. 
/dM« 

\ d aw 
a 

’ V dav ) 
, &c. ; which 

are necessary in the theory of Saturn, by means of the general equation of 

homogeneous functions [1001«],f 

a'v. 
'dM®\ , 

—-T— ) T off. 
Kdalv J 1 \ dav ) 

* (2661) The accents being increased as in [4418a], the formulas [3836—3841] give the 

values of avM(0\ av Mll), &c. in terms of a = —, frf, b^, &c. and their differentials. 
av 2 2 

Taking the partial differentials of these expressions relative to aw, and substituting the values 
(2) (3) 

[4202-4211], we get [4420]. Observing that b^, bLi &c. are functions of a [964], and 

if we represent any one of them by b, its partial differential, relative to aiv, will be, 

/ db \ /d b\ / d a \ /d b\ 1 

\da[V) \da.J \d aw) \4a/ ’ av 

t (2662) The general values of M™, M[l\ M(3\ Mw, M(5) 

[3836d, 3837c, 3838A, 3840A, &c.], are composed of functions of a'v, av, of the forms, 

[4419] 

[4420] 

[4421] 

[4420a] 

[44206] 
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[4422] 

[4423] 

[4424] 

[4425] 

[4421a] 

[44216] 

[4422a] 

[44226] 

[4422c] 

Hence we find, in 1750,* 

2 „'v ) “'V2- (if.) ' cos- (5 »V < “ 2 + 5 £ - 2 <*) 

5 nv— 2 n'v ) . „ (d P'\ . , 
I —aiv2. f y— ) • sm. (5 nvt — 2n'yt-j- 5 sv— 2slv) 

= — 17s,228862. sin. (5 nv t — 2 niv t + 5 sT — 2 aiv) 

+ 5s,360016. cos. (5nvt — 2 + 5 ev— 2 aiv) ; 

and in 1950, it becomes, 

— 16s,836801 . sin. (5 nv t — 2 rivt + 5 av— 2 aiv) 

+ 6s,449839 . cos. (5 — 2 -f- 5 av— 2 aiv). 

Hence we obtain the following value of this function, for any time whatever t, 

àviy= — (17*,228862 — t. 0S,001960) . sin. (5 nyt — 2 / + 5 av_ 2 aiv) 

+ (5s,360016 -J- t • 0s,005449) . cos. (5 nv£ — 2rivt-{-ô av— 2 aiv). 

a1 a\ 
/dAC0\ 

\day )’ \daiv2/’ 
he. ; ctivavBM, he. ; 

all of which are homogeneous, and of the order —1, in aiv, av [100P, 1007'] ; i 

being any integral number. Hence the general value of JVL^ is also homogeneous, and of 

the degree —1, in aIV, av ; and the formula [1001a], by changing A, a, a\ m, into 

M{0, alv, civ, —1 becomes as in [4421]. 

* (2663) The values of mv aw P, mv av P', are found as in [4402a], by increasing 

the accents of the elements in [3842,3843] by four. Taking the partial differentials of 

these expressions, relative to alv, we obtain the values of, 

my av. mv ay. ? 

expressed in functions of aiv, eiv, &,c. av, ev, he. and of the terms [4420]. Substituting 

these in [4419, or 4422], we get [4423], corresponding to the year 1750. Repeating this 

calculation, with elements computed for the epoch 1950, it becomes as in [4424] ; observing 

that the functions [4420], must also be computed and taken for the year 1950. Comparing 

the numerical coefficients of the terms [4423, 4424], we find the increments, in 200 years, 

to be respectively represented by, 

and 
— 16]836801 -f 17s,228862 = 07392061, 

67449839 — 5,360016 = P,089823. 

Dividing these by 200, we get the annual increments, or the coefficients of t, as in the general 

expression of 6 v,v [4425]. 

[44224] 
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The great inequality of Jupiter [3844] contains also the term,* 

6v{y = — \Heiv. sin. ( 5nvt — 2 nw t -J- 5 av _ 2 siv —«iv -f A) ; 

which, in 1750, is equal to, 

0s,820290. sin. (5 nv t — 2 niv t -j- 5 av— 2 siv) 

— Is,837963. cos.(5 nvt— 2niyt + 5sv— 2siv) ; 

and in 1950, is, 

0s,701624. sin. (5 nv t — 2 niv t -j- 5 ev— 2 siv) 

— Is,840958. cos. (5 nvt — 2 nivt -f- 5 av— 2 siv). 

Hence we find, that for any time whatever t, this term is represented by, 

6 F'v= (0s,820290 — t. 0s,000593) . sin. (5 nvt — 2 rivt+ 5 hv_ 2 aiv) 

— (Is,837963 + t. 0s,000015) . cos. (5 — 2 nlrt + 5 hv— 2 siv). 

To determine the part of the great inequality of Jupiter, depending on the 

products of five dimensions of the excentricities and inclinations of the orbits, 

we have computed, by the formulas [3860—3860ix], the values of N{0), JV(I), 

&c. for the two epochs 1750 and 1950, and have found, 

[4426] 

[4427] 

[4428] 

[4429] 

In 1750. In 1950. 

a\ iV(0) = 0,00000135044; a\ NV = 0,00000129933 ; 

a\ Nv = 0,00000789719; a\ NV = 0,00000754771 ; 

a\ N(2) = — 0,0000198552 ; a\ NV = — 0,0000196012 ; 

a\ Nv = 0,0000175127 ; a\ NV = 0,0000172415 ; Terms of 
the fifth 

a\ NV = — 0,0000066540 ; a\ NV = — 0,0000066551 ; 
order on 

e, e', y. 
a\ NV = 0,0000009277 ; a\ NV = 0,0000009408 ; 

a\ NV = 0,0000003618 ; a\ NV = 0,0000003562 ; [4430] 
a\ Nv = 0,0000003643 ; a\ NV = 0,0000003460 ; 

a\ Nv = — 0,0000001720 ; a\ NV = — 0,0000001712 ; 

a\ NV = 0,0000000730. a\ NV = 0,0000000732. 

* (2664) The term [4426] is the same as that depending on —IHe [3844], accenting 

the symbols as in [4402a]. In this case II denotes the coefficient of, 

VOL. III. 73 
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[4430'] 

[4431] 

[4431'] 

[4426a] 

[44266] 

[4430a] 

[44306] 

[4430c] 

[4431a] 

[44316] 

[4431c] 

[4431d] 

By means of these values* * we have computed the corresponding inequality in 

Saturn, in [4487]. Multiplying it by the factor — we obtain the 
y alv 

following inequality of Jupiter,f 

^iv = — (12*,536393 — t. 0s,001755) . sin. (5 n't —2 ri't + 5 sv— 2 .*) 

+ (8*, 120963 -j- t. 0s,004885) . cos.(5 nvt — 2 niv t -f- 5 sv— 2 siv). 

Lastly, we have computed, by the method in [4003], that part of the great 

inequality of Saturn, which depends on the square of the disturbing force, 

and is of a sensible magnitude. Then we have deduced from it the 

corresponding inequality of Jupiter, by multiplying it by — 

gives, for this last inequality, the following expression,]: 

which 

cos. (5 n't — 3 n t -f- 5 s'— 3 s -f- A), 

in the expression [3814], corresponding to Jupiter. Computing the value of — \ He{y, for 

the years 1750, 1950, as in [4427,4428], we obtain its annual increment, and the general 

value [4429]. 

* (2665) The signs of all the terms in [4430, 4431], are different in the original work ; 

we have changed them, in order to correct the mistake in the signs mentioned in 

[3860a]. 

f (2666) Changing, in [1208], <£, £', into à vlv, Svv, which represent, respectively, the 

corresponding parts of the great inequalities of Jupiter and Saturn, we get, by using 

the notation of [4402a], 

mv^/av 
miv i/aiv 

. 8 vv. 

Substituting in this, the values m'r, mv, a'7, av, 8 vv [4077,4079,4487], we get [4431]. 

% (2667) We have already mentioned in [4006*!—4007a] the difficulties which occurred 

in computing this part of the great inequality of Jupiter, and have also observed, that the 

numbers given by the author, in [4432], are inaccurate ; the chief coefficient having a wrong 

sign, as Mr. Pontécoulant found by computing the most important terms, depending on the 

arguments contained in the table [4006a], numbered from 1 to 10, and from 1' to 10'. 

The parts of 8 v1Y, corresponding to these terms, are given in [4431/*], from the abstract, 

printed by Mr. Pontécoulant, in the Connaissance des Teins, for 1833 ; using, for brevity, the 

symbol T5 — 5 nvt — 2 nlvt -f- 5 sv — 2 slv [38906]. The first line of the function [4431/] 

is produced by the term 3 a2/f. (?i dt. dR ./d B) [5844] ; the other lines arise from the 

products of the quantities in the table [4006a], marked with the numbers on the same lines 
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Sviv= ( 1 *,641663—t. 0*,004688) . sin. (5 nyt — 2 %i'/ + 5sv— 2siv) 

— (189,461954 -j- t. 0s,001515) . cos. (5 nvt — 2 nivt -j- 5 sv— 2 siv). 

respectively. The sum of all these terms is given in [443 l,g] ; and it differs essentially from 

that of La Place, in [4432] ; particularly in the term depending on cos. T5, which has a 

different sign, though it is nearly of t[ie same numerical value ; an error in the sign having 

been discovered in the original minutes of the numerical calculation of La Place. 

1 

P 

2 
2' 

3 

3' 
4 

5 

6, 6' 
7, *=2, 
7, i = 1, 
8, i = 2, 

<5 2;IV = -j— 0s,02489 . sin. T5 -f- 0s,00266 . cos. T5 

+ 0*,08628 . sin. T-0 — 0s,01857 . cos. T5 

— 2s,00454 . sin. T5 -f 0s,43757 . cos. T5 

+ 0%07587 . sin. Ts + 0s,08197 . cos. 7% 

+ 0%39242 . sin. T5 + 0*,22555 . cos. T5 

+ Cf,28829 . sin. T5 + 0s, 19273 . cos. T5 

— 0s,71831 . sin. T5 — P,58658 . cos. T5 

— 0s,14619 . sin. T5 — 0%09422 . cos. 7% 

— 0s,76290 . sin. T5 + 0%77529 . cos. T5 

+ 2s,16304. sin. T5 -f-16%97139 . cos. 7% 

4- 6s,62968 . sin. 7% — 0s,80829 . cos. T5 

— 2s,49438 . sin. T5 — 0s,92192 . cos. 7% 

+ 0S,22613 . sin. T5 — 0S,53472 . cos. T5 

= 3s,76028 . sin. T5 +14%'72286. cos. %. 

In computing these numbers, the mass of Saturn is supposed to be, as in [4061 c?], equal to 

T+T5- ; instead of 33+75-, used by La Place [4061]. To compare them with La Place’s 

calculation [4432], given below, in [4431&], we must increase the coefficients [443ly], in 

the ratio of 3512 to 3359,4 ; by which means they will become as in [443H] ; the terms 

depending on t, if2, being neglected ; 

«5 v™ = 3%93109 . sin. T5 + 15%39164 . cos. T5 ; 

1%64166 . sin. T5 — 18%46195 . cos. T5 . 

The difference of the two expressions [4431% 7c], which we shall denote by Civ, is a 

correction, to be applied to the formula [4433 or 4434] ; and we shall have, 

CiT = 2%28943 . sin. T5 + 33s,85359 . cos. T5. 

We may remark, that the number of terms of the forms 7 to 10, and 7' to 10', [4006m], 

is infinite ; but it is only necessary to notice a few of them, in which Sr, 0 v, S r', or 5 v', 

have sensible values. Moreover, the terms depending on 8 s, were not computed by Mr. 

Pontécoulant, when he published the above results. The effects of the correction Civ [4431%), 

of the terms depending on 8 s, and of other quantities of a similar nature, are taken into 

consideration in book x. chap, viii, [9037, &c.] ; where the final results of all these 

calculations, relative to the inequalities of the motions of Jupiter and Saturn, are given. 

[4432] 

[4431e] 

Terms of 
the order 
of the 
square of 
the dis¬ 
turbing 
forces. 

[4431/] 

[4431g-] 

[4431*.] 

[4431i] 

[4431*] 

Correction 
of the 
great ine¬ 
quality. 

[4431J] 

[4431m] 

[4431n] 

[4431o] 

[4431p] 

[4431j] 
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[4433] 

Great 
inequality. 

[4434] 

[4434'] 

[4435] 

[4436] 

[4437] 

[4438] 

[4433a] 

Now, if we connect the several parts of the great inequality of Jupiter, we 

shall obtain, for its complete value,* 

r (1261s,569155—£.0S,013495—m)s,0000I9247). sin.(5?i'7—2nW+5sv—2^')^ 

(l+^v).2-f (96s,466088—£.0S,474651+£2.0S,000078564).cos.(5n*/—:2nivf+5sv—2siv)(. 

V+ function Civ [4431Z] -j- 2 5 viv [4431] ) 

If we reduce these to one single term, by the method in [4024—4027"], we 

shall obtain, for 6 viv, the following expression, 

(H.O- 
( 1265s,251781-£.0s,037090-f-£2,0s,000036669)-sin. 

-f- function CLV [4431/] —f— 2 5 -yiv [4431] 

'5nvt—2?2.>'2-f5sv—2siv-f-4'722f«21’ 

v— t. 77s,653 + «2 . O',012581 

This inequality may require some correction, on account of the coefficient ^v, 

depending on the value of the mass of Saturn ; and also on account of the 

slight imperfection in the assumed value of the divisor (5 n'— 2 nf ; a long 

series of observations will remove this small source of error. We must apply 

this great inequality to Jupiter'1 s mean motion, as we have seen in [4006"]. 

The square of the disturbing force produces also, in <5 viv, the inequality 

[3890], 

5 viv = — ~ ^• shu (double argument of the great inequality) ; 

which, in numbers, is, 

6vw = — 13s,238897. sin. (double argument of the great inequality) ; 

we must also apply the inequality of a long period to the mean motion of 

Jupiter. 

The inequality [3921], 

( 5 miv\Jaiv-j- 4 mv f av ) 

mv \Jav 
H K. sin. (5 nwt—10 nvt -j- 5 slv—10 —B —A), 

reduced to numbers, becomes, 

hv™ — — 4s,024751 . sin. (5 nxv t —10 nvt -f- 5 siv—10 5V -f- 5U 2I”1 55s). 

* (2668) The expression [4433], is the sum of the terms contained in the functions 

[441S, 4425,4429,4431,4432] multiplied by (1+ juv). Then, by computing this expression 

for the times, t = 500, and £=1000, we may reduce the whole to one term, as in 

[4434], by the method explained in [4024—4027"]. 
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We have also, in [3844], the inequality,* 

5v[v = f-. Ke'\ sin. (5 nxt — 4 nu t -f 5 sv — 4 siv + + B) ; 

and by reducing it to numbers, it becomes, 

6 viv = 10s,084660. sin. (4 rivt — 5 nyt -f- 4 siv — 5 sv + 4>5d 21m 44s) ; 

if we connect this with the two inequalities [4392],f 

Is,097613 . sin. (5nTf— 4rciv* + 5 sv— 4 siv — TOiv) 

— 2s,781664. sin. (5 — 4 rivt + 5 sv— 4 siv— wv) ; 

we obtain the single equivalent expression, 

6 viv = (1 + ^v) . 1 Is,506190 . sin. (4 ?iiv t — 5 nv t + 4 siv— 5 sv+ 58(Z 00™ 36s). 

We have seen, in [3773], that the expression of d.5v[v contains a secular 

inequality, depending on the equation, 

[4439] 

[4440] 

[4441] 

[4442] 

* (2669) The inequality [4439], is the same as the last of [3844], augmenting the 

accents of e, n, n, he. to conform to the present example. The term K, which occurs 

in this expression is, by [3824—3826], equal to the constant term of the coefficient of the t4439c^ 

part of [4394], depending on the angle 3 rivt — 5 nv t ; or rather on the angle 5 nvt — 3 nivt. 

This part being nearly equal to 

— 169s,265895 . sin. (5 nvt — 3 nivt -j- 5 sv— 3 siv—55Æ40m49s). 

If we compare this with [3826], putting i = 5, we get, 

K = — 169s,265895 ; 13 — — 55d 40m 49 s ; 

and by [4081], wlv= 10d 21m4s ; hence, 

•roiv-j- B — — 45<* 19m 45 s ; 

and [4439] becomes, 

|. Keiv. sin. (5 nvt — 4 niv t -f 5 sv— 4 siv —• 45^ 19m45s) 

= — | .K eiv. sin. (4 nivt — 5nvt +4 siv— 5 sv + 45* I9m 45s). 

Substituting in this, the value of K [4439c], and that of cxv [4080], it becomes nearly as 

in [4440]. 

[44396] 

[4439c] 

[44394] 

[4439e] 

t (2670) These inequalities are found in the ninth and tenth lines of [4392], with a 

slight and unimportant variation in the first coefficient. These terms [4441] may be [4440a] 

connected with [4440], and reduced to one term, of the form [4442], by the method given 

in [4282A—?]. 

VOL. III. 74 



294 PERTURBATIONS OF THE PLANETS ; [Méc. Cél. 

[4443] 

[4444] 

[4444'] 

[4443a] 

[4445a] 

[44456] 

[4445c] 

[4445d] 

d.dviv mv. niv .2 2 ( 

~dT = — 
. 2 /dA(o)\ 

2 aiv . ' ' 
, _ .3 fddJim . _ .4/^3 ^(0)\ 

V daiv / 

+“-• m+• "• m i ■ 
Hence we deduce,* 

d ô v*v 

-jj- = — 23%9441 . ewa— 27s,7951 . eT2 + 42s,9296 . eiv. ev. cos. 0V— *iv). 

We may neglect the constant part of the second member of this equation, 

ivkich is confounded with the mean motion of Jupiter, and then we shall have,f 

* (2671) We have, as in [3756a, 5], 
2 2 2 2 2 2 

hlv + liv = eiv , hv -f lv = ev , hiv hr-\- Zlv P = eiv ev. cos. (tov— wiv). 

Substituting these in [4443] ; also the values of Aw, A[J), and their differentials, in 
G) 

terms of o L3 and its differentials [996—1001]; then the values of these quantities 
2 

[4202, Sic.] ; we finally get the expression [4444]. 

| (2672) We shall put E for the general expression of the second member of [4444], 

corresponding to any value whatever of t, and E for its value when t = 0 ; then substituting 

the values e'v, ev, zslv, wY [4407], we shall obtain, 

d.ÔVW —, „ , dE . . r A A A A A A At* 1 
——j—— — E = E —t . ——j— Sic. [4444, 444oa]. 

Multiplying this by d t, and integrating, supposing <5 viv = 0 when t — 0, we get, 

<Suiv=EZ + Z* 2 * *-f Sic. 
Cl V 

of which the first term E t, may be neglected, being confounded with the mean motion of 

Jupiter ; then we have, by neglecting tz, P, Sic. 

. . d E „ d.Sv»v dE . 
or —rr— = — .t, asm [444o]. 

dt dt 

The coefficient of t, in the second member of this last expression, represents the differential 

of the second member of [4444], divided by dt, corresponding to the time of the epoch 

1750. Substituting in it the values [4405], and dividing by the radius in seconds 206265s, 

we get, 
d.Sv™ 

dt 
== — 05,0000013 . t, nearly. 

This equation being multiplied by d t, and integrated, gives [4446] ; no constant quantity 

being added, because it is supposed to vanish when t = 0. 
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fl -ijiv fj d 6V 

a-AAL== — 23s,9441 . t. 2 elv. —-27s,7951 .t. 2ev.— 
dt dt ’ dt 

+ 42s,9296.t.S(e". de' 

Substituting; for 

d e'V\ , ; 

dt +cV- )_c 

d eiv d ev d wiv d 

lv.e\ 
(d T^v-dm 

d t 
— .sin.(^v—•cjiv)^. 

dt ’ dt’ rfzf dt 
, their values, given in [4405], and 

integrating, we obtain, 

^iv = — t\ 0s,00000065. 

77m inequality is insensible in the interval of ten or twelve hundred years, 

and even as it respects the most ancient observations that have been handed 

down to us ; therefore we may neglect it. 

It now remains to consider the radius vector of Jupiter. We have found, 

in [3845], that the terms depending on the powers and products of the 

third degree of the excentricities, add, to the expression of this radius, the 

quantity,* 

[4445] 

[4446] 

[4446'] 

ôriv = — Haiv. é\ cos. (5 nvt— 2 niv t + 5 sv — 2 siv— ^iv+ A) 

+ H al\ e'\ cos. (4 riv t — 5 ?iy t + 4 siv— 5 sv — ™iv—A) 

4 mv. nlv. aiv2 C P . sin. (5nvt — 2 nivt5 sv'—2siv)i 

5 7iv— 2 nlv ( -|- P'. cos. (5 nvt— 2nivt-\- 5 av— 2 sIV) 3 

[4447] 

Correc¬ 
tion of the 
radius 
vector- 

Reducing this function to numbers, we obtain, 

<5riv=(l + f^). 
— 0,0003042733. cos.(5 nvt-—2rivtf5 sv—2 siv—12rf08m49s) ) 

+ 0,0001001860.cos.(4rciv£—5nvt+A<sw— 5sv + 45'T6W4P) ) 

If we connect this expression with the terms computed in [4393], 

6riv= ( 1 -j-(j7) \ 0,0000268383 . cos. (5 nyt — 4n^tf 5sv—4siv—™iv) 

\ — 0,0000516048. cos. (5 nvt — 4nxvt-{- 5sv— 4siv—■siv) 

[4448] 

[4449] 

* (2673) The expression [4447] is composed of the three last terms of [3845], increasing 

the accents as in [4388a]. The value of H is as in [4426a] ; those of P, P', as in 

[4402] ; the other elements are given in [4061, 4077, 4079,4080] ; hence the expression [4447aJ 

[4447] becomes as in [4448]. Connecting this with the two terms of <5riv, given in 

[4393 or 4449], and reducing by the method [4282h—l], we obtain [4450]. 
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[4450] 

[4450'] 

[4451] 

[4452a] 

[44526] 

[4452c] 

[4452d) 

[4452e] 

[4452/] 

[4452g] 

we obtain the following result, 

ô r'v= (1+ . 0,0000983161 . cos. (4 ri'U — 5nrt + 4 siv— 5 sv— l¥23m 195). 

The semi-major axis a'v, which we have used in calculating the elliptical part 

of the radius vector, must be augmented by the quantity | aiv. mw [4058]* 

Adding this to the expression of a{v [4079], we obtain, 

aiv = 5,20279108. 

Inequalities of Jupiter's motion in latitude. 

34. It follows, from [3931,3931'], that the terms depending on the 

square of the disturbing force, add to the values of the following 
ct a t 

quantities,* 

* (2674) In deducing the differentials of <5 9, 8 Ô, he. from [3931—3932'], in order 

to find the increments to be applied to the values of he. [4246, &c.], we may 

consider S y, 8 IT, ($9, 0 Ô, to be the only variable quantities ; or, in other words, we may 

neglect the variations of n, Ô, 9, y, on account of their smallness. For the expressions 

of 8y, 8 n [3935,3936], which are independent of the periodical angles, are of the order 

m'2 ; consequently their differential coefficients y, , are of the same order, and 
CL L CL 1 

are therefore much greater than the terms arising from the variations of the angles n — ô, 

in the differentials of the expressions [3931—3932'] ; because these last terms depend on the 

products Sy.^, he. which are evidently of the order m'3 : since —, —? 
^ ‘ dt1 1 dt1 J dt dt 

[4411] are of the order m'. Hence the differentials of [3931,3931'] become, by dividing 

by d t, and increasing the accents, as in [4388a] ; 

d.dcpiv mv s/aY (d.ôy 

dt miv /aiv -J- mv v/av 1 dt 

d .8 ô'w mv /av ^d.6 y 

dt miv y/aiv mv [/av ( dt 

. cos. (n — ôiv) —y. 

. sin. (n — ôlv) -j- y. 

d.rln 
dt 

d.6 n 
d t 

• sm. 

•.cos. 

(n —«>")]; 

(n — S1/. 

Now, from [4410], we have, 

ifl = 0^000184 = ^ = _ 0/ 
dt 3 t 5 dt 

007631 = —? ; 
t 

substituting these, in [4452e,/], we get, ~~, 
dt 

d. <5 div ... , . . d 9 
which are changed into 

d t 

d ôh 
- in [4452,4453] ; and by using [4452g], also the values of y, U [4409], miv, 

dt ’ 

mr [44526] 
dt 5 
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mv. \/ av 5 n d<piv _ 

dt mlv. \/axy-\- mv. \/a? { t 
< ~.cos.(n—div)—7. — .sin.(n— ôlv) C ; 

d. 
= —— m '^a sin.(n — ôiv) -f- 7.—.cos.(n—éiv) £ ; 

(mlv.i/alv4-mv.v/av).o / < v J t v 3 d* (miv.v/aiv4-mv.v/av).(p 

67, in, being computed by the formulas [3931,3931']. Reducing these 

functions to numbers, we obtain, 

d$v 

d t 

dÔiv 

d t 

= — 05,000073 ; 

= 09,000811. 

The first of these expressions must be added to the values of ^77, <^L 
d t d t 

. d (Û d Ôiv 
[4246], and the second to the values of [4246] ; hence we 

obtain. 

dcpiv 

dt 

dvr 
dt 

dôiv 

dt 

= — 0s,078213; 

= — 0 s,223251 ; 

= 6s,457092 

= —14',662566. 
dt 

Then we find, by means of the formula [42956],* 

an, av, ^1V [4061,4079,4083], they become as in [4454,4455]. Adding the expression 

[4454] to the first terms of ~~ and [4246], we get their values [4456] ; also 

adding [4455] to the first terms of ^ and [4246], we obtain the 
Cm L a l 

corresponding values [4456]. 

*(2675) The terms of <5 siv [4457], are deduced from those in [42956], by adding 

three accents to the symbols m ', n', n", s', s", a', a", in order to conform to the case 

now under consideration. 7, n, are as in [44091 The values of 5«“1>= — . b^ 
av 3 § 

[1006], are given in [4210,4079]. 

[4452] 

[4453] 

[4454] 

[4455] 

[4456] 

[4452i] 

[4457a] 
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[4457] 

Inequali¬ 
ties in the 
latitude. 

[4457'] 

[4458] 

[4458a] 

[44586] 

[4458c] 

[4458c?] 

[4458e] 

/ 0 ,564458. sin. (ny t -j- sv— rfv) \ 

\ + 0s,663927. sin. (2 nvt — nivt + 2 sv — siv — niv) / 

6s" = (1 + (.’) . / + l',l 19782. sin. (3 n't — 2 n"t + 3 s'—2s1» _n") ) ; 

i — 0^279382. sin. (4 nvt — 3 nivt + 4 av— 3 £iv—rr) 1 

\— 04269130. sin. (2 n[vt — nvt + 2 £iv — sv— niv) / 

niv, in this formula, the longitude of the ascending node of Saturn’s 

orbit upon that of Jupiter [42956—c]. Lastly, we hav^e, in [3885], the 

inequality,* 

6 s1v = 34941680. sin. (3 n" t — 5 nvt -f- 3 siv — 5 sv + 59^ 30M 35s). 

* (2676) The quantity [4458], is deduced from [3885], reducing both terms to one, as 

in [42826—/]. 

Before concluding the notes on this chapter, we may remark, that the inequalities of the 

motions of Jupiter and Saturn, computed in this book, are corrected by the author in 

[5974,&c.], and afterwards more thoroughly, in bookx. chap. viii. [9037,&,c.] ; where he has 

decreased the assumed value of the mass of Saturn [4061]. He has also computed several 

small inequalities, which had not been previously noticed, and has given new forms to some of 

the arguments. Finally, the subject of these inequalities has been treated in a wholly different 

manner, with a frequent use of definite integrals, by Professor Hansen, Director of the Observatory 

at Seeberg, in a memoir, entitled, “ Untersuchung üeber die gegenseitigen Storungen des 

Jupiters und Saturns which gained, in 1830, the prize of the Royal Academy of Sciences, 

of Berlin, relative to the inequalities of these two planets. In this method, the true longitude 

is computed by means of the elements corresponding to the invariable ellipsis at the time of the 

epoch ; taking instead of t, a function of t, which corrects for the perturbations. As the 

inequalities of Jupiter’s motion had not been completed by Professor Hansen, when he 

published this memoir, we may have occasion to refer to it more particularly, after the 

completion of his work. 
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CHAPTER XIII. 

THEORY OF SATURN. 

35. The equation [4386], 

<5 riv = !— . (1 — as) . ô Viv, 
r 

corresponding to Jupiter, becomes for Saturn, 

If we take for r", and rv, the mean distances of the earth and Saturn from 

the sun [4079], and suppose <5 Vv = ± \"■= ± 0s,324, we shall find, 

<5 rv = ±0,000141326. 

Therefore we may neglect the inequalities of 6r\ below ±0,000141. 

We shall also neglect the inequalities of Saturn, in longitude and latitude, 

which are less than a quarter of a centesimal second, or 0S,081. 

Inequalities of Saturn, independent of the excentricities. 

3s, 156532 . sin. (nivt — nytfsiv—sv) 

—3T,493729 . sin. 2 (nivt — nvt -f siv — £v) 

- 6s,565931 . sin. 3(nivt — nvt + siv — sv) 

— Is,965748. sin. 4>(nivt — nvt-f-siv — £v) 

</ — 0s,697047 . sin. 5(nivt — nvt + s*v — sv) 

— 0?,270789 . sin. 6 (niyt — nvt -f- siv — £v) 

— 0?,116291 . sin. 7 (riyt — nvt -f aiv £v) 

* 0s,056126 . sin. 8 (nivt — nvt -f siv — =v) 

■ 0s,034097 . sin. 9 (nivt — nvt -f- siv — sv), 

(2677) These are computed as in [4277a—o], increasing the accents on a, n, n', he, 
so as to conform to the present case. 

[4459] 

[4460] 

[4461] 
Terms 
which 
may be 
neglected. 

[4462] 

Inequali¬ 
ties inde¬ 
pendent of 
the ex¬ 
centrici¬ 
ties. 

[4463] 

[4463a] 
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[4463] 

Inequali¬ 
ties inde¬ 
pendent of 
the eccen¬ 
tricities. 

[4464] 

[4465] 

[4466a] 

0 

0 
nvt + svi — sv) 

+ (l+^vi) • 

/ + 9 s,248269 . sin. (nvi t—nvt + svi — 

i —14S,451913. sin. 2 (nvit — nvt-f £vi — 

— Is,427160 . sin. 3(ny't 

— 0S,314960 . sin. 4 (nv[t 

— 0s,090690 . sin. 5(nvit 

— 0*,047444 . sin. 6(nv't 

—• 0s,010686 . sin. 7 (nxH 

k — 0s,003942. sin. 8 (nvit 

nvt + evi- 

nvt-f-avi. 

nvt~f-svi- 

nvt + P}. 

nvt + svi ■ 

n\ 
n 
SJ 

!') 1 

'v) i 

arL=(l+fd") . 

+ 0,0039077763 

+ 0,0081538400. 

+ 0,0013838330. 

+ 0,0003200673. 

+ 0,0000992632. 

+ 0,0000355919. 

+ 0,0000135999. 

+ 0,0000* >55135. 

+ 0,0000021631 . 

+ 0,0000006436. 

cos. (rivt- 

cos. 2 (n'vt‘ 

cos. 3 (niv t 

cos. 4 (rivt ■ 

cos .5(rivt- 

cos. 6 (nivt • 

cos. 7 (nivt - 

cos. 8 (nivt- \ 

cos. 9 (nivt‘ 

IV 

IV 

IV 

IV 

0,0000137622 

+ 0,0001491217.cos. (nv t 

— 0,0003949916. cos. 2 (nit 

+ (1 +**«) . ( — 0,0000480303. cos. 3 (ri*t 

— 0,0000118201. cos. 4 (nU 

— 0,0000036280. cos. 5 (nv t 

— 0,0000012501. cos. 6 {nit 

•nv t s1' 

■ nl t + s' 

- nit + s' 

- nvt + s 

■ nvt + siv 

-?lvt + s 

-nvt-\- S 
-ftv* + s 

- rav£+slv 

+ s*. 

■ftvi£+sv. 

• W'++ sv- 

ftVÎ* + Sv- 

■nvit + ev- 

nvi t + sv ■ 

—o 

-o 
- oi 

—£v)! 

—ol 
— o’) 

-o 

,i) 

") 

*) 

') 

) 

') 

„Vl' 

Inequalities depending on the first 'power of the excentricités* 

We shall here notice the secular variations in the coefficients of those 
inequalities of Saturn, which exceed 100", or 32s,4 ; in the same manner 
as we have done for Jupiter, in [4389']. Hence we have, 

* (2678) The inequalities depending on the first power of the excentricities, are 

computed in the same manner as for Jupiter [4390a, &c.]. 
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—11s,509517 . sin. (nivt + £'v — ^v) 

+ Is,258041 . sin. (nivt -f siv — tsiv) 

— 2s,064438 . sin. (2 nivt — nv t -f 2 siv— sv — zsv) 

+ 2s,672881 . sin. (2 nivt— nvt -f 2 siv— sv — wiv) 

— 0s,292291 . sin. (3 nivt — 2 nyt -f- 3 siv— 2 sv •—wv) 

— 0s,223191 . sin. (3 nlyt — 2 nyt -f 3 siv— 2 sv — wiv) 

— 0s,090633 . sin. (4 rivt — 3 nvt + 4 siv— 3 sv — TOiv) 

—(182’,068686—t. O’,0101095). Ji-( 

{j)v= (1 + i»'*) . 

+ (417’,057741 + i. O’,0138572). sin. 

+ (34’,341627 — t. O’,0019068). sin. 

—17s,654164 . sin. (3 nyt — 2 niv t -f- 3 sv — 2 siv — wiv) 

+ 4s,795080 . sin. (4 nvt — 3 niyt -f 4 sv — 3 siv — ) 

— 2s,435410 . sin. (4 nvt — 3 t + 4 sv — 3 siv — ^iv) 

+ 1 s,393612 . sin. (5 W't — 4 niv £ -f 5 sv — 4 siv — TOV ) 

— 0s,703450 . sin. (5 nvt — 4 + 5 sv— 4 siv — roiv) 

+ 0s,537161 . sin. (6nvt — 5nivtJr6sv—5 siv— tov) 

— 0s,256510 . sin. (6 n'71 — 5 niv t -f- 6 sv — 5 siv — roiv) 

+ 0 s,21 6195 . sin. (7 nvt — 6 nxx t-j- 7 sv — 6 siv — av) 

— 0s,107342 . sin. (7 — 6 nivt -j- 7 sv— 6 siv_TOiv) 

Inequali¬ 
ties de¬ 
pending on 
the first 
power of 
the excen- 
trieities. 

[4466] 

+ (1 + • 

,+ Is, 142398 . sin. (nvit -f svi — 

— ls,011647 . sin. (nvi t -f- evi — ^vi) 

—10s,033866 . sin. (2 nvit — nyt -f- 2 svi — £v  

-f- 2s,766173 . sin. (2 nvit — nvt + 2 svi — £v CTvi) 

—16s,936280 . sin. (3 nyH — 2 nvt -f- 3 svi — 2 sv_) 

-j- 25s, 153348 . sin. (3 — 2wvfij- 3 svi — 2 sT_®vi) 

+ 0s,559336 . sin. (4 nyH — 3nytJr 4 svi_3 sv_TOv ^ 

— 0s,758225 . sin. (4wvi^ — 3 -f- 4 svi_3 sv_wvi) 

— 0s, 187729 . sin. (5 — 4 -f- 5 svi — 4 £v_OTvi) 

— 0s,673817 . sin. (2 wv t — nvH -f- 2 sv — £vi_zsv) 

+ Is,521577 . sin. (3 nvt — 2 nv,t -J|j£T — 2svi—TOV) 

+ 0s,151701 . sin. (4 n' t— 3 nv]t -f- 4 sv — 3 svi— wv) 

76 VOL. III. 



302 PERTURBATIONS OF THE PLANETS ; [Méc. Cél. 

[4467] 

Inequali¬ 
ties of the 
second 
order. 

[4468] 

[4468'] 

[4469] 

[4470] 

[4468a] 

[4470a] 

/— 0,0003422170 . cos. (nyt + ev — ™iy) v 

I — 0,0020775935 . cos. (2 nyt— rivt -j- 2sv — siv—J 

(5r v /ji iV\ j + 0,0053861750 . cos. (2 nyt— nivt -|-2sv—siv—™iv) f 

j + 0,0011594872 . cos. (3nyt— 2rivt + 3ev— 

I—0,0006217670 . cos. (3 nyt — 2nwt + 3sy— 2 eiv—roiv) 1 

\H~ 0,0002117893 . cos. (4 nyt— 3niyt -j-4sv—3 siv—)/ 

+ (1+Vj). 
^ —0,0003750767. cos. (3 nyit — 2nyt -j- 3svi— 2sv—TOV) ) 

14- 0,0005605490. cos. (3 ny't — 2ny t -f 3 £Vi— 2sy — TOvi) j 

Inequalities depending on the squares and products of the excentricities and 

inclinations of the orbits.* 

(54*,847829 

V /ill vW+ 28s,526709. sin. (A1V£ — nv £ + *iv — sv -j- 84Æ16”l435) 
^ ^ C * ^ \ /O _A ryi Vf ! O iv A cv\ 

-(669%682372-t0q015469).sin.^5ï6J1^67tj:;-^;)45 ) 

— 2s,935793.sin. (5nyt — 3^+5sY— 3siv— 57d09“08s) 

+ 0 +^vi) • 
C -f Is,923552 . sin. (3 nyH— 3 nyt + 3 £vi — 3 ?—67d54m43s) 

( +31s,025379 . sin. (3 nyi t — nyt -j-3£vi— sv—85^34™ 12s) 

If we connect the inequalities depending on n,vt — nyt ; also those on 

3 nyit — 3nyt, with the corresponding terms which are independent of the 

excentricities [4463], we shall obtain for their sum, the following expression, 

<5rv = + (1 -f- f) . 28s,967123 . sin. (niyt — nyt + £iv— svf 78i03ffT3s) 

— (1 + fl) . Is,916292 . sin.(3 nyit — 3 nyt + 3 £vi— 3 ev+ 68"27m07s). 

Then we have,f 

— 0,0011710805.cos. (3 nvt —nivt -j- 3sv—£iv—90d12”t35s) \ 

— 0,0005621901 .cos. ( n[yt — nytf £iv—£v—83d26OT33s) L 

+(0,0151990624—t.0,0000003370).cos.(^~^g<3^'V-^ J 

# (2679) Computed as in [4394a, Sic.], for Jupiter, 

f (2680) This computation is made as in [4394d]. 
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The inequality of the radius vector, depending on the angle nivt— nvt, 

being connected with the similar term in [4464], which is independent of the 

excentricities, becomes, 

6 rv = (1 + f^v) . 0,0081090035 . cos. (nv t — n}vtf av — siv— 3d 57m35s). 

Since 5 nv— 2 nlv is very small, we have computed the inequality depending 

on 2 nivt — 4ny t, by the formulas [3714, 3715]. Moreover, as 3 nvi — ny 

is very small, we have computed the inequality depending on the angle 

3nyit— ny t, by the formulas [3711,3718]. For greater accuracy, we 

must apply this last inequality to the mean motion of Saturn, on account of the 

length of its period. 

Inequalities depending on the powers and products of three and five 

dimensions of the excentricities and inclinations of the orbits, 

and on the square of the disturbing force. 

The most considerable part of the great inequality of Saturn, is that which 

has (5 nv — 2 niyfi, for a divisor, and depends on P, and P’. It is derived 

• • • 15 7ïh^• Ct^ 
from the great inequality of Jupiter, by multiplying it by — 

6 mv. niv 2 aiv ’ 
m 

conformity with the formulas [3844,3846].* Hence we get, for this part of 

the inequality of Saturn, the following expression, 

àvv= — {2957s,857566 — t. 0s,019701 — P.0*,00004505}. sin.(5?iv*—2rah7-f 5 s'— 2siv) 

— [ 279s,746590— *. Is,108638 +*2.0%00018387\.cos.(5nvt—2niytf5 s'—2siv). 

* (2681) If we represent, for brevity, the terms between the braces in the two first 

lines of [3844], by dP2, we shall find, by inspection, that the two first lines of [3846], 

between the braces, are equal to a' P2 ; and by noticing only those terms of 5 v, 5 vr, which 

have the small divisor (5 n’— 2 n)2, we shall get, by increasing the accents so as to conform 

to the case now under consideration, 

t • 6 mv. niv2 
ôî)iv = — --—- 

(5 nv—2 niv)3 
a1 f p 

• JL { 2 5 

Hence it is evident that <5 vv is easily deduced from 

by the factor [4473] ; so that we shall have, 

15 miv. nv2 

(5nv —2 niv)2 
. av. PI. 

<5 vïV, by multiplying this last quantity 

Svv — 
15 miv. nv2. av „ . 
--—-_ t S viv 
6mv. »lv2. aiv * J 

as in the terms of the fifth dimension of the excentricities [3868a—cj. 

[4470] 

[4471] 

[4472] 

[4472'] 

[4473] 

[4474] 

[4472a] 

[4472fc] 

[4472c] 
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Inequali¬ 
ties of the 
third 
order. 

The great inequality of Saturn is composed of several other parts: 

contains, in [3846], the function,* 
it 

[4475] 

[4476] 

[4477] 

[4478] 

6vy 
2 miv.ny 

5 nv — 2 niv 

-j- «v 2 • ^ •cos. (5 nv t — 2 riy t -j- 5 sv — 2 siv) 

O /dP'\ (' 
— a. ) • sin. (5nvt — 2 -j-5 *v — 2 siv) \ 

Reducing this quantity to numbers, we find in 1750, 

6 vv = + 52s,138991 . cos. (5ny t — 2 niv t -f- 5 sv— 2 siv) 

— 1 Is,275407. sin. (5 nyt — 2 niv t -j- 5 sv — 2 siv) ; 

and in 1950, 

àvy = + 5Is, 192839 . sin. (5 nvt — 2 nivt +6 sv— 2 siv) 

— 14s,982033. cos. (5 nyt — 2 niyt + 6 sv— 2 siv). 

Hence we deduce the value of this function for any time whatever t, 

6 v* = + (52 s,138991 — t. 0s,0047308) . sin. (5 n't — 2niyt + 5ey—2 eiv) 

— (1 Is,275407 + t. 0s,0185331) . cos. (5 n't — 2 niyt + 5 sv— 2 s*). 

The great inequality of Saturn contains also, in [3846], the term, 

[4479] 

[4480] 

[4481] 

6 vy = — \H ey. sin. ( 5nyt — 2 nivt-\- 5 sv — 2 siv— A'). 

This term, in 1750, is, 

6 vy = + 7s,554290 . sin. (5 nyt — 2 niyt -f 5 sv— 2 siv) 

-f 5s,321290 . cos. (5 nyt — 2 niyt + 5 sv — 2 f,v) ; 

and, in 1950, it is, 

6vy— + 7s,711294. sin. (5 nyt — 2 niyt-j- 5 sv — 2 siv) 

+ 4s,825821 .cos. (5 nyt —2 riyt 5 ey— 2 siv). 

[4475a] 

[44756] 

* (2682) The expression [4475] is similar to [4419], in Jupiter’s theory, and is 

computed in the same manner; namely, by finding the values of &c. 

similar to [4420] ; which may be easily done, by means of formula [4421], and the values 

[4420]. Then from [3842,3843], we get (t^)’ &c’ ^ is useless, however, 

to explain the details of this computation, as it is done in almost exactly the same way as 
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Hence, for any time t, it becomes, 

iv' = + {T,554290 + t. 0s,0007 85 j . sin. (5 wv t — 2 nivt + 5 sv — 2 P) 

+ {5 s,321290 — t. 0s,002477 j . cos. (5 nyt — 2 nivt + 5 sv— 2 w). 
[4482] 

The part of Saturn’s great inequality, depending on the powers and products 

of five dimensions of the excentricities and inclinations of the orbits, is, by 

[3846,4023],* 

for Jupiter; we shall therefore only observe, that the expressions [4476, 4477, 4478, 4479, 

4480, 4481, 4482,] correspond respectively to [4423,4424, 4425,4426, 4427,4428, 4429]. ^ 

* (2683) From the terms of R, of the third dimension, depending on P, P' [3810], 

we have deduced in the two first lines of [3844], the corresponding terms of 8 v ; which 

are afterwards developed in [4022,4023], according to the powers of t ; and the same process 

may be applied to the two first lines of 8 v' [3846]. We may also derive these terms of 

15 m.n'2.a' 

6 to', n2. a 5 01 
8 v1, from the corresponding ones of 6 v, by multiplying by the factor 

rather by 
15TOiv.nv2av 

6mv .niv2.aiv ’ 
as is evident by the inspection of the formulas [3844,3846]. We may 

[4483a] 

[44836] 

[4483c] 

proceed in exactly the same manner with the terms of R, of the fifth dimension, depending on 

P„ P[ [3863], or with those of Rdepending on P//5 P,/ [3865]; the only change requisite 

is to place the accents below the letters P, P. Now, if we neglect the parts of [4023], 

depending on t2, ddP, ddP', and make the above-mentioned changes in the factor 

and in the accents of the remaining terms ; also putting P,, for P u , and P/, for PJ [38646], [4483d] 

we shall get, for <5 vv the expression [4483], depending on quantities of the fifth order in 

eiv, ev, y. In finding the values of P,, P/, we may observe that the function R [3859] 

is easily reduced to the form [3863] , by the method explained in [38426, &c.]; using the 

values of JV(0), &lc. [4430], by means of which we obtain the expressions of ftv.P/5 

av.P/, [4434, 4485], for the two epochs of 1750, 1950. The difference of these two [4483c] 

expressions being found, and divided respectively by 200, give the values [4486] ; as is 

evident from the formula [3723]. Substituting [4484, 4486], in [4483], it becomes as in 

[4487]. The signs of all the terms [4434—4487], are different in the original work, being 

changed, as in [4430a], to correct the mistake mentioned in [3860a]. Moreover, to rectify 

this mistake in the signs, it is necessary to add the expression 2 8 vv [4487] to the second 

member of the great inequality of Saturn [4492, &ic.], in the same manner as the similar [448^] 

value of 2 8viv [4431], is added to the expression of the great inequality of Jupiter 

[4434, &c.]. The numerical coefficients, in [4434, 4491], are equal to those given by the 

author; but the corrections C , Cv, 2dv'v, 2 8 vv, in the second members, are not 

mentioned in the original work. 

VOL. III. 77 
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[4483] 

Inequali¬ 
ties of the 
fifth order. 

[4484] 

[4485] 

[4486] 

[4487] 

[4488] 

[4489] 

[4489a] 

PERTURBATIONS OF THE PLANETS ; [Méc. Céh 

5vv= 
15miv. n> ~ 

(5nv—2aiv)2‘ 
i+ ■ F'++t(,v- 5rls“'(5nT<-2“"H-sc-2s'r) 

H°V • +tMW• ^•c«.(5^f-2«>'t+5t'-2^) ( ’ 

in which m"Pp m"P; [3863, 44836], express the coefficients of 

sin. (5 n't — 2 n"i + 5 sv — 2 slr), cos. {5 n't —2 n"t + 5 s'— 2 siv), 

in the development of I?, depending on the products of five dimensions of 

the excentricities and inclinations. We find, in the year 1750, 

a'. P, = 0,0000068376 ; 

a'. PI— 0,0000100087; 

and in the year 1950, 

a'.P, = 0,0000077132; 

a'. P; = 0,0000096940 ; 

consequently, 

dP 
a'. = 0,0000000043780 ; 

a\ ^ = — 0,0000000015735. 
a t 

Hence the preceding function [4483], reduced to numbers, is, 

à vv = -f- [29’, 144591 —-1. 0s,004081} . sin. (5 nvt — 2 nivt -j- 5 sv— 2 siv) 

—• {18^,879594 -j-t.0s,011356 j . cos. (5 nvt — 2 nivt-\- 5 sv— 2 siv). 

Lastly, we have, in [4003], the sensible part of the great inequality of 

Saturn, depending on the square of the disturbing force. This, in 1750, is,* 

& vv = — 3%816537 . sin. (5 n' t— 2 nivt -j- 5 sv— 2 siv) 

+ 42",920319 . cos. (5 nvt — 2 nivt+5?— 2£iv) 

+ function Cv [44897c] ; 

and, in 1950, 

5vv= — 1 %636772. sin. (5n't — 2nivt + 5 s'' — 2 siv) 

-T 43s,624686 .cos.(5nvt —2 nivt -J- 5 ev— 2 eiv) 

+ function Cv [4489&], nearly. 

* (2684) The expression of ô vT [4003], being developed as in [3842«,5], and then computed 

as in the last note, becomes, according to the author, in 1750 and 1950, as in [4488,4489], 
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Therefore, in the time 1750 -{-t, this part is expressed by, 

respectively. From these values, the general form [4490] is deduced, by the method used 

in [4483e, &c.] ; but these numerical values, of the function [4003], have the same defects 

as the similar expression in Jupiter’s motion [4432], of which we have treated in [44896] 

[4005a—40076,4431a—A]. The corrected value of Svv, given by Mr. Pontécoulant in 

the paper referred to in [4431c], is as in the following table, which, is similar to that of 

Jupiter [4431/,Sic.]. 

1 

1' 

2' 

2 

3 

3' 

4 

5 

6, 6' 
7, i= 2, 

7, i = 1, 

8, i= 2, 

Ô ®v= 2s, 17020 . sin. Ts + 0s,23185 . cos. Ts 

+ 8s,14230 . sin. T5 + P,88438 . cos. T5 

-f- 4s,89114 . sin. T5 — Is,06769 . cos. T5 

— 0,95112 .sin. T5 — 0s,54669 . cos. T5 

-f 0\054S8 . sin. T5 — 0s,83060 . cos. T5 

— 0s,25768 . sin. T5 — 0s,80208 . cos. T5 

+ P,74101 . sin. T5 -f 3 s,84543 . cos. T5 

-j- 0s,22091 . sin. T5 + 0s,23748 . cos. T5 

+ 1*,85702 . sin. T5 — Is, 18481 . cos. T5 

+ 3s,46607 .sin. T5 -40s,36260 . cos. T5 

-16?,06895 .sin. T5 -f Is,95914 . cos. T5 

-f 6s,04586 . sin. T5 -f 2s,23454 . cos. T5 

— 0s,54808 . sin. T5 -f- Is,29603 . cos. T5 

= 10s,76356 . sin. T5 -33s,10557 . cos. T5. 

Terms of 
the order 
of the 
square of 
the dis¬ 
turbing 
forces. 

[4489c] 

[4489c?] 

This differs very much from the expression given by La Place, in [4488] ; which is connected 

with the other terms of the great inequality [4491], after multiplying it by 1 +/v. This 

multiplication, by 1 -j- ftlv, is not strictly correct ; because some of the terms depend on [4489c] 

(1 +f^lv) . (1 +F-V), and others upon (l-f-/v)2; but as |xiv, are small, this difference 

is not of much importance in this small inequality. We shall therefore adopt this method of 

the author, as we have already done in the similar inequality of Jupiter [4431 A, &c.] ; [4489/] 

where the factor 1 is used for all the terms. Proceeding, therefore, as in [4431A, &c.], 

we shall observe that the mass of Jupiter _ [4061/], is used in computing [4489/| ; [4489g-] 

and the mass Q£) [4061], is used in computing [4488] ; and if we increase the 

expression [4489/]. in the ratio of 1070,5 to 1067,09, it becomes as in [4489ÎJ. Subtracting 

the expression [4488] from [4489Î], we get very nearly the correction Cv [4489A], to be ^4489^ 

applied to the formula [4491 or 4492]. We must also apply a correction, depending on 6 / Çorrecti°n 

similar to that of 5 s [443 lp], in the great inequality of Jupiter ; 

6 tf7 == 10s,79796 . sin. T5 —33s,21137 . cos. T5 ; 

Cv = 14s,61450. sin. Tb —76s, 13169 . cos. T5. 

great ine¬ 
quality. 

[4489*] 

[4489Æ] 
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[4490] 

[4491] 

Great 
inequality. 

[4492] 

[4493] 

[4494] 

[4489Z] 

[4489m] 

[4489n] 

[4489o] 

[448® 

[4491a] 

[4493a] 

àvy = — {3%816537 — t. 0s,0108988}.sin. (5nU — 2 n" t + 5 s* * — 2 +) 

+ {42s,920319 + t. 0*,0035218}.cos.(5 nT—2 rciv / + 5 sv — 2 *iv) 

-f- function Cv [4489&]. 

Now, if we connect together the different parts of the great inequality of 

Saturn, we shall obtain its complete value, which is to he applied to the 

planeds mean motion ;* 1+ {293 Is, 125445—*.0S,0307355—*2.0S,0000450 }.sin. 

+ } 223^52793— /. 1%1025051+*2.0S,0001838}. 2 

+ function Cv [4489+ -}- 2 <5 vv [4487] 

Reducing these two terms to one, by the method in [4025—4027'], we shall 

obtain, 

5vv=-{l+pv), 
((2939^615848—f.Q^085024+i2.0s,00008421). sin. 

) + function Cv [4489/r] + 2 <5 üv [4487] 

5 nvt—2ji'v+5sv—2si'+4'/21,il20î 

— t. 77s,629 + #2.0s,012676 

The square of the disturbing force produces also, in [3891'], the inequality,f 

Svv = 
2 mv. \/av + 5 miv. y/aiv 

8 to*v. y/aiv 
. sin. (double of the argument of the great inequality) ; 

which, in numbers, is, 

<5z>v=(309,688957—/.0s,001724). sin. (double argument of the great inequality); 

and this must also be applied to the mean motion of Saturn. 

Professor Hansen, in the work mentioned in [4458c], makes this part of the great inequality 

of Saturn, in the year 1800, as in [4489+, using the masses mlv, my [4061]. The 

corresponding value of La Place’s formula, is found by putting t = 50, in [4490], by which 

means it becomes as in [4489o]. The difference of these two expressions represents the 

value of Cv [4489p], corresponding to the calculations of Professor Hansen, noticing all the 

terms of any importance ; 

<5 vy = 15s,476 . sin. T5 — 47s,531 . cos. T5 ; 

Svy — — 3s,271 . sin. T5 + 43s,096 . cos. T5 ; 

O — 18s,747 . sin. T5 — 90s,627 . cos. T5. 

* (2685) The function [4491] is the sum of the expressions [4474,4478,4482,4487,4490]; 

and this sum is easily reduced to the form [4492] containing but one term,by the method explained 

in [4025—4027 ]. There is a small mistake in the calculation of the term 223s,252793 

[4491], which in the preceding sum is 223s,900794; the difference being 0s,648 = 2". 

f (2686) The term [4493] is the same as [389T], —H' [3891] being the great 



VI. xiii.§35.] THEORY OF SATURN. 309 

The inequality [3927], * 

iv' = i. - — v'n"/--■ Vf-. H'K'.sin.(4n"t— 9 n't+\s"— 9 e'—JB'-A'), 
4 Wlvty«1V V J 

reduced to numbers, is, 

6vy = + 8s,264517 . sin. (4 niy t — 9 nvt + 4 siv— 9 sv + 5U 49w 37s). 

We have also, in [3846], the inequality,f 

ôvv=iK'ey. sin. (3?ivt — 2 rivt -f 3 sv — 2 siv -f ; 

inequality of Saturn, or 

H'~ 2939s,615848 — t. 0s,085024, and 4d 21m 20% nearly [4493] : 

substituting this and the values of miv, mv, aiv, av [4061,4079], and dividing by the 

radius in seconds 206265s, for the sake of homogenity, we get 5 vv [4494]. The correction 

in the value of H [4483/], has a slight effect on this result ; and the same may be observed 

relative to the correction of H [4483/], in the term [4436] ; and in other terms depending 

on H, 

* (2687) The inequality [4495] is the same as [3927], increasing the accents as in 

[4388a]. Now we have nearly as in [44936], 

H' = 2939s,615848, I'=¥ 21w 20s [44936] ; 

and by comparing the expression [3925] with the third line of [4468], we get, by neglecting 

the terms depending on t, 

K' = 669s,682372, B’ = — 56d 10* * 57s. 

Substituting these in [4495], it becomes, 

-j- 9s,2107 . sin. (4rivt — 9 nvt —4 siv— 9 sv-j- 5U49"137s). 

In the original work the coefficient has a different sign, being 

— 25",507770 = — 8s,264517, 

also the angle —B'—,1% as given at first, is, 

— 67°,3508 = — 60ri 36“ 57s. 

These mistakes are corrected by the author in [9105], where the coefficient is made equal 

to + 8s,264517, and the angle — B'— 5U49m37s nearly. 

t (2688) This is the same as the last line of [3846], increasing the accents as in 
[4388a]. 

[4495] 

[4496] 

[4497] 

[44936] 

[4493c] 

[4495a] 

[44956] 

[4495c] 

[4495c/] 

[4497a] 
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[4498] 

[4499] 

[4500] 

[4501] 

[4502] 

[4503] 

Secular 
equation. 

[4504] 

[4505] 

[4498a] 

[44986] 

[4502a] 

[4505a] 

and by reduction to numbers, it becomes in 1750,* 

d vv = 47*, 115141 .sin. (2 niv t — 3nvtJr2e"—3av-f-148^ 08m08s) ; 

and in 1950, 

6vv = 46s,307169 . sin. (2 nivt — 3nvt -\-2 siv— 3 sv -f- 149‘*41m 165). 

Therefore its value for any time whatever t, is, 

ôvv= (47s,115141—t. 0s,0040399). sin.(2 nivt—3 rcv*-f-2siv—3sv-fl48T>8TO0Ss-f4.27s,94). 

Connecting this expression with the following, obtained in [4466], 

6 vv = + (34',341627 —t. 0s,0019). sin. (3nvt—2rivt +3sv—2aiv—TOV) 

— 17s,654164 . sin. (3nvt — 2 niv t-\-3sy — 2 siv — ^iv) ; 

we shall obtain for their sum, the following inequality,! 

s vv=— (24s,571253—t. 05,004392).sin.(2 nivt~3 w^-f-2siv-—3 sv+::l 4*48™ 19s—*.12a,38). 

We have found, in [3777], that Saturn’s mean motion is subjected to a 

secular equation, corresponding to that of Jupiter in [4446], namely, 

6vw = — t\ 0s,00000065. 

The corresponding secular equation of Saturn is represented, as in [3777], 

by ,t 
rtooiv. / /yiv 

«5^ = -^77. f. 0s,00000065 ; 
m \/aY 

and is therefore, in numbers, 

6vv=f. 0s,00000151 ; 

which may be neglected without any sensible error. 

* (2689) If we retain the terms depending on t, in the values of K', B' [44956,4468], 

we shall have, 

K' = 669s,682372 — t. 0s,015469 ; B'= — 56* 10™ 57s —t. 49s,5 ; 

jp = 4^21™ 20s— t. 77s,629 [4492,3926], &c. 

With these values, and those of ev, -uf [4407], we may compute the function [4497], for 

the years 1750, 1950, as in [4498*4499]; hence we may deduce the general expression 

[4500], by the same method as in [4017—4021]. 

f (2690) This reduction is made as in [42826—Z]. 

t (2691) The integral of [3777 or 3785], being divided by m!\/a', gives, 



VL xiii. §35.] THEORY OF SATURN. 311 

It now remains to consider the radius vector of Saturn. We have seen, 

in [3847], that the terms, depending on the third power or product of the 

excentricities, add to the expression of the radius vector of Saturn, the 

quantity,* * 

6rv = — II' a\ e\ cos. (5 nv t —- 2 riv t + 5 sv — 2 siT—. -f A) 

+ H' a\ e\ cos. (3nvt — 2 rivt -f- 3 av — 2 siv + -[- A) 

10 mlv. wv. P . sin. (5 nvt — 2n'vt~{- 5 sv— 2 sIV) j) 

5 nv— 2 niv ( + P1. cos. (5 nvt— 2n[vt-\- 5 sv— 2siv) $ * 

Reducing this function to numbers, we obtain, 

<5rv=(l + ,«V). 5 +0,00351994565.COS.(5 nvt— 2rivt-\- 5 sv—2 siv+ 13*01m49*) 

l — 0,0008553506. cos.(2rivt—3^+2s,v— 3av -f 35d49w08s) 

Connecting the last of these two inequalities with those we have found 

in [4467], depending on the first power of the excentricities, namely, 

<5rv=(l + +). 

we get,f 

+ 0,0011594872. cos. (3 nYt — 2 nivt -f- 3SV— 2 siv—) 

—0,0006217670. cos. (3 nv t — 2 nivt + 3s'— 2 siv— +v) 
? 

ir'= — (1 + 0- 0,0013806201 .cos.(2nH—3n't+’2 ;iv—3=”—230 9“ 13’). 

mV«v 

the accents being increased as in [4388a]. Substituting [4503], we get c5vv [4504], 

which is reduced to numbers as in [4505], by using the elements miv, mv, aiv, av 

[4061, 4079]. This correction is only P,5, in 1000 years, which is hardly deserving of 
notice. 

* (2692) The function [4506] is the same as the three last terms of [3847], multiplied 

by a’, and increasing the accents [4388a] ; the first term of [3847] being of the second 

order in e, e\ y, is included in [4470]. H represents the part of rv <5rv 

av2 
[3848], 

depending on the angle 4 n't — 2 n™1 ; P, F, are given in [4402, &c.]. Hence the 

expression [4506] becomes, in numbers, as in [4507], 

t (2693) The function [4508] is the same as the fourth and fifth lines of [4467]. 

Connecting these with the similar terms [4507], and reducing the whole to one term, by the 

method in [4282h—l], it becomes as in [4509]. 

[4506] 

[4507] 

Inequali¬ 
ties in the 
radius 
vector. 

[4508] 

[4509] 

[45056] 

[4505c] 

[4506a] 

[4509a] 
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[4510] 

Inequali¬ 
ties in the 
latitude. 

[4511] 

[4512] 

[4513] 

[4511a] 

[4513a] 

[4514a] 

The semi-major axis, which is used in calculating the elliptical part of the 

radius vector, must be increased as in [4058], by the quantity iflv.wv; 

and by adding it to the value of av [4079], we obtain, 

av = 9,53881757. 

Inequalities of Saturn’s motion in latitude. 

36. The formula [1030] gives,* 

a5v= (1 -fVV)- 

+ T,787358.sin.(n'v t -f- eiv—nv) \ 

— 0s,250180. sin. (2 rilvt — ny t + 2 siv — sv — nT) | 

— 0 s,083946. sin. (3 rivt — 2 ny t -f 3 siv— 2 sv — nv) \ 

+ 3 s, 143523. sin. (2 nvt — nivt + 2 sv — nv) 

— 0 s,522865. sin. (3 nvt — 2 n'vt -f 3 sv— 2 siv—nv) 

— 0s,083182. sin. (4 nv t — 3 rivt -f 4 sv — 3 siv —nv) 

+ 0s,084871. sin. (nvl £ -f- svi — nvi) 

-f (1 + . <J -f 0s, 122203. sin. (2 nvi t — nv t + 2 svi— sv — nTi) 

+ 0s,662991. sin. (3 nvi t — 2 nvt + 3 sTi— 2 sv— nvi) 

nT, being the longitude of the node of Jupiter’s orbit on that of Saturn, 

and nvi, the longitude of the orbit of Uranus on that of Saturn. Lastly, 

we have, in [3886], the inequality,f 

à sv = — 9s, 163599 . sin. (2 rivt — 4 nvt + 2 siv — 4 sv + 59d 30m 35s). 

It follows, from [3932, 3932'],that the terms depending on the square of the 

disturbing force, add to the values of ~9 the quantities,% 

* (2694) The terms of S sv [4511], are computed from [42956], increasing the 

accents, so that mv may be the attracted planet, and miv or mvi the disturbing planet. 

f (2695) The inequality [4513] is the same as [3886], reduced to one term, as in 

[4282A—/]. 

J (2696) The values [4514,4515], are deduced from [3932,3932'], in the same 

manner as [4452, 4453], are derived from [3931,3931']. We may also derive [4514] 

from [4452], and [4515] from [4453], by the following method. The expressions 
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dcpv 

dt 

dèv 

dt 

miv. y/aiv 7 

?niy. y/Vv-{- mv . y/av ^ i 

miv. y/«iv 

cos.(n—r )— .sin.(n* 

$ y 

miy. y/aiv-j- mv. y/a? ( t 
— .sin.(n—r ) 

y 5 IT 
.COS.(II- 

JV)( 

ôy, 5ii, being determined as in [3935,3936]. Reducing the functions 

[4514, 4515] to numbers, we get, 

dcpy 

d t 

dôv 

d t 

= + 0s,000154 ; 

= — 0k001873. 

The expression [4516] is to be added to the values of 
dcpv 

Jt’ 
dôv 

and the expression [4517] is to be added to the values of ^ 

Hence we obtain, 

d <pv 

dt 

d^l 
dt 

dt 

d Ô 

= + 0s,099894 ; 

= — 0s, 155136; 

= —9',007165; 

dt 
19s,043372. 

d<t? 

d t 

d 

[4247] ; 

d t 
^ [4247]. 

[3931, 3931'], become the same as [3932, 3932'], respectively, by changing, in the second 

members, Ô into Ô', and multiplying by 
m /a 

m' s/a 
This is equivalent, in the present 

notation, to the change of 01V, into ôv, and then multiplying by the factor 
miv /aiv 

mv s/a? 

Therefore, if we perform this operation on the formulas [4452, 4453], they become 

respectively, as in [4514,4515]; in which we must compute 5 y, ci H, as in [44524] ; 

and then, as in [4452A, &c.J, we obtain the other quantities [4516, 4517,4518]. 

We have already remarked, that the inequalities of the motion of this planet are again 

noticed by the author, in book x. chap. viii. [9037, Stc.], and the subject is also resumed in 

the notes on this part of the work. 
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[4514] 

[4515] 

[4516] 

[4517] 

[4518] 

[45146] 

[4514c] 

[4514c?] 
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[4519] 

[4520] 

[4521] 

Terms 
which 
may be 
neglected. 

[4522] 

[4523] 

[4523a] 

CHAPTER XIV. 

THEORY OP URANUS. 

37. The equation [4460], 

corresponding to Saturn, becomes for Uranus, 

5 r" — —ir • (1 — a2) . 4 V’1. 
r 

If we take the mean distances of the earth and Uranus from the sun, for r", 

and rvi, and suppose <$Vvi = ± l"— ± 0s,324, we shall find, 

<Srvi = ±0,00057648. 

Therefore we may neglect the inequalities of 5 rvi, below ± 0,00057 ; 

and we shall also omit the inequalities of the motion of Uranus, in 

longitude or latitude, below a quarter of a centesimal second, or 0s,081. 

Inequalities of Uranus, independent of the excentricities.* I+52s,306055 . sin. (niv t — nVl t + siv — sVI) 

— 0s, 190366. sin. 2(rivt — nvitf £ÎV —sVi) 

— 0s,026023 . sin. 3(nivt — nvit + siv — svi) 

— 0s,003593 . sin. 4 (niyt — nvit + U — svi) 

— 09,000768 . sin. 5 (nivt — nvit + siv —evi) 

* (2697) Computed as in [4277«, fee.], changing the accents on a, n, n', &c. to 

conform to the case now under consideration. 
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+ (1+ ^v) • 

r +21s,371379 . sin. (nvt — nvitJrev — svi) \ 

. — 4s,220972. sin. 2 (nwt — nyit -j- sv — svi) I 

I — 0s,862115 . sin. 3 (ny t — nYlt sv — svi) I 

/ — 0s,244409 . sin. 4>(nvt — + sv — svi) | 

\ — 0s,080211 . sin. 5 (nv t — nvit -f- sv — svi) | 

! — 0s,028931 . sin. 6(nvt — nyit -f sv — syi) J 

f — 0s,010929 . sin. l(nyt — nYit + sv — svi) 1 

\ — 0*,004148 , sin. 8 ('nvt ■— nvit -f-£V — svi) j 

( 0,0063473160 

+ 0,0048914790. cos. (niYt — + siv— svi) 

+ 0,0000236184. cos. 2 (rivt—nvit + siv— svi) 

+ 0,0000030669 . cos. 3 (nivt — nvit + siv— svi) 

+ 0,0000005044. cos. 4 (rivt — nvit + siv— svi) 

1 + 0,0023641285 

+ 0,0035433901. cos. (nvt 

+ 0,0004061682. cos. 2 (nvt 

-j- 0,0000889425. cos. 3 (nvt 

+ 0,0000255870 . cos. 4 (nvt 

— nwi t -j- sv — svi) i 

— nvit-f sv— syi) ' 

— nvit-f ev — svi) ! 

— nyH-\- sv— svi) j 

[4523] 

Inequali¬ 
ties inde¬ 
pendent of 
the excen¬ 
tricités. 

[4524] 

Inequalities depending on the first power of the excentricities.* 

0Vyi = (l-j-Vv) . 

— Is,233612 . sin. (niYt + siv — wvi) 

+ U,259548 . sin. (2 nivt — nyH + 2 siv 

— 3%636663 . sin. (2 nYit — nivt -f- 2 svi 

— 0S,221997 . sin. (2 nvit — nivt -f- 2 svi 

.VI 

Jv 

*‘v) 
,) TO 

TO1V) 

[4525] 

* (2698) These mequalties were computed in the same manner as those for Jupiter [4525a] 

in [4375a]. 
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Inequali¬ 
ties de¬ 
pending on 
the first 
power of 
the excen- 
tricities- 

[4525] 

[4526] 

[4527] 

Inequali¬ 
ties of the 
second 
order. 

[4528] 

[4527a] 

[4528a] 

+ (l+^v)- 

— Is,402359 . sin. (nxt + sv — roTi) 

-f- 0s,214857 . sin. (nY t -j- sv — vY ) 

— 0S,219788 . sin. (2 nyt— nyH -f-2 f-— svi — wvi) 

+ 0s,878763 . sin. (2 nyt — nyH + 2 sv— £vi — TOV) 

— (44%051575 — t. 0‘,000247). sin. 

+ (149*,807764 —t.0*,008306).sin. ( \ 
i V-\~Zs —s—v> J 

|+ 2s,■486191 . sin. (3 nyH — 2 nyt +3 svi— 2 sv — TOvi)^ 

- Is,642451 . sin. (3 nyH — 2 nyt -f 3 svi— 2 sv — rav) 

+ 0?,422729 . sin. (4 nYit — 3 nvt -f 4 £vi — 3 sv — ®vi) 

— 0s,281800 . sin. (4 nyH — Snyt~\~ 4 svi — 3 sv TOV ) 

-j- 0", 126493 . sin. (5 nyH — 4 nyt -f- 5 svi — 4 sv — TOvi) 

6rvi=(l+ $). — 0,0016092001 . cos. (2 nvit—nyt-\- 2svi — sv TOvi) 

4- 0,0061835858 . cos. (2 nyit — nyt -f- 2 svi — sv_ 

Inequalities depending on the squares and products of the excentricities and 

inclinations of the orbits.* 

-(lfe5O8872-tOqO145205).sin.(2]jg^"oV5ir. \Vfi) ) 

+ 1 s,713455. sin. (4 n'H — 2 nyt-f 4evi— 2 £v— 38'' 34w54s) 1 * 

+ 8s,380157. sin. (ny t — ny'tf sy - £vi + 88(*29m4Qs) j 

The first of these inequalities must be applied to the mean motion of the 

planet, on account of the length of its period. The last of these inequalities, 

being connected with the corresponding one in [4523], which is independent 

of the excentricities, gives the following,! 

èrvi= (1 -|-^v) . 23", 156281 . sin.(wv£—+ sv—svi+2U 11™ 05s). 

* (2699) Computed as in [4377a, &c.], for Jupiter. 

f (2700) The term -j- (1 H" |xv). 21s,371379. sin. (nyt — nY1i -j- sV— svi) [4523], 

being connected with the last term of [4527], by the method used in [4282/i—/], becomes 

as in [4528]. 



VI. xiv. §38.] THEORY OF URANUS. 317 

Then we have,* 

6 rvi = — (1 + O . 0,0007553840 . cos. (3 nyH — wT -f- 3 svi — sv+75" 00m 42s). 

Inequalities depending on the powers and products of three dimensions 

of the excentricities and inclinations of the orbits f 

6vyi= — (1 + f^v). 0s,964688 . sin. (5 ny t — 2 nvt + 5 svi— 2 sv + 68" 23m 31s). 

Inequalities of the motion of Uranus in latitude. 

38. From the formula [1030], we obtain,J 

<5svi= (l + ^iv) . 0s,638393.sin.(nivt + siv— niv) 

+ (l+^v)« 
0s,915741. sin. (nvt + sv— ir) } 

+ 2s,921052. sin. (2 nyi t — nvt + 2 evi— £v— if ) \ ' 
niv being here the longitude of the ascending node of Jupiter’s orbit upon 

that of Uranus, and nv the longitude of the ascending node of Saturn’s orbit 

upon that of Uranus. 

* (2701) Computed as in [4394a, &c.] for Jupiter. 

t (2702) This computation is made as in [4417, &c.] for Jupiter ; changing the accents 

to conform to the present notation. 

Î (2703) The terms [4531] are computed from the formula [42955], altering the accents 

to conform to the present case. 

[4529] 

Inequali¬ 
ties of the 
third 
order. 

[4530] 

Inequali¬ 
ties in the 
latitude. 

[4531] 

[4531'] 

[4529a] 

[4530a] 

[4531a] 
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[4532] 

[4533] 

Venus 
and 

the Earth. 

[4534] 

CHAPTER XY. 

ON SOME EQUATIONS OF CONDITION BETWEEN THE INEQUALITIES OF THE PLANETS, WHICH MAY BE 

USED IN VERIFYING THEIR NUMERICAL VALUES. 

39. The inequalities of a long period, produced by the reciprocal action 

of two planets m, and mr, are nearly in the ratio of m'fa' to —msfa 

[1208] ; so that to obtain the perturbations of this hind, corresponding, in the 

motion of m', to those in the motion of m, we need only to multiply the last 
Tïl \/ (X 

by —m'fd' ^is result is most to be relied upon, in those cases, in which 

the ratio of the mean motions of the two planets is such, as to render the 

period of these inequalities great, in comparison with the times of their 

revolutions. We shall now, by means of this theorem, verify several of the 

preceding inequalities. 

The action of the earth on Venus produces, in [4291], the two following 

inequalities, whose period is about four years, 

6 v' = — Is,549550.sin. (3 n"t — 2 n't -j- 3s"— 2 s'— d) 

+ 4s,766332.sin. (3 n"t — Zn't -f 3s" — 2 s'—«"). 

By multiplying them by 

of the earth, 

m! \fal 

vi'y/ d° 
we have, for the corresponding inequality 

à v” = P, 133838 . sin. (3n"t — 2n't -f 3s" — 2s' —.*') 

— 3s,487666 . sin. (3 n"t — 2 n't + 3 s" — 2 s' —-a"). 

We have found, by a direct calculation, in [4307], that these inequalities are, 

<5 v" == Is,186390 . sin. (3 n"t — 2 n't -f- 3s" — 2 s' — 

— 3*,667112 . sin. (3n"t — 2 n't-\- 3 s" — 2 s'—ra"); 
[4535] 
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which differs but little from the preceding expression [4534]. 

The action of the earth upon Venus, produces also, in [4293], the following 

inequality, whose period is about eight years, 

6 v' = — 1 ',505036. sin. (5 n"t — 3 n't -f 3 s' + 20'* 54w26s). 

Multiplying it by, —-777-77? we obtain, for the corresponding inequality of 
7ÏI 1/ Cl 

the earth, 

&v" = 1%101277 . sin. (5 n"t — 3 n't + 5 a" _ 3 s' + 20d54M 26s) ; 

and, by a direct calculation, we have, in [4309], 

6 v" — Is,125575 . sin. (5 n"t — Sn't-\-5 4'— 3 s7 _j_ 2P02*18S). 

Mars suffers, by the action of Venus, as we have seen in [4377], the following 

inequality of a long period, 

6V'"= — 6s,899619 . sin. (3 n'"t — n't+ 3 4"— s'4- 65d26m\5s), 

m"> , 
Multiplying it by-r > we °btain, 

0 v" 2%07 8266 . sin. (3 n'" t — n't -f- 3 4" — 4 -[- 65d 26m 15s) ; 

and the direct calculation [4293] gives, 

hv' — 2s,009677 . sin. (Sn"'t — n't + 3 4" — s' 65^ 53w 09s) ; 

which differs but little from the preceding. 

Mars suffers, from the action of the earth [4375], the two following 

inequalities, whose period is about sixteen years, 

<5 v"1— — 10s, 114699 . sin. (2 n"'t — n" t-{-2 4" — 4'— to'") 

+ 5s, 123062 . sin. (2 n"'t — 2 4"— 4'_to"). 

m"'\/d" 
Multiplying them by — , we obtain, for the corresponding inequalities 

of the earth, 

<5 v" = 2s,2293 . sin. (2 n'" t — n"t + 2 4" — s" _ to'") 

— T,1292 . sin. (2 n"'t — n"t -f- 2 4" — 4'— to") ; 

and the direct calculation gives, in [4307], 

[4536] 

[4537] 

[4538] 

[4539] 

VenuB 
and 

Mars. 

[4540] 

[4541] 

The Earth 
and 

Mars. 

[4542] 

[4543] 
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[4544] 

[4545] 

[4546] 

[4547] 

Jupiter 
and 

Saturn. 

[4548] 

Saturn 
and 

Uranus. 

[4549] 

[4550] 

[4551] 

[4550a] 

— ; 
/ i/\. 
~~ “ ) 5 

r-W-Se 

(5 î/' = 2s, 137658 . sin. (2 n'" t — n"t-{-2 s 

— Is,095603 . sin. (2 n"'t — n"t -f- 2 s' 

which differ but little from the preceding. 

Mars also suffers, on the part of the earth, in [4377], the following 

inequality of a long period, 

<5 v'"= — 4s,370903 sin. (4 n'" t—2n"t + k s'"— 2 s" + 67" 49“ 00s). 

Multiplying it by — --- —, we obtain, for the corresponding inequality of 
iyi w a 

the earth, 

«5 v" = 0s,9634. sin. (4 n"'t — 2n"t + k s'" — 2 s" -f 67" 49“ 00s) ; 

which differs but little from the expression, given in [4309], 

^ v" = 0s,993935. sin. (4 n'" t — 2 n" t + 4 s'" — 2 s" + 67" 48“ 56s). 

The two great inequalities of Jupiter and Saturn, are also to each other, 

nearly in the ratio of —mv\/av to miv\/aiv, as is evident by comparing 

[4434, 4492]. 

Lastly, Uranus suffers, from the action of Saturn, the following inequality 

of a long period [4527], 

6vvi = — 132s,508872. sin. (3nvH — nyt +3svi— sv— 88"19“05s). 

mvi \/ rtvi 
Multiplying it by — — ^ we obtain, in the motion of Saturn, the 

inequality, 

5 vv = 32s,368 . sin. (3 nvit — nvt + 3 svi — sv — 88" 19“ 05s) ; 

which differs but little from the inequality, given in [4468],* 

6v*. = 30s,888288 . sin. (3 nvit — nvt + 3 svi — sT — 87" 25“ 07s) ; 

40. We shall now consider, in the development of R, the term of the 

form [3745'], 

* (2704) The term here referred to is the last one of the expression [4468] ; which 

differs, however, a little ; the coefficient being 3 P,025379, instead of 30s,888288 ; and the 

constant angle 85"34“ 12s, instead of 87" 25“ 07s. 
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R = e ef. cos .[i. (n't — nt-f- s'—s) + 2 nt -{-2s — to—to')}; 

supposing i. (n — n') -j- 2 n to be very small in comparison with n or n'. 

We find, in [1286, &c.], that this term produces, in the excentricity e, of 

the orbit of the planet m, considered as a variable ellipsis, the following 

inequality, which we shall represent by,* 

se=- 
ml. an 

i.(n'—n)-\-2n 
. Af(1). e'. cos. {i. (n't — nt-\- s'— s) -f- 2 n £ + 2 s — a — d } ; 

and in the position of the perihelion to, an inequality [1294, &c.], which we 

shall represent by, 

<5to=- 

m. an 

i.(n'—n)-\- 2 
-. M(1).- * sin. j i. (n't — nt-\- s'— s) -f- 2 n t -f- 2 s — ® — w' j. 
n e v ’ 

The expression of v contains the term 2 e . sin. (nt -\- s — a) ; and the 

variation of the elliptical elements, produces, in this quantity, the following 

expression,! 

<5 v = 2 <5 e . sin. (nt -\-s—w) — 2e<5ro. cos. (n t -f s — ; 

* (2705) If we take the partial differential of R [1281], relative to e, and multiply 

» CtTZ 

it by — , it will produce the corresponding term of e, represented by <5 e 

[1286]. Now, it we perform the same operation on the assumed value of R [4552], and 

put ^ = 1 [3709]; changing also i', i, into i, i—2, respectively, we shall get <5 e 

[4553]. Again, if we multiply the same partial differential of R [1281], relative to e, by 

— .andt, putting p- = 1, it becomes like the expression of adzj [1294] ; and by 

the same process we deduce, from R [4552], the expression, 

e dzs — — m'.andt. M{]).e'. cos .{i.(n't—nt-\-s — s) -\-2nt 2 s — zs— 

Dividing this by e, and integrating, we get the part of w, represented by 5 zs [4554] ; 

observing that we may consider the terms M, e, er, of the second member, as 

constant quantities, in taking this integral ; always neglecting quantities of a higher order 

than those which are retained, and such as depend on different angles. 

t (2706) Since v [3834] contains the term 2 e . sin. (nt -\-s — zs), it is evident that 

the variation of v, corresponding to the increments <5 e, n zs, in e, to, respectively, is as in 

[4556] ; and by using the symbol W— nt-j-s-o [3702a], it becomes, 

<5 v — 2 Se . sin. W —2eSzs. cos .W. 

Now, if we put, for brevity, 

14552] 

[4553J 

[4554] 

[4555] 

[4556] 

[4553a] 

[45536] 

[4553c] 

[4557a] 

VOL. III. 81 
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[4557] 

[45570 

[4558] 

[45576] 

[4557c] 

[4557e? ] 

[4557e] 

[4558a] 

[45586] 

[4558c] 

[4558c?] 

[4558e] 

[4558/] 

[455%] 

which gives in v the inequality, 

5 V=if- n)±2n ’Mm’ e'~ sin-K* * — !)• (n't — nt + s'— s) + n't + s' — ='j. 

It follows, from ^ 65 of the second book, that in the case of i.(n'—n) 2n 

being very small, the expression of R', relative to the action of m upon m!, 

contains also a term, of the following form and value, very nearly,* 

R' = m . M{1). e e'. cos,{i.(n't — nt-\- s'— s) -f-2 n t -|-2e — a — d} ; 

since, by noticing only the two terms of this kind, in R, and R!, we have, 

as in [1202], very nearly, 

Ti = i.{n't — n t -f~ s'— s) -\-%nt -j- 2 s — ts — ; 

the expressions [4553,4554] become, 

Mx = - 
m'. a n 

i.(n'—n)-\-2n 
.JWKe'i 

Se — — Mx. cos.Tf^ eôzs = — Mx. sin.T|; 

substituting these in [4557a], we get, 

Sv = % Mi.\— cos.Trsin. W -f- sin.Tj .cos .W\ = 2M1. sin.(Tx—TV) 

= 2 Mv sin.[i.(n't — n t -f- s'— s) -f-nt s — ro ] 

= 2Mx.sva..\(i—l).{n't — ntg-s'— s) -j-n't s'— ro'}, as in [4557]. 

* (2707) Using the symbol Tj [45575], we get, from [4552], 

R = m!. J\lm. e e'. cos. Tx. 

Its differential, relative to d [37055—c], is, 

dR = vi. eej. (i — 2) .ndt. sin.Ti ; 

substituting this in the differential of [4559], which gives m'.d'R'=— m.dR, and 

dividing by m', we obtain, 

d'R'— — m . Ma). e e'.(i — 2) . n dt. sin. Tj. 

Now, t.(n'—n)-{-2n, being very small [4557'], we have, very nearly, 

(i — 2) . n dt — i n1 dt) 

hence, 

d' R — — in . M(1). e e!. in dt. sin. T:. 

Integrating this, relative to the characteristic d', which does not affect n t [3982a], we 

obtain, as in [4558], 
R!-=m . M[l). e e'. cos. Tx. 
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m ./d R + m'.f d' R'= 0 ; 

therefore we have, in vthe inequality, 

, 2 m . a’ n' 

* 

ù V — r e . sin. {(f—1 ).(n't — n t~\M — a) + w £ -}-s — « j. 
i.(n'—n)-\-%n 

These two inequalities of v and v' [4557,4560], are in the ratio of m'.e'.tya' 

to m.e.tya; so that the second may be deduced from the first, by multiplying 

the coefficient of the first by [4560g]. 

The quantity 5 n"— 3 n' being small, in comparison with n' or n", 

we have, in v' [4557], by supposing i = 5, an inequality depending on the 

argument 5 n"t — 4 n't + 5 a"— 4 a'— ; and in v" [4560], an inequality 

depending on the argument 4 n" t—3 n't-\- 4 s"—3 s'—The first of 

these inequalities is, by [4291], 

ôv1 = 2s, 196527. sin. (5 n"t — 4 n't -f- 5 s"— 4 s' — ®"). 

• • 777/ o! a! 
Multiplying its coefficient by —y . -, we have, for the earth, the 

inequality, 

à v" = 0s,6580 . sin. (4n"t — 3 n't -j- 4a" — 3 s' — zs'). 

By a direct calculation, we have found, in [4307], this inequality to be, 

5 v" = 0s,722424 . sin. (4n"t — 3 n't -f* 4 a" — 3 s' — R) ; 

which differs but little from the preceding. 

* (2708) We may obtain <5 v' from R', by a similar process to that used in the two 

preceding notes; or, more simply, by derivation, in the following manner. If we 

change, in [4552], i, m, a, n, e, v, &c. into —&-j- 2, ni1, a', nr, e', v’ Sic. respectively, 

without altering R changes into R! [4558a,g], and the factor i.(ri—n) +2 n, becomes, 

(— i-\- 2).{n — n') -f- 2 n' ; 

which, by reduction, is easily reduced to its original form ; so that the angle Tj [45575] 

remains unaltered. The factor M1 [45575], changes into 

m .a'n' 

i.{n'—n)-\-2n 
. e ; 

H changes into W [3726a]; and the second expression of 5v [4557c/], becomes as in 

the first of the following expressions of 5 v', which, by successive operations, is reduced to 

the form [4560e], as in [4560] ; 

[4559] 

[4560] 

[4560'] 

[4560"] 

[4560///] 

[4561] 

Venus 
and 

the Earth. 

[4562] 

[4563] 

[4560a] 

[45606] 

[4560c] 

t 
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[4564] 

[4565] 

The Earth 
and 

Mars. 

[4566] 

[4567] 

[4568] 

[4569] 

[4569'] 

[45604] 

[4560e] 

[4560/] 

[4560g-] 

[4560A] 

[4569a] 

In like manner, 4 n'" — 2 n" is rather small, in comparison with n" 

or n"' [4076/t] ; and if we suppose i — 4, we obtain in v" [4557], an 

inequality depending on the argument 

4 n'"t — 3 n"t + 4 s'"—3 s" — to'" ; 

and in v’" [4560], an inequality depending on the argument 

3 n"’t — 2n"m- 3 s'"— 2 s" — to". 

The first of these inequalities is, by [4307], 

àv" = 0s,807111 . sin. (4 n"’t— 3 n" — 3 —zT). 

Multiplying its coefficient by e- [4560"], we get, for Mars, the 

inequality, 

<5 v1" — O7661446 . sin. (3 nl" t — 2 n"t + 3 s'" — 2 s" — to") ; 

and by direct calculation we have, in [4375], 

6 v"’ = 0S,846004 . sin. (3 ri"t — 2 n"t -j- 3 s'" — 2 s"— to") ; 

the difference is within the limits of the error which may be supposed to 

exist, taking into consideration, that the ratio 4 n"'—2 n" to n'", instead 

of being very small, is nearly equal to 

41. It also follows, from § 71, of the second book, that if i.(n'—.ji)-|-2 n 

be very small in comparison with n', the inequality of m, in latitude, depending 

on (i — 1 —nt-{-s —s) -f n't + s', is to the inequality of m', in 

latitude, depending on (i — — n t -f s'— e) + n t + «, in the ratio 

of m\/a' to —mfa* 

<5t>' = 2 M2. sin. (Tj— IP) = 2 Jt72 . sin. \i.[nt — n t -\-s'— s)-f- 2 -f- 2 s — n't— s'—to? 

— 2 Al2 . sin. {{i — 1 ).{n't — nt-\- s'— s) -\~ n t -f- s — to (. 

Dividing the value of <5/ [4560] by that of S v [4557], we get, successively, by using 

an — or*, a'n'— a'~* [3709'], 

5v' m.a'n' e m .a!~3 e m.a§ e 

(5m'.ari e! ml. ar% ’ e' m'. a'i' / 

In applying this formula to numbers, we must vary the accents in the elements, so as to 

conform to the notation used in this book, as is done in [4560"', &tc.]. 

* (2709) The inequality of s, here referred to, is given in [1342] ; that of s', depending 
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If we suppose i — 5, we shall have, in the motion of Venus in latitude 

[4569o-, 4295], the inequality [4295], 

ôs’ = — 0S,312535. sin. (5 n"t — 4 n't + 5 #—4 s'—i). 

m y/ a' 
Multiplying the coefficient of this inequality hy 

m"\/ a'! 
- [4569'], we get, 

in the motion of the earth in latitude, the inequality [4569i], 

S s" = 0s,228691. sin. (4 n" t — 3 n't -f- 4 s" — 3 s' — f) ; 

and, by direct calculation, we have found, in [4312], the inequality, 

6 s" = 0s,234256 . sin. (4 n"t — on' t-j-4 s'— 3s'— 6') ; 

which differs but little from the preceding. 

on the same angle, is similar, the accents being changed so as to adapt them to the value of 

s'. Instead of this formula, we may use [42956], observing that the second line of this 

expression is used in computing the inequalities which are taken into consideration in 

[4569—4576]. The expression of Ss, deduced from this part of [42956], may be 

simplified; because the divisor n2—\n—i. (n—■ may be reduced to the form 

i. (n — n') .{i. (n' — n) -j- 2 n}. Hence this part of ôs becomes, 

n* 2. a2 a!. 
£(<-!) 

i.(n - n'). ^ i.{n'—n)-\- 2 n ^ 
• y .sin. \ i.{n t — nt -{-s'— s) -\-nt-\- s — n} 

7 being the inclination, and n the longitude of the ascending node of m', upon the orbit 

of m. This expression may be simplified, from the circumstance, that, in the terms here 

taken into consideration, the divisor i.(n — n') is very nearly equal to 2 n [4569]. 

Substituting this, and na2 = 1. in [Ao'oCjd] ; making also a slight reduction in the 

arrangement of the terms depending on i, we get, 

h _B(t—i) 

wl.\/al.(aa) . • 7• sin.{{i —1 ).(rit— n t + s'— s) + n't + s'—n\. 

Changing the elements m, a, n, s, n, &c. into m', a', n', s', n + 180tf, &.c. 

respectively, and altering the sign of i—1, which does not affect [956, 956'], 

we get, 

2 ^ 

S s'=-1 my a .(aa1) . (i_1^„,_w)+m,+„ • 7-sin.|(t— n t +a'— i) + n t + s—nf. 

Hence we evidently perceive, that 5s is to <5s' as m\/a! to —m\/a, as in [4569']. 

Now, the values n', n" [40766] make 5 n"—3 n' quite small, in comparison with n'. 

This corresponds with the value assumed for i.(n'—n) -j- 2n [4569], supposing i = 5 ; 

hence we get [4570—4572]. In like manner, 3»vi — nv [4076/f], is very small, in 

82 

Venus 
and 

the Earth. 

[4570] 

[4570'] 

[4571] 

[4572] 

[45696] 

[4569c] 

[4569d] 

[4569e] 

[4569/] 

[4569g-] 

[45696] 

[4569i] 

[45696] 

[4569Z] 

YOL. III. 
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[4573] 

[4573'] 

[4574] 

[4574'] 

Saturn 
and 

Uranus. 

[4575] 

[4576] 

[4576'] 

[4577] 

[4569m] 

[4577a] 

[45776] 

[4577c] 

The quantity 3 nvv — ny is small in comparison with nvi ; therefore, 

by making f~3 [4563g, f], we obtain in 6sv, an inequality depending on 

3 ny't — 2 nv t -f 3 svi — 2 ?v ; 

and in <5 svi, an inequality depending on 

2 nvi t — nvt-f 2 svi — sv. 

The hist of these inequalities is, by [4511], 

«5sv = 0s,662991 . sin. (3 nvit — 2 nvt + 3 svi— 2 sv — nvi). 

n" being the longitude of the ascending node of the orbit of Uranus upon 

that of Saturn. Multiplying the coefficient of this inequality by — 

we obtain in ô svl, the inequality, 

<5 svi — — 2s, 714213. sin. (2 nvit— nvt + 2 svi — sv — nvi) ; 

and by [4531], this inequality becomes, by putting nv = nvi -f180* 

[453T, 4574/], 

6 svi = — 2s,921052. sin. (2 nvit — nvt 2 svi— sv — nvi) ; 

which differs but little from the preceding. 

42. It follows, from ^ 69, of the second book, that if we suppose 

i' n' — in to be very small relatively to n and n', and represent by,* 

R = m'. P. sin. (Ï n't — i n t + H— i s) -f m'. P\ cos. (i'n't— i n t -f- i!l— i s), 

the part of the development of R, depending on the angle 

i'n't — i n t + i'*'— i s ; 

it will produce, in 6v, the inequality, 

comparison with nv or nvl ; and this comes under the form [4569], by putting i = 3 ; 

hence we get [4574—4576] ; observing in [4576], that nv = nvi -f- 180<u 

* (2710) Using the value Ta = i’n't — i n t + i's' —• i I [4019a], and /x = 1 [3709], 

we find that the terms of R, 6e, ebzs, which correspond to each other in [1287,1288,1297], 

become, 

R = m!. P. sin. T9 -}- mf. P'. cos. Td ; 

ffl.sn , /“-M ■ in 
oe= ——- . < — ( — ). sin. 19— 

in — in 

dP\ 

de ) 

clP 

de 
» COS. Pq 
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ov = 

— . cos. (i'n't — in 14- il. s' — is — n t — s -J- w) 
2 m!. an i \de / 

il ml— i n 
4- (-— ^ . sin. (i'n't — i n t 4- i! s' — is — nt — s -f- w) 

\de J 

45- and in 6 V, the inequality,-3 

^ , . . —f^Vcos.(i'n't — int4-i's’ — is — n't — s'-]-®/) 
2 m. an' \ \defj K n ' 

0V'= 
i' n'— i n fd P'\ 

-{- ( ■—j—, ). sin. (il n't — int -f- i! s' — is — n't — s' -j- -a') 

ml. an C fdP\ —, (dP'\ . —, ") 

=s7=r»-{ U) •cos-T*~ U ) •s,n-T» [ • 

Substituting these in [4556], using for brevity, fF=fl4-f-s—zs [3702a], and 

reducing, by [22, 24] Int. we get, as in [4578], 

Sv = 
3„'■«» (— (57) • (sin.T9.sin.^ + cos.T0.cos.*F) 

i'n'— i 
-j- • (sin. . cos. W — cos. T9 . sin. W)1 

= - (f ) • CO, ( n- W)+(£) • sin. ( r. - IP) j 

* (2711) Proceeding in the same manner as in [4558a—c], and using Tg [4577a], 

we have, 
d Tg = — indt, d'Tg= il ni d t ; 

hence the differential of R [45776], relative to the characteristic d, becomes, 

d R = — ml. in .{P. cos. T9 — P'. sin.T9]. 

Substituting this in m'. d'R^— m. d R [45586—c], we get, 

d'R' = m. in.\P. cos.Tg — P'.sin.Tg}. 

Integrating this, relatively to d', and observing that the divisor i' n' is, by hypothesis, 

very nearly equal to in [4576'], we get, for the corresponding terms of R', depending 

on the angle Tg, the following expression ; 

R' = m. [P. sin.T9 -J- P - cos. Tg]. 

From this value of R' we may compute 6v', in the same manner as we have found ôv 

[4578], from R [45776]. It will, however, be rather more simple to use the principle of 

derivation, by observing, that if we take the differential coefficient of R [45776], relative 

to e, multiply it by 2 and t, then take its integral relative to t, and change Tg into 

Tg — Tf, it will become equal to 6 v [4577e]. In like manner, if we take the differential 

coefficient of R' [45784], relative to e', multiply it by 2 aln' dt, take its integral relative 

[4578] 

[4579] 

[45774] 

[4577e] 

[4578a] 

[45786] 

[4578e] 

[45784] 

[4578e] 

[4578/] 
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It follows also, from §71, book ii. that the same terms of R [4577] 

produce, in <5 s, the inequality,* 

[4580] 

[45803 

[4580"] 

[4581] 

[4582] 

/dP\ 

&S — 
m .an 

•- 4 
•/ / * 

in — % n 

\dy) 'cos *^n> t — ®11 ^£/ — *s — n t — s -}- n) 

dP'\ 

dy 
j . sin. (i! n't — i n t -f- i' s' — is-— nt — s -f- n) 

y being the tangent of the respective inclinations of the orbits of m and m', 

and n the longitude of the ascending node of the orbit of m' upon that 

of m [42956—c]. 

If we increase the argument of the inequality of 6v [4578], by 

nt fs — to, and multiply its coefficient by e ; also, if we increase the 

argument of the inequality of $v' [4579], by n't-{-s'—w', and multiply 
• m\/ ct 

its coefficient by ^ . e' ;f lastly, if we increase the argument of the 

inequality of 6s [4580], by ntf* — n, and multiply its coefficient by 

— 2 7, the sum of these three inequalities will be, 

2 m'. a n 

i! n!— i n 

. cos. {i! n't — i n t -j- i' s'— i s) 

. sin. [i' n't — in t -j- i' s'— i s) 

to t, and afterwards change Tg into T9—W [3726a], it will produce the following 

expression of <5 v', which is equivalent to [4579] ; 

[457%] 
; 2 m. a' n' C 

i' v!— in \ 

[4580a] 

[45806] 

[4580c] 

[4580d] 

# (2712) If we put, for brevity, TQ — i'n't — int-{-A—gêj, also y = tang, f 

[1337/, 3739] ; the assumed value of R [1337"] becomes, R, = rn. k . ys. cos.T2. 

Substituting this in the expression —fiff) ' an(^^ we finc^ ^iat 11 becomes equal to the 

expression of s or 6 s [1342] ; provided the angle T9 be decreased, after the integration, 

by the quantity v — or by the angular distance of the body m from the ascending node 

of the orbit of m! upon that of m [1337']. In the present notation v—6/ is represented 

by the quantity ntfs—■ n, neglecting terms of the order e [42956—c]. The same 

process being performed upon the assumed value of R [4577], produces the expression of 

5s [4580]. 

m .an 
[4581a] t (2743) This factor is equal to -~ . e' [4560/] 

vi. an 
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Now, P and P' are homogeneous functions of e, of the dimension 

i— i, and i! is supposed greater than i ; therefore the preceding function 

is equal to,* 

2to'. an . (i'— i) 

i' n'— i n 
. {—P. cos.(i'n't—intpi's'—i s) +P'. sin. (i'n't—s'—i s)}. [4583] 

Now we have, in 6v, the inequality, [1304], 

3 ni. a ns. i 
5V = . j P. cos. (i'n't — intpi's—i s)—p, sin. (i'n't—i n t-\-i's’—is) j ; [4584] 

(in'—inf 

hence it follows, that if we represent by 

ô v = AT. sin. (i' n't — i n t + i' s' —-is — n t — s -j- 0), [4585] 

the inequality of <5 v, depending on the angle i'n't—ini -f* i!s' — i s—n t—s ; 

and by 
6 v' — K'. sin. (i' n't — i n t -f- i' s' — is — n't — s' -j- O'), 

the inequality of 6v', depending on the angle i'n't—int + i'i—is — n't — s' ; 

lastly, if we represent by 

6s = K". sin. (i' n't — int i'i — is — n t — s-j- O"), 

the inequality of <5 s, depending on the angle i'n't —i nt-\- is' — is — n t — s, 

we shall have,f 
K e . sin. (i n't — i n t + i s' — is — -aO) 

+ m . K' e'. sin. (i n't — int-pi s' — is — w'-h O') 
m \/a 

—2 K" 7 . sin. (i n't — i n t + i' s' — is —. n -j- O") 

2 . (i— i) (i n'— i n) 

3 i n 
sin. (i n't — int -j-i s' — i s Q) ; 

[4586] 

[4587] 

[4588] 

'* (2714) From [957ix] it appears, that any part of R, depending on angles of the 

form i'n’t — int, must be composed of terms in e, e', 7, of the orders i—i, 

i—i-f-2, &c. ; and by neglecting all, except the first, on account of their smallness, they 

must be of the order i— i ; and therefore homogeneous in these quantities. Now, if we 

put, in [1001a], a = e, a'=e, a"= 7, to = i'—i, and then, successively, J1{L'= P, 

A{i)= P', we get, 

Substituting these in [4582], we obtain [4583]. 

[4583a] 

[45836] 

[4583c] 

f (2715) The first member of [4588] is equal to the sum of the inequalities dv, 6v', 

vol.in. 83 
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[4588'] 

[4588"] 

[4589] 

Mercury 
and 

Venus. 

[4590] 

[4591] 

[4592] 

[4593] 

[4594] 

[4588a] 

[4588&] 

[4593a] 

ôv — H. sin. (il ni t — int-f- il s' — i s -j- Q) being the inequality of 5 v 

depending on the angle i' n't— int -j- il s' — is. 

The quantity 5 n'— 2 n [4076/i] is very small in comparison with n' ; 

and we have, in Sv [4282], the inequality, 

ôv = T,690443 . sin. (5 n't — 3nt-\~5 s' — 3s+ 43^ 18™ 32s). 

The inequality ss [4283'], depending on 5n't — 3nt-\-51— S£f is 

insensible ; and we have, in ôv' [4293], the inequality, 

Sv' = — 0 s,333596 . sin. (4n't — 2 -{- 4 s' — 2 s — 39d30™ 30 s). 

Lastly, we have, in ôv [4283], the inequality, 

ôv = 8s,483765 . sin. (5 n't — 2 n t -j- 51 — 2 s — 30^ 13™ 36s). 

In this case il= 5, i = 2 [4584,4591] ; and we have, by what precedes 

[4585—4591], the following equation of condition; 

T,690443. e . sin. (5 n't — 2 nt + 5 1 — 2 s — « -f- 43d ] 8™ 32s) 

— 0 s,333596. . sin. (5 n't — % nt -j- 51 — 2 e —w'— 39d 30™ 30s) 

= — 8s,483765 . sin. ($n't— 2 nt+51— 2 s—30^ 13™ 36s). 

The first member of this equation is,* 

0s,359753 . sin. (5 n't — 2nt-i- 5 l— 2 s.— 28^ 27™ 335) ; 

the second member is, 

0s,3605 . sin. (5 n't — 2 n t -f- 5 s'— 2 e — 30^ 13™ 36s) ; 

and their difference is insensible. 

(5 s, [4585, 4586,4587] ; multiplied respectively by e, 
m y a 

m\/a 
.e', and —2 y; the 

arguments being also increased by nt-fs — w, n't-\-s'—OT', nt-\-s — n, respectively, 

according to the directions in [4580"—4581]. Now, it is shown, in [4580"—4583], that this 

sum is equal to the expression [4583], which is the same as that of ^ [4584], multiplied 
2(£'■—i) (i'ri—in\ 

J 5 and if we suppose this expression of Sv to be reduced to the hy 3 i n 

form [4588'], this product will he represented by the second member of [4588]. 

* (2716) This is easily obtained, by reducing the two terms of the first member 

of [4592] into one, by the method [4282A—?], after substituting the values m} m', 

a, a', &c. [4061,4079,4080]. 
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We may verify, by the preceding theorems, many of the corresponding 

inequalities of Jupiter and Saturn; but as all the inequalities of these two 

planets have been verified several times, with much care, by different 

computers, this last verification is unnecessary. 

43. The inequality of m, produced by the action of m', and depending 

on the argument n't -f- £' — is expressed as in book ii. § 50, 55, by,* 

Sv — 
— 4 m2 

n'. (ii2—n'2) 
. (0,1) . e'. sin. (n' t + £' — ?*'). 

The inequality of m\ produced by the action of m, and depending on the 

argument nt -j- s — to, is, 

4 

(„»— „*) • U ’0) • 6 • Sin~ (” * + S ~ ”)• 

The coefficients of these two inequalities are, therefore, in the ratio of 

— (0,1) . n3. e' to (1,0) . n/3. e ; now we have, in [1093], 

(1,0) = (0,1). 
m\/a 

w!\/a' ’ 

therefore, if we put Q for the coefficient of the inequality Sv [4595], 

we shall find, that the coefficient of the inequality Sv' [4596], will be 

represented by, 

m. a5 

m'. a'5 
[4595/]. 

* (2717) The term of Sv depending on n't-\-sr—'to', is deduced from that in [1021], 

depending on G{i\ by putting i = 1 ; whence we obtain, 

Sv = ~ . G«\ e'. sin. (n't + s'— to'). 

Now, from [1018,1019,1073], we have, in the case of i = 1, 

Substituting this value of (r(1), in Sv [4595a], it becomes as in [4595]. The value of Sv' 

[4596] may be directly computed in a similar manner ; or it may be obtained more simply by 

derivation from [4595] ; changing m, a, n, e, he. into ml, a', n', e', he. ; and 

the contrary; observing, that by these changes, (0,1) becomes (1,0), according to the 

[4594'] 

[4595] 

[4596] 

[45964 

[4597] 

[4598] 

[4595a] 

[45955] 

[4595c] 

[4595(f) 



332 PERTURBATIONS OF THE PLANETS; [Méc. Cél. 

[4599] 

[4600] 

The Earth 
and 

Jupiter. 

[4601] 

[4602] 

Saturn 
and 

Uranus. 

[4603] 

[4604] 

[4595e] 

[4595/] 

The inequalities of this kind have been verified, either by means of this 

equation of condition, or by that of the preceding expression of Q. Thus, 

the action of Jupiter produces, in the earth, the sensible inequality [4307], 

Sv"= —2s,539884.sin. (rivt -fsiv— wiv). 

This inequality, by what precedes, is represented by [4595], 

sv"= 
4/2 

niv.[n"2—?iiv2) 
. (2,4) . eiv. sin. (rivt -f- siv — ■div) ; 

and we have (2,4) = 6s,947861 [4233]- If we substitute this, in [4600], 

also the values of niv, eiv [4077, 4080] ; then multiply the result by 

the expression of the radius in seconds, we shall obtain, 

S v" = — 2s,5401. sin. (nivt -f- s‘v— '5jiv)* 

The action of Uranus upon Saturn, produces, in the motion of Saturn, the 

inequality [4466], 

ô vv = — ls,011647 . sin. (nyit + evi—vvi). 

Multiplying its coefficient by-^ — [4598], we obtain, in Uranus. 
Tfl • CL £ 

the inequality, 

6 vvi— 0s,214852 . sin. (nvt + sv— wv) ; 

and the direct calculation has given, in [4525], 

6 vvl = 0s,214857 . sin. (nvt-J-sv—wv). 

notation in [1085, &cc.]. Comparing the values of Sv, Sv' [4595,4596], we get the first 

expression of [4595/] ; and by substituting the value of (1,0) [4597]; also n3 = a~%. 
_9 

n'*—a! 2 [3709'], we get successively the last expression [4595/], which is equivalent 

to [4598]; 

Sv' — • 
n'2 e (1£) _ 

(0,1) * n3 e' 
. Sv = — 

m \/a n'3 e 

m!\/a! n3 e! 
S v = 

m. a5 e 

to', a'5 e 
- . Sv. 

* (2718) The expression [4600] is similar to [4595], changing m, m!, &c. into m", 

miy, &,c. 

[4600a] 
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CHAPTER XVI. 

ON THE MASSES OF THE PLANETS AND MOON. 

44. One of the most important objects in the theory of the planets is the 

determination of their masses ; and we have pointed out, in [4062—4076'], 

the imperfections of our present estimation of these values. The most sure 

method of obtaining a more accurate result, is that which depends on the 

development of the secular inequalities of the motions of the planets ; but 

until future ages shall make known these inequalities with greater precision, 

we may use the periodical inequalities, deduced from a great number of 

observations. For this purpose, Delambre has discussed the numerous 

observations of the sun, by Bradley and Maskelyne ; from which he has 

obtained the maximum of the inequalities produced by the actions of Venus, 

Mars and the moon. The whole collection of these observations of Bradley 

and Maskelyne, makes the maximum of the action of Venus greater than 

that which corresponds to the mass we have assumed for Venus [4061], in 

the ratio of 1,0743 to 1 ; hence the mass of Venus is of that of 

the sun. The observations of Bradley and Maskelyne, when we take them 

separately into consideration, give nearly the same results ; therefore, it is 

probable, that this estimate of the mass of Venus is not liable to an error of 

a fifteenth part of its value. 

Hence it follows, incontestably, that the secular diminution of the 

obliquity of the ecliptic approaches very near to 154"= 49s,9. To reduce 

it, as some astronomers have done, to 105"= 34s, we must decrease the 

mass of Venus one half ;* and this is evidently incompatible with the 

* (2719) This appears, by substituting q"= — 34s, t = 100 [4606], in [4074c]; 

whence we get, very nearly, — 34s = — 50s— 31V' ; consequently, /x'= —\ nearly. 

vol. hi. 84 

[4604'] 

[4604"] 

[4604'"] 

[4605] 

Mass of 
Venus. 

[4605'] 

[4606] 

[4606'] 

[4606a] 
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[4606"] 

[4607] 

[46073 

[4607"] 

Mass of 
Mars. 

[4608] 

[4608'] 

[4609] 

Longitude 
of the 
earth’s 
perihelion. 

[4610] 

[4610a] 

observations of the periodical inequalities, produced by Venus, in the motion 

of the earth. The best modern observations of the obliquity of the ecliptic 
are too near to each other, to determine this element with accuracy. The 

observations of the Arabs appear to have been taken with much care. They 

made no alteration in the system of Ptolemy ; but directed their attention 

particularly to the perfection of the instruments, and to the accuracy of their 

observations. These observations give a secular diminution of the obliquity 

of the ecliptic, which differs but very little from 154"= 49s,9. This 

diminution is also confirmed by the observations of Cocheouking, made in 

China, by means of a high gnomon ; and it appears to me, that these 

observations may be relied upon for their accuracy. 

Delambre has also determined, by a great number of observations, the 

maximum of the action of Mars upon the motion of the earth. He has 

found this action to be less than that which corresponds to the mass we 

have assumed for Mars [4061], in the ratio of 0,725 to 1 ; making the 

mass of Mars of that of the sun. This value is probably not 

quite so accurate as that of the mass of Venus, because its effect is less ; 

but, as the data [4076], from which we have determined the mass of Mars, 

in [4075, &c.], are very hypothetical, it is important to ascertain the error 

which might result from this cause, in the theory of the sun’s apparent 

motion. Now, the observations of Bradley and Maskelyne, combined 

together, or taken separately, concur in indicating a diminution in the mass 

of Mars ; therefore, we shall decrease the preceding inequalities, produced 

by Mars, in the earth’s motion, in the ratio of 0,725 to unity. 

These changes, in the masses of Venus and Mars, produce sensible 

alterations in the secular variations of the elements of the earth’s orbit. 

We find the longitude of the earth’s perihelion to be represented by the 

following expression ;* 

Long, perihelion ® = to"-f-1.11s,807719 + f. 0s,0000816482 ; 

the coefficient of the equation of the centre of the earth’s orbit is 

represented by, 

* (2720) The expression [4610] is computed as in [4331], changing the masses of 

Venus and Mars, as in [4605—4608]. The formulas [4611,4612] are computed in like 

manner as [4330, 4332], respectively. 
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Coeff. equal. centre ® == 2 E— t. 0s, 171793 — f. 0 s,0000068194. [4611] 

Lastly, the values of p" and q" [4332], become, 

p"= L 0s,080543 + f. 0^,0000231134 ; [46l2] 

q"= — t. 0s,521142 + f. 0s,0000071196. 

Hence it follows, from [4074c, 4613a], that the secular diminution of the 

obliquity of the ecliptic, in this century, is equal to 52s, 1142.* Using these 

data, we find, by the formulas of § 31,f 

4 = t. 155",5927 +3°, 11019 + 42556",2. sin. (t. 155",5927 + 95°,0733) 

— 73530",8. cos.+99",1227)—17572",4. sin.(L43",0446) 

= t. 50s,412 + 2*47^57*+ 13788s,2 . sin. (t. 50s,412 + 85*33- 57s) 

— 23823s,98. cos.(t. 32s, 1158)—5693s,5. sin. (+13s,9465) ; 

V = 26°,0796 — 3676",6 —18187",6 . cos. (t. 155",5927+95°,0733) L”ta.J 

+ 5082",7. cos (t. 43",0446)—28463",6 . sin. (t. 99",1227) 

= 23"28” 17*,9—1191*,2 — 5892',8.cos. (1.50*,412+ 85'‘33"57*) 

+ 1646*,8 . cos. (t. 13*,9465)—9222*,2 . sin.(1.32*,1158); 

+ = t. 155",5927 + 3°,11019 — 3°,11019 . cos. (t .99",1227) 

— 14282",3 . sin. (t. 43",0446) 

= t. 50*,4120 + 2" 47" 57* — 2“ 47“ 57*. cos. (t. 32", 1158) 

[4614] 

[4615] 

Corrected 
values 
of the 
precession 
and obli¬ 
quity of 
the eclip¬ 
tic for the 
year t, 
after the 
epoch 

1750. 

[4616] 

— 4627s,5 . sin. (t. 13s,9465) ; 

V'= 26°,0796 —3676",6 .{1—cos. (t. 43",0446)] 

— 10330",4. sin. (t. 99", 1227) 

= 23* 28- 17s,9 — 119Is,2 . {1—cos. (t. 13s,9465){ 

— 3347s,05 . sin. (t. 32s, 1158). 

[4617] 

* (2721) The chief term of the value of q" [4612] is —t. 0s,521142, and by 

putting t = 100, it becomes q"=—52s,1142. This represents, by [4074a—c], the secular [4613a] 

variation of the obliquity of the ecliptic, corresponding to the second formula [4612]; in the 

original work it is printed 160'/,85 = 52s,1154, and it is thus quoted in [3380n]. 

t (2722) The formulas [4614—4618], are computed in precisely the same manner as 



336 

Increment 
of the 
year. 

[4618] 

[4618'] 

[4618"] 

[4619] 

[4620] 

[4621] 

[4622] 

[4614a] 

PERTURBATIONS OF THE PLANETS ; [Méc. Céï. 

The increment of the tropical year, counted from 1750, is, then, 

represented by, 

Increment of the year = — 03ay,000086354 .{1—cos. (t. 13s,9465)] 

— 0day,000442198 . sin.(*. 32s,1158). 

Hence it follows, that, at the time of Hipparchus, the tropical year was 

10s,9528 sexagesimal seconds longer than in 1750. The obliquity of the 

ecliptic was then greater by 955s,2168. Lastly, the greater axis of the sun’s 

orbit coincided with the line of equinoxes, in the year 4089 before our era; 

it ivas perpendicular to that line in 1248. 

The mass of the moon has been determined by the observations of 

the tides in the port of Brest ; and, although these observations are 

far from being so complete as we could wish, yet they give, with 

considerable precision, the ratio of the action of the moon, to that of the 

sun, upon the tides of that port. But, it has been observed, in [2435—2437'], 

that local circumstances may have a very sensible influence on this ratio, and 

also on the resulting value of the moon’s mass. Several methods have been 

pointed out, in the second book, to ascertain this influence ; but they require 

very exact observations of the tides. The observations which have been made 

at Brest, leave, in their results, such a degree of uncertainty, as makes us fear 

that there may be an error of at least an eighth part, in the value of the 

moon’s mass. Indeed, the observations of the equinoctial and solsticial tides, 

seem to indicate, that the action of the moon upon these tides is augmented 

one tenth part, by the local circumstances of the port. This will decrease, 

by one tenth, the assumed value of the moon’s mass ; and, in fact, it appears, 

by several astronomical phenomena, that the assumed value [4321] is rather 

too great. 

The first of these phenomena is the lunar equation, in the tables of the 

sun’s motion. We have found, in [4324], 8s,8298 for the coefficient of this 

inequality, supposing the sun’s parallax to be 8s,8 [4322]. It will be 

[4357—4360, 4362], altering the masses of Venus and Mars, as in [4605, 4608]. We 

have previously spoken of this change of the masses of these two planets, in [3380n, &£*.], 

and have also given the formulas of Poisson and Bessel pISSOpjÇ'], for the determination of 

the precession and the obliquity of the ecliptic. 
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8s,5767,* if the sun’s parallax he 8s,56, which is the value deduced 

from the lunar theory, as will be seen in the following book. Delambre has 

determined the coefficient of this lunar equation, by the comparison of a very 

great number of observations of the moon, and has found it equal to 7J,5. 

If we adopt this value, and also the second of the above estimates of the 

sun’s parallax, which several astronomers have deduced from the last transit 

of Venus over the sun’s disc, we find the mass of the moon to be of 

the earth’s mass [46226], 

The second astronomical phenomenon is the nutation of the earth’s axis. 

We have found, in [3378a], the coefficient of the inequality of the nutation 

to be equal to 10s,0556;f supposing the mass of the moon, divided by the 

cube of its mean distance from the earth, to be equal to triple the mass 

of the sun, divided by the cube of the mean distance of the earth from the 

sun [2706]. This makes the mass of the moon equal to of the earth’s 

mass [4321]. Maskelyne has found, by the comparison of all Bradley’s 

observations on the nutation, that the coefficient of this inequality is equal 

# (2723) The coefficient of this inequality, neglecting its sign, is — . —, multiplied by 
JfJL V 

the radius in seconds 206265s [4314] ; and by substituting ~ = and — =*? S— 

[4321,4323], it becomes X X 206265s. Putting this parallax equal to 8s,8, 

the coefficient becomes nearly equal to 8s,8298 [4324] ; and by using the value of the 

parallax 8s,56 [5589], the coefficient becomes 8s,58 nearly, as in [4622']. To reduce 

this to 7s,5, the value obtained by Delambre, we must decrease the moon’s mass in the 

ratio of the numbers 7s,5 to 8s,58, so that it will be equal to —— v-—— 
H 8,58 ^ 58,6 67 ’ 

instead of ——, given by the author in [4624]. 

t (2724) The coefficient 31",036 = 10s,0556 is computed, in [3376e], from the 

formula pypy • ~J/== 10s:>0556; in which X = 3 [3376,3079] represents the assumed 

ratio of the lunar to the solar force on the tide. This value of X is used, in [4319], in 

computing the value of m [4321,4626]. Now, substituting X = 3, in [4625a], we 

obtain, 

= l X 10s,0556 = 13s,4074 ; 

[4622'] 

[4623] 

Moon ys 
mass. 

[4624] 

[4625] 

[4626] 

[4622a] 

[46226] 

[4625a] 

VOL. III. 85 



338 PERTURBATIONS OF THE PLANETS; [Méc. Cél. 

[4627] to 9 ,55 ; and this result makes the moon’s mass equal to yX- of the earth’s 

mass. 

Lastly, the third astronomical phenomenon is the moon’s parallax. We 

shall see, in [5605], that the constant term contained in the expression of this 

parallax, when developed in a function of the moon’s true longitude, is 

[4o28] 3427%93; supposing the moon’s mass to be of the earth’s mass. Burg 

has computed this constant term, by means of a very great number of 

[4629] observations of the moon. He finds it equal to 3432s,04 [5605] ; and, by 

the formulas given in the next book, tins result will be found to correspond 

[46297 with a mass of the moon, which is equal to yi- of that of the earth.* 

[46256] 

[4 625c] 

substituting this value in the first member of the equation [4625a], we get —— , 13s,4074, 

for the nutation, corresponding to any assumed value of X. If we put this equal to the value 

9s,55, obtained by Maskelyne [4627], we get, 

X 9,5500 . 9,5500 _ 4 „ . 
r+X = 13 4074 ’ ^ence x = 3~g574 = 2,476, instead of X = 3, used above ; 

and as the mass of the moon is proportional to X [3079], it will be reduced, from 
58,6 

[4321], to 5gj6 X 3j00() 715 asm [4627]. 

* (2725) The constant term of the parallax is -.(1-f-ee) [5311] ; and by substituting 

[4629a] the value of — [5324], it becomes of the form £.(■**■ Y; A being a function of the 

known quantities a, e, he., which are independent of M, m. Now, by using the value of 
m 1 
M~ 58]6 L4628], we obtain the constant term [5330'], corresponding to the latitude 

whose sine is \/% ; also the constant term 3427s,93 [5605] of the horizontal parallax ; 

hence we have, 

[46296] 

[4629c] 

A . (’++) 3427s,93, and A=3447s,32 ; 

so that the constant term of the horizontal parallax is, 

3447s,32. 
f M 

-)• mj 

Putting this equal to the constant term of Burg’s tables 3442s,44—10s,40=3432s,04 

[5605], we get, 

M-j-m /3447,32\3 

M 

A3447 32\3 1 
‘= V34324>4/ = lî0134l = 1 +77 nearly, as in [4629']. [4629d] 
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Hence it appears, from all three of these phenomena, that we must decrease 

a little the mass of the moon, deduced from the observations of the tides 

at Brest ; therefore, the action of the moon on the tides in that port, is 

sensibly increased by local circumstances. For the numerous observations, 

both of the heights and intervals of the tides, do not permit us to suppose 

this action to be less than triple the action of the sun. 

The most probable value of the moon’s mass, which appears to result 

from these various phenomena, is T of the earth’s mass.* * * § By using this 

value, we find 7s,572,f for the coefficient of the lunar equation of the solar 

tables, and 3430s,88,f for the constant term of the expression of the 

moon’s parallax. We also find 9s,648 . cos. (longitude of the moon’s node), 

for the inequality of the nutation, and —18s,03.sin. (long, moon’s node),§ 

* (2726) Subsequent observations of the tides at Brest, induced the author to reduce 

this value of X [3079], from X = 3 to X=2,35333 [11905]; making the mass of the 

moon equal to °f that of the earth [11906] ; as we have already remarked in 

[33806', &lc.] . We may observe, that the value of X=3 [4318,4319] corresponds with 

7YI 1 JYl 

M=586 [4321], and that X is proportional to m ; hence we get, in the case of — 

[4631], the value X= 3.--^ = 2.566, as in [4637]. 
UOjO 

t (2727) This equation of the earth’s motion is proportional to •— [4314] ; and if 
jyjL 

Tïb 

we suppose — = 586 tqjpl], it becomes 8s,58 nearly, as in [4622'] ; but if we use 

77t X 58 (3 
35 [4^1]’ this equation becomes 8s,58 X p~ = 7s,34; which differs a little 

from [4632]. 

-t (2728) Substituting M=68,5 .m [463‘lc], in the constant term of the moon’s 

parallax [4629c], it becomes 3447s,32. 3430|8, as in [4633]. Moreover, by 

substituting X=2,566 [4631c], in the coefficient of the nutation [46256], it becomes, 

X 2 566 
13s,4074=^.13s,4074 = 9S,648, as in [4634]. 

§ (2729) The coefficients of the inequalities in the nutation and precession are 

represented, in [3376c,/, 3378,3380], by . vv —777-77-7;.cot.2h ; which are to 

[4630] 

[4631] 

[4632] 

[4633] 

[4634] 

[4635] 

[4631a] 

[46316] 

[4631c] 

[4632a] 

[46326] 

[4633a] 

[46336] 

[4635a] 
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[4636] 

[4637] 

[4638] 

[4638'] 

[4639] 

[4640] 

[4641] 

[4642] 

[46355] 

[4635c] 

for the inequality of the precession of the equinoxes. The ratio of the 

moon’s action on the tides to that of the sun is then 2,566 [4631c] ; and 

as the observations of the tides in the port of Brest make this ratio equal 

to 3 [46316], it appears evident that it is increased, by local circumstances, 

in the ratio of 3 to 2,566. Future observations, made with great exactness, 

will enable us to determine, with precision, these points, in which there 

remains, at present, some slight degree of uncertainty. 

Jupiter’s mass appears to be well determined ; Saturn’s has still some 

degree of uncertainty [4635c], and it is a desirable object to correct it. 

This may be done by observing the greatest elongations of the two outer 

satellites, in opposite points of their orbits, in order to have regard to the 

ellipticity of the orbits. We may also use, for this purpose, the great 

inequality of Jupiter [4417], when the mean motions of Jupiter and Saturn 

shall be accurately determined ; for these mean motions have a very sensible 

influence upon the divisor (5 nv — 2 %iv)2, which affects this inequality. It 

appears probable, that the mean annual motion we have assigned to Jupiter, 

must be increased, one or two centesimal seconds ; and that of Saturn, 

decreased, by nearly the same quantity. The periodical inequalities of Jupiter 

and Uranus, produced by the action of Saturn, afford also a tolerably 

accurate method of determining the mass of Uranus. 

The value we have assigned to the mass of Uranus, depends on the 

greatest elongation of its satellites, which were observed by Herschel. 

These elongations should be verified with great care. 

With respect to Mercury’s mass, we may use, in ascertaining its value, the 

inequalities it produces in the motion of Venus. Fortunately, the influence 

of Mercury on the planetary system is very small ; so that the error, 

depending on any inaccuracy in this estimate of its mass, must be nearly 

insensible. 

each other as 1 to —2.cot.2A. Hence, if we suppose the inequality of the nutation to 

be 9s,648, as in [4634], that of the precession will be — 2 X 9 s,648. cot. 2 h ; and by 

using 2A=52°,1592=46d 56™ 35s,8, it becomes —18s,03, as in [4635]. 

Before concluding this note we may observe, that the late estimates of these masses, 

by different astronomers, have already been given in [4061 d—m]. 
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CHAPTER XVII. 

ON THE FORMATION OF ASTRONOMICAL TABLES, AND ON THE INVARIABLE PLANE OF THE 

PLANETARY SYSTEM. 

45. We shall now proceed to explain the method which must be used in 

constructing astronomical tables. We have given the inequalities, in 

longitude and in latitude, to a quarter of a centesimal second ; but the most 

perfect observations do not attain to that degree of accuracy ; so that we may 

simplify the calculations, by neglecting the inequalities which are less than 

a centesimal second. We must form, by means of a great number of 

observations, selected and combined in the most advantageous manner, the 

same number of equations of condition, between the corrections of the 

elliptical elements of each planet. These elements being already known, to 

a considerable degree of accuracy, their corrections must be so small that we 

may neglect their squares and higher powers ; and by this means the 

equations of condition become linear.* We must add together all the 

equations in which the coefficients of the same unknown quantity are 

considerable ; so that from these sums we can form the same number of 

fundamental equations as there are unknown quantities ; and then, by 

elimination, we may obtain each of the unknown quantities. We can also 

find, by the same method, the corrections which may be necessary in the 

assumed masses of the planets. If the numerical values of the planetary 

inequalities be accurately calculated, which may be ascertained by a careful 

verification of the preceding results ; we may, with each new observation, 

* (2730) We have given the form of an equation of this kind, in [849rf] ; and have 

shown, in [84 9a—/'], how to combine any number of them together, by the method of the 

least squares ; which process is now generally used, in preference to that in [4644]. 

86 

[4643] 

[4644] 

[4644a] 

VOL. III. 
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form another equation of condition. Then if we determine, every ten years, 

the corrections resulting from the combination of these equations with all the 

preceding ones, we may, from time to time, correct the elements of the 

orbits ; and by this means obtain more accurate tables of the motions ; 

[4645] supposing that the comets do not produce any alteration in the elements ; 

and there is every reason to believe that their action on the planetary system 
is insensible. 

[4646] 

[4647] 

[4648] 

[4649] 

46. We have determined, in [1162'], the invariable plane, in which the 

sum of the products of the mass of each planet, by the area its radius vector 

describes about the sun, when projected upon this plane, is a maximum. If 

we put 7 for the inclination of this plane to the fixed ecliptic of 1750, and 

n for the longitude of its ascending node upon that plane, we shall have, as 

in [1162'], 

tang. 7. sin. n = 

tang. 7 .cos.n 

2.m . y/a. (i—gp). sin. 9. sin. 6. 

1—ee) • COS. <p ’ 

2 . rn . \/a. (1 — ee) . sin. <p. COS. è 

2 . m . \Ja. ( l—TV). COS. <p 

The integral sign of finite differences s includes all the similar terms relative 

to each planet. If we use the values of m, a, e, 9, and 6, given for each 

of these bodies, in [4061—4083], we shall find, by these formulas, 

7= ld 3ôm 3T ; 

11= 102* 57* 29'. 

Then, by substituting for e, 9, 6, their values, relative to the epoch 1950 

[4081—4083, 4242, &c.], we shall obtain, 

7= ld 35m 3T ; 

n= 102'257m 15s ; 

which differ but very little from the preceding values [4648]. This serves 

as a confirmation of the variations we have previously computed in the 

inclinations and in the nodes of the planetary orbits. 
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CHAPTER XVIÏI. 

ON THE ACTION OP THE FIXED STARS UPON THE PLANETARY SYSTEM. 

47. To complete the theory of the perturbations of the planetary system, 

there yet remains to he noticed those, which this system suffers, from the 

action of the comets and fixed stars. Now, if we take into consideration, 

that we do not accurately know the elements of the orbits of most of the 

comets ; and, that there may he some, which are always invisible to us, by 

reason of their great perihelion distance, though they may act on the remote 

planets ; it must be evident, that it is impossible to determine their action. 

Fortunately, there are many reasons for believing, that the masses of the 

comets are very small ; consequently, their action must be nearly insensible. 

We shall, therefore, restrict ourselves, in this article, to the consideration of 

the action of the fixed stars. 

For this purpose, we shall resume the formulas [930, 931, 932], 

v .fn dt.r. sin. v. | 2/d R -J- r. | 

—«.sin. v .f n dt.r.cos. v. | 2fdR-\-r. j j 

a. cos. v 

P • \/l—ee 

Qr.d.Sr-fdr.ôr 3 a 

6V — • 
a2. ndt 

7 •SSndt.AR+~.fndt.r.(~^ 

[/!■ ■ee 

6S = 
• y/1 — ee 

(X) 

a. cos. v.f n dt.r. sin. v.Ç~^j—a.sm.v.f ndt. r .cos.v. (^—^J 

00 

.(Z) 

[4649'] 

[4650] 

General 
expres¬ 
sions of 
6r, ÔV, 

ÔS. 

[4651] 

[4652] 

[4653] 
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[4654] 

[4655] 

[4656] 

[4656'] 

[4657] 

[4658] 

[4659] 

[4655a] 

[46556] 

[4655c] 

[4657a] 

[4659a] 

We shall put ml for the mass of the star ; x', y', z', its three rectangular 

co-ordinates, referred to the sun’s centre of gravity ; r', its distance from 

that centre ; x, y, z, the three co-ordinates of the planet m ; and r, its 

distance from the sun. We shall have, as in [3736], 

„ ml 

r'3 \/(af—æ)2-[- (y1—yY~\~ —-z)2* 

Developing the second member of this equation, according to the descending 

powers of r', we shall have,* 

m'. r2 

2/3 

(x x'-\- y y'-f- z z'— Jr2)2 
&c. 

We shall take, for the fixed plane, that of the primitive orbit of the planet ; 

and we shall have, by neglecting the square of z,f 

x = r. cos. v ; y — r . sin. v ; z = r s. 

Putting l for the latitude of the star m', and U for its longitude, we 

obtain,Î 

x' = /. cos. I, cos. U: y' — r'. cos. I. sin. U; z! = r'. sin. 1. 

* (2731) Putting, for brevity, xxr'~\-y y'-\-zz' = rr’.f ; and, as in [914'], 

x^y2 z2 = r2, x ! 2 +y'2+«' 
! 2_2 

we find, that the last term of [4655] becomes, by successive reductions, as in [4655c] ; 

—m'^x'—xf+iy'—yY+iz'—zY] h=—2rvl[-r2l h=—^.|l—" 

m, m' fr'rf—3 m' {'r'rf— \r~\p. 

IV 
&c. 

Substituting this in [4655], we find that the first term of [4655] is destroyed by the second 

term of [4655c], and the whole expression of R becomes, by a slight reduction, as 

in [4656]. 

f (2732) The values of x, y [4657], correspond with those found in [926'—-927]. 

The value of z=rs [4657] is the same as that in [931/7], changing ds into s, to conform 

to the present notation. 

J (2733) The radius vector of the body ml is r', and its latitude above the fixed 

plane l. Hence it is evident, from the principles of the orthographic projection, that the 

projection of r', upon the fixed plane, is /.cos.1; and the perpendicular z', let fall from ml, 
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Hence we deduce, by neglecting the descending powers of r\ below r* 3,* 

R= — HI _f_ . J 2—3.cos.2/—3.cos.2/.cos.(2v—2 77)—65.sin.2/.cos.(y— 77) }. 

Now, r', 7, and 77, vary nearly by insensible degrees ; hence, if we put Rt 

for the part of R, divided by r'3, and neglect the square of the excentricity 

of the orbit of m; also, the term depending on s, which is of the order of 

the disturbing forces, that m suffers by the action of the planets ; we shall 

have,f 

r. 

fdR= R/— 
7 m!. a2 

12r'3 
(2 — 3 . cos.2/) ; 

upon the fixed plane, is equal to r'. sin. 7, as in [4659]. Now, this projected radius r'.cos./, 

makes the angle U with the axis of x' [4658, &c.], and 90d—U with the axis of y'. 

Hence we easily obtain expressions of x', y', similar to those of æ> y [4657], and which 

may be deduced from them, by changing r into r'.cos.7, and v into U, as in [4659]. 

* (2734) Substituting the values of x, y, he. [4657,4659], in the first member of 

[4660a], reducing, developing and neglecting terms of the order s2, we get, by using 

[24, 6, 31] Int. the following expressions, 

[ x x'-\- y y'-\-z s' f 2=r2 r'2. [ cos. 7. (cos. v. cos. Z7+ sin. v. sin. 77) -j- s. sin. 7}2 

= r2r'2.[cos.7.cos. (v—U) -(-5.sin. 7}2 

_r2jj2. ^C0S.2Z. cos.2(v — 77) -j- 2s. sin. 7. cos. 7. cos. (v —-77)} 

=r2 r'2. {cos.2 7. [J -f I cos. (2 v — 277)] -j- s. sin. 2 7. cos. (v—77)]. 

Now, the first and second terms of [4656], are the same as the first and second terms of 

[4660] respectively; so that if we neglect terms of the order mentioned in [4659'J, we 

shall find, that the remaining part of [4656] becomes, 

“2yï'ixx+yy+zz \ ■ 

Substituting in this the expression [46606], it produces the three last terms of R [4660]. 

t (2735) If we use the symbol Rn we shall have, from [4660,4661], 

R = 
m! .r2 

4r'3 * 

m! 
v 

j 2—3cos.27—3cos.27.cos. (2r — 277)—6s.sin. 27.cos.\v—77) j ; 

[4659r| 

[4660] 

[4661] 

[4661'] 

[4662] 

[4662'] 

[46596] 

[4659c] 

[4660a] 

[46606] 

[4660c] 

[4662a] 

VOL. III. 87 

[46626] 
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Then, if we put m- = 1, which is nearly equivalent to the supposition, that 

the sun’s mass is equal to unity [3709], we shall obtain from the formula 

[4651],* 

[4662c] 

[4662c?] 

[4662c?'] 

[4662e] 

[4662/] 

[4662g-] 

[46627t] 

[4662i] 

[4662/fc] 

[46621] 

[4662m] 

[4662m] 

[4662o] 

[4662o'] 

[4662p] 

[4662q] 

The characteristic d affects the elements of the orbit of the body m, namely, r, v, s, Sic. ; 

but does not affect those of the body m!, as r', ?, U, he. ; hence the differential of [46626] 

becomes, dR = dRr Integrating this, and adding, as in [1012,J, the constant quantity 

m!g, to complete the integral, we get fdR=f d R^m'g. Now, as r', ?, Ü, are nearly 

constant, we may neglect their variations, and then the quantity d-R, will be the complete 

differential of R,; so that we may write Rf for fdRhence the expression [4662d] 

becomes fdR = Rt-\-m'g. If we neglect terms of the order e2, in the expression of 

r [1256], it becomes as in [4664]; and if we substitute this in the expression of r^.dv 

[1256], we easily obtain the expression of ndt [4664]. By inadvertence, the author has 

given a wrong sign to the term depending on e, in the value of r [4664], which in the 

original work is r = a. [ 1-J- e. cos. (v — vs) ]. This affects the numerical coefficients of the 

formulas [4666,4666',&c.], but does not alter the general results [4669',-4673,&c.]. Putting, 

for brevity, h equal to the coefficient of r2, in the expression of Rt [4662a], we have, 

VYL^ 
h= .{2—3.cos.2?—3.cos.2?.cos.(2v — 2 U) — 6s.sin. 2?.cos. (v— U)} ; 

R=h.rz; whence = 2 hr=^d. 
' \dr/ r 

Substituting this in the partial differential of R [46626], relatively to r, 

following expression, 
/dR\ 

we obtain the 

dR\ 

dr ) 
- 

V dr J 
: ) __ 

r 

multiplying this by r, we get [4662']. If we determine the constant quantity g, as in 

[1016/',&c.],by making the coefficient of t vanish from the expression of Sv, we shall find, 

by putting (x=l, and neglecting e2, that the terms of Sv [4652], necessary to be noticed 

in finding the constant quantity, are, 

a •/{ 3/d R T 2 r. (~^J l-ndt. 

Substituting the values [4662e, 4662'], it becomes, a ,f(l R^Sm'g) .ndt ; and if wre 

retain only the constant part of R,, the preceding expression will vanish, and we shall have 

the constant part of Sv equal to nothing, by putting 7 R^Sm!g = 0; or m!g=—.Rt. 

Now, the constant part of R, is evidently obtained, by putting r=a, and retaining only 

the two first terms of [4662a]. Hence we get, 

m g= ~ 127? ' (2“3 'cos- Z) 5 

and fdR [4662e] becomes as in [4662]. In the original work the numerical coefficient 

instead of is 1 
43 

7 
12 ’ 

* (2736) From [4662e, 4662'], we get, 
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s r = 4 a . cos. v ./n dt. r Rr sin. v — 4 a. sin-u .fndt ,rRr cos. v. [4663] 

Substituting the following expressions [1256, 4662f, &c.], 

r = a . j 1— e . cos. (v — S ; n dt = dv .{1—2e .cos. (fl — «)]; [4664] 

and neglecting under the sign /, the periodical terms, affected with the angle [4665] 

v, we shall have,* 

ndt.r.Rr sin.n 

ndt.r.Rr cos.v 

5 m!. ft3, dv 

4r'3 

om.cP.dv 

4r/3 

. {(1—J-.cos.2/). e. sin.tf+f .cos.2/. e. sin.(^—2/7)} ; 

. j (1—4.,cos.2/), e. cos.®—f .cos.2/, e. cos. (-a—2/7)} ; 

[4666] 

[4666'] 

2fdR + r.(^\ =s4jR,+ 2m'g\ 

Substituting this in [4651], also f*=l, and neglecting e2, we get, 

<5 V 

— =4.cos.v. Cndt.rR,.sin.v—-4.sin.v. Cndt.rR..cos.v 
a ' j ! 

g.cos.v .fndt.r.sin.v—2m! g .sm.v .fndt.r .cos.v. 

[4663a] 

[4663a'] 

This differs from [4663], in the terms multiplied by g. The two expressions would agree, 

if we were to take the arbitrary constant quantity g [4662c/] equal to nothing ; but this t46636l 

would be inconsistent with [4662n, 4668]. 

* (2737) From [4662/], we obtain ndt.rR/ = h .ndt.r3. Now we have, by 

neglecting e2, ?-3 = ft3.[l —3 e.cos.(v—«)| [4664] ; multiplying this by ndt [4664], [4666a] 

we get, 

ndt.r3=a?. dv.{ 1—5e.cos.(v—w)J; hence, ndt .rR^h,ci3.dv.{1—5e.cos.(v—«)}. [4666i] 

Multiplying this successively, by sin.v, and cos.v, we get, by reduction, 

n d t. r R,. sin. v = h. ft3, dv. [ sin. v—f e. sin.zi—f e. sin. (2 v — zs) | ; 

ndt.rRrcos.v=h.a3.dv.{cos.v— fe.cos.tf—|e.cos.(2v—tf)}. 

The second of these expressions may be derived from the first, by augmenting each of the 

angles v, zs, U, by 9(F ; as appears, by making this change in the second members ; no [4666e] 

alteration being made in r, /, &c.; so that h [46627c] may remain the same. If we suppose 

the plane of xy, to be the primitive orbit of m, the latitude s will be of the order of 

the disturbing forces of the planets, which is neglected in [4661'] ; and then h [4662fc] is [4666/] 

composed of the two terms, 

Til/ / 

— 3.cos.2/), — ^-^.3 .cos.2/.cos. (2v—2 77). 

These are to be substituted in [4666c], and those terms retained, which do not contain the 

[4666c] 

[46664] 

[4666g-] 
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[4666"] 

[4667] 

[4666fc] 

[4666i] 

[4666Æ] 

[4667a] 

[46676] 

[4667c] 

[46674] 

[4667e] 

[4667/] 

[4667g-] 

[46676] 

which gives, by considering vs, /, r', U, ns very nearly constant,* 

3 m. a3. v 

2 r'3 
.{(1—J-. cos.5/), e . sin.(a—vs) —cos.9/, e . sin.(n-f®—2U)\. 

angle v, or its multiples [4665] ; consequently, the first of these terms of h must be 

combined with the second of [4666c] ; and the second of these terms of h, with the third 

of [4666c] ; hence we shall have, 

ndt.rR,. sin.v = 
m'.aP.dv 

4/3“ 
. {— (2—3.cos-2/). fe. sin.zs —-^-e.cos.2/.sin. (zs—2/7)|; 

which is easily reduced to the form [4666]. In like manner we may compute [4666'] ; or, 

we may obtain it much more easily, by derivation from [4666], by increasing the angles 

v, vs, Z7, by 90", as in [4666c]. These results are free from the error in the value of r 

[4662g-] ; and if we compare them with those given by the author, in the original work, we 

find, that w-e must multiply his expressions by —5, to obtain those in [4666,4666'] ; or, 

in other words, we must change e into —5 c, in his formulas. 

* (2738) Putting, for brevity, 

. 5m'.a8 
—f-cos-2Z).e 

15 m'. a8 „, 
B=~i$7r-C°s- l-e> 

we find, that the integrals of [4666,4666'] become, very nearly, 

fndt. r Rr sin.v =—‘Av .sin.vs—Bv .sin. (zs— 2/7) ; 

fndt.rR,. cos.v=—Av .cos.vs f-Bv .cos. (zs— 2/7). 

Multiplying the first of these expressions by 4. cos.v, the second by —4. sin.v, and taking: 

the sum of the products ; putting 

—sin.sr. cos. v-|-cos.-at. sin.v = shi-(v — ®) 5 

— sin. (zs—2/7) .cos. v — cos. (zs—2/7).sin. v = — sin. (vf-zs—2/7) ; 

we get, for the terms in the first line of [4663a'], the following expression, 

4. cos. v .fndt. rR/. sin. v — 4. sin. v ,fn dt .rRr cos. v 

—4:.A.v .sin. (v—zs) — 4.i?. v.sin. (v-j-s*— 2/7). 

Again, if we multiply together the expressions of r and ndt [4664], neglecting e2, we 

obtain, 
ndt .r —adv.\1 —3e .cos. (v—zs)]. 

Multiplying this, successively, by sin. v, cos. v ; reducing and retaining only the terms, 

which are independent of the angle v, we get, 

ndt .r .sin.v — —adv.§e-sin.-cj ; ndt .r.cos.v — —adv.f e. cos.zs. 

f ndt.r.sin.v = —av.§ e .sin.zs; fndt.r .cos.v — —av.fe.cos.zs,. 

Multiplying these integrals, respectively, by 2m'g .cos.v, —2 mg.sin. v ; taking the 

sum of the products, and reducing, by means of [4667c/]; then substituting the value of 
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Now we have, * 

8 r 
— — — Je. cos. (v — to) — e <5 to . sin. (v — to). 
a 

Comparing together the two expressions [4667, 4668], we obtain,! 

15 m'.a3v 0J . r>TT\ 
—. cos.~/. e . sm. (2 to — 2U ) ; 

. {1—J-. cosH — j- . cos.2/. cos. (2 w — 227)}. 

Je== 
4r'3 

3 m'.cdv 

2r‘ 
,13 

Thus the action of the star m! produces secular variations in the excentricity and 

in the longitude of the perihelion of the orbit of the planet m; but these variations 

are incomparably smaller than those arising from the action of the other 

planets. For, if we suppose m to be the earth, r' cannot, by observation, 

m!g [4662g], we finally get, for the second line of [4663a'], 

2m!g.cos. v.fndt .r. sin. w — 2mg.sin.v fndt.r.cos. v 

= 2mg.f. ov e . | — sin. to. cos.-y-j-cos. to. sin. u \ 

7 7Yl\ Cl? V 
— m'g.3ave.sm. (v — to) =-. (1 — f .cos.aZ) . e.sin. (v—to). 

Adding together the expressions [4667e,/;]; re-substituting the values of A, B [4667a], 
j 

we get the complete value of — [4663a'], as in [4667]. In the original work,the author 

makes the factor, which is without the braces, equal to — V, instead of ; 

and the numerical coefficient of the second term within the braces is erroneously printed 

— f instead of —f. These mistakes are the consequences of using erroneous values of 

g and r [4662g, p]. 

* (2739) In finding the variation of r [4664], we must neglect that of v, arising from 

the constant quantity g' [4662a], and the expression becomes as in [4668] ; which is 

similar to [3876]. The signs of the terms in the second member of [4668], in the original 

work, are incorrect, by reason of the mistake mentioned in [4662g]. 

t (2740) From [21] Int. we have, 

sin.^-J-TO—2/7] = sin. [(a — to)-|-(2ot— 2/7)] 

= sin. (v—to) .cos. (2to—2Z7)-]-cos.('y—to) .sin. (2to— 2/7). 

Substituting this in the last term of [4667], and then comparing separately, the coefficients 

of sm.(y—to) and cos. (v — to), in the two expressions [4667,4668]; we get, by a slight 

reduction, the values of 8 e, Jto [4669,4669']. These expressions agree with those given 

vol. hi. 88 

[4668] 

Secular 
variations 
of the 
excentrici¬ 
ty and 
perihelion 

[4669] 

[4669'] 

[4669"] 

[4667i] 

[4667Æ] 

[4667Z] 

[4667m] 

[4668a] 

[4669a] 

[46696] 
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[4670] 

[4671] 

[4671'] 

The ac¬ 
tion of the 
stars has 

[4672] 
no sensi¬ 
ble effect 
on the ex- 
centrici- 
ties and 
perihelia 
of the 
planets. 

[4673] 

[4669c] 

[46694] 

[4669e] 

[4671a] 

[46716] 

[4673a] 

/ 3 

be supposed less than 100000 a, and then the term m ‘ ^ V, does not exceed,* 

m!t. 0s,000000001 ; 

t denoting the number of Julian years. This is incomparably less than the 

secular variation of the excentricity of the earth’s orbit, resulting from the 

action of the planets, which, by [4244], is equal to, 

— t. 0s,093819, 

unless we suppose, that ml has a value which is wholly improbable. Hence 

we may conclude, that the action of the stars has no sensible influence on the 

secular variations of the excentricities and perihelia of the planetary orbits. 

In like manner, it is evident, from the development of the formula [4653], 

that their action has not any sensible influence on the position of these 

orbits.f 

by Mr. Plana, in the Memoirs of the Astronomical Society of London, vol.ii. p.354 ; 

which he deduced from the formulas [1258a]. Hence we see, that the method here 

proposed by La Place, to find <5e, when it is correctly followed, leads to an accurate 

result ; and is not liable to the objection made by Mr. Plana, in the same page of that 

volume, namely; that it is nowise fit for the intended purpose, without taking into view other 

circumstances, which render the calculation more complicated. We may remark, that in 

3 Tftf 
the original work, the factor [4669],is printed f ; and, in [4669'], the factors-—, 

— f.cos.% are changed into —™, -—f-.cos.2?, respectively. 

* (2741) The value of r—100000 a [4670], corresponds to an annual parallax of 

(fi X? 
about 2s; and we have nearly -y =1295977s.t [4077]; substituting these in ^-3 ■ 

[4670], it becomes as in [4671] ; or simply, by supposing m'=the sun’s mass = 1, 

t. 0 s,000000001. 

The secular variation of e" [4330a], is nearly represented by, 

A——£ •(0s,187638).t = —0s,093819,t [4244,4672] ; 

which is much greater than the expression [4671]. 

f (2742) If we substitute rs — z [4657], in Rn R [46626, a], and retain only 

the terms of R, containing z, we find, 

6m'. rz 

4r'3 
. sin. 21. cos^-w — U), and 

6 m'. 
.sin.2Z.cos. (v— U). [46736] R= 4/3 
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We shall now examine into the influence of the attraction of the stars on the 

mean motion of the planets. For this purpose, we shall observe, that the 

formula [4652] gives, in d.5v, the term* * d.5v = ^andt.Rl\ from 

which we deduce the following expression,! 

d.5v = .ndt.{2 — 3 . cos.2/}. 

We shall put 

r' — r/. (1 — a t) ; l — lr (1— (3 t) ; 

r' and lt being the values of r* and /, in 1750, or when t — 0 ; we shall 

have, in 5v, the variation,! 

3 m!. a2 „ 07. , 3m'.a3 . nJ jC3 
5v= — ~ • . (1 — J-. cos.-/,) . a. n f— - /3-. sin. 2 lr (3 .nt. 

.'3 2r/3 

Substituting this in 5 s [4653], we find that the terms are multiplied by the very small 

factor of the order [4670,46711, which renders them insensible [4671']. 

* (2743) This expression arises from the last term of 5v [4652], which, by neglecting 

quantities of the order e2, and putting p- = l [3709], becomes, 

2afndt.r. = 2 afn dt ,2Rt [4662']. 

Its differential gives, in d.5v, the term 4andt.R/, as in [4674]. This would be 

increased to 1andt .Rp by noticing the term depending on fdR [4652], as we have 

seen in [4662c/]. This increases the terms [4675,4677] in the ratio of 7 to 4. 

t (2744) The two first and chief terms of R, [4662a], are -^4_.(2—3.cos.2/). 

7Tl\ cfà 
Substituting the value of r [4664], we obtain the part ppy • (2—3.cos.2/), which 

does not contain v ; hence, the term of d.5v [4674], becomes as in [4675]. 

J (2745) The value of / [4676] gives cos./ =cos.(Z,— @t.l/) = cos./,-]-(31.sin.Z,, 

by using [61] Int. Squaring this, neglecting f2, and putting 2. sin. lr cos. l== sin. 2Z, [31] Int., 

we get cos.2/ = cos.2/, -{- (3 /. sin. 2/, ; whence, 

2—3.cos.2/ = 2.(1—f. cos.2/,)—3 pt. sin.2/,. 

If we now substitute the value of r' [4676], in the first member of the following expression, 

and then develop it according to the powers of a, neglecting a2, we get, 

mf. a3 7 ml. a3 
---/3— .ndt — .?icZ/.(l-{-3cU). 

[4674] 

[4675] 

[4676] 

[4676'] 

[4677] 

[4674a] 

[46746] 

[4675a] 

[4676a] 

[46766] 

[4676c] 
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[4678] 

[4679] 

[4679'] 

[4680] 

[4676i] 

[4676e] 

[4679a] 

[46796] 

[4679c] 

[4679c?] 

[4680a] 

We cannot ascertain, by observation, the value of a* *, but may determine that 

of (31. Now, if we suppose, relatively to the earth, (3 =V'= 0s,324, and 

a3 
rj — 100000 a ; the quantity —. (3 nf becomes, very nearly,* 

ri 

ml'. a3 9 ml. t3. 2s,0357 

which is insensible, from the time of the most early observations on record. 

The expression of d.ôv, contains also, by what precedes, the terms,f 

d.6v=—f.m'.cd.ndt.fd. .cos.^—£7) j—6tn\a3.ndt.^^^ .cos. 

Multiplying together the expressions [4676S, c\, we get the value of d.Sv [4675], nearly, 

We may neglect the first term of this formula, because we have taken the constant quantity 

g' so as to make the coefficient of t vanish from the expression of Sv [4662ra]. Integrating 

the other two terms of [4676c/], we get the value of Sv [4677]. 

* (2746) The assumed values of j3, r/, are taken within reasonable limits ; since the 

value of (3 corresponds to an annual variation in the latitude of the star, of about a third of a 

sexagesimal second ; and the value of rj to an annual parallax of nearly two sexagesimal 

seconds. To reduce the expression [4678] to numbers, we have, in the case of t=1, 

n t = circumference of the circle = 6,2831 ; hence, generally, 

nt=6,2QSl ,t; also, pt = Qs,324 .t. 

The product of these two expressions is, 

pnt3 = 2*,0357. t3. 

Substituting this, and ?'/=105.a, in the first member of [4679], it becomes as in the 

second member of that equation. This is wholly insensible in observations made 3000 

years ago ; since, by putting t = —3000, and m! — 1, it becomes less than 0s,00000002. 

f (2747) If we now notice only the terms of R, R, [4662a, 5], depending on s, we 

obtain, 

m/.r2 _ m'.ra , , Ty. . /dR\ m\ra . 7 , 
R=—'f'wy . 5. sin. 21. cos. [v—U); whence, r. f — )=—3.-^ps.sm.2/.cos.(r—U). 

If we substitute the value of r [4664], and neglect terms of the order es, we get, 

ml. r2 

R= 
UR\ m.a2 . 7 , tt\ 

r. ( — =—3. —— .s. sm.2/. cos.fr—U ). 
dr J r 3 

Now, if we put /*=!, and neglect e3 ; noticing only the terms of [4652], where R 

[46806] 
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, dq dp 
s = t. —7- . sin. v — t > -—. cos.n ; 

dt dt 

which gives, bj neglecting the quantities multiplied by the sine or cosine of 

the angle tqf 

s.sin.2Z / rr\ j Sill. 2 Z C do . y-r d J) T7~\ 
. cos. (v—U) — t. -—nr • < ~ • sin. U— • cos. U > , 

r'° v y 2r/tJ l dt dt ) 

consequently,]: 

s.sin.2Z , rT. , sin.2Z C d a T7 dp TT) 
. cos» (v —77) — té—. sin. 77-77. cos. 7/ > . 

v O i r! t ft 1. \ 
/d- 

Hence we obtain, in the term,§ 

, 21 ffi'.fl3 - , m t dq . rT dp rT) 
cZ.5n = — — . —-7 . ntdt. sin. 21. < —=- . sin. 77-— . cos.c/ > ; 

4rJ (a/ cZ/ ) 

353 

[4681] 

[4682] 

[4683] 

[4684] 

explicitly occurs, we get, for its differential, 

d.8v — 3 a .ndt .fdR-\-% a .7idt.r. [4680c] 

Substituting, in the first term of this expression, the value of R [46S0Z>], we get the first 

term of [4680] ; and we obtain the last term of [4680], by the substitution of the second [4680c/] 

expression [46807* ] in the last term of [4680c]. 

* (2748) This expression is similar to that in [3802, &c.]. We may remark, that the 

author, in this article, has interchanged the usual signification of the symbols p, q [3802]. 

We have rectified this, by changing p into q, and q into jp, in all the formulas [4681—4685] 

of the original work. 

ci ri Q / 

t (2749) If we multiply the expression [4681] by ■ )3 . cos.(a—77), and reduce 

the products by [19, 20] Int., we shall obtain the equation [4682], by retaining only the 

terms which are independent of v ; or in other words, by retaining only the terms | sin. 77, 

I cos. 77, of the expressions sin. v. cos. (v—U), and cos. v. cos. (v—U), respectively. 

t (2750) If we neglect the variations of /, 7, 77, in the second member of [4682], the 

sign d may be considered as the complete differential, and then the signs /d, mutually [4683a] 

counteract each other, and they may be prefixed to the first member of [4682], without 

altering its second member; hence we get [4683] from [4682]. 

§ (2751) Multiplying [4683] by —§ .m'.a3.ndt, and [4682] by —6.m'.a?. n dt, 

WTe find, that the sum of the products, or the second member of [4680], is as in [4684]. [4684a] 

Integrating this, we get, [4685]. 

89 

[4681a] 

[4682a] 

VOL. III. 
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[4685] 

consequently, we have, in 

m'.a3 

y 3 

<5 v, the secular inequality, 

. n f. sin. 21. sin.U — ~ 
l dt dt 

cos.Z7 

We have given the values of [4332], relatively to the earth. 

If we substitute them in the preceding term of 6v [4685], we shall find 

that it is insensible,* * even in the most ancient observations. 

dp" da" 
* (2752) From [4332] it appears, that —, —, are each less than Is, and sin.2Z, 

dt 

dq" dp" 
rapok sin.ZT, cos.17, do not exceed unity ; therefore, sin.2Z. < ~ .sm.U—— . cos. Z7 
[4685a] J ’ l dt dt 

| , may be 

considered as less than Is ; and then, the expression [4685], neglecting its sign, becomes 

less than ^. ~~~ • nt2.ls ; which is found to be insensible, in [4679']. 

Other terms of the like nature with those which have been particularly examined, in this 

[46856] chapter, may be deduced from the formulas [4651—4653] ; but it is evident, from what we 

have seen, that they must be excessively small ; so that it is hardly worth the labor of a 

[4685c] raore thorough examination. The author himself, seems to have considered the subject as 

not deserving much attention, and has been quite negligent in the numerical details of this 

article ; so that it has been found necessary to correct the text in several places, as we have 

[4685<Z] already remarked. In writing the notes on this volume, soon after its first publication by the 

author, I pointed out the mistakes in this chapter. It has since been done by Mr. Plana, in 

vol. ii. p. 351 of the Memoirs of the Astronomical Society of London, for 1826; and 

[4685e] subsequently by La Place, in the Connaissance des Terns, for the year 1829, page 250. The 

method used by Mr. Plana is more direct and simple than that of the author. It consists in 

[4685/*] substituting the value of R [4660], in the formulas [5787—5791], and making the necessary 

reductions ; but, as the process is simple, it is unnecessary to enter minutely upon it. 

Mr. Plana remarks, in page 355 of the work above-mentioned, that the action of the 

fixed stars affects the mathematical accuracy of the equation [1114], 

[4685g-] e2.m.\f a-f-e'2.m!.y/a-f- foe. = constant ; 

as we have already remarked in [11145]. This is evident; for, if we increase the quantity 

e, in the first member, by the expression he [4669], the second member will be increased 

by the quantity, 
. i 

[46856,] %ehe =--. cos.2Z.e2.sin. (2tf—2Z7), nearly; 

which destroys the constancy of the second member. The same defect exists in the 

equation [1134 or 1155]. 
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It is easy also, to satisfy ourselves, that the preceding results hold good, 

relatively to those planets which are the most distant from the sun. Hence 

it appears, that the action of the stars upon the planetary system, is so much [4686] 

decreased, by reason of their great distance, that it is wholly insensible. 

It now remains to compare with observations, the formulas of the 

planetary perturbations, given in this book, and particularly those of the 

two great inequalities of Jupiter and Saturn. This comparison requires too 

much detail for the limits of the present work ; we shall, therefore, merely 

remark, that before the discovery of these great inequalities, the errors of the ^46S7j 

best tables sometimes amounted to thirty-five or forty minutes ; and now they 

do not exceed a minute. Halley had concluded, by the comparison of modern 

observations, the one with the other ; and also, by comparing the modern with 

the ancient observations, that Saturn’s motion is retarded, and Jupiter’s 

accelerated, from age to age. On the other hand, Lambert ascertained, from 

the comparison of modern observations alone, that Saturn’s motion was then [4688] 

accelerated, and Jupiter’s motion retarded. These phenomena, apparently 

opposed to each other, indicated, in the motions of the two planets, great 

inequalities of a long period, of which it was important to know the laws and the 

cause. By submitting to analysis their mutual perturbations, I discovered 

the two principal inequalities [4434, 4492] ; and perceived, that the 

phenomena, observed by Halley and Lambert, naturally arise from them ; 

and, that they represent, with remarkable accuracy, both ancient and modern 

observations. The magnitude of these inequalities, and the great length of 

the period of revolution, to complete which requires more than nine hundred 

years, depend, as we have seen, on the nearly commensurable ratio which t469°] 

obtains between the mean motions of Jupiter and Saturn. This ratio gives 

rise to several other important inequalities, which I have determined, and these 

inequalities have given to the tables the precision they now have. The same 

analysis, being applied to all the other planets, has enabled me to discover, in 

their motions, some very sensible inequalities, which have been confirmed by t469ll 

observation. I have reason to believe, that the preceding formulas, computed 

with particular care, will give a still greater degree of precision to the tables 

of the motions of the planetary bodies. 
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[4693] 

Terms of 
different 
orders. 

[4693] 

THEORY OF THE MOON. 

The theory of the moon has difficulties peculiar to itself, arising from 

the magnitude of its numerous inequalities, and from the slow convergency 

of the series by which they are determined. If the body were nearer to 

the earth, the inequalities of its motion would be less, and their approximations 

more converging, But, in its present distance, these approximations depend 

on a very complicated analysis ; and it is only by a very particular attention, 

and a nice discrimination, that we can determine the influence of the 

successive integrations, upon the various terms of the expression of the 

disturbing force. The selection of co-ordinates is not unimportant for the 

success of the approximations. The sun’s disturbing force depends on the 

sines and cosines of the moon’s elongation from the sun, and on its multiples. 

Their reduction to sines and cosines of angles, depending on the mean 

motions of the sun and moon, is troublesome, and has but little convergency, 

on account of the moon’s great inequalities. It is, therefore, advantageous 

to avoid this reduction, and to determine the moon’s mean longitude in a 

function of the true longitude, which may be useful on several occasions. 

We may, then, if it be required, determine accurately, by inverting the series, 

the true longitude, in a function of the mean longitude. It is in this way 

we shall consider the lunar theory. 

To arrange conveniently these approximations, we shall divide the 

inequalities, and the terms which compose them, into several orders. We shall 

consider as quantities of the first order, the ratio of the sun’s mean motion to 

that of the moon, the excentricity of the orbit of the moon or earth, and the 

inclination of the moon’s orbit to the ecliptic. Thus, in the expression of the 

mean longitude, in a function of the true longitude [5574—5578], the 

principal term of the moon’s equation of the centre is of the first order 

[5574]. The second order includes the second term of that equation: the 
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reduction to the ecliptic; and the three great inequalities, known under 

the names of variation, erection, and annual equation [5575]. The l40c,4l 

inequalities of the third order are fifteen in number [5576]. The present 

tables contain all these inequalities, together with the most important ones of 

the fourth order; and it is on this account, that they correspond with the 

observations made on the moon, with a degree of accuracy that it will he 

difficult to surpass ; and to this great correctness we are indebted for the 

important improvements in geography and nautical astronomy. 

The object of this book is to show, in the first place, that the law of 

universal gravity is the only source of all the inequalities of the lunar 

motions; and then, to use this law as a method of discovery, to perfect the 

theory of these inequalities, and to deduce from them several important 

elements of the system of the ivorld ; such as the secular equations of the 

moon, the parallaxes of the moon and sun, and the oblateness of the* earth. 

A judicious choice of the co-ordinates, and well conducted approximations, 

with calculations made carefully, and verified several times, ought to 

give the same results as those derived from observation ; if the law of 

gravity, inversely as the square of the distance, be the law of nature. 

We have, therefore, endeavored to satisfy these conditions; which require t4bL°] 

the consideration of some very intricate points ; the neglect of which is 

the cause of the discrepances, that have been observed in the previously 

known theories of the moon. It is in these points, that the main difficulty 

of the problem consists. We may easily conceive of a great many 

different and new methods of expressing the problem by equations ; but 

it is the discussion of all those terms, which are of themselves very small, 

and acquire a sensible value, by the successive integrations, which constitutes 

the important and difficult part of the process, when we endeavor to 

make the theory agree with observation ; which should be the chief 

object of the analysis. We have determined all the inequalities of the first, 

second and third orders, and the most important ones of the fourth order, 

continuing the approximation to quantities of the fourth order inclusively ; 

and retaining those of the fifth order, which arise in the calculation. For 

the purpose of comparing this analysis with observation, we may observe, 

that the coefficients of Mason’s lunar tables are the result of the comparison 

of the theory of gravity with eleven hundred and thirty-seven observations j-4696j 

of Bradley, made between the years 1750 and 1760; that the eminent 

90 VOL. III. 
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[4697] 

[4698] 

[4699] 

[4700] 

astronomer Burg has rectified these tables, by means of more than three 

thousand of Maskelyne’s observations, from 1765 to 1793; and, that the 

corrections he has made are small ; with the addition of nine equations, 

indicated by the theory. The tables of both these astronomers are arranged 

in the same form as those of Mayer, of which they are successive 

improvements : and we ought, in justice to this celebrated astronomer, to 

observe, that he was not only the first, who constructed lunar tables, 

sufficiently correct to be used in the solution of the problem of finding the 

longitude at sea, but also, that Mason and Burg have deduced, from his 

theory, the methods of improving their tables. The arguments are made to 

depend on each other, in order to decrease the number of them. We have 

reduced them, with particular care, to the form which is adopted in the 

present theory ; that is, to sines and cosines of angles, increasing in proportion 

to the moon’s true longitude. By comparing these results with the 

coefficients of the present theory, we have the satisfaction of perceiving, 

that the greatest difference, which, in Mayer’s theory, one of the most 

accurate heretofore published, amounts to nearly one hundred centesimal 

seconds [=329,4], is here reduced to thirty [9s,8], relative to the tables 

of Mason, and to less than tvcenty-six centesimal seconds [=8S,3], relative 

to the still more accurate tables of Burg. We could diminish this difference, 

by noticing quantities of the fifth order, which have some influence, as may 

be known by inspecting the terms of this kind already calculated. This is 

proved by the computation of the two inequalities [5286///, &x\], in which we 

have carried on the approximation to quantities of the fifth order. The 

present theory agrees yet better with the tables, relative to the motion in 

latitude. The approximations of this motion are more simple and converging 

than those of the motions in longitude ; and the greatest difference between 

the coefficients of my analysis and those of the tables, is only six centesimal 

seconds [— Is,9], so that we may consider this part of the tables as being 

founded upon the theory itself. As to the third co-ordinate of the moon, or 

its parallax, we have preferred, without hesitation, to form the tables by the 

theory alone, which, on account of the smallness of the inequalities of the lunar 

parallax, must give them more accurately than they can be obtained by 

observation. The differences between the results of the present theory and 

those of the tables, express, therefore, the differences between this theory and 

that of Mayer, which has been adopted by Mason and Burg. These 

differences are so small that they are hardly deserving of notice ; but, as the 
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present theory agrees better with observation than Mayer’s, in the motion in 

longitude, there is also reason to believe, that it possesses the same advantage 

relative to the inequalities in the parallax. 

The motions of the perigee and nodes of the lunar orbit, afford also a 

method of verifying the law of gravity. In the first approximation to the 

value of the motion of the perigee, by the theory of gravity, it was found, 

by mathematicians, only one half of what it was known to be, by observation ; 

and Clairaut inferred, from this circumstance, that we must modify the law of 

gravity, by adding to it a second term. But he afterwards made the important 

remark, that by continuing the approximations to terms of a higher order, the 

theory would be found to agree nearly with observation. The motion, 

deduced from the present analysis, differs from the actual motion only a four 

hundredth part [5231J ; the difference is not a three hundred and fiftieth part 

in the motion of the nodes [5233']. 

[4702] 

[4703] 

Hence it incontestably follows, that the law of universal gravitation is the 

sole cause of the lunar inequalities. Now, if we consider the great number 

and extent of these inequalities, and the proximity of the moon to the earth, 

we must be satisfied, that it is, of all the heavenly bodies, the best 

adapted to confirm this great law of nature, as well as to show the power of [4704] 

analysis, that wonderful instrument, without the aid of which it would be 

impossible for the human mind to penetrate into so complicated a theory, and 

that can be used, as a means of discovery, as sure as by direct observation. 

Among the periodical inequalities of the moon’s motion in longitude, that 

which depends on the simple angular distance of the moon from the sun is [4705] 

important, on account of the great light it throws on the sun’s parallax. It 

has been determined by the theory ; noticing quantities of the fifth order, 

and also the perturbation of the earth by the moon, which are indispensable [4700] 

in this laborious research. Burg found this inequality to be 122s,38, by the 

comparison of a very great number of observations. If we put this equal to 

the result by the theory, we obtain 8",56, for the sun’s mean parallax ; being [4707] 

the same as several astronomers have found, from the last transit of Venus 

over the sun [5586]. 

An inequality, which is not less important, is that which depends on the 

longitude of the moon’s node. Mayer discovered it by observation, and 

Mason fixed it at 7s,7 ; but, as it did not appear to depend on the theory [4708] 
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of gravity, it was neglected by most astronomers. À more thorough 

examination of this theory led me to the discovery, that its cause is the 

oblateness of the earth. Burg found it, by a great number of Maskelyne’s 

[4709] observations, to be 6s,8 ; which corresponds to an oblateness of 

[5593]. 

We may also determine this oblateness, by means of an inequality in the 

moon’s motion in latitude ; which Ï discovered also by the theory ; and 

[4710] which depends on the sine of the moon’s true longitude. It is the result of 

a nutation in the lunar orbit, produced by the action of the terrestrial 

spheroid, and corresponds to that produced by the moon in our equator ; so 

that the one of these nutations is the reaction of the other : and, if all 

the particles of the earth and moon were firmly connected together, by 

inflexible right lines, void of mass, the whole system would be in equilibrium 

about the centre of gravity of the earth, in virtue of the forces producing 

these two nutations : the force, acting on the moon, compensating for 

its smallness, by the length of the lever to which it is attached. We 

may represent this inequality in latitude, by supposing the lunar orbit, instead 

of moving uniformly on the ecliptic, with a constant inclination, to move, 

with the same conditions, upon a plane but little inclined to the ecliptic, and 

which always passes through the equinoxes, between the ecliptic and 

equator : a phenomenon which occurs in the theory of Jupiter’s satellites, 

in a still more striking manner. Thus, this inequality decreases the 

[4712] inclination of the moon’s orbit to the ecliptic, when the ascending node 

of ’ that orbit coincides with the vernal equinox. This inclination is 

increased, when the ascending node coincides with the autumnal equinox, 

which was the case in 1755; in consequence of which, the inclination, as 

it was found by Mason, from 1750 to 1760, is too great. This point has 

been determined by Burg, by observations made during a much longer 

interval, noticing the preceding inequality ; and he has found the inclination 

147131 to be less, by 3s,7. At my request, this astronomer has undertaken to 

determine the coefficient of this inequality, by a very great number of 

observations ; and he has found it to be equal to — 8k The oblateness ol 

[4714] the earth, deduced from it, is ^V.ir [5602], being very nearly the same 

as that which is computed from the preceding inequality of longitude. 

Thus, the moon, by the observation of her motions, renders sensible to 

modern astronomy the ellipticity of the earth, whose roundness was made 
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known to the early astronomers by her eclipses. The experiments on the 

pendulum seem to indicate a less oblateness,* as we have seen in the third 

book. This difference may depend on the terms by which the earth varies 

from an elliptical figure ; which may have some small effect in the expression 

of the length of the pendulum, but is wholly insensible, at the distance of 

the moon. 

The two preceding inequalities deserve every attention of observers ; 

because they have the advantage over geodetical measures, in giving the 

oblateness of the earth, in a manner which is less dependant on the 

irregularities of its figure. If the earth were homogeneous, these inequalities 

would be much greater than they are found to be by observation. They 

concur, therefore, with the phenomena of the precession of the equinoxes, 

and the variation of gravity at the surface of the earth, to exclude its 

homogeneity. It results also, that the mootfs gravity towards the earth, is 

composed of the attractions of all the particles of the earth; which furnishes 

another proof of the attraction of all the particles of matter. 

Theory combined with experiments on the pendulum, the geodetical 

measures, and the phenomena of the tides, make the constant term of the 

expression of the moon’s parallax less than by Mason’s tables. It differs but 

very little from that which Burg computed from a great number of observations 

of the moon, of eclipses of the sun, and of occultations of stars by the moon. 

It is only necessary to decrease a little the mass of the moon, which was 

determined by the phenomena of the tides, to make this constant term 

coincide with the result of that skilful astronomer. This diminution is also 

indicated by the observations of the lunar equation of the solar tables, and 

by the nutation of the earth’s axis. This seems to prove, that in the port of 

Brest, the ratio of the moon’s action on the tides to that of the sun, is 

sensibly increased by local circumstances. Future observations of all these 

phenomena will remove this slight degree of uncertainty. 

One of the most interesting results of the theory of gravity, is the 

knowledge of the secular inequalities of the moon. Ancient eclipses 

* (2753) Later and more accurate observations give a different result, as may be seen, 

by referring to [201 7ji, 2056z, &tc.]. 

91 

[4715] 
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[4718] 

[4715a] 
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indicated, in the moon’s mean motion, an acceleration ; the cause of which 

[4719] WaS S0USht for a long time in vain- Finally, I discovered, by the theory, 
that it depends on the secular variations of the excentricity of the earth’s 

orbit. The same cause decreases the mean motions of the perigee and nodes 

of the moon, while her mean motion is increased ; so that the secular 

equations of the mean motions of the moon, the perigee and the nodes, 

[4720] are always in the ratio of the numbers 1, 3 and 0,74 [5235]. Future ages 

will develop these great inequalities, which are periodical, like the variations 

of the excentricity of the earth's orbit, upon which they depend. These 

will finally produce variations which amount, at the least estimate, to 

a fortieth part of the circumference [9d], in the moon’s secular motion ; 

[4721] and to a twelfth of the circumference [30*], in that of the perigee. 

Observations have already confirmed these secular inequalities in a 

remarkable manner. The discovery of them induced me to believe, that 

we must diminish, by fifteen or sixteen centesimal minutes, the present 

secular motion of the moon’s perigee, which astronomers had determined, 

[4722] by comparing modern observations with ancient ones. All the observations, 

which have been made during the last century, have put beyond doubt, this 

result of analysis. We see, in this, an example of the manner in which the 

phenomena, as they are developed, throw light upon their true causes. When 

[4723] the acceleration of the moon’s mean motion only was known, it could be 

attributed to the resistance of the ether, or to the successive transmission of 

gravity ; but analysis shows us, that both these causes produce no sensible 

alteration, either in the mean motion of the nodes, or in that of the lunar 

perigee : this is a sufficient reason for rejecting them, even if we were 

[4724] ignorant of the true cause. The agreement of the theory with observations, 

proves, that if the moon’s mean motion is affected by any causes, besides the 

action of gravity, their influence is very small, and is not yet perceptible. 

This agreement establishes, with certainty, the constancy of the duration 

of a day ; which is an essential element in all astronomical theories. If 

this duration were now one hundredth part of a centesimal second [or 0s,864] 

[4725] more than in the time of Hipparchus, the duration of the present century 

would be greater than in his time, by 365f centesimal seconds [or 315s,576]. 

[4725'] In this interval, the moon would describe an arch of 173s,2, and the present 

mean secular motion of the moon, would appear to be augmented by the 
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same quantity. This would add 4s,4* to the secular equation, which is 

found, by the theory, to be 10s,181621 [5543], in the first century after the 

year 1750. This augmentation is incompatible with the best observations, 

which do not permit us to suppose, that the secular equation can exceed, by 

T,62, the result of the analysis [5543], We may, therefore, conclude, that 

the duration of the day has not varied a hundredth part of a centesimal 

second, since the time of Hipparchus ; which confirms what has been found 

a priori, in book v. ^ 12 [3347, &c.], by the discussion of all the causes which 

could alter it. 

To omit nothing which can have an influence on the moon’s motion, 

we have considered the direct action of the planets upon this satellite, and 

have found, that it is of very little importance. But the sun, by transmitting 

to the moon the action of the planets on the elements of the earth’s orbit, 

renders their influence on the lunar motions very remarkable, and makes it much 

greater than on the elements themselves ; so that the secular variation of the 

exeentricity of the earth’s orbit is much more sensible, in the moon’s motion, 

than in the earth’s. It is in this manner, that the moon’s action on the earth, 

which produces, in the earth’s motion, the inequality known by the name of 

the lunar equation, is, if it may be so expressed, reflected back to the 

moon, by means of the sun, but decreased in nearly the ratio of five to 

nine [5226]. This new consideration adds some terms to the action of the 

planets on the moon, which are of more importance than those depending 

on their direct action. We have investigated the principal lunar inequalities, 

resulting from the direct and indirect actions of the planets upon the moon ; 

* (2754) If we neglect the term of the secular equation [5543], depending on i3, and 

put «=107181621, we may represent the moon’s mean motion, in i centuries after 1750, 

by ni-{-ai2. If we substitute in this successively, i — —15 i=-f-|, and take the 

difference of the two results, it will be found equal to n, which must, therefore, represent 

the motion between 1700 and 1800. In like manner, by putting successively i= — 20, 

i=—19, and taking the difference of the two results, we get n — 39 a, for the motion in the 

century included between the years 250 and 150 before the Christian era. The difference 

of these two results 39 a, represents the augmentation of the secular motion between these 

two epochs; and, if this quantity were increased 173%2, as in [4725'J, we must increase the 

value of a by 3V X 173*,2 = 4%4, as in [4726]. 

[4726] 

[4727] 

[4728] 

[4729] 

[4730] 

[4726a] 

[47266] 

[4726c] 
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[4731] 

[4732] 

[4733] 

[4734] 

[4735] 

[4736] 

[4737] 

and, if we take into view the accuracy to which the lunar tables have been 

carried, it must be considered useful to introduce these inequalities. 

The moon’s parallax, the excentricity and the inclination of the lunar 

orbit to the apparent ecliptic, and, in general, the coefficients of all the lunar 

inequalities, are likewise subjected to secular variations ; but, up to the 

present period, they are hardly sensible. This is the reason why we find 

now, the same inclination, that Ptolemy obtained from his observations ; 

although the obliquity of the ecliptic to the equator has sensibly decreased 

since the time of that astronomer; so that the secular variation of the obliquity 

affects only the moon’s declination. However, the coefficient of the annual 

equation, having for a factor, the excentricity of the earth’s orbit, its 

variation is sufficiently great to be noticed, in computing ancient eclipses. 

The numerous comparisons, which Burg and Bouvard have made, of Mason’s 

tables, with the observations of the moon ; at the end of the seventeenth 

century, by LaHire and Flamsteed ; in the middle of the eighteenth century, 

by Bradley ; and the uninterrupted series of observations of Maskelyne, 

from the time of Bradley to the year 1800, give a result which was wholly 

unexpected. The observations of La Hire and Flamsteed, being compared with 

those of Bradley, indicate a secular motion, exceeding by fifteen or twenty 

centesimal seconds, that which is inserted in the third edition of La Lande’s 

astronomy ; which, in a hundred Julian years, exceeds a whole number of 

revolutions, by 307d5S"l12s. Bradley’s observations, being compared with 

the last ones of Maskelyne, give, on the contrary, a smaller secular motion, 

by at least one hundred and fifty centesimal seconds. Lastly, the observations 

made within fifteen or twenty years, prove, that the diminution of the moon’s 

motion is now decreasing. Hence, it becomes necessary to vary incessantly 

the epochs of the tables ; and it is an object of importance to correct this 

imperfection. This evidently indicates the existence of one or more unknown 

inequalities of a long period, which the theory alone can point out. By a 

careful examination, I have not been able to discover any such inequality, 

depending on the action of the planets. If there were one in the rotation 

of the earth, it could be perceived in the moon’s mean motion, and might 

introduce the observed anomalies ; but an attentive examination of all the 

causes which can alter the rotation of the earth, has more fully convinced 

me, that its variations are insensible. Returning back, therefore, to the 
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examination of the sun’s action on the moon ; I have discovered, that this 

action produces an inequality, whose argument is double the longitude of the 

node of the lunar orbit, plus the longitude of its perigee, minus three times 

the longitude of the sun’s perigee. This inequality, whose period is 184 

years, depends on the products of these four quantities, namely ; the square 

of the inclination of the moon’s orbit to the ecliptic ; the excentricity of that 

orbit ; the cube of the excentricity of the sun’s orbit, and the ratio of the 

sun’s parallax to that of the moon. Hence it would seem, that it ought to 

be insensible ; but the small divisors it acquires by integration, may render it 

sensible, especially, if the most important terms, of which it is composed, 

are affected with the same sign. It is very difficult to obtain its coefficient 

by the theory, on account of the great number of terms, and the extreme 

difficulty of appreciating them ; the difficulty being much greater in this than 

in the other inequalities of the moon. This coefficient has, therefore, been 

ascertained by means of the observations made during the last century ; and 

I have found it to be nearly equal to 15s,39. Its introduction in the tables 

must change the epoch and mean motion ; and I have also found, that we must 

decrease, by 31s,964, the mean secular motion, in the third edition of 

LaLande’s astronomy, and have determined the following formula, which 

must be applied to the mean longitude given by these tables, the epoch 

of which, in 1750, is 188*1 7"1 14s,6 ; 

Correction of moon’s mean long. = —12s,78 — 31s,964 . i -f 15s,39 . sin.i? ; 

i being the number of centuries elapsed since 1750, and E the double of the 

longitude of the node of the lunar orbit, plus the longitude of its perigee, 

minus three times the longitude of the sun’s perigee. This formula represents, 

with remarkable precision, the corrections of the epochs of those tables, 

which have been determined, by a very great number of observations, for the 

six epochs of 1691, 1756, 1766, 1779, 1789 and 1801. By a most scrupulous 

examination of the theory, I have not been able to discover any other lunar 

inequality with a long period ; hence, it appears to me certain, that the 

anomalies observed in the mean motion of the moon, depend on the 

preceding inequality ; and I do not hesitate, therefore, to propose it to 

astronomers, as the only means of correcting these anomalies.* 

* (2755) It has not been found necessary to introduce this equation in the new tables 

©f Damoiseau, published in 1824; since the elements he has used, give very nearly the 
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[4740] 

[4741] 

[4749] 

[4743] 

Equation 
of 184 
years. 

[4744] 

[4745] 
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[4746a] 
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We see, by this exposition, how many interesting and delicate elements 

haye been deduced, by analysis, from observations of the moon, and how 

[4747] important it is to multiply and improve them. Since, by the greatness of 

their number, and by their correctness, we may more and more confirm the 

various results of analysis. 

The error of the tables formed from the theory, which is given in this 

book, does not exceed a hundred centesimal seconds, except in very rare cases; 

[4748] therefore, these tables will give, with sufficient accuracy, the longitude at 

sea. It is very easy to reduce them to the form of Mayer’s tables ; but, as 

in the problem of the longitude, it is proposed to find the time corresponding 

[4749] to an observed longitude of the moon, there is some advantage in reducing 

into tables, the expression of the time in a function of the apparent 

longitude. Considering the extreme complication of the successive 

approximations, and the correctness of modern observations, the greatest part 

of the moon’s inequalities have heretofore been better determined by 

observations than by analysis. Thus, by deriving from the theory those 

coefficients which it gives with accuracy, and also the forms of all the 

[,750] argUments ; then rectifying, by the comparison of a great number of 

observations, the coefficients which it gives by approximations, with 

some degree of uncertainty ; we must finally obtain very accurate tables. 

This is the method which has been used with success by Mayer and 

Mason, and lately by Burg, who, by pursuing it, and profiting by the 

late improvements in the lunar theory, has constructed tables, whose 

greatest errors fall short of forty centesimal seconds. However, it would 

be useful, for the perfection of astronomical theories, if all the tables 

^4751^ could be derived solely from the principle of universal gravity; without 

borrowing from observation any, except the indispensable data. 1 am 

induced to believe, that the following analysis leaves but little wanting 

to procure this advantage to the lunar tables ; and that, by carrying on 

farther the approximations, we may soon obtain the required degree of 

correctness, at least, as it respects the periodical inequalities ; for, however 

great the accuracy of the calculations may be, the motions of the nodes and 

same mean longitudes, at the epochs 1755, 1770, 1801 and 1812, as Burckhardt has 

deduced from the observations made in that interval. 
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perigee will always be best determined by observation.* 

* (2756) Since the publication of this volume, two very important works on the lunar 

theory have been published ; the one by Baron Damoiseau, in the first volume of the 

Mémoires 'présentés par divers savans à VAcadémie Royale des Sciences; the other by 

Messrs. Plana and Carlini. We shall have occasion to speak of these works in the notes 

on this book, and shall now merely remark, that the object of them is to carry on the 

approximation to such a degree of accuracy, as to be able to deduce all the inequalities from 

the theory alone. 

[4752] 

[4752a] 



368 THEORY OF THE MOON ; [Méc. Cél. 

[4753] 

[4754] 

General 
equations. 

[4755] 

[4756] 

CHAPTER I. 

INTEGRATION OF THE DIFFERENTIAL EQUATIONS OF THE MOON'S MOTION. 

1. Resuming the differential equations [525], we shall put them under 

the following forms,* 

0 = 

0 = 

dt 
dv 

‘■■•t/'+l/O-S' 
'ddu 

, dv2 

! \ Ç 1 I 2 S*fdQ\ dv du 
+ u) • \ 1 + A2 J \ + h^7dv * 

'd® 
.dv . 

1 /dQ" 
h2 \du , 

'dR; 

h2u \ ds 

'dds 

, dv2. 
+ 1 + 

2 

~h? 

'd® 

rfdq\ > , i /dQN 
«/ / m2 5 A2w2 dv ’ \dv y 

(!+») 
A2 it2 \ c/s . A2 u \du J 

In these equations, t denotes the time, and we have, as in [499', 397] ; 

M-f- m vri. (x x'-\- y y'-f- z z') m' 
Q= 0 3 \Z(x'~ xf+(y'— yy+Çz1—zj 

* (2757) The equation [4753] is the same as the first of [525], and if we multiply 

the other two equations [525] by 

7t2 J \ dv ) 
or, 

they willbecome as in [4754,4755]. 

[4754a] 
^•{A’+2y(*)- »4’ 
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M is the mass of the earth ; 

m the mass of the moon ;* 

m' the mass of the sun ; 

x, y, z, the rectangular co-ordinates of the moon, referred to the centre of 

gravity of the earth, and to the ecliptic of a given epoch, taken as 

a fixed plane ; 

x', y', z', the rectangular co-ordinates of the sun, referred to the same centre 

and plane ; 

r the radius vector of the moon ; 

r' the radius vector of the sun ; 

s the tangent of the moon’s latitude above the fixed plane ; 

— the projection of the moon’s radius vector r, upon the fixed plane ; 

v the angle formed by this projection of r and the axis of x ; 

/?,2 a constant quantity [518—519], depending chiefly on the moon’s 

distance from the earth [4825, &c.]. 

In the value of Q [4756], the earth and moon are supposed to be spherical. 

To obtain the true value, corresponding to the actual forms of these bodies, 

we shall observe, that, by the properties of the centre of gravity, vve must 

transfer to the moon’s centre of gravity the following forces ; first, all the 

forces by which each of its particles is urged by the action of the particles of 

the earth, and divide the sum by the whole of the moon’s mass ; second, the 

force by which the centre of gravity of the earth is urged, by the moon’s 

action, taking it in a contrary direction. This being premised, it is evident, 

that dM being a particle of the earth, and dm a particle of the moon, whose 

distance from the particle dM is j, we shall have the forces by which the 

moon’s centre of gravity is urged, in its relative motion about the earth, by 

means of the partial differentials of the double integral,f 

dM. dm (MTm) 

Mm ■ If 

* (2753) This value of m is used in the two first sections of this book ; but its 

signification is changed in [4793], so that, in the rest of the book, mt represents the sun’s 

mean motion. 

t (2759) If we substitute, in [455], the value of dM [452], also 

vol. in. 93 

[4757] 

[47573 

[4757"] 

[4758] 

Symbols. 

[4758'] 

[4759] 

[4759'] 

[4759"] 

[4760] 

[4760'] 

[4760"] 

[4761] 

[4762] 

[4762'] 

[4763] 

[4757a] 



370 THEORY OF THE MOON; [Méc. Cél. 

[4764] 

[4765] 

[4766] 

[4763a] 

[47636] 

[47636'] 

[4763c] 

[4763d] 

[4763c?'] 

[4763e] 

taken relatively to the co-ordinates of the moon’s centre. Therefore, we 
* . . t ]\i m 
must substitute this function for-, in the expression of Q [4756]. 

If the moon were spherical, we might suppose the whole mass to be collected 

in the centre of gravity [470///] ; and then, by putting V equal to the sum of 

the quotients, formed by dividing each particle of the earth by its distance 

from the moon’s centre, we shall have [4767«], 

dJVL. dm 

—f~ 
— m.V. 

f='/Kx'—xTJr(y'— yyjr(z’—z)2} [455a], it becomes, V=f 
dM 

T; 

and then, the corresponding force of the body M on the particle dm, in the direction —x, 

fdV\ 
will be represented by 

\ dx 
[455']. This accelerative force, acting on the single 

particle dm, is to be decreased in the ratio of dm to m, to obtain the corresponding effect 

on the whole body rn, of which it forms a part : by which means it becomes — f —. 
m J f 

Integrating this, so as to include all the particles dm, of which the body m is composed, 

it becomes, 
Pdm p dM 

J m J f ’ 
or, 

1 p p dM. dm 
md J p 

which represents the value of V, to be used in finding the accelerative force of the body m, 

from the attraction of the body M. If we change m, M into M, m respectively, we 

shall get — ff -^7 —%, for the value of V, to be used in finding the accelerative force 
M j 

of the body M, from the attraction of the body m. Adding these two parts together, we 

obtain the complete value of jydffdgt^^ C0rreSp0n(png t0 the whole 

accelerative force of m towards M, supposing M to be at rest. This is easily reduced to 

the form [4763] ; and its partial differentials, relative to the co-ordinates x, y, z, give the 

accelerative forces parallel to those co-ordinates respectively. Now, when the bodies M, m 

, . , , . . - ddxddyddz , 
are spherical, these accelerative forces ——, y-p, y-7, are represented by the 

partial differentials of Q, taken relatively to x, y, z [499], retaining in Q [4756] only 

the term 5 which is independent of the disturbing mass m!. Therefore, 

to notice the non-spherical forms of the bodies M, m, we have only to substitute the 
J\j[ I - yjy, 

expression [4763], in the place of -y—, in the function Q [4756]. 
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M 
* V would be equal to — if the earth were spherical ; hence, if we put 

oV= V— 
M 

m.ôV will be the part of the integral depending on the non- 

sphericity of the earth. In like manner, if the earth be supposed spherical, 

and we put V equal to the sum of the quotients, formed by dividing each 

particle of the moon by its distance from the centre of gravity of the earth, 

we shall have, 

and if we put 

~ n dM. dm -,T Tr. 
ff —j— = M ■ V'; 

sV = V— -, 
r 

[4767] 

[4768] 

[4769] 

[4770] 

[4770'] 

M• sV' will be the part of the integral 
dM. dm 

~T 
depending on the non- [4771] 

sphericity of the moon ; hence we shall have, very nearly,f 

Mg-m rr dM.dm M-\-m , . x ( W 5V 

Mm f 
+ (M + m) . 1 ^ 

rn 
[4772] 

(2760) If the mass m were collected in its centre of gravity, the integral ff dM. dm 

... rdM , , . rdM . [4767a] 
would become mj ; and, by putting J -y~ = V [4765], it changes into m.V, as 

in [4766]. The expression [4770] is found in a similar manner. 

f (2761) If we suppose m to be spherical, we shall have 

rrdM.dm rdM . 
JJ —j— = mJ -j, as in [4767a] ; 

and if M also be spherical, [4772a] 

rdM M rrdM. d m mM 

J Y = r J hmCe’ df—f— = W ' 

Adding to this the parts m.SV, M.SV [4763,4771], depending on the non-sphericity, 

we obtain the complete value of 

rrdM. d m mM . 
fj—-j— = —-1- m.àV-\-M.SV. 

Multiplying this by we obtain the value of ,ffdJLddü [4772]; which 

[4772b] 

f 
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[4773] 

Incre¬ 
ment of 

Q, 
from the 
oblate 
forms 
of the 
earth and 
moon. 

[4774] 

[4775] 

[4775'] 

[4774a] 

[4776a] 

[47766] 

[4776c] 

[4776tf] 

Therefore, in the preceding expression of Q [4756], we must augment the 

M4-m 
term-, by the quantity, 

( sv SV ) 
(M-\-m). j— -f-—— v = increment of Q [4756], 

in order to notice the effect of the non-sphericity of the earth and moon. 

2. We shall, in the first place, suppose both bodies to be spherical, and 

shall develop the expression of Q in a series. Now, we have,* 

_ 1_1 
V/f— æ)2 -j- (y'— y )2 -j- (z'— 2r)2 y//2 -f- r2 — 2 x x'— 2 y y'— 2 zzr 

If we develop the second member of this expression, according to the 

descending powers of r\ it becomes, 

1 (xx'-\-yy'-\-zz'— fr2) {xx'-^yy'f-zz'—l^f 
f / 3 i" ~2 " * /5 r r ° r° 

+1 _ (xJ+yy'+zz'—i^)* + &c_ 

Talcing for the unit of mass the sum Mfm of the masses of the earth and 

moon, we shall have,f 

is to be substituted for in the function Q [4763e,4756] ; and by this means the 

general value of Q [4756] will be increased by the function [4773b 

# (2762) The development [4774,4775], is the same as in [46556,c], rejecting the 

factor —rd, which is common to all the terms. We may remark, that if we use the values 

of R, M-\-m [4655,4775"], the expression of Q [4756] becomes 

which will be of use hereafter. 

f (2763) If we put l for the latitude of the moon, we shall have, as in [4759"], 

[31',34y"] Int., 

tang. I = s ; sin. I = cos .1= 
\/l -f-ss’ y/l-f-s/ 

If we proceed, as in [4659, &c.], changing r' into r, and U into v, we get, 

x = r.cos.l.cos.v; y = r. cos.Z.sin. v, z = r.sm.l = rs.cos.l. 

Now, the projection of r, upon the plane of xy, is represented by r.cosi = - [4659a,4760]; 
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1 = Mf m = p ; 

v/i+^ . 
U ’ 

a/ = 
V/l+S5 . 

a: = 

y == 

COS. V 

U 

sm.ü 

U 

U 

We shall owe accent, for the sun, the quantities u, s and v, 

relative to the earth* Then we have,f 

14-1 • 
\u u'. cos. [v'— v) -j— u v!. s s'— hu'%. (1-j-ss)^2 

(Ï+ s'Zf.vÂ 

Q= 
u 

Ü + 
m'.u’ 

(l-(-5s)J ' (l-j-s/2)“ 

, {uu\ cos. lv'—v)-\-uu'.s s'—£«/2.(l-f-,s,s)(3 , . 
+ f-j---iri-shüZ*-~—^- + &c. (1-f s'2)3.m6 

(l+S2).^2 

2.(1+s/2).m2 

substituting in this the value of cosJ [47766], we get [4776] ; moreover, by substituting 

the value of î'.cos.Z [4776c?] in the expressions of x, y, z [4776c], they become as in 

[4777—4779]. 

* (2764) By this means the solar co-ordinates become, 

r* the radius vector of the sun ; 

s' the tangent of the sun’s latitude above the fixed plane ; 

-, the projection of the sun’s radius vector upon the fixed plane ; 

v' the angle formed by the projection of r' and the axis of x, or x' ; 

/= VW&. 
u' 5 

. cos. v' 

. sin. v' 

y=—-> 

t (2765) Substituting the value of R [4656], in [4774a], we get, 

94 

[4775"] 

[4776] 

Lunar co¬ 
ordinates. 

[4777] 

[4778] 

[4779] 

[4779y[ 

Value of 

Q* 

[4780] 

[4777a] 

[47776] 

[4777c] 

[4777<f] 

[4777e] 
Solar co¬ 
ordinates. 

[4777/] 

[4777g-] 

[47776] 

VOL. III. 
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[4781] 

[4782] 

[4783] 

[4784] 

[4780a] 

[47806] 

[4780c] 

[4780tZ] 

[4785a] 

[4785a'] 

[47856] 

[4785c] 

[4785c'] 

The sun’s distance from the earth is nearly four hundred times as great as 

that of the moon ; so that u' is very small, in comparison with u ; and we 

may, therefore, neglect terms of the order if5, in the lunar theory. We may 

also simplify the calculations, by taking the ecliptic for the plane of projection. 

It is true, that this last plane is not fixed ; but, in its secular motion, it carries 

the moon’s orbit with it ; so that the mean inclination of the moon’s orbit, 

upon the variable ecliptic, remains constant, and the phenomena, depending 

on their respective inclinations, are always the same. 

3. To prove this, we shall observe, that, from § 59, book ii., .s' is equal to 

a series of terms of the form k. sin. (v1 -J- it -j- s) ; we shall represent it by* * 

m' in'. r9 ] a , [xx'-\-y ÿ-\-zz'-—6 r9)2 
/ / o J 2 * hhlj • 

r at * ro 
.m 

,irS)3 

-j- &C. 

Now, if we substitute the values [4776—4779,4777e—A], in the first members of [4780Z>,c], 

they become, by slight reductions and using [24] Int., the same as in the second members of 

those expressions, 

xx'-\-y y'A-zz'—— . f cos. «.cos. FT sin. u. sîn. F4-ss'} = ~. [cos. (V-—v)~\-ss'l: 
1 ^J uu' c uu‘1 K ' 1 55 

xx'-\-yy'-\-zz'— 
cos. (F—r)-j-s s' 

uu' 

M 1+*2) 

u9 

U u'. C08.(lj'— v)-\-u u'.s s'-h U%( 1-f-s s) 

tU2 ■ 

By means of these values the expression of Q [4780a] becomes as in [4780]. For the 

first and second terms of [4780a] correspond, respectively, to the first and second of [4780] ; 

the third of [4780a] gives the last of [4780] ; finally, the terms of [4780a], connected with 

the factors § m1, f-m', by the substitution of [4780c], become respectively equal to the 

terms connected with the factors f, f-, in [4780]. 

* (2766) Using the same notation as in [4230], we shall have, for the earth’s latitude 

s", above the fixed ecliptic, the expression, 

s" — (p. sin. r"—f.cos.v" [1335']. 

Substituting in this the values of p", f [4334], and observing, that 

sin. v". cos. (gZ:-f- j) —cos. v". sin. (g t -f- (3) = sin. («"—g t — (3), 

we get the earth’s latitude, 

s"=2.c.sin. («"—g t— (3). 

Changing v" into the sun’s longitude F [47774], we get the sun’s latitude, 

s' = 2. c. sin. (f — gt — (3). 

This is of the same form as [4785], the constant quantities c, g, (3, being changed into 

Jt, —i, —s, respectively. Hence, the coefficient i is of the same order as the quantities 
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s' = 2 . k . sin.. i t + s) ; 

i being a very small coefficient [4785t6], whose product, by m! u13 we shall 

neglect. The value of s, neglecting quantities of the order s3, may be 

represented by* * 

s = s, + 2 . k . sin. (v -j- it + e) ; 

s/ being the tangent of the moon’s latitude, above the apparent ecliptic. This 

being premised, we have,f 

g, g', he., which are very small [4339,311.3^]. The values [4339] are nearly g= — 36% 

g'=—18s ; these quantities may serve to give an idea of the magnitude of g, g', he., 

though they are not computed strictly by the method given in [1098, Stc.]. 

* (2767) If the moon were to move in the apparent ecliptic, her latitude above the fixed 

plane, or its tangent, corresponding to the longitude v, would be S./c-sin.^-j-^T5) [4785]. 

Adding to this the quantity s/ [4786'], we get, very nearly, the tangent of the moon’s latitude 

s, above the fixed plane, as in [4786]. 

f (2768) The quantity Q occurs in the first member of [4787], under a linear form 

only ; therefore, we may take each term of Q [4780] separately, and compute its 

effect. In making the substitution of any term of we may consider the quantity 

M.(l-j-ss)~b an(l hs powers, as constant. For, if we put Q=A .{u. (1—{— 5 ^)—^ |6, for any 

term of Q, neglecting, for a moment, the variable parts contained in A, and taking the 

differential of log. Q, we shall get, 

hence, 
s 

1 ss 
.bq. 

Substituting these in the first member of [4787], we find, that the terms mutually 

destroy each other. Hence, it is evident, that we may neglect the first term of Q [4780], 

which corresponds to 6=1, «/2=1 ; the second term, which corresponds to 6 = 0, 

A = 
m'. v! 

and the last term, which corresponds to 6 = — 2, A = —, 
m. u '3 

(1-fsVT ~ 2.(l-H?Y)f' 

Then using, for brevity, the following abridged symbol 13, we get from [4780], 

B 

dQ- 

\uu'. cos. (v—î/)Tuu'. s s'— à w'2.(l-|-ss)} 

(1-j- s' s') .«2 

to'. v! 

(I + sV)* 

3m/-^-.lR + fB2 + &£c.}.</J3 + &c. 
(i -\-s'sy 

[4785] 

[4785'] 

[4786] 

[4786'] 

[47854] 

[4786a] 

[4787a] 

[47876] 

[4787c] 

[47874] 

[4787c] 

[4787/] 

[4787g] 

[47876] 
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[4787] 

[4788] 

[4787h') 

[4787i] 

[47877c] 

[47877] 

[4787m] 

[4787w] 

[4787o] 

[4787p] 

3 m'.u'3 

u* 

f f\ ^ 
COS. [V-V— 

2u 

5 u' 
+— .cos.2(w—v') -f- he. 

5- 
s.cos. (v—v1) 

ds 

dv 
sin. (v — v) 

Substituting, in the second member of this equation, the values of s', s, 

[4785, 4786], we get,* 

Substituting the partial differentials of Q, in the first member of [4787], it becomes, 

fe-s.+w-iî-©— 
The part of this expression depending on dB, in the last factor, is of the same form as the 

first member of [4787], changing Q into B ; therefore, it has the property mentioned in 

[47876] ; that is to say, vve may consider the powers of u. (l-j-ss)_i as constant. Now, 

the last term of B [4787/] corresponds to the power —2 of that quantity ; therefore, we 

may neglect its partial differentials, and, in finding dB, may use the remaining terms as in 

the following expression ; 

B = ———. [ ir1 u'. cos. (v—v') -4- u~l u'.ss'l. 

The partial differentials of this expression give, 

ds /dB\ v! ( ds . . .7 
* • (* )=• I ~iv‘sm- 

/dB\ u . , 1 o I, 
\s. cos.fu — US . 

dB\ 

du) (1-f-sV) ,u ' 

Adding these three expressions together, we find, that the terms depending on s~s' destroy 

each other, and we get, 

ds /dB\ (dB\ . . /dB\ v! C . ds. /\ /} 

s •■ U)-us■ UH1+SSH/ = (i^i- ')-* ■“>•(—»)- [ 

Now, if we retain, explicitly, the terms of B [4787/], which do not contain s, s', we obtain, 

B -\-^B2 = - . jcos.^ü—v) — ~ -f- ^ .cos.2(v — v') 

Substituting the expressions [4787o,jp] in [478771'], and neglecting terms of the third order in 

s, s', it becomes as in the second member of [4787]. 

* (2769) If we substitute the values of s', s, [4785,4786], in the last factor of [4787], 
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37Ç / « w - 5u g/ i n 7 C / ,\ 
—— Acos.iv—F)—--4- — .cos.2(d—v )-f&c. >.<srcos.(v — V') 
vP( 2« 2m ' ) ( 

Hence the equation [4755] becomes,* 

-.sin.fw— F)?. [4789] 

n dds 
°=*i+s + 

u *■+«/© SÎ ' 
[4790] 

or, 
dds 

°=^ + s+^^+&c- 
[4790'] 

If we neglect the excentricities and inclinations of the orbits, we shall have 

u = u/=— [4826,4833]; a' and a being the mean distances of the [4791] 

sun and moon from the earth. We shall see, in the following article 

that hQ= a, very nearly ; therefore, we shall have [479 Id], 

[4825], 
[4791'] 

we shall find, that the terms depending on k mutually destroy each other. For these terms 

produce, without reduction, the following expression, neglecting quantities of the order 

mentioned in [4785'] ; 

2.Ar.[sin..cos. (-y — F) —cos.(v-j-izf-j-s) .sin. (v — F) —sin. (F-f-it-f-s)]. 

The two first terms, between the braces, are reduced by [22] Int. to 

sin. \ (v -j- it -f- s) — (v — F) ] = sin. (F-j- it-1— s) ; 

[4789a] 

[47895] 

which is destroyed by the third term. The remaining terms of [4785, 4786] are F= 0, 

s — st ; substituting these in the last factor of [4787], we obtain the expression [4789]. 
[4789c] 

* (2770) Multiplying together the two factors of [4789], we find, that the product of 

the term cos. (v — F) by sr cos. (-y— F), produces , disconnected from the periodical 

angle v—F ; so that we may put the expression under the form -—--CH— ' • as we 

shall soon see, that it is not necessary for the present object to mention particularly the parts 

included in the general term -f- Sic. This represents the value of the function in the first 

member of [4787], and if we divide it by A2tt2, it produces the three last terms of [4755]; 

which will, therefore, be represented by _g_Substituting this in [4755], 

[4791a] 

[47915] 

[4791c] 

and dividing by 1 + ^ • / (^) .—, we get [4790]. Reducing the denominator of 

the last term of this expression into a series ; neglecting wf2, and observing, that 
/dQ\ 
\dW [4809] is of the order m’v!3, it becomes as in [4790']. Finally, substituting in [4791d] 

this the values of u, u', A2 [4791, 4791'], we get [4792]. 

95 VOL. III. 
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[4792] 

[4793] 

Change 
in m. 

[4794] 

[4795] 

[4796] 

[4797] 

[4798] 

[4794a] 

[47946] 

[4794c] 

[4794c?] 

[4798a] 

[47986] 

[4798c] 

_ dds a3 

°= ~d? + s + i'm'-7^s.+ kc- 

We shall put mt for the sun’s mean motion; so that m will no longer denote 

the moon's mass; we shall have, by ^ 16 of the second book,* m2 = — . 

Then, if we suppose the time t to be represented bj the moon’s mean 

motion, which can always be done, we shall have -4 = 1; therefore, 
a2 

dds 

0 = d^ + s+^-m'-sl+kc- 

Substituting, in this equation, the value of s [4786], and observing, that we 

may, in this case, change it into iv, we shall have,f 

_ dds, , , n. 
0 = + (1+ f • wr) . y-f z.k.{ 1 — (i +1)2}. sin.(®-]-i v-j-s) -f- &c.; 

which gives, for the part of s, relative to the secular motion of the ecliptic,Î 

* (2771) If we change, in the equation [605' or 3700], a into a1, and n into m, to 

conform to the notation [4791, 4793], we get m2 = y. a~3 ; p, being the sum of the masses 

of the sun and earth. If we neglect the mass of the earth, in comparison with that of the 

sun, we have ^—m! [4757"], and the preceding expression becomes as in [4794]. In 

the moon’s motion about the earth, the equation [605'] becomes 7i2= . a~2 

[4757,4757']; and, as the moon’s mean motion nt, is here represented by t [4794], we 

have n= 1 ; substituting this, and M-\-m = 1 [4775"], in the preceding value of w2, 

we obtain l=cr3, as in [4795]. Dividing the value of m2 [4794] by this last expression, 

we get substituting this in [4792], it becomes as in [4796]. 

f (2772) The terms neglected, by writing iv for it, are of the order of the 

excentricities and inclinations, multiplied by the very small quantity i, and connected with 

terms containing sin. cv, sin.gr, and their multiples, as is evident from [4828, 4794c]. 

All the neglected terms are considered as being included in the general expression -j-&c. 

Now we have, 

dds dds 
s =s/-j-2.&.sin.(r-\-iv-f-£) [4786,4797]; hence — = —2.^.(i-f-l)2.sin.(r-l~l^+£); 

substituting these in [4796], we get [4798]. 

J (2773) This equation is of the same form as [865], which is solved in [871] ; 

changing y, a2, t, m into s,, 1-f-fm2, v, 1 —f- f, respectively ; and putting for a Q, or 

aK, the terms under the sign 2 [4798]. These changes being made in [871], it becomes 

as in [4799], by a slight reduction, and changing the signs in the numerator and denominator. 

[4799a] 
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S.(2i -(-r2) .7r.sin. (u-j-fu-}-5) 

S/ J-.m2—2i—i2 

This last quantity is insensible ; for i v, at the most, does not exceed fifty 

centesimal seconds [=16s,2] in a year;* and %mrv expresses very nearly, as 

we shall hereafter see [4800c/], the retrograde motion of the nodes, which 

exceeds 19d [3373] ; therefore \m? is at least four thousand times as great 

as i ; so that we may neglect the term, 

1—(f -f-1)2}. sin. (vf-ivfs), 

in the differential equation [4798] ; and then this equation becomes 

independent of every thing connected with the secular motion of the ecliptic. 

The mean inclination of the moon’s orbit to the apparent ecliptic, is one of 

the arbitrary quantities of the integral of this equation ; hence we perceive, that 

on account of the rapidity of the motion of the moon’s nodes, this inclination 

is constant ; and the latitude s of the moon, above the apparent ecliptic, is the 

same as if the ecliptic were immoveable. We may, therefore, suppose s' = 0, 

in the following investigations ; which will simplify the calculations. 

Therefore, we have, by neglecting quantities of the order m' u'3 s4, m! w/5,f 

* (2774) This agrees nearly with the remarks made in [4785c?], relative to the value 

of i. Moreover, the retrograde motion of the nodes is expressed by (g—l).r [4817], and 

the values of m, g [5117], give g—l = |m2 nearly; therefore, the retrograde motion of 

the nodes is nearly equal to f mP.v, as in [4800]. The same result may be obtained 

analytically; for, if we neglect terms of the order p"2, e'2, the motion of the nodes [5059] 

becomes \ p".v. Now, by comparing the coefficients of sin. (gv — Ô), in [5053, 5049], and 

retaining only the first term of each of them, we get, 

y"= f m . — = J m2 [5094] ; 

whence, the motion of the nodes becomes ^p".v = £ m2. v. This exceeds 19^ in a year 

[3373] ; which is more than 4000 times the value of iv, assumed in [4785c?] ; hence the 

term of s, [4799] must be insensible, and we may, therefore, neglect the corresponding terms 

of [4798], which are given in [4802]. Then all the remaining terms of [4798], which 

are included in the expression [47986], maybe considered as independent of the 

secular terms arising from i. 

t (2775) Substituting s'= 0 [4804] in the value of Q [4780], it becomes, without 

any reduction, as in [4806a]. Developing the powers, and neglecting terms of the orders 

mentioned in [4805], it becomes as in [48065]. This is reduced to the form [4806c] by 

[4799] 

[4800] 

[4801] 

[4802] 

Inclination 
of the lu¬ 
nar orbit 
to the 
apparent 
ecliptic. 

[4803] 

[4804] 

[4805] 

[4800a] 

[48006] 

[4800c] 

[4800d] 

[4800c] 

[4800/] 
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Q = 
u 

[4806] (!+•*)* 

m'.u'3 
-{-m'u -\—^-.{l + 3.cos.(2u—2v')—2s9} 

.{3.(1—4s2) .cos. (v—i/)-f-5.cos. (3v— Su')}. + 
m'.u'4 

8 u3 

[4807] Hence we get, by neglecting quantities of the order mW * 

[4808] 
„ du 

|\ . s /dQ\ 1 ml.u'3 . 
) H-* ( T~ ) — 77 I g\-§.-• 1 + 3. COS. (2 V— 2v ) 

J u \ds J (1+s )2 2u3i K J 

3 m'.u'4 
——- .{(3 — 4s ) .cos.(v—v')-{-5.cos. (3v—3u')}; 

using [6, 7] Int. ; and if we connect the terms depending on the same powers ofV it 

becomes as in [4806] ; 

[4806a] q= 
u 

1+2^4- [mw'.cos.^—u') — |m'3.(1+5S)]£ 

(i+ssy 
-m'u'. 

2# .[««'. cos.(v—v') — £ ul 2. ( 1 -j- s s)]3-|- he. — 
/2 1 

[48066] = 
u 

(l-f-s2)i 
■mu'. 

3it'2 .. 3u'3 , 
1 + 2^1 *C0S* ~ ^ )-^ (1 -J- 5 5) . C°S. (U-U') , 2«2 

et,.'3 
+ ^. cos 

Uu'J 

(l-[- Ss).?/2 

2+ 

[4806c] 
u 

'(1+S+ 
-f-mV. 

, 3u'2 Su'3 

^1+ SS'[i + iC0S' 2(”—»')]— (l+«).C0S.(ti—t/O 

^ I Tt / /Nii of ;\n (l-]-ss).?/2 f 
* +^5-[icos.(» —»') + icos.3(i>—»)]-) 

* (2776) The partial differentials of Q [4806], taken relatively to v, s, u, become, 

without any reduction, as in [4809,4810,4810a], respectively. Multiplying [4810] by 

s 
we get [48106] ; adding together the expressions [4810a, 6], and making some slight 

reductions, we get [4808] ; 

(d Q\ ^ (1+ *s)i 
[4810a] \du) J 3 m'.u'1 

v- 8 «4 

[48106] s-(?)= u \ as / 

ss 

(i+*»)5 

THj • u/*^ 

-2u3~ * [1+3 .cos. (2t>—2v')— 2s2] 

. [(3—12s2) .cos. (v—v') -f-5cos. (3-u— 3®' 

m'.u'3s2 3 m'.u'4s% 
-—-T—. cos. (v—v1). 

«3 ua \ J 

)] 
? 
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3 mf.u'3 „ /N 
——. sin. (2 v—2v) 

2u~ 

m!. u'4 

8 v? 

us 

-.{3.(1—4s9). sin. (y—v)-j-15.sin. (3v—3V) j ; 

rri.u'2s 3 m'. u14 s 

(].-[- ss)'1 u* ir 
.cos. (y — v'). 

4. To integrate the equations [4753—4755], we shall observe, that, by 

excluding the sun’s disturbing force, the moon will describe an ellipsis, in 

which the earth occupies one of the foci. We shall then have, as in [532,533], 

s = 7.sin.(v—ô) ; 

« = wf+f) • *0 +ss)s+e •cos- (»—B) i • 

In these equations, 7 is the tangent of the inclination of the lunar orbit ; 

6 the longitude of its ascending node [533"] ; e and -a are two arbitrary 

quantities, depending chiefly, on the excentricity of the orbit, and on the 

position of the perihelion [534']. 7 and e are very small quantities. If we 

neglect the fourth power of 7, we shall have,* 

1 

u = ^f_yP)-{1 + T'/9+e-cos-Cv“TO) —ir3-cos.(2n —2d)J. 

In this value of u the ellipse is supposed to be immoveable ; but we shall 

soon see, that in consequence of the suris action, the nodes and perigee of this 

ellipsis are in motion. Then putting, 

(1—c). v = the direct motion of the perigee ; 

(g—l)-fl = the retrograde motion of the nodes ; 

* (TH7) Developing (l-j-ss)q according to the powers of s, substituting [4811], 

neglecting s6, and reducing, by means of [1, 3] Int., we get, successively, 

= 1+44 

= (l + f72- 

|cos.(2» — 26)\ — j4f —#• cos. (2t> —2d)+ £cos.(4ü — 4ê)} 

à74) ~ (i+— tV f) ■ cos* (2■v — 2 ^y4. cos. (4 v—4 0). 

Substituting this in [4812], and neglecting y4, it becomes as in [4816]. We have retained 

the terms of the order y4, in [4812a], because they are required hereafter. 

96 

[4809] 

[4810] 

[4810'] 

[4811] 

[4812] 
Values of 
s, u, in an 
invariable 
ellipsis. 

[4813] 

[4814] 

[4815] 

[4816] 

[4817] 

[4812a] 

[48126] 
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[4818] 

[4819] 

Assumed 
forms of 
s, u, in a 
moveable 
ellipsis. 

[4820] 

[4821] 

[4821a] 

[48216] 

[4821c] 

[4821rf] 

[4821c] 

[482]/] 

[4821g-] 

[4821ft] 

[4821i] 

[4821ft] 

[4821?] 

[4821m] 

we shall have, from [4811,4816],* 

S = y . sill, (gv— Ô) ; 

11 = 72+ e •cos* (cv—TO) ~ i cos. (2gv—2ô)}. 

If we substitute this value of u, in the expression of dt [4753], observing, 

that, if we neglect the solar attraction, J vanishes ; we shall have, 

f l + f-(eH-/2)—•2e.(l+fe2+|79).cosfcv—w) h 

dt = h3, dv. J -ff.e2.cos.(2cfe—2®)—e3.cos.(3cu—3v)+±y*.cos.(2gv—2$) (. 

( —|;.e^.{cos.(2^t'+ct'—2ê—F)-fcos.(2gv—cv—-20+»)} ) 

* (2778) The object of this article is to obtain approximate values of u, u', s, v', 

expressed in terms of v ; for the purpose of substituting them in Q, and in its differentials ; 

as is observed in [4838']. Now, s, u [4818,4819], are the approximate values of s, u, 

corresponding to the equations [4755,4754], noticing two of the most important perturbations, 

namely ; the mean motions of the perigee and nodes. Substituting these in [4753], we 

get the approximate values of dt, t [4821,4822], which are afterwards corrected in 

[5081,5095]. In finding the approximate value of dt [4821], from [4753], the term 

dv 
(-~g \ is neglected, and then [4753] becomes dt= 

hu^’ 
in which we must substitute the 

if- 

symbols 

c v- ■ 'US 

value of u [4819]. In making these substitutions, we shall put for a moment, for brevity, 

f=if — {y9- cos. (2 «•« — 2d) ; and, during the process of the calculation, we shall omit the 

Ô, us, us1, which are connected respectively with the angles gv — ô, cv—-us, 

d in v — us1; talcing care to re-substitute them at the end of the operation. This 

abridged form of writing the angles, will be used frequently, in the notes which follow ; it 

saves considerable labor, renders the formulas more simple, and cannot be attended with any 

inconvenience. Hence, the preceding expression of dt [48211/] becomes as in [4821ft]; 

developing the factors, and neglecting/’2, /e3, e4, y4, &,c., we get successively [4821f/,Z]. 

Substituting the value of f [4821 e], and reducing, by means of [6,7,20] Int., we get 

[4821m] : connecting together the terms depending on the same angles, we obtain [4821] ; 

whose integral is as in [4822] : 

dt—h3. ( 1 -j-y2)2. dv. {1 -f- (/-f- e. cos. c v) ]~2 

=ft3. ( 1 -f- 2 y 2). dv. [ 1—2 (/-j- e. cos. c<d) -f- 3 (/+ e . cos. c v)'3—4(/-f-e.cos.cw)3} 

=ft3. ( 1 -J-2y2).dv.[ 1— 2e. cos. c v -f-3 e2.cos.2cy — 4e3. cos.3cv — 2f-j- 6/e.cos. cv\ 

—ft3, dv. {( 1 -j- 2 y2) — 2 e ( 1 -f- 2 y2). cos. c v -}- 3 e2. cos?c v—4 e3. cos 3cv — 2//-6/e.cos.cv j 

((!-}-2y2)— 2e(l+2y2) .cos.ct’-[-fe2. (l-hcos.2cv)—e3. (3cos.cr-f- cos.3 cv) ) 

1 ,c v‘ ) _ |y2/-Jy2.cos,2g-v-bfey2.cos.ct;—%ey^.[cos.(<2gv4-cv)Jrcos.(2gv —ct>)]i 
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This gives, by integration, 

2 h3e 
^=constant+/i3^. ( 1 +f e2+J-"/2)-—. (14-f e2+£y2) .sin . (cv— 

oL3 ^2 ^3 z>3 ^3 

-.sin.(2cv—2y)--—.sin.(3cv—3^)+-^—.sin.(2gv—2f) 
4c 

[4822] 

-sin /2g'C+cv—2d—w)—T77T~-\• sin.(2yv—cv—2^+^) ; 
4.(2g-+c) V 5 ' 4.(2^— c) v 

the coefficients of this equation are modified a little by the sun’s action, as 

we shall hereafter see [5081, 5095]. 

In the elliptical hypothesis, the coefficient of v, in this expression, is, by 
_3 

[54V—543], equal to a2 ; which gives,* 

/i3.(l-ff e2-j-f ?2) =aY ; 

a being the semi-major axis of the ellipsis ; hence we have, 

h = a*.( l-ic2-|72); 

consequently, 

w = - .{l + e2 + b72+e- (1 + ee) *cos* (c^——ir2- cos. (2gv—2d)}. 
(t 

_3_ 
Then, by putting n = a 2 [4823a], we get,f 

[4822'] 

[4823] 

[4824] 

[4825] 

[4826] 

[4827] 

* (2779) Substituting i^—l [4775"], in [541'], we get n— a 2 ; hence [543] gf^es 
3 3. . . & 

t-\-a2 z—ci'2 v-\-k, c. ; in which the coefficient of vis a2. To make this conform to the 

result of the elliptical theory [4822], we must put the coefficients of v equal to each other; 

hence we get [4823]. Dividing this equation by the coefficient of h3, and taking the 

cube root, we obtain h [4825], neglecting terms of the fourth order in e, y. This value 

1 1 
of h gives 7t2. (l + y2) = a.(l—ea); whence, (l+e2) ; substituting 

this in [4819], we get [4826]. 

[4823a] 

[48236] 

[4823c] 

t (2780) Multiplying [4823] by 1—£y2, and neglecting y4, we get 

hK(l+j<!»+ïf)=ai. 

substituting this in the third term of the second member of [4822] ; also [4823], in the 
3. 

second term, and putting the constant quantity equal to —a2 s ; we shall obtain for these 

[4828a] 
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[4828] 

Approxi¬ 
mate 
value of 

lit—|—z. 

[4829] 

[4830] 

[4831] 
Approxi¬ 
mate 
values of 

t, u'. 

[4832] 

[4833] 

[4834] 

[48286] 

[4828c] 

[4828d] 

[4828c] 

[4832a] 

nt + s= v — ^.(1 — ^y2).sin. (cv—-f ^.sin. (2 cv—2™) 
4 c 

e3 

3c 
sm. (3 c v—3 -jh) -f- 

ty* 

4g 
. sin. (2 gv—21) 

4^+ïj-sin- + '2é—»)—. sin. (2gv—cv—2t + *) ; 

s being an arbitrary constant quantity. In substituting nt~\-s, we may 

suppose c and g to be equal to unity [5117], and neglect quantities of the 

order e3, or ey2, in the coefficients of the sines. Thus we shall have, by 

retaining the term depending on sin. (2^ — cv—2d-j-w), which will be 

useful hereafter [4828c/] ; 

nt-j-s = v—2e . sin. (cv — -w) + fe2. sin. (2cv — 2™) -f-J-y2. sin. (2gv —2d) 

— f-ey2. sin. (2gv—cv—2ô~\-v>)t 

If we mark with one accent for the sun, the symbols relative to the moon 

[4779'], and observe, that y — 0 [4804], we shall have,* 

n't-f-s/= v'—2e'. sin. (c'v'—™') -f- £ e'2. sin. (2c'v'—2^') ; 

u'= Ï . {l+e'2-fe'.(l + e'2).cos.(eV—o')}. 

The origin of the time t being arbitrary, we may suppose e and s' nothing, 

three terms, the expression — a~ b -j-«“ «-— .«2.(1—£y2).sin.(cr—ro). Substituting this in 

[4822], then multiplying the first member by n, and the second by its equivalent expression 

—4 
a 2 [4823«], it becomes, by slight reductions, as in [4828] ; observing, that, in the second 

_3 

and third lines of [4822], we may put h3a 2 == 1 [4823], since these terms are of 

the second or third orders in e, y. Now, putting c and g equal to unity, in the coefficients 

of [4828], and retaining terms of the second order in e, y, also the term depending on the 

angle %gv — cv, we get [4830]. The reason for retaining this term, is on account of the 

smallness of the divisors introduced by it, in consequence of 2g—-c being very nearly equal 

to unity. For the values of c, g, m [5117], give very nearly, 

c=l — | m2, .gi=l-}-f ma, 2 g—c=l+3ms. 

* (2781) The values [4832, 4833], relative to the sun, are deduced from those of the 

moon [4330,4826], by merely accenting the symbols, as in [4779']; observing also, that 

s'— 0 [4804], corresponds to y'=0 [4818]. 
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71/ 

and then putting — — m, the comparison of the values of nt and n't will 

give,* 

v' — 2e'. sin.(cV-— to') + f- e/2. sin.2(cV— vs') 

= m v — 2 me. sin. (c v — to) + f-m g2* sin. (2 c ® — 2 to) 

-f {m. /. sin. (2 g 4? — 2 ô) ■— \m ef. sin. (2 g v — cr — 2 é -j- /). 

Hence we deduce, by observing, that F varies but very little from unity,f 

# (2782) If we take, for the origin of t, the moment when the bodies are in their mean 

conjunction, or nt-\-s equal to n tg- s', we shall have s=s'—0. Substituting these in 

[4830,4832], we get the values of nt, n't. Multiplying the former by m, and substituting 

mn=ri [4835], we get an expression of n't, which is to be put equal to that in [4832] ; 

hence we get [4836]. 

f (2783) We may obtain v' from [4836], by means of the theorem of La Grange 

[629c], which, by changing 4* a? into x, then x into v and t into t, becomes, 

v -F(v') = t ; 

/ i nr \ I i d.FIVp , d~.F{t)a _ 

v = t+F(t)±i t-i- —SP e&c. 

Comparing the equations [4836,4837c], we find, that t represents the second member of 

the equation [4836], and, that 

F{y') = 2e'.sin. (c'v'—-us') — £e'2. sin.(2FF—2 to'). 

Changing v' into t, we get F{t) [4837c], its powers [4837/], and the differentials [4837g], 

omitting, for brevity, the symbol —to', which is connected with c't; the reductions being 

made by means of [1,2, 17] Int. Substituting these in the second member of [48376], wre 

get »' [4837A] ; 

,F(t) = 2eh sin. (c't — to')— f e'2. sin. (2c't — 2F)-|-&c. ; 

_F(t)L=2c'2. (1—cos.2c't) — J-e'3. cos.c't-j- &c. ; 

2 ==%e'ü- s™- 2c't -f-f e/3.sin.c't -j- he. ; 

F{t)3= 6 c'3. sin.c't-[- he. ; 

— e'3. sin.Ft-f- he. ; 
i <P.F[tf 

v' = t-j-(2e'—^ e'3) .sin. (c't — to') -f-f e'2. sin. (2c't— 2 vs'). 

Now, t represents the second member of [4836], and the substitution of this value in the 

first term of [4837A] produces the four first terms, or the two first lines of the second 

member of [4837]. The last term of [4837A] produces the last term of [4837], by putting 

for t the first term mv of the second member of [4836] ; it being unnecessary to take any 

other term of t, because m is of the same order as e, or e'. To obtain the value of the 

second term of v' [4837A], we must have the expression of sin. (c't—vs'). Now, as this 
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[4835] 

[4836] 

[4836y] 

[4834a] 

[48346] 

[4837a] 

[48376] 

[4837c] 

[4837/2] 

[4837e] 

[4837/] 

[4837g-] 

[48376] 

[4837i] 

[4837*] 
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[4837] 

Approxi¬ 
mate 
values of 

v\ vl. 

[4838] 

[4838'] 

[4837Z] 

[4837m] 

[4837n] 

[4838a] 

[4838&] 

[4838c] 

[4S38rf] 

v'—m v — 2 me . sin. (cv — ~f- £ m e2. sin. (2 c v —- 2 ns) 

+ i my9, sin. (2g v — 2 ô) — \ m e f. sin. (2gv — cv — 2 ô-j- zu) 

+ 2 e'. (1— 4- e'2) . sin. (d mv — — 2 m e e'. sin. (c v -f- dm v — ns — ns') 

— 2me e'. sin. (cv — c'mv — + ®') + i e'9. sin. (2àmv — 2w') 

, 1 ( l-f-c'.(l—|-e'2) .cos.(c'mv— ■sï'j-j-e'2.cos. (2c'mv — 2 V) 

a' \ -J-mee'.cos.(cv—c'mv — tf-f-vi')— me d.cos. (cv-j- c'mv-—ns—ff) 

5. fFe must substitute these values of u, u\ s and v\ in the expression 

of Q [4806], and of its partial differentials [4808—4810], which will, by 

this means, be developed in sines and cosines of angles proportional to v ; but 

it is necessary, for this development, to establish some principles relative to 

term is of the order e', it will be sufficient to take the two first terms of [4838], namely ; 

t = mv—2me.sin. (cv—-us) ; whence, c't — ns'=(c'mv— ns') — 2c'me.sin. (cv—ns). 

Developing the sine of this expression, by means of [60, 18] Int., neglecting e2, we get, 

successively, 

sin, (c't — ns!) — sin. (d mv — ns1) — 2 d m e . sin. (c v — ns) . cos. (c'mv — ns') 

=sin. (c'mv—ns')—c'me. sin. (cv-f-c'm- v — ns—ns') —c'me .sin. (cv—c'mv — ns-\-ns'). 

Multiplying this by its coefficient 2 d — £e'3, or 2d. (1—id2), neglecting terms of the 

fourth order, and putting c'~ 1, we get the sixth, seventh and eighth terms of [4837]. 

* (2784) To obtain u', we must substitute the value of v' [4837] in [4833] ; and, 

as we retain terms of the third order in e, d, y', m, in [4838], it is necessary to retain 

those of the second order in v' [4837]. Hence, if we put for a moment, for brevity, 

z — 2d. sin. (dm v —ns) -j- f e'2. sin. (2 dm v — 2 ns) — 2 me. sin. (cv — ns) ; 

and observe, that d is very nearly equal to unity, we shall have, from [4837], 

v'=mv-{-z, and c'v' — ns'= (c'mv— ns) -f- z. 

Its cosine, reduced by formulas [23,43,44] Int., becomes, by neglecting z3, 

cos. (d v'— ns') = cos. z. cos. (d mv — ns') — sin. z . sin. (d mv — ns') 

= (1 — \ z2) . cos. (c m v — ns') — z . sin. (c'mv — ns') ; 
hence, 

d. (1 ff- d2) . cos. (d v — ns') 

= d. (1 -f- e'2). cos. (d mv — ns') — \d z2. cos. (d mv — ns') — d z. sin. (d mv — ns'). 

Now, substituting the value of z [4838a], in the first members of [4838^, A], neglecting 

[4838e] 
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the magnitudes of the quantities which enter into these functions, and on the 

influence of the successive integrations upon the different terms. 

The value of m [5117] is very nearly equal to the fraction T\ ; we shall 

consider it as a very small quantity of the first order. The excentricities of 

the orbits of the sun and moon, and the inclination of the lunar orbit to the 

ecliptic, are nearly of the same degree of smallness [5117, 5194]. Thus, we 

shall regard the squares and products of these quantities, as very small 

quantities of the second order ; their cubes and products of three dimensions, 

as very small quantities of the third order ; and so on for others. The sun’s 

disturbing force is of the order* 
m'.u'3 

u 3 ’ 
and we have seen, in § 3, that this 

quantity is of the order m9, or of the second order. The fraction —being 

very nearly equal to may be considered as of the second order. We 

shall carry on the approximation to quantities of the third order inclusively ; 

terms of the fourth order, also those depending on the angle 3 dmv — 3 vs', we get, 

successively, by using [31,17,2] Int., the following expressions; omitting, for brevity, the 

symbols vs, to', as in [4821/] ; 

— &'z2. cos. (f mv — to') — — e'3 (2 sin. d mv . cos. d m v) . sin. d mv 

= —< e'3. sin. 2 d mv . sin. d ?nv = — £ e'3. cos. d m v ; 

— d z . sin. (d m v — to1') = — e'2. (1— cos. 2 d mv) — e'3. cos. d m v 

T m e d. cos. (cv — d mv) — me d. cos. (c v + dmv). 

Substituting [4838g-,/j] in [4838e], we get, by connecting the terms, 

d. (1-f- e'2) .cos. (c' v — to') = — e'2-f- d. (1—e'2) . cos. dmv -j- e'2. cos. 2 d mv 

-\-med. cos. (cv — d m v) — me d. cos. (cv -f- d mv). 

Finally, by the substitution of this, in [4833], we get [4S38]. 

* (2785) The accelerative forces [4763(7], are represented by the partial differentials of 

Q, relative to the co-ordinates. These partial differentials occur in the general equations 

[4/53 4755], and are computed in [4807—4810]. Now, if we compare the part of 

[4808 or 4S10], which does not contain the disturbing mass m', with the chief term of the 

same equation, depending on this disturbing mass, we shall find, that it is of the order 
m,'. v!3 m' a3 _ 

> or [4791]; which, by means of [4794, 4795], is of the order mA 

[4839] 

[4840] 

Orders of 
the terms. 

[4841] 

[4842] 

[4843] 

[4838/] 

[4838g-] 

[4838/t] 

[4838i] 

[4842a] 

[48426] 
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and in the calculation of these inequalities, ive shall take notice of quantities 

[4844] of the fourth order f but we must take particular care not to omit any 

quantities of that order in the integrals. 

[4845] 

The equation [4754] becomes, by development, of the following form,f 

_ cl du , 

0 = 1CF+N'' “+11 ’ 

[4845'] 

[4846] 

[4847] 

[4848] 

[4849] 

[4850] 

N2 differs from unity but by a quantity of the order m2 [4845c], and n is a 

series of cosines, of the form k. cos. (i v f s) [4961]. The part of u, 

relative to this cosine, is represented, as in [870', 871], by 

k 
11 = iTZgya • cos' O' ® + 0 • 

Now, it is evident, that if r differs from unity by a quantity of the order m, 

the term &.cos. (i v -f- s) acquires, by integration, a divisor of that order: 

which increases the term considerably ; so that it will become of the order 

r—1, if it be of the order r, in the differential equation. We shall see 

hereafter, that the greatness of the inequality named the erection, arises from 

this cause.J 

* (2786) The angles connected with coefficients, as far as the third order inclusively, 

[4844a] are retained ; and, in computing the coefficients of these terms, the approximation is carried 

on, so as to include terms of the fourth order. 

[4845a] 

[48456] 

[4845c] 

f (2787) The chief inequality of u [4819], is that depending on cos. (cv— ns), which 

we shall represent by e.cos. (cv — ns) ; putting the other terms equal to Su, so that 

u = e. cos. (c v — -cï) —f— <5u. Its differential gives — = — c2 e. cos. (c v — ns) -J- • 

Multiplying the first equation by c2, and adding the product to the second equation, we get, 

^ 4-^m— — -t-c8 Su 
dfi +C-6U' 

Putting the second member of this last equation equal to 

ddu 

•II, we get, 

dP 
-{- c2 u 2 — n 

and this is of the same form as [4845] ; JV2 being changed into c2, which differs from unity 

by a quantity of the order 3 m2 [4828e]. 

f (2788) The evection depends on the angle 2 « — 2 m v —c v-f ns, and its cosine is 

multiplied by dlfe, in the expression of Su [4904]. Now, in finding Af, from the 

[4850a] equation [4999], we must divide by the factor 1—(2 — 2m — c)2, which is of the order 

in ; and by this division its value is very much increased. 
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The terms where i is very small, and which depend only on the sun’s 

motion, do not increase, by integration, in the value of u ;* but, it is 

evident, from the equation [4753], that these terms acquire, by integration, 

the divisor i, in the expression of t ;f we must, therefore, pay great 

attention to these terms. It is on them, that the magnitude of the annual 

equation depends. 

The terms of the form h .dv. sin (ivfiz), in the expression of 

[4753,4754] acquire, by the integration of that differential expression, a divisor 

of the order i, in the value of u. Hence, it would seem, that in the expression 

of the time t, these terms ought to acquire a divisor of the order r, which 

would render them very great when i is very small ; but, it is essential to 

observe, that this is not the case, and that, if ice only notice the first po wer of 

the disturbing force, these terms will not have the divisor r, in the expression 

of the time. To prove this, we shall observe, that by [1195, &c.], the 

expression of v, in a function of the time, cannot acquire a divisor of the 

order r, except by means of the function —3a.f ndt.fdQ in which the 

* (27S9) When i is very small, the divisor iü—JV2 [4847] becomes nearly equal to 

— JV2, which is of the order •—1 [4845'] ; consequently, the term [4847] is not 

increased by this division. 

f (2790) If the development of the denominator of dt [4753] contain a term of the 

form Tc.cos. (iv fis), arising from id, it would introduce in dt a term of the form 

k. dv. cos. (« v -j- s) ; whose integral would introduce in t a term of the form t .sin.(A--j-s), 

having the small divisor i, as in [4851]. 

Î (2791) The differential of Q [4774a], relative to the characteristic d, gives, 

dv i 
dR= — — — dQ; hence fdR=- — /dQ. 

Substituting this, and ?a=1 [4775"] in g [1195], we get, 

g = 3 a.fndt.- — 3a.fndt fidQ. 

Now, the fust term of this expression has only one sign of integration, and can, therefore, 

introduce only the first power of the divisor i [1196', &c.] ; and, if we neglect this term, we 

shall have, 

[4850'] 

[4850"] 

[4851] 

[4852] 

[4853] 

[4853'] 

[4854] 

[4850&] 

[4851a] 

[4854a] 

[48546] 

VOL. III. 

£ — —3a.fndt.fdQ, as in [4S54]. 
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[4854c] 
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[4855] 

[4855'] 

[4856] 

[4856'] 

[4856"] 

[4857] 

[4857'] 

[4858] 

[4858'] 

[4859] 

[4859'] 

[4860] 

[4858a] 
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differential dQ refers only to the co-ordinates of the moon. If Q containâ 

term oi the form k .cos. (it T ~), i being very small ; this term cannot acquire 

a divisor of the order r, except dQ does not acquire a multiplicator of the 

order i. The part of this angle it, relative to the moon, must depend solely on 

the mean motions of the moon, and on those of her perigee and nodes, when 

we neglect the square of the disturbing force. If i be very small, this part 

of i does not depend on the moon's mean motion ; it must, therefore, depend 

only on the motions of the perigee and nodes. In this case, dQ acquires a 

factor of the same order as the motions of the perigee and nodes, that is, of 

the second order [4817,4828e] ; which causes the term in question to lose its 

divisor of the order r. Therefore, the angles increasing slowly have, in the 

expression of the true longitude in a function of the time, a divisor of the 

order i only ; and it is evident, that this likewise holds good, in the expression 

of the time in a function of the true longitude. But, if we notice the 

square of the disturbing force, the part of the angle it, relative to the moon’s 

co-ordinates, may contain the sun’s mean motion ; and then, the differential 

dQ acquires only a factor of the first order, or of the order m. From 

these principles ive can judge of the order, to which the several terms of 

the differential equations are reduced, in the finite expressions of the 

co-ordinates. 

6. Upon these considerations ice shall develop the different terms of the 

equation [4754]. In the elliptical hypothesis, the constant part of u is 

represented by,* 

- • {1 + e2 -f 1y2T[3} == constant part of u ; 

13 being a function of the fourth dimension in e, 7, we also have, 

= 1—e9—^4-/3'}; 

13' being likewise a function of the fourth dimension in e and 7. The sun’s 

action alters this constant part of u [4858,4964] ; but a being arbitrary, 

* (2792) Neglecting terms of the fourth order, we have, in [4826], the constant part of 

u ecpal to -.{IT e2jri7z}‘> and, from [4825], IP = a .{l— e2— 7s}. Adding to 

these the functions of the fourth order, depending on /s, js', they become respectively, as 

in [4858,4859]. 
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we may suppose, that — .fl-{-£3 + i72 + £} [4858] always represents the [4861] 

constant part of u. In this case, we shall no longer have 

h2 = a.(l—e2 — 72 + W [4859] ; [4862] 

and we shall then put, 

Id = ar( 1—d— r2+f3') 5 

at being an arbitrary quantity which becomes equal to a, if we exclude the 

suris action. We shall then put, 

ml. a3 _2 

ar 

[4863] 

[4864] 

m. 

[4865] 

This being premised, the term 

’ of the exPression - " • O - • (f) [4808], 

becomes, by development, as follows ;* 

[4865'] 

ml .u'3 

2ËF 2 at 

l+e2+i79 + |e/2 

— 3 e. (1-f- | e2 e'2) .cos. (cr — 

+ 3e'. (1+ e2-f 472+ie/2).cos.(c'mv — ^') 

— f • (3 + 2m).ee'. qos. (c v -f- dmv — -a — ™') 

— t • (3 —2 m). e e'. cos. (cv —c'mv — ® -f- w') 

+ 3 e2. cos. (2cv — 2 

+ t 72* cos. (2^ a — 2d) 

-j- i 6/2. cos. (2 dm v — 2 ■sf) 

— f e 72. cos,.(2 ^ i? — cv — 2 ô + w) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

[4866] 

* (2793) If we separate the terms of the expression of - [4826], into different 
u 

classes; using the abridged symbols xl3 cr2, x3 [48665], whose indices represent respectively 

the orders of the terms, we shall have u [4866c], from which we obtain -- [4866c/], 

neglecting terms of the fourth order in e, 7 ; 

x1 = e.cos. {cv — zi) ; æ2 = e2-j-f72—f72- cos.(2^v—2 Ô) ; x3 = e3.cos. (cv—zs) ; 

u = or1.11+^1+ #2+ «3 \ i 

u~3—a?.{ 1—3. (a?!-]- ^2—h* ^3) T —IOcCj3}. 

[4866a] 

[4866&] 

[4866c] 

[4866c?] 
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[4866'] 

[4866e] 

[4866/] 

[4866g-] 

[4866ft] 

[4866i] 

[4866ft] 

[4866Z] 

[4866m] 

[4866n] 

[4866o] 

[4866p] 

[48 66q] 

[4866r] 

[4866s] 

To develop the term 

-cos.(2f> —2ta of the expression of - [«08], 

Now, substituting the values of xi} x2, xz [4866Z>], in the first members of [4866/—f], and 

reducing the products, by means of [6,20, 7] Int., we obtain the second members of these 

expressions respectively ; always neglecting terms of the fourth order, and those depending 

on the angles 2gv -f-c y, 3 cv, which are not retained in [4866] ; and using the abridged 

notation [4821/] ; 

1—3.(a?1-|-^-]-a?3) = 1—3e2—f-72—3e.(l-|-e2).cos.c® -j-%y3.cos.2gv ; 

4~ 6a?!2 = -j-3e2-(-3e2.cos.2 cv ; 

-f- 12xrx.2= —3e.(—4e2—72).cos .cv— |ey2.cos.(2 gv—cv); 

— 10a;/ = —3e.(|e9).cos.c?;, 

The sum of these four expressions being multiplied by a3, gives the value of u~3 [4866a'/]. 

Moreover, from [4S63], we get £ h~"z [4866/] ; the product of the two expressions 

[48667k:,Z] gives [4866m], neglecting terms of the fourth order; 

u~3=a3. {1—172—3e.(l—t}e2—72).cos.cv-f-3e2.cos.2a’-[-f^2.cos.2^r)' 

|/r2=K-Ml+e2+79} ; 
1 ft 3 

c^-5-3=— . ^ 1 —{—e2—J——3e.(l-f-Je2).co$.cw-j-3e2.cos.2cü-h|?'2.cos,^g''ü 

aJ 

|e72.cos.(2<g,'W—cv) \ ; 

§ ey2.cos.(2ig-i'—cv) ] 

X being put, for brevity, to denote all the terms between the braces in [4866m], except the 

first, or unity. 

We may proceed, in the same manner, to find u'~3. For, by using the symbols yv y2, 

y3 [4866ÿ], the expression of v! [4838] becomes as in [4866/-]; omitting, as above, the 

angles w, in the rest of the calculation. From this value of v! we get u'~3 [4866s]. 

The terms, composing the factor of this expression, are found in [4866*:—w~] ; whose sum, 

multiplied by a'~3, gives u'3 [4866s], as in [4866a;] ; neglecting the terms depending on 

the angle 3dmv — 3d ; 

y1 = e'.cos.dmv ; Us— e/3.cos. 2d mv ; 

y3 = —^d3. cos. dmv-\-med.cos. {cv — dmv) —med.cos.(cv-\-dmv) ; 

v! = a'-1.{l+y1-}-2/2+y3]; 

u13 = a'~3.\l’T3-(ÿi4"3/2T'y3) ~f_T(yi~T-2y1y2) -f- 13} ? 
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we shall first give the development of 

3 m'. w'3. cos. (2 v — 2d). 

This term, being developed, becomes, 

1 -f- 3. (2/i+ y2+ y3) = 1 -(-3 mee'. cos. (c v—dm v)—3 m ee'. cos.(cvf-c'mv) 

T (3e'— §e'3) .cos.dmv T 3 e'2. cos. 2 c' ?nv; 

3yd — +fe/2 -h§e'3.cos.2c'mr ; 

^ViVs— +fire/3'cos* dmv ; 

yd — +fe/3-cos* dmv, 

u,3_^,_3 $ 1 + fe/2-j-3e'. (l-fife2) - cos. c'mr-|-§e/2,cos.2dmv 

’ ( —j— 3ee'.cos. (cr—c mv) — 3///ee'.cos. (cr-j-c'mr) 

= ««. jl+Tj; 

l+F being used, for brevity, to denote all the terms between the braces, in [4866®]. 

Multiplying together the expressions [4866/1, y], and their product by ml ; then substituting 

[4865], we get, 

m'.u'3 

2 h2. ?e3 
IVji-f-i+r+ir}. 

Now, XT is of the second order; and, in finding its value, retaining the same angles and 

terms as in [4866], we may use the following expressions, which comprise the chief terms of 

X, Y [4866/î, y] ; 

X= e2-f-|y2 — 3e.cos.cr ; Y =§e'2*f- 3d.cos.dmv. 

Now, taking the terms of X, and multiplying them separately by X, we get, 

|-e/2. X= — fee'2.cos.cr ; 

3e,.cos.c'mr.X=3e'. (e2 + i72) • cos.dmv — %ed.cos.(cv-j-dmv) — |ee'.Cos.(cr—dmv). 

The sum of the expressions [4866y, (5] is equal to the value of X Y, which is to be 

substituted in [4866a] ; moreover, the sum of the terms between the braces in [4866m,®], 

decreased by unity, is equal to the value of 1-J- X-|- Y. Hence we find, that the terms of 

[4866a, or 4866], between the braces, are equal to the sum of the terms between the braces 

in [4866m,®], added, to the second members of [4866y, <5], and decreased by unity. 

Connecting the similar terms, we find the result of this calculation to be the same as in 

[4866]. 

[4866"] 

[4866*] 

[4866m] 

[4866v] 

[4866/r] 

[4866x] 

[4866?/] 

[4866z] 

[4866a] 

[4866/3] 

[48667] 

[4866(5] 

[4866s] 
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[4867] 

[4867a] 

[48676] 

[4867c] 

[4867«Tj 

[4867c] 

[4867/-] 

[4867g-] 

[4867/t] 

[4867/] 

3m!.cos.(2v ~2d)= 
a 

f0-—f e'2—4mV). cos.(2t’—2mv) 

+ ^d. cos.(24?—2mv—dmv-\-™') 

—^ d. cos. (2 v—2 m v-\-c'm v—d) 

-2me.cos.(2v—2mvJrcv—^>) 

—2m e. cos. (2v—2 mv—cv-f/) 

+ V e>~‘cos. (2 v—2 m v—2 dm v+2 ™') 

— y med .co$.(2v—-2mv—cv—cW-j-w-f w'/ 

+ V wee', cos.(2v—2mv-\-cv—c’mv—v-\-d) V 

\+ Jmee'. cos. (2?/—2 m 4/—■c®-j-c'w|+w—«')| 

-I mee'. cos. (2t>—2 m a-J-c cW—^—y) ' 

+ |-m.(3-j-8m).e2.cos.(2cy—2vJr2mv—2d) 

—|m.(i—3m)-e9\cos.(2cv-\-2v—2mv—2^) 

+ co$.(2gv—2v-\-2mv—2d) 

—\m y2. cos. (2gvJr2 v—2 m v—2 

-f me/.cm. (2 v—2 mv—2 g v/cv/- 21—d), 

* (2794) Using, for brevity, the value of vy [4867e], putting also v2 equal to all the 

remaining terms of the second member of [4837], except the first mv, we shall have d, as 

in [4867/] : always omitting, for brevity, the symbols w, -us', as in [4821/]. Substituting this 

value of v' in the first member of [4867g], and developing by means of [24, 43, 44] Int., it 

becomes as in [4867/t] ; observing, that vx is of the first order, v.2 of the second order, 

and, that some terms of the third order are neglected. Substituting in [4867/t] the value 

— 2v^= — 8m2.e2. sin dev + 16mee'.sin. c«. sin. c'm-w— 8e/2. sin.2 d m v [4867e], 

and reducing it, by means of [1, 17]Int. ; also, 2v1-\-2v2 = 2d—2mv [4867/], it 

becomes as in [4S67Z] ; 

Vj = —2mc.sin. cv-\-2d.sin. dm v ; 

d =mi?]-i?rf- vz ; 

cos. (2 v—2 d) ê= cos. [ (2©—2 m v) — (2 tq-j- 2 v2)} 

= cos. (2^+2 v2) - cos. (2 v—2mv) -j-sin. (2*q-j-2%) .cos.(2v — 2mv) 

== ( 1—2v/).cos. (2v — 2mv) -(- (2k-j-2v.2). sin. (2 v — 2 mv) 

(1—4m2e2—4e'2)-[-4m2e2.cos.2cy-[-4e,2.cos.2c'mv 

-\-8med .cos.(cv—dmv)—Smce'.cos^cu-j-c'mr) 

d-{2vr—2mv | .sin. (2v—2mv). 

• cos. [2v—2 mv) 
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We must multiply this function by —— ; and we have this factor, by 
2A2ir 

We must substitute, in the last line of this expression, the value of 2F—2mv, which is 

easily deduced from the second member of [4837], by neglecting the first term mv, and 

doubling the remaining eight terms. We must then reduce the products of the sines and 

cosines of this function, hy means of [17, 20] Int., as in the following table ; in which, the 

terms of column 1, corresponding to the different angles, are taken in the same order as 

in [4867i], namely ; the first five terms in the same order as in the first and second lines of 

[4867 i] ; and the remaining eight lines as in 2 v'—2mv [4837, 4867/r]. We may observe, 

that a term is neglected in line 9, depending on the angle 2 v — 2mu -j- 2gv — cv, which is 

not expressly retained in [4867] ; also a term, of the order e'3, inline 10,&c. ; 

(Col.!.) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

(Col. 2.) 

( 1 —4 m2e2—4e/2) .cos. (2v—2 mv) 

-j-|.??i2e2.cos.(2cîJ—2v-(-2/nr)-}-f.OT9e2.cos.(2cv-|“2i’—2 mv) 

-j-2e/2.cos.(2y—2 mv—2c'mv)-\-2e,2.cos.(2v—2 mv-\-2c'mv) 

-J-4mee,.cos.(2y—2 mv—cv-\-c'mv)-{Amee' .co$.(2v—2 mvfi-cv—c'mv) 

—4mee/.cos.(2r—2 mv—cv—c'mv)—4mee'.cos.(2u—2mv-\-cv-\-c'mv) 

-f-2me .cos. (2y—2m v -j- cv)—2me.cos. (2r—2mv—cv) 

-j-|me2.cos.(2cr—2v-\-2mv)—§me2.cos.(2cy-{-2r—2 mv) 

-flnrfi. cos. (2gv—2v-\-2mv)—|m.y2.cos. (2gv-\-2v—2 mv) 

—fme^2. cos.(2y—2 mv—2g,u-{-cy)-}-&.c. 

-f-2e'.cos.(2y—2 mv—c'mv)—2e'.cos.(2y—2jnvJrc'mv)-\-hc. 

—2mee'.cos.(2y—2mv—cv—c'mr)-f-2mee'.cos.(2r—2mvfi-cv-\-dmv) 

—2mee'.cos.(2r—2mv—cv-fic'mv)~\-2mee'.cos.(2v—2mv-{-cv—c'mv) 

+|e/2.cos.(2y—2 mv—2 c'mv)—fe'2.cos.(2y—2mv-\-2c'mv). 

Terms of 
cos.(2c—Qv'). 

To obtain the expression [4867], we must multiply this value of cos.(2y — 2y') [4867m], 

by 3m'.u'3, or 3m'. a'~3. (l-j-Y) [4866y] ; by this means all the terms will have the common 
3 m' 

factor —, like that without the braces in [4867] ; and the terms of this expression within 

the braces will be obtained, by multiplying the function [4867m] by 1-f-F; or, in other 

words, by multiplying the functions [4867m] by Y [4866a?, y], and reducing the products 

as in [4867r], then adding together the tw^o functions [4867m, r]. In the first column of 

[4867?-], we have given the terms of Y [4866a?, y] ; and, in the second column, the terms 

of [4867m], by which they are multiplied: the third column contains their products, 

respectively. The numbers in column 2, refer to the numbers in the margin of the lines 

of [4867m], putting one accent to denote the first term of any line, two accents for the 

[4868] 

[4867ft] 

[4867Z] 

[4867m] 

[4867n] 

[4867o] 

[4867jo] 
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[4869] 

[4869'] 

[4867?] 

[4867r] 

[4869a] 

[4869/>] 

putting ë equal to nothing, in the preceding development of 
m'.u'3 

2h2.u3 
[4866], 

• Cl ” 

and by multiplying this last quantity by —. We shall thus have, very 
m 

nearly, by neglecting quantities which remain of the order m5 after the 

integration,* 

second term of the same line, fyc. Thus, & denotes the term 2m e.cos.(2r—2mv~\-cv) : 

and 6", the term — 2me.cos.(2v—2mv — cv). This method of distinguishing the terms 

will be frequently used. 

(Col. 1.) 

Terms of Y [4866z]. 

(Col. 2.) 

Terms 
of 

[4867m] 

(Col. 3.) 

Products of these terms. 

+fe/S 
-j- 3 e'. cos.dm v 

|.e'2.cos. 2 c m v 

-j-3mee'.cos. (cv—c'mv) 

—Smee1. cos. ( cv -f - c'mv ) 

r 

i' 

6' 

6" 

10' 

10" 

V 

T 

V 

-f§ e'2- cos. (2 v—2 m v) 

-f-|e'.cos.(2y—2 mv—c'mv)-]- fe'.cos.(2a—2mvf-c'mv) 

Jr3mee'.cos.(2v-2?nvf-cv-c'mv)Jr3mee'.cos.(2v-2mv-\-cv-\-c'mv) 

— Smee'.cos. (2v-2mv-cv-c'mv)—3mee'.cos.(2v-2mv-cvTcmv) 

-j-3e'2.cos.(2y—2 mv—2c/mw)-j-3e,2.cos.(2i>—2mv) 

—3e'2.cos.(2r—2 mvJr2cmv)—3e/2.cos.(2r—2 mv) 

-j-|e/2.cos.(2ü—2 mv—2cV«;)-{-fe'2.cos.(2î>—2mvf-2cmv) 

-\-'±mee .cos.(2v—2mv—cv-\-cl mv)-\-%mee' .cos.(2v-2mv-\-cv—c'mv) 

—?^mee'.cos.(2v-2mv-cv-c'mv)—§mee'.cos.(2v~2mv-\-cvJrc'mv). 

Connecting together the terms of [4867m,r], depending on the same angles, we find, that the 

coefficient of cos.(2^—2mvf2cmv) vanishes, and the rest become equal to the function 

between the braces in [4867], conformable to [4867o]. 

* (2795) The method given by the author, in [4869], is evidently correct. For, if we 

put e'=0, in [4838], we get u' = Î, whence, —r3 = ~ ; multiplying this by 
m ,u m 

gives We shall not, however, be under the necessity of using this process 

because we have already given the value of 
1 «a 

= . (1+X) [4866m,ra]; and, if 
2 /t3. m3 2 a, 

we multiply this by the function [4867], we shall obtain [4S70]. In the first place, the 

a3 

2 a, 
factors without the braces y—? being multiplied together, produce, 

a'3 5 

3 m'. a* 

~2a, * TT3 
m [4865]; 

2a 
[4869c] 
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i 

3m *u ^ ~ .. 
-.cos.(2v-2v)= 
2h\ u v y 2a 

3.m 

The term 

(IT e2-fp/—J-e/2).cos.(2«—2mv) \ I 

—i'(3T4T-e,(l-Tie2—fe/2).cos.(2v—2mv—cv-\-vs) I 2 

—1(3—4m).e.cos.(2 v—2mv-f~cv—■es) 1 3 

T£e/-cos*(2v——c'mvT'5j/) I 4 

—^e'. cos.(2v—2mvTFmv—F) / 5 

—T ( 1T^ m) • e e'. cos. (2 v— 2 mv—cv—c'mv T ^ T TO0 0 

—T( 1 —2 m). e e'. cos. (2 v—2 m v-\-c v—c'mv—vs-\-vs') ^ 

~hi (3-j~2m).ee'.cos.(2v—2mv—cvTc'mvT^—F) ^.8 [4870] 

T i (3—2m).ee'.cos.(2v—2m«TcvTc'mv—^—F) 

TV7--6'2* cos. (2 v—2 m v—2 c'm vT^ F) 

T| (6T15mT8m2).e2.c°s.(2cv—2vT2mv—2w) \ 11 

Tï (6—15mT8m2).e2. cos.(2cvT^—2mv—2 vs) 

T| (3T2 m) .}L cos. (2g- v—2 «T^ m v—2 é) 

Ti (3—2m).T*cos.(2g vT^ v—2 me—2é) 

—| (2T?T ■ e y9. cos.(2 v—2 m v—2 g «Tc ü T^ d—vs) 

12 

13 

14 

15 

9m'. m'4 A r-,, 
———i.cos.(t)—F), of the expression 
O fl* • u HW-ik-&) [“«I. l"’ 

which is the same as the common factor of [4870]. Moreover, the terms between the 

braces in [4870], are represented by the product of the terms between the braces in [4867], 

by 1+X [4866«] ; or, in other words, this product is equal to the terms between the [4g69c0 

braces in [4867], added to the function [4S69e]. This last function being the result of the 

product of these terms of [4867] by the the quantity X-, and it is obtained in the following 

table, which is similar to [4867r]. The first column contains the terms of X ; the second, [4869(Tj 

the terms of [4867], and the third, the corresponding products, reduced in the usual manner, 

and using the accented number 1', to denote the first term of the first line of [4867], as 

in [4867§r] ; 
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[48718 

[4869e] 

[4869/] 

[4869g-] 

[4870a] 

[4870&] 

[4870c] 

[4870d] 

gives the following ;* 

(Col. 1.) 

Terms of X [4866m,w]. 

-f- e2 

+ P/2 

— 3e.cos.ct' 

—fe3. cos .cv 

-f-3 e2. cos .2cu 

-/fy2. cos .2gv 

—fey2.cos. ( 2gv— cv ) 

(Col. 2.) 

Terms 
of 

[4867]. 

1' 

1' 

1' 

2 

3 

4 

5 

13 

V 

r 
v 
4 

v 

(Col. 3.) 

Products of these terms. 

-|-e2.cos.(2r—2mv) 

-}-472.cos. (2v—2 mv) 

—§ e.cos. (2v—2 m v-\-c v)—f e.(l—f e12).cos. (2 v—2 m v—c v) 

—2/ee'.cos.(2r-2 mv-cv-c'mv)—-2îLee/.ços.(2e—2mv-\-cv—c'mv ) 

-f-|eehcos.(2ü—2mv-cv-\-c'mv)-\-%ee'.cos.(2v—2mv-\-cv-\-c' mv) 

—3 m e2.cos. (2 v—2 m v)—3 m e2.cos. (2 c v-\-2 v—2m v) 

-j-3 me2.cos.(2 v—2m v) -{-3 m e2.cos.(2cv—2 v-\-2mv) 

—§mey3.cos.(2v—2 mv—2gv-\-c v) 

—|e3.cos.(2ti—2 mv—cv) 

-j- f e2.cos. (2 c v—2 v-\-2 m v) -[-§ e2 .cos. ( 2 c v-\-2 v—2 m v) 

-}-f y2.cos.(2gv—2v-\-2m 72-cos.(2<gti-j-^l’—2m v) 

-|-f me y2.cos.(2v—2mv—2gr-j-c v) 

—f e y2.cos. (2 v—2 m v—2 g v-\-c v). 

Now, adding the function [4869e] to the terms between the braces in [4867], we get very 

nearly, the expression between the braces [4870]. There are some slight differences, of 

the same order as that of the terms which we have usually neglected. Thus, the term 

— 4?n2e2, in the coefficient of line 1 [4867], is neglected in [4870]. The term —2me, 

in line 5 [4867], is connected with the factor (l-j-|e2—fe'2) in line 2 [4870], which arises 

from the chief terms of this coefficient in [4869e] ; but this merely introduces terms of the 

sixth order. Finally, we may observe, that a similar factor might be introduced in the 

coefficient of line 3 [4870]. 

# (2796) Proceeding in the same manner as in note 2793, and retaining terms of the 

second order only, we get, from [4866c] u~i=a‘i.{ 1—4.(>r1-j-#2) -j-10 æ/]; substituting 

in this the value of 10,2?/ = 10 e3. cos.2cî> = 5 e2-|-5e2. cos.2cy ; also the value ol x 

[48666], we get, 

u~4 = a4. {1 -j- e2— y2— 4e. cos. c v -J- 5 e2. cos. 2 c v -j- y2. cos. 2g v ]. 

Q MYkj O ryym 

Multiplying this by = ^-4l-j-e2-]-y2) [4863], we obtain, 

—— _ 9m-a11_|_2e2—4e.cos.cr-j-5e2.cos.2cr-j-y2.cos.2gr], 
8h?.u* 8 a, 1 ‘ ‘ 

Again, from [48667, r], we have successively, 6y2 = 3 e/2-f-3e'2. cos. 2c'mv ; 

w,4=a'-4.U+4.(y1+ya)-f62/12} 
— a'-4. {1-j—3 e'2-{—4 c'. cos. c'm v-\-l e'2. cos. 2 c'mv]. [4870c] 
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9711 . u'4 

8 A2, u* 
.cos.(v—v') 

9 w-.(l 4~2e* 2 *-f2e/2).-,. cos. (v—mv) 
8a. a 

. 9 rn a , , , ,x 
4- ——. cos.(v—mv-Tcmv—zs ) 

8 a, a v 
_2 

.27 ma. . , .. 
4- -7.e.cos.(v—mv—cmv-W) 

8 a, a v 17 

1 

o 

3 

If we denote the factors between the braces in [4870c, e] by 1-j-Xj, 1-f-Y], respectively, 

their product will be 1 -{- /Y]-]- Ti ; by noticing only the chief terras of Xl5 Y1. 

we have, 

Ni T[ = (—4e.cos.c v).(Ae.cosx'mv) = —See'.cos.(c«—cW)—8ee'.cos^cv-j-c’mv). 

Adding these terms of X1 Y1 to those of 1+X,, lJrYl [4870c, e], and decreasing the 

sura by unity, we get the expression of 1+Xx+ Yl-\-Xl Yv to be used in the product of 

the functions [4870c, e], which becomes, 

( 1 -f-2 e2—f-3 e' 2-f-4 e'. cos. c'm v—4 e. cos ,cv ^ 
9m'. v!* 9m'.a4 ) / 
SPA? * ) 'oe -cos-%cv+?.cos.2gu-f-7e'2.cos.2c'mî>V . 

C —8 e e'. cos. (c v—c'm v)—8 e e*. cos.(c c'm v) 4 

??î/ 
Substituting the value of [4865], in the first factor of this expression, it becomes, 

9 m!. a4 g _ 3 a 

8 ar a'4 8 >ïL/ * a' ’ 

which is of the fourth order [4842,4843] ; therefore, in finding the value of cos.(c-V), we 

need only to retain, in general, the terms of the first order ; except in those depending on 

the angle v mv ; in which greater accuracy is required [4874]. Hence we may neglect 

% [4867/], and we shall have the value of cos.(v—v') [4870m\, by proceeding as in 

[4867g-, A]. Substituting in this the value of iq = Se'.sin.cW [4867e], it becomes as in 

[4870a]. It being unnecessary to notice other terms of a higher order, or such as depend on 

angles which differ from those in [4872] ; 

cos.(w—v') = (1—^'ü12).cos.(ü—»îü)-{-tq.sin.(ü—mv) 

= ( I—e'2) .cos. ( v—m v)—e'. cos.(w—m v-{-c'm v) -}-e'. cos. (v—m q.—cfm v). 

The four terms of which this expression is composed, being multiplied by the terms between 

the braces in the function [4870//J, produce respectively the terms in the four lines 

[4870o ?]. Their sum is given in [4b70s] j to which we must annex the common factor 

[4870î] , and we shall obtain the corresponding terms of 9^'^.cos.(v—v'), as in [4872]. We 

shall hereafter,in [4870^—it], see, that the neglected terms have much less effect, in the 

value of u, than those we have explicitly retained j 

399 

[4872] 

[4870/] 

[4870/] 

[4870/t] 

[4870Ï] 

[4870*] 

[4870J] 

[4870m] 

[4870»] 
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[4872'] 

[4873] 

[4874] 

[4870o] 

[4870p] 

[4870ç] 

[4870r] 

[4870^] 

[4870#] 

[4870m] 

[4870?;] 

[4870m-] 

[4870a;] 

[4870;/] 

[4870;/] 

[4870z] 

[4870z'] 

THEORY OF THE MOON ; [Méc. CO. 

a 
being, by the preceding article [4843], of the order ni ; the two first of 

u 

these terms become of the order m?‘ by the integrations. The inequality, 

depending on the angle v—mv, is remarkably well adapted to the determination 

of the saris parallax, by means of the ratio It is, therefore, important 
Cl 

(Col.l.) 

1 

2 

3 

4 

(Col. 2.) 

( 1 -\-2 e2-j-3 d 2) .cos. (a—m v)-\-2 d. cos.(a—mvfdm v)-\-2e'. cos.(a—mv—cm v) 

— e'2. cos.(v—mv) 

—■ d. cos. (y—m v-\-c'm a) 

-J- d . cos. (v—m v—dm v). 

( 1 -\-2 e~Jr2 d 2) .cos. (a—m v)fd. cos. (a—m v-\-dm v) ~f3 d. cos. (y—m v—dm v). 

If we compare the terms [4872] with the assumed form [4846], we find the values of i, 

corresponding to them respectively, are i=l—m, i= I—m-\-dm, i— 1—rn—dm; and, 

as d hardly differs from unity, they are very nearly represented by i— 1—m, i= 1, 

i = 1—2m. The corresponding divisors, in the value of u [4847], are of the orders 

(1—nif—JV2, 1—-JV2, (1—2 m)2—JV2 ; and, as JV2 differs from unity by quantities 

of the order m2 [4845'], these divisors will be respectively of the orders m, nd, m. In 

consequence of these divisors, the part of the first term [4872] which is independent of e, d, 

is reduced from the fourth to the third order ; the second term is reduced from the fifth to the 

third order ; and the third term is reduced from the fifth to the fourth order. Several terms 

of the function [4870a, or 4S72], are not increased so sensibly in the value of u, and they are 

therefore neglected. Thus, the term —4e.cos.c-a [4870A], being multiplied by the first 

term of [4870«], produces, in the function [4872], the following expression, 

_2 ££ _2 d 

—4e.cos.ca).cos.(a—mv) — —JJl . -~,.2e.{cos.(cv—a-[-???a)-j-cos.(ca-j-a—mv)], 

corresponding, in [4846], to i — c—1 -\-m, i=c-f-1—m, and as c = 1—fm2 nearly 

[4828e], these terms will not render the divisor r—JV2 small [4847]. 

We may observe, that the term treated of in [4871], occurs in [4808], under the form 
Qfflt 1^4 

— ■ g 4 -.(3—4s2).cos.(a—a'), and in [4754], with a different sign, and under the form 

-^----,(3—4$s).cos.(tf—vor, ——,.(1—f$2).cos.(i>—vf) ; which, by neglecting sQy 

becomes as in [4871]. Now, by [4818], we have, 

—§s2 = — Y/2.cos-2(gv—<3) = —§y2—§y2.cos.(2ga—2(5) ; 

which contains the constant quantity —§y2 ; so that we might multiply the function [4871] 

by 1—§y2, which would change the factor (l-j-2e2-j-2e'2) [4872] into l-f-2e2-f-2e'2—fy2. 
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to determine this inequality with particular care ; and, for this purpose, we 

shall carry on the approximation so as to include terms of the order m5. 

We shall now develop the term m. 
du 

dv J Jr. id dv 
of the equation [4754]. 

In the first place, this term contains the following,* —'^^7l.~.sm.(2v—2d). 
/£/l ~ ■ U (i V 

We shall have 
3 m'.u'3 

2Jd.ii 
.sin.(2-y—2d), by increasing 2v by a right angle,f 

* (2797) This is produced by the first term of [4809]. 

f (2798) We may change 2d into any other angle, as 2y in [4S67g—r, 4867, 4870], 

without altering the angles mv, gv, cv, dmv, as is evident by the mere inspection of the 

process of calculation in [4767g, Sic.]. This change being made in [4870], and then 

putting 2 v = 2 d+OO'*, its first member becomes, 

3m'. u'3 , . . 
-OWifî as in [4876 J. 

In the second member of [4870], we must, by the same process, change any term of the 

form cos.(2d+|3) into —sin.(2 v -f- /3) ; and anyone of the form cos.(/3—2d) into 

-f sin.((3—2d). Hence we get, by changing the signs of all the terms of [4870], and 

neglecting the symbols Ô, -us, + as in [4821/J, 

'3 3m'.u 

W7i? 
.s w.(2v-2v'y. 

3. m 

2a. 

^(1—|—es-f-i y 2—d 2). sin. (2 v—2 mv) 

—h +4 ni). e. ( 1+|e2—+/s) • sin. ( 2d-2 mv-cv) 

—| ( 3—4m).e .sin. (2 v—2 m v-\-c v) 

+§ d. sin. (2 v—2 m v—c'm v) 

—$d. sin. (2 v—2 mv-\-dmv) 

I —( 1 -j-2 m). e d. sin. ( 2 v— 2 mv—c v—dmv) 

I —-24l( 1 —2 m).e d. sin . (2 v—2 mv-\-cv—dmv) 

+1 (3+2 m) .e d. sin. ( 2 v—2 m v—cv-j-dm v) 

i + ï (3—2 ni).e d. sin.(2 v—2m v-\-cv-f-dm v) 

J -\—l±-d~. sin. (2d—2 m v—2 dm v) 

—ï (6+15m+8wi2).e2.sin.(2cD—2d+2wid) 

+1 (6—15 m-f-8 m2) .e2. sin .(2 c d+2 d—2 m v) 

—i (3+2 m) ,y2. sin.(2g v—2 d+2 m v) 

+¥ (3— 2 tn).y2. sin.(2g d+2 d—2 m v) 

\—f (6+3m).ey2.sin.(2d—2mv—2gv~\-cv) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

[4875] 

[4876] 

[48767 

[4875a] 

[4876a] 

[4876Z>] 

[4876c] 

[4876d] 

[4876e] 

VOL. III. 101 
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[4877] 

[4878] 

[4878a] 

[48786] 

[4878c] 

[4878c?] 

[4878e] 

[4878/] 

[4878g-] 

[4878/c] 

[4878i] 

■ • 3 
in the preceding development of -^.008.(2»—2«/) [4870], We must 

/V/i •U 

then mutiply this development by,* 

du 

udv 

—ce.( l+|e2—iy2).sin.(cfl—to) 

-f- ce2, sin. (2 c v—2 to) 

—f c e3. sin. (3 c v—3 to) 

+ J-gT^.sin. (2 g v— 2 0) 

—4- e y2. sin. (2g- î>—c v—2 ô+w) 

î 

2 

3 

4 

5 

* (2799) 

[4821/], 

The differential of [4826], relative to v, gives, by neglecting w, 0, as in 

du 
-~ = a~l.$—ce.(l-j-e2).sin.c«-f-^^’72-sin.2<gr}; 

and if we neglect terms of the third order in all the coefficients, except those which are 

connected with the angle 2gv—c«, we obtain from u [4866c], the following value 

of — [4878c, dj, by observing, that a?1 = e2. cos.2cw = Je2-j-Je2.cos.2cu [48666]. 
'll 

We may remark, that the author has retained, in the coefficient of cos.cv, a term of the 

third order e3, but has neglected others of the same order, as will be seen in [48846] ; 

— = a.\ 1 (a: : ) -j- (* i “f"^) 2 ! 

= a.{ (1—£e2—Jy2)—e.(ld-e2).cos.C'r-f-|e2.cos.2c:y-f‘i-72*cos.2g-tt]. 

Multiplying together the two expressions [4878a, d], we find, that the factor without the braces 

becomes arl.a — 1 ; so, that we have only to notice the product of the factors between the 

braces. This is done in the following table ; in which is given, in column 1, each of the four 

terms of the function [4878*6] j and the corresponding products, by the function [4878a], 

are given in column 2, on the same lines respectively ; 

(Col. 1.) 

1 

—e. ( 1 -f-e2) .cos x v 

cos.2 cv 

“bï72-cos.2ga 

(Col. 2.) 

—c e/l-f-J e9—|y2).sin.c v-\-\ gy2. sin.2g v 

c e2. sin.2 c v—± g e y2. sin. (2 g v—c v)— &c. 

-f-\c e3. sin.cv—£ c e3. sin.Scv 

-}-Jc e y2. sin. (2 g v— cy)-j-&cc. 

Connecting together the similar terms, and putting c — 1, g = 1, in those of the order 

e y2, it becomes as in [4878]. 
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Then we shall have,* 

Sm'.u3 du . . 
— —— .— .sm.(2r>—2d): 

2Jfi.U4 dv ~ 1 * * 

ce.{ 1 Ti • [2— 19 to] . e2—f e'* 2) .cos. (2v—2mv—cv -f-w) ' 

— ce.cos.(2v—2mv-\-cv—■sj) 

T J.c e d. cos. (2v—2 m v—cv—dm 

—|.c e d. cos. (2 v—2 to v-\-c v—dm v —zs-^-tz') 

! .c e d. cos.(2v—2 to v—cw-j-CTO v-J-tf—to') 

3 rn /T |.cee'.cos.(2v—2tov—{—cj—c'tov—ztf—vs’) 

4«A—2c.(l+m).e2. cos.(2 c *y—2 ^-f-2 to v—2 •zs) 

-f- 2 c.( 1 —to) .e9. cos. (2 c v -\-2 v—2 to v—2 tf) 

/—j— 4 to c.e2.cos.(2i’—2mv) 

— !<§■ 72* cos. ( 2g v—2 -y+2 to t;—2 â) 

-j- 72- cos. (2 g v-\-2 v—2 to v-f"2 .11 

\_j_ -i. (2—5to) . e y2. cos. ( 2u—2mv—2^-[“CT —zs) / j g 

* (2800) If any term of [4876e], be represented by 

3 m 

2a, 
. A . sin. V, 

and any term of [4878], by A!. sin.F', the product of these two terms, changing its sign, 

3m'.v! 3 du 

2/t2.w4 dv 
will represent the corresponding part of-^ .sm.(2v—2d) [4879], which, by 

reduction, becomes, 2 
3m “ 
—. \A A', cos. ( F+ V')—A A', cos. ( F® F')}. 
t: 

The factor of this expression, without the braces, is the same as in [4879] ; consequently, 

the terms within the braces, must arise from the terms 

A A!, cos. ( F-F V) —A A!. cos.( F® V). 

These terms are computed in the following table, neglecting quantities of the third order 

in e, d, 7, except they depend on the angles 

2 v—2 to u±c u-j- w, 2 v— 2 to v—2g v-\-c v-\-2 Ô—ztf. 

The numbers in the first column refer, respectively, to the five terms or lines of [4878] ; 

and those in the second column, to the terms or lines of [4876e] j in the third column are 

the corresponding terms of the function [4879/"] ; and the sum of all of them represents the 

terms between the braces in [4879] : 

[4879] 

[4879a] 

[48796] 

[4879c] 

[4879d] 

[4879e] 
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[4880] 

[4879/] 

[4879g-] 

[4879/] 

[4879i] 

[4879&] 

[4880a] 

The terms,* 

m'.u'4- 

8A2.w5 
{3. sin. (v—i/)+15.sin. (3 v—3 v')}. 

du 

dv ’ 

(Col. 1.) (Col. 2.) (Col. 3.) 

A' [4878]. 

-ce ( 1 -j-ïe2-ï72 ) ■ s in. et’ 

-}-ice2.sin.2cy 

—^ce3.sin.3cy 

-Hg/^sin.og-z; 

—|•ey2.sin.(2g^l?—cv) 

.4 
[4876e] 

1 

2 

3 

4 

5 

11 

12 

13 

1 

2 

3 

1 

3 

1 

Function [4879/]. 

—ce.cos.(2t>—2m-j-cv) —{—ce.(1—[—Je2—fe'2).cos.(2r—2m»—et’) I 

4-J(3-j-4»i).ce2.c°s.(2w-2?ny)—•J(3-[-4w*).ce2.cos.(2e'»-2t-(-2/nt) 2 

—i(3—4m).ce2.cos.(2n-2inn)-j-2-(^~4?«).ce2.cos.(2cy-j-2e-2mt’) 3 

—Jcee'.cos. (2y-2m’-j-cu—c'mu)-}-Jcee'.cos. (2t’ -2m’- ct’—c'm) 4 

-f-é-cee'.cos.(2t’-2/7iü-j-ci’-}-c//nt’)—icee,.cos.(2u —2m -cv-\-c'mv) 5 

—i(6-j-15m).ce3.cos.(2y—2/rau—et’)-{-&-c. 6 

-j-A(6—15m). ce3, cos. (2n—2/wt»—}—cy)—[—&.G. 7 

—J(3-j-27«).ej'2 .cos. (2c—2 me—2grc-[-cc)-|-&c. 8 

-}~4-ce2.cos (2cc-{-2c—2me)—ice2.cos.(2cc—2c-f-2mc) 9 

—i(3-[-4m),ce3.cos.(2c—%mv-\-cv)-\-&Lc. 10 

-|-i(3—4m).ce3.cos.(2u—2me—ct)-j-&c. ] [ 

. . . . neglected. 12 

T^72-c°s.(2^t’T2t’—2m)—\g7~- cos.(2g-c—2c-j-2mc) 13 

-f-i(3—4m).e72.cos.(2c—2 mv—<Zgv-\-cv)-\-&Lc. 14 

-j-^ey2.cos. (2 c—2m—2grc-]-t'i-1)T<^c' 15 

Connecting the terms of this expression, we obtain the factors between the braces in [4879], 

neglecting terms of the third order, connected with the angle 2 v—2 m v-j-c v, or with other 

angles differing considerably from v. To estimate roughly one of these neglected terms, we 

shall observe, that y/> e/> e' [5117, 5120] ; therefore, the greatest product of the third 

order, which can be made of these three quantities, and can occur in the above function, is 
0-2 

e y2 ; and, if this be multiplied by the factor [4879], or its equivalent expression 

fm2, it becomes fm2.ey2. Substituting the values [5117,5120], and multiplying by the 

radius in seconds 206265s, we get im2. ey2 = 0s,38 ; which represents the order of the 

greatest neglected term in [4879]. This may be somewhat increased by integration in this 

value of u [4847], by means of the divisor i2—JV2 ; for which reason the author has 

retained the last term of the function [4879], which depends on the factor ey2. We may 

observe, that the factor 1-ff-e2—f e'2, which occurs in the second term of the first line of 

[4879/], might also be connected with the first term in that line. 

* (2801) Substituting, in [4754], the term of [4809], depending on /4, 

it becomes as in [4880] ; neglecting the very small term depending on s2. We have, in 
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in the expression of Procluce 110 inequality of the third order [4881] 

in the integrals. 

Lastly, we shall develop Jp'f [4754]. This function contains 

'3. dv 
——. sin. 
w4 

the following term,* —jjT'f (2v—2v'). The development of 

[4881'] 

[4882] 

3m'.M'3 r (nrrm • , 3 111'. ll'3 - /x 
-----3-.cos. (2v—2v) [4870], gives that of-—. sm. (2v—2v), 
/L tl •U ft • 'll 

by increasing the angle 2v by a right angle [4883a], and multiplying it byf 

[4883] 

[4883'] 

[4872], the expression of ^.cos.(y—v') ; in which we may change v into î;.-j-90rf, 

as in [48765, c], without altering mv, c'mv ; and we shall obtain the expression of 

Om'.u'd 

- ww-sin- 

This being multiplied by one third part of the expression [4878], gives the value of 

m‘U 3. sin. (v—v'). ^ [4880]. 
8/l2. M5 

[48806] 

[4880c] 

Now, the chief term of [4872] has the factor [5094] ; and that of [4878] is ce, 
CL 

or e, nearly, neglecting its sign. Hence, the greatest coefficient of this product, is, 

-3rm2. - . e = 0,0000004 [5117, 5120] ; [4S80d] 

which, in seconds, is less than 0*,09. This is insensible, and it is not increased by 

integration in [4847]. The same may be inferred, relative to the term of [4880], depending [4880c] 

on the angle 3v—3v\ Hence, we may conclude, that the expression [4880] maybe 

neglected, as in [4881]. 

* (2802) The first term of (^j [4809], being substituted in [4881'], produces 

the expression [4882] ; and we have already seen, that the expression [4870] gives that in [4883a] 

[4876e] ; by changing 2v into 2v+90d, according to the method proposed in [4876'] 

or [4883']. 

t (2803) Retaining terms of the third order in [4878c], and multiplying by 2, we get, 

2 
— = 2 a.!1—(a?i+a?2+a?3)+a?134-2a?1 *2—a?j3}. [4884a] 

Substituting the values [48665], we obtain, 

VOL. III. 102 
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[4884] 

[48846] 

[4885a] 

[48856] 

[4885c] 

11   1 1 
1 2 C 4 / 

—e.(l—^e2—|72).cos.(c?;—ra) 

+ |e2. cos. (2 cv— 2 to) 

+ i?2* cos. (2^îj—2ô) 

—le 72. cos. (2 g 2)—c v—2 d-}-®) 

Hence we shall have,* 

1 — (a?i-f-^s+a?3) = 1—e2—iy2—e.(l-fe2)«cos .cv -{-ly^.cos.2gv 

x f = +|e2 

= 2 J- 

-4-|e2.cos.2 cv 

—e.(—2e2—172) .cos.cv —|[ ey2. cos. (2^—cv) 

•—e.( fe2 ).cos .cv. 

The sum of these, gives the terms between the braces in [4884a, 4884]. 

* (2804) Multiplying together the second members of [4876e, 4884], we obtain the 

expression of .sin.(2v—2v'); and the factor without the braces becomes 3 m.—, as in 
a, 

[4885]. The products of the terms between the braces, are found in the following table ; 

in which the first column contains the terms of [4884] ; the second column, the terms of 

[4876e] ; and the third column, their respective products, reduced by [18,19]Int, ; using 

the abridged notation [4821/] ; 

_le2_iv2 

(Col. 1.) 

[4884]. 

1 

_<y2 
4/ 

-e.cos.cv 

-j-e(£e2-[-2-y2)cos.cv 

-J-|e2.cos.2cv 

-[~|72.cos.2o-v. 

—ley'3', cos. (2gv-cv ) 

(Col. 2.) 

[48 76e] 

All the 
terms. 

1 

2 

1 

2 

3 

4 

5 

11 

13 

1 

1 

3 

1 

3 

1 

(Col. 3.) 

Corresponding terms of -.sin.(2v—2vf), 

(the whole function [4876e] between the braces 

(- 
2_iy2 

2e 4/ î).sin.(2u—2 mv) 

1 

2 

-|~|(3-[-4?«) .e. (ie2-j-|72) .sin. (2v—2 mv—cv) 3 

( Î +^-Rys-#e'2 )• 1 —sin. (2a—2ma-|-ca)-sin.(2a-2ma-ca) } 4 

-j-|(3-j-4m).e2. [ sin.(2a—2 mv)—sin.(2ca—2v-j-2mv) ] 5 

—{—v(3—4m).e2. [sin.(2a—2ma)-j-sin.(2ca-j-2a—2 mv)\ 6 

_j-|.ee'.\—sin.(2a—2ma-j-ca—dmv)—sin.(2a—2mv—cv—c'mv) ] 7 

_j_Iee/^_j_sjn.(2a—2ma-j-cv-}-c/?aa)-{-sin.(2a—2mv—ea-j-Cma) ] 8 

9 

10 

11 

12 

13 

14 

15 

16 

—^[G_|_15m-]-8m2).e3.sin.(2a—2 mv—cv) 

—T1e(3-{-2/a).€y2.sin,(2a—2 mv—2g-a-|-ca) 

_J_(^e3_|_iey2]<sin-[2a—2 mv—cv ) 

—|e2.sin.(2ca—2a-f-2?wa)-{-ie2.sin.(2ca-{-2a—2 mv) 

—f(3—4m).e3.sin.(2a—2 mv—cv) 

-j-^72.sin.(2o-a-|-2a—2 mv)—£y2.sin.(2g-a—2a-j-2ma) 

—ti¥(3—4m).ey2.sin.(2a—2 mv—2gv-\-cv) 

—x[ey2.sin.(2a—2 mv—2gv-\-cv). 
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3 m! r y!3.dv . ^ 
-. J —— . sm. (2 y — 2d) 

A2 u 

— 3. m. 
a 

a 

(14-Qe2—je'2) 

2—2m 
.cos. (2v—2 mv) 

— ?—fe/2}.e.cos.(2t;—2mv—cv-\-^) 

. <?. cos. (2 v—-2 m v-\-cv—to) 

+ 

2—2m—c 

2.(1—to) 

2—2m-\-c 

Id 

2.(2—3^) 
. cos.(2î;—2mv—dmv-f-w') 

. cos.(2 v—2mv-\-dmv—to') 

. cos. (2-y—2 mv—cv—c'mv-{-to-J-to7) 

. cos. (2 v —2mvJrcv—dm v—to+to') 

+ 

+ 

+ 'v 

2.(2—to) 

7. (2+3 to), ed 

2.(2—3 to—c) 

7.(2—3 to), ee' 

2.(2—3to-}-c) 

(2+m).ee' 

272=^7-cos-( 

(2—m).ed 
o/o I \ • cos.( 
2.(2—TO-j-c) v 

(10+19to+8to2) g 

4.(2c—2-[-2to) *e ' 

(10— 19to-J-Sw?.2) 2 

4.(2c-J-2—2to) 

(2-}-to) 

4. (2 g—2-J-2 to) 

(2—in') 

+ 17e /2 

cos.(2^—2 m v—2dmvJr2^') 

4. (2—2m—%g-\-c) ■e f- cos-(2»-2™»- 

2.(2—4 to) 

(5-J-to) 

2 

3 

5 

6 

-TO-to') >•8 

-TO-to') 9 

-2 to) 10 

2«) \ 
11 

-20 12 

-20 13 

0 14 

f —to) j « 

The first line of this table includes the terms of the function [4876e], and by adding them to 

the remaining terms of [4885c], we get the terms of nd U--.dm.(2v—2d) ; which ought to be 
/(A v ° 

[4885] 

[4885c?] 



408 THEORY OF THE MOON ; [Méc. Cél. 

[4886] 

[4886'] 

[4886"] 

[4887] 

[4885e] 

[4885/] 

[4885g-] 

[48857t] 

[4885z] 

[4885Æ] 

[4885Z] 

The terms of this formula, depending on the angles 2cv—2v-\-2mv—2w and 

2gv—2v-}-2mv—2®, have divisors of the order m ; and they again acquire 

these divisors, by integration, in the expression of the moon’s mean 

longitude ; which reduces them to the second order ; and this, it would 

seem, ought to make the inequalities relative to these angles become great. 

But we must observe, that, by [4853, &c.], the terms having for a divisor 

the square of the coefficient of v, in these angles, nearly destroy each other, 

in the expression of the mean longitude ; so, that the inequalities in 

question, become of the third order, conformably to the result of observations, 

as will be seen hereafter [5576]. We may, therefore, for this reason, dispense 

with the calculation of the terms multiplied by e4, e2f, / ; because the 

equal to the differential of [4885] divided by — dv ; or, in other words, it ought to be equal 

to the terms between the braces in [4885], changing cos. into sin., and neglecting the 

divisors 2—2m, 2—2m—c, he., which are introduced in [4885], by the integration. The 

comparison of the sums of the terms of [4876e, 4885c], with those of [4885], may be made, 

in most cases, by inspection, or by very slight reductions ; and they will be found to agree, 

neglecting some terms of the third order, depending on angles which are not expressly 

included in [4885] ; or, on angles, whose coefficients are not much increased by integration ; 

as 2v—2mv-\-cv, 2v—2mv-\-c'mv, he. The reductions,relative to the terms depending 

on the angle 2v—2mv—cv, are rather more complicated than the others, on account of the 

great number of its terms. We have, therefore, placed these terms in the following table 

[4885/], in the order in which they occur in the functions [4876e, 4885c] ; and have found 

their sum in [4885?»]. Comparing this sum with the corresponding coefficient 

—2.(1+?»).( 1+f e9—4 72—I e'2).e, 

in the second line of [4885], we find that they nearly agree ; their difference being equal to 

the very small quantity 2 ?»e.T1B-e2, which maybe considered as of the fifth order ; and, 

as this is to be multiplied by the factor without the braces, which is of the order to2, or of 

the second order, it becomes of the seventh order, which is usually neglected in this 

coefficient : 

[4876e], line 2 

[4885c], line 3 

4 

9 

11 

13 

Sum is = 

—2e.(l+fge2 — 1ie'2)—2 to e.(l-f-£ e2 -y*) 

—2e.( — &e3—«7® )—2 to e.( —\ e2— -W ) 

—e2~hè72 

—2e.( + &ea )—2 toc.( +lf e2 ) 

—2e.( — ^e2— j%72 ) 

—2e.( + igC2 )—2 to e. ( —e2 )• 

—2 e. ( 1 —{— | e2 — |72 —|e'2)—2 to e.fl +]1 e2 

•ftiet 

1 
c* 1 

[4885m] 
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quantities of the fourth order, which result, after integration, nearly destroy 

each other. 

The integral 

term,* 

[4754], contains also the following 

3 m ^ u4. dv . , .. 
-. / —— .sin. V-V ). 

4 42 J u° ' 

This quantity, by development, produces the following expression,! 

* (2805) The second term of [4809], namely,-^ . sin. (d— F), being 

multiplied by —-, produces, in — . J —, the term, — —. __.sm. (r—r ) ; 

whose integral is as in [4888]. 

f (2808) We may change v into v-f-QO'*, in [4S72], in the parts which are not 

connected with mv, or c'm v, upon the same principles as in [4876a, &c.J. By this means, 

the expression [4872], with the addition of the two terms [4870a:], becomes as in [48896]. 

Multiplying [4884] by we get [4889c] ; always using the abridged notation [4821/], 

which will frequently he done, in the commentary on this booh, without any ‘particular 

notice, that the angles w, to', Ô, are omitted; 

9m'. it'4 

8/i2. u‘l 
.sin.(«—F)=- 

_2 
9 m a 

8 a, a 

(l-f-2e2-j-2e/3).sin.(r—mv) 

-j-2e.sin.(c'ti—v-fmv)—2e.sin.(cr-}-r—mv) 

+e'.sin. (v—mv-j-c'mv )+3 e'.sin. (v—mv—c!mv) 

J>f~I a♦ I (1—Je2—47s)—e.cos.cr-f- &c. j 

The product of these two expressions, retaining terms of the same form and order as in 

[4889], becomes as in [4889.4]. For the product of the two factors without the braces, is 

... . 3m a a . ,_ 
evidently equal to - p -yy > as m [48894]. We shall now multiply the terms between 

the braces in [48896], by those in [4889c]. The first line of [48896], being multiplied by 

the factor (1—|e2—If) [4889c], produces the expression, 

( 1—Hi fi2—i72T2 e! 2) .sin. (c—m v) ; 

and the term —e.coscv [4889c], being multiplied by each of the terms depending on e, 

in the second line of [48896], produces a term of the form e2.sin.(v—mv) ; adding these 

two terras to those in [4889c], wTe get, 

(l-f-5-62—472+2e'2).sin.(r—mv), as in 1488941. 

103 

[4887'] 

[4888] 

[4887a] 

[4889a] 

[4889a] 

[48896] 

[4889c] 

[4889rf] 

[4889e] 

[4889/] 

VOL. III. 

as in [48894]. 
[4889g*] 
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3 m! „u,4.dv . (N 

[4889] — w'f -sin- (®—» ) 
3 m a a 

at a / • 

l+|e2-|y2+2e^ 

1—m 

-f-e'. cos. (v—mv-jrc'm v—id) 

3e' , 9 
+ •-■.cos.fi’—mv—cmv4-®') I 3 

l-2m / 

the other terms of the integral [488?'] may, in this part, be neglected. This 

being premised, if we observe, that the expression of u [4826] gives,* 

[4890] 

[4891] 

l+e2+i72 

+(1—c^.e.cos.cv—w) 

^.y2.cos. (2 g v— 2 ô) 

1 

2 

3 

the term 
'd du 

. dv* 
-\-u 

2 

T2 

'd® 

. dv , 

dv 
2 ^ «T 

of the equation [4754], will 

produce, by its development,! 

Lastly, the first terra, or unity [4889c],being multiplied by the terms in the third line of 

[48896], produces those depending on d, in [4889A] 5 

[48896] 
3m' u!4 a a 

— — .—.sm(v—v')=—%.ni-— 
463 u5 v ' 4 a, a' 

( 1 Tie2—|y2-}-2 e'2) .sin. (v—mv) 

-f- e,.sin.('C—mv-j-c'mv—id) 

4-3e'.sin.(«—mv—c'mv-\-id) 

[4889i] 

[48896] 

Multiplying this by dv, integrating, and putting in the divisors c'= 1, it becomes as in 

[4889]. We may remark, that the term —§y2, which we have connected with the factor 

(l-f-2e2-j-2e'2), in [48702? 4872], ought also to be connected with that in [4889/t, 4889] ; 

so that, instead of 1-j-fe2—|y2+2e'2, we may write l-f-|-e2—p^-y2-j-2e/2. 

* (2807) 

dv2, gives, 

[4890a] 

The second differential of u [4826], taken relatively to v, and divided by 

— = ——c2e.(l-f~e2)'cos-(cw—®)T -y--y2*c°s.(2<gr—2d)|. 

[48906] 
Adding this to the expression [4826], and neglecting terms of the fifth order (1—c2).e3 

[4828e], we get [4890] . 

f (2808) The terms of the integral are contained in [4885,4889]. 

ddu 
[4892a] These two functions must be multiplied by the expression of —-|-w [4890]; and the 
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'ddu \ 2 ~ dQ dv 

. dv2 ) k2 ' dv ’ ,>'2 ir 

(14_3e2-H>2—|e'2) 0 . 
—!-!--—J .cos. (2 y—2mv) 

2—2 m 

+ ^fe'2)L.c°s.(2»—:Zmv—cv+zs) \ 2 
(1—c2) 2.(1—1-m) 

14. ( 1—m) 2-2 m-c 

2.(1—in) 
— ——--.c. cos. (2 y—tëmv-dcv—to) 

2—2 m-\-c K ' 

7 e' 
+ 27(2—3^) * c°S-(2«—2m?)—c'fllfl+w') 

r 

. cos. (2 y—2my+c^v—®') 

a. \ — v— 

2.(2—m) 
7.(2+3m) 

2~(2—3 m-c)'66 ' cos'(^—^ —c'wiy-f-TO-fV) 

7.(2—3 m) 
c) ^2 g m • c c • cos. (l y —2 wï y-f-c y—cwi y—to-{—ro') 

. (2-f-m) , 
"T e e • cos. (2 y—2 m y—cy+c'm y-|-ro—*/) 

. (2—m) 
* 2(2_*ec.cos.(2y 2my+cy-fc,my—zs—to7) 

(10-j-19m-f-8m2) _ 
ÏC^2+2rô)~‘*%cos.(2c®—2®-f2î»y—2«) 

(10-19m-f-8m2) n 
‘ 4.(2c | 2_2m) *e~*cos.(2cy-j-2y—2mv—2to) 

5 (4g-2 1) (2-f-m) > „ 
( 16.(1—m) 4.(2^— 2-j-2m)5 'T ,cos’(^gv 2v-\-2mv—2è) 

^{4g2—1) (2—m) } n i 
^ 24) [ 13 

17e'2 
. cos. (2 y—2 m y—2 dm y+2 to') 

—^ (5-f-m) I 3.(1—m) ^ 0 ^ 

(4.(2-2m-2^-f-c)~^4(2-2m+c) ) ’C0S'~~-mv~^gV+CV-f-20-ro) 

l P+fe2+2e's) « ^ ~ 

+ ~'4.(l~my~'d'COS'(V~mv) 

+ 

+ i • -j • e'. cos.(y—my+c'mv—s/) 

+ £(1=^) ■ h-e'-cos■(v—mv—c'mv+n’) 

[4892] 

sum of the products will be equal to the function [4892], In finding the products of the 
[4892a'] 
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[4893] 

[4894] 

[48926] 

[4892c] 

[4892c?] 

[4892e] 

[4892/] 

[4892g-] 

[4892k] 

7. The term 
of the exPression 

functions [4889,4890],, we may neglect the second and third lines of [4890] ; for (1—ca).e 

is of the third order, y2 is of the second order ; and these are to be multiplied by the factor 
2 a 

m [4889], which is of the fourth order ; by this means, these terms become so small, 
a 

that they may be neglected, and the function [4890] is reduced to its first term 

—. (l-f-e2-f-if). Multiplying this by the terms in [4889], lines 1,2,3, we obtain respectively 

the terms in [4892], lines 16,17,18. In the term depending’ on cos.(v—mv), in line 16, we 

may, for greater accuracy, decrease the factor 1 T|(e2-j-2 e'2, by §a2, as in [4889c]. 

We shall now compute the product of the functions [4885,4890]. In the first place, the 

product of the factors, without the braces, is 

2 
2 1 o "" 

3 m . — X-5 ■= —— ; as in [4892]. 
a, a a, J 

The multiplication of the factors, between the braces, is made, term by term, as in the 

following table ; in which, the first column contains the terms of [4890], the second column 

the terms of [4885], and the third column the corresponding products of the terms between 

the braces, in these lines of the two functions respectively: observing,that 4g2—1=3, nearly; 

(Col. 1.) 

Terms of [4890]. 

e2-Hr2 

(1—cs).e.cos.cv 

(4g-2—1) _ 
——-—.y2.cos.2gv 

(Col. 2.) 

Terms of [4885]. 

whole of [4885] 

1 

2 

1 

1 

3 

(Col. 3.) 

Products of these terms, 

whole function [4885] between the braces 

,, „ -.cos.(2t>—2mv) 
2—2 m ' 

2.(1 -fm) 

2—2m—c 
( e2-}- i y2). e. cos. (2 v—2 m v—c v) 

(1—c2) 
• ■ e to* (2w—2 m v— c v) + &c. 

(%2-l) .0 ; 

1 

2 

3 

4 

16(l-m) 
,72.1 cos.(2gv-2v-\-2mv)-\-cos.(2gvJr2v-2mv)} 5 

,^1t - .e>2.cos.(2t?—2mv—2gvf-cv)f &c. 6 
4.(2—2vi-\-e) 

Connecting the terms from lines 2 to 6 of this table, with those in line 1, or the lines between 

the braces of [4835] ; we get the corresponding terms between the braces, ol the function 

[4892]. 
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becomes, by neglecting quantities of the fourth order,* 

— ry . ! l+e2+~- + fr9. (1+e2— iy2).cos.(2gw—2ô) + (3" j + ^S 

/3" being a function of the fourth dimension in e, y ; and 6s the part of s 

arising from the disturbing force. We shall see, in [5596], that Ss is of the 

following form ;f 

* (2809) Developing the expression [4893], according to the powers of s, it becomes 

•—A~2.( 1—§s2-{—1^-.s4-—&.C.). If we substitute in this the value of s [4818], augmented by 

the term 5s, and neglect terms of the order 5s2, which are noticed in [4958, &tc.], we 

shall find, that the part of the function [4893], depending on Ss, is equal to the differential 

of the expression [4893a], relative to 5, which is —A-2. (-3 s5s-}—:^5-s35s-&c.). Neglecting 

terms of the order s3Ss, it becomes 3 h~2.sSs, as in the last term of [4895]. Now, the 

value of s [4818] gives, by means of [1, 3] Int., 

1—fs2 = (1—fy2)~}-£y2. cos.2gv ; -^-s4 = f£y4—-ffy4. cos.2g Af-&c. ; 

1—|s2-}--V5-s4—&£c.= (1—fy2)+f72*(l—Jy2).cos.2g u-|— terms of the 4th order. 

And, from A2 [4863], we get, 

— A-2. = — —.[(l+e2-f-y2)-f-terms of the 4th order]. 
a/ 

Multiplying together the two expressions [4893c/, e], we get the part of the function [4893a], 

which is independent of Ss, as in [4895]. 

f (2810) The form here assumed for Ss is easily obtained from a comparison of the 

equations [4754, 4755], by which u, s, are determined, with the preceding development of 

the terms of u. For the equation [4754] contains the function —X-(-r')-—Y^Y whose 
h2 \ du J h2u \ ds / 

terms have been developed in [4866,4870,4872, &c.] ; and the equation [4755], by which 

s 
s is determined, contains the same function, multiplied by -. Now, the chief term of 

u 

£ 

the factor - is equal to ay.sin. (gw—Ô), as is evident from [4818,4791] ; and, if we 

multiply the terms we have just mentioned [4866, 4870,4872, &,c.] by ay.sin.(gw—6), we 

shall obtain the most important terms of [4755], depending on the function [4897c]. Thus, 

the first term of [4866] produces a term depending on sin.(gw—Ô), which may be 

considered as being included in the form [4818]. The second term of [4866] produces the 

angles gvdtzcv [4897], lines 3, 4. The third term of [4866] produces the angles 

gv^c'mv [4897], lines 8, 9. The first term of [4870] produces the angles 2v—2mv-j-gy 

[4S97], lines 1,2. The second term of [4870] produces the angles 2v—2rnv-A-gv—cv 

[4897], lines 6,7. The third line of [4870] produces the fifth line of [4897] ; and so on, 

104 

413 

[4895] 

[4896] 

[4893a] 

[48936] 

[4893c] 

[489.3d] 

[4893c] 

[4897a] 

[48976] 

[4897c] 

[4897tf] 

[4897*] 

[4897/] 

[4897g] 

VOL. III. 
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Assumed 
form of 

ÔS. 

[4897] 

THEORY OF THE MOON; [Méc. Cél, 

B^K y. sin. (2 v—2 m v—gtj-j-i) 1 

sin. (2»—2 mv+gv—ô) 2 

-{-B.f]. ey.sm.(gv-\-cv—è—to) 3 

+£2(3). ey.sm.Çgv—cv—d-f-a) 4 

-|- J32(4). e y. sin. (2 v—2 m v—gv-\-c v-j-é—to) 5 

+ B2{5). ey.s'm.(2v—2 mv+gv—cv—4_|_to) 6 

+B2(6). e y. sin. (2 v—2 mv—g v—c v-J-A-J-to) 7 

+ i?1(7). e'y.s'm..(gv-\-c'mv—û—to') 8 

+B^(8K e'y. sin. (gv—c'm v—a-j-^) 9 

-j-Bx(9). e'y.sin. (2 v—2 m v—gv-\-c'm v-\-ô—to') 10 

+B [10). e'y. sin. (2 v—2 m v—g v—c'm v-\-è-\-™) 11 

~\-B^n). e37.sin.(2 c v—gv—2^-f-fl) 12 

+ J3[12). c97.sin.(2v—2mv—2 cv-\-g v-\-2to—a) 13 

+B^3). e3y.sin. (2 c v v—2 v-\-2 m v—2 —â) 14 

-{-B{2U).~ry.sm.(gv—v-\-mv—ê) 
CL 

15 

+ B^.-rf.sm.Çgv-^-v—mv—ê). 
CL 16 

for other terms. Hence we see, that the forms of the angles in [4897], are given a priori 

[4897/i,] by the theory; and they agree with the results of observation [5596]. The differential 

equation in s [4755], is similar to that of u [4754], and may be reduced to the form 

[4897m], which is similar to [4845]. For the chief term of s is given in [4818], and if we 

[48971] suppose the other terms of s to be represented by 5 s, we shall have s=y<sm(gv—â)-}-<5s. 

dels ôs 
Its differential gives ~ =—g^.sin.^tt—Multiplying the first of these 

[4897fc] 

[4897/] 

expressions by g3. and adding it to the second, we get 
dds &.5s 

:+^'S=A3+^A; dv% 

we put the second member of this expression equal to — n', we shall get, 

and if 

[4897m] 
dds . 

~dv^ 
g^.s -|-n'=o. 

[4897n] 

This is of the same form as [4845], g taking the place of N, and differing from unity by 

quantities of the order m3 [4828e, 4845']. Moreover, n' may be considered as a series of 

terms, whose general form is 'k'.sm.(iv—d), like that in [4846] ; and the part of s, relative 

to this sine, is represented as in [4847, &c.] by 
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The number placed below any one of the letters B, indicates the order of that 

letter. Thus, Bf is of the second order ; Bf is of the first order ; and 

Bf} is finite. We may observe, that this takes place according as the number 

by which v is multiplied, in the corresponding sine, differs from unity, by a 

finite number, by a quantity of the order m, or by a quantity of the order m* i 2, 

respectively ; because the integration [4897o] causes the terms to acquire a 

divisor of the same order. This being premised, we shall have,* 

s = •sin- s) ; 

so that these terms may be much increased by this integration, when i is nearly equal to 

unity. From the similarity of the equations [4754, 4755] it is evident, that the terms of n' 
_2 

[4897m], depending on the disturbing force of the sun, must have the same factor m , as 

the functions [4866,4870, 4872, &ic.] ; and m is of the order m9 [5094], or of the 

second order. This factor is divided by i2—JV2, in finding the value of s [4897o], or that 

of Ss [4897] ; and, as i2—JV2 may be considered as of the same order as i2—g-2=i2-l-|m2 

[4828e] ; the order of the symbol B ivill be represented by ^—;--—5. Hence, it 

appears, that if i differs considerably from unity, the corresponding symbol B will be of the 

second order, as in [4897], lines 2, 3, 4, 5, &c. ; using the values of c, g [4828e]. In the 

first term of [4897], the coefficient of v is i= 2—2m—g— 1—2m nearly; hence, 

i2—1—fm2 is of the order m, and the corresponding value of B [4897r] is of the order 

m, represented by B'f] ; and the same occurs in lines 8—11 [4897]. In line 12 we have, 

i = 2c—g — 1—4rm9 [4828e] ; hence, the divisor of the expression [4S97r] becomes of 

the order m2, and the corresponding value of B is reduced to the order m°, or a finite order, 

as it is called by the author in [4898'], and is represented by B{f\ If we compare the 

indices of B [4897], with their values, computed in [5122—5214], we shall find they 

generally agree ; but the term B’:f [5179] is nearly of the first, instead of the second 

order ; Bf> is of the second order, &c. 

* (2811 ) Substituting in the first member of [4901], the values of 7i~2, s [4893e,4897i], 

and neglecting terms of the order 6s2, we get [4901a]. If we also neglect terms of the fifth 

order, it becomes as in [49016] ; 

3s.<5s 3 . 
— = -.7ôs.sm.(gv—6) X {l+e2+y2 * *+ terms of the fourth order} 

3 

= --yàs.sm.(gv—ô). 
Ui 

We must substitute in this last expression, the value of ôs [4897], and we shall get [4901]. 

If any term of ôs be represented by C.sin.?'7] the two corresponding terms of [49016] 

[4898] 

[4898'] 

[4899] 

[4900] 

[4897o] 

[4897jo] 

[4897?] 

[4897r] 

[4897s] 

[4897*] 

[4897m] 

[4901a] 

[49016] 

[4901c] 
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[4901] 

— ~.{Bf—B^].yKCos.(2v—2mv) 

-h -73'Cos.(2v—2 m v—2gv-\-2 4) 

+ {Bf +^a3)} .e 72.cos. (c v— ro) 

— --.BfKe 72.cos.(2 £• v—c v—2 fl+®) 
2a, v ' 

g 
+ — -Bf\e 72.cos.(2 v—2 m v—2 a +c î>-f-2d—«) 

&CL ! 

+ }.e ?2.cos.(2 a—2mfl—cv+«) 

-{- —. [i?!7)+i?i8) j .eA72.cos .(c'mv—■«') 
2 a, 

— ~.Bf] .e'yQ.cos.(2 v—2 m v-\-dm v—w') 

-—.J5J10).e'72*cos.(2 v—2 m £—c'wd+®') 
Qctj 

— ^-.^U).e972.cos.(2 c v—2 ®) 
>4/Cl J 

+ A. |_Bçw)-(-_Bÿs)I.-.r2.cos.(v—m v). 
Qtt. ct, 

1 

> 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

will be 

[490M] 
3 3 

— .7. C.cos. { (gv—ê) X V] ——.7. d .cos. {g v—0+ V\ ; 

but it is not, in general, found to be necessary to notice more than one of these terms. The 

[4901e] only cases in which the author has noticed both terms, are those depending on B^\ B(p 

[4897], lines 1—4. The neglected terms are generally smaller than those which are 

retained, or they are such as depend on angles that have not been usually noticed, because 

their coefficients do not increase by the integrations. For, the function [4901] forms part of 

the expression of n [4902, or 4845] ; and its coefficients may be increased by the divisor 

{2—jV2 [4847, fee.], when i differs but little from unity; as is the casein lines 3—6,11 

[4901]. To estimate roughly the order of the terms, which are not increased by the 

integrations, and are neglected in [4901], we may observe, that they produce terms of a 

[4901g:] similar order in u [4847], and in the lunar parallax [5309, &c.]. Now, if we put - equal 

[4901/] 
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If we connect together the different terms which we have developed, we 

shall find, that the equation [4754] becomes of the following form,* 

_ ddu 

° = ^+“ + n; 

n being a rational and integral function of constant quantities, and of sines 

and cosines of angles proportional to v ; but, as we propose to notice all the 

to the constant term of the lunar parallax 34245,16 [5331], and use the values of e, e', 7 

[5194,5117], also -, = [5221], we shall get, very nearly, 

2 a. 
72 _ 40*. g . e 7a = 2S,3 ; ~. e' y2 = 0*,7 ; 

ft d. CL. 

2 a. 

. e2y2 = 0s,1 ; ~ . -7 . ?2 = 0s,1. 
2 a, a 

The first of these expressions, being multiplied by the very small quantity Bîp [5177], 

becomes insensible; and it is retained in [4901] line 1, merely because there is no 

inconvenience in doing it, since it is found necessary to notice the angle 2v—2 mv, in 

consequence of the magnitude of the other term B(g. In like manner, the term 

— . ey2. B& = —0?,01 [5178,4901À], 
2 a, 

is nearly insensible ; but it is retained in [4901] line 3, because the coefficient c, in the 

angle cv—zs, differs but very little from unity [4828e], and it is increased by integration ; 

which is not the case with the coefficient depending on the other angle 2gv-\-cv—2d—••za, 

with which Bf is connected. One of the largest of the values of B, is that denoted by 

B'p = 0,07824 [5183]; multiplying it by the coefficient (-p- .e/>9 = 0k7, with which 

it is connected in [4901] line 7, it becomes 0*,05 ; this is retained in the angle c'mv—vi' 

[4901] line 7, because the divisor P—JV2 [4847] is nearly equal to unity ; but it is 

neglected in the angle 2gv-\-c'mv—2d—•za/ ; because it is considerably decreased by the 

divisor i2—JV2, which is nearly equal to 3. We may also observe, that it is of more importance 

to retain the terms depending on the angle c'mv—ff, than those on 2gv-\-dmv—2d—; 

because the terms introduced by the former, in the value of dt [4753], are increased by 

integration, in finding the value of t, in consequence of the smallness of the coefficient dm 

of the angle v. Similar remarks may be made relative to the other terms, which are 

neglected or retained. 

* (2812) Connecting together the terms [4866, 4870,4872,4892,4895,4901, &c.], 

depending on Q, and putting the sum equal to n ; then adding it to the terms of [4754], 

which are independent of Q, it becomes as in [4902]. 

[4902] 

[4903] 

[490U] 

[4901»] 

[490U] 

[4901Z] 

[4901m] 

[4902a] 

VOL. III. 105 
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[4903'] 

[4903"] 

Assumed 
form of 

ÔU. 

[4904] 

inequalities of the third order, and the quantities of the fourth order connected 

ivith them, we must add to the preceding terms all those which depend on the 

square of the disturbing force, and become of these orders by integrations. 

We shall now examine these new terms. 

8. For this purpose we shall suppose ou to be the part of u arising from 

the disturbing force ; and, that we ha ye,* 

aôu — Af\ cos.(2v—2 mv) 

+ Af. e . cos. (2?;—2 m v—cv-\-vs) 

-\~AfK e . cos. (2 v—2 m v-f c v—vs) 

JrA2(3). e'. cos.(2 v—2 mv-\-c'mv—vs') 

+A2(4). e'. cos.(2 v—2 mv—c'mv^vs') 

-\-A f K e . cos fc'mv—vs!) 

-\-Af.ee'.cos.(2 v—2mv—c—vs) 

-J-^4I(7).ee'.cos.(2 v—2 m v—cv—c'mv-^-vsfvs') 

Af.ee'. cos.(c v-f-c’mv-—vs—vs') 

-\-Af.ee'. cos.(cu—c'mv—fV) 

-j-AfK e2. cos.(2c v-— 2vs) 

e3. cos.(2cv—2vJr2mv—2vs) 

~i~Af\ f. cos.(2gv—2 d) 

-f-^13). 73. cos.(2g*c—2v-f2mv—2fl) 

-j-^14). e/2.cos.(2 c'mv—2 s/) 

“h^oJ). e/. cos. (2 g- v—c v—2 d-f-w) 

+A(116).ef.cos.(2v~2mv—2gvJrcvJr2ô—vs) 

-f-^4]17). ®,.COS.(v-fflîi) 

-f^18). ^.e'.cos.(v—mv-^-c'mv—vs') 
Ct 

-f^19). -t .e'.cos.(v—mv—c'mvfvs') 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

[4904a] * (2813) The terms of am [4904] are evidently of the same form as those of the function 
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The number 0, 1, or 2, placed below any one of the letters A, denotes, 

that it is of the order zero, or of the order m, or of the order m2, respectively. 

We shall here take into consideration the inequalities of the third order, and 

those of the fourth order, which can produce terms of the fourth order in 

the coefficients of the inequalities of the third order. We shall continue the 

approximation to a greater degree of accuracy, relative to the inequality 

depending on cos.(T—m v). This being premised, we find, that the term 

m'.u'3 

2 id. 'ii? 
[4865'] gives, by its variation, the expression 

3 ml. u 3. Su 

2/dviP 
; from 

which we deduce the following function ;* 

[4905] 

[4905'] 

[4906] 

[4907] 

n [4902a]. The order of the coefficient A may be found by the formula --, 
L J j j ;2_i_|_3nl2 5 [49046] 

which is similar to that in [4897r], using for JV2 the value of c2=l—3m2, instead of g2, 

which is used in [4897y, ?•] ; i being the coefficient of v, in the angle corresponding to the [4904c] 

coefficient «d. Thus, for A[4904], we have i = 2—2m; hence A^ is of the order m9, 

or 2. For Af, we have i — 2—2 rn—c=l—m, nearly; hence A[l) is of the order m, 

or 1; and so on, for the other coefficients of [4904]. If we compare these indices of A, 

with the values obtained by numerical calculation in [5122—5213], we shall find, that in [4904d] 

general they are correctly marked. 

* (2314) The expression [4907], whose value is to be determined, may be put under 

the form 

3 2 m'.v! 3 

2a^u’ W1,u3^a U ’ [4908a] 

in which the second and third factors have been already computed in [4884,4866] ; we shall 
3 

first find the product of these two factors, and then multiply it by — — and a 6u. Now, 
d 

g 
if we multiply the factors without the braces, in [4884, 4866], by — — , the product 

ci (X 

becomes 
_2 _2 [49086] 
m _ 3 3 7n 

— —.2a. — = ——- , 
2 a, 2 a 2 a g 

as in the second member of [4903/]. The products of the terms between the braces, in [-4908c] 

[4884,4866], are found in the following table ; in which the first column gives the terms of 

[4884] ; the second column, the terms of [4866] ; and the third column, the products of 

these terms respectively ; using the abridged notation [4821/], and neglecting the same terms 

and angles as we have usually done ; 
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[4908] 

[4908'] 

[4909] 

[4908d] 

[4908e] 

3w'.m'3. ou 

2 A2. u4 

3m . ( 1—{—J^e/2) 

2 af 

a.ôu [4904] 

—2 A(20}. e. co s. (2v—2 mv—cv-fas) 

—2 A^5. e2. cos. (2v—2 mv—2cu-f-2/) 

-j-fA^ .ee'.cos. (2v—2 mv—cv-hc'mv+Tx—zs') 

+-%A[l). eé. cos. ( 2v—2 mv—cv—c'mv-f 

-j-f {} • ce' 2.cos. (cv—w) 

-^|:J|17). -. eh cos. (u—mv-\-c'mv—^') 

+PA[17\ —. e'. cos. (if—mv—c'mv-\-^') 

+f ^18). -,. e'2.cos.(u—mv) 

u' varies by means of the variation of v\ which depends on the time t, and 

on its inequalities in functions of v [4822, or 4828] ; but these inequalities 

are multiplied by m, in the expression of v' [4837], and also, by e', in the 

expression of u' [4838] ; we may, therefore, at first, neglect oV, without 

(Col. 1.) 

Terms of [4884]. 

1 

—e( l-^e9- fy9)cos.cu 

-j-|e2.cos.2eu 

(Col. 2.) 

Terms of [4866]. 

whole of [4866] 

l 

—3e.cos.cu 

-\-3e' .cos.c'mv 

î+^+irVî*'2 
—3e.cos .cv 

~{-3e'.cos .c'mv 

fee', cos. ( cv-\-c'mv ) 

■fee'.cos .(cv-c'mv) 

+3e2 .cos.2cu 

-f-fy2.cos.2^u 

1—3e.cos.cu 

1—3c.cos.cu 

(Col. 3.) 

Products of these terms, 

whole of the function [4866] 

- 1 , .1_.1 n/2 
^ it 

+ (+l«3+l e^2).cos.cu 

-[-(—fe9e'—fe'y2). cos. c'mv 

—(1-f-fe2—£ys-}-§e/3).c.cos.cv 

-J-^e2 -j-fe2.cos.2cu 

—|-ee'.cos. (cv—c'mv)—f ee'.cos. (cu-j-c'/uu) 

-}-fe2e'.cos.c'?rau-j-&.c. 

-|~fe2e'.cos.e'/ttu-j-&c. 

—f e3. cos. cu—|—&c. 

-f ey2.cos. (25-u-cu)-|-&c . 

—fe3 .cos. cv -j-fe2.cos.2cu-j-&e. 

enc (*} 

Connecting together the terms which are explicitly given in this table, with those between 

the braces in [4866], which are included in the first line of this table; the sum becomes 

equal to the expression between the braces in [4908/] ; and the factor of aoa [4908«] 

becomes as in the second member of [4908/] : 
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any sensible error. We shall hereafter [4947, &c.] notice the term of this 

variation, which depends upon the action of the moon upon the earth. 
[4909'] 

3m’. u'3 1 

2 Id. u4 a 

_2 

3 m 

l+2e2+fe'2 

-}-(—4 e—3 e3—6ee'2+t; y2) .cos .cv 

—f-3 e'. ( l+2e2+fe'2).cos.c'mv 

—3.(2-}-m).ed. cos+v+cb^'y) 

— 3. (2—m).ee'. cos. (c v—dm v) 

-}-5e2.cos. 2 cv 

+72.cos.2 gv 

-\-§dz.cos.2dmv 

—f e y2.cos. ( 2 g v—c v) 

[4908/] 

Multiplying this by a Su, we obtain the value of the function [4908a, or 4907]. To reduce 

this to the form [4908], we may divide the terms, between the braces, by l+§d2, and 

connect this with the factor without the braces ; and, by neglecting terms of the fourth order 

in e, d, 7, between the braces, we get, 

Sm'.u'3. Su 

2 

3 m. ( 1 -J-fid 2) 

2 a, 

1+2 e2 

+(—4e—3 e3+e y2).cos.cv 

+3 d. ( i+2e2—f e'2) .cos x'mv 

—3. ( 2+m ). ee'.cos. (cv+c'mv) 

—3.(2—m).ee'.cos(cv—c'mv) \ . aSu. 

+5e2.cos.2 cv 

+72.cos.2 gv 

+fe/2.cos.2 c'mv 

—f e 72.cos. (2 gv—cv) 

rr,. , 3w.fl+fc'2) . 
The factor--—- is the 

2 a, same as in [4908]. The term 1, between the braces in 

[490%], being multiplied by the external factor a Su, produces the term a Su in the first 

line of [4908]. Now, if we neglect this term 1, between the braces in [4908^], and 

multiply the remaining terms by a Su [4904], it will produce the terms of [4908], 

between the braces, which contain A explicitly. In performing this multiplication, it will 

only be necessary to retain the two following terms of [4908+] ; namely, 

—4e. cos. ct>+3 e'.cos. c'mv. 

For, the other terms, between the braces, are of the second order ; and these are multiplied 

[49 (%] 

[4908A] 

[4908Î] 

VOL. HI. 106 
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[4909"] 

[4910] 

[4908/b] 

[4910a] 

[49106] 

[4910c] 

[4910c/] 

[4910e] 

[4910/] 

[4910g-] 

[49106] 

[4910»] 

The term 
3 m'.u'3 

2 ft?, it? 
. cos.(2y—2F) [4870], has, for its variation, 

-2h^-Sw-cos-(2v-2v') + <**•(2^-2^). /i2.W3 

If we substitute the preceding value of 6u, we shall find, that the first of 

these terms produces the function,* 

by m , of the second order, and by a§u, of the second order ; producing terms of the 

sixth order; some of which may be reduced to the fifth by integration [4847]. The terms, 

depending on the angle v—mv, of higher orders, are retained as in [4874, &c.]. The two 

terms [4908c] evidently produce those in [4908], which depend explicitly on the symbol 

A, neglecting the terms wThich have been usually rejected. 

* (2S15) If we take the differential of [4885], relative to dv, and multiply it by 

3 9m' 
we shall obtain the expression of — ^J-.sin.(2u—2v'). The effect of this 

- * „ 2 
_Z (i CJ7T: 

operation will be to change the factor 3 m.— [4885] into-- as in [4910 &] * 
a/ 4 ay L J } 

moreover, it will take away the divisors 2—2m, 2—2m—c, be., which were introduced 

by the integration, and will change, in the second member, cos. into sin. When the 

function is reduced to this form, we may change 2v into 2 w-{-90iJ as in [4876a_d~\ ; 

and we shall obtain the expression of 

9m'. n'3 

4 6’2.?t4.a 
.cos. (2v—2 v') [4910/c]. 

If an angle, in the second member of [4885], be of the form cos.(2v-[-p), it becomes, in 

[4910d], sin.(2y+f3); and, in [4910e], it changes into sin.(2 vfi-(3-j-90*), or cos.(2; 

which is the same as its original form in [4885]. But, if it be of the form cos.(f3—2v), 

the successive changes are 

sin. ((3—2v), sin.((3—2v—90*), and —cos.((3—2v) 

this last being the same form as the original, but with a different sign, 

derive the expression [4910&] from [4885], by using the factor 

2 
9 m 

4®/ 

[49105], 

? 

Hence we easily 

neglecting the denominators 2—2 m, be. [4910c], and changing the signs of the terms 

depending on angles of the form cos.((3—2v) ; 
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/ nil 3 9m'.u' ~ ,, 
SU.COS.Ç2V—2») 

4°>.( 1—fe'3) 

+ ^<1>-440>+Jf-i46).e'i!+^‘7).e'aS.e-(l-f«'2)-°?s-(c»-ro) 

+ {}+-^24)} •e ' cos-(dm v—w0 

4- [ A J6) +fv4(11)}. e e'. cos. (c «—dm v—«+«') 

,+^Af)75—$A™ 5. ee'.cos.(a>+c'wu)—w—■w') 

+ AlJ8). e d. cos.(2 v—2 mv—c v—dm2;+^++) 

+ 4Ïj9). e e'. cos. (2 v—2 m —c wA-dm V+®—®') 

\+ {4tj16)+i(2-J-m).y4J1)-2( 1 +m).^13) J .ey2.cos.(2gv-cv-2ô+K) / 

/-j-A^. e 72. cos. (2 v—2 m v—2g'v+c v+2 ê—w) 

+ {-JJ17)—J418). e'2]. -,. cos.(v—m v) 

9m 

4a, 

+ {4f[19)—J^17)j. . e'. cos.(i;—mv-\-dmv—A) 

+ {.^j18)+|A((117)}.-,.e/. cos.(v—m?)—c'm'y+w') 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

9m'. w'3 . 
î^jt5.co3.(2«-2»0 = 

y rn 

Act. 

f( 1 +2 d?—f e'2) .cos. (2 y—2 my) 

-2(1 -f-m) ■(l+|c2-iy2_fe,a) .e.cos.(2y-2my-cy) 

—2( 1—m).e. cos. (2 y—2 m y+c y) 

+Je'.cos.(2y—2m y—c'm y) 

—Je', cos. (2 y—2my+c'my) 

\—£(2+3 m) . e e'. cos. (2 y— 2 m y—c y—c'm y) 

+(2—3m) . ee'.cos.(2y—2my-j-cy—dmy) 

+l(2+m) • zd . cos. (2 y—2 m y—cy-f-c'm y) 

+J(2—m) .ee'.cos.(2y—2my-j-cy-fc'my) 

f+HlO-f- 19m+8m2).e2.cos.(2cy—2y+2my)l 10 

+J(10—19m-j-8m2).e2.cos.(2cy-{-2y—2my)\ 11 

+£ (2;+m). y2. cos. ( 2g y—2 y-j-2my) 112 

+|(2—m).^2. cos.(2gy+2y—2my) 113 

++-. d 2. cos. (2 y—2 m y—2 c'm y) 114 

\—J(5+m) .e72.cos.(2y—2 my—2g,y+cy) / 15 

[4911] 

[4910*] 
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[49ir] aSu contains a term, depending on cos. (3v—Smv), which we have 

Multiplying the first member of this expression by 2.a Su, and the second by its equivalent 

[4910Z] eXpression [4904], we shall obtain, by making the usual reductions, the value of the first 

term of [4910], as in the second member of [4911]. For, the factor, without the braces, 

_2 

[4910m] — ~ is the same in both these functions ; we shall, therefore, neglect the consideration 
4 a, ' ° 

of it in the remainder of this note ; and, in speaking of the functions [49107k, 4911], shall 

[4910n] refer exclusively to the terms between the braces ; and, shall separately investigate the results 

arising from each line of the function 2. a Su [4904], by the whole of the function [4910&]. 

First. We shall take into consideration the product of the term 2 ^2(0). cos.(2v—2mv), 

by the whole of the function [4910&J ; and shall reduce the products by formula [20] Jnt., 

retaining the same angles as in [4911]. The first line of [4910&] produces the term 

(l-}-2e2—Je'2).«Æ2(ü) ; the part depending on cos.(4v—4mv) being neglected. This 

2 
corresponds to the first line of [4911], neglecting the part depending on m . e2.^2(0), of 

[4910o] the sixth order, as is done generally in the rest of this calculation ; the term, depending 

on fe'2, is retained, on account of its importance in the secular equations of the moon’s 

motion [4982,5059,5087, &c.]. Again, if we neglect 62, y2, in the factor [4910Æ] 

line 2, and introduce the factor (1—fe'2) in [4910&] line 3, according to the directions in 

[4869g-, &lc.], we shall find, that these terms, when multiplied by 2«$2(0).cos.(2v—2mv), 

produce respectively the terms 

— 2.(1+?»).(!—|e'2).A2(0). e .cos.cv, —2.(1—m).(l—Je'2) .«/23(0).e.cos.cv ; 

whose sum is 

— 4.(1—fe'2) .«/#2((nccos.cv, as in [4911] line 2. 

In like manner, the terms in [4910Æ] lines 4, 5 being multiplied by 2^2(0).cos.(2 v—2mv), 

produce respectively the terms 

hA^°\e'. cos. c'mv, —J«$2(0). e'.cos.dmv ; 

whose sum is 

3A£0). e’. cos. c'm v, as in [4911] line 3. 

the remaining terms of the function [4910&] may be neglected, on account of their smallness, 

and the forms of the angles. 

Second. We shall now compute the terms produced by multiplying 

2A^l\e .cos.(2v—2 mv—cv) [4904], 

by the terms of [4910&]. The first line of [4910&] produces A-^.e .(1—J e'2) .cos. cv, 

as in [4911] line 2. The second and third lines of [4910&] depend on e2, which is neglected. 

[4910p] The fourth line of [4910&] gives ^ee'.A^.cos,.{cv—c'mv), as in [4911] line 4 ; the fifth 

line, —J ee'.^/O.cos.(cv-\-cmv), as in [4911] line 5; and the twelfth line 

î (2-j-m) . ey2. cos. (2gv—cv). as in [4911] line 8. 
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neglected,* on account of its smallness in [4904] ; but, as it may have an 

influence in the term depending on cos.(v—mv), we shall take notice 

The other terms, depending on Af\ are neglected, on account of their smallness, &c. 

Third. The product of 2Afz>.e.o,os.{2v—2mv-\-cv) [4904], by the first term of 

[4910&], produces the term A^.efl—fe'2).cos.cv, as in [4911]line 2. This is the 

only term depending on A^\ which requires attention ; the other terms being small, or 

of forms which are unnoticed. 

Fourth. The product of 2A2(3).e'.cos.(2v—2mv-\-c'mv) [4904], by the first term of 

[4910/c], produces the term Afh eh cos. cmv [4911] line 3; the other terms maybe 

neglected. In like manner, 2Af\e'.cos.(2v—2mv~-dmv) [4904], produces A\f.e! cos.c'mv 

[4911] line 3; and 2Af\ e!.cos.c'm v [4904], gives nothing deserving of notice. 

Fifth. The term 2Af1 ee'.cos.(2v—2mv—cv-\-c'mv) [4904], being multiplied by the first 

term of [4910A], produces Af].ee'.cos.(cv—c'mv) [4911] line 4 ; and the same term, 

being multiplied by the fifth term of [4910/c], produces —lee'2.Af.cos.cv ; which is 

nearly the same as in [4911] line 2. In like manner, the term 

2 Af\ e e'. cos.(2v—2mv—cv—c'mv), 

being multiplied by the first and fourth terms of [4910&], produces the terms 

Af^.ee'.c,os.{cv-\-c'mv), and f-^Afdee'^.cos.cv ; as in [4911] lines 5, 2. 

Sixth. The terms depending on Af\ Af] [4904], being combined with the first 

term of [4910/r], produce the terms [4911] lines 6, 7. Those depending on A.2ao), Afl), 

AT^\ produce small terms, which are not noticed. The term 

2 AŸ3).yz. cos.(2gv—2v-\-2m v), 

being combined with the term —2.(l-[w).e.cos (2v—2mv—cv) [4910/c] line 2, produces 

the term depending on Af3) [4911] line 8. The term depending on A2a4) [4904], produces 

nothing of importance. 

Seventh. The terms 2Af5).ey^.cos.(2gv—cv), 2ALm\enf.cos.(2v—2mv—2gv-\-cv) 

[4904], being combined with cos.(2r—2mv) [4910/r], produce respectively the terms in 

[4911] lines 9,8, depending on Af5\ Af6). 

Eighth. The term^^^^'hcos^v—mv), being combined with the terms in [4910/r] 

lines 1, 5, 4, produces the terms depending on Af1], in [4911] lines 10, 11, 12, 

respectively. 

JVinth. The first term of [49107c], being combined with the terms of 2.aSu [4904], 

depending on A0a8), A0m, produces the corresponding terms of [4911] lines 12, 11. 

# (2816) This term occurs in [4808], and must, therefore, be found in the differential 

equation in u [4754], and in its integral Su, or a Su. 

[4911"] 

[4910?) 

[4910r] 

[4910s] 

[491 Of] 

[491Ou] 

[4910v] 

[491 Ote] 

[4911a] 
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[4912] 

[4912'] 

[4913] 

[4914] 

[4914'] 

[4915] 

[4916] 

[4913a] 

[49136] 

[4914a] 

[49146] 

[4914c] 

[4915a] 

[49156] 

[4915c] 

of it. For this purpose, we shall put it under the following form ; 

Term of aôu = \ . -, . cos. (3v—3v'). 

Q™' 

Substituting this in the expression — I .SU. cos.(2v— 2v') [4910], 

it produces the term,* 
_2 

9 m a 
— - - . x cos.fv—mv). 

4 a/ 2 a y J 

To develop the variation —.sv'. sin. (2v— 2v') [4910], we shall 

observe, that 6v' contains, in [4837], the same inequalities as the expression 

of the moon’s mean longitude, in terms of the true longitude ; but they are 

multiplied by the small quantity m. It is sufficient, in this case, to notice the 

terms in which the coefficient of v differs but little from unity;f and it is evident 

that as the term e.cos.(cv—to), of the expression of au [4826], gives, in F, the 

termf —2me.s'm.(cv—to); any term, whatever, of asu, such as fc.cos.(fy-fs), 

* (2817) Substituting the values of u, u', [4791], and h^ = a/ [4863], also 

v —mv [4837] nearly, in the expression [4912'], it becomes 

2 
9 wi/• c$ 9 in 

— ’ -.a Su.cos.(2tt—2vr) = — .aôu.cos.fôv—2mv) [4865]. 

If we now substitute the term of a Su [4912], we obtain that in [4913], and also one 

depending on the angle 5 v—5 m v, which may be neglected. 

f (2818) We shall see, in [4918], that the terms of this form, in which the coefficients 

of v are nearly equal to unity, produce only small quantities of the fifth or sixth order. 

These terms are noticed, because they are much increased, by integration, in finding the 

value of u [4847] ; but this does not happen with the terms in which the coefficient of v 

differs considerably from unity ; and wre may also observe, that, in this last case, the terms 

may also be decreased by the integration in [4822]. Hence, we see the propriety of 

noticing only the terms mentioned by the author in [4915], 

Î (2819) If we inspect the calculation in [4812—4837], we shall find, that the term 

e.cos.(cv—to), which occurs in u [4812,4816, 4819,4826], is introduced into dt [4821], and 

by integration, produces in t [4822], or rather, in nt-\-s [4830], a term —2e.sin.(cr—to). 

This is multiplied by m in the second member of the equation [4836] ; and it finally 

produces in v' [4837], the term —2 we.sin.(cv—to), as in [4916]. This may be derived 

from the preceding term of u, by changing cos. into sin. and multiplying the result by 
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In which i differs but little from unity, gives very nearly, in Sv', the term 

—2mk.sm.(iv-\rs). Thus we find, that the preceding term [4914] gives, by [4917] 

Its development, the function,* 

—2 m. The same method of derivation may be used with any other term of u, in which 

the coefficient of v differs but little from c, or from unity [4828e] ; as is the case with the 

term *.cos.(i#-|-s) °f u [4916], which produces, in Sv', the term —2mk.sm.(iv-\-s) 

[4917]» 

(2820) Instead of the angle iv-f-s [4916, &tc.], we shall, for brevity, use iv, omitting 

s, as we have to, to', Ô, in [4821/], and re-substituting it at the end of the calculation. 

Then, if we represent any term of a Su [4904], in which i differs but little from unity, by 

aSu = Jc.cos.iv [4916], the corresponding term of Sv' will be very nearly represented by 

Sv’=—2m k.sm.iv [4917]. Moreover, if we represent any term between the braces of the 

second member of [4876c], by A.sin. V ; or, in other words, any term of the function 

3 m'. u'3 

h~. 

3 m 
sin. (2 v—2v') by — .A.sm.V; 

[4915d] 

[4918a] 

[49186] 

[4918c] 

[4918d] 

[4918c] 

and then multiply it by the preceding expression of Sv', we get, by using [17] Int. 

3 in'. v!3 . , 3 m 
■Sv -sm-(2v 2v )=“ ~ ^mk.cos.(iv « V) —Am k.cos.(i v+V)}. [4918/] 

The factor, without the braces, is the same as in [4918] ; consequently, the terms, between 

the braces, in [4918], must arise from the other factor of [4918/] ; namely, 

Amk.cosAivnV)— Amk.cos.(iv-\-V) : 
[4918g-] 

m which we must substitute the terms of a Su [4904], for k.cos.iv; and, the terms between 

the braces in [4876e], for A.sm.V', neglecting the terms which are insensible from their 

smallness, or those, where the coefficients of v, in the angles, vary much from unity [4915]. t4918^ 

We shall, in the first place, compare the terms of the function [491%], with the terms 

between the braces in [4918], taking successively, for k, the coefficients of the terms [4904], [4918*] 

which are retained by the author. First. The term A^.e.cos.(2v—2mv—cv) [4904] 

corresponds to k=A«\e, iv = 2v-<lmv-cv; combining this with the first line of 

[4876e], neglecting e*+if, we find that this first term of [4918g-] produces the first line 

of [4918]. If we combine the same term of [4904] with the first term in line 13 [4876e], 

we find, that the second term of [4918g] produces the second line of [4918]. It is 

unnecessary to notice the products of the other terms of [4876e], by the term [4918*] ; t4918m] 

because the coefficients are small, or the angles are different from those which are usually 

retained. Second. The term A^\ef.cos\2gv—cv), being combined with the first 

term of [4876e], produces, by means of the first term of [4918g-], the third line of [4918]. *-4918^ 
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[4918] 

[4919] 

[4920] 

[4918o] 

[4918p] 

[4918g] 

[4918r] 

[4918s] 

[4918*] 

[4918m] 

3 m'.u'3 
-,a 3 Jv .sm.(2v—2v)-- 
ft *11 

m.A^.e.Ç 1—fe/2).cos.(eu— 

cos. (2 g v—c v—2 è -f-ro) 

" I I vM5i o f2v—2mv—2gv 
**r •«*.( +ee+t4_* 

a. 

-m*A[17).—.cos.f®—mt») 
a v 

cos.(t;——c'mv^') 
CL 

The other terms of this development are insensible. 

The terms 

3 m!. u 

8/t2. W4 
. j 3.cos.(t;—v')-\-5.cos.(Sv—3v') j, 

of the expression 

M68+HSS [4808L 

1 

2 

3 

4 

5 

Third. The terra A1°7). -,. cos. (v—mv), [4904], combined with the first term of 
CL 

[4876e], produces, in like manner, the fourth line of [4918]. Fourth. The term 

A^\-re!.co?>.{v—mv-\-dmv—ra') [4904], combined with the same first term of [4876ej, 

produces the fifth line of [4918]. 

It appears, from [4840, &ic.], that the terms in the five lines of the function [4918], arc of 

the orders 5, 7, 6, 6, 6, respectively. The integration [4847], introduces divisors of the 

order m2 [4828e], in the first and second lines of [4918], and of the order m, in the other 

three lines. By this means, the first line of [4918] produces, in the value of u, a term of 

the third order, and the other lines produce terms of the fifth order ; which are within the 

limits proposed in [4905', &tc.]. With respect to the order of the terms which have been 

neglected, we may observe, that, in calculating in [4918/] the quantity produced by one of 

the greatest terms of [4904] ; namely, A-]Ke.cos.[2v—2mv—-cv), when combined with 

the greatest term of [4876e], contained in its first line, we have noticed only the first term 

of the function [4918g], and neglected, its second. This second term has the same coefficient 

of the fifth order, as in the first line of [491S], but the quantity cos .cv is changed into 

cos.(4u—4mv—cv) ; making f=4—4m—c=3, nearly [4846] ; and the divisor z2 J\ 2 

[4847] becomes so large, that the corresponding term is much decreased, so that it may be 

neglected. Similar results will be obtained relative to the other neglected terms. 
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have, for variation, * 

3 m .aSu a _ . , 
-2a—* a' •î^,cos,(î;—mv)-\-5.cos.(3 v—omv)]. 

Substituting A(20).cos.(2t?—2mv), for a Su, we obtain the term,f 

— A^. -. cos.fT—m v). 
a/ 2 a, K y 

The variation of the term [4876], 

3 ml. ul3 du 

* (2821) The variation of [4919], relative to u, which is the most important part of 

this expression, as we shall see in [4922e], is 

3 7n'. u' 4 
—77/â—v*0“'{3.cos.(î>—v)-j-o.cos3(r—v ) f. 

If we neglect terms of the order e, we may substitute the values of u, u’ [4791], ltd = at 
_2 

[4863], and m [4865], in the factor, without the braces, and it will become, 

3 ml. v!4. ou 

2 64. u5 
, 3. 

m f.a3 a à u a 

a a, a 

3 m .aSu a . rAriCk1~. 
as m [4921]. 

2 a, 

Moreover, by putting v=mv [4837], in the term between the braces [4921 a], it becomes 

as in [4921 ]. 

f (2822) Taking, for a Su, its first term [4904]; namely, aSu=A!g\cos.(2v—2mv), 

we get, by noticing only the angle v—mv, which requires particular attention, as is observed 

in [4874, &c.], we obtain, 

aSu.3.cos.(r—mv) = |^2(0).cos.(y—mv) ; aSu.5.cos.(3v—3mv)=%A^0).cos.(v—mv) ; 

whose sum is 4^3(0).cos.(v—mv). Substituting this in [4921], it becomes as in [4922]. 

The remaining terms of a Su are of the second, third, he. orders; and, when multiplied by 

_2 s 

the factor m . —n they become of the sixth, seventh, he. orders, which are usually 

neglected. If we notice the variation of v', in [4919], it will produce terms of an order 

equal to those in [4921], multiplied by the factor —— , which factor is of the order m 
a ou 

[4916,4917]; so that, the terms produced by Sv', will be less than those retained in 

[4921,4922], and may, therefore, be neglected. 

[4921] 

[4921'] 

[4922] 

[4923] 

[4921a] 

[49216] 

[4921c] 

[4922a] 

[49226] 

[4922c] 

[49224] 

[4922e] 

VOL. III. 108 



430 THEORY OF THE MOON ; [Méc. Cél. 

[4924] 

[4922/] 

[4923a] 

[4923&] 

[4923c] 

[4923c?] 

[4923e] 

[4923/] 

[4923g-] 

[49237c] 

[4923c] 

may be reduced to the following terms ;* 

A2.w4 
6m'.u'3 du Su . 3m'. u'3 dSu . 

* ■ 7 ■sm- (* 2"-2 * 7 - 8SÜÏ • * • sln-(22*0 

. 3m'.u'3.Sv' du ^ N 
d-7^--— • — • cos. (2 i'—2«/); 

A2. M4 

these terms, by development, produce the following expression ;f 

# (2823) The term [4923],is the same as that whose approximate value is computed 

in [4876,4879]. Its variation, considering u, du, v', as variable, and neglecting as in 

[4909], becomes as in [4924]. 

f (2S24) Multiplying the equation [4884] by •—2Su, we get, by using the abridged 

notation [4821/], 
4 Su 4 a Su . , 

-or—• ■-=aSu.\—4-f-4e.cos.Cü4-&£c. ?. 

Multiplying this by the function [4879], we get the expression of the first term of [4924]. 

Now, the function [4879] is of the third order, and a Su [4904] is of the second order; 

therefore, if we retain only the two terms —4-j-4e.cos.cr of the factor [4923c/], the final 

product will be correct, in til sixth order. We may even neglect the term 4e.cos.r; 

because, when it is multiplied by the two greatest terms of [4879] lines 1, 2, it produces 

terms depending on e2.cos. (2 r—2 mv), which mutually destroy each other; also, 

terms of the order e2, connected with the angles 2r—2«r=j=2cu, which do not increase by 

integration, and are neglected in [4911,&;c.]. Hence, the first term of [4924], is represented 

as in [4923a, A], by the following function ; 

(du Ou 
-,0 . . —— . sin.(2r—2/)=—4. a SuX function [4879]. 
h~.u* dvu J L 

It is only necessary to notice the terms A3(0), Ax(1\ A[l3), in the value of a Su [4904]; 

because, the function [4879] is of the third order, and the other terms Af)e, A£3)e, he. 

are of the third, or higher orders; so that their products are of the sixth, or higher orders, 

which are neglected. The reason for retaining the term Axa3) is, because it is connected 

with the angle 2gv—cv, and is much increased by integration [4828.4], Now, the part of 

—4.aSu [4904], depending on A3(0), is —4^?â(0).cos.(2t’—2mv). If we multiply this by 

the first line of [4879], between the braces, neglecting e2, we shall get the term 

—2 ceA.^\{ 1—fe'2).cos,(c v—to) ; 

and the second line of [4879], retaining the factor [4879fc], produces the same term, with a 

different sign ; so that these terms mutually destroy each other. The other terms produced 

by AJp\ are too small to be noticed, or depend on angles which may be neglected. The 

product of the term —442/l)e.cos.(2w—2mv—cv), in —4.ciSu [4904], by the tenth line 

of [4879], between the braces, produces gA^ey^.cos.ftgv—cv). Finally, the product of 
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3 m 

4 a, 

2.(1— £e'2) 

4- )v ' 1 v 1 ' “ v ' C.e.fl—|e'2).cos.(cr—to) 

-f- *16.(1—mj).t4;,0)-|-(2—m) —3 m) .A^i] | .e'.cos. (dm v— to') 

-J-f (2—3 m—c).A['^—£(2—2 m—c).A\3 }.ee'.cos. (cr^-^my-to—to') 

-j- f (2—m—c) .A1-®-j-J(2—2m—c) }. e e'. cos.(cv—c'mv-TO-]-TO') 

-j-(c—?n).Aff).ee'. cos.(2r—2mt>—cu-j-cW-f-'5*—to') 

-}-(e-|-m).4?[8).ee',cos.(2t;—2me—cw—cW-j-TO-f-TO') 

|-(4(g--|-4-|-m—2c)«Æ[3l—2(1—2 m).«4[33) f 

+ (2—2m—2o--{-e).e/#jl^ ' 

-p^353 ■ e72*co s. (2 ü—2m v—■2gv-\-cv-\-%&—to) 

-|-f (1—m)w2[17)—lA(M.d 2-f-3(l—m).X2} .-.cos.(«—mu) 

\+ , ey~. cos.(2'gv—cv—2d-j-to) 

-f - f (L-2m) .Af*]—| ( 1—m) .A[11 ] f.— .e'.cos. (v—mv-\~c'mv—to') 
CL 

-j-[.#018)-f- J (1—e'.cos.(v—mv—cW-J-to') 

\ 

/ 

1 

2 

3 

4 

5 

6 

7 

, 8 

9 

10 

11 

12 

13 

14 

[4925] 

—44?1U3V2.cos.(2gv—2r-j~2mr), in —4.aSu [4904], by the first term of [4879], 

between the braces, produces —24?/,3)6 72.cos.(2gv—cv). Substituting these two terms 

in the second member of [4923c], we get, 

Cm', a'3 du 6u „ 3 w ,, 
^•■*'?sin'(2"-2')=47 ■KMu>-2^,13))-''-72-cos.(2^-ra)|. [4923Æ] 

The third term of [4924], 
3 m'.u'3.<iv' du 

P.w4 • dv ‘ C0s' C2y —-2y')> produces only a ver^ 

small quantity, depending on the same angle as in the preceding expression [4923it]. Now 

without taking the tiouble to compute the whole development of this third term, we may 

form a satisfactory idea of its value, by taking the product of the two functions [4878,4918] 

which gives the expression of 

3 m!. u'3. 5v' du 
— .sin.(2«—2F); Id. id 

and, as this differs from [49237] only by the change of cos. into sin. in its last factor, it is 

evident, that the two functions will produce terms of the same forms and orders; so that, 

what may be neglected in the one, may also be neglected in the other. Now, the greatest 

teun of [4878], independent of its sign, is ce.sin.cv ; and, if we multiply it by the terms 

[4923Z] 

[4923m] 
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[4926] The expression of 
/<7g\ du 

\dv ) h2u?dv 
[4754], contains also the following 

[4923»] 

[4923o] 

[4923/ 

[4923/] 

of [4918], we obtain only quantities of the sixth order, depending on angles which may be 

neglected. The remaining terms of [4878] are of the second or higher orders, producing 

terms of the seventh or higher orders ; therefore, they may all be neglected, excepting one, 

depending on the angle 2gv-cv, which is retained for the reasons stated in [4828r/]. A term 

of this form is produced in the function [4923m], by multiplying the term in line 4 [4878], 

which is nearly equal to ^.sln.2gv, by the term depending on Ape, in the expression of 

3 tx\! u ^ 

'sm' ^ V^ [4918] line 1. 

Hence, it is evident, by a similar process, that the terms of the function [4923/], depending 

on the angle 2gv—cv, may be found, by multiplying fy2.sin.2'gv, by the terms depending 

on A^e, in the function « , ,o 

' _ ■. cos. (2v—2v') .Sv . 

Now, the term depending on ALwe, in the expression of a Su [4904], is 

aSu = A^.e .cos.(2r—2 rnv—ct) ; 

the corresponding term of Sv' [4916,4917], is 

Sv1 = —2 Ap\m e.siii.(2r—2mv—cv). 

Multiplying this by the chief term of 

3/r/ w! ^ 3 yfb 
j0 ' 3 -.cos.(2i>—2v') [4870], which is, .cos.(2v—-2mv), 

we get, in the function [4923jp], the term 

i m 
. A^.me.sm.cv. 

[49231] 

f 

Finally, multiplying this by the factor £y2.sin.2gv [4923o], we get, for the third term of 

[4924], the following expression ; 
_2 

3m'.u'Z.ôv' du f 3 m 
' K2M± * -^’Cos.(2v—2v)==—.lm.A^\er.cos.(2gv-cv)}. 

[4923r] 

We shall now develop the second term of [4924], which is the most important. It may 

be put under the following form ; 

3m'.u'3 dSu 

2h2.ui dv 
. sin. (2v— 2v') — — 5 'u — .sin.(2®—2v') \ . 

' {2ft2. u4. a v J ) 

d.[a Su) 

dv 

The factor between the braces, in the second member of this expression, connected with the 

negative sign, is evidently equal to the differential of the first member of [4885], divided by 

2.adv ; and if we perform this process on the second member of [4885], wTe shall find, that 

[4923s] the division by 2a, makes the factor, without the braces, become 
3 iu 

2 a. 
Moreover, by taking 
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variation ; 

the differential of the terms between the braces, the divisors 2—2 m, 2—2 m— c, he., 

which were introduced by the integration, are effaced, and cos. is changed into —sin. ; 

so that, if we represent any term, between the braces in [48851, after effacing the divisors, 

by k'.cos.v' the corresponding term of the first factor of the second member of [4923r], 

will be represented by a series of terms, of the form 

2 

— ?-7ÎL . Jc'. sin.v' [4923s, w], 
â CLj 

Now, patting a5u equal to a series of terms of the form Jc.cosfiv-j-£) [4916], or, for 

d.(aôu) 
brevity, Jc.cos.iv [49I8&], the corresponding term of 

dv 
will be —77;. sin. iv. 

Multiplying this by the first factor, which is given [4923u], we get the following expression 

of the function [4923r], or, of the second term of [4924] ; 

3m'. vl3 
2fc9.M4- 

d 6u 

dv 
sin. (2 v—2 vj 

• m 

4 a 
\iJcId.cos.(iv co v')—ikk'. cos.^’y-j-v')]. 

The factor without the braces -7—, is the same in all three terms of the functions 
4 a, 

[4923Æ, ; and is equal to that in [4925]; we shall, therefore, neglect wholly the 

consideration of this factor; and, in speaking of these functions, shall limit ourselves 

exclusively to the terms within the braces. These terms, of the function [4923 c], are 

represented by, 
ik. I k'.cosjiv zd v') —k'.cos.^’v-f-v') j • 

in which k.eos.iv represents the terms of [4904], and Id.cos.v' the terms between the 

braces in [4885], rejecting the divisors 2—2m, 2—2m—c, he. which ivere introduced by 

the integration. 

We shall now take, for Jc.cos.iv, the terms of the function [4904] ; so as to combine 

successively each of the symbols he. with all the terms of [4885]. We shall 

neglect the terms which appear to be insensible, and shall compare those which are retained 

with the function [4925] ; taking the terms, depending on Aj0), he. in the 

order in which they occur in [4904] ; and, noticing also the terms [49237c, q], depending 

on the angle 2gv—cv. 

First. The first line of [4904] gives k — i= 2—2m; substituting this in 

[4923s;], it becomes, (2—2m). Af].\Jd. cos.([2—2rn\vm\)—7c'. cos. (2 «—2mv-\-V)\. 

The first line of [4885], neglecting e2, gives k’= 1—£e'3, v'=2v—2mv ; substituting 

these in the first term of [4924c], we get the first line of [4925] ; the other term of 

[4924c] depends on the angle (4v—4mv), which is neglected. In like manner, the 

second line of [4885], gives k’=—2(l-j-m).(l—|-e/2).e; V= 2v—2mv—cv ; hence, 

the first term of [4924c] becomes, 

—(2—2m).Af).2(lJirm).(l—Je'2).e.cos.cu =—4(l-j-m).[(l—1—fe'2).c.cos.cy j; 

and, by the same process, we get, from the third line of [4885], by using the factor 1—fe'2 

vol.in. 109 
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[4926'] 

[4923«] 

[4923u] 

[4923r] 

[4923ti] 

[4923*] 

[49233/] 

[4923z] 

[4924a] 

[49246] 

[4924c] 

[4924d] 

[4924e] 

[4924/] 
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[4927] 

[4924g-] 

[4924ft] 

[4924i] 

[4924ft] 

[49247] 

[4924m] 

[4924n] 

[4924o] 

[4924p] 

[4924g] 

[4924r] 

[4924s] 

[49240] 

[49247'] 

2 

VI • CL ~ ~ v - (l.d. 8w. 

— 8~a7' <sm- (v—imv)+15. Sin- (3 v—3 m v)}. —; 

[4879ft], the terra —4(1——m).A£°\( 1—|-e,2).e.cos.cv\. The sum of these two 

terms is — 8{(1— m)rA^.{l — fe'2).e.cos.«;], as in the second line of [4925]. It is 

unnecessary, in this case, to notice the second term of [4924c], because the coefficient of v 

is so large, that the term becomes insensible. Proceeding in the same manner with the 

fourth line of [4885], which gives ft'=|.e', v'=2v—2mv—dmv ; also, with the fifth 

line of [4885], which gives ft'=—£e's V=2v—2mv-{-c'mv, we find, that the terms 

corresponding to the first of the functions [4924c], are, respectively, 

4~ (2—2m) .A^. ^e'.cos.dmv, —(2—2m). A^°\l>d. cos. dmv ; 

whose sum is 6.(1— m) . A2°\ e'.cos.c'mv, as in [4925] line 4. 

The remaining terms of the function [4885], being of the second or higher orders in e, 

e'> 7) multiplied by m of the second order, and A^3) of the second order, produce only 

terms of the sixth and higher orders, which may be neglected. 

Second. The second line of [4904] gives k—A^.e, i=2—2m—c, hence 

[4923z] becomes, 

(2—2m—c).^1U).e.|^'.cos.([2—2m—c] tmv')— Id.cos.(2v—2mv—cu-f-v') j. 

Substituting, in the first term of this function, the values [4924af], corresponding to the first 

line of [4885], we get the term (2—2m—c).A^.e.(\—Je'2).cos.cv, as in the second line 

of [4925]. The second and third lines of [4885], produce terms having the factor 

A[l).m.e^, of the fifth order; but they do not increase by integration, and are therefore 

neglected. The fourth and fifth lines of [4885] correspond to the values [4924ft], and by 

substituting them in the first term of [4924/], we get the two terms, 

Je'.(2—2m—c).A[1].e .cos.(cv—c'mv), —£e#.(2—2m—c).A[l).e.co$.(cv-\-dmv), 

as in [4925] lines 6, 5. All the remaining terms of [4885], excepting that in line 12, may 

be neglected as in [4924ft]. This line corresponds to ft'——£(2-|V—2gv-2v~\-2mv, 

and produces, by means of the second term [4924/], the expression, 

“l~¥(2-f-w).(2—2 m—c).Al1\e^.cos.(2gv—cv). 

Connecting this with the terms, between the braces in [4923ft, q], depending on 

they become \g+m+±(2-\-m).(2—2m—c)\.AU.ef.cos.(2gv—cv)\ and, as c is nearly 

equal to 1, we may, by neglecting m2, put £m.(2—2m— c)=±m ; consequently, the first 

factor of the expression becomes, g-\-m-|-f(2—2m—c)-\- ^ = ^ [Ag-\-A-\-m 2c), 

which is the same as the coefficient of A[l), in [4925] line 9. 

Third. The term Af\e.cos.(2v—2mv-\-cv) [4904], combined with [4885] line 1, gives 

the term depending on A^ [4925] line 2. Jn like manner, we may combine the terms 

of [4904], depending on A^\ A^A\ with the same terms of [4885], to obtain the terms 

depending on A.f\ A^4) [4925] line 4; observing, that, as d is nearly equal to 1, we have 

very nearly 2—2m,-\-c'm — 2—m, 2—2m—dm—2—3m. The term depending on A.p 

produces nothing of importance. 
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*hence, we obtain the quantity, [4927'] 

Fourth. The term depending on Af [4904] gives k=Af).ee', i=2—2m—c-fcm, 

or nearly i—2—m—c. Substituting this in [4923/j it becomes, 

(2—m—c).A'f .ee'. fTé.cos.([2—2m—c-fdm] v œ y')—Té.cos.(2v—2mv—cv-f dmv-\~v') |. 

The first line of [4885] produces, in the first term of [4924v], the quantity depending on 

Af> [4925] line 6 ; and the fifth line of [4885], produces the terms depending on A[6\ in 

line 3 [4925]. In like manner, the term depending on A™ [4904], combined with [4885] 

lines 1,4, produce those in [4925] lines 5,2, depending on Af. Also, the terms depending 

on Af\ A(f [4904], being combined with the first term of [4885], produce the 

corresponding terms in [4925], lines 8,7. 

Fifth. The terms of [4904] depending on A£n\ Af^, produce nothing of 

importance. The term in line 14 [4904], gives k = A[]3).y2; i — 2g—2f-2m = 2m 

nearly; and the first term of line 2 [4885], gives lé— — 2c, v'=2v—2mv—cv. 

Substituting these in the second term of [4923z], it produces Am.ey^.Af3\ cos.(2gv—cv). 

Connecting this with the second term of [4923/t], we obtain -2(l-2m).A\l3).e?2.cos.(2gv-cv), 

as in [4925] line 9. The term depending on Æ14he'2 [4904] produces nothing of importance. 

Sixth. The term in [4904] line 16, gives k=Af5).ef, i=2g—c=l nearly; and the 

first term of [4885] line 1, makes lé— 1, v'=2v—2mv ; hence, the first term of [4923^] 

produces Af5\ef. cos.(2v 2 mv—2gv-\-cv), as in [4925] line 11. The same values of 

k', V, being combined with the term in [4904] line 17, produce 

(2—2 m—2g-\-c) .Af6).e y2.cos. (2 g v—cv), as in [4925] line 10. 

Seventh. From [4904] line 18, we have k — Af\— , i = 1—m. Combining these 

with lé, V [4925/], we get the term (1— m).Ap\^-rcos. (v—mv) [4925] line 12. If 

we combine the same values of k, i, with the term in line 4 [4885], we get the term 

depending on Af) [4925] line 14 ; and if we combine them with that in line 5 [4885], we 

obtain the term depending on A[l7), in [4925] line 13. 

Eighth. From [4904] line 19, we have k = Af^.^.d, i— l—m-\-c'm=l nearly. 

Combining this with lé, v' [4925/], we get the term depending on Af® [4925] line 14. 

If we combine these values of k, i, with the term in [4885] line 5, we get the term 

depending on A(0ie) [4925] line 12. 

Ninth. From [4904] line 20, we have k—A^.^.d, i= 1—m—dm— 1—2m nearly. 

Combining this with the values k', v'[4925/j, we get the terms depending on ^[19)[4925] line 13. 

Tenth. The term of ahu [4912], gives k=\.~, i=3—3m. Combining this with 

the values [4925/], we obtain the term depending on X2, in [4925]line 12. 

Thus, vve have obtained all the terms of the function [4925], as they are given by the 

author ; and, it is evident, from the details of the calculation in this note, that, in general, 

the neglected terms are such as have been usually rejected. 

* (2825) Having found, in the preceding note, the variation of the first term of 

[4924m] 

[4924t>] 

[4924m>] 

[4925a] 

[49256] 

[4925c] 

[4925d] 

[4925c] 

[4925/] 

[4925g-] 

[49256] 

[4925i] 

[49254] 

[4925Z] 

[4925m,] 

[4925»] 
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[4938] 

[4927a] 

[49276] 

[4927c] 

[4927d] 

[4928a] 

[49285] 

* 2 
9 m 

4a, 
(1—m) .Afcos.(t;—m v). 

( contained in [4876], we shall now proceed to the calculation of the next 
du 

dv ) * W.vPdv* 

term, which is given in [4880] ; and, if we put, for brevity, 

Ttlf î/, 4 
A =— ——{3.sin.(v—F)-|- 15.sin.(3r—3v') ] ; 87i2.«5 

du 
this part becomes A. —. Its variation, considering u, du, v', as variable, and neglecting Su', 

as in [4909,&tc.],is /dA\ (ju du . /dA\ 

\duj dv ' \ dv' ) 

du ( dSu 

dv dv 

The factor 
m'.u1 4 
jp--in the value of A [4927a], is of the order m[49215], 

which is of the fourth order; therefore, (~j-\ (~ti) are of the same order. Moreover, 
\duj’ \dv'J 

du 
Su [4904] is of the second order ; — [4878] is of the first order; 5v' is of the third order 

du 

dv 
[4916,4917]; consequently, (^j^J.Su. ^ is of the seventh order; and 

of the eighth order; so that, by rejecting these terms, the function [49275] is reduced to 

d 6u 
of the sixth order. Then, by neglecting terms of the seventh order, we may use 

in A [4927a], the values [4921a—c], and the preceding expression becomes as in [4927]. 

* (2826) The differential of [4904], divided by dv, gives, 

a.d Su 
^ — — (2—2m).A.fi\sm.(2v—2 mv) 

—(2—2m—e .sin. (25—2 mv—cv)— &c. ; 

which is to be substituted in [4927]. In the first place, the terms depending'on A.2l0) [4928a], 

produce, in [4927], the following expression ; 

.(2—2m).A20). [3.sin.(v—mv)fi-l5.sin.(3v—3mv) ] .sin. (2v—2mv). 

As this is of the sixth order, we need only notice the resulting terms which depend on the 

angle (v—mv). Now, 

3.sin. (v—mv). sin.(2u—2 mv) = f.cos. (y—mv) — &c. ; 

15.sin. (3v—3 mv) .sin. (2r—2mv) =-1^5-.cos. (v—mv)—&c. ; 

whose sum is 9.cos.(v—mv) — &c.; 

hence, it is evident, that the term [49285] is equal to 

^-^.(2—2m).Af\9.cos.(v—mv) ; 
8 a., a 

[4928c] 
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The function [4891], 

/d du \ 2 r fd Q\ di 

• Â» ' us \du2 

contains, in the first place, the term, 

3m!. u'3. dv 
._1— <7/ I s 
\do2 

its variation is,* * 

dv 
2’ 

[4929] 

/ (/ r/w \ 

F.w4 
. sin.(2tt—2F) [4882]; [4930] 

which is easily reduced to the form [4928]. We may proceed in the same maimer \vith the 

terms of a Su [4901], depending; on dlf.e, JÉjfhe, he. ; but, as these terms produce only 

quantities of the sixth, seventh, &tc. orders, they may be neglected. 

* (2827) We shall put, for brevity, 

T/ ddu 3m'.u'3 . . 
F=*5+m> w= 7^r-s,n'(2'>-2t>') ; [«29-1 

then, we shall have the development of U, in the second member of [4890] ; and the 

expression [4930] will become —V.fW.dv. Now, as V, TV, contain the variable 

quantities u, v!, v, the variation of the function —V.fTV.dv, will be denoted by 

~V'f\ ff) • Su + (^) .Sv'^.dv — SKftV.dv — T./g) . i«'. A. [49296] 

The three different integrals, of which this expression is composed, correspond respectively 

to the three integrals in [4931 ], as we shall find by the following investigation ; in which we 

shall use the abridged notation [4821/]. 

If we substitute the values of 

first of the integrals [4929 v], it becomes, 

deduced from that of TV [4929a], in the 

.dv= 
12 Vm' ru'ZJv 

■9 «4 ■ 

’ Sll 

U 
sin.(2v—2F)-|-f|<V.cos. (2v—2F) 

in which the terms under the sign f are the same as in the first term of [4931]. If we 

substitute the values of c, g [4828e], in V [4890], and neglect terms of the order nv*e, 

ir?y, e2, we obtain, 

V= - • { 1 + ¥ 72- cos. 2g V } . 

Substituting this in the fhetor, without the sign f [4929c], it becomes as in the first term of 

Lo31^ AS the temiS °f n0U f4904^ are of the second or higher orders, it follows, from 
\ 908g-], that the terms depending on Su, under the sign / [4929c], are of the fourth or 

higher orders ; and when these are multiplied by the terms of V, which we have neglected 

m [4929d], they will produce only terms of the sixth or seventh orders. Those of the sixth 

110 

[4929c] 

[4929d] 

[4929c] 

[4929/] 

vol. in. 
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1S 7Ïl! ? 3 7 r î 

a • ! l+f/2-cos.(2gv—2') {. fu- ^ ° . ^ ^.sin.(2v—2i/)-f-|5i/.cos.(2u—2v') £ 1 
u 

[4931] 
'd d Su 

do2 

nf 

h2, a 

>«) y 
» 3 rri. u'3. t/r 

A'2, u4 
.sin.(2ü—2î/) 

9m' ru'2.Su! , . 
— m“„ •/—-.*>.sin.(2®—2î)'). * 

w 

opder are produced by e2, J-;,2 [4929</], and do not depend on the angles a—m w, and 

2gv—cv, whose coefficients are required to a great degree of accuracy ; hence, we see the 

propriety of neglecting the above-mentioned terms of V [4929t/]. 

In making this estimate, we have omitted the consideration of Sd [4929c], because it is 

[4929g:] of the or(jer mMSu [4916, 4917], and must, therefore, produce terms of still less importance 

than those of a Su, which we have neglected. 

d'l> ôu 
Again, the value of V [4929a] gives 5V=-^--{-5u; substituting this i n—5V.fW.dv 

[49296], it becomes as in [4931] line 2. 

Lastly, taking the partial differential of W [4929a], relative to u, and substituting it in 

the third integral [49296], it becomes, 

'dW\ _ , „ „9m'nt'2 

[49296] 

[49291] — V. 
/\ _ 

du,J •5u>- dv = — • $u'.dv.s\n.(2v—2d). 

Now, from [4833], we have nearly, a'u' = e'.cos.c't’+i whose variation is, 

a Su' = — d d. Sd, sin. dv' ; 

and, as Sv is of the order m.aSu [4929^], this quantity will be of the order md.aSu, or of 

1 

a 

is of the order 

[49296] the fourth order [4904]. If we retain only the chief term of [4929c], we get V=- 

mf. u'~ 
and, by using the value [492l6,&.c.], we find, that 

tmf r/3 2 

[4929?] —~r • a a’ lit . a a1 [4865] 

consequently, the function [49291] is of the sixth order ; and, by neglecting terms of the 

seventh order, we may substitute the value of V [4929/r], in [49291] ; by which means it 

becomes as in third line of [4931]. 

* (2828) In computing the value of the function [4931], we shall retain terms of the fifth 

[4931a] order in e, d, y, also, in the coefficient of cos.cv, we shall retain the factor 1 —id2. 

[49316] In the terms depending on the angles 2gv—cv, v—mv, v—mvdtdmv, we shall retain terms 
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The development of these terms, observing, that c is nearly equal 

of the sixth order ; observing, that the divisors, arising from the integration, 2g—2-f-2to, 

2c—2-J-2to, which occur in the terms depending on JÎtJm [4934], are of the 

order m ; so that, independent of these divisors, these terms must be taken to include 

quantities of the sixth order. 

We shall first compute the term 

12 m' ~ u'3.dv 

ft2.a * J m4 
. sin.(2 v—2v') [4931]. 

To obtain this, we shall take the differential of the equation [4885], and then multiply it by 
2 . 

— j neglecting such terms as we have usually done, and using the abridged notation 

[4821/] ; hence we get, 

6m! u"3.dv . sm.(2c_2t) 6 rn 
=-.dv. 

a,a 

\ 1—§ e'2). sin. ( 2 v—2 mv ) 

—2(1+to).(1—4e/2).e.sin.(2v—2m«—cv) 

—2( 1—to) . ( 1 —£ d ~) x .sin. (2 v—2to v-\-c v) 

+J d. sin. (2 «—2 to v—c'm v) 

+ e'. sin.(2 v—2tov+c'tov) 

\—£ (2+3 to) . e eh sin. (2u—2to v—cv—c'tov)i 

I—£ (2—3to) . ee'. sin.(2v—2tov+cv—c'tov) 

+| (2+m) . ee'.sin.(2v—2mv—cv+c'mv) 

—to) . ec'.sin.(2v—2tov+cv+c'tov) 

+ (10-j-19 to) .e3. sin. (2 c v—2 v+2 to v) 

+1(10—19TO).e2.sin.(2cv+2v—2tov) 

—ï(2+to) .y2.sin.(2gv—2u+ 2mv) 

+ £(2—to) ./2.sirU(2(g,v+2 v—2mv) 

+-+. d3. sin. (2 v—2tov—2c'm v) 

\—\ (5+to) .ey2.sin.(2v—2mv—2gv+cv) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Il2 

13 

14 

15 

This is to be multiplied by the expression of - [4884], to obtain the value of the function 

in the first member of [49317c]. By this means, the product of the factors, without the 

braces, becomes, 2 
~ -dv, as in [493lit] ; 

and the products of the terms, between the braces, are found as in the following table ; in 

which, the first column contains the terms of [4884] ; the second, those of [4931g] ; and the 

third, those of [4931&], respectively ; 

[4932] 

[4931c] 

[4931c?] 

[4931e] 

[4931/] 

[4931g-] 

[4931ft] 
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[4933] 

[4931»] 

[4931&] 

[4931/] 

to 1 OT8, and, that g is very nearly equal to l-bf-m3 [4823c], is, 

(Col. 1.) (Col. 2.) (Col. 3.) 

Terras of [4884J. Terms of [4931g]. Products, or terms of [4931&]. 

_ Ie2 

—e.cos.cy 

whole of [4931g-] 

same 

(1—^e/9).sin.(2v—2 mv) 

-2(l-[-î?i)e.sin(2y-2niv-cp) 

-2( l-m)e.sin{2v-2mv + cv} 

-[-Je'.sin (2v—2mv—c'mv) 

-e(-he2-]-y2)cos.cy 

-j-]-e2.cos.2cy 

-]-j^2.cos.2g-y 

—ie'.sin.(2y—2 mv-[-c'mv) 

whole of [49-3 Ig-] 

-)-sin.(2y—2my) 

-]-sin.(2y—2 mv) 

-2( 1 -(-m)e.sin(2y-2/ny-cy ) 

-2( 1-m) e.sin( 2y-2 mv-\-cv) 

whole function [4931g-] between the braces 

. .. .neglected 

—^e.(l—^-e'2). £ sin.(2y—2f):y-f-cy)-f-sin.(2r—2mv—cv)} 

~ ( 1—(—//i ).e2.s i n .(2cy—2y-[-2mv )-(-& c. 

-[-(1—m).e2.sin [2cv-\-2v—2mv)—&c. 

—jee'.]sin.(2y—2 mv-\-cv—c'?ny)-|-sin.(2y—2mv—cv—c'mv)| 

-j-^ee'. [ sin.(2y—2my-|-cy-(-c'my)-(-sin.(2y—2mv—cv-\~c'mv) j 

. . . .neglected 

-f-^e2. [ sin.(2cy-)-2y—2 mv)—sin.(2cr—2v-\-2mv) [ 

-j-sb2.1 sin,(2g-r-j-2i>—2 mv)—sin.(2g-y—2y-|-2mv)} 

—^e/2.(l-\-m) sin,(2y—2mv-{-2gv—cv)—&c. 

— ^e>2.(l—wi).sin.(2y—2 mv—2gv-\-cv)—&c. 

Substituting, in the third column of this table, the value of its first line, which is equal to the 

terms between the braces in [4931g] ; and then connecting together the terms of the same 

forms, it becomes equal to the terms between the braces in the second member of [493lit] ; 

and the external factor is as in [4931A] ; hence we get. by retaining terms of the usual forms 

and orders, 

12m' u'3iw 1 

iKë' u‘ 
-.sin.(2a—2v)=^^-. dv. 
u v ' a 

(1—fe'2).sin.(2p—2 m v) 

—(f+2 m) (1—f e/2).e.sin.(2 v—2m v—cv) 

—(§—2 m).( 1—Je'2).e.sin.(2v—2mv-f-cv) 

-\-%d.s\n.(Êv—2 mv—c'mv) 

—\ e'.sin.(2v—2mv-\-dmv) 

—| (|-{-3 m).ee'. sin.(2 v—2mv—c v—dmv) 

——3 m).td. sin. (2 r—2 m v-\-cv—c'mv) 

—J—2 {%-\-m).ed.sin.(2 v—2 m v—c v-\-c'm v) 

-j-| (5-—m).ed. sin.(2 v—2 mv-\-c v-\-c'm v) 

—^ ( 15—j—23 /?i).e2. sin. (2 c v—2v-\-2mv) 

-j-j(15—23 wz).e2.sin.(2cy-j-2y—2mv) 

—^(§-[-m).}'2.sin (2gv—2y-j-2?ny) 

(f—m) 72.sin (2gy-(-2y—2 mv) 

-{—V7'e'2- sin.(2 v—2 m v—2 dm v) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

This is to be multiplied by a Su [4204], and then integrated, to obtain the value of the term 

[4931c]. Now, if we suppose any term of a Su to be represented, as in [4918!], by 

ou=k.cos.iv ; and any term of the second member of [493lit], by -.dv.Jc sin.i'v a 



VII. i. § 8.] DEVELOPMENT OF THE DIFFERENTIAL EQUATION IN w.] 441 

3 m 
..(4.(1— mf—|e'2) 

+ < 

4^.(1—m) 

q~2 f7p(2—2m-c)2 . m { , ,9 , Ç 1-f-w . 1— m ) 

^1l6\e,a+7^1l7).e'a 

2 

3 m / _2 A ( 7 1 
-— . ( 4 .1—m—1 ) .4° • 

a 

6 m 

4a 2—3m 2— m 

3 m 

4a,.(1—m) 
2 

3 m 

. 14“-1)-43>+(tâi-i).^4’ | 

—f .Sÿ.cf+c«>-q‘«>} 

(l-fe'2) .cos(cv-to) 

3 

4 

5 

6 

7 

.e'.cos .(c'mv—to') 

6 m A{8) 
--—--.e e'.cos.(2 v—2mv—c v—c'mv-{-^4-^) 
ar{ 2—3 m—c) ' 

2 

0 1YI **$}^ 

———:—-.ee'. cos.(2?;—2 mv—cv+c’mv-f-w—to') 
a,. (2—m—c) v y 

the product of these two terms will be represented by 

6 m 

a. 
.dv.JcJc1 .\$\n.(i'v—iA)-j-sin.(tV-f-w)}. 

8 

Jfia V u* 

all of which have the common factor 

Its integral gives the corresponding term of [493le] ; namely, 

12m' ru'3.dv Su . 6m~ ( kk' kk' •) 

v ..4 * 2v)— —} —-—..cos.(ii;—iv) — ——..cos.f^-f-*^) t ; 
u a, (. i—i K K 1 ' ) ’ 

2 
6 m 
— , and the terms between the braces ; namely, 

kk' k k' 
——..cos.^A-j-fe), are computed in the following table; in which, 

the first column represents the terms of aôu; the second, the terms of [493 lfc]; and the third, 

the terms of the function [493lo] : the operation being performed for each term separately, 

putting c and g equal to unity, in several of the small coefficients. When i'=i, the first 

teim of [4931m] vanishes, and the function [4931o] is reduced to its second term 
kk' 
ÔF'Cos.2iu. This case occurs in the first line of [493 ly>], which is reduced to a term, 

depending on the angle 4v—4mv, that may be neglected. 

Ill 

[4934] 

Develop¬ 
ment of 
the varia- 
tion[493I], 

[4931m] 

[4931»] 

[4931o] 

[4931 o'] 
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[4934] 

Continued- 

Develop¬ 
ment of 
the first 
term of 
the fune- 
tion[4931]' 

[4931p] 

THEORY OF THE MOON ; [Méc. CéL 

6 in 
—-,-. ee'.cos .(cv—dm v— 
ar[C-771 y 

10 

(Col. 1.) Terms ofa^tt [4994]. 

A [®).cos.(2c—2mv) À 

A ^.e.cos.(2o—2mv—cv) 

A ''“'.e.cos.(2c—277ic+ec) 
2 

A%). e'.cos.(2e—Sîmv-\-c'mv) 

A ^\e'.cos.(2b—3mv—c'mv) 
2 

A ^\e' .coa.c'mv 
2 

A ^\ee'.cos.(2v—2mv—cv-j-c'v 

A ^.ee'.cos.(2c—2mv—cv—c'mv) 

H ee'.cos.(cc+c'tot;) 

/? ('\r.e'.cos.(cv—c'mv) 

& ^®).e®.cos.2cw 

4(n). c~.cos.(2cv—2v-\-2mv) 

A .y".cos.2gv 

A ^.■) 2.cos.(2n-7;—2v+2to7?) 

A ('^,e''.cos.2c'mu 
2 

A ^,0) e>~.cus.(2,o-c—cc) 

A 9G\eT2.cos.(2»—2mu—2otj-|-C77) 

A , .COS. (77— 777C) 
1 «' 

A . e'. cos. (v—m7)4-c’mv) 
0 a' 

. (19) a , . , . 
A: '.~.e .cos. u—mv—cmv) la ' 
\ - ,eos.(3c—3mc) 2 a1' ' 

(Col. 2.) Terms of [4931 A]. 

(l—A. e’’’). sin .(2»—2mv) 

second term 

third term 

+A.e'.sin.(2c —2 77777—c'mv) 

—i.e .sin.(2b—2mv-\-c'mv) 

(1—yr‘e'~^) ■s’n- —277177) 

+-/-.e'.sin. (2);—2/it?;—c'mv) £ 
—i.e'.sin. (2t;—2mv-\-c'nrc) 2 

35 —_L.. ee'. sin. (2v—2m v—cv—c'mv) 
4 v 

-j-A.ee'.sin. (2»—2mv—Et+e'mc) 

“tC —2c+27;ic) 

( 1—.Siu.(27)—277(77) 

sin. (2?;—2//(77 ) 

sin.(2o—277177) 

sin. (2(7—2/7(7;) 

Sill.(2c—27770 ) 

—.5-. e. sin. (2/;—2(777;—ec) 

— [.e'.sin. (2t;—2777o-t-c'77tc) 

sin.(2c—2mv) 

— |-.e.sin.( 2 c —2 raw—c o) 

-]■/-.s'.sin.(2/7—2/7777—c'mv) 

sin. (2»;—2mv) 

sin. (2 c—2mv) 

sin. (2 c—2777c ) 

sin. (2?;—2mv) 

sin.(2i7—2(7ic) 

—Â.e.sïn.(2»—2/7177—cv) 

[terms of 4931 A] 

sin.(2?;—2mv) 

sin.(277-2/7771) 

Sin. (277—277177) 

+X.e'.sin. (2 c—2mv—c'mv) 

—-L. e'.sin. (2c—2mv-\-c'mv) 

sin. (2c—2mv) 

—-i-.e.si n. (2 c—2mv-j-c'mv) 

sin. (2c—S/ric) 

sin.(2c—2/»c) 

(Col. 3.) Factors of [4931?;]. 

. . .neglected 

(—5 —S?»). (l—-|-.e'2). A^Ke.cos.cv 

(+-|—, ( |—;5..vS^-A^-e.C0S.c7t 

-h-^-'A^.- .cos.c'/7(c 

+-[. Ad ). - . cos. c '77177 
2 -s 777 

—'*• ('—^•e'2^-cos.c« 

— | '1 '. ~--m.cos.(cv—c'mv) 

Jr'h'A[l) -^tm-cns‘ (£»+e'"ra) 
_35 ^ ( I ) e2e' , 
—t—'•— .cos.cmv 1 m 

—^ • ~ -cos.cVc ' 1 in 
(+-jj—(-4-.77/^ .A ^1 ).e> 2.cos.(2o-c—cv) 

+^2>,(l-|. e^.cos.cu 

-cos.c'mv 
2 m 

77(4) el 
—A' , - .COS.CWC 

2 771 

. . . .neglected 

-A ( , —— cos. ( cv—c'mv) 
] c—?/! v ' 

c (fit ()2p' 
-A j?' —'-.cos.c'mv 

2 1 TO 

4-1 .ec'^-cos.cc 
~ 2 ’* 1 

_') .J-'A .cos.(cc-f-c'mc) 
1 C+777 

/ p .cos.c'wc 
~2 1 to 
—Z-.A^^.ec1^-cos.cv 2 1 

re' 

—^2 

(8)_ 
1 2— 3to—c 
(9). 

2 —771—C 

_• 
2 2(7-2+27» 

. . . .negleclod 

+^02)._YL_. 
2 2.e—2+2//1 

-f-][..9j''^£'3.2.cos.(2n-c—c;;) 

. . . .neglected 

F) 2 

.cos. (2ce—2c-j-2?«c ) 

,cos. (2n-/;—2/7+2/77'c) 

All these 
terms have 

, the com¬ 
mon factor 

_ 2 
6 in 

_cos. (2;;—2mv—cv—c'mv ) 

.cos. (2c—2mv—cc-j-c'mc) 

-if?5). COS. (2c—27777?—2o-C+CC) 
0 *2—2to—2g+c 

—Aj1 • ey^-cos. (2gv—cv) 

JIT) a i , . 
1 a i—m ' ' 

—i-A\17) —.cos.(c—mv—c'mv) 
2 1 l—2»i a 1 

1 ’ ).e'.^,.co3.(c—mv+c'mv) 

-aO8).0-,.-d— .cos.O’—m1—c'mu ) 0 i—2m y 
,.(18) a 

+A0 'à"ü^Z^-KOS-^—mv) 

~19’ *+-fi -COS-(f—77777+e'77lc) 

3 

4 

5 

6 

7 

3 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 
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6 m 
. \ Mj7)—±A(A ].ee'. cos. (c v+c'm v—&—A) 

aAc~\~m) 
2 

6 m /J60) 
H-7-—-„2—• e2* cos. (2 cv—'2 v+2mv—2®) 

a,. (2c—2 v ' 

+ —;ô_—ct , o v»/• cos. (2^-Î?—2?;-f2»ïv—20) 
a ̂ (2^-—2-f2m) 

11 

12 

[4934] 

13 Continued. 

+ — .{2M(113)—M[16)4--^.^[1)J.e72.cos.(2gy—cv—24+^) 
a. 

6 m. A^ 

a % 2m 2^-j-c) *e^9*cos*v ^m v—VACv-}-24— 

2 a 

3 m 

ï7wÏ'{C^+3w*)-^l7)—2^,8).e/2—£.[1—(1—m)2].^}.-, cos.(î>—wd) 16 
/ \ J CL 

H-*\AJ17) — 2 MJ'9)}. — .e'.cos.(v—mv-\-c'mv—B) 
Cl, a. v y 

2 

6 77i 
~('l_2m) * Mo'8)+ ! A,7) ] • • e>- COS.(v-roî)-c'wi)+0). 

14 

15 
Continua¬ 
tion of 
the devel¬ 
opment of 
the func- 
tion[4931J 

cos.(î)—m v) 16 

17 

18 

We may remark, that the sum of the terms in lines 2, 3, is reduced to 
[4931jt>] 

—4m.(l— £e'2).«Æ,0)ecos.cü ; (38) continued. 
• • e/ 

the sum of those, in lines 4, 5, to àAf1.cos.c'mt? ; and the sum of those, in lines 9, 10, 
m 

eV (39) 
to lO^/L -—-.cos. dm v. Moreover, the term neglected in line 25, of the form 

—■A1(ll\-~.cos.(2cv—2ss), will be used hereafter in a different calculation ; also, the term [4931^] 

2 
6 ? it 
—-lAl°-Ke*.cos.2cv, arising from the combination of [4904] line % with the first term in [4931,.] 

line 3 [49317c]. 

The function [493lp] is also multiplied by £y2.cos.(2g-t?—24), in [4931] ; but the 

only term of [4931p], which requires any notice, is — A[[).e.cos.cv, in line 6 ; because the 

product of these two terms produces a quantity, depending on the angle 2gv—cv, of the 

following form ; 

12 m’ 

Ada 
.fy2.cos. (2gv—2ô)./ 

u'S.dv 

" M* 
— .sin.(2c—2c')=——'• ^ .AA.ey2. cos.(2gv-cv) 

[4931s] 

[493H] 

Second 
term of 
the func- 
tion[4931] 

[4931m] 
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[4935] 

[4931w] 

[4981ur] 

[493 lx] 

[49317/] 

[493 lz] 

Third 
terra of 
the func¬ 
tion [4931], 

[4932a] 

[49326] 

[49326'] 

[4932c] 

[4932c'] 

We must observe, that C<6).sin.(2tt—2vm) is the inequality depending on 

The next term of [4931] is ______ j'^.Mfl'.cos.(2fl—2v') ; which is of the 

order or m [4922r?,e], in comparison with the terms produced by a Su in 

[4931p]; and, as this last function may be considered as of the fourth order, that in [493H] 

may be supposed of the fifth or a higher order, in all the angles which require any notice ; 

so that it will only be necessary to retain the terms depending on the angles, whose 

coefficients increase considerably by integration ; as cv, 2gv—cv, v—mv. These are 

produced by the terms of a Su [4904], depending on A[U); which give, by the 

process in [4916. 4917], the following terms of Sv' ; namely, 

Sv' = — 2m.A1a)e. sin.(2t'—2mv—cv)—2m.Af\-rsva.(v—mv). 

Now, if we multiply —f.Sv'.dv by the first member of [4910/ir], and prefix the sign f, it 

produces the term [493 lu]. Performing the same operation on the second member of 

[4910A*], we find, that it becomes, 

2 0 — 

— .y [ Sv'. dv X terms between the braces in [4910lc\ ]. 

The first term of Sv' [4931x], being combined with the first line of [4910&], neglecting e2, 

produces the term [4932a] line 1; the same term, combined with |72.cos.(2gv—2v-f2mv) 

[4910Æ] line 12, gives [4932a] line 2. The second term of [493lx], being combined with 

the first of [4910A;], produces [4932a] line 3 ; hence we have, 

—m.Afihefi 1—Je'2).cos.cv j 

.efi.cos.(2gv—cv) \ g 

.A'f\—..cos,(v—mv) A \ J 

—./ — .|5u'.cos .(2o_2?/): 
Ifrl J 2 V J 

6 m 

a. m 

-m 

These terms are the most important ones of those depending on Sv', and they are only of 

the fifth or sixth order; therefore, it will not be necessary to notice the terms arising from the 

multiplication of these by the factor fy2.cos.2gv [4931]. 

-, fddSu . \ r3m'.u'3. dv 
The next terms of |_4931J are —(——f-owl. J —Jfifi—• sin.(2u—2v ); which 

will evidently be obtained, by multiplying the function [48S5], by the factor ('M)* 

Now, any term of aSu [4904,4912], being represented by a Su = h. cos. (it f-s), the 

k 
corresponding term of this factor will be —-.(i2—l).cos.(i£-j-s) ; and the product of 

the terms of this kind, by the corresponding ones in [4885], are computed in the following 

table ; putting c=l, g=l, in some of the small terms; but, in the term depending on 
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sm.(2v—2mv), in the expression of the moon’s mean longitude in terms of 

the angle 2gv—cv [4932/line 7], we must use c= 1—§ m3, g=l+fm2 [4932,4933], 

which give, very nearly, 

(2-f-m).y3 —(2—|—m)-7-2 y3 /l+£m\  (1—xm).y2 __ 

4.(2g—2+2 m) 4.(2m+fm2) 4m \l+|m/ 4m 
ry& 

by which means the coefficient of the term, in col. 2,line 7 [4932/], becomes — (l-pw).-A-. 

Moreover, the f.ictor —(i2—l).fr [4932c'] becomes, in this case, by neglecting m3, 

—[ (2-2»?-c)2-l ] —[ (l~2m+Jm2)2-1 \ .A1(l)e—(4m-lni3).Al0)e=4m(l-lm)A[l'>e. 
M _lm\y% 

Multiplying this by the factor-~-- [4932e], we get —(1—2m).A^\ey3 for the 

factor of cos.(2gv—cv), in line 7 [4932/]. 

(Col. 1.) 

Terras of aôu [4904]. 

cos. (2a—2 m v ) 

(Col. 2.) (Col. 3.) 

Terms of [4885]. Corresponding terms of the function [49326']. 

A'ÿe.cos.fôv—2 mv—cv 

^2 )e.cos. (2a—2/na+ca) 

.+3V.cos (2a-2//2a-fc'ma ) 

«#24)e'.cos(2a~2/na-c'/na) 

^3i13^2.cos(2<ga-2a+2/raa) 

^17).-,.cos.(a—mv) 

(Ly) 
2—2m 

-2(1 .pn) 

2-2m-c 

cos.(2a-2ma) 

These terms have the factor — 

2(1—m) 

e.cos(2a—2mv—cv) + [4(1—m)3—I} • e.cos.ca 

2(1-m) ,0 0 , 
-.e.cos(2a —2ma-j-ca) 

2-2 m+c 

7e' 

2(2-'3m) 

2(2-m) 

(H/2) 

2-2m 

cos(2a—2 nw-c'mv) 

.cos.(2a-2 Bwyc'm®) 

.cos. (2 a—2ma) 

--cos(2g-a-2a-f-2tna ) 
4(2 o--24 2m) 

(1+e2) 

2—2m 

1 

cos.(2a—2m>) 

2—2 m 

I 

.cos. (2a—2ma) 

.cos. (2a—2?na) 
2—2m 

—2e.cos.(2a— 2mv—cv) 

'2^2^‘COS-(2v~2mv) 

+.-.cos.(3a—3ma) +a__^ cos, (2 a—2 ma) 

112 

2-2 m-c 

1 

2 

+ [4(1 —m)2—1} e.cos.ca 3 
/w /R j C 

— [4( 1—m)3— 1 ] .'Âfpe'.çùë.c'mv 4 

+ [4(1—m)3—1 /î/e'.cos x'mv 5 

cos.cv 6 

(1—Qm).JÎ[])ey3.cos.(2gf—ca) 7 

2(2-m) 

- [ (^r ] 

:»za 

-4(1—Je'2) .•Æ+e.cos.ca nearly 

- [ ] •■^V.cos.cW 

- ++/ 1 •A'V.cos.ct (. 2(1—m) ) 2 

—2./2113+2.cos.(2<ga—ca) 

+ \ 1J! \ A (17).~.cos.(v—mv) 12 
(, 2(1—m) ) a 

f 1—9.(1—m)9 > a 

+ l a—2m ( 13 

8 

9 

10 

11 

[4936] 

[4932/ 

[4932a!'] 

[4932e] 

[4932e'] 

Develop¬ 
ment of 
the fourth 
term of 
the fnnc- 
1 ion(4931 | 

[4932/] 

VOL. III. 
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[49;J6'] jts true longitude [5095]. 

[4932g:] 

The last term of the function [4931] is, 

9 ml „u'2.5u' 

A2, a J u4 
.dv. sin.(2-y—2F). 

[4932/’] ^ develop itj we have, by retaining only the first power of e', a'u'= l-j-e'.cos.cV 

[4833], whose variation is a'ôu'=—ce'. dv'. sin.cV=—eW.sin .c'mv, nearly; and, by 

substituting the value of Sv' [4931a;], we find, that Su' is of the fourth order; consequently, 

[4932i] the expression [4932g-] is composed of terms of the sixth and higher orders ; and, as the 

integration, in [4932g-], does not have the effect to increase essentially these terms of the 

sixth order, the whole expression may be neglected. 

[4932Æ] 

[4932Z] 

We have thus computed all the terms of the function [4931]. Nothing now remains, but 

to connect together the terms which depend on the same angles, as they are found in the 

functions [493Ip, u, 4932a,/]. The sum of these four functions ought to be equal to the 

development of the expression given in [4934], neglecting, for a moment, the consideration 

of the terms depending on C [4935, &c.], which will be noticed in [4937a, Sic.]. In 

finding the sums of these coefficients, it will be necessary to make some slight alterations, to 

reduce them to the forms adopted by the author in [4934]. This will be done in the 

remainder of this note. 

[4932m] 
First. The term in [4932/line 1], which is independent of any angle, corresponds to 

[4934 line 1], without any reduction. 
2 

Second. The second term of [4934] has the factor 
3 m 

a, 

e.(l—Je'2) .cos. (cv—/) 

common to all its terms ; and the terms by which this factor is multiplied, in the functions 

which we have mentioned in [4932fr], are collected in the following table, in the order in 

which they occur, without any reduction, except, that the two terms [4931p lines 2,3], are 

reduced to one in line 38. 

[493lp] lines 38,6,12,18,21 

[4932a] line 1 

[4932n] 

[4932/] lines 2,3 

[4932/] lines 6, 8 

2AP—Af\e'*+7Af.e'* 

-j-2 m.A'f 

4^ 

1 

2 

3 

4 

The coefficient of A'f, in this table, is 

n , (2—2m—c)2—1 7—8m?+(2—2m—c)2 

[4932o] 2-f2mH ~ 4.(1 -m) 

and, by neglecting the term m2, in the numerator, which produces only terms of the sixth 
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<72(9).e'.sin.(2 v—2 mvfc'mv—to') and (/,I0).e'.sin.(2 v—2 mv—c'mvf-J) [4937] 

order in [4934], which are usually rejected, it becomes equal to the coefficient of Af, in 

[4934 line 2]. We may also omit the term 8m.Af [4932w line 1], which is of the same 

order; and then, the remaining terms, connected with A'f, in line 3, are the same as in 

[4934 line 2]. The terms depending on Æf'* [4932n lines 1,4], mutually destroy each 

other. The remaining terms, depending on Af, are as in [4934 line 3], 

Third. The third term of [4934] has the factor e'.cos.{c'mv—to') common to all the 

terms. The coefficients of this factor, in the functions mentioned in [4932fc], are given in 

[4932s], in the order in which they occur ; observing that the two terms in [4931/? lines 4, 5], 

as well as those in lines 9,10, are reduced to one in [493lp line 39]. Moreover, the terms 

of [493Ip], depending on the angle c'mv—to', have the divisor m, which is introduced 
2 0— 

by the integration ; and they have also the common factor —- ; so that they are all 
«V 

multiplied by 
2 

6 m 

arm 

neglecting the term 

Hence the factor of 

following table ; 

Om, Sm3 6m 
-= —— [5094] ; or — nearly ; 

a..m 

3m3 
a~’ w 11C“ produces only terms of the sixth order in [4934] 

e'.cos.[cmv to) becomes, without any other reduction, as in the 

[4932g] 

[4932r] 

[493 lp] lines 39, 13,14, 17, 20 

[4932/] lines 4, 5 

[4932/] lines 9,10 

6m 
7 • H^0)—lOAf.^f-A.p—A(f-%Af\e*+ §A?\e*\ 

3 m 

Ï-I4 

_2 

'4a,.(1 -m) ' 1(2— m iy^é3)+{2 — 3nî—l)*.Ag)\ 

By altering a little the arrangement of the terms in the first line of this table, it becomes as 

in [4934 line 4] ; the second and third lines of the table, correspond respectively to [4934] 

lines 5, 6. The terms relative to C, in [4934 line 7], are discussed in the next note. 

[4932s] 

[4932*] 

Fourth. The eighth and ninth lines of [4934], correspond to [4931p lines 22, 23], 

respectively. The tenth line of [4934], depends on [4931p lines 7,16]. The eleventh [4932m] 

line of [4934] depends on [4931/; lines 8,19]. The twelfth and thirteenth lines of [4934], 

correspond, respectively, to [4931p lines 24, 26]. 
2 

Fifth. The factors of —• . ey“.cos.(2'gv—cv), in the functions mentioned in [4932&], 

are contained in the following table; 
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[493?7] *are the inequalities depending on the angles 2v—2mv-\-c'm v—-A and 

[4951140 

[4932/ 

[493 Ip] lines 11, 27, 30 

[4931m] 

[4932a] line 2 

[4932/] lines 7, II 

Sum = 

-W* 

1 

2 

3 

4 

This sum agrees with the coefficient in [4934 line 14], except in the term depending on 

A[l\ which is instead of The difference is of the seventh order only, 

and is but of little importance, producing only terms of the fifth order, after integration, in 

[4847]. This discrepancy appears to have arisen from putting g =1, c=l, in the 

[4932t/ calculation [4932e,V], instead of the values [4932,4933]. For, by using g=l, the 

factor [49324',e] becomes (H~^ m), anc| tj10 factor [4932e'] is 

— [(2—2m—c)2—1} = —l (1—2m)2—1 ] = 4m—4m2 = 4m.(1—m). 

The product of these two factors is nearly equal to —(1—im), instead of —(1—2m) 

[4932?/ [4932/ line 7]. Hence, the coefficient of m is decreased to one quarter part of its 

former value, and the term ^ni.A[l] [4932/, will be decreased in the same ratio, so as to 

become -m.A^ ; by which means, the sum of all these terms \m.A^ [4932«], is 

reduced to \m.A/, as in [4934 line 14]. 

Sixth. The term in [4934 line 15], corresponds to that in [493Ip line 29]. The 
_2 

factors of —--—-. — . Cos. (v — mv), in the functions mentioned in [49 327/, are 
2a,.(I—?/ a' 

contained in the following table. The sum of these factors corresponds to that in [4934] 

line 16, neglecting terms of the order m?.A^7)* 

[4932/ 

[493 lp] lines 31, 35, 37 

[4932a] 

[4932/] lines 12,13 

-f 4^-2.4/V2—4/ 

-j-4 m.A[l7) 

—I \ 1—(l—m/M/) ~-^2- \ i—f(l—?n)2 

Sum = (4+3m).,/1?)—2^18he'2—f>2. j 1—(1-m)21. 

Seventh. The terms in [4934 line 17], correspond to those in [493Ip lines 33, 36] ; and 

[4932y] the terms of [4934 line 18], correspond to [493lp lines 32, 34]. Hence it appears, that 

all the terms we have computed, agree with those in [4934]. 

* (2S29) If we compare the value of nt-\-s [4828] heretofore used, with the form 

[4937a] finally adopted in [5095], we shall find, that the terms depending on Cf}, C\‘\ &c... Cf°\ 

[49376] k&ve been neglected ; and, if we put C for the sum of these terms, we must add C to the 

value of nt-f-s [4828], which will introduce in the second member of [4836] the term 
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2v—2mv—c'mv-f-vf, in the same expression. We may also observe, that 

the term, 

Cm ; and the same quantity in the second member of [4837] ; and we shall represent this 

increment of v', by the expression Sv'= Cm. Substituting this in a'Su' [4932/r], we 

get a'Su'==—Cme'.sin.c'mv. Now, if we select the chief terms of [4910,4931], depending 

on Sv', Su', they will become 

2m'. vP . , . f 12 m' p u'^.dv ± . 9m' pv!K8v/ 
^<V.sm.(2c —.J cos.(2v-2v')- — .f -^-.dv. sm.(2v-2v'). 

ft2. m3 ul m UH 

We have neglected the last term of [4924], depending on Sv1, because it is multiplied by 
fju 
—, which is of the order e [4878] ; so that this will be of the same order as the product 

U 

of the first term of [4937e] by e, which, as we shall soon see, may be neglected [4937ft;]. 

Now, substituting the values of ôv', Su' [4937c, cT], in [4937e], it becomes, by merely 

altering the arrangement of each of the terms, so as to bring them under the forms we have 

already computed, 

3 m'. u'3 
■sin. (2 c—2u') | .2Cm-j- . f - ^--.cds:.(2v—2c').f Cm 

,9 m' r u. me' 
~T Tr, • J — .dv.sm.(2v—2r ). —. C.sin.c'mc. 

hA.n 1/.4 ' 'a 

The value of C, to be substituted in this expression, is easily deduced from [5095,4937ft], 

and is represented by 

C= C'f. sin.(2r—2mc)-j-C'l7).e.sin.(2c—2m,v—cv)-{-Cf\e.sm.(2v~ 2mv-\-cv) 

-f- C'i\e'. sin. (2c-2mv-\~c'mv) -j- C(™\e'. sin. (2c—2 mv—c'mv) 

-|-C(211).e'.sin.c,mc+&c. . . .-f C<l9b ^.cos.(c—?nc)-j-&c. 

If we multiply together the two functions [4876e, 4937ft], and the product by 2m, we 

shall get the first term of the function [4937g-]. These terms of this product are of the 

fifth and higher orders ; so that it will only be necessary to retain those which depend on the 

angles cv, v—mv. These terms are found by multiplying the first term of [4876e], 
2 

3#ï 
namely, L-.sin.(2«—2mv), by the terms of 2mC [4937ft] depending on Ctm, C*U9). 

from which we get, 

£ 3 m'.u'3 

l 2!&.u3 

_2 

•sin.(2r 2v') | .2Cm = — . ^ %me.Op.cos.cv^m.-.C^bcos.(i-mc) | ; 

in which we have neglected some terms of the sixth order, depending: on C (6\ and on the 
angle cv. 

[4937"] 

[4937c] 

[4937d] 

[4937e] 

[4937/3 

[4937g-] 

[4937ft] 

[4937i] 

[4937ft] 

VOL. III. 113 
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[4938] 

[4937Z] 

[4937m] 

[4937n] 

[4937o] 

[4937jp] 

—. {4 A20)-j-A(23)—A(24)j.e'. cos .(c'mv—™'), 
a. 

The next term of [4937g] is found by multiplying together the functions [4910k,4937A], 

and the product by —fm.dv ; and then integrating the result ; as in the following table ; 

Terms of [4937A]. 

-f- Cf\sm.(2v—2mv) 

-f- Cf\e. sin. (2??—2mv—cv) 

-f- CjfV.sin.(2t;—2mv-\-c'mv) 

-|- C(210V.sin (2v—2mv— c'mv) 

_j_ Ç(19b-Sin. (v—mv) 

Terms of [4910&]. 

-fcos.(2v—2mv) 

—2e.cos.(2v—2mv—cv) 

—2e.cos.(2u—2mv~\-cv) 

-f- l-e'-cos^t’—2 mv—c'mv) 

— | e'.cos.(2v—2mv-\-cmv) 

-j-cos. (2v—2 mv) 

-f-cos.(2v—2 mv) 

-{-cos. (2v—2 mv) 

-{-cos.(2u—2 mv) 

Terms of [4934]. 9 

These terms have the factor 1—• • 
CL. 

. . . .neglected 1 

-\-%Cf\me.cos.cv 2 

—2 Cf*.1,me. cos. cv 3 

—JOphe'.icos. dmv 4 

—\ C^.e'.cos.c'mv 5 

-j-C^.me.cos.cv 6 

— Cf\e'. cos. dmv 7 

-}-C'[10).e'.cos.cW g 

-J-Ciphm.-^cos.^—mv). 9 

The last term of [4937g] being very small, we may substitute in it the values 

%=-; u'—-.i v'=mv : h2=a. [4921a—c] ; 
a a 

by which means it becomes, 

9m'. a3 

aJHP 
.me', f dv.sin. (2v—2mv) .sin.c'mv X C ; 

and, by using [4865], it may be reduced to the form, 

9 m 

2a. 
. me'.fCdv.\cos.{2v—2 mv—c'mv)—cos.(2î;—2mv-\-c'mv)\. 

Now, substituting the value of C [4937/t], it produces terms of the sixth order, before 

integration ; and some of them may be reduced to the fifth, after integration, if they be 

connected with the angle c'mv ; we shall, therefore, retain this angle only. These terms 

are found, by substituting, in [4937o], the part of C [4937A] represented by 

C[G).sin.(2y—2mv). Combining this with each of the terms of [4937o], it produces a term, 

f^dv.sm.c'mv = ——.cos.dmv ; so that both terms, taken together, produce the following 

expression ; 

me 9 m /.w ^ 7 * f c. ci ”l/v ri • t 
-, / —.dv.sm.(2v—2v .C.sm.cmv 
a J w4 v a 1$. 

3m 

a. 
. {—§ Cf\e'. cos. c'mv }, [4937?] 
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appears to be of the order m4, which would produce a quantity of the 

order m3, in the expression of the moon’s mean longitude ; but this term 

is, in fact, only of the order m5. For, wTe shall see, by means of the values 

of 4°\ Af\ JW* [5157,5160,5161], that the function 440)+43)~4(4) 

is of the order m3 ; which produces, in the expression of the mean 

longitude, a term of the order m4 only. We shall, however, retain it 

here, because we have imposed on ourselves the condition of including terms 

of that order, in the calculation of the terms of the third order. 

For this reason, it is indispensable, in the development of 

3m'.u 

A2 

v! 3. dv 

v. 
. sin. (2v—2v') 

to carry on the approximation to terms of the order Stt? ; 
obtain the term,f 

hence we 

Connecting together the quantities contained in [4937&, m,q], we get the terms of the function 
2 

Sjiï 
[4937e] depending on C. The coefficients of —.C^.e'.cos.cW, in [4937m lines 4,5], 

a/ 

and in [4937®], being connected together, become, 

—-f-—4 ■—f = —p, as in [4934 line 7] ; 

and the terms in the same line, corresponding to Cf\ Cpo), agree with those in [4937m] 

lines 7,8. The term depending on Cf] [4937m lines 2, 3], mutually destroy each other. 

The quantities we have mentioned include all the terms retained by the author ; who has 

not noticed those in [4937A], and in lines 6, 9 of [4937m], whose sum is 
2 

".m. ^ C[7). e.cos.cv-f-Cf9b^.cos.(y-mv) | . 

These neglected terms are of the fifth or sixth order, increasing also by the integration in 

[4847] ; and are of the same orders as the terms which are usually retained with these 

angles ; but, as we did not wish to alter the numerical calculations of the author, we have 

not introduced them into [4934]. 

* (2830) These values are nearly represented by .-32(0)= 0,0071, *#2(3 ——0,0030, 

*#24) = 0,0285 ; whence, 4^0)-f-^3)—S4)=—0,003, nearly. This is less than m2 

[5117], but can hardly be called of the order m3, as in [4939'] ; however, as it is 

multiplied by e', which is much smaller than e, y, m, we may consider the whole term 

[4938] as of the order m5. 

t (2831) The factor Sift is of the fourth order [4904], and, as all the terms we have 

[4938] 

[4939] 

[4939] 

[4940] 

[4937r] 

[4937s] 

[4937/] 

[4938a] 

[49385] 



452 THEORY OF THE MOON ; [Méc. Cél. 

[4941] 30m'.u r u'^.Sy? 

—■ 
civ.sin. (2 v—2v'). 

This term produces the following ;* 

[4941a] 

[49416] 

[4941c] 

[49414] 

[4941c] 

[4941/] 

2 

computed [4910, 4924, &c.] have the factor m', or m, except where the sign of integration 

[49325'-?'] has introduced tlie divisor m; it follows, that these terms depending on Su2, are generally 

of the sixth order ; but some of them may be reduced to the fifth order, by the integration 

wTe have just mentioned. Therefore, we need only notice those terms where the variations 

are connected with the signs of integration ; so that vre may neglect the second powers or 

products of the variations in the terms [4909", 4921,4924,4927,4931,&c.], and, in fact, only 

retain the chief term of [4930 or 4931], which depends on on2. For, we need not notice 

the terms depending Su.Sv', Su.Su!, Sv’2, Su'2, &c. ; because Sw is of the second 

order [4904], Sv' is of the third order [4929g-], ou' is of the fourth order [4929i—fc] ; 

hence, the terms depending on c)U.dv, Su.Su', he. must generally be much less than those 

depending on Su2 ; therefore, we shall only notice this last quantity. We have already 

found, by Taylor’s theorem [GlO.&c.], in [49296], the increment of the function — V.fWdv, 

arising from the increments ou, Sv', Su', in the values of u, v, u', respectively ; and, 

by the same theorem, the term depending on Su2, will evidently be represented by 

—[610,49296], 

Substituting the value of W [4929a], it becomes, 

—30 m'. V 
. / -. dv.sm.(2v—2v') 
J Vjo ' J h2 

and, by using the value of V = ^ = u, nearly [4929k ,4937 n], it becomes as in [4941] ; 

neglecting in V terms of the order em2, e2, y2. 

* (2832) As the function [4941] is of the sixth order, before integration [49416] ; we 

may> by neglecting terms of the seventh order, substitute in it the values [4937n] : by this 
means, it becomes, 

g 
30m'.a3 30m 

[4942a] ffifiT'J dv.(aSu) .sm.(2v—2 mv) —--—.fdvfaSuf. sin.(2r’—2mv) [4865]. 

If we re,ain onIy the term of O'5")8, of the fourth order, we may neglect all the expression 
[4904], except the two first lines, and we shall have, 

[49426] (tSu = Afi .cos.(2v—2mv) -j- Afi\e.cos.(2w—2mv—cv). 

Squaring this, and reducing, by means of [20] Int. we get, 

(a Su) " = ( A.2 °)2* f i +1-cos. (4v—4mv) ] -j- Afi. Afi.e. {cos.cu-[-cos.(4u—4mv—cv) | 

+ {’Afif-c2. f è-fi^os. (4v—4 mv—2 cv)}. 

This must be multiplied by sin.(2a—2nv), and the product substituted in [4942a], after 

[4942c] 
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2 

15 Wi (A[1'))3.e2.cos.(2cv—•2v-\-2mv—2+ 

2 a, ’ 2 c—2 -{-2 m 

although it is only of the fifth order, yet, as it acquires by integration, in the 

expression of the mean longitude, the divisor* 2v—2+2m, it is necessary 

to notice it. 

The function 

ddu 

dv2 V ■ v •+ ?)•$ t4754^ 
gives the following ;f 

— 'd —T»5-{8.sm.(«—0+lo.sin.(S»—8»)}. 

Its variation produces the terms,f 

making the reductions by [18] Int. The only term of this product, in which the coefficient 

of v is small, is that produced by multiplying the last term of [4942c], 

+^4i1))2.e2.cos.(4v—Arm—2a’), by sin. (2c—2 mv) [4942a], 

which produces the term +.<+l))2.e2.sin.(2cr—2c+2my); and, by substituting this in 

[4942a], it becomes equal to the following expression ; 

—l^.(A^y.e2.fdv.sm.{2cv—2c+2mc) = — . os.(2cv—2v-{-2mv± , 
2a, 2a, 2 c—— 2-j-2??i 

as in [4942]. The terms we have neglected are of the sixth or higher orders ; the term 

[4942] is reduced to the fifth order, by means of the small divisor 2c—2+2m, which is 

nearly equal to 2m [4828e]. 

* (2833) The term of u, resulting from the substitution of [4942] in [4961], is to be 

added to u [4812 or 4819] ; and this produces in dt [4753] a term depending on the 

same angle. The integration gives, in t, andin nt-\-s [4828], a term of the same form 

with the new divisor 2c—2+2m; and, by this means, it is reduced to the fourth order. 

t (2834) The terms [4809], depending on the angles v—F, 3c—3v', are retained 

in [4944] ; because they produce, in [4946], some terms depending on the angle v—mv, 

which require a greater degree of accuracy than the others [4906, &c.]. 

t (2835) Since Sv', Su', are much smaller than Su [4941c?], we may neglect 

them in finding the variation of the function [4944], and consider u as the only variable 

quantity; by this means, the variation of [4944] becomes, 

114 

[4942] 

[4942] 

[4943] 

[4944] 

[4942rf] 

[4942e] 

[4943a] 

[4944a] 

[49446] 

VOL. III. 
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[4945] 

[4945a] 

[49456] 

[4945c] 

[4946a] 

[49466] 

[4946c] 

1 /ddSu , \ / 

â;J 

„ m!,u'\dv 

4 u5 
. j3.sin.(^—2j')-]_15.sin.(3v—3v') J 

+ T~ . -, ./aôu.dv. |3.sin.(fl—i/)-H5.sin.(3t;—3î/jj; 
Clj Of 

hence results the term,* 

(j&r+0u) * 

fddu \ 1 r 

+ (æ+k) • s- / 

4îi5 

5 m'. a'4. dv 

4 a6 
. <5m . {3.sin. (v—v1) -j-15.sin. (3v—3v') £. 

Substituting, in the first line of this expression, the value A2 = a, [4937w], it 

becomes like the first line of [4945]. Again, by substituting, in the second line of 

[4945a], the values of u, vl, A2 [4937n], and for the chief term - [4890], 
tv U** d 

it becomes 

°.m % , -- .faSu.dv. [3.sin.(u—t/)-|-15iSin.(3#—3v') \ . 
4a,. a3 a 1 1 N ' > 

Tins is easily reduced to the form in the second line of [4945], by the substitution of 

m2 [4865]. 

* (2836) The terms [4945], being of the sixth order, independent of the integrations, 

it is only necessary to notice the terms depending on the angle v—mv ; and, we may, 

therefore, substitute the values [4937w], in [4945], and they will become, by using [4865], 

_2 

—àu) ■“/ ./{3.sin.(v—mr)-f-15.sin.(3r—3mv)\.dv 

__2 

-j- .fa8u—mü)-j-15„sin.(3i’—3mv)\.dv. 

In this we may substitute, for a Su, its two chief terms [4942A] ; and a little consideration 

will show, that we may even neglect the part depending on because it does not 

produce, in [4946], any term connected with the angle v—mv ; so that we shall finally 

have aSu =^°hcos.(2v—2mv). Substituting this in [4946a], it becomes, 

_2 

— — 1—4.(1—raf | .cos.(2ü—2mv).f{3.sm.(v—7»z>)-f-J5.sin.(3t>—3mv)\.dv 
4 cif & 

_2 

5m ® rcosJ2v—2mv).\3.sin.(y—mr)+15.sin.(3f—3mv)[.dv. 
4 a, a! 1 

Now we have, 
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-ga,(lbô • |Ï3+8.(1-^}.4«.^.cos.(«-w). 

We mast here make an important observation relative to the terms 

depending on cos.(y—mv), which we propose to determine with accuracy. 

The expressions of the radius of the sun’s orbit, and its longitude, contain 

terms depending on the angle v—mv [4324], resulting from the moon’s 

action upon the earth. These terms produce others, in the expression of u, 

and in the moon’s mean longitude ; and it is essential that we should notice 

these terms. For this purpose, we shall observe, that, in consequence of the 

moon’s action, the sun’s radius vector contains the term 

ir'= ^.cos.(t)—»') [4315, 43165] ;* 

3 5 
fi 3-sin. (v—mv) -pi5.sin.(3r—3 mv)\.dv = —  -.cos.(«—mv)-.cos.(3v—3 mv). 

1—m 1—m v ' 

Multiplying this by cos. (2 y —2mv), and retaining only the terms depending on 

cos.(y—mv), we find, that the product becomes, 

( 1—m = ~.coS.(v-mv) ; 

hence the first line of [4946c] becomes, 

m 

Again 

« 

—j • I •—2-f-S.(1—m)3] „â(20) .^.cos.(v—mv). 

cos.(2y—2mr).3.sin.(y—mv) = —£.sin.(y—mv) -f- &c. 

cos.(2u—2wy) .15.sin.(3r—3mv) = -^.sin.(t?—mv) -f- &c. 

whose sum is 6.sin,(y mv) -j- &c. Substituting this under the integral sign of the second 

line of [4946c], that line becomes, 

_2 

_5m a q (0) 6.cos.(y—mv) 
a • • -«-- ==: 

in 

4 a, a'~ z ’ 1—m 2a,.(l—m) 
.15^2(0). -■ ,cos.(y—mv). 

Adding this to the part [4946e], it becomes as in [4946]. 

(2b37) The inequality of the earth’s radius vector, arising from the action of the 
moon, is 

Sr"=- 
m 

:R.cos.(U—v") [4315,43165]. 

To confoim to the present notation, we must change U into v [4313,4760'], R into r, 

[4946] 

[4947] 

Indirect 
action of 
the moon. 

[4948] 

[4946rf] 

[4946e] 

[4946/] 

[4948a] 
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[4948'] 

[4949] 

[4950] 

[4951] 

[4951'] 

[4952] 

^ being the ratio of the moon's mass to the sum of the masses of the moon 

and earth. This gives, in u', the term,* 

Sll': 
ix.u 12 

U 
.cos. (v—v'). 

The longitude of the sun v' contains also the term [4314],f 

/ VjM • /- /\ sv =-.sm.fv—v). 
u 

This being premised, the term 
m'.u'3 

2 hK u 
[4865/] contains the following 

The term 
3 m'.u13 

3 m'. \h.vl4 , 

.cos.(2y—2v') [4866'], contains the two following § 
21 A v? 

dm'.^.u'4 .. Qw!.[x.u'4 . . 
-Q-cos.(»—» ).cos.(2u 2d ) + -^rt—).sin.(2i>—W) 

[49486] [4313,4759], r" into r' [4313,4759']; moreover, the longitude v" of the earth., seen 

[4948c] from the sun [4313], is equal to 180"2 —j— of the present notation [4777rf] ; lastly 

7ÏI 

[4948d] ju, = [4757,4757',4948']. Substituting in [4948a], we get 5r'= i^r.cos.(v—v') ; 
Jrl~y~VZ 

and if we neglect the square of the inclination of the moon’s orbit to the ecliptic, we may 

[4948e] put r = - [4776], and then the preceding value of <V becomes as in [4948]. 
Id/ 

[4949a] 
* (2838) From [4777e] we have, very nearly, 

Substituting the value of Sr' [4948], we get Su' [4949]. 

r = — ; whence 
w 

Sr'= — 
<5m' 

t (2839) This term is given in [4314,43165], under the form 

—yy . ?.sin.(î/— #") ; 
M-\-m r" v J 

and, by making the changes in the symbols, as in [49485, &c.], it becomes, 

[4950a] 
u' 

(5F=-[-|u,. —. sin.(w—v'), or nearly Sv'= p. —. sin.(v—v'), as in [4950]. 

[4951a] 
t (2840) 

Sm'.u'Z 

2h?.u3 

Hi/ Ilf ^ 
The variation of the term ■ * — [4865'], taken relatively 

and, by substituting Su' [4949], it becomes as in [4951]. 

to «', is 

§ (2841) Taking the variation of the term [4951'], relatively to u', v; and then 

[4952 ] ^jjstjtuting tkg va]ues 0f Su', Sv' [4949,4950], wTe get [4952]. 
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which produces the term. # 

4- -COS.(v—v). 
4 tr.vr v 

Connecting it with that in [4951], we obtain, 

9 m'. (i.w'4 

whence results the following terms ;f 

_2 3 

9m.* 9m. /x a 
- —scosu®—mv)--— . -.e.cos.fy—mvA-cmv—w) 

4 a, ' 4 a CÏ v 1 J 

2 

27 m.(i a 
---. —. e. cos. (v—mv—cmD+tf). 

4 a, a’ v 1 J 

1 

2 

mi 3 m! n w/3. dv ^ „ 
The term-— ,f —----- .sm.(2t;—2®') [4882] gives, in like manner, 

the following ;J 

* (2842) If we retain only the angle cos.(y—v1), and reduce the products by [17,20] 

Int., we may substitute, in [4952], the values 

cos.(y—F).cos.(2y— 2v') = |>cos.(v—v') 4~&c. ; 

sin. [v—F),sin. (2y—2î/JW cos.(ft—v')—&c. ; 

and, since —l4+f*| = Hf> the expression [4952] becomes as in [4953]. 

t (2843) Multiplying [4872] by — 2,a, and neglecting e2, e'2, we get [4955]. 

Î (2844) The variation of the term [4956], is as in [49565]; substituting the values 

of Su', ùv' [4949, 4950], it becomes as in [4956c] ; reducing the products of the sines 

and cosines, by [18,19] Int., retaining only the angle v—vr, it becomes as in [4956<7]. 

3m' „ C 

( 
3u*.8u'.dv . n /\ , 2v*.dv , 

■--- .sm.(2c—2v )-]-t— ov 
v;1 ul 

'.cos.(2y—2r') | 

3??l .[/. r. ( 

= i 

3m'.fa r( 3u'4.dv . . x 

Su'4.dv , 2 u'4.dv , -j 
sm.(2«—2y ).cos.(r—y )-j—.cos.(2y—2y').sin.(y—v') j 

u'4 dv 

vP 
■ r i\l 3 m'.fA. ru'4.dv . , 
m [v v ) I ——..sin.(ft v ). -.sin 

This last expiession is evidently equal to the first member of [4889] multiplied by —2/x ; 

and, if we multiply its second member by the same factor —2p>, we shall get the 

development [4957] ; neglecting the small terms e2, y2, F2. 
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[4953] 

[4954] 

[4955] 

[4956] 

[4953a] 

[4955a] 

[4956a] 

[49565] 

[4956c] 

[49564] 

[4956e] 
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[4957] 

[4958] 

[4959] 

[4956/] 

[495%] 

[49566] 

[4956i] 

[4960a] 

[49606] 

[4960c] 

3 m.\i a a , N 3m.p a a , 
jz-r . - . cos. (v—mv)-—- . - . -,.e .cos.(v—mv-\-cmv—s/) 1 

2.(1—m) at a' v y 2 a, a' y J 

2 

9m. p, a a , 
— r———: . - . -.e .cos.(v—mv—cmv+rf). 2 

2.(1—2 m) a, a 

There remains jet to be considered the part of the development of 

— 7T-t! [4893], depending on the square of the disturbing force. 
/r.(l-{-ss)£ & 

3 
This development contains the function* —. (ds)2, which produces the 

following terms ;f 

* (2845) We have, by Taylor’s theorem, 

<p(*-Hs) =9s+^-^)+J(^)2.^^ + &c. [617]; 

where the terms of the second order are represented by £(<5s)2. Now, putting the 

function [4958] equal to <p(s), and developing it, we get, 

<p (s) = —h~3. ( 1 -}- ss) ~2 = — Jr3. ( 1—|s2-["¥ s4—&c • ) • 

Its second differential gives, 

= 3hr3—4|/r2s2-f&c. = ~ = — nearly [4937w] ; 
(IS4* ft** CL j 

neglecting s3, &c. Substituting this in the terms depending on (<5s)2 [4956/], it 
3 

becomes k~-(^)3, as in [4959]. The terms of the order $2.(ds)2, which we have 
«fl. 

here neglected, are of the order y2 [4811], in comparison with those which are retained 

and developed in [4960] ; they must, therefore, be of the sixth or seventh order, and are 

not usually noticed. 

f (2846) If we separate the terms of 5s [4S97] into classes, of the second, third and 

fourth orders, b}^ putting 

S2=Bf\ry.s'm. (2v—2mv—gv) ; 

(S,3=R/.y.sin.(2tJ—■.c’y .sin. (ygv-\-cl'/nv)/y .sin. (gv—c'mv') 

-}-R[9h e'y.sin.(2r?—2 mv—gv-\-c'mv) 

-f-R(110).e/.sin.(2v—2mv—gv—c'mv) -j-B^he^.sin.(2cv-gv) ; 

S4=Bf).ey.sm.(2v--2mv-\-gv—a>)-}-the remaining terms of 5s [4897] ; 

the index of 3 denoting the order of the terms ; we shall have <5s=S2+S3-pS4. Its 

square is [5s)3=S^. Sz-\-2S^.S3-^-2S.2. . S^’j neglecting terms of the seventh 
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£-.(Br)v i 

+ ~. j B^+B^ J ,5<0). eV2.cos. (c'mv—s') 2 

+ —. Bf1. e }-2.cos. (Igv—cv—2-!+-). 3 

9. We shall now collect together and reduce the different terms which 

we have calculated ; and, by these means, we shall obtain the following 

development of the equation [4754] ;* 

order. Substituting the values of *S2, S3, S4, and then reducing, by means of 

[17—20] Int., retaining only the usual angles and terms, we get, by observing, that the 

terms depending on B^ maybe neglected, on account of its smallness [5177], 

25.2.53 = [.B^ 1 .ey^.cos.dmv ; 

25.2.54 = BJK BJ'd ey2.cos.(Hgv—cv) ; 

S3.S3 = terms which may be neglected. 

The sum of these terms gives the value of (5s)2 [4960c], which being multiplied by 

£ gives as in [4960]. 

* (2847) We have thus finished this elaborate development of the terms composing the 

equation [4754]; and we must now connect together the different terms; namely, those 

which are contained in the twenty Junctions [4866,4870,4872, 4879, 4892,4895,4901, 

4908,4911,4913,4918, 4922, 4925,4928,4934, 4942, 4946,4955, 4957,4960], and add 

to the sum the two first terms o/[#54] ; namely, ~-j-u, as in the two first terms of 

[4961]. In performing this part of the operation, we shall take the terms depending on 

each angle separately, in the order in which they occur in [4961]. 

First. The constant terms of [4961 line 1], are found in [4895, 4866 line 1], without 

3 77Ï 
any reduction. The terms having the common factor-- .^0).(1—|e'2) are found by 

4a. 

adding together the terms in the first lines of [4911,4925,4934] ; namely, 3, —2+2m, 

= 4—3 m—m~, neglecting m? 
4.(1_m\2_i 
" • 1_w-• Their sum is l-J-2m-f-4.(l—m)- 

1—m 

and the higher powers of m ; this agrees with [4961 line 2]. Lastly, the term depending 

on B'f [4960 line 1], is as in [4961 line 2]. 

[4960] 

[4960d] 

[4960e] 

Functions 
which 
form the 
differen¬ 
tial equa¬ 
tion in 

U. 

[4961a] 
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[4961] 0 = d-^ + u—X-.{l+e‘+i-n§''}+~a .{l+et+if+ie”] 
dv^ 

2 

3 “ (4—3m—m?).AfK(l—Ie'2)+7—. (5?>)V 
4a. 

Differen¬ 
tial equa¬ 
tion in 

U. 

/ +2e+e*+3e'*-%(Bf+B™)f+(\+Zm-c).A¥X\-^e'f 
I m 

3 m 
^ ) -4. jl +2m+('4.&-l).(^+^)^»(l-|e'2) 

. |(l+6m+c).(l—m)-j-7-|-(2—2m—c)2] 

2 

3 

4 

4 a 1—m 
.A[f.( 1—4'») ;.e.cos(Cîi-«) 

—J. (9+m+c).Jf>.e'2+^.(9+3m-{-c).47).e,î 

+3.(4^+4^).e/2 

I' l+(l+2m).e2+i72—|e/s 

3 m ) +( 1 -f 3e2-[4r2—f e'2) 

(£') 

2 at ^ 1—m 
cos.(2î;—2m?;) 

f —A^—(B^—Bf). 2_ 
\ m 

5 

6 

7 

8 

9 

10 

Second. We shall now collect together all the terms which are connected with cosxv. 

For brevity, we shall divide all the terms of the twenty functions [4960e] containing 
2 

• • 3 tth 

this quantity, by the common factor — . e. cos.ctq retaining only the quotients which 

ought to correspond to the terms, between the braces, in [4961 lines 3—7]. The same 

[49616] process will be used with the other angles in the rest of this note. Then we have, in 

[4866 line 2], the terms 2-f-e2+3e'2, and, in [4901 line 3], the terms ~^{Bf-fBf).B- 

m 
these agree with [4961 line 3]. The rest of the quantities depend on the different terms of 

A, which we shall examine according to the order of the indices. The coefficients of 

—4^0).(1—J-e'2), in [4911 line 2, 4925line 2], are, respectively, -j-3, and —2-f-2m, 

whose sum l-j-2m is the same as in the two first terms of line 4 [4961] ; the last terms 

of the same line being found, without any reduction, in [4934 line 2]. The coefficients of 

Af\e.( 1-fe'2), in [4911 line 2,4918 line 1,4925 line 2], are respectively 3, 4m, ~(2-2m-c), 

whose sum is (l-|-6m-f-c) ; multiplying and dividing this by 1—m, it produces the 

three first terms in [4961 line 5], connected with the factor (1— m) ; the remaining terms 
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19m).e2— fe'2} 

—i (3+4w). fle2—| e'2) 

+ 
3 m 

a, + 
1—c2 î(l—{— m) 

,(1 +îe»-|e'») 
.e.cos. (2ü—2m?|—cîH)-to) 

4(1 — m) 2—2 m—c 

—M4‘>-24»>)+i JBf-Bf).7- 
m 

_a 

■f— • £ 3-j-c—4m-]--8+2A& J . e. cos.(2u—2mv-\-cv—to) 
4a, ( 2—2m-f-c ) v ' 

3 m S 4 — m . 72 

4n7 J 2 — m 
2jBJ9),— -f 2a^3) . e'.cos.(2t;—2mv-\-c'mv—to') 

m 

+ 
3 m 

4 a 
4 

^ 7 (4—3m) 

2—3 m 

1 +e9+|72+f 6' .??:-1(1 -f 2m)VJf 
m 

+ 

11 

12 

13 

14 

15 

16 

•2i?j10).^—2A(4) ^ .e'.cos.(2i;—2m«—17 
m 

18 

19 
3™ J ^ 

2a, ] (2 —3»i).(2 m) v I \ , , /N 
t,2 V V.e .cos.fcmu—to') 

+(R[9>+R^).R(°b^—$gf>—ilCf—2Cf-f2ai0> )( 20 
m 

6 m 
+ — ^/6)).é25 21 

of that line are found in [4934 line 2], without any reduction. The coefficients of 

Af] e.(l— |e'2), in [4911 line 2, 4925 line 2], are 3—(2— 2m-fc) =l-j-2m-—c, as in 

[4961 line 3]. The coefficients of — £A®\e,fi, in [4911 line 2, 4925 line 3, 4934 line 3], 

neglecting the factor 1—fe'2, are 3, —(2—m—c), 8; whose sum is 9-f-m-}-c 

[4961 line 6]. The coefficients of |4[7).e'2, in [4911 line 2, 4925 line 3, 4934line 3], 

give 3 (2—3m—c)-j-8 = 9-j-3m-f-c [4961 line ?]. Lastly, the terms in [4908 line 6] 

give, without reduction, 3.(Af>-{-A(p).é% as in [4961 line 7J. 

o 

Third. The terms in [4961 lines 8—10] have the common factor .cos.(2?;—2mv); 

and, if we divide the corresponding terms of the functions [4960c] by this factor, we shall 

obtain, in [4870line 1], the terms 1 +e2-f~ï72—fe'2? and, in [4879 line 9], the term 

~{-2me" nearly; the sum of these gives [4961 line 8]. The terms [48921inel] are the 

same as [4961 line 9] ; those in [4901 line 1] are the same as those depending on _B[°\ 

VOL. III. 116 

[4961] 

Differen¬ 
tial equa¬ 
tion in u 
continued. 

[4961 &'] 

[4961c] 
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[4961] 
Differen¬ 
tial equa¬ 
tion in u 
continued. 

[4961d] 

[4961 e] 

[4961/] 

[4961g-] 

3-\-2m—c (2—)—m) 

^ 3-\-m—c 

l~2““ 

2—m—c 

4 
—-\ .«I1* -m—c ) 

.ee'.cos.(2v—2mv—cv-\-c'mv-\-zs—Tx') 

22 

23 

[4961 line 10]. Lastly, the first term of aSu [4908 line 1, 4904] gives the term depending 

on Af [4961 line 10]. 

a 

Fourth. The terms in [4961 lines 11-14] have the common factor —.e.cos(2v-2mt'-cv). 

Dividing the corresponding terms of the functions [4960e] by this, we obtain, in [4870 line 2], 

the terms in [4961 line 12] ; in [4879 line 1], the same terms as in [4961 line 11] ; in 

[4892 line 2], the same terms as [4961 line 13] ; in [4901 line 6], the terms depending 

on JBf, [4961 line 14] ; lastly, we find, in [4908 lines 1,2], the terms depending 

on t/22(l), Af] [4961 line 14]. 

a 
3/7Z 

Fifth. The terms in [4961 line 15] have the factor —. e.cos.(2u—2mv-\-cv). 
4 Cl/ 

Dividing the corresponding terms of the functions [4960c] by this, we obtain, in [4870 line 3], 

the terms 3-4m; and, in [4879 line 2], the term -f-c ; the sum of these is equal to the three 

first terms of [4961 line 15]. Again, [4892 line 3] gives - -p—; and [4908line l] 

gives 2Af ; which are the remaining terms of [4961 line 15]. 

Sixth. The terms in [4961 line 16] have the factor 
3 m 

4a. 
. e'. cos. (2t>—2 rn v-fc'm v). 

Dividing the corresponding terms of the functions [4960e] by this, we obtain, in [4870] 

2 
line 5, the term 1; and, in [4892 line 5], the term -J---; the sum of these is 

2—m 
4 — m 

m 
, as in the first term of line 16 [4961] ; the term depending on is deduced 

from [4901 line 8], and, that depending on Af, from [4908 line 1]. 

3m 
Seventh. The terms in [4961 line 17] have the common factor —.e'.cos.(2fl-2mv-c'mv) 

Dividing the corresponding terms of the functions [4960e] by this, we obtain, in [4870] 

line 4, the term -4-7 ; and, in [4892 line 4], the term —^: 
L 2—3 m 

the sum of these is 

--—\ as in [4961 line 17] ; then we have, in [4901 line 9], the term —2R[10).-^-; 
m 

and, in [4908 line 1], the term —QAf ; all of which agree with [4961 line 17]. 

r^— 

Eighth. The terras in [4961 lines 18—20] have the common factor ——.ehcos.c'mv. 
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3 ni 

'Ta! 

7(3+6m-c) , 7(2+3m) , , ^ 
s\ a r0 ^z~„~r'z'ai 2—3m—c 

, 3—m—c . 4 
.ee'.cos.(2w—2 mv—cv—t/my+tf+W) 

C a(8) 
2 —3m-c S 1 

24 

25 

Dividing the corresponding terms of the functions [4960e] by this, we obtain, in [4866] 

line 3, the terms 1—es—}—+7^—{—f-e'3 ; in [4901 line 7], the terms + (j9[7)+_B[8)) . 2_; 
m 

these include the terms of [4961 line 18], except those depending on The terms 

depending on in [4911 line 3, 4925 line 4], are —+43(0).j3 + (—2+2?») j, or, 

—£-(l+2/??).t/?2w, as in [4961 line 18]. The other terms depending on ^42(0), in [4961] 

line 19, are the same as in [49341ine5] ; observing, that 4.(l-m)2—1 = ( 1-2??}).(3-2???), 

and -—7* The factors of A(3\ in [4911 line 3,4925 line 4], 
2—hn 2—m (2—3m).(2—m) L J? 

_(2_my>. I 1 
are, respectively, —f, 1 — \ m ; that in [4934 line 6] is — 7 LI_ ——|+|W} 

neglecting terms of the order ?»2 ; the sum of these three terms gives, —2_+j,3), as in 

[4961 line 19]. The factors of «Æ+, in the same three functions [4911,4925, 4934], 

and reduced in the same manner, are —§, 1—.|m, —£+-§-??? ; whose sum is —2+3???, 

as in [4961 line 19]. The term depending on Af] [4908 line 1] is as in [4961 line 20], 

The remaining terms of [4961 line 20] correspond, without any reduction, to those in 

[4960 line 2, 4934 line 7]. Lastly, the term's in [4934 line 4], are the same as in 

[4961 line 21]. 

Ninth. The terms of [4961 lines 22, 23] have the common factor 

2 
3 m 
2^-- ce'. cos.(2r—2 ???y—++ c'mv). 

Dividing the corresponding terms of the functions [4960e] by this, we obtain, in [4870 line 8], 

the terms £(3+2m) ; in [4879line 5], the term —£c ; in [4892 line 8], the term 

and’ in [490$*jines4j4], the terms — +?/’>—; these terms, connected 

together in the same order, form the part in [4961 line 22]. In computing the terms which 

are multiplied by — we have, in [4911 line 7], the term f ; in [4925 line 7], the 

term $(m—c) ; and, in [4934 line 9], the term -; the sum of these three parts 

is as in [4961 line 23]. 

Tenth. The terms of [4961 lines 24, 25] have the common factor 
2 

3 m , 
— ■ c e . cos. ( 2v—2mv—cv—c'?nv). 

[4961] 

Differen¬ 
tial equa¬ 
tion in u 
continued. 

[4961ft] 

[4961i] 
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[4961] 

Differen¬ 
tial equa¬ 
tion in u 
continued. 

3 m 
‘aô; 

3+2m < [ l+2m+c 2 « ! .Af ] ) 26 
2 j [ 4 c+m ' l 1 i 

+48)+1 
i l+3m+c 

2 
4 ] 

c+m ' i -A?> ( 

> .ec'.Qosfcv-fc'mv——+) 
\ 27 

3 -2m +A?+7 [ H^±c , JL t m) 

. ee'.cos.(cv—c'mv—tf+ra') 

28 

29 

Dividing the corresponding terms of the functions [4960c] by this, we obtain, in [4870] 

line 6, the terms |{3+6m) ; in [4879 line 3] the term —-\c ; in [4892 line 6], the 

term 4- ; in [4908 line 5], the term #Æ,) ; the sum of these terms is as in 
2—om—c 

[4961ft] [4961 line 24]. There is also, in [4908 line 1], the term as in the first term of 

[4961 line 25]. The coefficients of A[8) are as follows; in [4911 line 6], +f; in 

4 
[4925 line 8], —| (m+c) ; in [4934 line 8], 3m_c ; the sum of these is the same 

as the coefficient of Af, in [4961 line 25]. 

Eleventh. The terms of [4961 lines 26,27] have the common factor 

_2 
3 /if- f * - / \ 

— -—.ee.cos .(cv~\-cmv). 
2at ' 

Dividing the corresponding terms of the functions [4960c] by this, we obtain in [4866] 

line 4, the terms £(3-{-2m), as in the first part of line 26 [4961]. The coefficients of 

—Af are as follows ; in [4911 line 5], +f; in [4925 line 5], +—2+2m+c) ; and 

in r49341ine 11] 4-— ; the sum of these three parts is the same as the coefficient of 
L J c-\-m 

[4961Z] _ji (n [4961 line 26]. The coefficients of Af, in the same three functions 

4 
[4911 line 5, 4925 line 5, 4934line 11], are f, +-2+3m+c), + ; whose sum is 

equal to the coefficient of Af\ in [4961 line 27]. Lastly, the term depending on A™ 

[4908 line 1], is the same as in [4961 line 27]. 

Twelfth. The terms of [4961 lines 28, 29] have the common factor 
_2 

3m , r , \ 
-.ee .cos. (cv — c mv). 

2at 

Dividing the corresponding terms of the functions [4960c] by this, we obtain, in [4866] 

line 5, the terms ^(3—2m), as in the first part of line 28 [4961]. The coefficient of 7 Af, 

in [4911 line 4], is -ff ; in [4925 line 6], is £(—2+2m+c) ; in [4934 line 10], is 
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m 

2a, 
1 —B™X-A™ V . e2.cos.(2c»—2«) 30 

7Æ 

(2-fllm+8m2) (10-[-19m-f-8m2) ^ 

_ . ^ Q I Qjyi / 

>.es. cos.(2cy—2t>+2mw—2^) 
+ 4«;/ , 4Ja)+^W,10(^?.2J(n) ( 1 32 

' 1 2c—2-j-2m 1 J 

- ; the sum of these three parts is the same as the coefficient of Af, in [4961] 
c—m 

line 28. In like manner, the coefficients of A(f, in the same lines of these three 

4 
functions, are §, -[“£(—2-j-m-j-c), -f- -—— whose sum is the same as the coefficient 

of A{f [4961 line 29]. Lastly, the term of [4908 line 1], depending on A{f, is the 

same as in [4961 line 28]. 

2 o - 

Thirteenth. The coefficients of -^.e2.cos.2cv, in [48661ine6,4901 line 10,4908line 1], 
2a, 

ry 2 

are, respectively, 1, —-~} —A£0) m, whose sum is as in [4961 line 30]. 
m 

Fourteenth The terms of [4961 lines 31, 32] have the common factor 
2 

3 in 

4 a, 
e2.cos.(2cv—2i’-j-2TOv). 

Dividing the corresponding terms of the functions [4960e] by this quantity, we obtain, in 

[4870line 11], the terms ^(6-j—15m-j-8m2) ; and, in [4879line 7], the terms —2c.(l+m), 

or, £(—4—4m) nearly ; the sum of these two expressions is ^(2-f-l lm-{-8m2), as in 

the first term of [4961 line 31]. The term in [4892 line 10] is the same as the second 

term of [4961 line 31]. The term in [4908 line 3], neglecting e'2, is 4 A™, as in the 

first term of [4961 line 32] ; and the term of [4908 line 1], depending on A[U), is the 

same as in the last term of [4961 line 32]. The term [4934 line 12], is the same as that 

depending on Af0) in [4961 line 32]. Lastly, [4942] is the same as the term depending 

on O^)2 [4961 line 32]. 

3 
Fifteenth. The coefficients of-—,y2.cos.2s$>, in [48661ine 7,4895,4908 line 1], 

ACT^ 

—2 _2 
are, respectively, — \rn, 1-j-e2—-iy2} -j-2m.Ai>12) ; whose sum is as in [4961 line 33]. 

Sixteenth. The terms of [4961 lines 34,35] have the common factor 

m 

4 a, 
. y2. cos. (2^—2v-\-2mv). 

[4961] 

Differen¬ 
tial equa¬ 
tion in u 
continued. 

[4961m] 

[496la] 

[4961o] 

[4963^] 

VOL. Ill 117 
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[4961] 

Differen¬ 
tial equa¬ 
tion in u 
continued. 

[4961?] 

[4961r] 

[4961s] 

— ' { ^e2—i?2—-j-2m ,J(21S) j ,y3. cos. (2gv—2è) 

• 3 -{-2m—2g (4^—(2-j-m) 

+ 
» m 

4 a. + 

4 

2#j°> 

m 

'4(1—m) 2g—2-f-2 m 

ft f\ 
-2ÆV+- 

1 2g—2-j-2m 

\ y2, cos. (2gv—2v-\-2mv—2è) 

33 

34 

35 

+ ^ .{I—414>j.e'2.cos.(2c'mz>—2®') 

_2 (i+ ^+2+-£-y-lM,l,-(iof5w),^ 
3 m 1 v/i 

2a' ' f +(5+m).^16)- 

4 

B«\B{5) 

36 

37 

^x0 

.ey2.cos.(2gv-ci!-2i)-|-ra) 

38 

Dividing the corresponding terms of the functions [4960e] by this quantity, we obtain, in 

[4870 line 13], the terms J(3+2»i) ; in [4879 line 10], the term —§ g ; the sum of 

these two expressions is i(3-j-2m— 2g), as in the first part of [4961 line 34] ; the 

remaining terms of this line are given in [4892 line 12]. The term depending on Bf> 

[4901 line 2], that depending on A™ [4908 line 1], and that depending on 

[4934 line 13], correspond, respectively, to those in [4961 line 35]. 

2 
3 —i 

Seventeenth. The coefficients of e 2. cos. 2 c'mv, in [4866 line 8,4908 line 1], are 
2a/ 

3, —AW, as in [4961 line 36]. 

Eighteenth. The terms of [4961 lines 37,38] have the common factor 
_2 

.— „ey2.cos. (2gv — cv). 

Dividing the corresponding terms of the functions [4960e] by this quantity, we obtain, in 
B 3) 

[4866line 9], the term § ; in [4901 line 4], the term —J- ; these agree with the two 
m 

first terms of [4961 line 37]. The coefficient of in [4911 line 8], is 3-j-fm ; in 

[4918 line 2], is +3m; in [4925 line 9], is — 2g—2—£m+c ; and, in [4934 line 14], 

is —14m; the sum of these terms is l-f-c—2>g—10m, as in [4961 line37]. The 

coefficient of —A[13\ in [4911 line 8], is 3+3m; in [4925 line 9], is — l-f-2m; in 

[4934line 14] , is -f-8 ; the sum of these is 10-{-5m. as in [4961 line 37]. The 

coefficient of A™, in [4911 line 8], is -f§; in [4925line 10], is nearly — %-\-m ; 

and, in [4934 line 14], is +4 ; the sum of these is as in [4961 line 38]. The 
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3 m 
i+2«+S,+f5?+M'°; 

4 a, 2J3+ 10Æ^ 
1—2 m 

39 

. ef. cos. (2^ — 2mv-2gv-ircv+2ô-'n) 

40 

m 

m ] (36+21???—15 m2) .(1T) 3(1+???-) .(l8) , 

+ +-4(ï—m)--A> + 20=^)’ ° 

-^SESr-40>+t-(^,4)+5f>).5 
^ ' m 

41 

. . cos. O)—mv) 42 

43 

term +.^15) occurs in [4908 line 1]. Lastly, the terms in [4960line 3], are the same 

as in [4961 line 38]. 

Nineteenth. The terms of [4961 lines 39, 40] have the common factor 

_2 

— —— . ey2. cos.(2t’—2mv—2gv-\-cv). 
TC (Xj 

Dividing the corresponding terms of the functions [4960e] by this quantity, we obtain, in 

[4870line 15], the terms f+fm; in [4879line 12], the terms —l+f^j the sum of 

these is 1+2???, as in the two first terms of [4961 line 39]. The terms in [4892 line 15], 

by putting c—1, g=l, become —\- - ^ ^ J-, as in [4961 line 39]. The function 

[4908line 1] gives 2^(16) ; and [4901 line 5] gives — —|-, as in [4961 lines 39,40]. 
m 

The coefficient of in [4911 line 9], is +3; in [4918 line 3], is +4m; in 

[4925 line 11], is —1 ; the sum of these is 2+4??? == 2(1+2???) ; and, by neglecting 

2 
m2, it may be put under the form -—— ; adding this to the term [4934 line 15], which 

A •—1 /477Î? 

8 10 
is nearly equal to -——, the sum becomes -——, as in [4961 line 40]. 

X — 7ÏI X — <4>Tïh 

Twentieth. The terms of [4961 lines 41—43] have the common factor 

_2 
ma . . 
— . —. cos.(v—?????). 
at a' ' ' 

Dividing the corresponding terms of the functions [4960e] by this quantity, we obtain, in 

[4872 line 1], the term f (l+2e2+2e'2); and, in [4892 line 16], the term 

these are the same as the terms of [4961 line 41], independent of The term depending 

[4961] 

Differen¬ 
tial equa¬ 
tion in u 

continued. 

[4961*] 

[4961*'] 
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[4961] 

Differen¬ 
tial equa¬ 
tion in u 
concluded. 

[4961m] 

[4961m'] 

[4961n] 

( — (5+m).J[19) 

a 

a 
. e'. cos. (v— m v-\-c'mv—/) 

44 

45 

3-2 C i(15-8m).(l-2^)-i(76-33m.).^7) ) a 46 
]-< > . -.e'.cos.(v-mv-c'mv+Tz'). 

2ar(l-2m) ( __ 5J(18) )° 47 

on in [4955 line 1], is —f ja; and, if we neglect terms of the seventh order, we may 

connect it with the same factor as the other part of this term, putting it equal to 

—£fx.(l+2e2+2e'2), as in the first part of [4961 line 41] ; and, we may incidentally 

remark, that this factor might be changed into l+2e2+2e'2—§y2 [4870;/]. In like 

manner, the term depending on /a, in [4957 line 1], is —2{l~ m) ’ an(^ ma7 connecte^ 

with the corresponding factor 1 —{—-g-e3—|—2, and then it becomes as in the last term of 

[4961 line 41]. The coefficient of —+5[l7), in [4908line 1],is -{-6; in [4911 line 10], 

is +9; in [4918 line 4], is 12m; and, in [4925 line 12], is —3—3m ; the sum of 

these is 12-4-15 m = ■ ——— ; adding this to the term in [4934 line 16] 
1—m 

6 (4+3m[ __ ^+15— it becomes , as in [4961 line 42]. The coefficient 
1—Tri 1—m ’ 1—m L J 

of ^^18).e'2, in [4908line 9], is —§ ; in [4911 line 10],is +£■ ; in [4925 line 12], 

is _a. 
4 ? 

_____ ^ I y\\/ 
the sum of these is —3= ——— ; adding this to the term in [4934 line 16], 

namely the sum becomes 
3+3 m 3 (1+m) 

1—m ' 

line 42. The coefficient of 

1—m 1—m as in the last term of [4961] 

in [4922], is +24; in [4928], is —9+9m; 

15—6m 
the sum of these is 15+9m = —-, neglecting m2; adding this to the term [4946] 

J-1 1 "771 

42 S2m~, nearly; the sum is 5/ 3-wt , as in the first part of [4961 line 43]. The 

terms in [4901 line 11], are the same as those depending on B(^u\ 2Ç5> [4961 line 43]. 

Lastly, the coefficient of i\, in [4913], is —9; in [4925 line 12], is +9—9m; and, 

in [4934 line 16], is 27[1—(1—m)2} = 54m—27m2 ; the sum of all these is 45m—27m2; 

the terms +9 mutually destroy each other ; so that the whole term becomes of the order 

m ,.X2.m, or of the seventh order, as in [4962]. 
ct 

Twenty-first. The terms of [4961 lines 44, 45] have the common factor 

_2 
3 Mi'Cl . , | i \ 
— .—.e'. cos.fr—mr+cmr). 
2 a, a' \ \ j 

Dividing the corresponding terms of [496Ge] by this quantity, we obtain, in [4872 line 2], the 
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We have not noticed the terms multiplied by x2, because they mutually 

destroy each other, except in quantities of the order m‘ [4961^]. 

10. To integrate this differential equation, we shall observe, that, by 

noticing only the parts which are not periodical, it gives,* 

« = - • {1 +e2+|/4-f3“ j— y . (1 +e2+i-72+fO 
Ct‘ j £ Cl ! 

2 

3 m 
“I" • 

4 a, 

We have denoted this 

|4_3m—m2}. fe'2) — A . 

by m=-.(1+e"+ i-/2+S) [4861]. Now, if we 
Cl 

term -j-f; and, in [4892 line 17], the term f; the sum of these two terms is f, as in the 

first term of line 44 [4961]. The term depending on /x, in [4955 line 1], is —f-ja ; and, 

in [4957 line 1], is —p- ; the sum of these two expiassions is —f/x, as in the second 

term of [4961 line 44]. The term depending on A(018) [4908 line 1], is as in [4961 line44]. 

The coefficient of ? in [4908 line 7], is —6; in [4911 line 11], is +3; in 

[4925 line 13], is —1 —J—m ; and, in [4934 line 17], is -{-8; the sum of all these is 

4+m, as in [4961 line 44]. The coefficient of —in [4911 line 11], is in 

[4925 line 13], is —f-f-m; and, in [4934line 17], is +4; the sum of all these is 

(5+m), as in [4961 line 45]. 

Twenty-second. The terms of [4961 lines 46, 47] have the common factor 

2 a 

3 m a 
——. —. e .cos.tv—mv—cinv). 
; .(1—2m) a v ' 

Dividing the corresponding terms of the functions [4960e] by this, we obtain, in [4872 line 3], 

the term f—ÿm; and, in [4892line 18], the term f ; whose sum is ^(15—18m), as in 

the first term of [4961 line 46]. The term in [4955 line 2], is —f(l—2m).ju<; in 

[4957 line 2], is —3^ ; whose sum is ——9m) (/.=—|-(15—18m).2/x, as in the 

first part of line 46 [4961]. The coefficient of —+#[17), in [4908 line 8], is 6—12m; 

in [4911 line 12], is 21—42m, in [4925line 14], is —7-j-21m, neglecting m2 ; in 

[4934 line 18], is +56; the sum of these terms is 76—33m, as in [4961 line 46]. 

The coefficient of —A(0l8), in [4911 line 12], is §—3m; in [4918 line 5], is +2m, 

nearly; in [4925 line 14], is —£-J-m; in [4934 line 18], is 4; the sum of these 

terms is +5, as in [4961 line 47]. Lastly, the coefficient of [4908 line 1], is 

the same as in [4961 line 47]. 

* (2848) The equation [4961] being linear in m, we may compute the terms 

[4962] 

[4963] 

[4964] 

[4965] 

[4961?/] 

[4961w] 

VOL. III. 118 
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[4966] 

[4967] 

Equation 
between 

a, ar 

[4968] 

[4969] 

[4963a] 

[49636] 

[4964a] 

[49646] 

[4964c] 

[4964d] 

neglect the sun’s action, we shall have - = - [4864] ; so that we may 

suppose* (3 = |3" ; therefore, we shall have, 

The action of the planets produces a variation in the excentricity of the 

earth’s orbit e', without altering its semi-major axis aas we have seen 

in [1051', 1122, &c.]. Therefore, the value of - suffers corresponding 

variations on account of the term\ 

2 

[4968], which it contains. 

depending on each angle separately; and, if we put A for the constant terras of that 

equation, we may compute the corresponding part of u by means of the equation 

ddu 

dv9- 
-\-u -j- A y 

wrhich is evidently satisfied by putting u= — A. Hence it follows, that the constant part 

of u, is the same as the constant part of [4961], changing the signs ; this agrees with 

[4964]. We may remark, that it is not necessary, in making this integration, to add an 

arbitrary constant quantity to —A ; because it is implicitly included in the arbitrary 

quantity a, or a, [4860,4864]. 

* (2849) If we neglect the sun’s disturbing force, we have a,= a [4864] ; and the 

expression [4964] becomes, in this case, u— - . [ j. Comparing this with 

the assumed value of the constant part of u, in the same hypothesis; namely, 

u= -.{l+e2-[-i72+/3] [4861], we get (3 = (b" [4967]; which is to be substituted 
CL 

in the second member of [4964]. We must also substitute, in the first member, the value 

of u — -. (l-j-e2-j[4860,4861] ; hence we get, 
CL 

2 
in 

-•(l+62+ir2+@)=-;(l+^+i72+|3)-^-(l+e2+i73+l<='2) 

_2 

+J7 • £; • W’)- 72- 

Dividing this by l+e2-(-j72-{-|3, 

value of - 
a 

[4968]. 

and neglecting terms of the sixth order, we get the 

f (2850) The variation of the term 
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Moreover, as the constant term of the moon’s parallax is proportional to -, 
ct 

it is evident, that it must suffer a secular variation ; but, upon examination, it 

is found always to be insensible.* 

The part of u, depending on cos.(cv—to), is represented, in [4826], by 
g 

-.(l+e2).cos.(cz?—to). If we substitute it, in the equation [4961], and then 

compare the sines and cosines of cv—to, neglecting quantities of the 

d*.-a 

order which can be permitted, considering the slowness of the 

secular variations of the earth’s orbit, we shall obtain the two following 

equations ;f 

3 m . e'2 

4 a, 
[4969], is — f.^*4De'=— [5094]; 

therefore the whole value of -, is to this variation, as 1 to —§?nP. e'. be'. Substituting 

the values of m, e' [5117]; also 2oE, or 2be'—.— t.0s, 187638 [4330]; or, in 

parts of the radius, be'——2.0,00000045, nearly; we get 

'IH 

—i. e'. be' = t. 0,00000000006, nearly ; 

which, in 1000 years, will not produce a single unit in the seventh decimal place of the 

moon’s distance from the earth, taken as the unit of distance. If we multiply this 

expression by the constant term of the moon’s horizontal parallax 3424s,16 [5331], we 

shall obtain the secular effect on the parallax, equal to t.0s,0000002 ; which will not 

amount to a second in a million of years. We may remark, that the similar term of [4968], 

depending on Jl{£\ is much less than that we have estimated, as is evident from the 

smallness of the value of Af [5157]. 

* (2851) We shall see, by the estimate made in [4987A—l], that this quantity is 

insensible. 

t (2852) If we put for a moment, for brevity, E= and use the values of 
a 

V’ 9 [4975], we shall find, that the term, depending on cos.(cy—to), in [4961], is 

E.(—p—-^.e'~).cos.(cv—to), and the corresponding part of the equation [4961], is 

_ ddu , , _ , 
° —~dv% fuJrE.(—p—q.e'Q).cos.cv—to). 

[4970] 

[4971] 

[4972] 

[4969a] 

[49696] 

[4969c] 

[4969d] 

[4971a] 

[4973a] 

[49736] 

[4973c] 
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[4973] 

[4974] 

[4975] 

[4976] 

[4973d] 

[4973 e] 

[4973/] 

[4973g] 

[49737i] 

[4976a] 

[49766] 

o = e-(1+e2) 
a 

dduj 

dv* 

dvt\ 2 

- -p-1- 

d 
(l+e2) 

dv 

the quantity —p—q.e'2, being supposed equal to the coefficient of ços.(cîj-to), 

(l+e2).e 
in the differential equation [4961], divided by --— ; where wTe must 

Cl 

observe, that the values of Af, Af, Bf\ and jBSp contain already 

the factor 1—J-e'3.* The equation [4973] gives, by integration, 

If we consider e, to, as variable, and c constant [4986], we may satisfy this equation 

by assuming for u, an expression of the same form as in the purely elliptical hypothesis, 

which is u — E.cos.(cv—to) [4826,4973a] ; substituting this in [4973c], we get, 

0=[^COS^CT— 
dE d.\cos.(cv—to)} _ d24cos.(cv—■&')] -- - 
dv dv dv~ 

-[--E.cos.(cc—to)-[-.E.(—p—q.e'2).cos.(cv—to). 

Now, by neglecting quantities of the order mentioned in [4972], we may reject ddE, and 

we shall also have, 

d.\cos. (cv—to)} 

dv 
? 

d*Acos.(cv—to)} ddix . , , / ^to\2 , 
— =l^sm'(CT-")_ Ve- Tv) 

hence, the equation [4973e] becomes, 

0=[E.^-2(<H^).^}.sin.(c»-a) + [E—p-g.e'a)}. cos. («•-=,) 

To satisfy this equation, for all values of cv — to, we must put the coefficients of the 

sine and cosine of ct>—to, separately, equal to zero. The first of these conditions gives, 

without any reduction, the equation [4973] ; the second, divided by E, gives [4974]. 

* (2853) The chief terms of A®, deduced from [4998,4999], evidently 

contain the factor 1—§e'2, and the expression of B[0), obtained from [5062],contains 

terms with the same factor ; by this means it is introduced into the equations [5064, 5065], 

from which Bf\ Bf are derived. Hence, it appears, that the quantities Af, A{\ 

£&) B:3\ which occur in the coefficient of cos.(ct>—to) [4961], contain the factor 

1_|.e'2j as in [4976]. We see, in this article, [4982, &c.], the importance of retaining 
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, _&.e2.(l-f-e2)2 

tfo n2 ’ 

°~dv 

k being an arbitrary constant quantity*. Neglecting the square of q.e/2, 

we obtain, from [4974],f 

,/ 2 

= c— v/l—p + 

Therefore, if we consider y and q as constant, which we can do here, 

without any sensible error,î we shall have, by putting q'=^3=, 

the term depending on e'2, of which we have already spoken in [4910o] ; since the secular 

inequalities of the moon’s motion depend on this quantity [4984, &c.]. 

# (2854) We shall put for a moment, c— — =W, and then, by taking its differential, 

we get ^ =Substituting these values, and that of E [4973«], in [4973], 

we obtain 
-r,dW (1E 

0 — —E.— —2 W.— , or 
dv dv 

dJV_ dE 

Its integral is 

log.~r = log.E3-}-log.ik, or ■q^.— 'k.E2, as in [4977] ; 
W 

Jc being the arbitrary constant quantity. This satisfies the first of the equations of condition 

[4973] ; and. if we deduce from it the value of W= c--, and substitute it in the 

second of these equations [4974], it becomes, 

0=1 fc2.e4.(iq_e2)4 P — 7*e?* 

This might be satisfied, if all the elements e, e', y, &c. were invariable, by taking the 

arbitrary constant quantity Jc, so as to correspond to these elements ; but e', or E 

[4330], being subject to a secular inequality, it will produce secular terms in the value of e, 

deduced from [4977c?]. 

f (2855) From [4974], we have 

cfo 

c ~ T, =V/(1—V—2-e'2) = /(l—p)~ 
h qP2 

-}- &c. dv T ' “• v v XJ \/{l-p) 

If we neglect the square and higher powers of q.e'2, it becomes, by reduction, as in [4978]. 

Î (2856) The quantities p, q [4975], are functions of e, y; wdiose secular variations are 

VOL. III. 119 

[4977] 

[4978] 

[4979] 

[4977a] 

[49776] 

[4977c] 

[4977c'] 

[4977c?] 

[4977c] 

[4978a] 

[4979a] 
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[4980] 

[4981] 

[4982] 

[4983] 

Motion 
of the 
moon’a 
perigee. 

[4984] 

[4982a] 

[49826] 

[4982c] 

[4984a] 

« = cv—v v/l—p +Jq'-f e/2. dv-\-s ; 

£ being an arbitrary quantity* *. From this equation we get, 

cos .(cv—to) = cos. j vs/T^jj—\q.f e,2.dv—s j. 

Hence it follows, in conformity with observation, that the lunar perigee has a 

motion, which is represented by 

(1—[/l — y)-v-\-\c[. f e'ü.dv = motion of the moon’s perigee. 

This motion is not uniform on account of the variableness of e' ; and, if we 

suppose, in counting from a given epoch, that e' is represented by 

e' = E'+fvf Iv2 [4330,&c.] ; 

E1 being the excentricity of the earth’s orbit, at the same epoch, the motion 
of the perigee will bef 

(1—s/\ —p -fkq' 'E' .fv2 -f- ^.q' .(2JE' l d~/2)?# = motion of the moon’s perigee. 

insensible [49S7,5061] ; we may, therefore, consider p and q as constant quantities, in 

making the integrations. 

* (2857) Multiplying [4978] by dv, integrating, and substituting q' [4979], we 

get [4980] ; whence, 
cv—to= v\/(l—p) —%q'.fel2.dv—s ; 

whose cosine is as in [4981]. Now, we have supposed, in [4971,&c.], that cv—« 

represents the moon’s anomaly, and v the moon’s motion ; their difference is 

v — v\f{l—p)-\-^q'.fe'2.dv-\-s-, 

so that, while v varies from 0 to v, the corresponding motion of the perigee is 

represented by 
v—vf(l—p) -J-J qfe'2. dv, 

the integral fe'^.dv being supposed to commence with v=0. This is easily reduced 

to the form [4982]. 

f (2858) By using the value of e' [4983], we obtain, 

fe'Kdv^fdv.lE'z+ZEfv+^E'l^f^.vZ+hcd^E'Zv+EfvZ+ffiE’l+f^.vZ+hc.; 

substituting this in [4982], we obtain the expression of the motion of the perigee [4984]. 

The part of this expression, depending on the first power of v, represents the mean motion 

of the perigee, which we have put equal to (1—c).v [4817] : hence we get 

[49846] (1—c).v = (1—fl—p fiq'.E,2).v. 
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This expression may be used for two thousand years before or after the epoch 

[4984f i]. The part of it, included in the following formula, expresses the 

secular equation of the motion of the perigee, which is decreasing from age 

to age [5232'] ; 

±q,.E,.fv^Jr±q'.(2E'l-srfz).v3 = secular equation of the perigee [4984<?]. 

The value of the constant quantity c may be represented by 

c = \/T^p—\ q1- E'2 [4984c] ; 

the angle vs is then equal to the constant quantity s, increased by the secular 

equation of the motion of the perigee [4985].* 

The excentricity e of the lunar orbit is subjected to a secular variation, similar 

to that of the parallax, and like it is insensiblef [4970] ; these variations 

Dividing by v, and reducing, we obtain 

c =V(1—P) — hq’-E'2 [4986]. 

The remaining terms of [4984], depending on v2} v3, give the secular motion [4985]; 

in which terms of the order id are neglected. To make a rough estimate of the value of 

these neglected terms, without the labor of a direct calculation, we shall observe, that the 

secular motion of the perigee is about three times as great as that of the moon’s mean 

motion [5235] ; and this last quantity is very nearly represented by 10s.i2-}-0sj618i3 

[5543] ; i, being the number of centuries elapsed from the epoch of 1750. If we 

suppose i = 20, corresponding to 2000 years [4984'], these two terms, of the orders 

v2, v3, respectively, will become 4000s, 144 s; which are nearly in the ratio of 28 

to r ; and, if the term of the order v4 decrease in the same ratio, it will become 
144' 

~28~~ 
or 

5s, nearly. Now, a term of this order, in the secular motion of the moon, or one of three 

times that value in the motion of the perigee [4984e], is wholly undeserving of notice in 

such distant observations ; and, we may, therefore, restrict ourselves to the terms of the 

orders v~, v3, included in the formula [4984]. This is conformable to the remarks of the 

author in [4984']. 

* (2859) Substituting the values of c and fe’*.dv [4986,4984a], in [4980], we 

get as in [4986'], 

’a—sJr{iq'’E'fv2-\-l-q'. (2E'l-\-f).v3 j = s -{- secular equation [4985]. 

t (2860) Using the value of q' [4979], we get, successively, from [4978,4983, 4986], 

by neglecting terms of the order l and f~, 

[4984' ] 

[4985] 

Value of 

c. 

[4986] 

[4986] 

Secular 
variation 
of e is 
insensible. 

[49 87] 

[4984c] 

[4984c?] 

[4984e] 

[4984/] 

[4984g-] 

[4984ft] 

[4984t] 

[4986a] 
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[4987'] 

being proportional to ^ , which become sensible only in the integral 

/d'vi « 
— .dv. 
dv 

jj 

[4988] If ice represent any term whatever of the equation [4961] by — .cos(iv+(3)f 
ci/ 

and denote the corresponding part of u by 

dûS 

[4987a] 

c - - = /(I-*)-#, e'2 = /(I 

[4987&] 

[4987c] 

[4987c'] 

[4987/] 

[4987e] 

[4987/] 

[4987g] 

= /(l —p)—\f E'2—q. E'fv = c—Æ7'/v. 

Substituting this in [4977], and neglecting e4, e6, in its second member, we get 

.(i+^ 
ft c—q'.E'fv s/fk) 1 2c 

consequently, the secular variation of e is represented by 

a q'.E'fv 

iA , 
- h nearly ; 

<5e 
* ?'E7 

or de = e . ——— . v 
/(eft) 2c 7 2 

observing, that, if we neglect this secular variation, we have, very nearly, 

- e=—[49875], and c = l [4828c]. 
v (cft) 

If we compare this with the chief term of the secular motion of the perigee, which we shall 
£ 

represent by ô^—lq'.E'fv^ [4985], we shall get Se=s-,5vi. Now, from [4984c,/], we 

have, by neglecting the signs, 
. OA, .o , 360* . 12960001.* . . f SOm.e.i 
dtf = 30s.v*, and v —-.i =-, nearly: hence <ie = 7———— : 

m m J 7 1296000 

and, by substituting the values of m, e [5117,5120], it becomes 

Se = i. 0,0000001, nearly. 

This is wholly insensible, since, in 20 centuries, which corresponds to i= 20, it only 

amounts to 0,000002. 

If we retain terms of the order z>2, in the calculation of e [49875], its value will be 

[49877i] increased by a term of the form alrv* ; lt being of the same order as /2, or l ; and 

6 
[49877] this value of e gives d~.~ = lt. Hence it appears, that the quantities neglected in 

& 

[4972] are of the order f3 or l. Now, we have seen, in [4987/], that the expression 

[4987ft] of the part of 5e, depending on the first power of f is insensible ; and, by proceeding 

as in [4984c—i], it must be evident, that these terms of the second order /2, or /, will 

[4987/] be still less, and may, therefore, be neglected, as wholly insensible, even in the most ancient 

observations. 
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we shall have the two following equations to determine P and Q ; 

0 = îI-(i+s)8l'p+f: 

* 

2-(f+S-ï+p- 
Q = 

d<l ft 

dv2 

The variations of [3 and P being extremely slow, and i very great, 

relatively to 

from [4990], 

d[3 

dv’ 
the value of Q is insensible [4990c], and we have. 

P= - 
H 

■*-i (•'+*) ~! 

in which we must observe, that, as i + ~ is the coefficient of dv, i 
dv 

m 

* 
(2861) If we substitute the assumed value of u [4989], in 

. ddu H 

0 = *S+“+--C0S-<"+l3) C4961.4988], 

supposing v, P} Q, /3, to be variable, it will become as in [4990J] 5 observing, that 

j3 is composed of terms of < &c., similar to [4986a] ; and P, q, of terms 

e, e', 7, &c., whose secular variations are similar to that in [4987jf] ; 

0— 5 p p (à 1 H (ZQ / c?/3\ 44/3 oWP ) 

°“U p4i+*j +^+2-* • (‘+*)+«*|+si j •“■•(«+*) 

+ { — f-pddp ddQ^ . /• , \ 
-T ^ ^ dv • $ -sin- O+f3)- 

To satisfy this equation for all values of the angle iv-\-[3, we must put the coefficients of 

sm.fyi)-f-(3), cos.fyv-f/3), separately, equal to nothing ; hence we have, 

ddfi ( ddP 

' dv^lhP ’ 

If we neglect the terra ddq [4990d], which is very small, as we shall soon see, and 
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[4989] 

[4990] 

[4991] 

[4992] 

[4993] 

[4990a] 

[49905] 

[4990c] 

[4990d] 
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[4994] differential of the angle we may suppose (3 to be constant in 

that angle, provided we take, for i, the coefficient of v corresponding to the 

epoch for which the calculation is made. Thus, we shall determine the 

[4995] coefficients A(f, Af, &c., in the expression of aôu. 

Relatively to the terms, where the coefficient of v differs from unity, by 

a quantity of the second order, and which depend on the angles 

[4995'] 2gv — cv—+ and v — mv-pc'mv— 

the consideration of the terms, depending on the cube of the disturbing 

force,* * becomes necessary ; but, by carrying on the approximation as we have 

[4996] done, to quantities of the fourth order inclusively, the terms depending on 

the cube of the disturbing force, which might become sensible, will be found 

to be included in the preceding results. 

This being premised, if we substitute, in the equation [4961], instead 

of u, the following function ;f 

divide the remaining terms of that equation by the coefficient of Q, we get its value [4991]. 

Noav, the secular variations of p, P, being of the order <5to, Se, &c. [4987e,/, &,c.], 

[4990e] they must be very small ; and their products and differentials, which occur in the expression 

of Q [4991] must, therefore, be insensible. Neglecting the quantity Q, and the second 

differential of P, in [4990c], it becomes as in [4990]; which is easily reduced to the 

form [4993]. 

* (2862) Terms of this kind have been noticed in the differential equation in u. Thus, 
_2 

for example, the term multiplied by m . [A{p)2, in the coefficient of 

[4995a] cos. (2c v — 2c-j-2m?;—2to) [4961 line 32], 

is of the order of the cube of the disturbing force ; because m, are each of the 

same order as the first power of this force. 

f (2863) The function connected with 5u [4997], is the same as the value of u 

[4826], augmented by the term p, of the fourth order [4858, &.C.], and taking the 

[4997a] coefficient of cos.(2gu—2ô), so as to include terms of the fourth order. These neglected 

terms are easily computed. For, in the first place, the term s4 [4812a] introduces 

the factor 1—pf, in the coefficient of cos. (2c—2Ô) [4816], by which means it is 

changed from —pf- [4816] to —^y2.( 1—£y2) [4812a]. The same change being 

[49976] ma(je the COeffiCient of cos.(2gu—2ô) [4819], it becomes, by using [4823c], 
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i C l+ea+i72+(3+e.(l+ee).cos. (cv—) 
U=-.l } +ÔU; [4997] 

° l —|72*(1+c9—^72).cos. (2gv—2d) ) 

the comparison of the different cosines will give the following equations ;* 

^•(l+r2) 

as in [4997]. 

.*f.(l—±f).cos.(2gv—20) — — ^.(f-fe2).472.(1—i72).âd) 
a 

= _|^9 
a 

[4997c] 

]-72. (1-j-e3—472).cos.(2g'ü—2d), 

* (2864) If we take the value of i, corresponding to the epoch, as in [4994], and 

neglect the variations of d\3, we may put the equation [4990] under the form 

H 
0={1 — 

or, as it may be written, 
a. 

a 
0 = f 1—i?}.Pa+-.H. 

a. 

[4998a] 

[4998ft] 

Now, multiplying [4989] by a, and neglecting Q, as in [4992], we get, for au, the 

H 
expression au = Pa.cos.(i«-f-(3), corresponding to the term — .cos. (i-u —1-/3) [4988], in [4998c] 

a! 
the equation [4961]. Hence, it appears, that the coefficient Pa, corresponding to any 

angle iv+i3, is found by multiplying the expression [4997] by a, and substituting the 

value a Su [4904]. These values of Pa, together with the corresponding ones of 

H [4998dl 
- [4961], being substituted, successively, in [49986], give the equations [4998—5017]. 

For the constant part of au [4997]; namely, 1-f c2-j-i72+f3 satisfies the equation [4998e] 

[4961], as has been proved in [4964—4968]. The term of au [4997], represented by 

e• (1 -f"e2)-cos.(cv—•us), satisfies the equation [4961], as in [4973/ &c.]. The term of au 

[4997], depending on 2gv—2ô, is J—£(l-fe2— i72)+^i12)i -"Acos.^ü—2d) ; hence, 

Pa=[ £( 1-J-e2— £y2)-j-A™} ; 

the corresponding value of H, [49S8, 4961 line 33], is 

[4998/] 

[4998g] 

H——iKl^H2—f72)—inL +2w.*/12)} • 72 j and i=2g* 

substituting these in [4998ft], and dividing by 72, we get, 

= .1 } 

= (1—(l+ea—fr*). I 1—g-a-ff jt/ f -f |.ypm2—2S..4™ j . 

[4998*] 

[4998i] 

[4998*] 
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[4998] 

Equations 
for the de¬ 
termina¬ 
tion of A. 

[4999] 

[5000] 

[5001] 

[5002] 

[5003] 

[4998Z] 

_2 a 
0 ={1—4(1—m)2JJf+|m. 

a, 

l+(l+2m).e2+i?2—fe'! 

+(1+3 e2-{-^2-^2) 

1—m 

m 

1+4(2—19m). es—fe'2} 

-i (3+4m). ( 1 e2—fe'9) - 
1 —c2 

0 = j 1—(2—2m—cf J .A^+Sm ,a- ï( 1 —77i) 
-.(1+fe2—fe'2) 

2—2 m—c 

Ml 

H—(2—2m+c)2j.42>—fil.-. [ 3+c—4m-)- 8(* M) +24a) ? 5 
1 a, l 2—2m-j-c ) 

0 

0 = {1 — (2—mf}.A'^—fm. -. 1 _“_I_9R<9> '2 
2 — m 

m 

0 = {1—(2—- J 2-b!1”)-2t-2^4) > ; 
£?, J 2 — O li% — \ 

i+e3+i7s+!e'i!+(-Bi”+-Bi*’)-r2—lO+^M 
m 

(0) 

0 = 
(WMf+|?7ï2.£ .j 

-f (P^+P')®) .P^ —I i Of—2 Cf+2 C<10> 
WÏ 

+6m4AA^+Am-A^-10.A^es+i(A^—A^)x^f 

On account of the smallness of the terms 1—gü, —— [4828e, 4968], we may change 
“/ 

the factor l-[-e2— ^y2 into 1, or — [4968], and then the equation becomes as in 
a/ 

[5010]. The rest of the terms of «m [4997] depend wholly on a8u ; therefore, the remaining 

terms of Pa [4998c, 6], will he represented by the coefficients of aSu [4904] ; and, 

by taking them in the order in which they occur, we shall obtain, with but very little reduction, 

the equations [4998—5017]. 

* (2865) This line might, for greater accuracy, be multiplied by the factor -, like the 
[5003a] 
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0 = {1—(2—m—c)2}. fm . 
a 

a, 

4 1 2—m—c 2 1 1 

( 3-j-m—c _X a (9) 
-—c j ' 1 

0 — {1—(2—3m—cf}.A(7) — -fm 
a 

a 

•7(3+6m-c) , 7(2+3m) , a ^ 
\ 4 "T + 2^1 2—3m— c 

; 3—m—c . 4 

V^1 r<> 2 ! 2-3m-c$ 1 

3—{—2 m. C 1—|—2m—f-c 2 

0 = {1 —(c-fm)2J.^(j8)—J-m . - . 
«12 c-j-m \ -4> ) 

** \ • 

+^*)+ 5 44±£+_i_ l ,Am 
v (2 c-j-m ) 

3-2 m 

0 = {1—(c—mf}.AW— fm. 
2 

+jf»+7 j I±4±‘+JL j -A* 

4* 
l-j-m-f-c 4 

2 c-—m !• 
a;6> 

[5004] 

[5005] 

[5006] 

[5007] 

o = (i_4c2).410)+|m2. - . { 1—B^X-— A™ J> ; T 

a, 
m 

>(2+11to+8w8) (10-j-l 9m-f 8m2) 

0 

0 = 

0 

[l_(2c—2+2m)8}.4<1,M-fiS.- J 2 2c—2+2m 

+^.+i^±i°^-2ia, ’ 
V 1 2c—2-j-2m 1 J 

= ! Vi A22)+ \ { g2—'1 ■—b.+1d—fm2.412> | [4998&,q 

3-f2m—2g- (4g-2—1) (2-f-ro) 

] 24-2wYH 4(13)4-3 —~ a 1 4 4(1—m) 2g-—2+2m 
H-f an • ~ • < ft/7 (12) 

y 4-_l__2 4(13) 1 _ 

1 m* 1 * %■—2-[-2m 

0 (1—4m2).^14>+fm. ~ . I 1—JW j ; 

[5008] 

[5009] 

? [5010] 

[5011] 

[5012] 

other terms of these equations, as is evident by comparing it with the corresponding terms 
of [4961 line 21]. ^ 5 

VOL. III. 121 



482 THEORY OF THE MOON ; [Méc. Cél. 

[5013] 

[5014] 

[5015] 

[5016] 

[5017] 

[5018] 

[5019a] 

[50196] 

0= 
a 

i+-gg+(1+f 10m-)-.JW—(10+5mM<131 

{ 1 -(2^-c)2 } ,A(15)~fm . -. ^ £(0) jq(5) 
a. 

\ 

' 

m 

1+2 m+ (±l^)+3ii=-)+2J<' 
' ^ 1 — 2m 3—2m ‘ 1 

16)' 

0 — j 1—(2 %r+c)'3Mi(16) Tm 'a ' ) 10Æ15) 
— _i. + 

9. I 

m 
1—2 m 

L. (1 —2.«.). ( 1 +2e^+2eis) 

0: 
2 a ] (^36 —^ 1 ^—15 m2) .,j7. 3(1 -Fm) ,f,g. 

l-(l-m)*MSW+«A - -—4(i=k)—• «0=4*4 • 
o'2 

(4(1_3,'p^0)+*-^14>+^’5))-3 

0 
5.(1—2^_^,B)+(4+m) 'Aav_(5+m)'Am . 

0={l-(l-2m)2j.419>+ 

3 m 

2.(1—2 in) 

a 

a. - 5AW —(l—Zm).Ap 

11. We shall now take into consideration the equation [4755]. The 

function 

(dQ\ _ (*+*") (d_Q\ 
h2u ’ \du ) h*.u2 ’ \ds / 

which occurs in this equation, produces the terms,* 

* (2866) Multiplying the equation [4808] by —^ ; also [4810] by-’ 

and taking the sum of the products, we find that the first member of the sum is equal to 

the function [5018] ; consequently, the second member of this sum will express the 

development of this function. The first terms of these products, with the divisor (1+««)*, 

mutually destroy each other. The remaining terms of this sum, being written down in the 

order in which they occur, without any reduction, become 
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3m'.u'^.s , 3m'.u'3.s „ .. 3m'.w'4.s 
+ -^rrr • cos.(2v-2d) 

2A2. w4 2A2.w4 
5 .(ll.cos.(v—/) -}-5.cos.(3«—3?/)?. 

0/i • U j 

The These terms are successively calculated in the following manner. 

3 m'.u'3.s , ini 
quantity ■ 4 becomes, by development, 

( 1 +2 e3— J /+f- e'2). sin. (g v—6) 

— 2e.sin. (gvg-cv—o—to) 

— 2e. sin. (gv— cv—d+tf) 

+ f e'. sin. —6—to') 

+ f d. sin. (g v —dm v—ô -f- to') 

— fe3. sin. (2cz?—gv — 2to-f-ô), 

3m'.w'3.s _2 a 

2 A2, w4 
= f m . - . 7 - 

1 

2 

3 

4 

5 

6 

4- 

vi'.u'3 s 

2/j2, tt4 

m'.u'3 s 

Ji2. w4 

fl/40 
{l-f-3.cos.(2y—2v')}-f- d(3- -4s2).cos.(y—t/)-[-5.cos.(3y—3F)1 

3m'.w'4s 
+ -7^—r-.cos.fu—«'). 

1 ft2.145 V ' 

li we neglect the terms of the order s2, and connect together the other terms, it becomes 

as in [5019]. 

* (2867) Using always the abridged notation [4821/], we have fs =; §y.sin.gv, 

nearly [4818]. Multiplying this by the function [4884], and reducing the products by 

[18,19] Int., we get the following expression, which corresponds, line for line with the four 

first lines of [4884], neglecting terms of the fourth order ; 

(1—£e2—4y2).sin .gv \ 1 

—£e-(l—|e2—|y2).[sm.(^-f-c«)-fsin.(gu—cv)} / 2 

+^e9.[sin.(2cv-j-gu)—sin.(2a?—gv)\ l 3 

+irM—!sin.gy-J-sin.3g-y)} / 4 

The coefficients ofsin.gy, between the braces, by connecting the terms, become l-£e2-fy2. 5 

Multiplying together the two expressions [4866, 50206], we get [5021]. The detail of 

the calculation is in the following table [5020d—f] ; in which the first column contains the 

terms between the braces in [50206], the second, the terms between the braces in [4866], 

the six remaining columns contain the coefficients between the braces in [5021], corresponding 

to each of the sines, marked at the top of the columns [5020c?]. The sums of the coefficients 

[5020/], agree with the coefficients between the braces in [5021]. 

483 

[5019] 

[5020] 

[5021] 

[5019c] 

[5019tf] 

[5020a] 

[50206] 

[5020c] 
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[5022] 

[5023] 

[5020éÜ] 

[5020e] 

The development of 
3 m'.u'3.s 

QhP.u* 
. cos. (2?;—2vr), is obtained by multiplying 

the value of ~^~u3 > cos.(2?>—2v'), which we have given in [4870], by 

and we shall have,* 

a 3m'.u3.s _ .. _ u, 

u 

f—^ l+2e2-i(2-[-m).y2-fe'2] .ûn[2v-2mv-gv-\-è)\ l 

—}—sin.(^'y—%mv-\-gv—.6) | 2 

—2,(l-j-m).e.sin.(2ü—%mv-\-gv—cv—4-[-to) § 3 

-[-2.(1 sin. (2i>—2 mv—gv—cv-[-â-j-TO) I 4 

|-{-2.(l—m).e.sin.(2y—2 mv—gv-\-cv-j-â—to) I 5 

-2.(1—?ft).e.sin.(2u—2mv-\-gv-\-cv—Ô—to) \ 6 
/ * 

sin. (2^—2 mv—gv—c'mv-\-è-\--u$') I 7 

.sin.(2v—2 mv-\-gv—cmv—$-}-to') 1 8 

-[-i| .e'.sin.(2t>—2 mv—gv-^c'mv+ô-—to') | 9 

e'.sin.(2v—%mv -\-gv-\-dmv—Ô—to') 1 10 

sm.[2v-2mv-2cv-\-gv-\-2^~ô) ) I 11 

\ ~\-sin{2cv+gv-2v+2mv-2^-0) ) / 12 
L +J ( 10+19 m+8mP ) e2 

(Col. 1.) (Col. 2.) Terms of [5021], having the common factor 
2 „ o ■— a 

f.m 'â;7 

Terras of [50205]. Terms of [4866]. sin.^v sin^n+cn) sin(^n—cv) sin .(jrvgc'mv) sin.(g®—dmv) sin.(2c®—gm) 

( 1 -|-e2~f y2 ) singr l+e2+]-y2+§e'2 l+le2_ly2+|e/2 

sin.g'w —3e. cos. cv • —§e _3e 

-j-3e'.cos .c'mv 

-}-3e2.cos.2 cv 

+!«' 
_3P2 

-j-fy2.cos.2gr) 30/2 
¥/ 

-4-e.sin.(g-u-[-cv) 1 • 
_ip 

2C 

—3e.cos .cv -f£e2 

-ie.sin.^u—cv) 1 _-2_£ 
2e 

—3e.cos.cü 1 _ 3 
T4e 

—fe2 

-le*.sin. (2cv-gv) 1 —ic2 

Sum H2e2-iy2+fe'2 —2e —2e +¥' +¥' 
_5.e2 

2e 

*(2868) Multiplying one third part of the expression of — [50206], by that of 

[5020/] 
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The term 33m‘U 5‘—.cos.(w—v') [5019], produces the following ; [5024] 
B H • 1/' 

^^.cos.(2v—2v') [4870], we shall evidently obtain the value of ^^-/.cos.(2v— 2v') ; 

which we shall find to agree with the expression [5023], as will appear by the following 

calculation. If any term of [50205] be represented by Say.A.sin.F, and any term of 

Q— 

[4870] by -—. A', cos. V, one third part of the product of these two terms, or the 

corresponding part of 
3m'.u'3 s 

.cos.(2r—2/), will he represented by 

[5023a] 

[50236] 

frh.-.y.AA.sin.V.cos. V'= f nu -.y.\AA!.sin.(F+ V’)+AA'.sln.(V— V)}; 
a/ a/ 

a 
where the factor f m. -.y is the same as that without the braces [5023] ; consequently, 

a/ 

the terms between the braces [5023], must be represented by the function 

[5023c] 

[5023d] 

AA'.sin.(V-j- V')-\-AA'.sin.(V— V) ; or AA'.$n.(V+V')—AA'.sm.(V'—V) ; [5023e] 

A.sm.V representing the terms between the braces in [50206], and A', cos. V the terms [5023/] 

between the braces in [4870]. By means of this formula, we may compute the terms 

between the braces [5023] in the following manner. 

First. The coefficients of sin.{2r—2mv—gv) are contained in the four lines of the 

annexed table. The first is obtained by--—- 

combining (1—|c2—§y2).sm.gv [50205line5] * ~HK2 1 

with (l+c2-H/2—|e'2).cos.(2y—2mv) [4870] • 2 

line 1, and using the second term of [5023e], —Ie2 • • 3 

The second is produced by sra.g-v [50205 linel] —Ie2 • . 4 

and f(3+2«)-^-co3.(%T—2v+2mv) [4370] S,jse,, 5 

line 13. The third line is produced by —___t._ 

—|e.sin.(gv+cv) [50205 line2] and — §e.cos.(2v—2mv+cv) [4870 line3]. Lastly, 

the fourth line is produced by —|e.sin.(gv-cv) [50205 line 2] and -|e.cos.(2u-2mv-cv) 

[4870 line 2]. The sum of these four terms is given in line 5, and is the same as in 

[5023 line 1]. 

— 1—ifiS+iy2 -j-Je'2 1 

• -J-fy2+ï»*y2 2 

—fe2 . . 3 
—£e2 . . 4 

Sum=—I—2e3-fyy2-|-|-my2-{-Je/2 5 

Second. The term sin.gfl [50205 line 1], combined with cos.(2t;—2 mv) [4870 linel], 

and using the first of the forms [5023e], gives [5023 line 2]. [50236] 

Third. The terms of [5023 lines 3—6] are computed in the following table; in which 

the first column contains the terms of A.sm.V [50205] ; the second, the terms of A'.cos.V' 

[4870] ; the remaining columns contain the corresponding terms of [5023e], connected with [5023?] 

the sines of the angles marked at the top of these columns [5023Tc\ respectively. The 
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[5025] 

2 
33 in a a , . , . . 

. -. y. sm.(g«—v-fmv—é)4jgiu»(gvfi-v—mv~ô) 
16 a, a 

sums of these terms, in the bottom line of the table, agree with the coefficients in 

[5023 lines 3—6]. 

[5023Æ] (Col-10 (Col. 2.) A'.cos.V Corresponding terms of f5023e or 5023]. 

[50205]. [4870]. sin (gv-%mv-\-gv-cv) sin(2u-2 mv-gv-cv) sin(2«-2m»-gn-pcü) sin (2d—2 mv-\-gv-\-cv ) 

sin.o-p HK3+4m)e.cos(2r-2m,r-cr) (—|—2m).e (ld-2m).e 

[5023Æ'] 
sin.gr -è(3-4m)e.cos(2r-2mr per) (f—2 m).e (—|+2m).e 

-èe.sin [gvficv) cos.(2r—2mr) hh )‘e (“à U 

-4e.sin.(gr-er) cos.(2r—2mr) (-£ )-e (i U 

[5023/] Sums (—2— 2m).e (2f-2m).e (2—2m).e (—2-f-2m),e 

[5023m] 

Fourth. The term sm.gv [5020J] combined with -|-Jehcos.(2v — 2 mv — dmv) 

[4S701ine4] gives, by [5023e], the terms in [5023 lines!, 8]. In like manner, the same 

term sin.gr, being combined with —\d.cos.(2r—2mv-\-c'?nv) [4870line 5], gives 

[5023 lines 9,10]. 

Fifth. The terms [5023 lines 11, 12] are computed in the following table, which is 

arranged in the same manner as that in [50237d] ; 

[5023n] 

(Col. 1.) A. sin. F 

[5020.6]. 

sin .gv 

— ^.sm^gr-j-cr) 

—Je.sin .[gv—cv) 

—|e2.sin(2a'—gv) 

-fd-o2- s i n ( 2cv-\-gv ) 

(Col. 2.) A1.cos. v 

14870]. 

j(ô-f-15m-[-ë»i.a).e9.cos.(2a'—2v-\-2mv) 

—i(3-[-4m).e.eos.(2r—2 mv—cv) 

—£(3-{-4m).e.cos.(2r—2 mv—cv) 

cos.(2r—2 mv) 

cos.(2r—2 mv) 

Sums 

Corresponding terms of [5023e or 5023]. 

sin.(2»—2 mv—2 cvggv) 

-h[e9.(6+15m+8m9) 

sin. (2 cn-f-gD—2D-j-2»tD) 

-bie2(6+15m+8m2) 

-H[e9.(3+4 m ) 

+ie9.(3+4m 

+M(1 
) 

+w ) 

[5024a] 

de2.(10+19m+8m2) +^e2. (10+19m + 8 m9} 

This sum agrees with the two last terms of [5023 lines 11, 12]. The other terms of the 

development of the function [5023], of the fifth and higher orders, are neglected. 

* (2869) Substituting successively the values [4937?ï, 4865, 4818], and reducing, 

we get, 

33 m'.u'4.s , , SSm'.a^.s , x 33m. a~.s . . 
.cos.(r—v ) = . cos.(r—mv) == ~ Qy -cos.(r —mr) 

m. id 8 a,, a'4 

33m. eft.y 

8 a,.a' 

fjom.ur.y . , a\ / \ 
_-sin.(>w—ô).cos.(v—mv) 

8a,.a 7 v y 

_2 

= 33m.a^y ^s;n.^—v-|-m?/~(3)+sin.(gr-|-r—mv—Ô) ]. 

This last expression is the same as in [5025]. It is of the fifth order; moreover, the 

[50246] 
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The term depending on cos.(Sv—Sv') is insensible.* * We have noticed [5026] 

the two preceding terms solely on account of their having a little influence 

on the argument of the moon’s longitude, depending on v—mv. 

The function -^2 ^ contained in the equation [4755], gives 

the following term;f 

Sm'.u'3 , . . 
— 2PTi^y-C0S'fe'u—0 2v). 

We shall have the value of this term by increasing, in the development of 
0 jyif 9 'll! g 

~2Î^ iâ •CQS,(^—2»') [5023], the angles gv and 2v, by a right angle, 

and then multiplying it by g, which gives,f 

[502?] 

[5028] 

[5029] 

neglected terms of the sixth order, do not depend on the angle v—mv [4875] ; therefore, j-50€»4C] 

it is unnecessary to notice them. 

* (2870) By means of the values of [4937«, 4865,4818], which are used in the last 

note, we find, that the term of [5019], depending on Sv—Sv', becomes 
_2 

15 m a a . 
-Q * - • -, -y- sm.(gv—ô) .cos.(3ü—3mv). [5026a] 

This term is of the fifth order, and depends on the angles Sv—Smv±gv=0, which have 

not been noticed in these calculations ; and a little consideration will show, that if we develop 

it so as to include terms of the sixth order, it will not produce any quantity connected with [50266] 

the angle v—mv [4875]. With other angles, the terms of the sixth order are usually 

neglected. 

f (2871) The differential of [4818], using the abridged notation [4821/], gives 

ds try /<1Q\ 

jv=gy.cos.gv-, substituting this in [5027], it becomes —^.cos.gv. and, by [50280] 

using [4809], we get the three terms in the second member of the following equation ; 

3mbit'3 . _ ,, m'.w'4 .. . ^ 1 ds fd gy. cos.gv 

h?.v2 dv \dv ) h2.vP 

r f i L * tv " 'll If Lv * J 

2u2 ,sm’(^v ®v) 8«s *[3sin.(v-u)-|^15sin(3'r-3v/)]^. [50286] 

The first of these terms is noticed in [5028, Sec.], the others in [5031,5032&]. 

X (2872) Substituting the value of s [4818], in the first member of [5023], and 

omitting ù for brevity [4821/], it becomes sin.gr.cos.(2t>—2v'). Now, a slight [5029a/j 

attention will show, that the process made use of in [5023a—n], in computing [5023], will 

be the same, if we change 2r into 2v-Jr90d, and gv into gv~{-90rf, without altering [50296] 
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[5030] 

[5031] 

[5032] 

[5029c] 

[5032a] 

[50326] 

3m V3 ck 

2dv 
.sin,(2v-2v') =—fm.-.gy. 

a, 

•sin(2u—2 mv—gu+0)V l 

-j-sin.(2u—2mv-j~gv—Ô) | 2 

—2.(l-{-M).e.sin.(2u—2mv-\-gv—cv—é-f-w) 1 3 

■—2.(l-f-m).e.sin.(2u—2mv—gv—cr—j—Ô—j—to) I 4 

1—2.(1—?n).e.sin.(2r—2 mv—gv-ficv-fiù—to) I 5 

*—2.(1—m).e.sin.(2v—2 mv-\-gv-\-cv—Ô—to) \ 6 
/ « 

e/.sin.(2v—2mv—gu—c'rnv-J-Ô-]—to') / 7 

! -j-J. e'.sin.(2u—2mv-\-gv—cmv—ô-)-to') 3 

—§.e'.sin.(2v—2mv—gv-'rc'mv-\-è—to') I 9 

—|. e',sia.(2u—2 mv-\-gv-\-dmv—ê—to') Ijq 

s\n.{2v-2mv-2cv-\-gv-\-2-zï-è) ) * [ j 
+-l-(10+19m+8m* 2)e2. 

'—B'm[2cv+gv-2v+2mv-2Txr~ A) ) / 12 

The terms of the function -J-. — [4755 or 50286], which depend 
A2.w2 dv du L 

on 2«'4, produce the following;* 
2 

3 m a a c . . , aN . , , ^ 
— y. {sm.(gt;—v-{-mv—$)—sin. (gv-\-v—mv—6). 

the angles mv, cv, c'mv ; by a method of derivation similar to that in [4876a—d]. 

These changes being made in sin.gu, cos. (2v—2v'), they become cos.gu,, 

■—sin.(2u—2u'), respectively; and the function [5029a] becomes 

-2/^7^r-cos.^ .sm.(2u—2u). 

Multiplying this by g, it becomes similar to [5028]. Hence we see, that the method 

of derivation [5029] is correct. 

3ui/ 
* (2873) The second term of [50286] is —gy.cos.gv .sin.(v—v') ; and, by 

substituting the values [4937w, 4865], it becomes 
_2 

3 711 CL & • / \ 

-.-.-.^y.cos.^u.sin. (u — mv) ; 
8 a/ a! 

which is easily reduced to the form [5032], by using [19] Int. This term is of the fifth, 

order, and those of the sixth may be neglected, as in the similar term [5024c]. Moreover, 

the term of [50286], depending on the angle 3u—3u', may be neglected, for the same 

reasons as in [5026a, 6]. 
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The product 

Is reduced to* 

'dels 

. dû» 
+ . ~ .J • ~|jj contained in the equation [4755], 

1 —g* being of the order m2 [4828e], we shall retain, in this product, 

only the term depending on sin. (2^—2mv—-gv+b) ; and it follows, from 

the preceding development of that this term is equal to 

3m. (I—g2 *) a 
. 7. sin. (2^—2mv—gv-f-d). 

4. ( 1—m) a/ 

Thus, the equation [4755] is reduced to the following form ;* 

_ dds 

0 = l?+s+r' 

r being the sum of the terms we have just considered. But, for greater 

* (2874) Using the abridgments [4821/], we have s = y.s\n.gv [4818]; whence 

we obtain dds . . . 
^s+5= C1—:r).7.sm.£®; 

substituting this in [5033], it becomes as in [5034]. Now, (1—g2).y is of the order 

m2y [4828e], or of the third order; and [4809] is of the second order; hence, 

the function [5034] is of the fifth order ; therefore, we need only notice its chief term. 

Now, the chief part of — . f (~^j - g, [4881', 4882] has been computed in [4885], and 

its chief term is 2 a 1 
3"‘VS=^'c°s-(2»-2'»4 

Multiplying this by the factor (1—^.y.sm.gv, we get the corresponding part of [5034], 

3m. (1—g-2) a 
—2(i—m) 'g •Y’sm-gv *cos.(2tr—2 mv). 

Reducing this by [19] Int., we get the term [5036], and another similar term, depending on 

the angle 2u—2mv-\-gv ; but this is neglected , because it is of the fifth order, and is not 

increased by the integration of the equation [4755], as in [4897o,&c.]. 

# (2875) Substituting, in [4755], the development of the terms given in 

[5021,5023, 5025,5030, 5032,5036], it evidently becomes of the form [5037]. 

[5033] 

[5034] 

[5035] 

[5036] 

Differen¬ 
tial equa¬ 
tion in $. 

[5037] 

[5037'] 

[5034a] 

[50346] 

[5034c] 

[5034c/] 

[5037a] 

VOL. III. 123 
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[5038] 

[5039] 

[5040a] 

[50406] 

[5040c] 

[5040d] 

5040e] 

accuracy, we must add the terms depending on the square of the disturbing 

force, which might have a sensible influence. 

12. The term 
3 m'.u'zs 

2A2.w4 
[5020] gives, by its variation, the following 

ones ; 
3 m1. u' 3.5s 6 m',ii 3.s 5u 

h^.u5 

from which we obtain the function,* 

* (2376) in finding the variation of the function [5038], s, u, u’, are the variable 

quantities ; hut we may neglect Su1, on account of its smallness, as in [4909, 4932i,&ic.] : 

and the variation becomes as in [5039]. We shall now separately compute the two terms of 

which this function is composed. The first of these terms —^-.6s, is evidently equal 

to the first member of [4908/], multiplied by —a.Ss ; and, as the factor without the 
2 

3 wi 
braces, in the second member of [4908/], is — — , the required function will evidently 

be equal to the product of 

_2 
3 m a 

2 a. 
Js by the terms between the braces in the second 

member of [4908/]. We shall now compute this product in the following table ; in which 

the first column represents the terms of 6.s ; the second, the terms between the braces in 

the function [4908/] ; and, in the third column, the corresponding terms of the function 

[5040] ; rejecting such terms as have been usually neglected. 

(Col. 1.) 

Terms of & [4897]. 

Whole value of 6s 

Bl(0/.sin.(2w—2mv-gv) 

Bfly .sin. (2v-2mv 

B We'y,sin.(gv-pc'mv) 

B /Vy.sin (gv—c/mv) 

(Col. 2.) 

Terms of 
[4908/]. 

1 

—Ae.cos.cv 

-[-Se'.cos c'mv 

-f-5e2.cos.2 cv 

all its terms 

—|—3c7 .cos cJ mv 

-j-Se'.cosc'mr 

(Col. 3.) 

Corresponding terms of [5040]. 

I All those terms must be multiplied by JL.Tft . - I. 

<5.s [4897] 1 

-}-2 B^ey.\-sm.{2v-<2mv-gv-cv)—s\n{2v-2mv-gv-\-cv)\^ 

-]-§•B f 0 Vy \ sin(2v-2mv-gv+cbm?)+sin(2u-2mv-gv-c'mv) ]3 

—^Bfc^y.smglcvfgv—2u-J-2wu)-|-&c. 4 

. .. .neglected 5 

-j-f-B / W. sin .gv 

-j-|B/V2y.sin.gt>. 

6 

7 

This table contains all the terms of the function [5040] depending on the coefficients B. 

Thus, [5040rfline 1] is the same as [5040 line 1]; the terms in [5040rflines 6, 7] are the 

same as in [5040 line 2]; the terms in [5040cnine 2] are in [5040 lines 6,4] ; the terms in 

[5040ûÇ]ine3] are in [5040 lines 7, 8] ; lastly, the term in [5040t? line 4] is the same as 

in [5040 line 9]. 



VIL i. <§> 12.] DEVELOPMENT OF THE DIFFERENTIAL EQUATION IN 5. 491 

3 m ci „ „ 
— .-.is [4897] 

+ ^j- • |.e'2/.sin.(gv—«) 

g-3 m . - . j ^0)—fA^.e2j .y-sin.^!»—2mv—gvg-ô) 

% ÿ 
—3m. -.Bf\ey.sin.(2y—2mv—gvg-cv+b— 

a/ 
2 ^ 

—3m. - .Af\ey.sin.(2t>—2mî>+^—cv—0+®) 
Ct, 

■—3m. - . j Bfy—Afï | .ey.sin.(2î>—2mv—gv—cv-f-ô-j-w) 
a/ 

Q_2 ( sin.(2»—2mv—gv+c'mv+ô—to') 
f- .-.BfKe'r.l 

4 °’1 ( -)-sin.(2i>—2m v—gv—c'mv-\-i-\--us') 

3 ni a 

2 

3 

4 

5 

6 

7 

8 

2 
. - 5A[l)—2A[n)—}.e3/.sin.(2cy+^—2v-\-2mv—2^—0) 9 

Ct. 

3 m a 

2 
. - .{5A[l)—2A{")}.e*y.$m.(2v—2mv—2cv-\-gv-\-2™—è). 

Ct. 
10 

The second tenu of [5039]-—’ ’s ev^ent^7 equal to the product of the 

first member of [4908] by ^X —; therefore, the development of this term will be 
O U 

obtained by multiplying the second member of [4908] by — [50206], and the product 
u 1 

by f. This process is performed in the following table ; in which the first column contains 

3s 
the terms of — between the braces in [50206] ; the second column contains the terms of 

u 

[4908] between the braces ; the third column, the corresponding terms of the function 

[5040/or 5040], retaining terms of the usual forms and orders; observing moreover, that 

the product of the above factor §, by the terms without the braces [4908,50206], is 

2 

3m.(l+fe/2) 
2a, 

_2 a 
.3ay = —6y.to . 

a, 
nearly. 

Develop¬ 
ment of 
the varia¬ 
tion [5039], 

[5040] 

[5040/] 

[5040*] 

[5040/] 
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[5041] 

[5042] 

[5040A] 

[504Or] 

[5040&] 

[5040Ï] 

njf3 » 

The term .cos. (2v—2 if) [5022] gives, bj its variation, the 
/w/l • Vj 

following terms ;* 

3m'.u'3.6$ 

2 ff. uA 

6 m',u'3.s.6w 
cos.(2v—2v) —  -. cos. (2v—2v') 

K J h\ if K ; 

3m'.u'3.s.oif 
+-g— -• sin. (2®—2v') ; 

Ji. u 

(Col. 1.) 

Terms of [50205] 

snugw 

-&.sin.{gv-\-cv) 

-àe.s'm.(gv—cv) 

sin .gv 

(Col. 2.) 

Terms of [4908]. 

A^°\cos.{2v—2m-v) 

ji(l\e.cos.(2v—2mv—cv) 

^f1<-iiV2.co8.(2cu—2v-\r2mv) 

^ ^n)e^.cos.[2cv—2v-\-27nv) 

~2A^c^-.c,os.{2v—2mv—2cv) 

A1('1î.e.cos.(2v—2mv — cv) 

A1(1'>*e.cos.(2v—2 mv—cv) 

—2A1('1\ez.cos.(2v—2 mv) 

(Col. 3.) 

Corresponding terms of [5040]. 

[ All these terms must be multiplied by —6 tf. a ] . 
^ ai 
—hA^.y.sin.fôv—2 mv—gv) t 

Jv310)e>[sin.(2r?—Wmv-\-gv—cv)—sin.(2®—2mv—gv— cv)^2 

hAf11). e^y. sin. ( 2cv-\-gv—2v-\-2mv ) 3 

^1Oi).e2j/»sin.(2^i-—2 mv—2cv-\-gv} 4 

—A ^eaj.4sin.(2cn-[-g’r;~2rj-|-2mv)-(-sin(2iî-2??îîJ-2ct?-fg-r)) [5 

—iA^x^sm. (2cv~\-gv — 2v-\-2mv) 6 

.—\A^)fi-y. [ sin(2v—2mv—2cv-\-gm— sin(2v—2mv—gv) ] 7 

A1(-l\eQy.sin.(2v—2mv—gv). 8 

The last term of the function [4908],included in this table, is —25?1(1).e2.cos(2v—2m«), 

which is not expressly given in [4908], though it is produced by the term —4e.cos.cv.akc 
2 

3 ïîi 
[4908g line 2], neglecting, for brevity, the consideration of the factor — . (l-ffe/2), 

without the braces. For, by substituting the term a<k=.fe e.cos. (2v—2mv—cv) 

[4904 line 2], and reducing by [20] Int., we get, 

—4e.cos.cv.aSu = — 2^4(11).e2.cos.(2r—2mv—2cv)— 2A[l\e*.cos.(2v—2mv). 

The first term of the second member, is given in [4908 line 3], but the second is not given ; 

we have, however, introduced it, because it is necessary to make the development [5040] 

agree with [5039]. This table contains the remaining terms of [5040] depending on A. 

Thus, the term depending on A^f [5040 line 3] is the same as in [5040A line 1]. The 

coefficient of ^[ffisin.^y—2mv—gv), in [5040 line 3], is equal to the sum of the two 

terms in [5040/t lines 7,8]. The coefficients of A[f [5040lines 5,6] are as in [504Q/iline2]. 

The coefficient of A^ [5040 line 9] is the same as [5040Aline 3]. The coefficient of 

A[il) [5040 line 10] is the same as [5040A line4]. The coefficient of A^ [5040line 9] 

is the same as the sum of the two corresponding terms in [5040A lines 5, 6]. Lastly, the 

coefficient of Atw [5040 line 10] is the same as the sum of the two corresponding terms 

in [5040A lines 5,7]. 

* 
[5041a] (2877) In finding this variation, we neglect the terms depending on Suf, as in [5040a]. 
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hence results the function,* 

3 ni a 
. ^ .{Bf+AAp+iBWe'^Bp.e'*}.(1—fe'2).ysin.feT—é) 

3 i a ( CB-O+S.) 
__# _ 

2 a‘ \ -f-{(1 —m).Bf—Af}. sin.(gv-\-cv—6—w) 

3 m a 
—r • “ •e i 

4 a. 

s -]-1 Bf J-fB[0) I. sin.(§’2J—c'mv—ô-\-A) 

+ j B\l0)—±B[0) J. Anfgv-fdmv—ô~A) 

-f Bf\ sin. (2v—2 mv—gv-\-c'mv-\-b—*') 

+ Bp. sin. (2v—2 mv—gv—c'nw-\-è-\-^) 

X 
S 

1 

2 

3 

4 

5 

6 

7 

* (2878) If we multiply the first member of [49107c] by-—. 8s, it produces 
O 

* It* 
the first term of the expression [5042] .co-=.(2 v—2 ?/). Performing ihe same 

process on the second member of [49.107f], we find, that the preceding term will be represented 
2 

c^— ^ 

by the product of — .5,s by the terms between the braces in [49107r] ; or, mother 
£ ttf 

words, it will be found, by multiplying the expression of <5s [4S97] by the terms between 
o 

the braces in [4910/ ]. and then annexing ihe common factor ~ . - to all the terms. ct, 
Taking now, successively, the different terms of 8s [4897], multiplying, reducing and 

retaining terms of the usual forms and orders, wre shall find, that this first term of [5042] 

produces all the terms of [5043], which contain the symbol B; as will appear by the 

following calculation. 

First. The product of Bfhy.sin.(2r—2mv—-gv) [4897line 1], by the first line of 

[4910/;], gives 
2 

— . —. (l-|-2ea-—|-e,2).[|.sin.(4w—4 mv—gv)—l.sin.gv}. 
£ (t/ 

The first of these terms, which depends on the sum of the two angles is neglected, as 

usual, because it produces nothing of importance ; and the same happens with the sums of 

all the other angles, which deserve notice, in this first term of [5042] ; provided we 

change the signs of the angles in [4910/;lines 10, 12] ; which does not alter their cosines ; 

so that the term between the braces, in [4910/; line 10], may be put under the form 

i(10-|-19w-|-6m2).e2. cos. (2v—2mv—2cv), &c. Taking, therefore, the second term of 

124 

Develop¬ 
ment of 
the varia¬ 
tion [5042], 

[5043] 

[5043a] 

[50436] 

[5043c] 

[5043(7] 

[5043e] 

VOL. Ill 
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[5043] 
continued. 

[5043/ 

[5043e//] 

[5043/] 

[5043/] 

[5043g-] 

[5043/ 

[5043i] 

2 

3 m 
C -f 0Aff—2A[n)+B(^ 

l —i(10+19m-|-8m2).^0) 
sin. (2 cv—gv—2w-p) 

8 

9 

[5043/, depending on the difference of the angles, and neglecting the quantities depending 

on e2, e/a, it becomes 
_2 

, — . —. B^.y.sin.gv, as in [5043 line 1]. 

We may remark, that the circumstance of only using the difference of the angles in this 

function, enables us to apply the principle of derivation with much facility, in finding the 

development of the function treated of in [5046a, &c.]. The same term of [4897 line 1] 

being combined wfith [4910& line 2], produces the term depending on B(f [5043 line 2] ; 

neglecting e2, y2, e/2 ; moreover, the term in [4910/: line 3], gives, in like manner, the 

term depending on [5043 line 3] ; the term in [4910/: line 4] produces that in 

[5043 line 4] ; lastly, the term in [4910/:line 5] gives that in [5043 line 5]. The remaining 

terms of [4910/:] produce quantities of the sixth and higher orders, which are neglected, with 

the exception of that in [4910/: line 10 or 5043e], which produces the term in [5043line 9], 

depending on the angle 2cv—gv. 

Second. The terms in [4897 line 2—7] produce only terms of the fifth and higher orders 

which may be neglected. The term cos. (2ft—2mv) [4910/cline 1], being combined with 

[4897 line 8], produces the term depending on B'f [5043 line 7] ; with [4897 line 9], it 

produces the term depending on Bf [5043 line 6] ; with [4897 line 10], it produces the 

term depending on Bf [5043 lined] ; with [4897 line 11],it produces the term depending 

on Bff [5043 line 5]; with [4897 line 12], it produces the term depending on Bf} 

[5043 line 10] ; lastly, with [4897 line 13], it produces the term depending on B(ff 

[5043line 8]. The terms [4910&line4] and [48971ine 11] produce the term depending 

on B[10) [5043 line 1]. The terms [4910/: line 5] and [4897 line 10] produce the term 

depending on Bf [5043 line 1]. This includes all the terms connected with the symbol B 

in [5043]. 

The second term of [5042] is 
6m'.u,3.s.5u 

hP.u5 
cos. (2^—2ft') ; this is evidently equal 

3s 
to the continued product of the first member of [4911] by the function — [5020/, and 

1 'll 
3 

by the factor f. Now, this factor *, being multiplied by the factor — —, without the 

2 a 
braces [4911], and by the factor 3ay [5020/, produces —3in. — .y. Hence, it is 

a/ 

evident, that the second term of [5042] will be obtained, by multiplying together the 

functions between the braces in [4911,5020/; then reducing, and annexing the common 
_2 a 

factor — 3m .—.7. This calculation is made in the following table, which requires no 
CL. 

particular explanation. 
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— 3 . a ' jg(ii)< sin J2v—2mv— 
4 

-2 CV-\-gv+2ro—ê). 10 

(Col. 1.) (Col. 2.) (Col. 3.) 

Terms of [5030&]*> 
between the braces. 

[Terms of„®911]/ 
between the braces. 

Corresponding terms of the function [5043]. 

[All these terms must he multiplied by — 3 H?, ~ . 

sin.gu A^°K(1—fe'2).sin.g-'ü 1 

sin.gv j9[re.cos.cv §.Æ(11)e.[sin.(g,y—cvj-j-sin.^-j-cy) 1 2 

-—!e.sin.(ig’î>-f-CTî) JÎ^e.cos.cv . .. .neglected 3 

-—Je.sm.Qpu—cv) A^e.cos.cv -j-^^!(11)e2.sin. ( 2 cv—gv) 4 

sin gv —2 A(9 e2.cos.2ctj _{_ A(11)ea.sin.(2cv—gv) 5 

sin .gv l)e2.cos.2e-i> —£A[U)ea.sm.(2cv—gv ). 6 

concluded 

[5043&] 

The two lower terms of column 2, lines 5,6, correspond in [4911] to 

9m 
— —. f. e2. cos. 2 cv ; [50437] 

which are not expressly mentioned in [4911] ; but are easily computed, as in [49107:, &c.]. 

For, the function [4911] is found, in [49107], by multiplying the function [49107:] by the 

expression of 2aôu, deduced from [4904]. Now, the term 

2 
9m 
j—. 2e.cos.(2t>—Zmv-{-cv) [49107: line 3], [5043m] 

being multiplied by the term 2«Æ1(I). e.cos.(2u—2mv—cv) of 2aôu [4904], produces the 

term 9-2 

which is used in [50437: line 5]. In like manner, the term 
_2 

9m _ 
~ 4iT‘ C0S‘ v—[49107: line 1], 

being multiplied by the term 2A«»e2.cos.(2cv—2v+2mv) of 2aou [4904], produces, 

in [4911], the term 9-2 

——.|.Æ^e2. cos. 2c« |, as in [50437c line 6]. 

[5043n] 

[5043o] 

If we now compare the terms of [50437:] with those in [5043], depending on A, we shall 

find that they agree. For, the term in [50437: linel], depending on is the same as in 

[5043line 1]; those in [50437:line 2], depending on A[9, are the same as in [5043lines2,3]; [5043^] 

the sum of those in [5043 lines 4,5] is —3ni. — ,y. e2. cos. (2 cv —gv)\> as in 

[5043 line 8] ; lastly, the term in [50437: line 6], depending on Ap\ is the same as in 
[5043 line 8], 
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[5044] 

[5045] 

[5043g] 

[5045a] 

[5046a] 

[50466] 

[5046c] 

[5046c?] 

[5046e] 

[5046/] 

THEORY OF THE MOON ; [Méc. Céï. 

The term-• y •sin.(2«'—2d')* gives, by its variation, 
• U 0/0 

3m’. id3 d.6s 
2fd.u4 ' dv 

id ^ fl s 
. sin. (2 y—21/) + ~ ~L .5u~. sin. (2 v—21/) 

v 7 /t2.w5 ^ v 7 

, 3m. w 3 dfs „ , „ ,v 
+ ttï—T-. ^-f5v.cos. (2v—2v). 

fr.u dv' 

Hence results the following function ;f 

The third or last term of [5042] 
3mf.u'3.s.5v' 

h?.ü~ . sin. (2 v—2/), is evidently equal to the 

continued product of the functions in the first members of [4918,50206] by the factor £ ; 

and, as this product gives terms of the sixth and higher orders, it may be neglected ; 

consequently, the value of the terms in [5042] is accurately given, within the prescribed 

limits, by the function [5043]. 

* (2879) This term is the same as [5027], substituting [4809 line 1] ; its chief part is 

computed in [5028, he.]. Taking the variation of [5044], and neglecting 6u', as in 

[5040a,&c.], we get [5045]. 

f (2880) The first term of [5045] — 5^7 * // .sin.(2c-—2/), may be computed 

in the same manner as the first term of [5042], in [5043«—g] ; and, by this means, we shall 

obtain all the terms depending on the symbol B, in [5046]. But, we may obtain the 

same result in a more simple manner, by the principle of derivation used in [1876a—c/] ; 

deducing the terms of [5046], depending on any symbol B(m\ from those in [5043], 

depending on the same symbol, in the following manner. If we denote any term of 5s 

[4897], by 5s = B{m). sin.fr, we shall have, by taking its differential, 

= B^m\i.cos.fr = B'm) .i . sin.(£r-f4)0Æ) ; 
dv 

d ôs 
so that — may be derived from 5s, by increasing the angle iv by 90rf, and 

dv J 

multiplying the coefficient by i. Moreover, if we increase 2r by 90h in the same 

manner as in [4876a—d], the term cos.(2r—2r'), which occurs in [5043a], will change 

into —sin.(2r—2r'), as in [5046a]. This increase of the angles iv and 2r by 

90d, does not alter the differences of these angles in the terms [5013c/—g], which 

depend solely on these differences [50436']. Hence it follows, that the terms of the 

function [5046a], may be deduced from the corresponding ones of [5043a], by merely 

multiplying by the coefficient i, corresponding to each term respectively ; or, in other 

words, we must multiply each of the terms of [5043], depending on B(m), by 

the coefficient i, which corresponds to this term of os=B'm) .sm.iv [4S97]. Thus, in [5046g-] 
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3 m a 

4 a, 

2 

,3m a 

+ -2--«.-e7 

3 m a 
—- . - . e y. < + 

a. 

3m ci 

(2-2m-g).B[°^(2-3m-g).B^\e'2 ) _ 1 
> .(1—|e,2).r.sin.(^—ô) 

—J. (2—m—g).B[9\e'‘2 ) 2 

{( 1 + m).(2—2m—g).B[Q)—}. sin.(ÿfl— cv —fl+^) 

+ {(1—ni). (2—2m—g).BJ0) }. sin.(g4?+ctJ—&—w) 

(2—m—g)-B[9) 

+|-.(2—2m—g)-B(f>) 

(2—3m—g)'B[]0:> 

2m—g) B[°) 

—îw) . £[8). sin. (2î>—2mv—gv-^c’mv-^-b—™') 

4~{g-\-m) . B[7K sin. (2v—2mv—gv—c'mv-\-ô-\-^’) 

. sin. (§4;—c'mv—-fl-fV) 

. sin. (gv-\-c'mv—fl—to') 

3 

4 

5 

6 

7 

8 

9 

10 

11 
- . e~7 

541)— 2411>+(2-2m-2c+£).JBf2> 
. sin.(2cz?-o-v-2TO4-â) 

i(104M9M+8w2).(2-2m-,g,).j3[0) ) 12 

— ?ÜL . - . ^J)11).e2y.sin.(2v—2mv—2cv-\-gv+2^—â). 
4 a. 

13 

the first term of [4897 line 1], we have Bm) = B'fy, i — 2—2m—g ; therefore, the 

terms depending on Bf'1 [5043] must be multiplied by 2—2m—g, to produce the 

corresponding terms of [5046] ; by this means, the term in [5043 line 1] produces that in 

[5046 line 1] ; and those in [5043 lines 2, 3, 4, 5] give those in [5046 lines 3,4,6, 8], 

respectively. Again, in the third term of [5043 line 1], corresponding to j5[10), we have 

i = 2—2m—g—dm — 2—3m—g, nearly ; and this produces the term depending on 

B^ [5046 line 1]. In like manner, the terms depending on B(p, B(\ Bf\ Bg\ 

Bin\ B[12\ produce the corresponding ones in [5046] ; observing always, that c, g and 

d, are very nearly equal to unity. 

ds 
Substituting the value of — [5028a], in the second term of [5045], it becomes, 

6m'. u'3 

* 5u• sm* (2v~‘2v )-gr-cos.gv ; 

which, by putting g*=l, is evidently equal to the differential of the first member of the 

125 

Develop¬ 
ment of 
the varia¬ 
tion [5045]. 

[5046] 

[5046A] 

[5046i] 

[5046Æ] 

YOL. III. 
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[5047] 

[5046Z] 

[5046Z'] 

[5046m] 

[5046n] 

[5046o] 

[5046p] 

[50465] 

[5048a] 

[50486] 

[5048c] 

Lastly, the function (yj£+*) • f ■/ (ff) • % t5033] gives- its 

variation, the terms* 

(X'y • . 
function [4931ft or 493fp], multiplied by -j- .cos.gv ; and, as the resulting function is 

composed of terms of the fifth and higher orders, we need only notice the chief terms of the 

differential of the function [4931p]. These, after reduction, are contained in [4931p line 6], 

and in [4931^,r], whose differential, divided by 2dv, produces the following terms, 

nearly ; 

6 m 15m 

2a, 
| Afesm .cv-\-A[me2. sin ,2cv j-— . Jlfe*. sin .2cv ; 

which must be multiplied by the factor ay. cos.gv. The first term of [5046ft] evidently 

produces the two terms, depending on A'f [5046 lines 3, 4] ; the second term produces 

that depending on A[n) [5046 line 11] ; the third term produces that depending on A[l), 

in L5046 line 11]. 

As the last term of [5045] is very small, we may substitute in it the values [4937ft], 

and [4865, 5028a] ; by which means it becomes 

■ 'n-~- .ov'. cos. (2c—2 mv ) .\gy. c os .gv ] : 
a/ 

and, 8s Sv' is of the third order [4931a], the whole expression must be of the sixth or 

higher orders. Now, as it does not contain any quantities of the sixth order, depending on 

the angle v—rnv [4875], it may be neglected; therefore, the function [5045] will be 

represented by the quantities depending on its two first terms, which are given in [5046]. 

* (2381) The chief term [4809] is represented by —fW.dv 

[4929a], and if we put, in this case, V,— ^ +*> tlie funct*on [5047] will become of the 

form —V ./ W. dv ; whose variation is given in [49296], charging V into Vt. Now, 

we see, in [5049], that is of the order m.y, or of the third order; also 

W [4929a], or its differential coefficient, as well as a Su, are of the second ora higher- 

order ; hence it appears, that all the terms of the variation [50486,49296], excepting 

— oVrf JV.dv, may be neglected, as of the seventh or a higher order. Now, the 

function —ffV.dv [4929a] is evidently equal to the first member of [4885], and 

6Vt = ; ]ienCe} the function —-SVr fW.dv [5048c], or the chief part of 

the development of the function [5047], will be represented by 

[5048rf] 
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_2 
1 — m 

•.y.sin .{gv—ô) 

a. 
• 2.(ac-2+2„) (2^»-2”+0 

1 

2 

The terms depending on the cube of the disturbing force are insensible.* 

13. Connecting together all the terms of this development, we find, that 

the equation [4755] becomes, 

/dd-Ss \ 

\ dv2 
X by the second member of the function [4885] ; 

in which we must substitute the value of 8s [4897]. Now, the first term of this value 

dd ôs 
gives, in — -—8s, the term — {(2 — 2 m—g)2 — 1 ]. Bp. y . sin. (2 v — 2mv —g v) ; 

multiplying this by the terms in [4885 lines 1, 10], it produces the terms in [5048 lines 1,2], 

respectively; neglecting terms of the order e2, e'2, in the factor (l-j-2e2—|V2) 

[4885 line 1]. The factor (2—2m—gf—1, being of the order m, renders the term 

in [5048line l] of the fifth order; which is retained, though small, because the term 

connected with the angle gv gives the motion of the nodes in [5050, &,c.] ; and the term 

in [5048 line 2], depending on 2cv—gv, is retained for reasons similar to those in [4828c?]. 

The term depending on Bf [5048/*], being multiplied by the remaining terms of [4885], 

produces terms of the sixth and higher orders, connected with angles which have been usually 

neglected. The next term of 8s [4897 line2] has the coefficient Bf.y, which is 

marked of the third order; but, if we examine the value of Bp [5177], we shall find 

it to be so very small, that it. may be neglected. The terms in [4897 lines 3—7] are of 

the fourth order, producing in [5048e] terms of the sixth or higher orders, which 

may be neglected. The terms [4897 fines 8—11] are of the form B[m). e'y . sm.iv ; 

in which i differs from unity, by a quantity of the order m ; so that 1—is is of the 

dd ôs 
order m. This gives, in a term of the form Bp. e'y. (I—v*). sm.iv, 

which is of the fourth order; producing only terms of the sixth order, in [5048e]. In like 

manner, we find, that the remaining terms of [4897] may be neglected, and the whole 

function [5047] is reduced to the two small terms [5048]. 

* (2882) If we compare the value of IT [4902, 4961], with that of r [5037,5049], 

we shall easily perceive, that the terms of r are of the order IT,y ; and, as the terms of 

n, depending on the cube of the disturbing force, are of the fifth or a higher order 

[4995a, 4941,4942, &,c.], the corresponding ones of r must be of the sixth or of a higher 

order, which may be neglected. 

Develop¬ 
ment of 
[5047]. 

[5048] 

[5048c] 

[5048/] 

[5048g-] 

[5048/t] 

[5048i] 

[5048Æ] 

[5048Z] 
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[5049] 

Differen¬ 
tial equa¬ 
tion in s. 

[5049a] 

[50496] 

* 

n dds 2 a 

0=^+S+im-a-‘ 

l+2e2—If+ie’s 

(3—2 m—g).(g+m) 

-m 
.£?>+4,4f | .(1-fe'*) 

1 

2 

' .y.sm(gv - ê) 

_ 2 a 
— 

a 

—{3—3m—g 5.5J10).e/2-|-i.(3—m—g).Bf\da \ 3 

+f .{B?+B^}.ef* / 4 

(!+§•). {l+2e2—i.(2-fm).?2—|e/2}4 5 

(1—^-2) , _ > •7*sin.(2t;—2mv—gv-\-£) 

' i -m 
-4Jf+10J^.e2—25f 6 

+ |w.-. j J.(l—^•)+^1)|,7.sin.(2t>—2mvJrgv—ô) 7 
a/ 

+ J-m. 1 Bf]—2+(l—m).(3—2m—g)-B[0)} .ey.sm.^gv-^-cv—£—8 
O, 

_2 a 

+ f —2—2^f11)+(l+îw).(3—2m—g).2?J0)}.e/.sin.(g$—cv—d+w) 9 
a! 

+ f m . j (l+g).(l—m)—2B(^)JrB^)\.ey.sm.{2v—2mv—gv^cv+è—n) 10 
ai 

+ f m - ~{(g—l).(l+m)+i^5)—2A^}.ey.sin.(2v—2mv-j-gv—cv—d-fw) 11 

* (2883) The equation [5049] is the same as [5037], taking for r all the terms we 

have computed in the ten functions[5021,5023,5025,5030,5032,5036,5040,5043,5046,5048], 

In finding the sum of these terms, we shall proceed as in note 2847 [4960e, &c.], taking the 

quantities depending on each angle separately, in the order in which they occur in [5049] ; 

after dividing them by the factor which is common to all the terms as in [49615]. 

First. The terms depending on sin-gu [5049 lines 1—4] have the common factor 
_2 d 

.—.y.sm.gv ; and if we divide all the terms of the functions [5049a], depending on this 
®/ 

angle, by this factor, we shall obtain in [5021 line 1] the terms l-j-2e2—^ya-j~§e'a, as in 

[5049 line 1]. The terms in [5040 line 2] are the same as in [5049line 4], The coefficient 

of jB^0).(l—§e'2), in [5043 line 1], is —in [5046 line 1], is —|(2—2m—-g) ; 

their sum is 
-£.(3—2 m—g) = —i. • ( 1 —^) • 

Lastly, the term in [5048 line 1] is 

h'{ 
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{(1 -\~g) .(\-\-m)-\rB{9) +2^4(11)-2Z?[0) } .ey.$m.(2v—2mv-gv-cv+è-\-zs) 12 
aj 

{3Jr2BlpJr^ (3-2m-g) .Bf)-(3-3m-g).B[10)} .e'/.sin .(gv+c'mv-6-d) 13 
a, 

+|m.-. {3Jr2Bf)—| (3-2m-g). Bf]-(3-m-g). B[9)l. e’y.sin. (gv—c'mv—é-f-®/) 14 
a! 

-}-fm[£(1 —(1 +5"—m) •Bf)} -e'y.sin.(2u—2my—^r-f-c'my-f-^-ro') 15 

2 a 
+i s12B?0> - i(l+g)+3B'»>-( 1 +£+m)B? > } .e'7*sin*(2y—2wy—gy-c'my-j-â-j-cj') 16 

a 

I 3- a +f m~. 
a. 

■ 25(H)-. 5_ io^W-f4^ui)_ (3_ 2m—2c+g) 

+ '^F+lISUi |-(io+ia-+a-P)J*?«5 ' 

17 

e27.sin(2cy—gv—2ô-\-ks) 

18 

2 a ( 2R^12)+i (1—g).(10-f-19m-j-8m2) 

+fn* 
a' ( +KL4W—4^111>—2R0^ 

.e2y.sin.(2y—2 m—2cy-f-(g'r-{-2sj'—4) 

-H|A 

2 a ( | • ( 10-j-19yi-j-8w2)+2-Ri (i3) 

a. -j_10^a)—4^<n>—5Bf> 
e2/. sin. (2cy-j-(g*«—2y-j-2my—2^—â) 

-f-f-m.-. | 3-j-2i?<14) | . ^.7. sin.(gî>——0 

2 O, Ç ^ (l 
rf|ni.- . I ^-\-2Bff] j . -.?.sin.(g7>-|-tt—my—4). 

19 

20 

21 

22 

23 

24 

adding this to the sum of the two preceding terms, it becomes 

i /3—2 m—e*\ 

•(—,—)• fe+ra); 

which is the same as the coefficient of B{0) [5049 line 2]. The term depending on A(® 

[5043line 1], is the same as in [5049line2]. The coefficient of 5^9).e'2.(l_fe'2), in 

[5043 line 1], is £ ; in [5046 line 2], is £(2—m—g) ; whose sum is £(3—m—g), as in 

[5049line 3]. The coefficient of 5<10he/a.(l—fe'3), in [5043 line 1], is — j; and, in 

[5046 line 1], is — £(2—3m—g-) ; their sum is —£(3— 3m—g), as in [5049line 3]. 

The term depending on [5043 line 1], is the same as in [5049 line 2]. 

Second. The terms in [5049 lines 5,6] have the common factor 

„ _2 a 
— I m . — . 7. sin. (2y—2mv—gv) ; 

a! 

126 

Differen- ) 
liai equa¬ 
tion in s, 
concluded, 

[5049] 

[50496'] 

[5049c] 

VOL. 11T 
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[5049'] 

[5049c'] 

[5049d] 

[5049e] 

[5049/] 

THEORY OF THE MOON ; [Méc. Cél. 

14. In finding the integral of the equation [5049], we must proceed in 

and, if we divide the corresponding terms of the functions [5049a] by this factor, we shall 

obtain, in [5023 line 1], the terms l-f-2ea—i(2-j-»t).72—5/2. and, jn [5030 line 1], the 

same terms, multiplied by g\ their sum is the same as in [5049 line 5]. The expression 

[5036] is the same as the first term in [5049 line 6]. The terms depending on Af 

[5040line 3], are the same as in [5049 line 6]. The terms in [5040line 1, 4897 line 1] 

give the term depending on B(f [5049 line 6]. 

Third. Of the three terms in [5049 line 7], the first is found in [5023 line 2]; the 

second, in [5030 line 2] ; and the third, in [5040 line 1,4897 line 2]. 

Fourth. The terms in [5049 line 8] have the common factor 

_2 a 
§ m . — . ey. sin. (g v -f- cv) ; 

a/ 

and, if we divide the corresponding terms of the functions [5049a] by this factor, we shall 

get, in [5021 line 2], the term —2; in [5040line 1], the term B(f ; as in the second 

and first terms of [5049 line 8]. The coefficient of (1—m).Bf\ in [5043 line 3], is 1; 

and in [5046 line 4], is 2—2m—g ; whose sum is 3—2m—g, as in [5049 line 8]. Lastly, 

the terms depending on Af* [5043 line 3,5046 line 4] mutually destroy each other. 

Fifth. The terms in [5049 line 9] have the common factor 

_2 d 

§m . — . ey. sin. (gv — cv) ; 
a/ 

and, if we divide the corresponding terms of the functions [5049a] by it, we shall obtain, in 

[5021 line 3], the term —2 ; in [5040 line 1], the term Bf] ; as in the two first terms of 

[5049 line 9]. The coefficient of (l-J-m)./?^, in [5043 line 2], is l ; and, in [50461ine3], 

is (2—2m-—g) ; whose sum is (3—2m—g), as in [5049line 9]. Lastly, the terms 

depending on Af [5043line2,5046 line 3], being added, give —2Af [5049 line 9]. 

Sixth. The common factor of the terms in [5049 line 10] is 
__2 a 

fw . — .ey.sin.(2u—2mv—gv-\-cv). 
a, 

The term connected with it, in [5023 line 5], is 1—m ; in [5030line 5], is g(l—m) ; 

whose sum is (l+5‘)-(l—m)> as m the first part of [5049 line 10] ; [5040 line 4] gives 

—2Bf", and [5040 line 1] gives Bf; as in [5049 line 10]. In the same manner we 

obtain the terms connected with 
_« a 

f m . — .ey.sin. (2v—%mv-\-gv—cv) namely, in 

[50231ine3], —(l-f-m); in [5030 line 3], g(l-f-wi); whose sum is (g—l).(l-f-w); 

in [5040 line 5], the term —; and, in [5040 line 1], the term B; all these agree 

with [5049 line 11]. 
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a similar manner to that in [4971, &c.]. We shall, therefore, suppose [504^ 

Seventh. The common factor of the terms in [5049 line 12] is 
2 a 

f m • — .ey. sin.(2u—2mv—gv—cv). 
a/ 

The term connected with it, in [5023 line4], is (l+m); in [5030 line 4], is g(l-fm) ; [5049g-] 

whose sum is (l-J-^)*(l+m) 5 m [5040 line 6], is —2(B{°]—A[x)) ; and, in [5040 line 1], 

is Bi8). These agree with [5049 line 12]. 

Eighth. The terms connected with the common factor 

_2 a 
§ m . - . ey. sin. (2v—2mv-\-gv-\-cv), 

a/ 

are as follows. In [5023 line 6], —{1—m) ; in [5030 line 6], g(l—m) ; whose sum [5049ftj 

(g—1).(1—ni) is of the second order [4828e] ; or, of the sixth order in [5049] ; and, as 

this is not increased by the integration [4897o, &c.], it is neglected. 

Ninth. The common factor of the terms in [5049 line 13] is 

—2 ® / r 1 / n 
I m . ~.ey.sin. {gv-j-cmv). 

a/ 

The term connected with it, in [5021 line 4], is 3; in [5040 line 1], is 2B(?) 5 as in 

the two first terms of [5049line 13]. The coefficient of B(P, in [5043 line 5], is Jj [5049t] 

in [5046 line 8], is £(2—2m—g) • whose sum is £(3—2m—g), as in [5049 line 13]. 

The coefficient of B[10), in [5043 line 5], is —1 ; in [5046 line 7] is —(2—3m—g) ; 

whose sum is —(3—3m—g), as in [5049 line 13]. 

Tenth. The common factor of the terms in [5049 line 14] is 

_2 a , . . 
I m ,- . e y.sin.^ti—cmv). 

The term connected with it, in [5021 line 5], is 3 ; in [50413 line 1], is 2B[8\ as in the 

two first terms of [5049 line 13]. The coefficient of Bf\ in [5043 line 4], is —in 

[5046 line 6], is —g-(2—2m—g) ; whose sum is —|(3—2m—g), as in [5049line 14], 

The coefficient of Bf\ in [5043 line 4], is —1; in [5046 line 5], is —(2—m—g); 

whose sum is —(3—m—g), as in [5049 line 14]. 

[5049/c] 

Eleventh. The common factor of the terms in [5049 line 15] is 
_s a 

£ m . — .c'y.sin.(2v—2mv—gv-\-c'mv). 

The term connected with it, in [5023 line 9], is in [5030line9], is £g] in [5040 linel], fg 

is 2R,9) ; in [5040 line 7], is 3B10) ; in [5043 line 6], is —B[8) ; and, in [50461ine9], 

is —(g—m).Bf\ These terms, taken in the same order, are as in [5049 line 15]. 
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[5049'"] 

[5049m] 

[5049n] 

[5049o] 

[5049/)] 

7 and ô to be variable ; in consequence of the variation of the excentricité 

Twelfth. The common factor of the terms in [5049 line 16] is 

£ m . —. e'y. sin.(2r— 2mv —gv — c'mv). 

The term connected with it, in [5023 line 7], is —§; in [5030 line 7], is —%g; whose 

sum is —as iQ die second term of [50491ine 16]. The term, in [5040 line 1], 

is 2B[10); in [5040 line 8], is 3Bf; as in the first and third terms of [5049line 16], 

Lastly, the coefficient of Bf, in [5043 line 7], is —1; and, in [5046 line 10], is 

— (g-f-m) ; whose sum is —(l“h§*+'w0; as in the last term of [5049 line 16]. 

Thirteenth. The term connected with the common factor 

s 
4 

_2 a 
m . — . e'y. sin. (2v—2mv-j-gv—c'mv), 

in [5023 line 8], §■; and, in [5030 line 8], is —£g; wffiose sum 1(1—^) is of the 

order m2 [4828e], producing terms of the sixth order, which may be neglected. In like 
_9 a 

manner, the terms connected with the factor f- m . -. e'y. sin. (2 v—2 m v-j-g v-fc'm v), in 

[5023 line 10], is — i ; and, in [5030 line 10], is. ; whose sum ~l{l—g), 

is of the second order, producing terms of the sixth order, in [5049], which may be 

neglected. 

Fourteenth. The common factor of the terms in [5049 lines 17,18]. is 
_2 a 

£ m . — . e2y. sin. (2cv—gv). 
a/ 

The term connected with it, in [5021 line 6], is —5 ; in [5040 line 1], is 2B,g1) ; as in 

the two first terms of [5049 line 17]. The coefficient of in [5043 line 8], is —5; 

in [5046 line 11], is —5; whose sum is —10, as in [5049 line 17]. The coefficient 

of in [5043 line 8], is +2, in [5046 line 11], is +2; whose sum is -j-4, 

as [5049 line 17]. The coefficient of B'f\ in [5043 line 8], is —1; in [5046 line 11], 

is —2m—2c-\-g) ; whose sum is —(3-2m—2c-{-g), as in [5049 line 17]. The 

coefficient of (10-f-19?n -f 8?ft2).i?j0), in [5043 line 9], is in [5046line 12], is 

1(2—2m—g) ; whose sum is £(3—2m—g), as in the first term of [5049 line 18] ; the 

remaining term is as in [5048 line 2], neglecting the factor (1 — fe'2). 

Fifteenth. The common factor of the terms in [5049 lines 19, 20] is 
2 a 

£ m . —. e9y.siti,(2v—2mv — 2cvf-gv). 

The term connected with it, in [5040 line 1], is 2Bf\ as in the first term of [5049 line 19]. 

The coefficient of |(10-f 19w+8m2), in [5023 line 11], is 1; and, in [5030 line 11], 

is -—g $ whose sum is (!-§■)> as in the second term of [5049 line 19]. The terms 

depending on Af, A,n) [5040 line 10], are as in [5049 line 20]. The coefficient of 



VIL i. § 14.] INTEGRATION OF THE EQUATION IN s. 505 

of the earth’s orbit. Then, by substituting, for s, the expression [4.8971] 

s= y. sin.(g*fl—[5050] 

and comparing at first, the sines and cosines of gv—ê, we shall obtain the 

two following equations ;* 

B[ll) [5043 line 10], is —1; and that in [5046 line 13], is also —1; whose sum —2, 

is as in [5049 line 20]. 

Sixteenth. The common factor of the terms in [5049 lines 21, 22] is 

_2 « 
£ m . —. e2y.sin.(2cv-{-gv—2v-|-2mv). 

a/ 
This is multiplied by the factor |(10-f- 19m-f8m2), in [5023 line 12] ; and also, in 

[5030 line 12] ; their sum is as in the first term of [5049 line 21]. In [5040line 1], we 

have 2B[m, as in the second term of [5049 line 21]. The terms, in [5040 line 9], give 

those in [5049 line 22]. 

[5049g] 

Seventeenth. The common factor of the terms in [5049 line 23] is 

_2 a a 

Im ‘â 'a''7‘ sin-(^—'v+mv). 

The terms connected with this, in [5025], is » ; and, in [5032], is £ ; whose sum is 3, [5049,-] 

as in [5049 line 23]. Lastly, the term [5040 line J], depending on is as in 

[5049 line 23]. 

Eighteenth. The common factor of the terms in [5049 line 24] is 

_J2 a a 

‘a * a' •7,s^n‘(^Tv—mv)• 

The term connected with this, in [5025], is ÿ; and, in [5032], is —£; whose sum 

is f, as in [5049 line 24]. The term [5040 line 1], depending on B(215\ is as in the 

last term of [5049 line 24]. Hence it appears, that all the terms of the equation [5049] 

agree with the preceding developments. 

[5049s] 

* (2884) The quantities B[°\ 4®, in the factor of y.sin.^gv—ô) [5049 line 1-4], 

are multiplied by 1— fe'2, and some of the other terms of that factor are multiplied by 

e'2; so that we may put the whole factor under the form p"-\- q". e'2 [5053]. Moreover, as 

the equation [5049] is linear, we may notice the terms depending on sin .(gv—6) separately; 

and, by restricting the value of s to this term, we shall have, from [5049,5053], 

0 = ~dv* S + (P**+ S,/* O**- sin .(gv—ê). 

[5051a] 

[50515] 

Substituting in this, the value s — y.sin.(gv—$), and its second differential, 

dds ddy 

dv~ = ^-sm- (S^)+^.(g-jvyos.(gv-t)-y.^.coS.(Sv-ê)^.^gy£y.Sm.(g^); l[505Jc] 

127 VOL. III. 



506 THEORY OF THE MOON ; [Méc, Cél. 

[5051] 

[5052] 

0 

0 

ddô 

dv2 

ddï 

dv2 

_ dy 
2. /. 

dv 

dôs 

dv 

c / dô\% ) 
-»'•)(?-*) ~q+(?"+?"• O-r; 

[5053] p"-J-ÿ'.g'2 denoting the coefficient of 7. sin. Qr-u—d) m the differential 

p"’ 4'- equation [5049] ; in which we must observe, that Bff and Aff contain 

[o°o4] inpRcitly the factor (1—fe'2) [4976^,6]. The first of these equations 

gives, by integration,* 

[5055] 

$-Jv 

[5055'] 

[5056] 

H being an arbitrary constant quantity. The equation [5052] gives, by 

neglecting and the square of q".e'~,\ 

dô 
j=g-i/i+P"- 

In" p'% 2Ï *e 

v/ t+p 7/ ’ 

considering u, y, as variable quantities, we get, 

[sosie/] 0 =—\r- 

This equation is satisfied by putting the coefficients of cos.(gv—Ô), sin.(gy—Ô) separately 

equal to nothing; by which means we obtain the equations [5051, 5052], respectively. 

[oOole] whole calculation being similar to that for the motion of the perigee, in note 2852 

[4973a—A], 

* (2885) The equations [5051,5052] are similar to [4973,4974], and are solved in 

dô 
the same manner as in [4977«, &c.]. Putting, in this case, g——=WI, we get, for 

CLV 

[5055a] ... ddô dW 
its differential, ——■ = —~c. Substituting these in [5051], we obtain, 

[50556] 

dv2 

0 = —y 

1 

dv 

dW, 

dv 

rf/T dj_ 
Wt -*• 7 

whose integral is —- = H.y* ; H being the arbitrary constant quantity. This is the 
rr f 

same as [5055], and is similar to [4977 or 4977c]. 

f (2886) In like manner as we have neglected ddE, or dde, in [4973e—A], we 

may neglect ddy, in [5052] ; and then, dividing by y, we get, 
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therefore, if we consider p", çf, as constant, which may here be done 

without any sensible error [4979$, &c.], we shall have, 

« =gv—yf=s--/e'2-*>+x ; 

x being an arbitrary quantity. This gives, 

1 n'f 2 H sin.(gv—6) = sin. j v/i .fe'*.dv — X J . 

Hence it follows, in conformity with observation, that the nodes of the moon's 

orbit have a retrograde motion upon the apparent ecliptic, which is represented 

fry,* 
1 a" 2 y Retrograde motion of the nodes = —l - .fe'*.dv. 

This motion is not uniform by reason of the variableness of e' ; and the 

secular equation of the longitude of the node is to the secular equation of the 

perigee as 
V/l+p" 

is to 
l/l— P 

•f 

°=-(s— |)*+l+y'+î".e'2; 
or, by reduction, 

£ V/{l+p"+q".e'*)=f{\+f) 
&q".e'2 

Vf+f) 
Neglecting the square of <f.e'2 [5055'], and reducing, we obtain [5056]. 

this by dv, and integrating, we get [5057] ; or, as it may be written, 

gv-tf .yy».*_x j ; 

and, by taking the sine of both members, it becomes as in [5058]. 

Multiplying 

* (2S87) In [4818 or 50516] the quantity gv—6 represents the moon’s distance 

from the node, which is equal to 

[ V/(l+/')-» + fp^ryfe'2-*>-X ] [50565]. 

Subtracting from this the moon’s longitude v, we get the expression of the retrograde 

motion of the nodes [5059] ; observing, that by taking the integral fe,2.dv from v=0, 

where the motion of the node is commenced, we may neglect the quantity X. 

f (2888) The term of the expression of the motion of the moon’s perigee, upon which 

its secular motion depends, is represented in [4982] by W-fdz.dv=^^)fe,\dv [4979], 

[5056'] 

[5057] 

[5057'] 

[5058] 

[5059] 

Motion of 
the nodes. 

[5060] 

[5056a] 

[50566] 

[5059a] 

[50596] 

[5060a] 
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[5061] 

The secu¬ 
lar varia¬ 
tion of y 
is insensi¬ 
ble. 

[5061a] 

[50616] 

[5061c] 

[5062a] 

[50626] 

The tangent y of the inclination of the moon’s longitude to the apparent 

ecliptic [4813], is also variable, since it is represented byf 

7= [5055], 

But it is evident, that its variation is insensible ; and this is the reason why 

the most ancient observations do not indicate any change in the inclination^ 

although the position of the ecliptic has varied sensibly, during that interval. 

We shall then have the following equations ;f 

The similar term in the motion of the node is — 

being prefixed, because the motion is retrograde, 

the ratio mentioned in [5060]. 

fl!gp~fb'2'dv [5059b the negative sign 

This last expression is to the former in 

* (2889) We may observe, that the equations [5051—5059] are similar to those in 

[4973—4982], and may be derived from them. Thus, by changing c, zs, —p, —q7 
en_j_e2\ 

-— -, into g, Ô, y", q", y, respectively, we find, that the equations [4973] 

and [4974] change into [5051,5052], neglecting ddy ; [4977] becomes like [5055]; 

[4978] like [5056] ; [4980] like [5057] ; [4981] like [5058], changing cos. into sin. ; 

lastly, [4982] like [5059]. Hence it is evident, that we may apply the same method, 

to prove, that the secular inequality of y is insensible, that we have used for e, or 

—--, in [4987, &æ.] ; observing, that both these inequalities depend on terms of a 
Of 

similar form and order. 

t (2890) If we suppose any term of Ss [4897] to be represented by f-s), 

it will produce, in — -f- s, the term j 1—i2 \.B .ïw». (iv-f a). Substituting this in 

[5049], and putting the coefficient of each sine equal to nothing, we shall obtain the 

equations [5062—5077] ; taking them in the same order as they occur in [5049] ; 

and reducing them, by dividing the equations by the factors depending pn e, e1, y, 

without the braces. No other reduction is necessary in any of the terms, except in that in 

[5049 line 18] ; in which we must substitute 

(2—2m—g)9-—1 = (3—2m—g).(l—2m—g) ; 

by which means we have, 

3—2 m—g [(2—2m—gf—1] 
-A-T 2.(2c—2—2 m) 

(3—2m—g). ^ 

— (3—2m—g) . 

1—2 m—g 

4 ' 2.(2c—2-J-2/I») 

(g-]-m—c) 

2.(2c-2+2m) 

[5062c] 
4 
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0= j 1—(2—2m—gy\.B(P—}m . ^. 
(!+«•)• S l+2e2—i.(2+m).^-|e'2 j J 
+ Ü^)_44»)+10J«.€S—2Sf) l 

°= 1 !—(2—:Zm+gf i >B">+ i m. -. j J.(l—g)+B™ j ; 
a/ 

0= {1— (g+4*\-^f + §m\ 2+(l— m).(3—!2m—g-).5<°>}; 

0= S1—fe—c)2J.BfJ fS.- .{B^—2—2A^+(i+m).(3—2m—g).Bf}; 
ai 

0= j I—(2—2m—g +C)2J.Bf>+ fm*. j (1+£).(1— «)-25<i+-B<4) j; 
Cl/ 

Q=\l—(2-2m+g-cf}.Bf+^m\ - .\(g~\).{\+m)+Bf—2A^}-, 
at 

o 

0= j 1—(2 -2m—£—c)a J.5f +}»!.-. {(1 +ig-).(l+m)+Bf +2^'>-2BS»> j ; 
«Z 

°= S1—fe+m)2} .B;7>+flt.“. {3+2BS7>+è(3-2m-i?).5f>-(3-3m-ig-).Æ<10)} ; 
Ct/ 

0={'i-(g—'>nfl.B{y+i^-aL-lS+2Bp—i(3-2m-g).JBf-(3-m-g).B^h 
a, " v 

°= S1—(2— m—g-)3i.flW-Hj*’.?..{i(l +|)+2B?»-jfetas>'—(I+y-rn).£>*>J ; 

°=| 1—(2—3m—g-)2i.^;i0)+|sAf2R;'»)-}(l+ig-)+3B(»>—(l+g-+ffl).B?'| ; 

0=|l-(2c_g)2j.B?-»+pA 

■2Bll»—5—10A?+4Ay>—(3—2m—2c+g).By^ 

»; ) -(3- 2m-g) .(g+m-c)S-l±f9 ”+f ”f ) .J3OT C 
v 2.(2c — 2-[-2m) 1 ^ 

o=n -(2-2m —2c+gy\ .B™ +£«?.-. 
«/ 

(l-^).(l0-f-19m+8»z2) 

-f 1 

0= {1—(2c+g-—2+2»i).i4î,3>+».“. 
i( 10-4-19m+%«s)-j-2#™ 

+10Æi--4ÆItti)--5J5W 
? 

J={i-Cg-+»—| 3+2B<14> | ; 

0=U— fe+l—m)aS.B<‘5>+fïS.-. J 4+2B<>“ ? . 
®/ ( ) 
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[5078] 

[5079] 

[5080] 

[5081a] 

[5081a'] 

[50816] 

[5081c] 

[50814] 

[5081e] 

[5081/] 

[508%] 

15. It now remains to determine the value of t, in terms of v. For 

this purpose, we shall resume the equation [4753], 

d v 
dt — 

\dvj 

We must substitute in it the value of u [4997] : namely, 

2 ^ l-)-e2-P472+l3+e-(l+e2)-cos. (cv—to) 

—] r2.(l -j-e2—iy2). cos. (2gv—2a) 
u = 

We shall have, in the first place, by developing the factor 

~b ÔU . 

dv 

hu3 ’ 
a term 

independent of the cosines, which, by the nature of the elliptical motion, 

must be equal to * 
a3. dv 

\/at 
[5081o, jo]. 

* (2S91) If we put, for brevity, 

« = y , , a r (d(j\ dv } à 
l ~«2 \dv ) ' «2 5 

dv 
the expression [5078] will become, dt=-~.(f. The development of Q', in a 

series, gives, n, , 1 r fdQ\ dv 3 /rdQ dv\2 0 

Uv • Ï* +W • V * • -&c-; 
which is of the same form as the factor of [5081], depending on Q. The terms of u 

[5079], independent of Su, have been heretofore denoted by u [4826, 4861, &c.;4997] ; 

and, by retaining this value, the second member of [5079] will be u+Su. Substituting 

this complete value of u in dt [5081a] it becomes, 

dt — 
dv.q 

h.(u-\-6u)% 

dv.q f Su\-2 Ç 1 

~ ~7tW ' V1 + tT/ =(/üfs 

h vP. a 

hu3 

3 (a Su)3. 

2 Su , SSifi „ ) , 

huh a2 
— &.C. > . dv. Q'; 

observing, that we must substitute in [5081 c], for u, all the terms of the second member 

of [5079], excepting Su. Now, by neglecting terms of the fourth order, we have, 

[4866?] ; whence, £ = ^|-(l+4es+i72)- 

Multiplying this by w-3 [4866/c], we get, 

l a2 
ldvd7â==âf' ^ (1+^e~î>|)_te-(1-Î72)*cos-CT+3e240s.2cî;+|72.c(j^2^ü-|e72.cos(2(g^cîj) \. 
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Then we shall have, II—2e.(l—£72).cos.(cü—-us) 

-j-^e2. ( 1 -j-^-e2—|/2) .cos.(2 cv—2zs) 

-f-|72(l-f-|e2-|72).cos(2<g,v-2^)-e3.c°s(3c'y-3-5j) 

-fey2 {cos(2gv-cv-<2ô-\-'x) +cos(2<§'«;+ct-25-to) } 

C l-j-le2—fy2—3e.cos.(cy—'#)-{-3e2.cos.(2cv—Sot) 
-2a5u . < 

C H-f72.cos.(2g-ij—2é)—?;-ey~.cos.{2gv-cv-2ô-\-'ti) 

-j-3.(a 5m)2. 11—4e.cos.(cu—w) ]. {1—&sc. | 

Substituting this and (/ [50816], in the term of [5081e] depending on the first power of 

aSu, we get the corresponding terms of [5081 lines5,6] ; neglecting the very small term of 

the fifth order, depending on ey2. cos .cv. Again, we have in [48706], 

u~4 = a4. [1 — 4e .cos.cv -J- &,c.|. 

Multiplying this by ~= nearly [5081/], we get, 

1 a2 
——- = — . U—4e.cos.cy4-&;c.l. 
7m4. a2 ap c 1 3 

Substituting this and the value of Q' [50816], in the term [5081e] depending on (m5m)2, 

we get the corresponding terms of [5081 line7]. We may observe, that aSu [4904] is 

of the second order ; so that, in these terms of [5081 lines 5—7], we have explicitly 

retained terms as far as the fourth order inclusively. The only remaining term of dt 

[5081c] is the first, and the <luan% $ is represented by the terms depending 

on Q, in [5081 lines 1—4]. The factor connected with (f, is of the same form as 

the value of dt, in the first of the equations [o31] ; namely, dt —— : from which 
7m2 

the elliptical value [534c, 535] is deduced. This has the constant factor #. If we 
dfl 

compare this factor, or —, with the calculation in [5346, &c.], we shall easily perceive, 

that the numerator a2, is introduced by the term m2 [5081m], which is not altered in 

the disturbed orbit [4861]; but the denominator /«, which is deduced from h [5346,&c.], 

is changed into in the distuibed orbit [4o63] ; and, by this means, it becomes ——. 
y/a, ‘ 

If we take the differential of [4828], and divide it by n=a~$ [4827], it becomes, by using 

the abridged notation [4821/], 

Differen¬ 
tial equa¬ 
tion in t. 

[5081] 

[50816] 

[5081*] 

[50816] 

[50811] 

[5081m] 

[5081»] 

[5081o] 
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[50810 

[5081/»] 

[5081g] 

[5081r] 

[5081s] 

[508 If] 

[5081m] 

[5081*] 

[5081to] 

[508lx] 

That part of the second member of this equation, which is not periodical, is 

ar 
dt= —.dv. 

\/a 

1 — 2e. ( 1 — \y2) • cos .<?#-/§ e2. cos .2cv—e3. cos .3 cv |[y 2. cos. 2gv 

—fey9,cos .(2gv—cv)— %ey%£,os.{2gv-\-cn) 

Now, changing the term 
a2 

v/a 
into — [508lo], we ought to get the factor which is 

independent of Q, in [5081 lines 1—4] ; and, upon examination, we shall find they 

agree; except in some terms of the fourth order, connected with cos.2cv, cos-2gv, which 

were neglected in computing the function [50812? or 48:28]. To prove this, wre shall repeat 

the calculation [4821A—m] ; retaining only the terms which produce, quantities of the fourth 

order in e, 7, and are connected with the angles 2cv, 2gv. By this means, [482li] 

becomes as in [5081m] ; observing, that the last term arises from -j-5(/-f-e.cos.cy)4, which 

is omitted in [482H). Now, from / = i?2— i7a.cos.2gv [4821e], we obtain, by noticing 

only the angle 2gv, 

f——iv2- cos. 2gv ; /2 = — /A cos. 2'.gv . 

The first of these expressions ought to be changed into /=—(^y2—^y4).cos.2gv, in 

order to notice the term of the fourth order, which was neglected in [4812a, A]. Finally, 

the term —4(3/e2.cos.2cu) gives, by noticing only the terras depending on cos.2^-y, cos.2cv, 

—6/e2—6/e2, cos. 2 cv = |e2y2. cos. 2'gv —f e V2. cos. 2cy [5081s] . 

Hence [5081?/] becomes as in [5081e] ; and, by substituting cos.3cv = §cos,2a?-j-&;c. ; 

cos.^cv = £cos.2c?;-J-&£c. [6,8] Int., we obtain [508 he] ; 

dt==h3.(l-j-2y3).dv.[ —2f-j-3(e3.cos.2cv-j-f2)—4(3fe2.cos.2cv) -f-5(e4.cos Jcv)} 

, 2(]-y2—/y4) .cos.2^4-3 (e2.cos2cv—|y4.cos.2g-y ) 

T §e2y2.cos.2gy—fe2y2.cos.2ee-[-5e4.cos.4ce ) 

=h3.( l-\-2y2) .dv. ^ (f e2—|e2y2+f e4) .cos.2 cv-\-($y2-\-%e2y2—Jy4) .cos.2^?; £. 

The terms between the braces are of the second and higher orders ; therefore, in finding 

the terms of this function, of the fourth order, we must obtain the factor A3.(l-|-2y2) 

correctly, in terms of the second order. This value is easily found from [4823] ; which gives, 

A3.(l+2y2) =«*.(1—fe2+iy2). 

=h3 (l-J-2y2) .dv. ■ 

If the factor 1—f e2-\-%y2 be connected with the two terms of the second order in 

[5081w], it will produce some terms of the fourth order ; and, by retaining terms of 

this order only, we obtain the expression [5081y], which is easily reduced to the form 

[5081*] ; 
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represented by,* 

3 ( [fe2(——§e2y2-{-§e4^.cos.2cu 1 
dt=a-.dv.\ > 

( +U"y2‘C—|e24-£A/2)+| eV-£y4} .cos.^g-ü ) 

= 0s.dv. ^ (ie4—fe2y2).cos.2a>4-(fe2y2-£y4).cos.2gu>^. 

The terms between the braces in this expression are the same as the terms of the fourth 

order in [5081 lines 2,3]. Hence it is evident, that the development [5081] is correctly 

made. 

* (2892) The function | -f(~) • whose powers and multiples occur in 

[5081], has already been developed in [4881', 4885,4889, Szc.], and in the variations of 

these quantities [4930, &c.]. If we put the function [4885] equal to M2; and the 

function [4889] equal to M4, the indices denoting the order of the functions ; we shall 

have = + whosestiuareis h•[/(*)•v]* = 
neglecting terms of the sixth order ; hence, Q' [50816] becomes, 

_, , 1 /* /dQ\ dv 3 rr fdQ\ dv~\2 
^ =1_ ÏÂmJ\dv)'lÂ 1 2hA ' [f (dir) * — &c- = 1 — 

We must add to this value of Q' the terms arising from the variations of the function 

—\M2 ; the variations of the other terms being so small, that they may be neglected. 

The chief term of the value of —%M2 is that which is noticed in [4929, 4930] ; namely, 

r 3m'.u'3.dv 
/ 8--sm-O-aO; 

whose variation, relative to the characteristic <5, is evidently represented by, 

6m! r, u'3. dv ( ôu . _ 
— -•sm.(2r-2r)+|!îF.cos.(2r—2F) J; 

(W being neglected [5040a]. The function in the first member of [493In], is developed in 

[493 lp], and we shall put this last expression equal to JV4, and that in [4932a] equal to 

JYb; then we shall evidently have, for the two terms of the variation [50£2,3], the following 

expression ; 
— |a.JV4—$a.JV5. 

The second variation of the same function —%M2, is easily deduced from that of 

M2u [4942], by dividing it by — 2u = —2ar1, nearly [4826]; using also 

[5081"j 

[508lp] 

[5081z] 

[5082a] 

[50826] 

[50826'] 

[5082c] 

[5082c?] 

[5082c] 

[5082/] 

[5082g-] 

[50826.] 

VOL. III. 129 
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[5082] 
cfi.dv 

S/a, 

21m* , 3m2.40) , 
+ 777“- 64.(1—to)2 4(1—to) 

[(40>)2+ (. ef] [ [5092a]. 

[5082ft'] 

[5082i] 

—— = to2 [5094]; whence we get, 
®/ 

15to2 (H/)2e2. cos.(2cr—2c-}-2toc) 

4 2c—2-{-2to 

The other terms of 
1 r. /dQ\ dv 

fë'J \&v) ' «a» 
which are noticed in [4944, 4945], produce the 

following terms, which may be deduced from [4945 line 2], by dividing by —2a l, as 

in [5Q82A] ; 

[5082/c] 
_2 

5 m. a 

8 a, 
. --.f aSu.dv. {3.sin.(c—c')-]-15.sin. (3c—3v') j 

CL 

The terms resulting from this expression may be obtained in the same manner as 

[4946/] is deduced from [4945 line 2] ; or, more simply, by dividing [4946/] by —2a~1 

[5082A]. By this means it becomes, by using the value of to2 [5082/i']> 

[5082Z] 
15 to2 a cos.(r—toc) 
—— . —- 

4 a 1 —to 

Now, adding together the functions [5082c, g, i, l], we obtain, 

j 5082m] 
= 1— U-N— ia.JV, 

15to2 (e/?/)2e2.cos. (2cc—2c-f-2mv) 

4 2c—2+2to 

15 to2 a ,(0 cos.(c—toc) 
‘ • • • • • 

4 a 1—to 

Substituting to2 [5082A']» in the value of M, [4885, 50825], and neglecting terms of 

[5082m'] ^10 second order, between the braces, which produce only terms of the sixth order in Mz, 

it becomes of the form, 

[5082w] Mz = 3 to2 

2—2 m 
.cos.(2c—2toc) -f 2P(.cos. (2c—2toc-{-F") 

as is evident, by mere inspection ; the symbol Pt being the coefficient of the first 

order of any term between the braces in [4885], and 2c—2mv-j-V the corresponding 
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The coefficient of dv, in this function, is not rigorously constant. [5082'] 

angle. The square of this gives, by neglecting P^, and the angles 4 a — 4 ma 

4a—4ma-{- V, 

27 m 

\ïjé.^f+êïm-*p‘-co&-v\ 

16(1-»)' i4(î^) + ïP'-C0S'F|- 

27 m4 
[5082o] 

Now, it is evident, by inspection, that the terms between the braces in this last 

expression, are easily derived from those between the braces in [4885], by rejecting 

2 a—2 ma from all the angles, and taking half of the first terrain [4885 line 1] ; 

hence we get, 

27 to* 

16 (1 —m) * 

4 (1—m) \2—2 m 

(. 7 

2 (1-4-m) 2(1—m) \ 
v 1 J—j-a-J—\.e.cos.cv 

+ 

2 —2 m c 

1 

\ 2 — 3 m 2 — m/ 
. 4 eh cos. c'mv 

[5082ip] 

Substituting this in [5082m], and for Mz, M4, JV4, JYS, writing the functions to 

which they correspond [50825, we obtain, 

dQ\ dv~12 
' — &c. 

, dv J i/9 J 

=1—|.function [4885] — |.function [4889] — 4a.function [493Ip]—|-a.function [4932a] 2 

1 

+ 
27 m4 4( 1—-m) 

16 (1—m) ’ 

' 2 (l+m) , 2(1 —m) 
—-—-—-—---— !.e.cos.ca 

n2—2m — c 2—2 m-\-c 

' 7 1 

2 — 3 m 2 — m, 

15m2 (^(1))9 62.cos. (2ca— 2a-{-2ma) 

.4eh cos.c'mv 

[5082g] 

2 c — 2 -f- 2 m 

+ 
15 m2 a .... cos.(a—mv) 
-. —-A-- 

4 a' À 1—m 

The expression is now reduced to so simple a form, that we can, by the mere addition of the 

terms, obtain the complete value of Q7, as in the following table ; rejecting such terms 

and angles as have been usually omitted ; and putting 

m . — = m2, as in [5082/f] ; 

[5082?-] 
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[5082"] 

Impres¬ 
sion of 

O'- 

[5082s] 

THEORY OF THE MOON ; [Méc. CéL 

We have seen, in [4968], that the expression of ^ contains the term 

Terms of [5082g1]. 

[508217 lines 2, 3] 

[4885 line 1] 

[4885 line 2] 

[4885 line 3] 

[4885 line 4] 

[4885 line 5] 

[4885 line 6] 

[4885 line 7] 

[4885 line 8] 

[4885 line 10] 

[493 lp line 24] 

[5082? line 4] 

[4885 line 12] 

[493 lp line 26] 

[4885 line 13] 

[4885 line 14] 

[4885 line 15] 

[493 Ip line 29] 

[4889 line 1] 

[493Ip line 31] 

[4932a line 3] 

[ 5082? line 5] 

[483lp lines 39,13] 

[4831p lines 14,17,20] 

[5082? line 3] 

[493 lp lines 7,16] 

[493lp line 6] 

Corresponding terms of Q'=l_i.p ((i^\.++’1.(fd3d-Y_&c 
h9-J \dv J u2 2/i. i V dv u~J 

27 
1+77 • 

m4 

64 (1—to)2 
[This line has no factor.] 

]-cos.(2v—2mv) 

. ( 1 +fe2—i72—-i<f 2) ■ e.cos. (2u—2mv— cv) 
2—2m—c ' v ' 

. 2(1-to) 

~^2-2^+c,e,COS^2t;~2OTy+CT) 

7e 
All the terms 
except the 

first line have 
the common 

factor -ip»®. « 

— ——-—.cos.(2îi—2 in v—c'mv) 
/v( £—Oïïl) 

/ g 

+ ^—-. cos. ( 2 v —2 in v 4-c'mv ) 
1 2(2—to) v n ' 

7 (!2-{-3m).ee' ,0 0 , v 

‘2 (2—3m—c) v A 

7 (2—3 m).ee' . . , . 

+2 (2-3m+cyC°S'(2l,-2”+CT~<: 

(2-f-m).ee' 

2(2—m—c) 

^(10+19m-|~8m2)' 

+ 2w22<10) £ .^^3^.008.(201;—2ii+2otii) 

. cos. (2n——cv-\-c'mv) 

]\ 
—è{Ai]y 

^4-(2 —{— in) ) 0/2 
-f- \ f.0—pr~pfï—.cos. (22*y—2 u4-2m') 
r 7_2-j-2m v 6 1 J 

(2—m).>2 

4(2g+2-2m) 

17e'2 

.cos. (2gv-\-%v—2 mv) 

2 (2—4m) 
.cos. (2u—2 mv — 2c' mv) 

. (5+»t) 

+ 1—m 

4- < * > .-—-—.cos.(2u—2mv— 
' ( _|_2^0(15) ) 2-2m— 2g-j-c V fa T" ) 

-Kl++2-+2+2e'2) 

4-2^)l7) ( « cos.(v—mv) 

+ 2 m.A^7'1 

....neglected !- 8Æf\+20t/2(1ne2 -2,,2f ' 

+24++5^fe2—547)e9f 4 

_9 m?_ _7_l m 

16 1—to' ( 2-3 m 2—to J 

174t(1r>+2.+6)} .^+cos.(oi—c'witi) 

-J-2^115 e.cos.cü. 

. cos. cmv 

1 

2 

3 

4 

5 

6 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 
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3/a. e2 

4 a, 
; which gives, in cr, the term* J-m a?,é'2 : thus, the quantity 

a2. (lv 

Va< 
contains the term •§«/. dv. m . e* 1'2 [5083J]; now we have nearly, 

a. = m — nr 
n 

[5092', 5093] ; 

therefore, the expression of the time 

consequently, the value of the moon’s 

t contains the term 
3 m~ 

2 p 
./e/2. d v ; 

true longitude,' in terms of the mean 

We have omitted, in the preceding table, several terms on account of their smallness. 

Thus, we have neglected, in line 7, the terms depending on Af] [493 Ip line 22] ■ in line 

9, the terms depending on A^ [493 Ip line 23] ; inline 20, the terms depending on 

A§8), \ [4931 /Dines 35, 37] ; in line 27, several terms of [4931?^, 5082y], of the fifth 

and sixth orders. Besides these, there are others depending on the angles 

2v—2mu-\-cv-\-dmv, 2cv-\-2v—2mv, v—mvzkc'mv, 2gv—cv, cv-\-c'mv, 2 cv. 

These are neglected, because the terms are of the fifth or sixth order, or are connected with 

angles which do not increase the coefficients by integration in finding t, from dt [5081]. 

In the terms depending on cos.(t’—mv), we have retained the terms depending on A:i7) 

[5082sline 21], and neglected a term of the same order, depending on Af> [5082s line 22]. 

This is done, because A[rn is required to a great degree of accuracy in [4874,4904 line 18]. 

The function Q' [5082s] is to be substituted in [5031], and then we may obtain the 

constant terms [5082], as we shall see in note 2898 [5090u]. 

* (2893) If we put, for a moment, — to represent the terms of the second member 
“/ 

of [4968], exclusive of the first and third, we shall have, 
, Q 

1 1 

a a. -==-• ( 1- 

The quantity inl contains another term, depending on e'2, of the order rh.A^ 

O —* 

which may be neglected, in comparison with the retained term-e2 [5083a]. Involving 

[5083a] to the power —2, we get, 

a2=a?.(l-\-% w. e/2-f-&c.^ ; hence, ~^=a/'I.dv.Ç 1-j-fm2. e/2-{-&c.^. 

[5083] 

[5084] 

[5085] 

[5086] 

[5082*] 

[5082u] 

[5082d] 

[5083a] 

[50836] 

[5083c] 

VOL. III. 130 
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[5087] 
Ratio of 
Ibo secn- 
lar mo— 

[5088] 
tions of 
tl»e longi¬ 
tude, peri- 

[5089] 
gee and 
nodes. 

[5083</] 

[5083e] 

[5083/] 

[5089a] 

[50896] 

[5090a] 

longitude, contains the term —|m?.fe'*.dv, or —fHence 

it follows, that the three secular equations of the mean longitude of the moon, 

its perigee and its nodes, are to each other as the three quantities* 

3 m , -t=JU , —f-. 
V/1—:V \/l+/" 

It is true,f that the terms, depending on the square of the disturbing force, 

V, 
This expression contains the term £af .dv .m . e'2, as in [5084], and by using the values 

[5085], it is reduced to the form — .e'^.dv, which evidently represents the chief term, 

depending on e'2, in the value of dt [5081]; and, by integration, tve get, in t, the 

3m2 
term — ./e'2. do [5088]. Changing its sign, and multiplying by n, we evidently obtain 

riïl 

the corresponding expression in the moon’s apparent longitude v [5095], 
3m2 

fe'^.dv ; 

3 m2 
which becomes — —.fe'^-ndt [5087], by substituting the mean value of dv = ndt [4828]. 

/Z 

* (2894) The secular equation of the moon’s longitude is 

— § m*.fe'*.dv [5087]; 

that of the perigee is 

h - --g--. fe' 2. dv [4982,4979] ; 
v \A x ) 

and, that of the nodes is 

1 4 
2 ' 

— .fe'2. dv [5060a—5061a]. 
✓(<+P,/) 

Dividing these three expressions by the common factor —| f e' 2. du , we find, that these 

three secular motions are to each other as the quantities 

3 m2, — 
S/W-P) C(1 +/') 

as in [5089]. 

t (2895) We shall, in this note, make some developments of the functions which occur 

in [5081], preparatory to the calculation of the values of Cf, Cf, &;c. [5096—5116]. 

We shall commence with the computation of the terms of the first part of dt, or that 

which is independent of aSu, and arises from the product ol the two factors included in 

[5031 lines 1—4]. These are found in the following table, which does not require any 

particular explanation ; 
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produce a little alteration in the secular equation of the mean longitude ; 

Terms of the first factor in 
[5081],between the braces. 

1 

-2 e. ( 1 —\y2) .cos .cv 

e2.(|+^e2— | y2) .cos ,%cv 

fe2.cos.2 cv 

^72(l-}-|e3— |72)cos.2gv 

—e3.cos.3c,y 

— | ey2 .cos. (2gv —cv) 

—fe72.cos. (%gv-{-cv) 

Factor Q' 
[5081 or 5082s]. 

whole of [5082s] 

1 

[5082s line 2] 

[5082s line 3] 

[5082s line 4] 

[5 082s line 5] 

[5082s line 6] 

[5082s line 10] 

Corresponding terms of [5081]. 

whole function [5082s] multiplied by 
cfi.dv 

S/a, 
-2e(l—^72).cos.c/y 

m* 0 /0. C+eos(2v-2mv—cv)] 

~'}e ) ' i+cos(2t)-a«»+™) ' 

•4 ■ -C 

3m2(l—m) 

-c os (2v-2mv-2cv ) 

3 m2 

4(1—?n) 
cos(2r-2 mv) 

[5082s line 2] 

1 

1 

1 

2—2 m-\-c 

7 

.e2.cos.(2î>—2 mv) 

+£m2. ———.ee'. cos.(2«—2mv—cv—c'mv) 
&— OÏÏI 

m* 
—£•-— . ee'.cos.(2u—2 mv—cv-\~c'mv) 

z—m ' 

3?n9.(10-f-19m-f-8m2).e3 

8. (2c— 2-|-2 m) 
.cos.(2w—2 mv—cv) 

~K#d“i'e3—f 72)-e2- cos.2cv 

9 m2 

All these 
terms 

have the 
common 
factor 

aP.dv 
16(1-^.cos.^cv—Zv-fZmv) V. ^ ' 

-f-(l+fe2—£y2) .£y2. cos. 2'gv 

1 SinP 2 

~iql~ ) • ( i+^es-^y^le'2) .cos.(2£» -2ü-f-2»w) 

—e3.cos. 3 cv 

—fe y2, cos. (2gv— cv) 

—|e72. cos.(2gv-|-cv). 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

In the next place, we shall compute the second part of the value of dt, depending on 

aôu, which is contained in [5081 lines 5,6]. Now, abu is of the second order; 

therefore, in calculating the product of the two factors by which abu is multiplied, we 

shall not want any terms beyond the fourth order, and, in general, it will suffice to compute 

thém to the second or third order. We shall find, in the following table, the product of the 

[5089'] 

First part 
of the ex¬ 
pression 

of dt. 

[50906] 

[5090c] 
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[5089"] but, it is evident, that the terras which have a very sensible 

[5090^] 

two factors of —2 a Su [5081 lines 5, 6] ; or, in other words, the product of the expression 

O' [5082s], by the following function, contained in [5081 lines 5, 6] ; namely, 

] -f-g-d2—ly*-—3e.cos.CT-J-3e2. cos.2CT-f-|72. cos.2gv—fey2.cos.(2gv—cv). 

[5090e] 

Terms of 
[50904]. 

1 1 .y2 
4/ 

—3e.cos.CT 

3e2.cos .2cv 

|72.cos. 

Factor Q' [5082s]. 

O' 

1 

cos (2v-2mv) 
•3 m2 (l-p2e2-fe,2) 

2 2(1—m) 

3m2 2[l-\-m)e 
—-cos 2v-2 mv-cv) 
2 2-2 m-c ' 7 

3m2 2(1—m)e 

Corresponding terms of Q’, multiplied by 
the factor [50904]. 

whole function [5082s] 

iea—ir3 

-3e.cos.cv 

i 9m9 /1 , a 2 r, m C-hcos(2v—2mv—cv)} 

+8iwmy(1+2e!!-^>- 1+co3(3»-S-+«) i 

—cos.(2«—2 mv) 

cos.(2?;—2mv—2cv) 

2 2 -2m-)-c 
cos(2r-2 mvicv) 

1 

3m2 1 , \ 
-.cos.(2v—2mr) 

2 2(l-m) ' 

3 m2 

2 ’2(1—m) 
.cos(2'ü—2mv) 

9m2.(l-f-m) 2 C — 

_2(2—2m—cj* 6 — 

9m2.(l—m) 2 C—cos.( 2v— 

‘ 6 * ( — cos.(2r—! 2(2—2m-\-c) 

+3e2.cos.2cy 

cos.( 2)j—2mv) > 

2mv+2ct') ) 

+ 
9m2. 

8(1—m) 

2 ( —cos.(2u—2mv-\-2cv) > 

( —cos.(2v—2mv—2cv) ) 

-f-fy2. cos. 2yi) 

9m2 9m2 o Ç —cos.(2gv—2v-\-2mv) ^ 

’32(1—m) ' ’ l —cos .{2gv-\-2v—2mv) $ 

1 

2 

3 

4 
5 

6 
7 

8 
9 

10 
11 

12 
13 

This function [5090e] is to be multiplied by —2aSu.-^-, to obtain the second part 

of dt, contained in [5081 lines 5, 6]. This process is performed in the following table 

[5090f] [5090g]. In the first column are given the terms of —2 a Su [4904]; in the second, the 

terms of [509Oe], which includes, in its first line, the function [5082s] ; these terms are 

taken in the same order in which they first occur in [5082s], and then in 

[5090elines2—13], omitting those terms and angles which are usually rejected ; 
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affect on the equation of the perigee, have but a very small and [5089w] 

Terms of — 2 aôu [4904]. 

whole of —wfySu 

—2AA)-cos. (2 c—2 mv) 

-2APe.cos.(2v—2 mv—cv) 

—2Af)e.cas.(2v—2mv-\-cv) 

—2Ape'cos(2v—2 mv + c'mv) 

—2A(s4)e' cos(2c—2 mv—c'mv) 

— 2Af)e'.cos. c'mv 

~2Af)eecos(2v-2 mv-cv+cmv) 

-2«/2(7 Wcos( 2v-2mv-cv-c'mv) 

—2APee' .cos. (cc-j-c'mc) 

—2Apee' .cos. (a*—c'mv) 

—2A[1 ne2eps (2 cv—2c-f-2 mv) 

—2A(0l^ey2.cos.( 2gv—cv) 

-2A^G) ey2cos (2v~2mv-2gv+cv) 

•—2A\]7\-;.cos. (c—mv) 
a J 

VOL. IIT 

Terms of [5090e]. 

1 

3 m2 
—--—-.cos. (2c—2 mv) 

4(l-wi) v ' 

21m2e/ 
-4ÿ~3--fo^-^nv-c'm) 

Terms of [5081 lines 5, 6]. 
All these 

terms 
have the 
common 
factor 

cfi.dv 

L. 7 
/ All 

— 2 a5u [4904] \ ha, 
On ,/ COl 

3mV 

4(2-?«) 
.cos (2v-2mv-\-c'mv) 

12 1 o 
2-e2—*7~ 

—3e.cos.CT 

-|-3e2.cos.2CT 

-j-|y2.cos.2(gv 

3 m2 

4(1—m) 
cos(2c-2 mv) 

1*9._1„,2 2 6 jy 

—3e.cos.CT 

-f-3e2.cos.2CT 

— 3e.cos.cv 

3 n fi 

4(1 — m) 

—3e.cos.CT 

3»l2 

.cos.(2c-2mc) 

4 ( 1—m) 
.cos.(2c-2/»cf) 

—3e.cos.CT 

—3e.cos.CT 

—3e.cos.CT 

—3e.cos.cy 

—3e.cos.CT 

—3c.cos.cv 

■—3e.cos.CT 

—3e.cos.CT 

—3e.cos.cn 

3?n2 

4(1—m)'* 2 

3nP.Af ^ 2—3 m \ , , 
.ecos.c/nc 

1 

2 

V 2—m. 

-f-3«4^e. 

—2Ap. {le2-,]'/2] .cos (2c-2mv) 

’ -J-cos(2c-2 mv-cv) 1 

-j-cos(2c-2rac-j-CT) ) 

-3A''0)c~.} ycos(2cv-2vJr2mv) ( 
l +cos[2cv-{-2v-2mv) ) 

—| «4g V2.cos. (2gv —2n-j-2 mv) 

3m2 () 
——-—.APe.cos.cv 
4(1—m) L 

2Ap .(1 e2-^y2). e.cos (2c-2 mv-cv ) 

43 4«.U0S(2',_2™) 
lJtcos(2cv-2v-\-2mv) 

3 A£ ^e3. cos. ( 2v—2mv-\-cv) 

-j-3^22(2)e2.cos. (2c—2mc) 

3m1 
— .AA]e'.cos.c' >kc 

4(1—m)’""2 

-j-3 Apeecos (2e—2 m v-cv-\-c'mv ) 

3m~ 
.AAV cos.c mv 

4 (1—m) 

131 

.cos.(2c-2mc) 

^e2—D-2 

4 (1—m) 

-[- 3 yl Ree'.cos ( 2 v-2mv—cv—c'?nv) 

+3A?ee'Jl+C0S-{CV+C'’m)) 
[-|-cos.(cv—c'mv) J 

—2A\p.{\e-—R/2). e'.cos. c'mv 

-\-3APe^c'. cos (2 c—2mc4-c/mc) 

-|-3,/2[' 1e2e/.cos(2e—2mc — c'mv) 

-f-3 Af> ère'. cos. c'mv 

-J- 3 A iü ^ e V. c os. c'm v 

+3 Ap^e'3. cos. (2c— 2 mv—ct) 

-j- 3 A 5] e2>2. cos. 2gv 

T 3 A[] G)i2y2.cos (2gv-2v -]-2 mv) 

2./Îi 7].(|e~-\A).—.cos.{v-mv) 

5 

6 

7 

8 

9 

10 
Second 

. . partoftlie 
l I expression 

of dl. 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

[5C90g-] 
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[5089iv] 

[5090A] 

Third part 
ol the ex¬ 
pression 
ot' dit. 

[5090i] 

[5090Æ] 

insensible effect on that of the mean motion [5090^, &c.]*. 

The third part of dt, which depends on the second power of a Su, is contained in 

[5081 line 7], and, by neglecting terms of the sixth order, it may be put under the form, 

a3, dv ( , „ -j 
~ £ 3. (aSu)'~— 3 . [aSu)'2,.4 e. cos. cv > . 

S/a, 

We shall, in the first place, compute the first of these terms, by means of [4904], as in the 

following table 

Terras of aôu [4904]. Terras of 3.aôu [4904]. Corresponding terms of the 
function [5090Zi or 5081 line 7]. 

Ap.cos. ( 2v—2 mv ) 3^0).cos.(2w—2 mv) %(A<pf 

3A\l) e.cos.(2v—2 mv—cv) §A(20) .A[l\e.cos.cv 

3A^'! d. cos. ( 2 v—2 m v-\- c'mv ) § A(20).A(3)ef. cos. dmv 

3^i[]V.cos.(2r—2 mv—dmv) § A!20). A^4-V .cos. dmv 

3 A/7/-.cos. Cv —pin) 
a K J 

§ A^ .A[] 7\—.cos. (?;—mv) 

A^e. cos.(2r—2 m v—cv) 3Ad0). cos. (2r—2 mv) 

3A^ - e. cos. (2v—2 mv—cv) 

^A^.A^e.cos.cv 
/ A)l these \ 
/ terms have \ 

3 A[b )edcos(2v-2mv-cv-\-dmv. ) §A[l lAf^efeosAmv^' 

3A{-7 } ee' .cos. (2 v-2m v-cv-dm v ) §A[]\A{7)e3d. cos.c'mv 

Ai3)d. cos. (2 v—2 mv-\-dmv) 3A^>) .cos. (2t?—2 mv) -A^.A'^d. cos. dmv 

A^d. cos. (2 v— 2 mv—c'mv) 3Æ(0).cos.(2r—2 mv) §A(2°\A(4)d.cos.dmv 

Af)edcos(2v-2mv-cv-\-dmv) 3A^e.co$.(2v—2 mv—cv) | A^.A^e^d. cos .dmv 

A^ed .cos.(2v-2mv—cv-dmv) 3^4[l)e.cos.(2r—2 mv—cv) f A[] \ A(p eV. cos. dm v 

A[l7).—.cos.(v—mv) 
a v 

3A^0). cos.[2r—2 mv) %Afd\ A'* 7\~.c os. ( v—m v ). 
“ 2 1 aJ v J 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

a3, dv 
This table contains the development of the first term of [5090/i], —f—.3.(«5w)2. The 

second term of [5090/i] is deduced from the preceding, by multiplying it by —4e. cos. cv ; 

but, we may neglect this part, because it produces only terms of the fifth and higher orders, 

and of the forms which have been usually neglected. 

In computing the part of Q\ [5082e—g], we have neglected the term depending on 
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The part of —, which is not periodica], is equal to - [48285&c.5095]; [5090] 
jh 

fiu or C [5082e,&c.,4937tZ] ; also, that part of Sv', which depends on the same quantity C 

[4937c, K\. We shall now compute the effect of these terms, noticing only those arising from 

the variation of the quantity f —. sin. (2v — 2?/) [5082<f], which is the most 

important part. From this we get, by taking the variation relative to Su', <W, 

6 m' u’z.dv 9 m' t'Z.ôiï . 
— m * / — •,h • c°s.(2®—2 v . f—-.dv.sin. (2v — 2v ). 

[5C90J] 

[5090m] 

These two terms of Q' are equal to the product of the two integrals in [4937c] by —\a. [5090m'] 

Now, the terms of [4937e] are developed in [4937/??, q\ ; and their sum, reduced as in 

[4937r, &c.], becomes, by retaining only the most important terms, which increase by 

integration, 3 m 

a, 
. {y 0;;G)-j- C(29)— C(2ml. e'. cos. cmv. [5090?i] 

Multiplying this by the factor —ht [5090/??'], and substituting, for m • its value m2 
a, 

[5082/?'], wre get the following expression of these terms of Q' [5090/n] ; namely, 

|??i2.[ÿC®-f- Cf]— C[l0)]. e'. cos.c'mv. [5090o] 

This is to be multiplied by the common factor 
a2. dv 

s/a, 
[5081], and the product added to 

the other terms of the second member of this value of dt. Hence, the complete value of 

dt is found, by connecting together the terms of [50l906, g, i, o]. This may be reduced 

to the following form ; 

cfi.dv 
dt = function [5082s] X-—— function [50906 omitting line 1] 1 

v a, 
à%dn 

— function [4904] X 2.-~ -f function [5090g-omitting line 1] 2 [5090/7] 

/y2 
+ function [5090?] -f — . Jm2.Cf*— Cq10)[ .e'.cos.cW 3 

y CL, 

We shall use this expression in the rest of this article, always taking the functions in the same 

order in which they occur in [5090p]. 

* (2896) In finding the chiefpart of the secular equation of the mean motion in [5083,Sic.] 

a~.dv 
we have only noticed the first term 

s/a, 
of the non-periodical part of dt [5082], and 

.[5090?] 
have neglected the remaining terms of the fourth order, which are evidently much less than 

the retained part. But this is not the case with the terms, on which the secular motion of 

the perigee depends [4982,4979], since the term of q [4974, &c.], of the fourth order, [5090r] 

depending on the square of the disturbing force, is as great as any other of the retained 

quantities. This is evident, by the inspection of the coefficient of e.cos. cv [4961], 

upon which —p—ye'2 depends [4975]. For, the term depending on Al) 
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[5090'] 

[5091] 

[5092] 

[5092a] 

[50925] 

[5092c] 

[5093a] 

[50935] 

[5093c] 

[5093d] 

and, if we neglect quantities of the order m4, this coefficient will be * 

We then have - = -.(1—[4968] ; which gives - = 1 -f|w2, 

a2 1 A —A 
——— - = a2.(l+^m2)f. Moreover, w’e have, by [605'], n'== a’2. 

a? 

ŸV 
and 

\Zm'; 

therefore,f 

[4961 line 5, 4999, 5158], which arises from the square of the disturbing force, is as large 

as the other terms of q. 

* (2897) If we collect together the terms of dt [5090p], which are independent of 

cfi.dv 
the cosines, we shall find, that they all have the common factor 

quantities connected with this factor are, 

27 m4 __ __ 3m2 

Va, 
and the 

1 [5082s line 1] ; 
64.(1—mf L J ' 4(1—m) 

f ( «^a0))2+i(^4e2 [5090Î lines 1,7] 

[5090gline 2] ; 

whose sum is as in [5082]. At the epoch, the constant term of 
dt 
—, assumed in [4828] 

or [5095], is - ; putting this equal to the factor of dv, in [5082], and neglecting terms of 
7% 

the fourth order, we get - = — [5090,5090']. 

f (2898). Neglecting terms of the fourth order, as in the last note, we have, from 

[4968] - = — .(1—§m2), as in [5091]. This gives — =1 -J-Jm2; whose square 
L J’ a a> a, 

r> 

root, multiplied by a2, is 

a* 

Va, 
aa.(l-Hb»s) = — [5090'], as in [5092]. 

ÎI 

N0W; neglecting, in [605'], the mass of the earth, in comparison with that of the sun, 

weget n — cT'K/M-, and, by changing n, a, M, into ri, a’, m', respectively, 
_3 

to conform to the present notation, we get n’ — a1 2 ,/mf, as in [5092]. 

1 3 

J (2899) Multiplying together the values of - = a2.(!-{-^m?), n'=a’2./m' 

_3 
flf 2 y/yyif 

[5092], we obtain the expression of m [4835], or - .(l-f£m2). Squaring 
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n 

n* 

12 

= m 2 

1 / a . m 

a '3 
.(l+|m2) ~ m .(1-f Jm2). 

Hence we deduce,* 

[5093] 

2 ^ 

m = m2.(l—§?w2) : ni. - = m2. [5094] 

We shall now suppose the value of nt + e to be of the following form ;f 

this, and neglecting terms of the order m4, we get the first part of [5093] ; and, by using [5093^ 

the value of m [4865], we get the last expression [5093]. 

# (2900) From [5093], we have m2 = Wi. (1-j-Jm2) ; dividing this by (1-f-^m2), 

and neglecting terms of the order m4, we get, 

m = m2 . (1—£m2) [5094]. 

Moreover, by substituting the value of l-f-|ra2 [5091], in m2 [5094a], we obtain the 

second equation [5094]. 

[5094a] 

[50946] 

f (2901) If we examine the functions which form the expression of dt [5090p], we 

shall find, that it is composed of terms depending on the cosines of the angles included in the 

function [5095], with a few others, which will be noticed hereafter [5239,5244, &C.]. £5095a] 

This expression, being multiplied by n, and integrated, gives the terms depending on 

the same angles in [5095]. Moreover, the expression of has the constant 

term ^ [5090]; therefore, n dt contains the term dv ; and, its integral nt-}-e, t50956I 

the term v ; as in [5095 line 1]. Again, the expression of t has the secular term, 

~.fe'\dv [5086]; 

and, by multiplying it by n, we find, that the quantity n t -f- s contains the term, 

§m2 ./V2. dv. 

At the epoch, when e'= E', the secular term is supposed to vanish ; and this is effected 

by putting it under the form, 

[5095c] 

[5095c'] 

f m2.f(e'2—E'2).dv, 

and making the integral commence with the epoch. 
[5095<fj 

VOL. III. 132 
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Expres¬ 
sion of 

t. 

[5095] 

[5090a] 

[50965] 

nt+s~v+%m\f(e'‘2-E'2).dv+C^.e.sm.(cv—to) 1 

+6U}.e2.sin.(2cî;—2to) 2 

+C(J2).e3.sin.(3c,u—3to) 3 

JrC(03).}ü.sm.(2gv—2d) 4 

+C,^4).e72.sin.(2^—cv—2d-f-w) 5 

4-Crf).e72.sin.(2^+cv—2d—to) 6 

+C£6).sin.(2®—2mv) 7 

+Cf).e.sin(2ü*—:2mv—cv-fTO) 8 

+Cf).e.sin.(2v—2î»i?+ctf—to) 9 

+C^9). e'. sin. (2y—2 mv-\-c'mv—to') l o 

+C'210).e'.sin.(2?;—2 mv—c'mv-fra) 11 

-f C^.e'.sm.Çc'mv—to') 12 

-f C[12).ee'.sin.(2v—2mv—cv-\-c'mv-\-x—to') 13 

+^l3).ee/.sin.(2«—2 mv—cv—c'mu+^+ra') 14 

4-C'1(14).ee'.sin.(c?;+c/mv—to—to') 15 

4-C(115).ee'.sin.(c,y——w-|-to') 16 

+ C^16).e2.sin. (2a?—2®-f 2ttw—2w) 17 

+ C'JI7).72.sin.(2^—2vJr2mv—2d) 18 

+CfJ18).e/2.sin.(2c'my—2to') 19 

-fCP9). —,.sin.(V—mv) 20 
a 

+Cf0). - .e'.sin.O;—mv-\-c'mv—■«'). 21 
a y 

Then we shall have,* 

* (2902) Using the sign 2, of finite integrals, and putting any periodical term of 

[5095] under the form C.sin. (fr-j-i3), the expression of nt-f-s becomes of the form 

1 a2 
[50966]. Its differential, multiplied by - = — [5092c], becomes as in [5096c]. 

Ti Ctf 

nt-\-s = t;-j-|m2-/(e,2”-E/2)■^T2C'.sin.(fi’-f^) ? 

it = {1+|ma.(e'3—-E'2) +2 i C.cos. (ir+p) I. 
Va/ [5096c] 
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C(°): 

1 'in?2 * .4(1) 
■2(l-j-yg)4-: . \ +3A?KA^ 

4 (1—m) ' 2 *-‘•*1 

C<": 
i+ieü—p^—2Af\ 

2c 

Cf: 
3c ! 

™ i (1+4^-if )—24“>+S4S“'e5. 
C” = ~2g ’ 

_A_240=) 
ru4)  -t . 

0 2g-—c 

Cf: 
JL 
4 

2#+c 1 

-3m2.(l+2e2—§e'2) o 2 2 f ï+îp , 1—m 1 

4(1—m) (2—2m — c ‘ 2 — 2m-j-cj 

Cf: 
-24»>.(l+ie2—4r2)+3J4f.c2+3^f.e2 

2—2 m 

3m2.(]+2é2—i72—fe'2) 3m2. (1 +m).{ l+fe2—^/2—fe/2| 

4(1—m) 2—2m—c 

3m2e2 

cr}= 
8 g°+^M2+8^-2^f.(l +i^-^)+3^»+3 >, 

2—2m—c 

1 

2 

1 

2 

Comparing this with the expression of dt [50£0p], we evidently see, that the coefficient 

C, of any term C.sin.(w-f p) of the second member of [5095], may be deduced from 

the term depending on the cosine of the same angle in the second member of [5090p], by 

aP.dv 
rejecting the common factor , and dividing by the coefficient i, corresponding 

to the proposed angle frj-f/3. By this means, we obtain the values of C'Q°\ C{J\ &c. 

[5096—5116], as will appear, by collecting together the terms of the six functions 

[5090p], relative to each of the angles separately, taking the terms in the same order as 

they occur in [5090p], 

First. Comparing the general form C.sin.^t’-fp) [50966], with that depending on 

[5095 line 1], we get C— C^e, % = c. The terms of C, taken in the order in 

£5096] 

[5097] 

[50983 

[5099] 

[5100] 

[5101] 

Value» of 

c. 

[5102] 

[5103] 

[5096d] 

[5096e] 
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[5104] 

[5105] 

[5106] 

Values of 

c. 

[5107] 

[5096/] 

[5097a] 

-/f- + ?340>— 
_4.(1—m) 2—2m-[~c 2 2 1 

3 ms 

q($)_4.(2 m) 

2—2»i-fc 

-2^3)+3^^.ea 

2—m 

21m2 

C(i°): 
4.(2—3m) 

—2Æ4>+3A!7\e2 

2—3 m 

—3m.{AAM+A2V—A^—lO.A^e*+i(A™—A^).e*\ 

Wm4 ) C 7 C 3/n2.Ai0) 
+ < -^-r : 2—3m 

J-i 
i—m ) 

qn): 

4 1 32.(1—m) 5 

+ 3.(A^+A^).e^3A^>.e^.(A^+A^) 

+ | m2.(ll.Cf+2Cf—2Ci!00 

1 

2 

3 

4 

5 
m 

which they occur in [5082s line 27, 50906 line 2, 5090g line 11, 5090i lines2, 6], give, 

without any reduction, 

c.C = 3nvi.A(*h— 2e.(l—5-7 2) 
3 m,3 

4 ( 1—m) 
Ape+§Ag\A(11)e-\-§A«)).Aye. 

Connecting together the first and third terms, also the two last terms of the second member ; 

substituting also C= e, and dividing by ce, we get C£0) [5096], neglecting 

terms of the order rrd.Af’e. 

Second. In the term [5095 line 2], we have C = C-1/2, i=2c , and then we get, 

by connecting the terms depending on the angle 2cv, in [50906line 11, 4904line 11], 

2c. C^-e2 = (f -f-je2—f72).e2—2^10)e2. 

Hence we obtain C[n [5097]. In like manner, C'f] [5098] is obtained from 

[50906 line 15]. 

Third. In the term [5095 line 4], we have C — C[03) j2, i=2g; and the terms 

in [50906 line 13, 4904 line 13, 5090g line 29], being connected together, give, 

2g.C'^72= (1+fe2—Ï7*)-&ü—2A™f+3A^ e279 ; 

whence we get [5099]. In like manner, from [50S061ine 16, 4904 line 16], we obtain, 

(2g—c). e 72 = — |e 72—2e y 2 ; 

[5099a] 
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3 m2 

C(I2)=- 

3m2.(2-|-m) 

4.(2—m—c) 4.(2—rn) 
—2 AW+8A<?> 

C{13)= 

2—m—c 

21m2.(2-|-3m) . 21m3 

4.(2—3 m—cj 4.(2—3m) 
-2 Af+3Af 

2—3 m—c 

C?4>= 

C?5)= 

—2J\*'+3Ap 

c-\-m 

—24<94-84$ 
c—m 

3m2. (10+19m+8m2) 3m2.(1 -f m) 9?n- 

8.(2c—2-f-2m) 2—2m—c 16.(1—m) 

Cf): 

_3A(0)-1~3A(1) 2 A(U) f 3-m3.A(21(l)-j-^m3. (Aff \ 
2 1 1 _2c—2+2m_ 

2c—2-(-2m 

1 

2 

whence we get [5100]. Also, from [50906 line 17], 

(2g-\-c).Cf ey2 =—fey2 , as in [5101]. 

Fourth. In the term [5095line 7], we have C — C!,6), i—2—2m,; and, by 

connecting together the terms depending on the angle 2v—2m.i>, we shall obtain, for the 

expression of (2—2m).C®\ the same expression as in the numerator of the value of 

C^6) [5102]. For, the first term of this numerator, with the factor —3m3, is the same 

as in [5082s line 2]; the second term, with the factor —3m2 e2, is as in [50906 line 5], 

neglecting terms of the order m2e4; the third term, with the same factor, is as in 

[50906 line 7]. The terms depending on Af\ are as in [4904 line 1,5090g line 5] ; that 

connected with 4$, is as in [5090g line 13] ; lastly, that depending on Af\ is as 

in [5090g line 16]. 

Fifth. In the term [5095 line 8], we have C = Cfe, i = 2—2m—c ; hence we 

get, for (2-2m-c). Cfe, the same expression as is given by [5103]. For, of the two terms 

of the first line of the numerator of [5103], lie first is found in [50906line 3] ; the second, 

in [5082s line 3], The first term of the second line is found in [50906 line 10] ; the terms 

depending on Af, are in [4904line 2, 5090g line 12] ; that on 4<°>, in [5090g line 6|; 

lastly, that on A[ll), in [5090gline 28]. 

Sixth. In the term [5095 line9], we have C=C{fe, i = 2—2mf-c; hence we 

get, for (2 2m-f-c). Cfe, the same expression as is given by [5104]. For, the first term 

133 

[5108] 

[5109] 
Values of 

c. 

[5110] 

[5111] 

[5112] 

[5102a] 

[5103a] 

VOL. III. 

[5104a] 
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j 5112'] It would seem as if this value of CJ16) ought to be of the order zero ; for, 

of [5104] is obtained from [5090Mine 4], neglecting quantities of the order wi2e3; the 

second term from [5082s lined] ; the third term from [4904 line 3] ; the fourth from 

[5090gline 7] : the fifth from [5090g-line 15]. 

Seventh. In [o095hne 10] we have C = C^e1, i = 2—2 m-j-/•'//? — 2—ni, nearly ; 

[5105a] hence we get (2 corresponding to [5105]. The terms being found in 

[5082s line 6, 4904 line 4, 5090g-line 24], respectively. In like manner, [5095 line 11] 

gives C = CW’V, i =2— 2m—cm = 2—3m, nearly ; and the terms of (2—3m). C<10V 

are found in [5082s line 5, 4904 line 5, 5090g- line 25]. 

Eighth. In [5095line 12] we have C = CflV, i = c'm — m, nearly; hence we 

[510/a] get m.qnv, corresponding to [5107]. For, by comparing the terms of the five lines of 

the numerator of [5107], with those in the preceding functions, we shall find that they agree, 

as will appear by the following examination. The terms in [5082s lines 23, 24] give those 

in [5107 line 1], Those in [5082s line 25, 5090g-lines 3,4] give [5107 line 2]. The terms 

in [5090g- lines 17, 19] are —^.(A^-j-A^), as in the first term of [5107 line 3]. 

The two terms in [5090Ï lines 3,10] make 3Aft ; and those in [5090nines4,11], 

3A^.Aif the sum of these two expressions is 3Aol0).(Af-j-Af), as in the second 

term of [5107 line 3]. In [4904 line 6] we have —2Af; and, in [5090g-line 23], 

—2Af).(%e2—J-y2) ; whose sum is —2^5b(l-fie2—fv2), as in [5107 line 3]. The 

terms depending on Af, J¥f'> [5090g-lines 26,27], give those in [5107 line 4]. The 

sum of the two terms [5090i lines 8,12] gives oAf.Af'e3; those in [5090f lines 9,13] give 

3-Af.Afe^; the sum of these two expressions is SAfe^.ÇAf'1-as in [5107 line 4]. 

Lastly, the terms depending on Cf, Cf, C[2l0) [5090pline 3], give the terms in 

[5107 line 5]. 

Ninth. In the term [5095 line 13] we have C—C[12)ee', i=2—2in—e-\-e'rn—2—m—c, 

nearly; hence we get (2—m—c). C[12W, corresponding to [5108]. For, the four 

[5108a] terms of the numerator of [5108], correspond respectively to [5082sline 9, 5090Mine 9] 

and [4904line 7, 5090gTme 18]. In like manner, [5095line 14] gives C=Cf3iee/, 

i — 2—2 m—c—cm = 2—3m—c, nearly; corresponding to [5109] ; the four terms in 

the numerator being obtained from [5082s line 7, 50906 lineS, 4904 line 8, 5090g-line 20]. 

Tenth. In the term [5095 line 15] wre haye C = C(14)ee', i— c-\-c'm= nearly; 

hence we get (c -(- m) . C[14) e e', corresponding to [5110]; the two terms of the 

[oIIOj] numerator 0f (jiii) being deduced from [4904 line 9, 5090g4ine 21]. In like manner, we 

get [50951ine 16 or 5111] from [4904 line 10, 5090g-line 22]. 

Eleventh. In the term [5095 line 17] we have C=C[l6)e2, i = 2c—2-}~2m ; hence 
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its numerator contains several terms of the order m * and its divisor is of 

we get (2 c—2-f-2 m). Cf6)e2, corresponding to [5112]. For, the terms in 

[50825 lines 10, 11, 12] give the first term and two last terms of the numerator of [5112]. 

In [50906line 6], we get the term of [5112 line 1J, having the factor (1+m) ; and in 

[50906 line 12] the last term of the same line ; in [5030glines 8, 14], the terms depending 

on Af, Af ; in [4904 line 12], the term depending on A\u). 

Twelfth. In the term [5095 line 18] we have C=C[l7)y2, i=2g—2+2m; hence 

we get (2g 2+2m).C+)72, corresponding to [5113]. For, the terms in [5082s] lines 

1+ 14, give the first and last terms of [5113]. In [50906 line 14], we get the second 

term of [5113], neglecting terms of the fourth order [5112'"]. In [4904 line 14] we have 

— 2^+); and, in [5090gline 10], the term —|Æ, as in [5113]. 

Thirteenth. In the term [5095 line 19] we have C = C+V2, i = 2 dm = 2 m, 

nearly; hence we get 2m .C+V9, corresponding to [5114]. For, the term in 

[49041ine 15], gives —12A(214)e'a ; whence we get C[l8) [5114]. 

Fourteenth. In the term [5095 line 20] we have C=C(l9).- , i ==M — m ; hence 

we get ( 1-1»). a- , corresponding to [5115]. For, the first term of [5082s line 19] 

gives the first term of the numerator of [5115]. The terms in [5082s lines 20, 21] give 
3m2. 17) 

4(”l—mj~ -(4+4w) 5 adding this to the term deduced from [5090# line 31], namely, 

3m2. A[l7) i , 3mQ.Æ17) x m 
T7Ï-C» the sum becomes —— --.(o+4m). This differs a little from the author, 
4 ( I—m ) 4(1 —mJ ’ 

who makes the factor equal to 5+3m, instead of 5+4m. The term [4904 line 18] 

gives —2A[l7); and [5090g line 32] gives —2.^+>.(|e9—|y2) ; the sum of these is 

—2Aff\(l-]-±efi—++, as in the third term of [5115]. Lastly, the sum of the terms in 

[5090» lines 5, 14] gives 3 A[f.A[17\ as in [5115]. 

Fifteenth. In [5095line 21] we have C = C[20b^;.e', » = 1—mf-c'm = 1, nearly; 

hence we get Cf0).—,e', corresponding to [5116]; this term being deduced from 

[4904 line 19], — 2^18).^.e;. Hence, the values of Cf, Cf, &c. [5096—5116] agree 

with those given by the author, except in the small term of the fourth order, mentioned in 

[51156]. 

* (2903) The two terms 3v2J1}, 2A[ll), of the numerator of the value of 

[5112] 

[5112a] 

[5113a] 

[5114a] 

[5115a] 

[51156] 

[5116a] 
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[5112'"] 

[5112iv] 

Remarka¬ 
ble ease of 
approxim¬ 
ation. 

[51166] 

[5116c] 

[5116/] 

[5116e] 

[5116/] 

[5116g1] 

[5116A] 

[5116t] 

the same order. But, we have seen, in [4855], that if we retain only the 

first power of the disturbing force, the value of Cf cannot have, for a 

divisor, the square of 2c—2+2tn ; it must, therefore happen, that all these 

terms, taken together, destroy each other, except in quantities of the order 

m ; which is a fact confirmed a posteriori by calculation. Hence it follows, 

that, in the values of A[1] and A[U) [4999, 5009], in the expression 

of C]16) [5112], we ought to reject the terms depending on the squares of e, 

e' and y. Each of these terms introduces in Cj16) quantities of the order 

e2 ; while their sum produces only a quantity of the order we2, which we 

may neglect.* There is, therefore, a disadvantage in retaining only a part of 

these terms, and it is best to reject all of them. This is one of those 

singular cases of approximation, in vohich ive deviate more from the truth, by 

noticing a greater number of terms. 

We then have, 

[5112], are of the order m [4999,5009], and the denominator 2c—2+2»?, of the 

same expression [5112], is also of the order m, being very nearly equal to 2m—3mQ 

[4828e]. 

# (2904) Several terms of the order e9, e'2, y2, have been neglected in the 

investigation of the analytical expression of Cf [5112] ; as, for example, the factor 

i+!«2 —|y2<—f-e72 [50906 line 6] is omitted in [5112a]; hence, it becomes necessary, 

upon the principles adopted in [5112'"], to reject terms of the order e2, e'2, y2, in 

computing the values of A!{\ Af\ A[11], &c., which are to be used in [5112]. 

Therefore, if the expression of A[ll) be deduced from [5009], and put under the form 

A(-f=%ia . —. | ++ +e2++g/2+ +?2 | j 

kl being independent of e, e', y, we must use 

Æ» = | ¥i. - . k 
a. 1 3 

in finding the value of Af [5212,5112]; observing, that the terms klt k2, he. 

have the divisor 2c—2+2m in [5009lines 1,2] ; and this introduces, in Cf [5112], 

—2 AU1) 
the divisor (2c—2+2>??)2, by means of the term he. Now, as a 

divisor of the order (2c—2+2?n)2 cannot occur in the first power of the disturbing 

forces [4855], it is necessary, that the terms of which 7/ is composed should mutually 

balance each other, so as to reduce it to the order m. The same is to be observed relative 

to k2, k3, k4, Similar remarks may be made upon the value of C[l7) [5113], and 

upon those of A'f>, A[10), A[m, B[0), he., which occur in [5112, 5113, &c.]. 
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3m3.(2+m) __ 3m? __ _ 3^(0) _ 3m*. A™ 

qxj) 8(2g—2-f-2m) 16.(1—m) 1 1 2 2 g—2 -j-2 m 

1 2g — 2 4- 2 m 

We must apply to this value of C^17) a remark analogous to that made on 

OJ16) [5112'—5112iv], Lastly, we have, 

4»> 

m 
? 

—3 m2 

C(I9) = > 8.( l—m) ^i17)—2^im- o+^2—j-ya)+340)- ^i,7)! 
1—m 

Cf °) = — 24l8h 

16. We shall now determine the numerical values of these different 

coefficients. For this purpose, we shall remark, that we have by 

observation ;* 

m= 0,0748013; 

c = 0,99154801 ; 

g= 1,00402175; 

e' = 0,016814, at the epoch of 1750 ; 

7 = 0,0900807 = tang. 5d 8™ 50s,4 ; 

log.m — 8,8739091. 

log. c = 9,9963137. 

log. g = 0,0017431. 

log. e! = 8,2256710. 

log. 7 = 8,9546318. 

According to observation, the term C<0).e.sin.(c«—to) is nearly equal to 

—22677s,5.sin.(cv—v?) [5574]. We have given the analytical value of 

* (2905) The values [5117] agree very nearly with Burg’s tables ; observing, that 

the moon’s motion is represented by v ; the motion from the perigee is cv, and, from 

the node, gv [4817] ; the sun’s motion, neglecting the periodical terms, i3 mv 

[4835,4836]. The excentricity of the solar orbit is represented by ef ; it is the 

same as e" [4080], taken to six places of decimals ; the neglect of 5, in the eighth decimal 

place of e, produces a small difference in the logarithm of e" or e\ given in 

[4080,5117]. Lastly, 7 represents the tangent of the inclination of the lunar orbit to 

the apparent ecliptic [4813,4813,&c.]. The value of m [5117] gives m2 = 0,0055952, 

which is frequently used in this volume. 

[5113] 

[5113'] 

Value* of 

c. 

[5114] 

[5115] 

[5116] 

Bata from 
observa¬ 
tion. 

[5117] 

[5118] 

[5117a] 

[51176] 

[5117c] 

[5117rf] 

VOL. III. 134 
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[5119] 

Assumed 
value of o 

[5120] 

[5121] 

[5122] 

[5123] 

[51.24] 

[5125] 

[5126] 

[5127] 

[5128] 

[5129] 

[5130] 

[5120a] 

[5121a] 

[5122a] 

[51226] 

[5122c] 

C(0) in [5096] ; and, if we substitute in it the values of A°\ given 
by a first approximation, we obtain,* * * § 

e = 0,05487293. 

This value is sufficiently1 accurate for the determination of the coefficients 

Af\ A[1], A^\ he. We have supposed, in conformity with the phenomena 
of the tides, that the moon’s mass is T+T of that of the earth.f This 
being premised, the equations between these coefficients [4998—5017, 
5062—5077] become,! 

A^ = 0,00723508—0,00501814. 

A+ = 0,204044—0,0660894.A™—0,0480577.{Bf—Bf j; 

A™ = —0,00372953; 

AM = —0,00315160—0,00449610.5^; 

Af = 0,0289026—0,00564793. jB[10) ; 

A'p = — 0,193315+0,104996.4F1>+0,372796.A™ ; 

AM L 0,538027+0,0334044. J^+0,135144. j;8); 

A[8) = — 0,0908432+0,139071.^+—0,280299. 

_ 0,0791193+1,055799. Jf+-0,270902,+;6) 

* (2906) The assumed value of e [5120] differs but very little from that finally 

adopted in [5194]. 

f (2907) This value agrees nearly with the result obtained in [4321] ; the author 

afterwards decreased it to [4631a—&]. 

% (2908) The equations [5122—5140] are obtained from [4998—5002,5004—5017], 

by taking them in the same order, and dividing by the coefficients of Æ+, A[l\ 

&c. respectively. The equation [5003] is afterwards used in finding A[5) [5205] ; and, 

in like manner the equations [5141—5156] are derived from [5062-5077], using the values 
_a 

of m, c, g, e', y, e [5117,5120]; also +^=m2[5082h']. Upon examination 

it will be found, that the numerical results obtained by the author are, in general, very 

correct ; the differences being rarely more than one or two units in the last decimal place. 

The few cases, in which a greater difference was discovered, will be mentioned in the 

following notes. 

§ (2909) It will be found, by examination, that the coefficient of in this equation, 
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4°) = 0,00285368—0,00415018.4U) ; 

Af> = 0,366100—0,0172338.M;I)—O,259744.4,0)—0,324680.(41})2; 

Jf) = 0,00265066 ;* 

413) = 0,0523335—1,555935-4°) -0,220276.412> ; 

414) =—0,0129890 ; 

j(.5) = _o,1007403+0,0385084.41)-f2,09016.4(13) 

—1,022473.416)—36,11032.{43>— B^.Bf] ; 

416) = 0,114623+0,166591.415) —5,07811.B^ ; 

417> = —0,121028f+0,937593.Mf—0,000031563.418> 

—0,13976 

48> = 1,208124+1,018700.417)—5,0748O1.410) ; 

419) = — 0,121295+0,675879.4I7>+0,183834.418>; 

Bf = 0,0287031—0,0574772.4O)+0,000432665.4(I> ; 

4> = —0,00000236395 ; 

Bf =—0,00564433+0,0048210.4°); 

43) = 0,0166486+0,0166486.41)—0,0165194.40) ; 

44> = 0,00656716—0,00708386.4°) ; 

45) = 0,0000147361—0,00681821.4); 

46) = _ 0,0183098—0,0170013. {41)—4°)} ; 

47) = 0,0809777+0,0249192.4°)—0,0478194.4°); 

48) = —0,0868568+0,187099.4°)+0,0556224.4°) ; 

49) = —0,0263090—0,0787687.4°) 4) 0506541.4® ; 

4°) = 0,0712575—0,03047765.jSJ°)+0,0211192-47) ; 

ought to be increased about one tenth part ; but, as this difference does not materially affect 

the results, no notice is taken of it. 

* (2910) Upon repeating the calculation of this value of 4l25 it is found to be 

greater by about -g+j- part, or five units in the sixth decimal place. This difference is 

unimportant. 

t (2911) The numerical values of the coefficients [5138J agree with the equation 

[5015]. A very small change in the constant part —0,121028 would be made, by 

introducing the term depending on —§72 [496lw] ; but the effect is insensible. 

[5131] 

[5132] 

[5133] 

[5134] 

[5135] 

[5136] 

[5137] 
Funda¬ 
mental 
equations 

[5138] 
to deter¬ 
mine 

[5139] 

[5140] 

[5141] 

[5142] 

[5143] 

[5144] 

[5145] 

[5146] 

[5147] 

[5148] 

[5149] 

[5150] 

[5151] 

[5130a] 

[5133a] 

[5138a] 
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[5152] 

[5153] 

[5154] 

[5155] 

[5156] 

[5157] 

[5158] 

[5159] 

[5160] 

[5156a] 

[5156ft] 

[5156c] 

[5156</] 

[5156e] 

[5156/] 

[5156g] 

[5156ft] 

B<n> = 0,421270+0,842540.4')—0,337016.4n)+0,586564.40) 

+0,157666. 

= 0,000194141—0,168403.4')+0,0673614.141 * * 4 * * * *')+i^11) 

5§3) = 0,0847889+0,147896.{41}——0,0591586.4n) ; 

414> = — 0,0125619 ; 

= 0,00386625. 

From these equations, we have obtained the following values ;* 

40 = 0,00709262 ; 

4') = 0,202619; 

42) = — 0,00372953 ; 

43) = —0,00300427 ; 

* (2912) Substituting the value of B^ [5142] in [5122], we obtain a linear equation 

in 40), 4°h Combining this with the four linear equations [5123,5141,5146,5147], 

containing the five unknown quantities 4°\ 41}j B[0), BJ\ BiJ\ we obtain Jive linear 

equations ; from which we may deduce these five unknown quantities, by the usual rules, as 

in [5157, 5158, 5176, 5181,5182]. Substituting these values in [5143, 5144, 5145], we 

get Bf\ BJï [5178—5180]. Using the value of Bf) [5176], we obtain 

from [5148,5151] twTo linear equations, for the determination of B'-py B[lo) [5183,5186]; 

and, from [5149,5150], two linear equations, to find Bf\ B{J [5184, 5185]. Hence 

we easily obtain, from [5125, 5126], the values of A[5160, 5161]. Substituting 

41' [5158] in [5128, 5129], we get two linear equations, to find 4+ 48) [5163,5164]; 

and, in like manner, [5127,5130] give Af\ 49) [5162,5165]. We may remark, 

that these values of 4+ 49)i are both affected by the small correction [5130a] ; but 

the effect of this correction is insensible. Substituting the values of «/?p, 4°J 

[5158,5176] in [5131, 5132, 5152, 5153], we get four linear equations, for the 

determination of 4+ A[u\ 2?+>, £+ [5166,5167,5187,5188]. Substituting 

412), B’f [5168,5176] in [5134], we get 4l3) [5169]. Substituting, in [5136,5137], 

the values of AJ\ A[l3\ &c., which we have already investigated, we obtain two 

linear equations, for the determination of ^20(15)j 416) [5171,5172]. In like manner, 

the three equations [5138—5140], are linear in 4l7)> 4>18h 49h anc^ Slve their 

values [5173,5174,5175]; which would be altered a little by the introduction of the 

correction [5138a]. This correction is, however, quite unimportant. Finally, with the 

values we have already computed, we easily obtain, from [5154], that of B[l3) [5189]. 

This completes the investigation of the series of terms contained in the equations 

[5157—5191]. 
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A(24) = 0,0284957; [5161] 

A[6) =—0,0698493 ; [5162] 

A^ = 0,516751 ; [5163] 

A™ =—0,207510; [51641 

4fl> = 0,274122; [5165] 

Jÿ°> = 0,00081065; [5166] 

JJn) = 0,349068 ; [5167] 

= 0,00265066 ; [5168] 

AJ13> = 0,0075875 , [5169] 

A.[U) =—0,0129890 ; [5170] 

A(015) =—0,742373 ; [5171] 

M[16)=—0,041378; [5172] 
Values of 

A™ =_o, 113197 : [5173] 
11 J] B 

1,08469; [5174] 

419> = 0,001601 ; [5175] 

Bp = 0,0283831 ; ! [5176] 

Bp =—0,00000236395; [5177] 

Bp =—0,00550748 ; [5178] 

Bp = 0,0195530; [5179] 

Bp = 0,00636608 ; [5ieo] 

Bp =—0,00136676; [sisi] 

Bf =—0,0212720; [5182] 

Bp = 0,0782400 ; [5183] 

BP =—0,0833684 ; [5184] 

BP =—0,0327678; [5185] 

£<'»> = 0,0720448 ; [5186] 

-»r= 0,491954; pi87] 

-B'121 = 0,0061023 ; [5188] 

vol. in 135 
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[5189] B[U) = 0,0920621 ; 

[5190] B?™ =—0,0125619 ; 

[5191] B(P = 0,00386625. 

By means of these values, we have corrected the expression of e [5120], 
making use of the equation,* 

[5192] C^e= —22677s,5. 

The expression of Cjp [5096] gives, 

[5193] == —2,003974; 

Corrected hence we obtain, 
value of 

[5194] e = 0,05486281 ; log.e = 8,7392781 ; 

which differs but very little from the value before used [5120]. Then 

we find,f 

[5195] 
c? = 0,752886 ; 

[5196] Cm =—0,336175; 

[5197] C(3, = 0,243118; 

[5198] Cf. = 0,722823 ; 

[5199] Cf =__0,250034 ; 

[5200] Cf ==—0,00919876; 

# (2913) Comparing the expression C'^e. sin.(cr—to) [5095 line 1], with its value, 

[5192a] from observation, —22877s,5 . sin. (cv—ro) [5574], and adopted in Burg’s 

tables [5574a], we get the expression of C^e [5192]. Now, substituting in [5096], 

the values of m, c, y, A^, A[l) [5117,5157,5158], we get the value of C[00) 

[51926] [5193] • and then, from [5192], we obtain the corrected value of e [5194]. 

f (2914) Substituting the values [5117,5157—5175,5194], in [5097—5106], we 

get [5195—5204], Having thus obtained C'f, Cf\ C^l0) [5200,5203,5204], we 

[ol95a] may compUte [5205], by means of the formula [5003]. The values C^l\ C[12), 

C(,5), are derived from [5107, 5108, 5111], which contain Af\ A®'; but the effect 

of the correction [5156d] is insensible. The expressions [5208,5209], are deduced from 

[5109,5110]. 
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Cf ——0,414046; [5201] 

Cf = 0,0129865; [5202] 

Cf = 0,00392546; [5203] 

Cÿ°> =—0,0387853; [5204] 

Af} ——0,00571628 ; [5205] 

Cp1} = 0,196755; [5206] 

C[12) = 0,127650; [5207] 

Cf> =-1,081734; [5208] 

Cf)= 0,373115; [5209] 

Cf) = —0,616738. [5210] 

We must, b y the preceding article [5112"', 5113'], in calculating the values of 
Cf), Cf), use the values of Mf, 4n\ determined by 
neglecting the squares of the excentricity and inclination of the lunar orbit. 
We have thus found the following values of A[l\ Ajn\ A[13) and B(0), 
which must be used in this calculation ;* 

4]) = 0,201816; 

4U)= 0,349187; 

413)= 0,0077734; 

40) = 0,0282636 ; 

[5211] 

[5212] 

[5213] 

[5214] 

hence we deduce, 

Cf) = 0,272377; 

Cf) = 0,033825. 
[5215] 

[5216] 

# (2915) The principles upon which these quantities are neglected have been 

explained in [5112', &c.;5I16c— »]. The quantities [5157,5166], being [5211a] 

very small, their corrections are unimportant ; and the author seems not to have noticed r5211tl 

these corrections in [5211, &c.]. The calculation of the terms [5211—5216] is made in 

the following order. Af is given by [4998] ; then by [4999]; by 9 

[5008, 5010] ; by [5009] ; Bf, by [5082] ; and by [5011]. The values ~ °J 

thus found, differ but little from those in [5211—5214]; and, by substituting them in [52114] 

[5112, 5113], we get [5215, 5216], neglecting always e2, e'2, y2, 
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Then we have,* 
[5217] C[18> = 0,173647 ; 

[5218] = 0,236616; 

[5219] CJ°> =—2,16938. 

This being premised, the expression of nt-\~s [5095], becomes, 
reducing its coefficients to seconds,! 

by 

nt+s = 'u+f m\j(e'~—E'~). dv l 

—22677s,5 .sin.®—h) 2 

4_ 1 467s,42 . sin. (2cv—2to) 3 

— 1 Is,45 . sin. (3cv—3to) 4 

T 406s,92 . sm..(2gv-—2è) 
K 
O 

Formula + 66s,37 . sin. (2gv—cv—23-fra) 6 
for the determin¬ 
ation of — 22s,96 . sin.(2g'«+ci'—%—to) 7 

t. 
— 1897s,38 . sin.(2t>—2mv) 8 

— 4685s45. sin.(2t>—2mv—c^Tto) 9 

[5220] 
+ 146s,96 . sin.(2y—2mv-\-cv—to) 10 

*T 13s,61 . sin.(2i’—2mv-\-c'mv—to') 11 
— 134s,51 . sin. (2?;—2mv—c'mv-\-to') 12 

+ 682s,37 . sm.Çc'mv—to') 13 

+ 24s,29 . sin.(2®—2mv—cv-j-c'inv-j-z—to') 14 

— 205s,82. sin. (2?;—2mv—cv—c'muT^-W) 15 

+ 7 0s, 9 9 . sin .(cv-\-c,/mv—to—to') 16 

— 117s,35 . sin.(cv—c'mv—to-|-to') 17 

T 169s10 . sm.(2cv—2v-\r2mv—2to) 18 

+ 56s,62. sin.(2gv-—2v~j-2mv—2ê) 19 

+ 10s, 13. sin. (2c'mv—2to') 20 

+ 122s, 014. ( 1 -j-f). sin. (y— mv) 21 

— 18s,809.(l-j-i).sin.(,y—mvdrc'mv—to'). 22 

* (2916) The values of C[18\ C{)9\ C{o30), deduced from [5114—5116], agree 

[5217a] very nearjy with those given by the author in [5217—5219]. 

-j- (2917) Substituting, in [5095], the values of e', y [5117], e [5194], and those 

[5220a] of C{)\ Cf\ he. [5195—5219]; also —, [5221], we get [5220]. 
a 
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Cl I * I 'll • 

The two last terms were determined by supposing - = 4GQ- • This 

fraction depends on the parallaxes of the sun and moon; it differs hut very 

little from ; but, for greater generality, we have connected it with the 

indeterminate coefficient 1-f-i ; and, by comparing the term depending on 

sin. (y—mv), with the result of observation, ice shall hereafter determine the 

solar parallax [5589]. 

It is evident, by what has been said, that the perturbations of the earth’s 
orbit, by the moon, introduce in A['7\ the quantity 0,25044.fx ;* and, 
therefore, in C]l9), the quantity —0,54139.; whence arises, in the 
expression of the moon’s apparent longitude, the inequality,! 

# (2918) Using the value of m2 [5082/t'], we find, that the coefficient of A[l7), 

in [5015], is i_(i—mf— 

and, the term depending on ;x, is 

m2.(36-j-21 m—15m2) 

4(1—m) 

—2m2.fx. ^|(l4-2e24-2e/2)+~^).(14-fe2+2e/2) | . 

Dividing this last expression by the preceding, and changing its sign, we get the term of 

Aff, depending upon fx. Substituting the values of m, er, e [5117,5194], it becomes 

0,25044.jx, as in [5223] ; fx being the ratio of the moon’s mass, to the sum of the masses 

of the moon and earth [4948']. 

f (2919) The symbol fx is introduced into the expression of Cil9) [5115], by 

means of the value of Now, the coefficient of A[]7\ in [5115], is 

3wi2. (5-}-3w) 2(1 -}-^e2—^y2) 

4(1—m)2 1—m 
+ 

-m 
• 4°); 

and, if we use the values of m, y, e, Mf [5117, 5194, 5157], it becomes —2,1326. 

Multiplying this by 0,25044.jx [5223], we get—0,534.,<x, instead of —0,54139.(x [5224]. 

This part of Of1® produces, in the expression of nt-\-s [5095 line 20, or 5220 line 21], 

the term A rrM a . 
—0,534. (x. — . sin. (v—mv) ; 

a 

and, by changing its sign, we get the corresponding term of the moon’s longitude v [5225]. 

The inequality of the earth’s motion, depending on the direct action of the moon 

[4314, 43166], using the same symbols as in this article, is 

a 
fx.-, . sin. (v — mv) [5225'], nearly ; 

as is evident by comparing tbe notation [4313] writh that in [4757, &c.]- The ratio of the 

two inequalities [5225, 5225'] is as in [5226]. 

vol.in. 136 

[5221] 

Sun’* 
parallax. 

[5222] 

[5223] 

[5224] 

[5223a] 

[5223&] 

[5223c] 

[5225a] 

[52256] 

[5225c] 

[5225tf] 
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[5225] 

ludirect. 
action of 
the moon. 

[52250 

[5226] 

[5227] 

[5228] 

[5229] 

[5228a] 

[52286] 

[5228c] 

[5228$ 

[5228e] 

[5228/] 

0,54139.ju. - . sin.(v—mv). 
a 

The direct action of the moon upon the earth produces, in the motion of the 

earth, the inequality, 

f*. -. sin. (v—mv) : 
a v 

this action is, therefore, reflected to the moon, by means of the sun, but decreased 

in the ratio of 0,54139 to unity. 

The preceding expression of nt-\-z, contains the coefficients c and g, 

which depend on the sun’s action. We have given their analytical values in 

[4986, 522%], and, by reducing them to numbers, we have,* 

c = 0,991567 ; 

g = 1,0040105. 

* (2920) Dividing the coefficient of cos,{cv—to) [4961 lines 3—7], by —)‘e^ 
(t 

we get /-j-^e'2 [4975], as in the following expression, using the value of m2 [5082/f] ; 

2-f e2+3e'2—2 (Rf+Bf>) .-^+{1+2 m— c) .Af. ( 1 —f e'3) \ 
m I 

-4 j l+a»+(4.X=Sl2-X).^-c+5^) } • ( 

We have seen, in [4976a, b], that the quantities Jt§\ Afl, B[°\ Bf\ B{f contain 

implicitly the factor 1— f-e'2; which must be particularly noticed when finding the 

values of p, q, from [5228a]. Thus, if we neglect terms of the sixth order in the 

equation [4998], we shall find, that the term [4998 line 1] may be put under the form 

§m . -.[l+(l+2m).e2+^72b(l— K2). 
a/ 

The factor 1—§e'2 is equal to 0,99929322 [5117]; and, if we put, for brevity, 

- = 0,99929322, we shall have 1 = k.( 1—§e'2). Hence it is evident, that, if we 
k 

have found, by a previous computation, the numerical value of the first line of [4998], 

which we shall represent by Av we can put it under the form AJe. (1—J-e'2) ; and, 
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The motion (1—c).v of the lunar perigee [4817] is, therefore, by the 

preceding theory, equal to 0,008433.^ [5228]. This motion is, by 

by this means, it is reduced, by a very simple method, to the form —p—?e'3, adopted 

in [4975]. In like manner, the second line of [4998], which may be represented by As, 

can be put under the form A2Jc.( 1—Je'2). The term which occurs in the third 

line of [4998], can be put under the form B[0)k.(l—Je'2); as is evident, from the 

inspection of the formula [5062], neglecting the small terms, similar to those omitted in 

[5228c]. Lastly, the term B£\ which occurs in the third line of [4998], is nearly 

equal to —0,000002 [5177] ; and, as this is so very small, we may put it equal to 

!?/&.( 1—Je'2). Hence it appears, that, if the analytical value of A{20) be deduced 

from [4998], the terms depending on e'2, will appear very nearly under the form of the 

factor (1—Je'2); so that we may deduce, from the numerical value of A/ [5157], 

the term depending on e'2, by changing A(20) into A^k-i 1—fe'2). Proceeding in 

the same manner with [4999], we find, that the terms depending on e'2 may be obtained, 

by changing A[l) into A[^k.(l—Je'2), and using the numerical value of A[l] [5158]. 

In the equation [5000], from which A^ is deduced, the terms depending on e'2 are 

omitted, on account of their smallness. But, if we inspect the functions which are 

enumerated in [4961 cl,e], and used in the formation of the equations [4999,5000], we 

shall see, by noticing the terms depending on e'2, that the chief terms of A[l\ Af\ 

are formed in the same manner, with the factor 1—fe'2, as in [4879&, 4879/line 1] and 

[4876e lines 2,3, &c.]. Hence, it is evident, that we may proceed with Af] as we have 

with A[1] [522B&], and put A™ — Af]k.{ l—fe'2). The terms of e'2, which occur 

in the values of Bf\ Bf] [5064, 5065], produce not much effect in the computation 

of f?e'2, or JçÆ'2, in the value of c [4986] ; so that we may, without any 

sensible error, change Bf] into Bf]k.{\—Je'2), and Bf) into BfVc^l—fe'2), 

as the author has done. Hence, it appears, that if we neglect terms of the order e'4, we 

shall obtain very nearly the terms depending on e'2, in the second member of [5228a], 

by substituting 

^/.(1-Je'2) =A?Jc.(l-5e'2) ; ^/.(1-Je'2) = ^/A:.(l-5e'2) ; 

Af\(l -fe'2) = Afk.{l-5e'2 ) ; B? = 1-fe'2) ; Bf = B^k.( 1-fe'2) ; 

and then putting the terms independent of e'2 equal to p, and the rest equal to çe'2. 

Having thus obtained the analytical expressions of p, q, we must substitute in them the 

values of -4/, A^\ he. [5157—5179], and we shall obtain very nearly, 

v = 0,016781 ; q = 0,04973 . 

Substituting these values, and E'= e'= 0,016814 [5117], in the expression of c [4986], 

it becomes very nearly as in [5228]. From this we obtain the expression of the motion of 

[5230] 

[5228g-] 

[5228A] 

[5228i] 

[5228*] 

[52281] 

[5228m] 

[5228n] 

[5228o] 

[5228p] 

[5228?] 

[522SKJ 
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flipped- observation, equal to 0,008452.v [5117 line 2]; which differs from the 

[5231] 'preceding but by its four hundred and forty-fifth part. 

The motion of the perigee is subjected to a secular equation, ivhose 

analytical expression is given in [4982, &c.]. Reducing it to numbers, it 

^ ^ becomes* 

[5228/] the perigee (1—c).v [4817,5228], as in [5230] ; which agrees very nearly with that 

deduced from observation 0,00345199.^ [51171ine2]. 

[5228s] The coefficient of y .sin. (gv—Ô), in [5049] is put equal to [5053]; 

hence we get, by using [5082A'], 

[52281] p"+ fie'2 = 

Ç l-f-2e2—2 

\ _| $ (5-2«-gHg±gO<Ba,)+4^u» l . (i_»e'*) 

fm2. < ^ * m 
j— £(3—3m—g).#«V*-|-i(3—m-g).Bfe'* 

8W.e/2 

[5228w] 

[5228»] 

[5228uj] 

[5228x] 

Substituting the values of B[0)k.( 1—fe'2), he. [5228g-, o]; and then putting the terms 

which are independent of e'2 equal to p", and the rest equal to q"el2 ; we shall 

get the analytical expressions of p", q". Reducing these values to numbers, by means 

of [5157 — 5186] we get, very nearly, 

p" = 0,0080337 ; q" = 0,0123967. 

These values and that of E' [522Sr], are to be used in finding the retrograde motion of the 

nodes [5059], which becomes, by retaining only the terms depending on the first power of v , 

[ ✓(!+/)-l+dfef*"].'. 

Putting this equal to the expression (g—l)-v, which is assumed in [4817] we get, 

kq"E'2 
g=\ZU+V")+ ; 

and, by substituting the values of p", q", E' [5228tyr], wre obtain g [5229]. 

[5232a] 

[5232i] 

[5232c] 

* (2921) The secular motion of the perigee depends upon the term \q.fd^.dv 

[4982]; winch may be put under the form %q'.fQv(e2—El2).dv [5095c d] ; supposing 

the integral to commence at the epoch where e —E'. Using the value of q' [4979], 

and multiplying by it becomes, (3^7^))l“S-/o'(e'5—■E'2)^Substituting, 

in the factor between the braces, the values of p, q, m [5228?, 5117], we obtain very 

nearly the same expression as in [5232]. The secular motion of the moon’s longitude is 

_|m2,/0®(e'2_E'ü).dv [5089a, 5232a], corresponding to [5232']. 
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fo = 3,00052.|.m2. / (e'2—E'2).dv. 

It has a contrary sign to the secular equation of the mean motion [5232c], 

and is nearly three times as great. 

The retrograde motion of the node of the moon’s orbit, (g—\).v [4817], is, 

by the, preceding theory, 0,0040105.v [5229]. This motion is, by observation, 

equal to 0,004021 Ib.v [5117 line 3], which does not differ from the preceding, 

by its three hundred and fiftieth part. 

This motion of the node is subjected to a secular equation, whose analytical 

expression is given in [5059]. Reducing it to numbers it becomes,* 

iê = 0,735452.|.m2./ (e'z—E'ü).dv. 

It has a contrary sign to that of the moon’s mean longitude [5232c]. Hence it 

follows, that the motions of the nodes and perigee are retarded,whilst the mooids 

mean motion is accelerated ; and the secular equations of these three motions 

are always in the ratio of the numbers 3,00052, 0,73542 and 1 

[5232, 5234,5232c]. Therefore, in the preceding expression of nt-f-e, we 

must substitute, for the angles cv, gv, the following quantities ;f 

* (2922) The secular motion of the node depends upon the term, 

✓ft?, t50564]; 
which may be changed, as in the preceding note, to 

—ggr. /"(e'2—E,!!).dv = (- „ f I 
t/U-hp ) J v \3»isV( l-hAV oV ’ 

Substituting, in the first factor, the values of p", q" [5228ü], it becomes very nearly 

as in [5234]. 

f (2923) The motions of the perigee and node (1—c).v, (g—i).i> [4817], are 

changed, by means of the secular equations, into 

(l_c).1,_j_3)C0052.fm2./0u(e/2—E'*).dv [5232], 

^l).«+0,735452.â[5234], 

respectively. This requires, that we should change cv into 

cv—3,00052.§î?ï2.^(W2—jE'^.ctv, as in [5236]; 

and, gv into 

gu-j-0,735452.fm2.t/o’(e'2—E'z).ctv, as in [5237]. 

[5232] 

[5232'] 

[5233] 

Secular 
motions of 
the moon's 
longitude, 
perigee 
and node. 

[5234] 

[5234'] 

[5235] 

[5233a] 

[52336] 

[5236a] 

[52366] 

[5236c] 
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[5237] 

[5238] 

Invest i ga¬ 
lion ot‘ 
some 
terms 
of l he 
fourth 
order. 

[5239] 

[5240] 

[5238a] 

[5239a] 

[52396] 

[5239c] 

[5239d] 

THEORY OF THE MOON; [Méc. Céh 

cv—3,00052 f.nr.ff-—E~).dv ; 

^-|-0,735452.|.m2./(e'2—E'»).dv. 

Hence, the secular equation of the mean anomaly is,* 

—4,000524.m\f(e'-2—E'*).dv; 

or, nearly four times that of the mean motion. 

17. We shall now proceed to determine some of the most sensible inequalities 

of the fourth order. One of these inequalities depends upon the angle 

2v—2mv—2gvfcv-\-2t—tf, and we have determined, in [4904 line 17, 5014], 

the part of aôu, which depends on the cosine of this angle. Then we find, by 

^ 15, that the expression of ntfs, contains the inequality,! 

Ç 3m2.(2-(-m)  2A°6'>-\-3A(13) ^ 

i__i_.efi.sm.(2v—2 mv—2gvJrcv-\-2â—-a ). 
2—2m—2g-\-c 

This inequality, reduced to numbers, is 

8s, 67. sin. (2v—2 mv—■2gvJrcv-\-2è—A). 

We shall now consider the inequality, relative to the angle (2cv-\-2v-2mv-2A). 

If we connect all the terms, depending on the cosine of this angle, in 

* (2924) Subtracting the secular equation of the perigee [5232]. from that of the mean 

motion [5232c], we get the secular equation of the mean anomaly, as in [5238]. 

! (2925) The part of dt, which would correspond to the term of nt-fis [5239], mac be 

1 a2 
deduced from it by taking the differential, and multiplying by - ==— [5092c], by which 

means it becomes 

[ - -M<“'+ 3 ■Æ"31 }■ ^ £■»+«). 

Now the three tenus of this function are contained in the expression of dt [5090p], as we 

shall see. by the following examination. The first term, between the braces,-_ 
’ “ 5 J 8.(2g—2-{-2m) 

[5239a], occurs in the table [50906] ; by multiplying the term—2e. cos .cv in its first 

column, by that of [50S2s line 13] in its second column. The second term —2Af\ arises 

from [5090g line 1, 4994 line 17]. The third term 3A[l3) is deduced from the table 

[5090tg]. It corresponds to —2A[l3)f.cos.(2gv—2vJr2mv) in its first column, or in 

[4904 line 14] ; and to —3e.eos.cv_ in the second column. Substituting in [5239] the 

values of m, g, c, y [5117], e [5194], and Af\ Af [5169,5172], we get [5240]. 
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the development of the equation [4754], which we have made in ^ 6, 

this equation becomes, by noticing only these terms,* 

_ ddu 

0= 

3/?2 (10 — 19 m —j-8 m2) . (2—m-j-c) 

2 a, 4.(c-f-l—m) 
. e2. cos. (2cv-j-2v—2 mv—2w) ; 

therefore, by putting A'(20) .e‘* i.cos.(2cvJr2v—2mv—2-a), for the corresponding 

term of alu [4904], we shall have,f 

j,( o) J-m9. (10—19m-(-8?7i2). (2—m-fc) 

2 4.(c+l—m).{4.(c+l—mf-—1} 

Then, ii we put C'i20).ei.sm.(2cvJr2v—2mv—2®), for the corresponding 

term of the expression of we'shall find, by §15,f 

* (2926) The terms depending on the angle 2cv-\-2v—2mv, in the equation [4961], 

are included in the functions which are enumerated in [4960c], and if we divide these terms 

by the common factor — .e2.cos.(2a’-}-2r—2mv) ; we shall obtain in [4870line 12] the term 

! (C-15m+8m2) ; andin [4879 line 8] tjie term |(4-4m) nearly. The sum of these two expressions 

is -K10—19m-\- 8 m2)'; adding this to 4(10—19m 8m2).—-1-[4892 line 11], we 
' c—j—1—m J 

^f Q J T 

obtain 4(10-19m-j-8m2).—--. Connecting this with the two first terms of [47544 —4-«, 

according to the directions in [4960e, fee.], we get [5241]. 

f (2927) Integrating the equation [5241], by the method in [4998a—c], we find, that if 
H 
-.cos.Çzv-j-p) represent any term of [5241], the corresponding term of au or a5u 

[4998c,a] will become, 

y Ha 
a^=-^=T • --C0S-M-f3)- 

In the present case, we have, 

i = 2 (c+1—éi) : -=z m ’ a (10-19m-f8m2),(3_m+c> 
1 | 2' a, ' 4(c—)—1—m) ,e* 

Substituting these in [52426], and putting the result equal to the assumed expression 

[5242], we get, by using nr [5082/f], the value of [5243]. 

•i- (2928) If nt-\-s contain a term of the form [5244], its differential will give, in 

ndt, the expression 

ndt = (2c-j-2—2m). C'^e2. cos. (2ci>-{-2i'—2 mv).dv. 

[5241] 

[5242] 

[5243] 

[5244] 

[5241a] 

[52416] 

[5241c] 

[5242a] 

[52426] 

[5242c] 

[5245a] 
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[5*345] 

[5246] 

[5247] 

[5248] 

[52456] 

[5245c] 

[52454] 

[5245c] 

[5245/] 

[5245g-] 

-f m 
(10—19m-j-8m2) 3/n2. (1—w) 9nr 

ct = 
-2 Af'+3J& 

8. (c—]— 1—ni) 

3Æ0) 

2—2/n-j-c 16.(1—m) 

2 c-j-2—2 m 

Reducing the formulas [5243,5245] to numbers, we get, 

Ai°> = 0,00201041 ; 

Of ——0,0130618 ; 

hence we obtain, in nt+s, the following inequality, 

— 8s, 1 l.sin.(2cr;+2ii—2mv—2^) [5244]. 

Multiplying this by ^ [5092c], we shall get, in dt, the term, 

ri2 //-il 

dt = (2 c-)-2—■2î?î).C/[0)e2.-^--.cos.(2c«4-2'B"—2mv). 

Comparing this with the terms of the functions [5090/], depending on the angle 

2cv-{-2v—2mv, we shall get, for (2c-f-2— 2m) . C;(20), the terms of the numerator of 

[5245] ; namely, 

0 (10—19m-f8m2) 3m2.(1—m) 9m2 

~im' 8.(c-j-l—m) 2—im+c ~ 16.( 1 — ni) 

—2Af>+3A™—3A<2"> : 2 

as will appear by the following examination of the functions [5090/], divided by the 

common factor 

e2. a ^V-.cos.(2cv-\-2v—2mv).. 

The function [5082s line 10] contains a term, depending on the angle 2cv—2v-}-2mv, 

deduced from [4885 line 10] ; and, we find in [4885 line 11], a similar expression 

— 3 corresponding to the first term of [5245c]. The term neglected, 
* 8 (c-[-l—m) 

3m.2. (1—m) . , . 
in [5Q90Mine7], produces the second term of [5245c], — 2m-üT ’ and’ tÜat in 

[50906 line 12], is - as in the third term of [5245c], The term of aiu 

[5242] produces, in [5090/ line 2], the term • 2[5245cline 2]. The term 

neglected in [5090- line 16], gives 9AJ» [5245c line 2]. The term —3A^ 

[5090-line 9], is the same as in [5045c line 2]. Now, substituting in [5243, 5245], the 

values°[5117,5194,5157,5159], we get [5246,5247]. Lastly, we get, from [5244], the 

expression [5248], by using the values [524i, 5194]. 
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The expression of dt ^15, gives in nt-j-s, the term,* 

3A(24).ee'. sin. (2v—2mv+cv—c'mv— 

2—3mJrc 

This term is sensible, on account of the magnitude of the factor A(4) [5161] ; 

it is, therefore, useful to consider the inequality relative to the argument 

2v—2mv-\-cv—c'mv—w-|-V. The equation [4754] gives, by noticing only 

the terms we have developed in § 6,f 

ddu , m 
0=— +u- 

dvz a, 

21. (2—3 m). ( 4—3 m -f- c) 

4.(2—3 m-\-d) 
ee'. cos. (2v—2mv-\-cv—c'mv—ra-f-ra). 

We shall put 

A'c2\ee'.c,os. (2v—2mv-\-cv—c'mv—w-fV) 

for the part of aou depending on the argument in question ; we shall have, 

* (2929) This term is omitted in the product of the two quantities in [5090g]ine 20] ; 

but, it is introduced in this place on account of the magnitude of [5161,5249']. 

Having noticed this part of the expression, it becomes convenient to introduce the smaller 

quantities, depending on the same angle, as in [5250—5257]. 

f (2930) The equation [5250] is obtained in the same manner as [5241], by 

dividing the terms of [4960e], depending upon the angle 2v—2mv-\-cv—c'mv, by the 

common factor, —‘2 
— If. —. ed. cos.(2n—2mv-\-cv—c'mv) ; 

and connecting the resulting quotients in the following manner. The term in [4870 line 7], 

gives f(l—2m) ; in [4879 line 4], their sum is 2—3m; adding this to the 

term [4892 line 7], , we obtain, 
/**-OÏÏI—T— C 

(2—3m) . | 1 + 
2 

2—3m-j-c 
| = (2—3m). 

(4—3m-J-c) 

2—3 m-j-c 

Connecting this with the common factor [5250a], and adding the twTo terms [5241c], we 

get the equation [5250] ; in which we have corrected a typographical mistake in the 
_2 
77b 

original, where m2 is written for —. Comparing this with [5242a], we get, 
a, ° 

11 = 
21.(2—3m).(4—3m-)-c) f 

4.(2—3m+c) XC' 
i = 2—2m-]—c—dm = 2—om-\-c, nearly ; 

substituting these in a5u [52426], and putting the result equal to the assumed value of 

this term of aôu [5251], we get And\ as in [5252], using m2 [50826']. 

vol. nr 138 

[5249] 

[5249'] 

[5250] 

[5251] 

[5249aj 

[5250a] 

[52506] 

[5250c] 

[52504] 
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[5253] 

.l(l) ■—21 m\ (2—3m). (4—3m-\-c) 

As J = 4.(2—3m-he). j (2—3m-\-cf— 1 j ' 

Then, if we put 

C'^eé. sin. (2v—2mv+cv—c'mv—n-fV) 

for the part of nt-\-s, relative to the same argument, we shall find, by § 15,* 

21ma.(2—3m)_21_.,(1) {4) 

_ 4.(2—3 m+c) ' 4.(2—3m) 2 + ^ 

[.52541 2 2—3wi-f-c 

[5255] 

[5256] 

[5257] 

Reducing these formulas to numbers, we find,* 

J[f> __—0,0134975 ; 

Cy> = 0,0534480 ; 

which gives, in the inequality, 

10/1 7.sin.(2t;—2mvJrcv—c'mv— 

[5253 a] 

[52536] 

[5253c] 

[5253c/] 

* (2931) Proceeding as in [5245«,&sc.], we find, that if nt-\-s contain a terra of the 

form [5253], it will produce, in its differential iidt, the term. 

(2—3niJf-c). Cl(2l)ee .cos. (2v—2mv-\-cv—c'mv), nearly ; 

1 a2 
and, by multiplying by - = yy [5092c], it will produce in dt, the term, 

^5 n/0 

(2—Sm-\-c). C/W, —j—.cos.(2r—2 mv-\-cv—c'mv). 

Comparing this with the terms of the functions [5090p], depending on the same angle, we 

shall get, for (2—3m+c). C"<$ the terms of the numerator of [5254] ; namely, 

21ma.(2—3m) 91m2_2A'^ + 3A(4) * 
4.(2—3m-j-c) 4.(2—3m) 1 2 

as will appear by the following examination of the functions [5090$]. 
„ r^rf, -, 21 m2. (2-3 m) 

[5082s line 8] is the same as the first term of [52o3cJ, 4y2-3m+c) 

The term 

; the term 

21m2 omitted in [5090& line 8], is the same as the second term of [5253c] ; the term 
4.(2—3m)5 L 

[5253e] of aSu [5251] produces, in [5090pline 2], the term —2A'$\ [5253c]; lastly, the 

term omitted in [5090#line20] produces in [5253c]. 

(2932) Substituting the values of c, m [5117] in [5252], we get [o2oo], and 

then, from [5254], we obtain [5256]. Substituting this value of C%1\ and the values 

[5255a] ^ e, [5H7, 5194]; in [5253] we get [5257]. 
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It would seem, that the inequalities depending on the angles 

2cv—2v-j-2 mvztc'mv—2™^™' 

ought to be sensible, on account of the great divisors which they acquire by 

integration ; it is therefore important to ascertain them carefully. By following 

the analysis before explained, noticing only quantities of the fourth order, and 

representing the corresponding part of aSu, by 

abu = A'^ eV.cos.(2cv—2v-\-2mv-{-c'mv—2w— 

-\-A,(i')e2e'.cos.(2cv—2v-\-2 mv—c’mv—2^-j-V); 

we shall find, that the differential equation will become,* 

* (2933) We shall put, for brevity, 

S = 2 cv—2v-\-2mv-\-c'mv—2&—ra'j D — 2cv—2v-\-2mv—c'tnv— 

and the assumed value of a5u [5258] will become, 

am — A\&) c~e' .cos.S-^A'^ Ac'.cos. D. 

The terms of the equation [4961], depending upon the angles S, I), maybe found 

in the functions which are enumerated in [4960e] ; and, to obtain all the terms, we must 

review the whole calculation [4835—4961], in order to notice the quantities which have 

the factor eV. This great degree of accuracy is however unnecessary, on account of the 

smallness of the coefficients in [5259], which are of the fourth and higher orders ; we 

shall, therefore, only notice the most important terms which are given by the author in 

[5259]. The first of the functions [4960e], which is noticed by him, is that in [4870]. 

We may deduce this selected part of the factor of eV, from that of e2 [4S70line 11], 

upon similar principles to those which are used in developing a function of e, e', by Taylor’s 

theorem, by which the coefficient of eV, may be derived from that of e2, &c. If we use 

the value of m [4865], and put, for brevity, 
__2 

^ = g^-(S+15mq-Sm2).e2 = -(6-f-15m-{-8m2).e2, 

we shall find, that the term of e2 [4870 line 11] is represented by 

M. cos. (2 cv—2v-\-2mv). 

As this quantity does not contain e, it is evident, that it can be derived from the first 

member of [4870] .cos.(2v—2v'), by substituting the values of h, u, u', v' 

[4825,4826,4837,4838] ; then, neglecting the terms depending on e', and retaining only those 

connected with e2. Now, by using merely the first terms of [4837,4838], and those 

depending on the first power of e', we have, 

[5257'] 

[5257"] 

[5258] 

[5259 a] 

[52596] 

[5259c] 

[5259tf] 

[5259e] 

[5259/] 

[5259g-] 
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[5259] 

[52597i] 

[5259{] 

[5259/c] 

[5259Z] 

[5259m] 

[5259rc] 

[5259o] 

[5259/7] 

[5259q] 

[5259r] 

[5259s] 

^ ddu . . 3m 
0==Ti+«4-— ac2 a. 

2 
3 m 

H- 

7(2-fn»i-}-8m2) 7(10-f 19m+8m2) 

16 

5M(/ 

8.(2c—2-f-3m) 

2c—2-|-3m 

( 10-1-19m-f8m2) ( 2+llm-f-Swi2) 

8.(2c—2-f- m) 16 

5Slv] _1^/(3) 
2 c — 2 m 

e^e' .cos{2cv-2v-{-2mv-\-c'mv—'2vr-ra') 

2 

3 

.eV. cos (2cv-2v -j- 2 m r-c'm y—2v:-|-tn?) : 

4 

t/ = mv4-2e'. sin.c'mv : u' =-. j l-f-e'.cos.c'mv]. 
a f 

If we retain these terms of e', in forming the function [5259/], it will change —- [5259c] 

into ——.(l-j-3 e'.cos.c'mv), and 2mv into 2mv-f4e/.sin.c'mv. By this means the function 

[5259/], will be increased by the terms, 

M.(3e,cos.c'mv).cos.(2cr—2t’-j-2mv)—U#,,(4e'.sin.c'mv).sin.(2cv—2v-f-2mv) ; 

the second of these quantities being obtained by means of [61] Int. by putting 

z = 2cv—2v-|~2mv, a = 4e'.sin. c'mv [52597]. 

Reducing the terms of [5259&], by means of [17,20] Int. we get, by using the abridged 

symbols [5259a], 

M.(‘3e' .cos. c'mv). cos. (2 cv—2 v-\-2mv) = §Me' .cos. S-\-§Me' .cos.D ; 

—M.(4ebsin.c'mv).sin. ( 2cy—2v-j-2mv) = 2Me .cos.S—2Me'.cos.D. 

The sum of these two expressions gives the value of the function [52597c] ; and, by 

re-substituting the value of M [5259e], it becomes, 

%Me'. cos.S —-Me' .cos.D = '■—-.(6-f 15m-f 8m2).eV. j-^.cos.S— T\.cos.B\. 
at 

A similar expression is obtained from the terms in [4S79 line 7], putting c=l, and 

M = 
3m 

2 a. 
(l-f-m).e2. Substituting this value of ill, in the first number of [5259o], 

we get the terms, 
_2 0_s 

—^-.(I-j-m).eV.fl .cos.S—fjcos.—4— 4m).eV. \^.cos.S—~fa.cas.D\. 
£CL{ , 

Adding together the terms in the second members of [5259o,/J, we get 
2 

—.(2-[-llm-f-8m9).eV.[T75 cos.S—T\,cos.B] ; 
a/ 

which are the same as the first term, connected with S [5259 line 1] ; and the second term, 

connected with B, in [5259 line 3]. 
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therefore, we shall have, 

We may proceed in a somewhat similar manner with the term in [4892 line 10], taking in 

the first place its differential, so as to make it of a like form ; and, after reducing the 

products, which introduce the angles S, D, again integrating, to correspond to the integral 

in the first member of [4892]. Now, if we put 
_2 

M=?-^ (10-[-19 m -j-8 m2) . e2, 

the differential of [4892 line 10] becomes, 

Mdv.sm.(2cv—2a+2my) = Mdv.cos.(2cv—2y+2my—90d). 

The second of these expressions may be derived from [5259/], by decreasing the angle 

2cv—2y+2mv by 90+ which requires that S, D [5259a] should be changed 

into <S—90^, D—90*, respectively, and then multiplying by dv. The same changes 

being made in the resulting correction, in the first member of [5259o], we obtain, 

|-Me'. dr.cos. (S—90d)—%Me'. dv.cos. (D—90^) = |-Me'. dr.sin. $—\Me!. dr .sin.D. 

Now, integrating this second expression, according to the directions in [5259f], we get 

the additional terms of [4892], as in the first member of the following equation, and, by 

re-substituting the value of M [52591'], we get its second member, 

7 Me' 
.cos. 3 + 

Me' 

2.(2c—2+3m) ' 2.(2c-2+m) 

2 
3 m 

.cos .D 

= +—■ .(10+ l9m+8ms).eV. 1 — 
8 a v ' • 2c—2+3m 

.cos. iS—J—• 
2c—2+m 

■.cos.Dy. 

The terms of this last expression are the same as the second term connected with S 

[5259 line 1], and the first term connected with D, in [5259 lineS]. 

The next terms of [5259] arise from the part of the function [4934 or 4932&] which is 

included in the table [4931p]. For, if we take, in the first column of this table, the term 

A^ee'.cos.(cr+c'mr) [4931jpline 22], 

and in the second column, the term 

— 5 e 
— — .sin. (2r—2 mv — cv), 

which occurs also in [493 hp line 17], it produces, by the process used in [493 In], the term 
_2 

6m 5 e2 e' s 
«7 * 2.(2c-2-f3m)’^1 •cos.(2cy—2r+2mr+eW) ; 

which is the same as the term depending on [5259 line 2J. In like manner, by 

combining the term 

[52593 

[5259s'] 

[5259/] 

[5259/] 

[5259a] 

[5259m'] 

[5259i>] 

[5259u>] 

[5259*] 

[5259*'] 

VOL. III. 139 
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[5260] 

[525%] 

[5259z] 

[5260a] 

[52606] 

[5260c] 

[5260d] 

[5260c?'] 

[5260e] 

[5260/] 

* 

A'?> = 
-3 m2 

(2c—2+3m) 2 ' 

7.(2+Um+8m2) 

Ï6 

7. ( 10+19m+8m2)— 

8.(2 c—2-j-3m) 

1 

2 

A[9)ee'. cos. (cu—/mu) [49312? line 23], 

with the same term 
5e 

— — . sin. (2u— 2mu—cu), in [4931/ line 17], 

we get, by the method used in [493 lw], the term, 

6m 5e~ e' 

a, 2.{2c—2-\-m) 
,A[9\cos.(2cv—2u+2mu—c'mu), as in [5259 line 4]. 

3m 
The function [4908 line 1] contains the term-— .aôu; and, by substituting the 

t&CLj 

value of aôu [52596], we get, 
_2 

— — .eh'.lA'fKcos.S+A'M.cos.Dl, as in [5259 lines 2,4]. 

This includes all the terms noticed by the author in [5259] ; there are other terms, 

having the factor m.m.eV, which he has neglected on account of their smallness. 

Connecting these terms with ^“+u [5241c], it becomes as in [5259]. 

* (2934) Taking separately into consideration the terms in the two first lines of 

[5259], which depend on the angle =2cu—2u+2mu+c'mu [5259a], they become 

of the same form as in [4990a], by putting 

7<(2-|-llm-j-8m2) 7.(10+19m + 8m2)  

16 8.(2c—2+3m) 2c—2+3 m H=3m . 
._I J'(2) 

2-/1i ê e'. 

i = 2c—2+2m+c'm = 2c—2+3m, nearly. 

The corresponding term of au, or aôu, is represented by Pa.cos.(û+(3) [4998c]; 

and, if we compare it with the assumed form of this term of aôu, in [5258 line 1], 

we get Pa = A'fh^e' ; hence [4998a] becomes, by multiplying by a, and substituting 

this value of Pa, 

0 = (1— 
Ha 

Substituting in this, the value of H [5260c], rejecting the common factor eV, and 

using m2 [5082+], we get [5260]. Proceeding in the same way with the terms 

depending on the angle D [5258 line 2, and 5259 lines 3,4], corresponding to 

i = 2c—2+2m—c'm = 2c—2+m, nearly, 

we easily obtain the value of Af] [5261]. 

[5260g] 
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—3m2 

1—§m2—(2c—2-j-m)2 

{ (10+19m+8m2~40^f) 

( 8. (2c—2+m) 

If we denote the corresponding part of nt-\-£ by,* 

(25-f-11 m-f-8m2) f 

Ü6 ) * 

* (2935) 

on the angle 

putting also 

If we take the differential of the term of nt-\-s 

S=2cv—2c+2mi;+c'mi;, and multiply it by 

c'=l, we get, in dt, the term, 

[5262 line 1], depending 

f5092']- 

dt = (2c—2+3m). C'«> eV. —.cos.S. \Za, 
Substituting in this, the assumed value of C'f) [5263], we find, that the result is 

represented by the function [5261c], or the numerator of the expression [5263], multiplied 
^2 cLu 

by the common factor eV. cos.S' ; and it will appear by the examination in [5261/+], 

that the corresponding terms of the value of dt [5090p], neglecting the same factor 

[52616], agree exactly with this function [5261c] ; 

21m2.(10+19m+8m2)+120m2..+8> 21m2. (2-f3m) 63m2 

16. (2c—2+3m) 4. ( 2—3 m+c) 16.(2—3m) 1 

—2M++3+7'—3«d?[4)+3,2'8>. 2 

By a similar process with the term depending on the angle D= 2cv—2u-f-2mv_dmv, 

and the assumed value of C"+ [5264], we find, as in [5261f-x\, that the corresponding 

terms of dt [5090p], neglecting the common factor eV.-^-^.cos.D, are represented 

by the function [5261 e], corresponding to the numerator of [5264] ; 

—3 m2. (10+19m+8m2)+120 

16.(2c— 2+m) 

—2M'f+3^6)—3M++3M+./2+ 

^ 3m2.(2+m) 

4.(2-m— c) + 9m2 

16.(2—m) 
1 

2 

We shall now proceed in the examination of the functions [526lc,e] in order to prove, 

that they agree with those in [5090p], The first term of [5090/ line 1] depends upon the 

function [5082s], which, when fully developed, contains terms of the required form, with 

the factor eV. The terms of this function, which are retained by the author, may be 

derived, in a very simple manner, from those depending on e2 [5082s line 10] ; namely, 

§m2.+10+19m+8m2). ^-~^-.cos.(2cv—2c+2»w) ; 

by the process used in [5259s'— w]. For, if we substitute in the expression [5261g], the 

value of the common factor 0 

|m2 = [5082r, &c.], and M =|^.(10+19m+8m2).e2 [5259*'], 

[5261] 

[5261a] 

[5261&] 

[5261c] 

[5261d] 

[5261e] 

[5261/] 

[5261 g] 

[5261/i] 
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[5262] 

[5261*] 

[5261Jfc] 

[52611] 

[5261m] 

[5261n] 

[5261o] 

[5261p] 

C'Ph eV. sin.(2ci>—2v-\-2mvJrc,niv—2®—«') 

-f- C"f}. eV.sin.(2cv—■2v-j-2mv—c'mv— 

1 

2 

it becomes, 

%Ma 
.cos.(2ct—2v-\-2mv). 

2c—2-j-2 m 

Taking the differential of this expression, according to the direction in [5259s'], it 

becomes, 
—|Ma . dv .sin.(2cv—2v-j-2mv). 

This is of the same form as the first member of [5259m], and may be derived from it, by 

changing M into —%Ma ; so that, if we make the same change in the resulting 

terms, in the second member of [5259m;], we shall get the corresponding terms of 

[5082s], depending on eV ; namely, 

3 m 
6 

— . (10-f 19m4-8m9).eV. 5 -—— .cos.S- 
i/ ' 1 ' ( 2c—2-(-3î?i 

.cos.D | 
16a, " v 1 ' * ' (2c— 2—3m ' “ " " 2c—2-|-m 

Re-substituting the value of §m2 [5261 A], we find, that the coefficient of eV.cos.S, is 

the same as the first term of [5261c], which is connected with the factor 10-]-19m-j-8m2; 

and, the coefficient of eV.cos.D, is the same as the first term of [5261c], connected with 

the same factor. 

The second of the functions enumerated in [5090p], is that contained in the table 

[50906]. We shall make the following additions, so as to include those terms of eV 

which were neglected in the former computation. The three columns of the table 

are here marked the same as in [50906] ; and all the terms in the third column have the 

a~.dv 
common factor 

s/a, 

(Col. 1.) 

Terms of the first 
factor in [5081], 
between the bra¬ 
ces. 

—2e.cos .cv 
21m2.(2-|-3m).ee' 

|e2.cos.2ci> 

(Col. 2.) 

Factor Q' 
[5081 or 5082s]. 

4.(2—3m— c) 
.cos. (2v—2 mv— cv—c'mv) 

(Col. 3.) 

Corresponding terms of [5081], 
or [5261 c,e]. 

21m2(2-f3m).eV 

3m2. (2-4—wi).<£b' 0 . / \ 
--——-—.cos.(2u-2 mv-cv-f-c mv) 

4.(2—m—c) 

+ 

21 mV_ 

4.(2—3 m) 

3??iV 

.cos(2y—2 mv — c’mv) 

- .cos.(2y—2mv-\-c'mv) 
4.(2—m) 

The terms in the third column, depending on cos.N, 

[5261c line 1]; and, those depending on cos.D, 

[526le line 1]. 

cos.S 
4.(2—3m—c) 

3m2. (2+m).eV ^ 
—775-—.COS .D 

4.(2—m—c) Common 

63 m2. eV 

~lfh(2-3m) 

9m2. eV 

. cos.N 

common \ 
factor I 

cfi.dv / 
s/a, * ) 

16.(2-m) 
.cos.J). 

correspond to the two last terms of 

correspond to the two last terms of 
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We shall have, by §15, 

'21m2.(10-f-19OT-[-8m2)-{-120TO2.M]8) 21 m2. (2—J-3m) 63m2 

16. (2c—24-87») 4.(2—3m+c) 16.(2—3m) 

2c—2-j-Sm 

—3m2.(10-|-19?«-|-8m2)-l-120m2.^® 3m2.(2-f-m) 

£"(3). 
^ —2.4; 

9 m2 
4- —-lïU—^ + 

16.(2c—24m) 4.(2-?»— c) 16.(2—m) 

2H/fM-3^i(lî—3H.^+3 A®. 4U 

2 

1 

2 
2c—24^ 

Reducing these formulas to numbers, we find,* 

The function [4904], or aSu, contains the two terms [52595] 5 and these produce, in 

the first term of [5090p line 2], the terms, 

—2.^,eV. I A'?'.cos.S+A'?\cos.D | ; 

which are the same as the terms depending on 42), A§3) [5261c, e]. 

The next of the functions enumerated in [5090p], is the function [5090g] ; and v7e 

have, in line 25, the neglected term 3A[7).e3e'.cos.S, corresponding to the second term 

of [5261cline 2] ; and, in [5090gline 24], the neglected term 3^4[6)eV.cos.i), as in 

the second term of [526le line 2]. Again, the term — 2-44)e'.cos.(2w—2mv — c'mv), in 

the first column of [5090g], being combined with 3e2.cos.2cv, in the second column, 

gives —S^lfjeV.cos.S; corresponding to the term depending on [5261c]. In 

like manner, the term —2HfV.cos.(2u—2mvJrc'mv) [5090g col. 1], being combined 

with the same term 3e2. cos.2cv, in column 2, gives —3A^3)e2e'.cos.D ; corresponding 

to Af [5261c]. 

The last of the functions [5090p],is that in the table [5090?] ; and we have, in the first 

column of this table, the term Afe. cos.(2«—2mv-~cv) ; in the second column, the 

omitted term SA^ee'.cos. (cv-\-c'mv) , which produce, in the third column, the term 

0/^* dv 
^A^\A[8)e3e' .cos.S, neglecting the common factor —. In like manner, we have, in 

V a/ 

the first column, the term A[8)ee' .cos(cv+c'mv); in the second column, 3A\l)c.cos(2v-2mv-cv); 

these produce also, in the third column, an equal term f^[1).^4f)eV.cos.*S'. Adding this 

to the preceding term, we get 3^\A[8W.cos.S, corresponding to the last term of 

[5261c]. In exactly the same way, we find, that the terms of ahi, depending on 

A^e.cos.(2v—2mv—cv), A[9)ee'.cos.(cv—c'mv), produce, in the third column of [5090?], 

the expression 3A(?\Af)$e'.cos.DJ corresponding the last term of [5261c]. 

* (2936) Substituting the values [5117,5194,5157,&c.] in [5260,5261,5363,5264], 

we get A'f\ A'[3), C"f\ C"f} [5265]; and then, [5262] becomes as in [52664 

vol.in. 140 

[5263] 

[5264] 

[5261<7] 

[5261r] 

[5261sj 

[526 It] 

[5261?t] 

[52611?] 

[5261«f?] 

[5261.r] 

[5265a] 
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A'W = 0,744932; i 

Jf) =—0,0153320 : 2 

C'f = 0,563137 ; 3 

C?> =—0,0235572. 4 

wtf+s, the two following inequalities ; 

. sin. (2cv—2v-\-2mv-\-c'uiv—2ro—v/) 1 

. sin. (2cv—2 v-\-2mv—c'mv—2^+^'). 2 

The inequalities depending on the arguments 2cvzhc'mv—2^=nT, are very 
_____ i 

easily found, by considering the expression of [5081]. This expression 

gives, in that of nt-\-s, the inequalities,* 

3A(8 W 
—--.sin .(2cvJrc'mv—2®—T) 
2c+m v y 

[52G71 g J(9)eV 
-f- -.sin.(2cî>—c'mv—2to-}-ot') ; 

2c—m 

and it is evident, that they are the only terms of the fourth order, depending 

^ ^ on these arguments. By reducing them to numbers, we obtain, in nt-f-q 

the two following inequalities ; 

—3S,16.sin.(2 cv-j-c'mv—2w—■&') 
[5268] 

-j- 4s,50. sin. (2 cv—c'mv—2^-J- ^'). 

It is evident, from the expression of dt, [5081], that the inequality 

depending on the argument 4v—4mv—must be sensible.f To 

[5265] 

[5266] 

Hence we obtain, in 

5 s, 88. 

—0s,25 

[5267a] 

[5268a] 

* (2937) The functions [5090p], which represent the value of dt, give, in 

[5090g lines 26,27], the two following terms, which were omitted in that table ; 

dt = a ' f^ .eV. 13A[s).cos.(2cvJr-c,mv)-\-3A^'>. cos.(2ec—c'mv) |. 
Va/ 

Dividing this by - = [5092c] ; and then integrating, we get, in nt-\-s, the two 

terms [5267]. A slight inspection of the functions enumerated in [5090p] shows, that there 

are no other terms of this form, and of the fourth order. 

-J- (2938) This will fully appear, by the inspection of the terms of nt-j-s, depending 

on this argument in [5280, 5281, 5283]. 
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determine it, we shall represent the corresponding term of aôu, by 

a6u = A,(34)e. cos.(4y—4 mv—cv~j-w). [5269] 

It is evident, that there cannot be produced such terms in the differential 

equation in u [4961], except by the variation of the terms of the equation 

[4754], depending on the disturbing force.* We have developed these 

3 yi% • 'll! ^ fixi 
variations in ^ 8. The first is — -——'4 - ■ ; and it produces no term of 

m 'll 

the fourth order, depending on cos. (4t?—4mv — cv-\-ra). The second 

variation is,f 

[5269'] 

[5270] 

* (2939) This is evident, from the examination of the functions [4960e], which 

compose the equation [4961] ; since the terms enumerated between [4866] and [4901] do 

not contain the angle 4v—4mv—cv. The next of these functions is that in [4908], which [5269a] 
ôu 

arises from the development of — ■■ ÜÏFvT" [4908g] ; and we find, by inspection, that 

it contains no term of the fourth order, depending on this angle. The same may be 

observed of the functions [4913,4918,4922,4928,4942—4960]. The three remaining ^52696] 

functions [4911, 4925,4934], which are derived from the quantities mentioned in 

[5271, 5273, 5275], produce some important terms, as will be seen in the following notes. 

t (2940) This expression is the same as that in [4910], which is developed in 

[4911, 4918]. The term depending on the second of these functions, is retained by the 

author, though it produces only terms of the fifth order [5271c]. Substituting the values 

[4937n, 5082/d], in [5271], it becomes, 
„_2 2 

aSu. cos.(2?;—Sgw)+ — Jv'. sin. {2v— 2 mv). 
2a a. 

Now we have, in [4904 line 2, 4917], the terms of aSu, Sv', represented by 

aSu= A[1]e.cos.(2v—2mv—cv) ; Sv1— — 2m.Âf>e.sin.(2î>—2mv—cv). 

The first of these quantities produces, in [5271a], the term, 

[5271a] 

[52716] 

— 2—■ •Ay-J e.cos.(4#—4mv—cv) ; 
4 a 

and the second, the term, 

3 m 
.me.cos.(4v—4mv—cv) ; 

the sum of these two expressions is evidently equal to that in [5272]. 

[5271*3 
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[5271] 

[5272] 

[5273] 

[5274] 

[5273a] 

[52736] 

[5273c] 

[5274a] 

9 m'.u3 Sm'.u12 . . _ .* 
-—z—r-.hu.cos.(2y—2v)-\-TO _ .6v.sm,(2v—2v ) ; 

2/r. w4 v /r.ir K 

it produces the term, 

3 m 
— —.(3—4m).-4|!)e. cos.(4y—4mv—cv-fvs). 

* The third variation is, 

6 m!. u'3 du ôu 

u 

„ . , 3m.u3 dôu . /ct CT 
to 4~ * j- • —.Sin. (2v—2v) — 747o—r• -y—-sm.(2t?—2t/) 
/r.M4 dv u v y 2/r. w1 c/y v 

, 3m'.ur\ôv! du 0 
-f —ttt—i-—.cos.(2u—2y ). 

42.w4 c/t/ 

It produces the term. 

3 wi 
— TT * 0^—^m—c) • Mj1} e.cos. (4y—4my—cv-\-z!). 

Lastly, the fourth variation is,t 

* (2941) The three terms of the function [5273] are the same as those in [4924], 

which are developed in [4925]. The first of them is computed in [4923e, &c.], and 

evidently contains no term of the fourth order, depending on the proposed angle. The same 

is to be observed of the third term of [5273], which is computed in [4923^]. The second 

term of [5273] is, _ . * si*/. - »«-), 
2/(2. îd dv v 1 

and it becomes, by substituting the values [4937?t, 4865], 

3 in a.dSu 

2 a dv 
-.sin. ([2v —2 mv). 

Now, — = ^aôu) contains, in [4904 line 2], the term, 
dv dv 

— (2—2m—c).A{fe .sin.(2u—2mv—cv) ; 

hence the preceding expression produces the term [5274], as is evident, by multiplying, and 

reducing the product by means of [17] Int. 

-j- (2942) The expression [5275] is ths same as that in [4931], which is developed in 

[4934], by means of the functions enumerated in [49327r] ; namely, [493l_p, u,4932a,/]. 

The first of these functions [493l_p] contains in its second line, a term of the fifth order, 

depending on Af, which is neglected on account of its smallness. It also contains a 

term depending on Af, which is omitted in [493Ip line 6], but is easily found, by the 
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12m' „v!3.dv (<5w ) 
.cos.(2gv—2ô)].f —.sin. (2d—2d')-|-|.<5d'.cos.(2d—2d') > 

A2, a u u 

d d- Su 
-dll 

■f 

3m'.ul3.dv . 9 m' æ'~.Su' 

tf.u4 ( dv2 

it produces the term, 

2 

3 m (2—5m) 

.sin.(2d—2d') — ——./*■—-—.c/D.sin.(2D—2d') ; 
v ' A2. aJ u4 v ' 

a, 4—4m—c 
. A^e. cos.(4v—4tmv—cv-j-™). 

Therefore, the differential equation in u becomes, by noticing only these 

terms,* 

method there used, to be, 6 _2 j 

a, 4—4 m—c 

neglecting e'2, and putting, 

. ,/2/e.cos. (4d—4mD—cd) j 

Te = A[ne ; U = I ; i= 2—2m—c ; i'= 2—2m [49317]. 

This is the same as the first term of the expression [5276]. The next of the functions 

[5274a] is [4931a] ; which may evidently be neglected on account of its smallness. We 

then have [4932a], which contains, in its first line, a term depending on A/, which is 

omitted in the table, but is easily found to be, 

i m m 
-.A[Ve.cos.(4v—4d2d—cd). 

at 4—4m—c 

The last of the functions [5274a] is [4932/] ; this also contains a term which is neglected 

in its sixth line, and is represented by, 

3m2 ç (2—2m—c)2-l -> 

— 2Ï/1 1 2.(1—5 • A‘>e ' cos.(4v-4mv-cv). 

This may be reduced to another form, by observing, that, by putting c = l, we have, 

very nearly, (2-2 m-cf—1 = (1— 2 mf—1 = — 4 m ; so that this term may be 

represented by, 

3 m 

a, -m-Ai)e-c°s.(4v 4mv cd), or, — ♦ 4_4^ _c ^/e.cos(4D—4mv^cv), nearly. 

Adding this to the term [5274c], we get, 

_2 
3 m 5m 

e-cos-(4v—4mv~cv)’ 

as in the second term of [5276]. 

* (2943) Adding together the terms [5272, 5274, 5276], we obtain those connected 

141 

[5275] 

[5276] 

[52746] 

[52746'] 

[5274c] 

[5274rf] 

[5274e] 

[5274/] 

VOL. III. 
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[5277] 

[5278] 

[5279] 

[5280] 

[5277a] 

[5279a] 

[5281a] 

[52816] 

[5281c] 

[528Id] 

[5281c] 

0 
ddu 3m ( „ n 4.t2—5m) } Ans , N 

Ô-+W-—~ • < 5—6m—g-f-■ ,-' > 1}e.cos.(4u—4mi;—cu-H3)* 
, ( 4—4m— c ) 1 v y di>2 1 4 a 

If we substitute in it, for aôu, the term, 

a<5w = H^4)e.cos.(4y—4 mv—cv-f-ra) [5269] 

we shah find,* 

3 m2 

^i4) = 
. [ 5—6m-c+f(2 5m) ] 

( 4 —4m—c 3 * 1 

(4—4>m—c)2—1 

Then, if we put 

C"^4)e. sin.(4v—Amv—c«+ro), 

for the corresponding term of nt-\-s, we shall have, b y ^ 15,f 

with cos. (Av—4m y—cv), in [5277]; to which we must add, as in [5241c], the two 

terms to obtain [5277]. 
dv* 

* (2944) Substituting, in [5277], the assumed value of au, or aôu [5278] ; 

and that of m2 [5082A']> we easily obtain the expression of H/(34) [5279]. 

f (2945) Proceeding as in [5261a, &c.], we may take the differential of the term of 

1 a2 
nt-^s [5280], and multiply it by - = — [5092c], and we shall get, in dt, the 

term, aP.dv 
dt= (4—4m—c). .cos.(4c—Amv—cv). 

Substituting the assumed value of C^4), we find, that the result is represented by the 

function [5281d], or the numerator of the expression [5281], multiplied by the common 

*actor " a-dv Xos.(4<y—Amv—cv) ; e. 
s/a, 

and, we shall find, upon examination, that if we neglect the consideration of this factor, the 

corresponding terms of the value of dt [5090p] will agree with the function [528Id]. 

3 m2 
. L_ _v_! -4- --I /f'.'v \ /|V/-V. M 

3 

3m2. (1 m) + 3A(0) > _^0)—2A,(,\ 
4.(1—m) 4—4m—c ) 

To prove this, we shall now compare this expression with that which is derived from the 

functions [5090p]. The first of these functions depends on [5082s], or the value of Q' 

[5082<7] ; and this last function contains, in [5082^ line 2], the two terms, 
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3m2 3 * * * 
. + 3/t1—”>)+ 340, ? . 

A A <W1 n ** V “ 

of = 
4.(1—m) 4—Am—c 

4—4m—c 

Reducing these formulas to numbers, we obtain, 

J'f =—0,000799351 ; 

Cf = 0,00294934. 

Hence arises, in the expression of wtf-J-8, the inequality,' 

33s,38.sin. (4u—4mv—cv-j-w). 

[528J] 

[5282] 

[5282'] 

[5283] 

The inequality depending on 4v—4mv—2cv+2w, may also be sensible ; 

the expression of ndt [5081, &c.] contains the following quantity,! 

—f«Xfunction [493lp], —fax function [4932a]. 

Now, the omitted term of —-faX [493ljp line 6], produces the term, 
_2 

3 m. a 1 /im fA a \ 
- . ——  .Ay‘e.cos. (Av— 4mv — cv): 

a, 4—4m—c 1 v ' 

and, that in —fa X [4932a line 1], gives, 

_2 
3m .a m 

a. 
. , •. A^e.cos.fAv—Amv—cv). 

4—4m—c v ' 

The sum of these becomes, by using the value of m2 [5082/f], 

3?n2.(l—m) .... 
——)-- .Ay-' e.cos. (4v — Amv—cv), 
4—Am—c 1 

[5281e'] 

[5281/] 

[5281/'] 

[5281g] 

corresponding to the second term of [5281d]. The next of the functions [5090p] is [50906]; 

it produces nothing. The term depending on [4904] produces —2xl/(34), as in the last 

term of [528Id]. The term omitted in [5090g line 11] gives ———' as in the first 
4.(1—m) 

term of [5281 d]. Lastly, the double combination of the terms 

Ai°\ cos.(2v—2mv), A(11)e.cos.(2v—2mv—cv) [5090/], 

gives, by a process like that in [5261m, &c.], the term SA{20).A[l), as in the third term of 

[528 Id]. 

* (2946) Substituting, in [5280], the values of C,(4\ e [5282', 5194], it becomes 

as in [5283]. 

[5281A] 

[528R] 

[5283a] 

f (2947) If we examine the functions contained in the expression of dt [5090p], 
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[5284] 

[5285] 

[5286] 

[5286'] 

[5286"] 

[5286'"] 

[5287] 

[5287'] 

[5284a] 

[52846] 

f e2. <7u.cos.(4w—4 tnv—2cv-{-2-a). 

Hence arises, in nt-\-s, the term, 

S.(A[})y. e2. sin.(4?;—4 mv—2cv-\-2™) 

2.(4—4 m—2c) 

It is evident, that it is the only term of the fourth order, depending on the 

same argument, which enters in the expression of ntf-e. Reducing it to 

seconds, it becomes, 

225,26.sin. (4c—4 mv—2 cH~2vj). 

We shall see, in [5578line 10], that the tables of Mason and Burg both 

agree in making the coefficient of this inequality nearly equal to 15s ; 

which seems to indicate, that this coefficient is well determined by 

observation ; consequently, the difference 1% between this result and the 

preceding computation, must arise, in a great measure, from the quantities of 

the fifth order, which we have neglected. To prove this, and to show, at the 

same time, that a farther approximation will diminish the difference between 

the theory and observation, we shall proceed to determine this coefficient, so 

as to include quantities of the fifth order. 

We shall denote the corresponding term of a6u, by 

am = ^5)e2.cos.(4c—4 mv—2cvJr2^). 

It is evident, that terms of this kind are produced in the differential equation 

[4961], solely, by the variation of the term of the equation [4754], arising 

from the disturbing force. We have just given the four variations of these 

terms [5270—5275]. The first variation [5270], produces no term of the 

fifth order,* * depending on cos. (4c—4mv—2cy-J-2^)* The second variation 

Cl' 

we shall find, that the term [5284], with the factor , is omitted in [5090'iline7], 
V 

and this is the only term of the fourth order, depending on the angle 4v—4mv—2a?. 

The integral of this expression, being divided by - [5092c], gives the corresponding 

term of nt-j-s [5285]. Substituting the values [5117, 5194, 5158], we get [5286]. 

* (2948) The computation of the terms of the formula [5290], is made in the same 

manner as that in [5277] ; the former being multiplied by e2, and the latter by e ; [5286a] so 
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[5271] produces the term,* 
2 

^ .{2A[])——4mv—*2a)-{-2tf). [5288] 

The terms of the fifth order, depending on cos.(4t>—4mv—2cv-f-2ro), 

which are produced by the third variation [5273], mutually destroy each [5288'] 

other, except in quantities of the sixth order.f Lastly, the fourth variation 

that the similar terms of [5:290], are of a higher order by unity, than those of [5277] ; 

and, in retaining terms of the fifth order [5286,//], we shall have to notice only the same [52866] 

functions as in [5271, 5273, 5275] ; that in [5270] being, as in the former case, insensible. 

* (2949) The terms of the second variation [5271] are developed in [4911,4918]. 

The last of these expressions produces, in [4918, 4918/], terms of the sixth order, 

containing e2, which may be neglected. The first term of [5271], is found as in 

[4910Z], by multiplying the function [4910/c] by 2aôu [4904]. Now, if we combine 

the term, 
2 

——.cos.(2r—2mv) [4910ATme 1], with 2A[n)e2.cos(2cv—2a-f2mv) [49041inel2], 

we get, 2 

-—. A[u)e2. cos ,(4v—4mv—2cv), as in [5288] ; 

and, if we combine the term, 
2 

—.e.cos.(2r—2mv—cv) [4910Mne 2], with 2A[J)e .cos.(2r — 2mv—cv) [49041ine2], 

we get, 
9m 
i,—.v4/e2.cos.(4a—4mv—2cv), as in [5288]. 

The remaining terms of the sixth and higher orders are neglected. 

[5288a] 

[52886] 

[528863 

[5288c] 

[5288rf] 

t (2950) The first term of [5273] is represented, in [4923e], by the expression 

—4aSu X function [4879] ; and the only terms of [4904], necessary to be retained, are those [5288c] 

depending on A[ll), A[1], which may produce quantities connected with e2. Now, 

by retaining only the quantities which are multiplied by e2. cos.(4«—4mv—2cv), we [5o8g/] 

find, that the term depending on A(20) [4904 line!], combined with [4879 line 7], 

produces a term of the sixth order, which may be neglected. The term, 

—4A[^e .cos.(2u—2mv—cv) [4904 line 2], 

multiplied by, m2 

— .e. cos.(2^—2 mv—cv) [48791ine 1], [5288g] 

VOL. IIT 142 
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[5289] 

[5288A] 

[5288Î] 

[5288*] 

[5289a] 

[52896] 

[5289c] 

[5289c?] 

[5289e] 

[5275] produces the term,* 

3m2 jj5A™-2A™ (i-2m).(3-2m).(10+19m+8ms) Aj1» ) g /4m—4mv\ 

2a, l 2—2m—c 4.(2c—2-f-2m) ‘ 2 2-2m 5 6 'C°S\-2cv+2k)' 

produces g-3 
— -^-.A^e3. cos. (4m—4mv—2cv) ; 

and this is the only terra of [5288e], which is of sufficient importance to be noticed. The 

second term of [5273] is developed as in [4923a;] ; and a little attention will show, that the 

only term of a Su [4904], necessary to be noticed, is A^e. cos. (2 v — 2 mv—cm), 

corresponding, in [4923m;], to k = A[l)e, i = 2—2m—c=l, nearly. Combining this 

with the term k1.cos.v' [4923m, 4885 line 2], which is nearly equal to 

— 2e.cos. (2m—2mv — cv) ; 

making k’ = —2e, v' = 2v—2mv—cv ; we get, for the second term of [4923a;], the 

expression, 
2 __2 

3//Ï om, 
-.ikk1. cos.(4m—4mv—2cv) — •—-.H/e2.cos.(4M—4mv—2cv). 

4a, 2a, 

This is equal to the term [5288/t], but has a different sign ; so that the two terms destroy 

each other, as in [52S8'] ; therefore, the whole of this function may be neglected. 

* (2951) The fourth variation [5275 or 4931] is developed in the functions which are 

enumerated in [4932/c] ; namely, [493 lp, m, 4932m,/]. Now, the first of these functions 

[493[p] gives a term, which is produced, by combining, in the manner explained in [4931m], 

the term A^e. cos.(2a—2mv—cv), of the first column of [4931pline 6], with the term 

—|e.sin.(2i;—2mv—cv), in its second column ; which give, 

6rrt 1 
-£-A(l).-—.cos.(4m—4mv—2c?;), as in the first term of [52891. 
a, “ 1 4—4/m—2c ' L J 

In like manner, the combination of the term A^e3. cos.(2cv—2u-f-2mv), in the first 

column of [493lp line 25], with sin.(2m—2mv), in its second column, gives, 

1 
.ËÎ? _ 

a ‘ 1 ''l—lm—2c 
.cos. (4m—4mv—2cv), as in the second term of [5289]. 

The function [4931m] contains nothing of the proposed form and order. The function 

[4932a] contains a quantity depending on A[l) of the sixth order, which is neglected by 

the author, on account of its smallness. The last of these functions is [4932/] ; it contains 

a term of the proposed form, which is found by combining the term A[20).cos.(2v—2mv), in 

column l of [4932/line 1], with the term of its second column, corresponding to 

[48851ine 10L ' 

This term, found by the method in [4932c'], is, 
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Therefore, the differential equation [4961] becomes, by noticing only these 

terms,* 

ddu 

0=*?Ka 
85A3 

5A[1>—2Al,'1> A?" 

2—2 m—c '2—2m 

(I—2m).(3—2m).(10+19m+8m2) q(0)\ 

+ 4. (2c—2-\-2tn) * ^ 

.e2. cos.(4t'-4mu—2cv-\-2zi). 

Substituting A^e2. cos. (4 c—4me—2cv+2«) for «5w, we obtain, 

[5290] 

[5291] 

5A[V-2A['V . 

2—2m—c 2—2m 

(1—2m).(3—2m).(I0-hl9m-f-8m2) ^(0) 
4. (2c—2-j-2m) 2 

(4—4m—2c)2— 1 

If we denote the corresponding term of nt-\* by 

C a5)ea. sin. (4c—4me— 2cc-f2®), 

we shall have, by 4 15,f 

1 

2 
[5292] 

[5293] 

37 ■ Î4.(1—m)2—1} .Afh=xos.^v—imv—2cv) ; 
2a 

and, by using the reduction 4.(1 —m)2—T=(l— 2m).(3—2m) [4961/t], it is easily 

reduced to the form of the term depending on A(20) [5289]. Lastly, the term 

w3(111)e2.cos.(2cv—2r-f-2mv) [4932/col. 1], being combined with C°S'^— in col.2, 
2—2m 

3m2 A(n) 
gives 2a ‘ 2—2m 5 as *n t^~^] » observing, that in this case, the factor —(i2—1) 

[4932c'] is nearly equal to unity ; since i = 2c—2-f- 2m = 2m, nearly. The remaining 

terms of these functions are neglected by the author, on account of their smallness. 

[5289/] 

[5289g] 

* (2952) Adding the terms [52b8,5289], and connecting the sum with the two terms 

[5241c], we get [5290]. Substituting in it the assumed value of ahi [5291], [5290a] 

and using m2 [5032A'], we get A,[p [5292]. 

t (2953) By proceeding in the same manner as in [5245a—c], we find, that the term 

of nt-f-s [5293], gives, in dt, the term, 

dt= (4—4m—2c). C'^e3. —j-- .cos.(4v—4mv—2cv'). 

Comparing this with the terms of dt [5030p], we get, for Cf\ the same expression 

as in [5294] ; or, in other words, the terms of the functions [5030p], being divided by the 

[5294a] 
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[5294] 

[52946] 

[5294c] 

[52944] 

[5294e] 

[5294/] 

[5294g-] 

[52946.] 

[5294t] 

cp l 

—3m2. (5AP—2AW) 27m4 ( 10+19m+8m2) 

4.(2—2 m—c) 

3 m2 

2 Ap 

+ 3J'f+ 
4.( l—m) 

.A[n) 

64.(1—m) 2c—2+2m 

3mi.ÆP 3m2.(10+19m+8m2) ^(0) 

4—4 m—c 8.(2 c—2+2//î) 

+f .(Ap)*+3Ap.A™—6JVKAp 
4—4 m—2c 

2 

3 

common factor .cos.(4t,—4i»»-2n>), 

produce the terms in the three lines of the numerator of the expression [5294], as will 

appear by the following examination. The first of the functions [50902-?] represents the 

value of Q' [5082^ or 5082y], Now, the last of these expressions [5082$’line2] 

contains the terms, 

—^.function [4885] —function[48S9]—\a.function [4931p] —Ja.function [4932a] ; 

which we shall separately examine. The mere inspection of [4885, 4839], shows, that 

they produce nothing of the proposed form and order. The next of these functions is 
y 

— |aX function [493lp] ; and, as the common factor of the terms of this table is —, we 

-2 ' 

have, by using [5082A+ —|aX— = —3m3 ; Then, by combining, as in [4931nj, 

the term Jip e. cos.(2v — 2mv—cv), of the first column of [4931pline 6], with 

—|e.sin.(2u—2mv—cv), of its second column, we get, 

.—3OT3.^pea, ^_z.^m_cyc .cos.(4p — 4mv — 2cv), as in the first term of [52941ine 1], 

In like manner, the term ^4+c2.cos(2«j—2®+2 mv), of the first column of [493\p line 25], 

being combined with sin.(2v — 2mv), of its second column, gives, 

38ia.^u)e3.4^4^—2~c -cos-(4v—4mv—2ci>), as in the second term of [52941ine 1]. 

The last of the functions [5294c] is that depending on [4932a], which upon examination, 

is found to produce no term of the required form and order. Besides these terms, 

arising from the value of Q', [5082s or 5082y], we must add a term we have formerly 

neglected, in finding the value of f M22, which makes apart of the value of Q' [5082m]. 

For, it is evident, that in deducing the value of f[5082o], from that of 

[5082a], we have neglected the term, 

—-.P,. cos. (4a—4mv-\-V) [5082oline2] ; 

supposing, as in [5082a, &c.] that Pr cos. (2 c—2mwf+F) represents any term between 

the braces in [4885]. Now, if we take this term, in [4885line 10], we shall have, 

_(10+19m+8Q a. 

4. (2c—2+2m) ’ ’ [5294»"] 
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Reducing these formulas to numbers, we find, [5294'] 

and, by changing the signs of the angle in [4885 linelO], to make it conform to [5082m], we 

get V = -2cv ; substituting these in [5294Ï], it becomes, without noticing the factor 

27m4 _ (10+19m+8m2) 
e2.cos.(4«—4mv—2cv) ; 

64.(1—ni) 2 c—2 +2m 

as in the third term of [5294 line 1]. The next of the functions [5090p], is that in the 

table [50905]. This contains a quantity, which is found by combining the term -2e.cos.cv 

3 m2 
[50905col. 1], with the term —— -.A^e.cos.(4v—4mv—cv) of Q', in [50905col.2]. 

This term was omitted in [493ly? line6], and also in —function [493lp], in 

computing the value of Q' [5082^line: 2]. The combination of these two terms of the 

3 m9 
table [50905], gives — ■^l)c2.cos.(4i?—imv—cv), corresponding to the third 

term of [5294 line 2]. In the original work the divisor 4—4m—c is inaccurately 

printed, being put equal to 2—2m—c. 

, cfë, dv 
The term depending on — [4904] X 2.-^-, in [5090/7 line 2], gives —2A'f, by 

using the term of aSu [5287]; this agrees with the last term in [5294line 1]. The 

next of the functions [5090p] is that in [5090g-], which produces several terms. Thus, by 

combining the term of ~-2atu=ê—2Af')e.cos.(4v—imv—cv) [5278], which would 

occur in the firstcolumn of [5090g-], with the term — 3e.cos.cc, in its second column, 

we get 3^4'g4)e2.cos.(4y — imv—2cv), corresponding to the first term in [5294 line 2]. 

In the next place, the term —2A[n)e2. cos.(2ci>— c2v+2mv), in column 1 [5090gTme28], 

being combined with — —. cos.(2v—2mv), in column 2, gives, 

3 m2 
T{i—m) .cos.(4«—4 mv—2 cv), 

corresponding to the second term of [52941ine 2]. Again, the term —2^°>.cos(2r-2mv), 

in the first column of [5090g-line 1], being combined with that term of its second 

column, which is contained in the first line of[5090e], bymeans of the term [50825 line 10]; 

namely, 3m2.(10+19m+8m2) „2 „ /rt x 
8^2c_2_l_2/^ cos. (2 cv 2v+*mv), 

produces the term, 

—3m2.(10+19m+8m2) 
.^30)e2. cos.(4y imv 2cv), 

corresponding to the last term in [5294 line 2]. The last of the functions [5090p] is [5090*]. 

This produces, in [50ÔÛi line 7], the term #.(v2^)2.e3.cq$.(4t;—imv—2cv), as in the 

first term of [5294 line 3]. The combination of the term Af .cos,{Zv—2mv), in the 

vol.in. 143 

[5294A] 

[5294/] 

[5294m] 

[5294n] 

[5294o] 

[5294p] 

[5294*7] 

[5294r] 
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[5295] 

[5295'] 

[5296] 

[5296'] 

[5296"] 

[5294s] 

[5294/] 

[5294ti] 

[5295a] 

[5295&] 

[5295c] 

== 0,00436374; 

q(5) = 0,0249067 ; 

which gives, in nt-\~s, the inequality, 

15s,46. sin. (Av—4mv—2c® + 2w). 

The difference between this result and that of the tables is insensible ; and 

we see, by this calculation, that, to make the theory agree wholly with 

observations, relative to all the lunar inequalities, it is only necessary to carry 

on the approximation to quantities of the fifth order. This appears also from 

the calculation of the inequality depending on sin.(T—mv), in which we 

have noticed quantities of that order. For, we shall hereafter find [5589], that 

the result of this analysis, compared with that which is obtained by observation, 

gives nearly the same value of the sun’s parallax, as that which is deduced 

from the transits of Venus over the sun. 

The inequality depending on the argument cv— v-\-mv — v may be 

sensible, on account of the smallness of the coefficient of v. To determine 

this inequality, we shall put, 

first column of [5090i], with 3A[n)e~.cos.(%cv—2v-j-2wv), in the second column, 

produces § A2°\ Jl" V^.cos. (4 v — 4 mv—2cv); and the similar combination of 

«/T^k3. cos.(2ci>—-2u-f"2/wr), in the first column, with A^Kcos.fêv—2?nv), in the second 

column, gives an equal quantity, §A{20.A[U)e2.cos.(4v—4mv—2cv) ; the sum of these 

two terms is 3 A2(,).A(1n)ea.cos. (4v—4mv—2cv), corresponding to the second term of 

[5294 line 3]. In exactly the same way, we find, that the double combination of the terms 

Aii)}.cos. (2r—2mv), Aine.cos.(2w—2mv—cv) [5090/], produces in that table, or in the 

value of 3.(o5m)2, the term 3A(Z0). A^}e.co9.(4v—4mv—cv) ; and, if we multiply this 

by —4e.cos.cv, which was neglected in [5090/c], it produces the term, 

— 6A2°\ A[lh2. cos. (4v—4mv—2cv), 

corresponding to the last term of [5294 line 3]. 

* (2954) Substituting in [5292] the values [5117, 5157 —5167], we get for A'3(s\ a 

value which is nearly equal to that in [5295]. Using the same in [5294], we get for 

C,(5) a value which exceeds, by a small quantity, that in [5295']. This difference is owing 

to the inaccurate divisor of the term mentioned in [5294m,]. Substituting, in [5293], the 

values of e [5295', 5194], we get [5296] ; the coefficient would be increased about 

1% by correcting the divisor as in [5294m]. 
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and 

aôu = A'^.-.e.cos.fcv—v4-mn—w) ; 
1 a K 

C'f6).~r e. sin. (cv—v-\-mv—-a), 

[5297] 

[5298] 

for the parts of aôu and nt-\-s, depending on this argument, we shall 

have, bj noticing the perturbations of the earth by the moon,* 

* (2955) In this note we shall put, for brevity, 

v = cv ■— v -f- mv — tü ; 

and we shall then examine successively the functions enumerated in [4960e], for the purpose 

of collecting together the terms of the equation [4961], which depend on the angle v, and 

correspond to the annexed expression ; 

a 5u — A,(£\ ^.e.cos.v [5297]. 

We shall retain the terms depending on the first power of e, neglecting the higher powers 

of this quantity, and the terms depending on e!, Sic. The first of the functions [4960e], 

which contains terms depending on v, is [4872], being the development of —■.cos.(v—v'). 

Now, in retaining only the terms of the order e, we obtain from [4870A], 

[5297a] 

[52976] 

[5297c] 

9 ml. w'4 9m!. a4 
.4 e. cos .cv. 

8/i2.i64 8 ara'4 

Moreover, by neglecting terms of the order me, we have cos.(a—v') — cos.(v—mv) 

[4837]. Multiplying this by the preceding expression [5297d], and retaining only the terms 

depending on the angle v, we get, in [4872], the expression, 

[5297rf] 

9 m!. a4 
— 5—ZT 2e . cos . v ; 

8a,.a4 ’ 

and, by substituting 

in'. a4 m'.a3 a m a m2 a „. „ 
dyf “ ~ a, * â' = a' [4S65? 5082A'], 

[5297e] 

[5297c'] 

it becomes, by a slight reduction, 

36m2 a 
. - , e. cos.v. 

16a a 

The second of the functions, which must be noticed, is 

3 m'.tt'4 du . . 

~ • * ■sin'^ > t4880^ 

it was neglected in [4881], on account of its smallness, and not inserted in [4960e]. 

Substituting the values [4937n, 5297e'], it becomes successively, 

[5297/] 

[5297g-] 
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[5299] 

[5297ft] 

[5297i] 

[5297&] 

[52970 

[5297/0 

[5297m] 

[5297n] 

[5297o] 

[5297p] 

[5297g] 

[5297r] 

[52975] 

[5297/] 

A'W 
—3m3.{Ty.(21-ll c—7m—20;x)—5 j;17)—4 J(')} 

(c—l-fm).{l—(c—1+m)'2—Jmrj 

3m'. a4 

8a;.a4 

du . . 3 ?n2 a du . . . 
a . —.sm.CT—mv) =-3— . — . a . —sin.fu—mv). 

dv ' y Sa a dv K ' 

Now, by putting c = 1, we have in [4878a] the term — = —• - . sin.CT. If we 
dv a 

substitute this, in the last expression [5297A], it produces the term, 

m2 a 
. — . — . e . cos. v. 

16 a a' 

Adding it to the term [5297jf] we find, that the sum becomes 

33m2 a 

16a 
e . cos. v. 

a 

The third of the functions, to be noticed in [4960e], is [4892]. This is found, as in 

[4892a], by multiplying the sum of the functions [4885,4889] by the function 

[4890]. If we retain terms of the order e only, we may put the function [4890] equal 

to - • Multiplying this by the function [4885], it produces nothing of the proposed form 
a 

and order; so that it is only necessary to notice the terms arising from the other function, 

or - x function [4889], taking care to insert the terms depending on e, which were 
a 

neglected in the development of [4889]. 

If we substitute, in the first member of [4889], the values h? = a t, vl — a~l [4937n], 

we get, by dividing by a, 

-X function [4889] — 
3m' dv 

a 4a,.a.a'4 J w 
f — . sin. (v—v’)- 

J m/5 \ ' 

Now, by retaining only the terms of the first order depending on e, we have, in [4826, 4837], 

u — a-1. (1-f-e.cos.cü) ; v' = mv—2me.sin.CT. 

From the first of these equations we get [529 7^]; and from the second, we deduce [5297r]; 

which is easily reduced to the form [5297s], Multiplying together the two expressions 

[5297^, s], and then the product by dv, retaining only the terms depending on e. sin. v , 

we get [5297/] ; 

u~5 = a5. (1—5e.cos.CT); 

sin^-u—v') = sm.(v—»?î>)-|-2/rce.sin.CT.cos.(t;—mv) [60]Int. 

= sin.^— mî>)-|-me.sin.v-j- &c.; 

— . sin. (v—v1) = a5, dv. (^|e-{~me).sin. v. 
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Cf) = 

hm2.{|.(5+2m— 

e—l -|-m 
-2:A'[V+3A[X7)+3A\1KA[]V- 

3m? 

8.(1 -m) 

■1 -f m 
[5300] 

The integral of [5297f], being substituted in the second member of [5297m], it becomes 

as in the second member of [5297m], which is easily reduced to the form in the third member, 

by using [5297e7], 

lvr .• r/ioom 3m/.«4 (Ae-|_me) 3m2 a (10-)-4m) 
-X function [4889] = —--— .- . cos.v = . cos. v. 
a 4a/.a'4 c—l-(-m 16a a' c—1-f-m 

Adding this to the sum of the terms in [52977], we obtain, 

21—lie—7m 3m2 a 

16a a' 

S 11 i (10+4m) ) 3ms a Ç 
] —11-1-rr— 7 • cos.v = —r e. ] 
(. c—l-|-m ) 16a a (. c—l-\-m 

being the same as the three first terms, connected with e, in [5298/*]. 

. cos.v. 

[5297u] 

[5297®] 

The fourth of the functions selected from [4960e], is that in [49081ine 1], which, by 

using [5082A7], becomes 

3m2 3m2 . a 
1 — . am = — — . A (b). — . e . cos. v 

2a 2a a' 
[5297&] ; as in the last term of [5298/]. [5297m;] 

The ffth of these functions [4960e] is [4934], or rather, that part of it which is 

contained in [493Ij?]. For, by combining the terms A[l7). —f. cos.(w—mv) [493fpline31], 

in its first column, with — § e . sin. (2v — 2mv — cv) , in its second column, by the 

method in [4931m], using also m? [5082A7], we get the term, 

3m2 a 

a 
. 5A[l7h cos. v ; 

a' c—1-j-m 

which is the same as that depending on A[l7) in [5298/]. 

[5297a:] 

The sixth of these functions [4960e] is [4946], or, it is rather the part 

_ 2 
5 m a _ . 
— • -; • J dou . dv . 3 . sin. (v — v'), 

which is contained in [4945 line 2]. Substituting, for aSu, the term, 

Af. e . cos. (2v — 2mv — cv) [4904 line 2], 

and using v'= mv [4837], also m2 [5082A7] ; it becomes, by noticing only the part 

which depends upon the angle v, 

[5297,,] 

[5297z] 

144 VOL. III. 
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[5300'] 

[5298a] 

[52986] 

[52986'] 

[5298c] 

[5298d] 

[5298e] 

[5298e'] 

[5298/] 

[5298g-] 

* From these we deduce, 

15m2 a 15~2 
- . e . f dv.sm.fv—rnv).cos.(2v—2mv—cv) = ~ . - . Æl\ e . f dv . sin. v 
a ^ 7 8 a, a J 4a, 

= _15»2 a_ _1__ 

8 a a! 1 c—l-f-wt 
. cos.v. 

This is the same as the term depending on A[l in [5298/]. 

The seventh of the functions, [4960e] is that in [4957], which is derived from [4956] or 

2 

\dv J ’ w2 
[4S82], being a term of the function ^ . f * J- [4881']. This is to be multiplied 

by the factor — -f- u = nearly [52977] ; to obtain the corresponding term of [4754] 

or [5298/]. Now, the variation of [4956] contains the term, 

■ f ■sm-—*) r4956rf] ; 

and by substituting h?=an v!—a!~x [4937w], it becomes, 

3m'. \a r- dv 

2a.a'4 f & -sin- (v~ O* 

If we notice only the first term of the second member of [5297/] we easily find, that the 

term depending on e, in the preceding expression, can be put under the form, 

3m'. [A r 7 . 3m'.u, 1 
-—— • / a5dv.f e . sin. v — — -—- * a5. 4 e . ——— 
2a,.a'4 J 2ara4 * c—1-j-m 

and, if we reduce it, by means of [5297e'], it becomes, 

20 [A 

cos. v ; 

3m8 a3 

16a a' c—1 -j-m 

1 

.cos.v* 

Multiplying this by the factor - [52985], we get the term of [5298/’], depending on [a. 
CL 

Hence we find, by adding together the terms [5297v,tü, x, 5298n, e'], and connecting them 

-j- u [5241c], the following equation, for the determination of this part of u ; with 
dv% 

ddu . 3m8 a C J,(21—1 \c—lm—20^)—5A[lx) —%A 3m8 a 
0 = —■-j-tH-. -7- -1-Ë—^ [.COS.V—— .A' 6\—.e.cos.v. 

dv^ a a! I c—1-j-m ) 2 a 1 ~' c—1-j-m 

Substituting in this, the assumed value of au or aSu [52975]; namely, 

a 

a 
aôu = A'[e) . — . e . cos. v, 

a 

we get, by reduction, the value of A'[G) [5299]. 

C,g 
* (2956) The differential of the term of nt-\-s [5298], being multiplied by - = — 
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O/O 

A'[6) = —0,260496 ; [530i ] 

C'f> = —0,293763. I«30 l] 

[5092c], gives in dl the following term, using the abridged symbol v [5297a]; 

dt = (c— 1-f-mj.Cfb- . e . -^-.cos. v. [5300a] 

Substituting the assumed value of C'(6) [5300], we find, that this expression of dt is 

represented by the function [5300c], or the numerator of the expression [5300] multiplied 

by the common factor — . e . ^-^.cos.v ; and, that this is correct, will appear by the [53006] 

examination in [5300c?—5] where we shall find, that the corresponding part of the value 

of dt [5090/], divided by the same common factor [53006], is accurately representedby 

the function [5300c] ; 

— f«fh{|.(5-]-2m—10,0—} 

c—1-J-m 
—2 A'W+SJW+SJV). Jim 

3 mz 

8.(1—m)’ [5300c] 

To prove this, we shall observe, that theirs? of the functions [5090/ line 1] is 

[5082s or 5082?] X~ = Q' % ; 

and, by retaining only the terms in [5082g line 2], it becomes, 

) —£ function [4885]—^function [4889]— J a. function [493 Ip]—^.function [4932a] j X^~-. 

The inspection of [4885] shows that it produces nothing of the proposed form and order 

in [5300c]. The next term of [5300d] is, 

— 4 function [4889] X 

and, by substituting [5297m], it becomes, 

3m2 a 

RT * â' ‘ 6 ‘ 

and, if we neglect the common factor [53006], it produces the two first terms of [5300c], 

depending on 5-J-2m. In the table [4931/] we find a term which is produced by connecting 

the term yI”7).-.cos.(ü—mv), in the first column, with —|e.sin.(2n—2mv—cv), in 

its second column. These give, in the third column of that table, the term, 

6 m 

a, 

1 a 
• ~r~:—. l7). — . cos. v. 

c—1 -fra a' 

Substituting this in [5300c?], and using the value of m2 [50826/], it produces the term, 
5 

§m~. —-Af), as in the fourth term of [5300c]. 

The last of the functions [5300c?] produces nothing of importance. The second of 

[5300c] 

[5300tf] 

a2, dv 

\/a, [5300e] 

a2.dv 
—— .cos.v ; 
s/a, [5300/] 

[5300g-] 

[53006] 
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[5301"] 

[5300t] 

[5300k] 

[53001] 

[5300m] 

[5300n] 

[5300o] 

[530CpJ 

[53009] 

[5300r] 

[5300s] 

Hence we obtain, in nt-j-s, the inequality, 

the functions [5090p] is [50906]; and, by combining the term —2 e . cos.cv, in 

its first column, with the term —fm1.-, . —^—.cos./—mv), in its second column, or 

[5082s line 19], we get ? connected with the common factor [53006], as in the 

last term of [5300c]. The third of the functions [5090^] is —function[4904]X2.£^*?; 

and, by substituting the value of a5u [5297], and neglecting the common factor [53006], 

we get — 2A'[6) [5300c]. The fourth of the functions [5090p] is [5090^] ; and, by 

combining the term —2A'17\-rcos.(v—mv), 
a v ' 

in the first column, with —3e.cos.v, in the 

second column, we get 3A[17\ connected with the factor [53006], as in the seventh 

term of [5300c]. The last of the functions [5090p] is [5090/] ; and, if we combine 

-^4/e .cos.(2c—2 mv—cv), in its first column, with 3A[l7). -.cos.(c—mv), in its second 

column, we get %A{7).A.W\ connected with the factor [53006]. In like manner, the 

combination of A[I7). ^ .cos.(c—mv), in the first column, with 3^(1°e.cos.(2c-2mv-cv), 

in its second column, gives the same term A[l7). The sum of these two terms is 

3A'l1).A'd7), as in the eighth term of [5300c]. We have yet to notice the terms of 

[5081], or of [5300c], corresponding to the parts of the equation [4961], which are 

contained in [5298a, e']. These terms of [5081] may be derived, in a very simple 

manner, from those of [4961], by the same process of derivation which is used in computing 

[5082/] from [4946/] ; namely, by dividing this last expression by —2a-1 [5082Jc—/]; 

or rather, by multiplying it by —%a ; and annexing the common factor 
a2. dv 

Va, 
[5081]. 

The propriety of using this method of derivation is manifest from the consideration, that 

the first of these terms [5298a] is derived from the function, 

'ddu 

dv2 
+ “)•!•/©-S’ 'n [4943—4945 line 2] 

and this function is very nearly equal to, 

1 2 /*/d Q\ dv 

[4890]- 

Moreover, the second of these terms [5298e'] is derived, as in [52986, &c.], from the 

function [4956 or 4882], which is a part of the function [4881'], by multiplying it by 

-J-m = - , nearly [52986] ; and this last product is evidently equal to the function 

[5300/|, from which the first term is derived. On the other hand, the corresponding terms 

€&• (J.V / 

of dt [5300m, v] arise from the function [5300c], whose chief term, connected 
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* —8s,31.(1-{-«). sin. (cv—v-i-mv—w). 

The inequality depending on the argument v—mv+cv-Tx is easily obtained 

from § 15; and it is evidently expressed by,f 

with Q, is 
c&.dv 1 /»/i 
s/a, h~ J y . — [5082m] ; and this is evidently equal to the 

dv J w2 
a/.dv 

product of the function [5300/-] by the factor ——-, as in [5300p]. Now, if we multiply 
Va/ 

($• dv 
the expressions [5298«, e'] by the factor —| o . —;—> they become, respectively, as 

yet, 

in [5300m, v\ ; 

1 a2. dv 

16 a' ‘ 

, 3 m2 a 
+ -- - •« • 

c — 1 -f- m \/a t 

10|x a2.dv 

•.cos. v 

16 a' c — 1-j-m \/al 

Dividing these by the common factor [53006], we obtain, 

15m2 1 ji/,\ , 3m2 

.cos. v. 

.AV and 
10 /x 

16 c—1 -j- m 16 c — 1-j- m ’ 

which correspond to the fifth and third terms of [5300c], respectively. Hence it appears, 

that the value of C'(G) [5300] agrees with the preceding calculation. Substituting, in 

[5299,5300], the values [5117, 5194,5158,5173], also that of im= -L [4320,4948'], 
59,6 

we get, for Aff\ C'f\ nearly the same values as in [5301,5301']. 

* (2957) Substituting, in [5298], the values of C'[G), e, &,c. [5301',5194, 5221], 

we get nearly the same expression as in [5302]. 

t (2958) The coefficient [5303] may be computed in the same manner as that in 

[5298 or 5300] ; but the change of the divisor from c—which is of the order 

m, to c—f-1—m, of the order 2, enables us to neglect, in [5303], all the terms which 

appear in [5300], except A[l7). The term depending on «/2(,17) is found in the same 

manner as in [5300Z], by combining the term 

• —2 A^7). --. cos. (v—mv), 
a K 7 

in the first column of [5090g*], with the term —3c.cos.cv, in its second column ; which 

gives, in the third column, the corresponding term of 

, 0 a a/.dv . 
at — 6A\U). — . e . -. cos. (v-—mü+«,>). 

a /a, v ‘ 7 

la2 
Integrating, and then dividing by — [5092c], we get the expression [5303] ; and, by 

Ttr y' (X j 

using the values of e, m, e, 8zc. [5117, 5194, 5221], it becomes as in [5304]. 
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[5302] 

[5300/] 

[5300u] 

[5300t>] 

[5300w] 

[5300x] 

[5302a] 

[5303a] 

[53036] 

[5303c] 
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[5303] 

[5304] 

[5304'] 

Torms of 

nt-^-s, 
of the 
fourth 
order. 

[5305] 

[5306] 

[5305a] 

[5306a] 

3 A[]7) a 
-ï-—. —..e.sin.ft)—mv+cv—w) ; 

1 — m+c a v J ’ 

consequently, it is equal to ; 

— 5s,01. (I-{-«). sin. (4;—mv-\-cv—™). 

By following the same process, we may determine the other inequalities of 

the fourth order ; but, as they are less than the errors of our approximation, 

it will be useless to investigate them by the theory, unless we wish to carry 

on the approximation to quantities of the fifth order. 

If we collect together the inequalities of the fourth order, which we have 

just determined, they will become,* 

-f- 8s,67. sin.(2v—2mv—2gvjrcvjr2b—to) 1 

-— 8s,11 .sin.(2«;T22;—2 mv—2to) 2 

+10s, 17. sin.(2y— 2mv~rcv—c'mv—w+s/) 3 

-f- 5®, 8 8 .sin.(2cu—2vJr2mvJrc'mv—2to—«') 4 

-— 0s,25.sin.(2cy—2v-{-2 mv—c'mv—2to+to') 5 

— 3 s, 16. sm.(2cv-\-c'rnv—>2^—to7) 6 

-f 4s,50. sin. (2a;—c'mv—2to-|-to') 7 

+ 33s,38. sin.(4y—4 mv—cv-\-tx) 3 

+15®,46. sin. (4v—4 mv—2cy+2^) 9 

— 8%31. (1 -H). sin. (cv—v-\-mv—to) 10 

— 5s,01 .(1+0 .sin.(®-—mv+cv—to). 11 

18. We shall now consider the moon’s motion in latitude. We have before 

determined the tangent of the latitude s ; and, as the expression of the 

arc, by its tangent .9, is s—— &c. [48] Int. we find, that the 

latitude of the moon is very nearly represented by the following function ;f 

* (2959) If we connect together the quantities contained in [5240, 5248,5257,5266, 

5268,5283, 5296, 5302, 5304] ; the sum becomes as in [5305]. 

f (2960) From s = 7. sin. gv -f ôs [4897i], we get, by neglecting the second and 

higher powers of Ss ; and reducing by means of [1, 2] Int. 
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7.(1—ir3)-sin*(gv—{1 —^f-\-}/.cos.(2gv—2ô) j +TLy3.sin.(3gî;—Sô) ; 

from which, by using the preceding value of 7 [5117], we get the latitude, 

as in the following expression;* 

18542', 79. sin. (gv—0) 

+ 12B56.sin.(3gî>—3j) 

+5259,23. sin. (2v—2 mv—gt?+.ô) 

+ 1*, 14. sin. (2®—2 —e>) 

— 5 s,59. sin. (gv-\-cv—ô—w) 

Moon’s Latitude — 

1 

2 

3 

4 

5 

\+ 19s,85.sin.(g*y—cv—é+®) j 6 

+ 6?46.sin.(2t;—2 mv—gv+cv+t—+ \ 
/ v \ 

7 

/— I439. sin. (2v—2mvJrgv—cv—4+to) 
\ y )* 8 

\— 2P,60.sin.(2i'—2 mv—gv—cv+ô+n) / 9 

+ 24s,35.sin.(gy+c'^—4—+) l 10 

/— 25s, 94. si 11. (gv—c'mv—tf+®') 
i 11 

— 10 s,20.sin. (2v— 2 mv—gv+c'mv+è—vs') 
! 12 

+ 22s,42. si n. (2i>—2 mv—gv—c'mv+b+’a') 13 

+ 27s,40.sin.(2o>—gv—2^+d) 1 14 

\+ 5s,13.sin.(2cv-Vgv—2v-\-2mv—-24—0) / 15 

—is3 = —+3. sin.3gc —os.y2. sin.~gv 

= —j ^sin.gu —£sin.3gi> ( — £s.y2. f ^ —^cos.Sgv \. 

The sura of the two expressions [5306a,5], is easily reduced to the form, 

s— is3 = y.(l —+y2).sin.gc+<S$.[l — |7^+j73.C0S.2^}+TV.y3.sin.3^. 

Substituting this in the expression of the arc [5306], and neglecting the terras of a higher 

order, it becomes as in [5307]. We may remark, that the term c5s. iy2. cos.2gc [5306+ 

produces, by means of the terra [4897 line 1], the expression 

i B[0) y3. cos. 2gv . sin. (2u — 2mv — gv) ; 

from which we obtain the term 1B+73. sin. (2c—2tnv-\-gv) , which is of the same form 

as that which is retained in [4897 line 2] ; hence the expression of the latitude [5306c] 

becomes, very nearly, 

7. (1 — -Cy2) .sin.gc-pT2-y 3. sin.3gv+jjB[°hy3. sin.(2c— 2mv +g++( 1 —J y2) • 

* (2961) Substituting in [5306e], the expression of Ss [4897], and then the values 

[5307] 

Moon’s 
latitude. 

[5308] 

[53066] 

[5306e] 

[53064] 

[5306c] 
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[5309] 

[5310] 

Moon’s 
parallax. 

[5311] 

[5307a] 

[5309a] 

[53096] 

[5309c] 

[5309(1] 

[5309c] 

[5309/] 

19. It now remains to determine the third co-ordinate of the moon, or its 

parallax. The sine of the moon’s horizontal parallax is represented by 

D Du . 
— = — , D being the earth’s radius * Considering the smallness 

of this sine, we may take it for the expression of the parallax itself ; and. 

if we substitute the value of u [53096] ; namely, 

u — - . {l+e2 *d-iy2+e.(ld-e2).cos.(cy—to)—]y2.cos.(2'gv—Su ; 
CL 

neglecting terms of the order — . e4, we shall find, that this parallax 

is represented by the following formula, 

D Du D 
r y/ 1-j-ss a 

(l+e2).{ l+e.[l-iy2+|72.cos.(2o-i;-2J)].cos(ci;-w)+«(5w-5^ j. 

of [5176 — 5191], also those of m, e, foe. [5117,5194,5221], we get 

[5308], nearly ; a few of the small terms being neglected. 

* (2962) If we substitute the value of r [4776], in the well known expression of the 

sine of the horizontal parallax —, it becomes as in [5309], or as in the first member of 

[5309/], and this may be taken for the parallax itself, by neglecting its third power. Now, 

if we add to the expression of u [4826] , the part of Su, [4904,foc.], arising from the 

perturbations, it becomes, by neglecting terms of the fourth older, 

« =.1 . ^ l-|-e2-l-]72+e.(l+e2).cos.cy—lfcos.2gvfaSu | as in [5310] 

— i. (1-fe2). £ 1+^72.(1—cos.2gu)+e.cos.a>+a<$w| . 

Developing the radical y/Tp~, neglecting s4 , and substituting for 5, its value 

[5306a], we get, 

. 1 —= l—'<?= 1 —i.f72.sin.Vv4-2^.7.sin.gv] 
2 

— I —iy2*(l—COS.2gv)—Ss.y. sin .gv . 

Multiplying together the expressions [5309c, e], and the product by D, we get, by 

neglecting y4, foe. of the fourth order, 

_Du_. ? .(l-j-e2).] l-f e.(l—ly2-|-^72.cos.2^).cos.a'4-a5w—^.y.sin.gn]. 

y/ 1+5S a e 
This becomes as in [5311], by substituting, in its last term, the approximate value of 

y. sin.gv = s . [5306a]. [5309g>] 
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D 
To determine —, we shall observe, that we have, in [4968], * 

and, by [5082, 5090],f 

- = -. 0,9973020 ; 
a a, 

-4=x 1,0003084 =i. 
s/a, n 

Hence we get,| 

I = t 3/V.(l,00( 
a V ' 0(9973020 

0003084)2 

Let 2 s be twice the space which the earth’s attraction would make a 

particle describe in the time t, in the parallel, on which the square of the 

M 
sine of the latitude is i . This attraction is ~ [1812,1811/],^ the 

earth M being supposed elliptical. But we have before put M-\-m — 1 

[4775"] ; m being here the moon’s mass ; therefore, we have, 

M.t* 
2 £ = 

(M+m).H2 * 

[5312] 

[5313] 

[5314] 

[5315] 

[5316] 

[5317] 

[5318] 

2 2 

(2963) Substituting, in Wi [5094], the value of m [5117], we get «7=0,0055796. 

With this, and the values of e', m, y, Æ/, B/ [5117, 5157, 5176], we find, that l5319a] 

the equation [4968] becomes nearly as in [5312]. 

f (2964) If we substitute, in the coefficient of 
a^.dv 

s/a, 

a’Z.dv 

[5082], the values of m, A(°\ 

4/, e [5117,5157,5158,5194], it becomes - ^ -.1,0003084. This is to be put equal [5313a] 

dv 
[5090] 5 hence we get [5313]. to 

n 

t (2965) We have, in [5312], ^ ~ ; multiplying this by 

1] 
a3.1,0003084, and substituting, for the first member of this product, its value — [5313], [5314^ 

1 s 1,0003084 
we get - = ; whence we easdydeduce [5314]. 

n 

§ (29G6) Changing z into s, in [67], we get 2s == gf ; g being the force of [5316a] 

gravity [54vline7]. Now, in the parallel of latitude, mentioned in [5315], we have 

146 VOL. III. 
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[5319] 

[5320] 

[5321] 

[5322] 

[5323] 

[53166] 

[5316c] 

[5316d] 

[5316e] 

[5319a] 

[5321a] 

[5323a] 

Hence we deduce,* 

D 

a 
(F0003084)2 

0,9973020 * 

If we suppose t to be equal to a centesimal second, and T equal to the 

number of centesimal seconds of time, during a sidéral revolution of the moon, 

4tt^ . 

we shall have f n* = —-, «• being the ratio of the semi-circumference to 

the radius. If l be the length of a pendulum, vibrating in a centesimal 

second of time, upon the parallel under consideration, we shall have, as in 

[86'], 2s = 7r2/ ,J which gives, 

jx2—£=0 [1648"']; hence the expression of V [1812], becomes V=—, M 
r 

being the mass of the ellipsoidal earth, and r the distance of the attracted point from its 

centre, [1616s, 1616XIX]. Now, the attraction of the earth, in the direction r, is represented 

fd V\ M 
by [181 1/,53166] ; and, by changing r into JD, to conform to the 

present notation [5309], it gives very nearly, the expression of the gravity g = — [5316] ; 
1) 2 

M.l2 
hence [5316a] becomes 2s = . We have put, m [4775"], M-\-m equal to unity, 

therefore, for the sake of homogeneity, we may change M into ——, in the preceding; 
Mr\-m 1 & 

expression of 2s, and then it becomes as in [5318]. 

Z>3 
* (2967). Multiplying [5318] by — , and extracting the cube root, we get, 

2s 

the product of this, by the expression [5314], gives [5319]. 

t (2968) Noticing only the mean motions, we have nt — v [5220]. Now, when v 

is equal to 2^, t becomes T [5320], and we get nT— 2ir, or n = 

whose square gives n2 [5321]. 

Î (2969) Changing, in the formula [86'j, z into s, and r into l, to conform 
4 

to the present notation, we get 2s = <x% as in [5323]. Multiplying it by ^ , we 

8s 4ît2 „ 8s 
obtain — = — ; hence n~= ~ [5321]; and, as t= 1, [5320], we have 

n2f2 4 
-—• = - - ; substituting this in [5319] and putting 4.(1,0003Q84)2= (2,0006168)3, we 
/is U~ 

get [5324]. 

[53236] 
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-£>_ J /^M ï> (2,0004168)* _ 

a V ’ T ' 0,9973020. T2 

The length of a pendulum, vibrating in a centesimal second, upon the same 

parallel, is equal to 0met-,740905 [2054],* we must increase it bj its 434th 

part, to obtain the length which could obtain independently of the centrifugal 

force ; hence we have, l = 0met,742612. The value of D is equal to 

6369374meU [3896, nearly] ; lastly, we have, by the phenomena of the tides, 

m— [4321]; and, by observation, T == 2732166 centesimal seconds; 

hence we have,f 

- = 0,01655101 . 
a 

Estimating in seconds the coefficient —. (1-f-e2) , we find it equal to 

3424s, 16. This being premised, we find, for the expression of the moon’s 

parallax, in the proposed parallel ; t 

* (2970) This value corresponds with the formula [2054], putting sin.2-]' =sin.2]at.=^-} 

as in [5316]. This must be increased part, to correct for the centrifugal force [388lv], 

by which means it becomes / = 0met-,742612, as in [5326]. This will be varied a Title 

if we use the corrected value of l [2054w,or 2056p], 

f (2971) Substituting, in [5324], the values of l, m, D, T, [5326 —5328], we 

get [5329], nearly. Multiplying this by l-f-ee [5194], and then by the radius in 

seconds, we get the expression [5330], nearly. This would be varied a little by correcting 

the value of l, as in [53256], and also by the change in the value of m [11906, 33806]. 

D 
J (2972) Substituting the value of — . (1-Tee) — 3424s,16 [5330] in [5311], it becomes 

Moon’s Parallax = 3424s,16.{l-f-e.(l—|72Tiy2mos.2ga).cos.oi>q-«(k—s(5sj. 

We may substitute in this ^yQe.cos.2gv.cos.cv = ^yse.cos.(2gv—cv), neglecting the term 

depending on the angle 2gv-\-cv, because the term is small ; and angles of this form are 

not retained in [5331]. Moreover, the chief term of Ss [5308 line 3, or 5307] is 

525s,23.sin.(2u— 2mv—gv) ; and the chief term of s [5307] is 

/•(l — iy2) .sm.gv — 0,0899. sin.gu [5117 line 5], 

Multiplying these two expressions together, we get, in s5s, the terms, 

23s,6.^cos.(2g'i; — 2v-\-2mv)— cos.(2î> — 2mv) | ; 

substituting this in [53306], and dividing by the radius in seconds 206265s, it produces 

the terms 0s,39. )—cos,.(2gv—2v-j-2mv)-j-cos.(2v—2mv) j. Hence, [53306] becomes, 

[5324] 

[5325] 

[5326] 

[5327] 

[5328] 

[5329] 

[5330] 

[5325a] 

[53256] 

[5329a] 

[5330a] 

[53306] 

[5330c] 

[5330rf] 

[5330e] 

[5330/] 
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[5331] 

[5330gr] 
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Moon’s Parallax = 

3424s, 16 

-f-187s,48. cos .(cv—to) 

-f- 24s, 68. cos. (2v—2 mv) 

+ 38s,07. cos. (2v—2 mv—cv-f to) 

— 0s,70. cos. (2v—2 mv-\-cv—to) 

— 0s, 17 . cos. (2v—2 mv-\-c'mv—to') 

+ ls,64.cos.(2'y—2 mv—c'mv^') 

— 0s,33. cos. (c'mv—to') 

-— 0 s,22. cos. (2v-2 mv-cvJ[-c,mv+™ -to') 

-f- Is, 63. cos. (2v-2mv-cv-c'mv+to+«') 

— 0s,65. cos. (cv-\-c'mv—to—v!) 

+ 0s, 87. cos. (cv—c'mv—«+w') 

+ 0 s,01 .cos(2cu—2to) 

-|- 3s,60. cos. (2 cv—2v-\-2 mv—2to) 

+ 0s, 07. cos. (2gv—2ô) 

— 0s, 17. cos. (2gv—2vJr2mv—2ô) 

— 0s,01 . cos. (2 c'mv—2to') 

0s,95. cos. (2gv—cv—2H"to) 

— 0s,06.cos.(2v-2mv-2g;v±cv+2ê-to) 

— 0s,97. (1 +i).cos.(«—mv) 

-j- 0s, 16.(1 -f-z). cos. (v—mv^c'mv-™') 

— 0s,04. cos(2v-2mvJrcv-c'mv-~T3-\-'us) 

— 0s, 15. cos. (4v—4 mv—cv+to) 

+ 0s,05. cos (4 v—4 mv—2cv-\-2™) 

-j- 0 s, 13. cos(2cv-2v+2mv+c'mv-2^-us') 

-f- 0s,02. cos. (2cv-\-2v—2 mv—2to) 

— 0S,12. ( 1 +z)-cos-(ct?—v-\rmv—to) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

Moon’s Parallax = 3424s, 16. j 1 -f-e.( 1—£y2).cos.cv-f |72e.cos.(2g*v—co)-\-a&u\ 

— 0s, 39. cos. (2^—2w-[~2m?;)-}-0s,39.cos.(2fl—2 mv). 

We must now substitute the value of abu [4904,5242,5251,5258,5269, 5287,5297,&c.], 

also [5117,5157—5175,5221], and we shall get [5331]. 
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CHAPTER II. 

ON THE LUNAR INEQUALITIES ARISING FROM THE OBLATENESS OF THE EARTH AND MOON. 

20. We shall now consider the terms arising from the oblateness of the 

earth and moon.* We have seen, in [4773], that the effect of this oblateness 

is to add to the expression of Q [4756] the quantity, 

( 5V SV' ) 
(Mf-m) . < ( = increment of Q. [5332] 

If we put, 

ap = the ellipticity of the earth ; [5333] 

cup = the ratio of the centrifugal force to the gravity at the equator ; [5333q 

D = the mean radius of the earth ; [5334] 

f* = the sine of the moon’s declination ; [5334y] 

we shall have, as in [1812],f 

[5332a] 

* (2973) This subject is tieated of, in a more simple and elegant manner, in the 

appendix to this volume [5937—5971] ; and again, in the fifth volume [12952—12996]] 

where some very small terms are noticed, which are neglected in this volume j but they 

have but little effect on the resulting formulas. We shall, in the notes on this chapter, 

restrict ourselves to the terms here investigated by the author, and shall follow the same 

method of demonstration which he has used. 

f (2974) We have, in [1812], for an ellipsoid of revolution, 

TiJ I 

v = -+(Hdp>. 
[5335a] 

VOL. III. 147 
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[5335] 

[5336] 

[5337] 

[5338] 

[5335&] 

[5335c] 

[5336a] 

[53366] 

[5336c] 

[5336c'] 

[5336d] 

[5336e] 

[5336/] 

[5336g] 

[53367i] 

V — ^ -|- I ap j ^ . AT. (fv~ -§-)• 

If the earth vary from the elliptical form, we shall have, by ^ 32,35, of 

book iii.,* 

J\/f ( N 7")0 

V=- + \ (ia9—ap)^— ■)+«./»'.(!— pl»).cos.2o S. M. ~ ; 
r ( ) ir 

ap and a h' being constant quantities, depending on the figure of the terrestrial 

spheroid; and *s the angle formed by one of the two principal axes of the earth, 

situated in the plane of the equator, with the terrestrial meridian, passing 

through the moon’s centre [1746']. It is evident, by the following analysis, 

To conform to the present notation, we must put ah=<xp [1795', 5338] ; and, in the 

ID9 
second term, we must change — into to render it homogeneous with the first term; 

observing, that the radius of the earth D [5334], is supposed to be nearly equal to 

unity in [1795", 1812]. Making these changes in [5335a], it becomes as in [5335]. 

* (2975) Neglecting the attraction of foreign bodies, and the terms depending on 

in [1811], we get, for an ellipsoid of a general form, 

F = | . cla*+^. VB.fitMfi- %. Z». 
3r3 

To render this homogeneous, we must multiply the two last terms by D2, as in [5335c], 

and substitute, for §its value M [18IT,4757] ; by which means it becomes, 

If we substitute this value of M, in aZ&) [1793], we get. 

M 

and, from [1763], we have, by changing ah into ap, as in [53356], also h"" into A', 

to conform to the present notation, 

Y™ = — p.(^9_ £)+A'.(l— m-2).cos.2^ ; 

the earth being supposed to revolve about one of its principal axes [1762', &c.]. Substituting 

these in [5336c], it becomes as in [5336]. The radius of an ellipsoid is represented by 

l_j_ayo) [1775, or 1503a] ; and, if we substitute the value of [5336c?], we get, 

1 ap.((A2—t-)-j-aA'.(l—f;2).cos.2® = radius of the spheroid. 

At the pole, where /x=l, this becomes 1—fap; subtracting this from [5336g], and 
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that the term depending on cos. 2® has no sensible influence on the 

lunar motions on account of the rapidity with which the angle « varies; 

so that the value of V, which we shall here use, is the same as in the 

elliptical hypothesis, with an ellipticity equal to ap ; but, in the general 

case of any spheroid whatever, ap does not express the ellipticity [5336/yj. 

We may, therefore, suppose, in this general case, that the value of Q [4756] 

is increased, on account of the oblateness of the earth, by the function, 

D2 
(icup—ap).— .(fjM—-i) — increment of Q [4756]; 

M-j-m being taken for the unity of mass [4775", 5336/]. 

We shall, in the first place, consider the variation of the orbit, or the moon’s 

motion in latitude, depending on this cause. If ice put for the obliquity 

of the ecliptic to the equator, and fix the origin of the angle v in the vernal 

equinox, at a given epoch ; we shall have, very nearly,* 

putting ^ = 0, we get the excess of the equatorial radius, or, 

the ellipticity = ap-j-a/f.c'os.S-s. 

Hence it appears, that the ellipticity of the different meridians varies, with the different 

values of 2sj, from ap—aU to ap-j-a//; instead of being generally represented by 

ap, as in [5333,5339']. From [4767,5336] we get hV, and then the first term of 

[5332] becomes as in [5340, 5340']. 

* (2976) In the annexed figure, P is the pole 

of the moveable equator ; P' the pole of the ecliptic ; 

M the place of the moon ; so that, if the moon’s 

latitude be represented by Z, and the declination by ^ 

d, we shall have PM= 90d—d; P'M— 90^— 

PP'= X ; PP'M = 90d—fv [5345]. Substituting 

these symbols in the formula [5344c], which is the same 

as [1345s], we get [53444], using the symbol /x = sin.d 

[5334']. This is reduced to the form [5344e], by means 

of the expressions of sin.Z, and cos.Z [47765] ; 

cos.PM = sin.P'P.sm.P'M.cos.PP'Mfcos.P'P.cos.P'M ; 

^ =sin.X.cos.?.sin.j6;-f'cos*^*sin^ j 

. . 1 . ^ . s 
{j.= sin.X, 

Pole, of Equator 

V i+ 

Moo 7? A 

ss ss 

[5338(1 

[5339] 

[5339(| 

[5340] 

[5340(| 

[5341] 

[5342] 

[5343] 

[53367] 

[5336*] 

[5336/] 

[5344a] 

[53446] 

[53446'] 

[5344c] 

[53444] 

.sin./b-f-cos.X. [5344e] 
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L5344] 

[5345] 

Terms of 

Q- 
[5346] 

[5347] 

[5344/] 

[5346a] 

[53466] 

[5347a] 

[53476] 

[5347c] 

[5347rf] 

[5347c] 

f* = sin.x./i—ss .smfvg-s .cos.X; 

fv being the apparent longitude of the moon, referred to the moveable vernal 

equinox. We must, therefore, add to the value of Q a quantity, which we 

shall represent by,* 

2)2 
Q = (iap—ap).—. [ sin.2 x. (1 — s2).sin. j^T2s.sin.x.cos.x.sin./-f s2.cos.2x—x}. 

This being premised, we shall resume the equation [4755]. We have 

developed, in [5018—5049], the different terms of this equation, depending 

on the sun’s action. It is evident, that the preceding function adds to the 

equation [4755] the following quantity,! 

• It * m 
2. (a p — x a <p). - ‘ . sin. x. cos. x. sin .fv + (g2— 1 ).H. sin./ v ; 

If we neglect the third and higher powers of s, we may change ^ int0 —s2 > 

g 
and fijfo ’nt0 s> by which means, the formula [5344e] becomes as in [5344]. 

* (2977) Substituting (x [5344] in [5340], and putting 2 s, for Qs.fl-s12, in 

the coefficient of sin fv, we get [5346]. Now, we have — = 
u 

[4776], 
/I 

which is nearly equal to u.f 1 — s2 ; substituting this in [5346], neglecting s3, he., 

we get, for this part of Q, the following expression ; 

Q=(|cup—ap).D2.if3. £sin.2X.(l —s2)~.sin.2/T2s.sin.X.cos.X.sin./-j-s2.cos2X'—Kl-s2)2- £. 

f (2978) The substitution of the value of Q [53466], in [4755], produces an 

equation of the same kind as [5037] , in which r is composed of a series of terms, of 

the form A;,, sin//-/,)., depending on When it is very nearly equal to unity, 

the corresponding term of s will be very much increased by the divisors introduced by 

the integration ; as in the similar case of the equation treated of in [4849], as will be seen in 

[5347r—t\. Now, /—I is of the order twdo-oo [5347g] ; therefore, the term depending on 

sin./ must be particularly noticed ) and, in fact, it is the only one the author considers 

as necessary to retain in this calculation. In making the substitution of the value of Q 

[53466], in [4755], we may neglect the quantities (//)> (dïu) ’ because they are 

ds 
multiplied by 5, or —, of the order y.sin.gv, or y.cos.gv, and produce only 

terms of small value, in which fe differs considerably from unity. We may also neglect 



VIL ii. §20.] EFFECT OF THE OBLATENESS OF THE EARTH, 

supposing the inequality of 6s, depending on the angle fv, to be 

the term-— . ^ [4755], because it is multiplied by sa. Hence the equation 
h3.u3 \ds ) h3.u3 

[4755] becomes, 

~ dds , 1 

°=^+s- 
dg\ 

h3. u3 \ds ) 

Now, by noticing only the terms depending on sin.fv, we get, from [53466], 

2. —ap) .D%u3. sin.X.cos.X.sin fv. 

Substituting this in [5347/], it produces the term, 

1 

h3.u3 

4Q\ . .D3u. . 
= 2.(ap—•$&<?).—- sm.X.cos.X.sin.fv; 

ds 

which is the same as the first term of [5347], or the first term of the function r [5037]. 

3 a 
The other term of r is deduced from [5040line 1], §m.-.ds , by the successive 

a/ J 

substitution of [508*2/t',4828e] ; by which means, it becomes, 

§ ma. 6s = (g~—1 ) ,6s, nearly ; 

and, if we use the value of 6s [5348], it produces as in the last 

term of [5347]. Hence, the equation [5347/], by retaining only the terms depending on 

the angle fv, is reduced to the following form ; 

0 = Ei+5+2-laP—ia'9)-^--sm.X.cos.X.sin./v-}-(^2—l).H.sinfv. 

Substituting the assumed value of 6s, or s = H.sm.fv [5348], and dividing by 

sin .fv, we get, 

0 = (—/2+-l)--ff+2.(ap~|a(p).^-.sin.X.cos.X-j-(ig'2—l).H. 

Connecting together the terms depending on 

g_ 2.(a p — 

H, and dividing by its coefficient, we get, 

D3u . 
-TT- . Sin.X . COS.X. 

The moon’s longitude v, is counted from the fixed axis x, or the fixed vernal 

equinox [4760'] ; and fv [5345] is the same longitude, counted from the moveable 

vernal equinox ; hence, /—I is of the same order as the ratio of the precession of the 

equinoxes to the moon’s mean motion. Now, the annual precession is nearly 50* [4614], and 

the moon’s annual motion is — =^4813*, nearly [5117,5117a]. These quantities 

are to each other in the ratio of 1 to 340000, nearly ; hence, /—l is of the order 

svttWtt 5 which is very small, in comparison with g— l = fm2==^-|1T, nearly [51171ine3]; 
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[5347'] 

[5347/] 

[5347g] 

[53477*,] 

[5347Ï] 

[53471k] 

[[53477] 

[5347m] 

[5347n] 

[5347<] 

[5347o] 

[5347pj 

[5347?] 

VOL. III. 
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[5348] 

[5349] 

[535U] 

[5351] 

[5351'] 

[5358] 

[5347ç'] 

[5347r] 

[5347s] 

[5347/] 

[5351a] 

represented by, 

6 s = H.sin.fv. 

We may, moreover, easily satisfy ourselves, that this quantity is the only 

sensible one which results from the function Q [5346]. Adding it to the 

differential equation [5049], and observing, that f—1 is extremely small, 

in comparison with g—1, we get, by integration, 

H= 
—2. ( ap—|.ap) D3 

sin.x.cos.x. 

Hence we obtain in s, or in the moon’s motion in latitude, the inequality,* 

(cq>—£aç>) D2 . 
os —--. sin.x.cos.x.sin./c. 

g—1 a2 

Which is the only sensible inequality of the moon's motion in latitude, arising 

from the oblateness of the earth. This inequality is equivalent to the supposition 

that the moon's orbit, instead of moving on the plane of the ecliptic, with a 

constant inclination, moves, with the same condition, upon a plane passing always 

through the equinoxes, between the equator and the ecliptic, and inclined to this 

so that we may put /=!, in [5347?f], and we shall get, 

H= 
—2.(ap—]|ap) T)^u 

r2-1 A2 
.sin.X. cos.X. 

Substituting u = \ h~=a, = a, [4.931 n, 5312], it becomes as in [5350]. We 

may observe, that if f differ considerably from unity, it will make the corresponding 

value of H, deduced from [5347ff], very small; because the divisor, in finding 

H, will be a large number of the order g2—/2, instead of the very small one 

of the order g2— 1 [5347r] ; and, for this reason, most of these terms of Q 

Z>2 
may be neglected, considering that they are multiplied by the very small factor (ag^ap).— ; 

which can become sensible only by means of a small divisor. 

# (2979) We have g3— ! == (g + 1). (g — i) = 2. (g— 1) , nearly [4828e], 

substituting this in [5350], and then the resulting value in 6s = H.sm.fv [5348], we 

get [5351]. 
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last plane, by an angle, which may be represented as follows, * 

Angle of inclin. of the equator and fixed plane = 
(ap—£a<p) D2 

g-1 * «2 
sm.x.cos.x. 

We have found in [5329, 5117], 

- = 0,01655101 ; 1 = 0,00402175 ; 
a 

also at the epoch, in 1750, 

x = 23d 28m 17%9 [4353"]. 

Lastly, cup = [1594a, &c.]; therefore, by supposing aP = ^ [2034] 

the preceding inequality becomes,! 

* (2980) The angle of inclination of the 

ecliptic to the fixed plane, given in [5353], 

being put, for brevity, equal to A. , we shall 

have A =— H [5353,5350,5351a]; and 

S s =—A.sm.fv [5348]. Suppose, in the 

annexed figure, that C R represents the 

equator, C B the fixed plane, C L the 

ecliptic, JWthe place of the moon, ML a 

circle of latitude, perpendicular to the ecliptic, 

MDB the arc perpendicular to the fixed 

plane ; then the difference of the arcs M L, 

M B, will be very nearly represented by 

B D = angle BCD X sin. CD == A . sin. fv [5352a, 5345]. 

Hence it is evident, that if the moon’s latitude, above the fixed plane, be expressed by 

BM = s, its latitude, counted from the ecliptic, will be very nearly represented by 

ML — MB — BD — s —• A . sin. fv — s-j-d's [53526] ; as in [5352]. 

f (2981) The expression of A [5352a, 5353], is, 

a (aP—ûd<p) B2 
A = v-- '. —- . sin. X. cos. X. 

g-l a? 

Substituting the values [5354,5355], and that of cup [5356], we obtain, 

A = 5132s,9 . aP — 8*,88 ; 

A-^ 8s,88 

ap= ■5432s,9 * 

[5353] 
Inclina¬ 
tion of the 
equator to 
the fixed 
plane. 

[5354] 

[5355] 

[5356] 

[5352a] 

[53526] 

[5352c] 

[5352d] 

[5352e] 

[5357a] 

[53576] 

hence, 
[5357e] 
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Inequality 
in latitude 
[5357] 
depending 
on the 
[5358] 
oblateness 
of the 
earth. 

[5358'] 

[5358"] 

[5359] 

[5360] 

[5361] 

[5362] 

[5357c?] 

[5360a] 

[5361a] 

[5362a] 

6$ = — 6s,487 . sin./v . 

It would be — 135,436.sin/y , if the oblateness be which corresponds 

to the supposition that the earth is homogeneous [1592$]. Therefore, if 

this inequality be carefully observed, it will be very useful in ascertaining the 

oblateness of the earth. 

We shall now consider the variations in the radius vector, and in the moon's 

longitude arising from the oblateness of the earth. We may deduce them 

from the equations [4753,4754] ; but it is more simple and accurate, to use 

the formulas [919,923]. For this purpose, we shall suppose, that the 

differential characteristic <5 refers to the quantity — tip. We shall then 

observe, that the functions R, rR', [913,928'], are represented by, * 

R=-Q+} [4774a] ; rR = r. (~j. 

Hence, the equation [919] becomes/ 

We have, in R , the term/ R =r2,(aP—ia?).— . sm.x.cos.x.s.sin/i>. This 

contains the following term, 

If ap=sl4, the first of these equations gives A =6*,-487 , as in [5357]; and, if 

= it becomes A = 13s,436, as in [5358]. 

* (2982) If we substitute the expression of Q [5346£]s iR R [5360], we shall 

obtain, 

r> 

— - (ap—^oup).J)2w3. ^sin.‘3Xo( 1—s2)2 .sin,^442$.sin>..cosX.sin/d~52,cos“^ tr/-5'/ c ? 

which will be used hereafter. 

! (2983) The equation [5361], is the same as [919], using the expression of rR* 

[5360], and that of y. = M+m =j 1 [914', 5340']. 

X (2984) The term of R , retained in [5362], is the same] as that in [5360a], 

depending upon s.sm.fv. Substituting in it the chief term of s; namely, s=y.sin.gv 
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6R = (cu—jap). —. y. sin.x.cos.x.cos.(gî>—fv—4). 

This term of sR gives, in fs.dR, an expression which is exactly similar 

and equal to <5R. For the differential characteristic d [916'], refers 

only to the moon’s co-ordinates ; and, we have, by noticing only the preceding 

term, 

J <5.dR =ôR . 

Then we obtain,* * 

y. sin.x.cos.X.cos.Qpi?—-fv—d). 

If we substitute these values of fè.dR, and <5.r.(^—J [5364,5365], 

in the differential equation [5361], we shall find, that the expression 6r 

contains a term, depending on cos.(gv—-fv—d) , but it is insensible, not 

having g—1 for a divisor, which the corresponding term of ôs has. 

[4S97ÎJ, it produces the term given in [5363], which depends on the angle (g-f)'V’} 

— being used instead of u. Now, the coefficient of this angle, is of the order g—1, 
V 

or in2 [5347j], and the integration of dôv, in [5387], introduces g—1 as a divisor; 

and it is on this account, that the terms depending on the angle gv—fv are retained by 

the author. 

* (2985) The partial differential of 5R [5363], taken relatively to r, and 

multiplied by — , gives [5365], as is evident from the nature of the symbol <5 [5359]. 

If we substitute the values [5364, 5365] in [5361], they wall produce in it an expression, 

which we shall represent by Then, if we put, for a moment rSr = u, the equation 

ddu ît,n j., t 
[5361], will become 0 Multiplying this by H, and putting for 

dt, its chief term [5081], or r~dv, nearly, it becomes, 0 = ^|-}~M + nj 

which is of the same form as [4845], supposing JV*=I. Its integral [4847] introduces 

the divisor i'2 — JV2 = i2— 1 , which is nearly equal to —1; because, in the present 

case, i = g—f [4846, 5363] is of the order m2 [5347g]. Hence it is evident, that 

u=r5r, is not increased by the introduction of a small divisor in the integration. This 

agrees with [5366]. 

[5363] 

[5363'] 

[5364] 

[5365] 

[5366] 

[53626] 

[5362c] 

[5366a] 

[53666] 

[5366c] 

[53664] 

[5366e] 

[5366/] 

VOL. III. 149 
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[5367] 

[5368] 

[5369] 

[5370] 

[5371] 

[5373] 

[5367a] 

[53676] 

[5367c] 

[5368a] 

[5370a] 

[53706] 

It is not the same with the expression of the longitude. 

[923] gives, in mv, the following terms ;■ 

The formula 

dsv = 
3dt\fsAR+2dt\s.r.Ç’^f 

r2. du 

Substituting the value of sR [5363], we obtain, in dsv, the following 

term ;f 

7 *3dt2.(&o—icvp) D2 . , n ,\ 
d.Sv = —  -V , -- . —i? -7 • sin.x.cos.x.cos.to—tv—3). 

r2.dv r 

But, this is not the only term of the same kind, in the expression of dôv. 
(ffj! 3 

The sun’s action gives, in Q [4806], the term Q= — .(1— 2s2). 
rill 

Substituting in it the value of u [4776], we obtain, in R = — 

[5360], the expression,Î 

R = —imV3.r2.(1 — 35s) ; 

which gives, in ôR, the term, 

ôR = f rriu'3.r2. sôs ; 

* (2986) Noticing only the terms depending on the angle gv—fv—Ô, or those 

which produce the factor sSs in [5373, &c.], we may neglect Sr, and then we obtain 

from [923], 
3*2. / Ô.AR+2dMR 

Now, we evidently have rSR=S.(rR)—^R'Sr ; and, for the same reason as in [5367a], (dR\ 

T7) 5 

hence, the preceding expression of dSv becomes as in [5367]. 

-j- (2987) Substituting fSAR — SR [5364], in [5367]; and then using the values 

[5363,5365], we obtain the expression [5368], by a slight reduction. 

1 r2 
J (2988) From u [4776], we deduce — = = r2.(l — s2) , nearly ; 

multiplying this by £wV3.(l— 2s2), we get the value of the term of Q [5369]; 

and, by the substitution in R [5370], we obtain the term [5371], neglecting quantities 

of the order s4. The variation of [5371], relative to the characteristic <5, putting 

Sr = 0 [5367a], gives SR [5372]. 
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from which we easily deduce the following expression ;* 

3fiAR-\-%.r. = f-m'u,3.r*.sôs. 

We have, very nearly,f m'u'2.r3 — •> also g = 1-f-f-w2 [5117or 4828e] ; 

hence the function [5373] becomes, 

3J 5. à 11-^2 6.r. ^ ^ J 
/dR\ 

V 

14,(|—l).s5s 

r 

Substituting in it is — —-^—^.^.sin.x.cos.x. sin.fv [5351,5374a]; 

and s = y.sin.(gv—6) [5050], we obtain, in [5375], the following term;J 

# (2989) From [5371], we get, by differentiation, 

r. (gygj — — i m'u13. r2. (1 — 3 s2). 

Its variation relative to the characteristic <5, neglecting Sr [5367a], gives, 

S,r , (~j~^ = 3m'u'3.r2.s5s j 

and, from [5364, 5372], we have f S.dR — §m'.u,3r^.sSs. Substituting these values in 

the first member of [5373], it becomes as in its second member. 

t (2990) We have nearly r=a, u'= \ [4937n, &c.] ; substituting these in 
CL 

fll'cfi _2 

m'.u'3.r3, we get m'.u'3.r3 — — = m [4S65] ; and, from [5094], it appears that 

this is equal to m2 nearly, as in [5374]. If we use the value of g , [5374], it becomes 

m'.u'3.r3 — §. (g—1) . Substituting this in [5373], we get [5375]. 

% (2991) Multiplying together the values of s and Ss, [5376] ; reducing, and 

retaining only the term depending on the angle gv—fv—Ô, we get, 

„ (ap—Aao) jD2 - . . , r , 
sSs = — . —s- • v • Sin. X. cos. X. cos. (gv — fv — d) . 

2(g—1) r2 J ' 

Multiplying this by —--, we obtain the expression of the second member of the 

equation [5375], as in [5377]. Multiplying this last function by —— , we aet the term 
r*.dv 

of div, corresponding to the second member of [5367] ; namely, 

7dt2.(ap—^oup) JD3 . 
—-X\dv- *73 -x-sm. X.cos.X. cos.{jgv-fo-d) ; 

adding this to the term [5368], we get [5378]. 

[5373] 

[5374] 

[5375] 

[5376] 

[5373a] 

[53736] 

[5374a] 

[53746] 

[5376a] 

[53766] 

[5376c] 
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[5377] 

[5378] 

[5378'] 

[5379] 

[5380] 

[5380'] 

[5381] 

[5382] 

[5379a] 

[53796] 

[5381a] 

3fs.dR+2S.r. (“) = D2 
7.(ap—lap). — .y . sin.X. cos.x. cos.(gr—-jv—-â). 

Multiplying this by , we obtain, in the expression of dov [5367], 
V • ctv 

a term which is to be added to that in [5368] ; and the sum becomes, 

dov = — 
10dt2.(ap- fhup) D2 . j. \ 
-—---.— . y. sin.x . cos.x . cos.(gv—tv—ô), 

r2. dv r3 J 

We may substitute in it, a for r, dv for ndt [603, 4828], and 

?i2a3 =i 1 [3709'] ; by which means, it becomes,* 

J)2 
dSv = — 10 dv. (ap—Jaup). y. sin.x. cos.x. cos. (gv—fv—â). 

This value of dSv corresponds to the angle contained between the two 

consecutive radii vectores r and r-\-dr, as in [923—925]. Now, if we put 

this angle equal to dv/f dv will represent its projection upon the plane of 

the ecliptic, and we shall have, as in [925],f 

or, very nearly, 

ds2 1 

dv2 5 

* (2992) Substituting in the factor tfTdv'~^d’ which occurs in [5b7S], the values 

dt=~, r = a, and rda3 = 1 [5378'], it becomes, 
n 

dv D2 j -D2 
-rT * ’ rv   dv • ci y 

n2 a3 a2 a2 

hence [5378] changes into [5379]. 

f (2993) The expression [5381] is nearly the same as that in [925], changing v into 

v , and V/ into v in order to adapt it to the notation in [5380], which is different 

from that in'[923'], observing that, on account of the smallness of s, we may change 

L ds 
* into —. Developing [5381], according to the powers and products of s, — ; 
dv/ dv 
neglecting the fourth dimension of these quantities, it becomes as in [5382]. 
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Substituting for s the expression. * 

• / ,\ (^P dd • » « • n 
s — y. sin. (gv—d) —•  -. —- . sin. x . cos. x . sin. fv : 

V* / g-—1 a2 J 

we get,f 

dv 
c . ) 

= dvt. < 1-f-J. (&p—. y . sin.x.cos.x.cos.^îi—-fv—0)-f-&c. > 

Hence we see, that to obtain the value of dôv, relative to the angle v, 

formed by the projection of the radius vector r, upon the ecliptic, with a 

* (2994) Substituting in [5050], the values of ôs [5351], we get [5383] ; which 

by using the value of A [5357a], becomes as in [5383c], omitting for brevity the symbol 

Ô. Its differential gives [5383c?], observing that f is nearly equal to unity [5347y]. 

Squaring these expressions, retaining only the products sin.gv.sinfv, cos.gv.cosfv, 

which produce the term depending on cos.(gv—fv) , we get [5383e,/J, whose sum is as 

in [5383g-] ; this is used in the following note ; 

s = y.sin.g-a—A.sin.fv ; 

ds _ . _ 
T, = gy-cos.gv~A.cos.fv ; 

£s2 = —^y.sin.g-v.sin./v-f-Sic. = — % Ay.cos.(gv—fv)f &c. ; 

ds2 
— z'ff = -\-gAy.cos.gv.cos.fv-\-hc. = %gAy.cos. (gv—fo)-{-he. ; 

isQ—'ï^== b(g—l)-4y.cos.(gv—fv) . 

t (2995) Substituting [5383g-], in [53S2], we get, 

dv = dv/ ,j 1 (g- — 1 ) . Ay . cos .(gv —fv) ] ; 

and by using the value of A [5357a], it becomes as in [53S4]. Hence it appears that 

this reduction, adds to the value of dv , the term dv,. 2 (g-—1) .Ay. cos.(gv—fv), 

or dv . £ (g—1) .Ay .cos-.(gv — fv) nearly ; which by the substitution of A [5357a], 

becomes as in the second member of [5385]. This term of dv , is a part of that 

depending on ap—Jcup, which is denoted by dôv in [5359, 5379,5385, &c.]. Adding 

together the two parts of dôv [5379,5385], we get the complete value [5386], and its 

integral, putting f— 1, gives ôv [5387]. This expression is obtained, to a somewhat 

greater degree of accuracy, in [12995] ; where small terms are computed, of the order 

3wi 
— , in comparison with those which are here investigated. 

[5383] 

[5384] 

[5383a] 

[53836] 

[5383c] 

[5383d] 

[5383e] 

[5383/] 

[5383g-] 

[5386a] 

[5386ft] 

[5386c] 

[5386d] 

[5386c] 

VOL. 111. 150 
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[5385] 

[5386] 

[5387] 
Inequality 
in lon¬ 
gitude 
depending 
on the 
oblateness 
of the 
earth. 

[5388] 

[5389] 

[5390] 

[5388a] 

[53886] 

[5388c] 

[5390a] 

[53906] 

fixed right line ; we must add to the preceding expression of dôv [5379], 

the term, 

D2 
dîv =\dv.(g?—i^).—.y.sin.x.cos.x.cos.(<g?>—-fv—ô) [53866] ; 

which gives, 

D2 
dôv = —^dv.(ap—.y.sin.x.cosAcos.^—fv—d) [5386f/] ; 

CL 

and, by integration, 

(cLp--D2 
(jv = — n. r___.7.sm.x.cos.x.sin.(gr—-fv—ô). 

This is the only sensible inequality in the moon’s motion in longitude, arising 

from the oblateness of the earth. It may be observed, that fv — 

expresses the longitude of the ascending node of the orbit, counted from the 

moveable vernal equinox ; hence it follows, that the expression of the true 

longitude, in terms of the mean longitude, contains the following inequality ; 

.^.y.sm.\.cos.\.sin.(longitude of the ascending node). 

The coefficient of this inequality isf 5s,552, if p = • it becomes 

IF,499, if P = TiT. 

* (2996) It is evident, from [4813,4817], that gv—6 represents nearly the moon’s 

distance from the ascending node on the fixed ecliptic, counted according to the order of the 

signs ; and fv [5345], the moon’s distance from the moveable equinox, counted in the 

same order. Subtracting the first of these expressions from the second, we obtain 

fv—gv-j-d, which must evidently represent the distance of the node from the equinox, 

or its longitude. Hence, 

— sin.(gr—fv—Ô) = sin ffv-gv-\-è) = sin.(longitude of the ascending node). 

Substituting this in [5387], we get [5389]. 

f (2997) Substituting A [5357a], in [5389], it becomes, 

Sv = Y‘A y. sin. (longitude of the ascending node). 

The values of A, corresponding to the ellipticities ^î} have already been 

computed in [5357, 5358], and found to be 6s,487, 13s,436, respectively. Multiplying 

these by y =0,855767 [5117 line 5], we get the values [5390]. If we put the 

coefficient of [5389] equal to A', we shall have, by comparing it with [5357a], 

or, A = ^ v4' • 
19.y ’ [5390c] A! = ÿ.A y, 
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The oblateness of the earth affects also the motions of the perigee and nodes 

of the lunar orbit. For, the value of Q is, by this means, increased by 

the quantity,* 

Q=(ap-iaç).(l-|s2).{|-(l-52).sin.2x. sin.y^-25.sinx.cosx.sin/^-s2.cos2x].£)2w3. 

This produces, in the equation [4754], the following term ;f 

(ap— 

Â2 
. (1—J-. sin.2x) ; 

and, by substituting for w, its approximate value, 

u = - . {1 + e . cosfcv—to)] [4826], 

and observing, that A2 is very nearly equal to a [4859], we obtain, in 

the differential equation [4961, or 5392«], the terms, 

l_j.sin.sx) 
a ar 

2. (dp—idp) D2 . _ 
---. — . (1—J-.sin.2x). e. cos. (cv—to). 

substituting this in [53576, c], and reducing, we get the following equations, which may be 

used hereafter ; 
A. — 4392s,6.ap—7s,6 ; 

A'-{-7s,6 
CLp • -- • 

1 4392s,6 

* (2998) If we change the signs of the two factors of Q [53466], which does not 

alter its value ; and then vary the place of its last term, we get, 

(^=(dp—idp).D2.M3.{^(l—s2)2—(1—s2)2. sin.2X.sin./>-2s.sinX.cosX.sin/z?-s2.cos2X]. 

_3 

Dividing the last factor by (1—s2)2, and then multiplying by the equivalent expression 

1—|s2, neglecting terms of the order s3, we get [5391]. If we neglect also the terms 

depending on s, and substitute sin.2/; = £—L*cos.2fv, it becomes, 

Q— (dp—|d<p)._D2. u3. j/—|.sin.2X/§.sin.2X.cos.2/>] ; 

which is used in the next note. 

f (2999) Upon the same principles, by which we have obtained the equation [4755] 

under the form [5347/], we may reduce [4754], to the following form, 

[5390'] 

[5391] 

[5392] 

[5393] 

[5394] 
Terms of 
the equa¬ 
tion 
[4754]. 
[5395] 

[5390rf] 

[5390e] 

[5391a] 

[53916] 
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[5396] 
Increment 
of the 
motions 
of the 
perigee 
and node. 

[5397] 

[5392a] 

[53926] 

[5392c] 

[53924] 

[5392e] 

[5392/] 

[5396a] 

[53966] 

[5396c] 

[53964] 

Hence we easily find, that the motion of the perigee is increased by the 

following quantity nearly ;* 

I)i 
= (ap—1 a?). — . v . {1—J- .sin.2>«}. 

CL 

It is evident, from the equation [4755J, that the retrograde motion of the 

node, will be increased by the same quantity. If we reduce it to numbers, 

we obtain,! 0,00000026384.?; ; which is insensible. 

This contains the most important part of the terms now under consideration depending on 

Q ; the neglected quantities being of a different form and order from those which are 

retained in [5394,5395]. Now, the expression of Q [53915], gives in [5392a], the 

terms, 

-I. = — (aP . D2a2. | l—-|.sin.2X-f-f.sin.2X.cos.2/; 1. 
/t2 \du / a2 ‘ 

If we neglect the part depending on the angle 2fv , it becomes as in [5392]. If we 

use the values [4937w], and put, for brevity, 

Z>2 
B = (ap—<p) . —- . (1—f.sin.2X) 

a* 
we get, 

Substituting iP 
aa 

l /d Q\ jy 2 
-. f — ) = — B au2. 

h? \duj 

.(l-f-2e.cos.CT) [5393], and neglecting e2, it becomes, 

B e 
■-2 B . - . cos.ct , as in [5394,5395] ; 

a a 

hence the equation [5392a], is reduced to the following form, 

_ ddu , J3 e 
0 = —- -f- u-2B. - . cos.ct. 

4c2 1 a a 

* (3000) Neglecting terms of the order e2 , e/2, we find that the coefficient of 

-.cos.ct, in the equation [4961], is represented by —p [4975]; and, it is evident, 
a 
that the terms depending on B, in [5392/, or 4961], augment the value of p by the 

quantity 5p = 2B . Now the motion of the perigee is represented, in [49846], by 

(1 which is very nearly equal to %pv ; so, that if p be augmented by 

Sp} the motion of the perigee will be increased by %Sp.v — Bv , as in [5396,5392c]. 

f (3001) If we neglect terms of the order e'2, e2, &c., and also, for brevity, the 
V 
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We shall now make an interesting remark, upon the 'preceding inequality of 

the moon’s motion in latitude. This inequality is nothing more than the reaction 

of the nutation of the earth’s axis, discovered by Bradley. To prove this, we 

shall put 7 for the inclination of the lunar orbit to the plane we have spoken 

of in [5352], which passes always through the equinoxes, and is inclined 

to the ecliptic by an angle [5353], equal to (fWlEfîl . t 

The inclination of the lunar orbit to the ecliptic, will be, 

sin. x . cos. x. 

symbol Ô, we shall find, that the retrograde motion of the nodes is, 

I / 1-f-p"'— 11 • v = hf'. v , nearly [5059] ; 

observing, that p'y.sm.gv [5053], is the term of [5049,or4755], depending on sin.^y. 

The inspection of the value of q [5391a], shows, that the quantity produces 

nothing of importance in [4755]. If we neglect s2, and put h2=a, u=a~1, m 

the other terms of [4755 line 2], we find, that this equation becomes, 

Multiplying the equation [5392d], by A2s, and substituting the preceding values of 

u , we get — s . = —Bs. Again, if we take the partial differential of q , 

[5391a], relative to «, and multiply it by —a, putting u = a~1, we shall get 

[5397g-]. Neglecting s2, putting sin.2/y = -£.cos.2/y, and omitting the terms 

depending on fv, 2\fv, we get [5397A]. Substituting cos.2X= 1 — sin 2X , and 

reducing successively, using B [5392c], it becomes as in [5397?] ; 

^) = (aP-W).^ .5 -(l—.2)-—5^.(1—„#sin.2X.sin.2/y ) 

ds a2 ^ T2.sin.X.cos.X.sin.j5;-f-25.cos.2X \ 

C" > 

= (ap—|ap) .-.s.^l-f.sin.2X+2.cos.2X^= (aP—.$3—f.sin.2x| 

= 3 B s. 

Substituting the values [5397??, i], in [5397c], we get, 

n dc/s (ids 

or °s=’^2 + s + ZB.y.sm.gv , nearly [5383] ; 

hence the value of f [5053], is increased by the quantity 2 B, nearly ; consequently 

the motion of the node lp"v [5397a] is augmented by the quantity Bv , being the 

same as that of the perigee, [5396??], as in [5397]. 

Substituting, in [5396], the values [5354—5356], we get, 

VOL. III. 151 

T 
inequality 
is the 
reaction 
of the 

[5398] 
nutation 
of the 
earth. 

[5399] 

[5397a] 

[53976] 

[5397c] 

[5397d] 

[5397c] 

[5397/] 

[5SQ7g] 

[53976] 

[5397t] 

[5397Æ] 

[5397?] 
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[5400] 

[5401] 

[5401'] 

[5402] 

[5397m] 

[5397n] 

[5397o] 

[5400a] 

[54006] 

[5400c] 

[54004] 

[5400e] 

[5400/] 

[5403a] 

* (ap—Joup) jO2 
7---• . Slll.X . COS.X . COsfgV—fa—ÔJ = inclination of orbit to the ecliptic. 

g 1 a 

Now, the area described by the moon about the earth’s centre of gravity, is 

.dv [372a]. This area, projected upon the ecliptic, is decreased in the 

ratio of the cosine of the inclination of the moon’s orbit [5400] to the radius ; 

therefore, it is represented by, 

12 . C (<Xp—^CJLqo) X)2 . 
2 r Av.COS.j1}--- . ^-.sm.X.COS.X.COS.(^—fa—d) 1 = projec. of the area ^.dv. 

t g 3 

Hence, the expression of this area contains the inequality,! 

S*s=8ô = 0,00000026384.^, as in [5397] ; 

and, by putting v = 360d, it becomes 8vs = 0s,3, corresponding to one revolution of 

the moon. This part of the motion of the perigee is insensible, in comparison with its 

whole motion 0,00845199.v [5117line2]; being only part of it. 

* (3002) In the annexed figure, let 

AR be the equator, AJYB the fixed plane, 

AED the ecliptic, JVEM the moon’s orbit ; 

then, if we make arc NM= arc NE=90'z, 

and describe about N, as a pole, the 

arc MDB, we shall have arc MB=y 

[5398'], angle B A B — A [5357a]. 

Moreover, we have, very nearly, in the ■&- 

triangle BAB, arc BB — A.sin.AB= A .sin. (^4JV-f-9Qrf) = A .cos.AN; and, as 

AN is nearly equal to AE—fv—-gv-fô [5388], we have BB—A.cos.(fv—gv fa); 

hence 
MB—MB—jBB=y—A.cos.(fv—gu-H) = 7—A.cos.(gv—fv—0). 

Now, from the extreme smallness of the arcs BB, EJV, it is evident, that the arc 

MB represents very nearly the value of the angle MEB, or the inclination of the moon’s 

orbit to the ecliptic. This agrees with [5400]. We may moreover remark, that the angle 

gv—fv—Ô, or fv—gvf-ô, corresponding to the distance of the node from the equinox 

varies only about 3d, in a periodical revolution of the moon ; consequently, the angle of 

inclination [5400] alters but little, during that revolution; and the factor of \A.dv, in the 

inequality [5403], is nearly constant in the whole of that period. 

f (3003) Putting, for brevity, A' — A . cos. (gv—fv—â) [5357a], in the 

expression of the projection of the area [5402], and then developing, as in [61] Int., 
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0 . (cip—Jam) Z)2 . . . . 
*». av.~-- . —.y.Sm.X.COS.X.COS.fgT—TV—Ô) = a term of the projection of £A 

g—1 a-2 w ° ' 
,dv 

and, as we have, very nearly,* r9. dv = a9. denoting the moon’s mean 

motion, this inequality will be represented by, 

JZ)2. dt.---—2 ' \'/.sin.\.COS.\.COS.(gV—-fv—<)) = a term of the projection of %r%.dv. 
g— 1 

Multiplying this expression by the moon’s mass, which we shall represent 

by L ; then, dividing the product by \dt, we obtain the momentum of 

the moon’s force about the centre of gravity of the earth, arising from the 

oblateness of the earth.f Hence we get, for this momentum, the following 

expression ; 

L.D\ 
(ap—Ja<p) 

~g~^~ 
.^.sin.x.cos.x.cos•(gv—fv—d) = momentum of the moon. 

In consequence of the equality between the action and reaction, the same cause 

neglecting the second and higher powers and products of A1, it becomes, 

\r%.dv. cos. (7—A') = %r2.dv.\cos.y-}-A,.sin.yl = %r'2.dv.cos.'}'Jr^?'2.dv.A''y, nearly. 

Re-substituting the value of A1, in the last part of this expression, we obtain the term 

[5403]. 

# (3004) We have r2. dv — a9, ndt. \/l — & [1057]; and, by neglecting e2, 

changing also the mean motion ndt into dt, so as to correspond to the notation in [5404], 

it becomes A dv = a2, dt, as in [5404] ; substituting this in [5403], we get [5405]. In 

this process, we neglect the consideration of the perturbations of the moon’s motion by the 

sun’s action, using the elliptical value of rs. dv [5404a] ; observing, that the rejected 

terms are of a different form or order, from that in [5405]. 

f (3005) The arc which the moon describes in her orbit, in the time dt, being 

resolved in a direction perpendicular to the radius r, is evidently represented by r.dv ; 

dv 
consequently, the velocity, in that direction, is r.— ; and the force is proportional to it. 

Multiplying this by the radius r, and by the mass L, 

of the moon [29'], 

dv 
A — 

dt 
or 

i r~. dv 

i dt 
L, 

we get the corresponding momentum 

as in [5406']. 

Substituting, in this last expression, for Jr2, dv, the term given in [5405], we obtain the 

corresponding part of the moon’s momentum, as in [5407]. 

603 

[5403] 

[5404] 

[5405] 

[5406] 

[5406'] 

[54071 
Momen¬ 
tum of the 
moon cor¬ 
respond¬ 
ing: to the 
oblateness 
of the 
earth. 

[54036] 

[5404a] 

[54046] 

[5406a] 

[54066] 

[5406c] 
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[5408] 

[5409] 

[5409'] 

[5410] 

[5409a] 

[54096] 

[5409c] 

[54094] 

[5409c] 

[5409/ ] 

[5410a] 

must produce, in the particles of the earth, a momentum which is equal and 

contrary to the preceding. This momentum is indicated by the nutation of 

the earth’s axis, and we may determine its value by means of the formulas 

in book v. ^ 6. For, we see, in [3101], that if we put V for the obliquity 

of the ecliptic to the equator, the moon’s action upon the earth produces, in 

consequence of the oblate form of the earth, an increment in the angle V, 

which is represented by,* 

lx 

(l-fX).(g— 

l and x being the same as in that article. The element of the rotatory 

motion of the earth being supposed ndt [3015] ; the sum of the momenta 

of the forces acting upon each particle of the earth, multiplied by the mass 

of the particle, is equal to nC \ C being the momentum of inertia 

of the earth, relative to its axis of rotation.f To reduce this momentum to 

— . 7 . cos. (gv—fv—ê) = increment of the obliquity V ; 
■ ) 

# (3006) Of the five terms which compose the value of Ô [3101], and of Ô' 

[3360 or 3378], or that of V, in the notation [5408], the first is <|$fistant ; the second 

is secular ; the fourth and fifth are small, and depend on the places of the sun and moon. 

The third is that upon which the nutation depends ; namely, 

IXc' 
. cos.(/'* + (3') ; 

c' [3086] being nearly the same as 7 [5398'] ; and, 

—ft — 3' =fv —gv -f- ô [3086', 5388], 

representing the longitude of the moon’s ascending node, counted from the moveable vernal 

equinox. Substituting these values in [54096], it becomes, 

lx y 

B+xj/'-00’-(»—/•“')• 

Now, the mean increment of v, in the time t, being represented by t [5404], it 

will follow, from the equation [5409c], that —f=f—g = l—g, nearly [5347r/], or 

f = g—1; substituting this in [54094], we get the increment of the inclination V 

[5409]. We may remark, that this use of the symbol V is restricted to § 20 [5408] to 

[5422] ; in other parts of this chapter, V denotes the function [5336, &c.]. 

t (3007) The angular velocity of a particle of the earth about its axis of revolution 

being n [5409'], its actual velocity, at any distance r, from the axis, is nrr 

Multiplying this by the same radius r,, and by the mass of the particle dm, we get 
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the ecliptic, we must multiply it by the cosine of its obliquity, or by,* 

'• { v+ (Î+I)^ï) • f ■ j ; COS 

we shall, therefore, have the following inequality, in the momentum of the 

earth [54116] ; 

IX.nC.sin.V - 

- 7——r 7-— . 7 • COS.fQ'V —— TV Ô) = inequality in the earth’s momentum. 
(X+X)-C§T—l) V 

We have, in [3098], 

3m2 (2C—d—B) 
l=ln-—C-fol+Ofcs.F; 

m t denoting the mean motion of the earth [3059] ; alsof x.m2 = ~ ; 

a being the moon’s mean distance from the earth ; and, since we represent 

the moon’s mean motion by t [5404], and the mass of the earth by J\l 
M £ 

[4757] ; we have, very nearly, f •— = 1 , which gives x.iri1 = — ; 
cc 0 M 

the momentum qf this particle, equal to n.rf. dm [29']. Integrating this, relative to the 

whole mass of the earth, it becomes n.frf.dm; in which rf is represented by 

v"2-\-y"z, of the formula [229], the axis of rotation being z"; consequently, this expression 

becomes, 

n .frf. dm — n J(x"2-f-1/2) . dm = n.C [229], as in [5410]. 

* (3008) Putting the function [5409] equal to &Vt the whole obliquity will become 

V-WF. Its cosine, by [61] Int. is represented by cos.V—SV.sm.V, nearly. Multiplying 

this, by the momentum n C , it produces the term, —n C.sin. V3V; and, by substituting 

the value of àV [5409], it becomes as in [5412]. 

u 
f (3009) This is easily deduced from 7.m2=— [3079], changing L into 

L , and a' into a, to conform to the alterations in the notation, which is used in 

[3078,5406,5414]. We may also observe, that in deducing the value of l [5413], 

from [3098], we must change h into V, to conform to [3357, 5408]. 

t (3010) The mean increment of v , in the time t, is very nearly represented 

by nt [5095] ; consequently that of dv is ndt ; and as this is put equal to dt, 

in [5404], we shall have n= 1. Substituting this and [4775//],in [3700], 

vol.in. 152 

[5411] 

[5412] 

[5413] 

[5414] 

[5415] 

[5416] 

[54106] 

[5410c] 

[5411a] 

[54116] 

[5414a] 

[5415a] 
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[5417] 

[5418] 

[5419] 

[5420] 

[5421] 

[54156] 

[5415c] 

[5416a] 

[5418a] 

[54186] 

[5418c] 

[5418</j 

[5418e] 

thus, the preceding inequality becomes,* 

3 L (2C—A—B) 

4M‘ T~ 
. y.sin. F.COS. V.COS.(gv—fv-â) inequality inthe earth’s momentum. 

We have, from [2960—2962],f 

2 c — A — B = 'i .*. (a p—|a9) . D\f 3n . R*. d R ; 

P being the oblateness of the earth ; D its semi-diameter; R the radius 

of one of its particles, whose density is n ; and * the semi-circumference, 

whose radius is unity. The mass of the earth is t M — Sn.i?3. dR\ 

We get — = 1 ; which, by neglecting the mass of the moon m, in comparison 
s a3 

M 
with that of the earth M, becomes — =1, as in [5416]. This gives a3 = M , 

and, by substituting it in [5414], we obtain the expression of X.m2 [5416]. 

* (3011) From [5416] we get m2 = — ; hence [5413] becomes, 

^ (2C-.4-B) 

4 M nC X 

substituting this in [5412], we get [541 7]. 

f (3012) Subtracting the sum of the values of A , B [2960,2961], from 2C 

[2962], we get, 

A Q 10 
2C-A—B = - . c^.(/t-icp)./01p.d.a3=-.^.(a/l—; 

2/ J 

in which <p [2951], is the same as in [5333'], and h = p [53356]. Moreover, we 

must change a, P [2947], into R, n [5419,5420], to conform to the present 

notation; hence the last expression [541So] becomes, 

2C—A—B = $.*-. (aP—£a<p). fQl 3n . li2. <1R. 

The two members of this equation are not homogeneous ; for in the Srst member, A, B, 

C [2920 —2922], are of the fifth order in R , and the second member is only of the 

third, order ; we must, therefore, multiply the second member, by the square of the mean 

radius of the earth D [5334], which is taken for unity in [2947'] ; and then it becomes 

as in [5418]. In the original work, the factor 3, under the sign /, is accidentally 

omitted. 

-j- (3013) This is similar to the expression [1506a], changing the notation, as in 
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which is to be substituted in [5418] ; and then the resulting value in [5417], 

changing also the obliquity of the ecliptic V [5408], into x [5341] ; [5422] 

hence the inequality [5417] becomes, 

L.D\ 
(ap—^ctp) 

g—1 
. 7.SÎn.X.COS.X.COS.(g?;—fv-$) = inequality in the earth’s momentum. [5423] 

This expression is the same as that in [5407], with a contrary sign. Hence 

it follo ws, that the preceding inequality o f the moon’s motion in latitude, is the 

reaction of the nutation of the earth’s axis ; and, that there would be an 

equilibrium about the centre of gravity of the earth, by means of the forces which 

produce these tivo inequalities, supposing all the particles of the earth and moon to 

be firmly connected with each other ; since the moon compensates for the 

smallness of the forces which act on it, by the length of the lever to which 

it is attached. 

[5424] 

The ine¬ 
quality 
in the 
moon’s 
latitude is 
the re¬ 
action 
of the 
nutation 
of the 
earth’s 
axis. 

21. To notice the effect of the moon’s figure, which is not exactly 

spherical, we shall observe, that it introduces into Q [4756], the term, 

(M + m) . [4773], or more simply, ~~ ? [5425] 

because, we have put M+m = 1 [4775"]. Now, from [1505,1809', 4770'], 

we obtain,* 

sv' = S ; [5426] 

[54185]. Substituting the value of M in [5418], we get, 

2 C—A—B = |. (ap—joup) . JD* 2 * M ; [5421a] 

and, by using this expression, and that of V — X [5422] ; we may reduce the inequality 

[5417], to the form [5423]. 

* (3014) We may neglect the terms of V [ 1505], which are divided by r4, on 

account of their smallness ; also those depending on F0), F^, as is done in [1809', 1811], 

and then it becomes, by accenting the letter V, so as to conform to the notation [4769], 

V' = t-fif-d-a3 + '§-Afd-^Y^)=-r+ fb/oVrf.(«5r<®) [5429], [5425a] 

Substituting this in [4770'], we get (5 V [5426] ; the limits of the integral being changed 

from 0, 1, to 0, a. Multiplying the expression of 8V [5426], by [5425b] 

[4775"] ; and then dividing by m [5429], we get [5430]. 
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[5427] 

[5428] 

[5429] 

[5430] 

[5431] 

[5432] 

[5431a] 

[5432a] 

[5432&] 

[5432c] 

[5433a] 
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the integral being taken from a = 0 , to a, equal to the moon’s semi¬ 

diameter, ivhich we shall denote by a, and p being the density of the 

stratum of the moon corresponding to a. We have m = «■. fp P. d.a3 

[1506a] ; hence we deduce, 

W 
(M+m) . — 
v m 

fgp.dfa5.!™) 
5;-3. /0a P.d.a3 

To determine f* p.d.(a5. Y2)) , we shall observe that we have, in [1761], 

for Y(2), an expression of the following form,* 

Y^ = h'• (■£—>a2)-f-h"^• [/ • sin.w-f-h'". p,\/i—^.cos.to 

+ h"". (1 —.sin. 2w-f-/T. (1—w) . cos.2w . 

Then, the properties of the axes of rotation [1753—1757], give,f 

0 = /0a P.^.(a5 h") ; 0 =f*?.d.(a5h!") ; 0 =/0aP.rf.(a5Ai ) ; 

and then, from [2948—2950], we obtain,]: 

* (3015) The expression of Y('3) [5431], is the same as in [1761], increasing the 

accents on A, by unity. 

-j- (3016) Substituting the expression of Y(3) [5431], in [1757], we get, 

[7(2>= <x.(y—lus3) fty'p.dfdh1) -fa.a-v/l—^2.sin.^./oaP.d.(«5A//)-faia.v/1—p.2. cos .ns.f*p.dfct5h'") 

-f-a.(l — |A2).sin.2w./0a p.ç?,(a6A"")+a.(l — ,^2).cos.2vu/0ap.<l(a5AT). 

Comparing this, with the value of CA2) [1753], we get, 

H=— a./0a ?-d.{a5IÏ) ; H' = a./0a P.^.(a5A") ; H" = a. /0a ?,d.(a*hm) ; 

H"' = a. /0a p.d.(a5h"") ; H'" = a. /0* P.d.(«5Av) . 

Now, the properties of the principal axes give, in [1754], H'=0, H" = 0 , if7" = 0 ; 

substituting these in [51326], and dividing by cl , we get, from the second, third and 

fourth equations, the values [5432]. 

f (3017) Substituting the values of A, B, C [2948—2950], in 2 C—A—B, 

we get the expression [54336], by putting cos.2^-f~ sin.2 = 1. This is easily 

reduced to the form [5433c], by introducing the value of Y(91 [5431], and neglecting the 

terms depending on h", Ji", h"", on account of the integrals [5432]. We may also 

neglect the term depending on cos.2^; because, at the limits of the integral ns — 0 

it has the same value ; and the integral taken between these limits vanishes. 

Hence we have, 
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Thus, we have,* 

2C—A— B = ]■-§-. CL~ -St (a5 h!) ; 

B—A = -ff-. &rt.f0ap.(L(a5 Av). 

2 C—A—B = 3a./.p.d.(a5 Tt2)), Aitudns 

= 3ci.f,p.d.(ar> Ti’ ).Q —ju?y?-.dtJ>.d'ü-\-3a.f.p.d,(a5 AY).(4—f^2).(l—,a2).cos.2-zrt.df*. dw 

= 3&.f.p.d.(a5 li ).(■£■—'iw3)2. d/x.dw. 

Now we have, by the usual rules of integration, 

/»2 7T /» 1 
y— li?y.dp=& [2933?,l,or3569e] ; 

substituting these in [5433d], we get [5433]. In like manner, if we substitute the values 

of A, B [2948, 2949], in B—A, we get the first expression [5433g]. Substituting 

in this, the value of T'31 [5431], and neglecting, as above, h", h"', h"", we get 

[5433/?] ; reducing also, by means of cos.2^—sin.2* = cos.2^ ; cos.22ts= |_Li.cos.4tt; 

and neglecting, as in [5433a], the terms depending on cos.2tt, cos.4tt, we obtain 

[5433?] ; 

B—A = af p.d. [a51' 2)).d/x. dtt. ( 1—fj2).(cos.2tt—sin.2tt) 

= a/p.d. (a5 T(2)] .d^.dw. ( 1—fx2).cos.2tt 

= &J p.d.(aJÀ/).df/j.d,5ï.(-1 f?2).(l—/a2).cos.2p.d.(a5/?v).(l—f/j^.cos.^tt.diw.dtt 

= Ja f p.d.(a5/?v).( 1—fx2)2. d/x.dtt. 

Substituting the integrals 

fl*à-a = 2», y^j(l—^)2.^= jf [X754e,/], 

in this last expression, it becomes as in [5433]. 

* (3018) Substituting the value of T# [5431], in /p.d.(a5 Y<9], and neglecting 

the terms depending on A", h'", h"", on account of the equations [5432], we get 

[5434a]. The integrals of this expression are easily obtained from [5433, 5433], and, by 
substitution, we get [54346] ; 

f* ?.d.(a"Y{~:) = (-1—A) ._/yap.<r/.(rtr7d)+(l—-/). cos.2tt . f*p.d.(a5hv) 

3. 2 C—A—B . B—H 
= Ci—p ) *—TeTT-h(l—m“).cos.2^.—— . 

1 O rt r~rr ffa-Tr 1 5 

Substituting this in [5430], and making a slight reduction, we get [5434]. Multiplying 

this by the second member of [5435], and dividing by its first member C, we obtain 
[5436]. 

[5433] 

[5433] 

[54336] 

[5433c] 

[5433d] 

[5433e] 

[5433/] 

[5433g-] 

[54336.] 

[5433] 

[54336] 

[5434a] 

[54346] 

VOL. III. 153 
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[5434] 

[5435] 

Terras of 

Q. 
[5436] 

[5436'] 

[5436a] 

[54367] 

[5436c] 

[5436c'] 

[5436d] 

[5436e] 

[5436/] 

[5436g] 

[54367] 

5 V 9 

m I6rf'r3.f*p.cl.a3 

We have, very nearly, in [2962] 

j (2 C—A—B). (|-k9+(B-À). ( 1 pa9), cos.2^ J. 

C=~.f‘r.d.a‘; 

therefore, 

<5 V 
- 
m 

1 
(2 C—A—B) 

C 

(■B-A) 

C 

•ci-v) 

. (1—f) .cos.2ra 

terms of Q. 

In this expression, w is the angle formed by the principal axis of the moon, 

directed towards the earth, and the plane which passes through the earth’s 

centre, and the axis of the moon’s equator ;* p is the sine of the earth’s 

* (3019) The notation which is here used, is similar to that for the earth [5338,5334']; 

and corresponds also with [2910,3435, &c.]. In defining the angle w, in the original 

work, the words, line connecting the centres of the earth and moon, are inadvertently used, 

instead of the part printed in italics in [5436']. If we suppose the line connecting the 

centres of the moon and earth to be projected upon the plane of the lunar equator, then 

to will represent the angle formed by this projected line, or radius vector, and the moon’s 

longest axis, which is directed nearly towards the earth ; this axis being taken as the origin 

of the angle hence we have, by supposing the angular and rotatory motion to commence 

together, when to = 0 ; 

to = angular motion of this radius vector — moon’s rotatory motion. 

Now, in [3440,3433/], v represents the apparent motion of the earth in longitude, seen 

from the moon ; and <p the rotatory motion of the moon ; so that, if we neglect the terms 

arising from the reduction of v to the plane of the lunar equator, we may put v for the 

angular motion of the radius vector, and <p for the rotatory motion ; and by this means 

[5436cZ] becomes, 
TO = V-<p . 

The differential, relative to the characteristic d, affects only the moon’s co-ordinates [5363'], 

in its relative motion about the earth ; and, as <p depends on the rotatory motion, we shall 

get, for the differential of the equation [5436g], the expression dw=dv ; therefore, 

d.cos.2-5T= — 2dr;.sin.23T, as in [5437,5437]. 

If we substitute the expression of v—<p [5436/], in [3447c], we get, 

[5436] 
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declination, seen from the moon, and referred to the moon’s equator 

[2909, 3435,&c.]. It is evident, that, by increasing v by dv, « increases 

by dv ; therefore, we have d.cos.2w =—2dv.sm.°2^ [54367] ; the 

differential symbol d referring only to the co-ordinates of the moon ; 

moreover, we have, as in [5360], 

i? = — Q+-. 
r 

The part of dR, relative to the spheroidal form of the moon, produces the 

following expression, neglecting the square of f* * ;* 

3 fJ'-p.d.a5 (B—A) 7 . ^ 
dR = —v • -—j s • —~—-. dv. sm.2®. 

5r* f*P-d-a 0 

Hence we get, in ôv, or in the moon’s true longitude, the following term of 

the formula [931] ;f 

ÔV = 
foP • d.a5 1 (B—A) 

y;aP. d.cd r9 c . ff dv9. sin.2^. 

[5437] 

[5437'] 

[5438] 

[5438'] 

[5439] 

[5440] 

ta = — sin.n -{- he. ; [5436Æ] 

u being the moon’s libration in longitude [3464"] ; so that any inequality which occurs in u, 

may occur also in to, but with a different sign, as in [5441, &c.]. If we substitute, in [543GZ] 

[54367c], the value of u [3456], we get, 

to = ~ Q.sin. | mi . | — &tc. ; [5436m] 

and, if we change Q into K, it produces the term mentioned in [5441]. [5436n] 

* (3020) The part of Q mentioned in [5425], and developed in [5436], produces 

in R [5438] the following quantity ; 

75_9 /oap.d-«5 1 

10 ’/.‘p-wV 

(2 C-A-B) 

~c~ 
■ (1—^)+^-. (i_^). cog,2* | . 

If we neglect the square of p., as in [5438'J ; then take its differential relative to d, 

using the expression [5437'], we get [5439]. 

[5439a] 

f (3021) We have, in Sv [931], the term — and, if we neglect 
fjj y J. c~ 

e3, putting a = r, nearly; also p. = l, as in [4775"] ; it becomes 3r .ffndtAR. [5440a] 

Now, ndt is nearly equal to dv [5095] ; therefore, ôv contains the term 3r.ffdv.dR; 

and, by substituting the value of dR [5439], it becomes as in [5440]. 
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[5441] 

[544F] 

[5449] 
Inequality 
in the 
moon’s 
longitude, 
arising 
from the 
spheroidal 
form of 
the moon. 

[5443] 

[5444] 

[5442a] 

[54426] 

[5442c] 

[5443a] 

[54436] 

[5443c] 

The angle st is always very small [3468, 5436'] ; so that we may suppose 

sin. 2^=2tf. Moreover, from [3456], we find, that w contains a term of the 

form —K. sin. ^ -{- F j [5436m, n\. This term, taken 

with a contrary sign, represents, in [3456, 5436m], the real libration of the 

moon. As it increases very slowly, it would seem, that it ought to become 

sensible by double integration : this is the only term of the expression of 

which it is necessary to notice. It produces, in sv, the term,* 

6v = 
fçfp.d.a5 K 

T' ffp-d-a? r2 
. —. sin. < v ■\/3- 

(B-A) 
C 

+ F 

The libration K. sin. j v 3. + F j being insensible, we cannot 

suppose, that it amounts to a centesimal degree. Moreover, the coefficient 

-f-. -2. °a , -3 is extremely small. If the moon be homogeneous, it becomesf 
r Jo 

ci 
now, - is the sine of the moon’s apparent semi-diameter ; hence, 

a2 

* (3022) Substituting 2# for sin.2-5J, in the integral expression of ffdv%. sin.2w, 

which occurs in [5440], and then the term of # [5441], we obtain, by successive 

integrations, the expression [5442c], retaining only the most important term, having the 

divisor B—A, arising from the double integration ; 

ff di)2.sin.2si= Qffdv2. vs= — 2K.ff dvz. sin. ^ v. |yZ'^C ^ T 

=4T.4,/yg+d. 
3.(B—A) l V c > 

Substituting this in [5440], we get [5442]. 

f (3023) The moon being supposed homogeneous, and p = 1, we have, 

P. d. a3 = a3 ; hence, /oa P’d* er 

/oa P-d-a3 
a2. 

Substituting this, in [5443], we get, 

3. . — J"0 — = 4 • ~x — 4 • sin.2(moon’s semi-diameter) == 4’040045 )2 = 0,000024 ; 
5 r2 fj-p.d.o3 5 r2 5 v J 5 \ ’ J > 

and, if we suppose K = 1° = 54™ = 3240s, ,,we shall get 0,000024.K= 0s,07, for the 

coefficient of the correction [5442] ; which is insensible. 
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the product of K, by this coefficient, is wholly insensible. If the moon be 

not homogeneous, its density must increase from the surface to the centre; 

then, this coefficient is yet less.* Hence it follows, that the preceding 

inequality of the moon's longitude is insensible ; and, that the variation from 

a spherical form does not produce any sensible inequality in the motion in 

longitude. 

As to the latitude, we must observe, that p is the sine of the earth’s 

declination, seen from the moon [5437], and referred to the lunar equator ; 

moreover, the ascending node of the moon’s orbit always coincides with the 

descending node of its equator [3433] ; therefore, we shall have,f 

f*a = j s -f- ^. sin. (gv — ô) J2 ; 

x being here the inclination of the lunar equator to the ecliptic. Hence we 

get, Î 

* (30.24) Changing R into a, in [277'] and multiplying by 

5/o P•fl4.da /0ap.d.a5 _ 

3 f'P.aï.da^ ’ fy.d.a?^ 7 

being less than its value a2, corresponding to p= 1 [5443a]. 

5 
3 J we get 

f (3025) It is found by observation, that the descending node of the lunar equator always 

coincides with the ascending node of the lunar orbit [3433] ; and the inclination of the lunar 

orbit to the ecliptic is nearly equal to y [5400], also the inclination of the equator to the 

ecliptic is X [5446'] ; therefore, the inclination of the lunar orbit to the lunar equator, is 

nearly equal to y+X . Now from [5383], we find, that the moon’s latitude, or the angular 

elevation of the moon above the ecliptic, is nearly represented by s = y.sin.(gv_P) ; 

hence the corresponding angular depression of the earth, as seen from the moon, is 

—y.sin.(ga—Ô) ; and it is evident, that by changing the inclination y into y+X [54466], 

we get the angular depression of the earth below the lunar equator —(y-fx).sin.(gi'_â) . 

This may be put equal to its sine p, and by using the value of 5 [5446c], we get, 

<* = — (y+X) .sin. (gv—â) = — s — X.sin,(gv—6)= — {s-f-X.sin.(g-«—â) j ; 

whose square is the same as [5446]. 

X (3026) The partial differential of ^ [5446], relative to s, being divided by 2ds, gives 

the first of the expressions [5447] ; substituting in this, the value sin.(^«—ê) = - 

we get the second form of that equation. 

154 

[5444'] 

[5445] 

[5445'] 

[5446] 

[5446'] 

[5444a] 

[5446a] 

[54466] 

[5446c] 

[5446d] 

[5446e] 

[5447a] 

VOL. III. 
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[5447] 

[5447'] 

[5448] 

[5448'] 

[5449] 

(js) = S+ X * sin.(gv — ô) = . 5 ; 

therefore, the spheroidal form of the moon, adds to the expression of 

— ^ • (jjf) ? in equation [4755], the term,* 

3 
5 * 

/oap • d.a5 1 (X-fy) 

3 * ^2 * 

/oaP • cLa T 

c 2C—A—B , B—A 
‘s • < -ç-1-. cos.2ro !• 

Now, as we hare very nearly, cos.2a = 1, it adds to [4755], the quantity,f 

, 1 (M-r) <c-A) 
• —^— • 5 = term of [475oJ. 

/oap • d. cr r 7 

It is evident, from [5397&, /], that this term adds to the motion of the node, 

the quantity,J 

[5448a] 

[54486] 

# (3027) Substituting, in _L (^\ 
\ds ) 

[5447'], the terras of , given in [5436], 

we get, 

2 fdq\ 3 /oV'»8. _L_ , /^\ 
A2u2 \ds) 5 * JoP'd.a3 W.r3 ' \ds J 

2C—A—B 

C 
+ ~~C~ 

cos. 2 to 

substituting the last of the expressions [5447], we get [5448] ; observing that h2, and 

tr1, are nearly equal to a, or r [4937w,&c.]. 

[5449a] 

f (3028) Since zi is very small, we have nearly cos.23ï = 1 j hence we get, 

2 C—A—B , B—A n 2C-A—B , R—A n C—A 
- - -j-—— . cos.2vr =---J- -—— — 2 

C c c c c 

substituting this in [5448], we get [5449]. 

[5450a] 

[54506] 

[5450c] 

[5450rf] 

t (3029) Substituting, in [5449], the value of s [5446c], it. produces, in the equation 

[4755] or in its development [5347/], the quantity, 

-Ù) 
f^p.d.a3' r2* y C 

Phis is similar to the term which is computed in [5397&] ; and, by making the calculation as 

□ [53977k:, Z], we find, that the preceding term [5450a), produces in f, the term, 

of = f - 
rAo.d.a’’ 

1 X-j-y C—A 

7T ’ 

and the corresponding motion of the node, computed as in [5o97&, Z], is p . v as in 

[5450]. 
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^ = term of i6. y C 5 ' /0> . d.a3 • r2 

C~.fi 
In [3545] we have: 

preceding quantity is insensible. 

— = 0,000599 ; hence it is evident, that the 
C 

We find, likewise, that the spheroidal form of the moon adds to the term 

—s fdQ'' 

hhi 
‘ eclua^on [^755], the term,] 

f'p.d.a5 1 (C—2A+B) 

f^p.d.a3 ' r2 C 
. s term of [4755]. 

* (3030) We have = 0,000599 [3545] ; hence it follows, that C is 
Jj. 

nearly equal to A ; and we may, therefore, change A into C, in the denominator ; 

by this means we shall get ~ ^ — 0,000599 [5451]. Moreover, X = P29m [5446'j 
O 

[3434] ; y = 5'J8w50s [5117] ; and if we suppose the moon to be homogeneous, we 

6 1 C ^ p . d • eft 
shall have — . — . —- = 0,000024 [54436]. Substituting these in [5450], it 

5 r1 J^p.d.a6 

becomes, 0,00000001 .v nearly. Now, in one lunar month, v = 1296000s; substituting 

it, we get 05,01 , for the motion of the node in a lunar month, arising from this cause. 

This is wholly insensible. 

f (3031) Substituting in the term of Q [5436] the value of r = - nearly [4776] 
« -, 

we get [54526]. Neglecting fr, on account of its smallness, and putting cos.2sï= 1 

[5448'], we get [5452c], 

J0*P-d.a5 

/oV.a3 “ 

OC—A—B 

~C~ 

(S-A) 

C 

f_l?Ld^ 3 (C-2J1+B) 

f^p.d.a? ' “ • C 

This gives, 

_ 3 /oap-(/.a5 2 (C—AA-\-B) 

W — 5 • f0>d.a?-U C ; 

s 
and by multiplying it by — — ; using also A2 = a , u~l = a — r nearly [4937n], 

we get [5453]. 

Motion of 
the node a- 
risingfrom 

[5450] 
the sphe¬ 
roidal fig¬ 
ure of the 
moon. 

[5451] 

[5452] 

[5453] 

[5451a] 

[54516] 

‘[5451c] 

[5451c/] 

[5452a] 

[54526] 

[5452c] 

[5452rf] 
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[5454] 

[5454a] 

[54546] 

This adds to the motion of the node, the term,* 

_3_ 
1 0 

/0ap.d.a5 

/0ap.flf.a3 
(C—2A+B) 

~C 
= term of <5 ê ; 

a quantity which is wholly insensible. 

* (3032) The expression [5454] may be derived from [5453], in the same manner as 

[5450] is from [5449] ; namely, by changing s into . To estimate roughly the value 

of the expression [5454], we may observe, that in the case of homogeneity, we have, 

B~A __ 15V. C-A _ 5_V rwfil 

C 4r3 * r3 '~3' J* 

Their sum is, 

c-™+B = 3^' = ,. (Ç-éï = o,ooi 
c 4r,3 4 A 5 

[5451«], nearly ; 

hence it is evident, that the term [5454] is insensible, like the corresponding term [5450] 

which is computed in [5451c?]. 

[5454c] 
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CHAPTER III. 

ON THE INEQUALITIES OP THE MOON, DEPENDING ON THE ACTION OP THE PLANETS. 

22. It now remains to consider the action of the planets upon the moon. 

We shall put, 

P = the mass of a planet ; 

X,Y,Z= the rectangular co-ordinates of the planet, referred to the centre of 

the earth ; 

/= the distance of the planet from the earth’s centre. 

Then, it is evident, that the action of the planet P, will increase the value 

of Q [4756], by the quantity,* 

n_P.(xX+yY+zZ)_ P 

* P fiX-xy+\Y-^fT(z^zf; 

or,t 

# (3033) The disturbing force of the planet P, upon the moon, in her relative 

motion about the earth, is computed by the same differential formulas which are used for the 

disturbing force of the sun. We must, in this case, change the mass m! of the sun 

[4757"!, into that of the planet P ; and the co-ordinates x', y\ z' of the sun [4758'], 

into those of the planet X, Y, Z [5455'] ; by which means, the distance r' of 

the sun from the earth [4759'], changes into / [5455"], which represents the distance of 

the planet from the earth. Making these alterations in the two last terms of q [4756], 

we obtain the part of q [5456], upon which the disturbing force of the planet P 

depends. 

t (3034) The development of [4774] is given in [4775], and, if we multiply this by 

[5455] 

[5455'] 

[5455"] 

Terms of 

Q- 

[5456] 

[5456a] 

[54566] 

[5456c] 

[54564] 

[5456e] 

VOL. III. 155 
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[5457] 

[5458] 

[54580 

[5459] 

[5460] 

[5461] 

Symbols. 

[5462] 

[5463] 

[5464] 

[5465] 

[54650 

[5457a] 

[5457&] 

[5457c] 

Let 

X', Y1, Z', be the co-ordinates of the planet P, refered to the sun’s centre ; 

x1, y\ z', the co-ordinates of the earth, referred to the sun’s centre ; 

then we shall have, 

X = X’- x /. M— Y’-y' ; Z = Z'—z'. 

Hence, the function [5457] becomes,* 

, p {X'x+Y'y+Z'z—xx'—yy'—zz'Y 

2 P 
+ Sic. 

We shall take the ecliptic for the fixed plane, which makes z'= 0, and, we 

shall put, 

R = the radius vector of the planet P, projected upon this plane ; 

U = the angle formed by the projection of the radius, and by a fixed right 

line, taken in the same plane ; 

S — the tangent of the heliocentric latitude of the planet P ; 

r' = the radius vector of the earth ; 

v' = the angle formed by the earth’s radius and the fixed line. 

Then, we shall have, 

P ; changing also x', y', z, r', into X, Y, Z, f, respectively, as in [54566-d], 

we get, 

p P , P.brX+yr+zZ-ir2) , P(xX+yYYzZ-hr*)f 

/(x^yqïT=ÿ?+(z-^)2 r P P 

Substituting this in [5456] ; reducing and neglecting terms of the order X/”5, or /'*; 

we get [5457] ; observing, that the terms depending on the first powerof [xX-fy Y+z Z), 

mutually destroy each other. 

* (3035) Substituting, in [5457], the values of X, Y, Z [5459], we get 

[5460]. 
[5460a] 
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* f = \/'E. ( l -\-SS)+r'2—2Rrl. cos. (TJ—v'). 

Hence, the part of Q, relative to the action of P upon the moon, 

will be,f 

%P. (l-j-ss) , ^ D \R-COS.(v—[/) — /. cos.(v-v')-\-R.sS}2 | 2 ^ 

TC‘ 

Planet 
(3036) In the annexed figure, S 

is the place of the sun ; E that of the 

earth ; P the place of the planet ; and 

P' its projection on the plane of the 

ecliptic SMP'. Then, z'= 0 gives 

Z = Z' [5461, 5459] ; and the 

rectangular co-ordinates of E, Preferred 

to the sun, are SF = otf ; FE = y' ; 

SM = X' ; MP'= Y' ; P'P=Z' ; 

and, by drawing EN parallel to SM, 

we have EN=X ; NP'=Y; P P=Z: 

S E = r S Pr — R ; EP=f; 

angle FSE=v'm, angle FSP'= Ü; tang.PSP'=S. Fron these symbols we easily 

obtain, 

Sun 

X' = R. cos.U ; Y' =R . sin. 17 ; Z' =RSr; 

# — r'. cos.F ; y' — r. sin.F ; z'— 0. 

The values of the co-ordinates of the moon x, y, z, and of the radius r, referred 

to the earth’s centre, are given in [4776—4779]. Now, the distance EP = f is 

evidently equal to \/(Xs+F2+Z2) ; and, if we substitute the values [5459], we get, 

by development, 

/= i/(x»+r»+z>) =.v/{(x'-y)^+(r_y)3+(z'-y)=} 
=✓{(*'’+ y,!+2'!)+(^+>V)-py+ ry+zv) j. 

Substituting in this, the values of 

X'S-fr'S+Z'^ SP2 = P2.(l-f>S2); P3 = ^2+y2-}-^2; 

X'V+ T'y'-j-Z'z' =Prh{cos.P.cos.F-f-sin.£7.sin.Fj =Rr'.c,o$.(U_v') ; 

it becomes as in [5466]. 

[5466] 

[5467] 

[5466/] 

[54666] 

[5466c] 

[5466c/] 

[5466cf] 

[5466c] 

[5466e'] 

[5466/] 

[5466g-] 

[54666-] 

[5466/] 

[54666] 

t (3037) Substituting the values [5466/, 4776—4779], in the first members of 

[5467a, b], and making the usual reductions by means of [24] Int., we get the second 
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[5468] 

[5468;] 

[5467a] 

[54676] 

[5467c] 

[5468a] 

[54686] 

[5468c] 

[5468d] 

[5468c] 

[5468/] 

[5468g-] 

[54686] 

THEORY OF THE MOON ; [Méc. CéJ. 

or, by neglecting the square of S* 

q _ P _ F.(l—2g2) j gp {R^^o^v-^U^r^.co^v-^v'y^Br'.cos^v-U-v')} 

f 4w2./3 4m9./5 

RsS.\R .cos.(a— U)—r'.cos.(a—v')\ , 0 
~\~o r. ——-----h &c. 

vr.j5 

As the term — does not contain either tc, ®, or ,9, it will not enter 

P 
into the equations [4753—4755]. The term —-— 3 gives, by its 

4u •/ 

members of these expressions ; 

X' x~\~Y' y -J- Zr z = —. \cos.U.cè^.v-{-sm.U.sm.v-{~Ss^=—. [cos.(Z7-—a)-f-*Ss^; 

V x 
— xx—yyr—zz = — — .[cos.a'.cos.a-j-sin.a'.sin.al = —-.cos.fa—v'\. 

u 1 3 u v 1 

1 | gg 
Substituting these, and r2=-—r [4776], in [5460], we get [5467]. 

* (3038) If we develop the numerator of the last term of [5467], and neglect the 

square of S, we shall find, that the terms containing the first power of S are the 

same as in the second line of [5468]. The remaining part of this numerator of [5467] is 

as in the first member of [5468c] ; and, by developing, using [20] Int.,it becomes as in 

[5468c?] ; and, by the substitution of /2 [5466], we finally obtain [5468e]; 

[ R . cos. (a—U)—r. cos. (a—a')}2 

=jR2. cos.2(a— U )/-.r'2. cos.2(a—a') —2Rr'. cos.(a — U). cos.(a—a') 

= f R2-fr2—2 Rr'. cos( TJ-v') ] {R2.cos(2a-2£/)Tr'2.cos(2a-2a')-2Rr'.cos(2a-t7-a') J 

= £./2-f~i- {R2. cos. (2 a—2Z7) -f-r'2. cos. (2a—2a')—2 Rr'- cos. (2a— U—a') ]. 

The part of this expression between the braces, being substituted in the numerator of the 

last term of Q [5467], produces the third term of [5468 line 1] ; the other part of 
X op 

[5468e] is £/2 ; which gives, in [5468], the term f P. ~ Connecting 

this with the second term of [5467], which may be put under the form 
P. (—2-2*2) 

4027/3 » 
we 

get 
P. (1-2*2) 

lüsTÿT 
j-* 

as in the second term of [5468]. Finally, the first term - [5467], 
P 

is 

the same as in [5468] ; and we may observe, as in [5468'], that this term may be neglected ; 

for, / [5466] does not contain r, s, a; and its partial differentials, relative to these 

quantities, will vanish from the general formulas [4753—4755], which are used in this 

chapter, in finding the perturbations. 
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development, a function of this form,* 

P = ^/^(0)+M(1).cos.(t7—4/)-M(3).cos.2(t7—*/)+&c/=terms of Q. 
4 m2./3 4m2 

Hence, the term — ~~ . of the equation [4754], produces the 

following function ; 

.{iJ(0)-f^(1).cos.(C/-?;,)+^(2).cos.2.(C7-?;/)+&c.}=:terms of 
2 h^.u3 

and it is evident, from ^9, 10, that there will result from it, in the expression 

of au, the quantity/ 

* (3039) If we substitute the value of f [5466], in the term of the 
4«2./3 

expression [5468], we may develop it,in the usual manner, in a series of the form [5469]. 

This part of Q gives, in-tile expression [5470]; as is evident by 

2Ps2 
differentiation. The next term of [5468] is — ; and, as it is of the order $2, in 

4 u . j * 

comparison with [5469], it may be neglected. The next terms of [546S] contain the angle 

2v ; but these quantities do not produce, by integration in nt-j-s [5474], any term of 

importance, arising from a small divisor like i—m. The same remark may be made 

relative to the terms of [5468] containing v—Ü, v—v'; and, as they are also multiplied 

by the small quantity Ss, they may be neglected. Moreover, a little attention will show, 

that the substitution of Q [5468], in the four first lines of [5081], will produce no terms 

of the like kind, depending on angles having a small coefficient except they are multiplied 

by quantities of the order of the exeentricities, &c.; and, by neglecting such quantities as 

in [5486', &c.], we shall find, that the first term of importance is that in [5081 line 5], 
(I’D / 

which gives in dt the term--—.2aSu, Multiplying this part of dt by n = —' 

[5092c], we get, in ndt, the term nclt = —dv.2a5u ; which will be used hereafter. 

t (3040) Substituting U=iv [5463,5472], v'=mv, h2=a, u=a~l [4937n], 

in [5470], and then connecting it with the two terms ~~ -f- u [4754], and with 

the term of the same equation, which is developed in [4908 line 1] ; namely, 

2 
3 m 

a^u==—I m^.ôu [5082A'], nearly; 

[5469] 

[5470] 

[5469a] 

[54696] 

[5469c] 

[54694] 

[5469c] 

[5469/] 

[5470a] 

VOL. III. 156 

[54706] 
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[5471] 

[5472] 

[5473] 

[5470c] 

[5470d] 

[5470e] 

[5470/] 

[5470g-] 

[54707i] 

[5473a] 

ip 3 ^^°'-cos.{i-m).v A&).cos.2A{3).cos.3} 
2la * 5 , ■—$ ,.——T- o q ^ terms of aôu 

i being the ratio of the mean motion of the planet P to that of the moon. 

Hence arises, in ndt [5081, &c.], the function,* 

p 3 /, Ç A{1).cos.(i-m).v A{3lcos.2(i-m).v A(3).cos.3(i-m).v i n ) 

(t *aV ' 11—|m2—(i-m)2+ l-|m2-4(i-m)2 +1—§m2-9(f-m)2+&C* $ 

ecnsetpiently, we have, in nt+s, the following expression ; 

terms of ndt ; 

it becomes, 

0 ==z~yyfru +l-f>a2- \-A'l). cos .(i—m).vfA(:2). cos ,2(i—?n).v~j-Szc. j—■§ m3. Su. 

Now, supposing any term of u, or 5u, to be represented by, 

Su — B(n). cos. n. (i — m). v, 

and substituting it in [5470c], we find, by retaining only the terms depending on this angle, 

and dividing by cos.w.(i—m).v, 

0 = — n2.(i—my.BMfBM+±Pa2.AW—§?n3.B{n\. 

Hence we get, 

B{n) = 
—IPcP.A^ 

1—fm2—n2.(i—raf 1 

and, the term of a Su [5470c/], corresponding to that in [5470c], which contains 

AM, is, 

aou = —\P a2. -———Vtt—-r2 • 

From this formula we may easily deduce any term of aSu [5471], from that which 

depends on the same angle n.(i—m).v in [5470c], by multiplying the term of [5470c], 

—05 
depending on A(n), by the factor ^ • 

# (3041) Substituting, in ndt — —dv.2aSu [5469/], the value of aSu [5471], we 

get [5473], whose integral gives [5474]. Now, from [5475], we have az = — 
7TL 

substituting this in [5474], we get [5476]. 
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Pa3 CAW.sin.(z*—m).v £A{®.sm.2$A(3\sp$$(i-m).v )_ 

i-m (1—f-wz2—(z‘-wz)2 1 1—§m2—4(z‘—??z)2 l—f-m2—9(z’-m)2 
—]-&c. [> = terras of nt -f- £♦ 

77}! C!^ 
Now, we have —L- = m2 [5374a—6] ; m' being the sun’s mass. Hence, 

Oj 

the preceding function becomes, 

p 2 )3 (4) 
rm'‘n) ‘a ( A(I).sin.(t-m).v è^4(2).sin.2(?'-m).u . ?isJ::i'.sin 3(i-m).v } 
11!_ 1_1_L--2-—A-------—h&c. > = terms of nt-f-s. 

i—m * 11—§m2- (i-m)- 1—§m2~4(z-z?z)2 1—§»z2—) 

/» the case of a planet, inferior to the earth, tee have, by putting a for the 

ratio of the mean distance of the planet from the sun, to that of the earth from 

the sun, and retaining the denominations of chap. vi. of the sixth book,* 

a'3. H(,) 
a) 

b • 
a 

a'3. H<2) = b 
(2) 

* 

JL ’ 
2 

a'3. AW = b 
(3) 

JL ’ 2 
&c. ; 

which changes the function [5476] into the following; 

P e 94 (2) (3) . 
—.m2 \ L.sm.(i-ffl).'i) JL,, sin.2 (z-wz).y §6 3.sin.3(z-m).zj 
HI_q ^_-I- £_._-4-—2  -—I— &c. 
z—ni ( l-fm2-(z-?n)2 1—t]m2~4 (i-mf 1—fm2-9(z’-m)2 

(-B) 

= terms of i —{— s ; 

in which we may take, for (i—m).v, the mean longitude of the planet, 

minus that of the earth. 

With respect to a superior planet, a denotes the ratio of the mean distance 

* (3042) Changing a, a' [956], into R, r’ [5462,5465], respectively, in 

order to conform to the present notation ; also, the angle n't—nt-\-z'— s, into U—v', 

it becomes, by neglecting, for brevity, the consideration of the excentricities, 

\ P2-fF2—2Pr'.cos.(Z7—F) \ ~%=%2.B(i\cos.i,(U—v'). 

If we neglect S2, the first member of this expression becomes equal to f~3 [5466]. 
p 

Multiplying this by — , we get, 

457i = 

Comparing this with the development in [5469, 956^, we get = A®. 

(h 
[1006], and multiplying by a13, we obtain d3. A[i) =b3 , as in [5478]. 

2" 

these in [5476], we get [5479]. 

Substituting 

Substituting 

[5474] 

[5475J 

[5476] 

[5477] 

[5478] 

Terms of 

nt-j-s, 
from the 

[5479] 

direct ac¬ 
tion of an 
inferior 
planet. 

[5479'] 

[5478a] 

[54786] 

[5478c] 

[5478P 
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[5480] 

Terms of 

nt—j—s, 
from 
the direct 
action of 
a superior 
planet. 

[5481] 

Indirect 
action 
of the 
planets. 

[5482] 

[5483] 

[5484] 

[5485] 

[5480a] 

[54806] 

THEORY OF THE MOON ; [Méc. CéJ. 

of the earth from the sun, to that of the planet ; so that we have, 

O*. = a3, b 
.(1) 

JL ’ 
2 

a'3. Ji>= a3.6 
(2) (3) 

a'3. A(3) = &3.b ; &c. 

This changes the function [5476] into the following form, 

P ( O) (a) . (3) 
— . m2a,3 1 6 . sin.(i—m)-v à »rj . sin.2(i—m).v £ 6 3 . sin,3(i—m).u 

^—m, 

) (C) 

l_L^-(i-mp-+ + il*#-»*-*.? “ te''mS°f {n,+S)■ 

These are the only sensible terms which can result from the direct action of 

the planet P on the moon. 

But, the sun’s action upon the moon may render sensible, in the motion oj 

that satellite, the perturbations of the radius vector of the earth1 s orbit, arising 

from the action of the planet P upon the earth, and may produce, fw the moon1 s 

motions, inequalities of the same order as those we have just considered. To prove 

7)l! m • 

it, we shall consider the term - '■ [4866], which is a part of the equation 
« U 

[4754]. We shall suppose ^- = —. K. cos. n't—fin't+B), to be any 

term of —, arising from the action of the planet P upon the earth ;f 

n"t denoting the mean motion of P, and n't that of the earth ; the 

corresponding term of — will be, 

— -,. K. cos. (Bii't— 
u m 

* (3043) The equation [54?8d] holds good for a superior planet, by merely changing, 
3 

in the factor a'*, the quantity a', corresponding to the earth’s distance from the 

sun, into - [5479'], which represents that of the superior planet from the sun ; by 

which means, it becomes, 

(—\3. A(i)~ b A or a,3.A(i) = ci3.b3, as in [5480]. 
V/ i * 

Substituting this in [5476], we get [5481]. 

| (3044) This form is the same as is used in various places ; as, for example, in 
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Hence, the term 
m!. u 3 

2A2.it3 
produces the following ; 

q p n'3 
— . k . cos. (fSri't—prit+B\ 

2h2.u? K 1 ' 
[Term of 4754] 

If we consider only those inequalities of —, which are independent of the 

excentricités of the orbit, and represent them by the seriesf 

P Sr' 
— .] K('l\cos(n',t-n'tJrs"-s,')+K^.cosl2(n"t-nlt+el-s')+K(3).cos3(n"t-n't+s"-e,)+&c]==terms of — 
•Wï d/ m 

the term 
i i Q 

m.u0 

%h2.u3 
will produce, in [4754 or 4961], the function,! 

3m2 jp ^ 

--. | A’(i).cos.(w?z).t’-|_A7"(2).cos.2(î-OT).'r-)-A^(3).cos.3(i-m).'V-j_^;c* [ j [Terms of 4754] 
2 a m ’ 

whence results, in aSu, the function, 

3m2 P ( Al-U.cos('i—m).v . K^\cos.2[i— m)-v K^.cos.3(i—m).v 

2 ‘mr (. 1 — |m2—(£—m)2_rl—|-m2—4(i—m)2_r]—|.m2——mji 

This gives, in nt-\~s [5095], the following terms ; 

he. H terms of aSu . 

[1023, 4306, 4308, &c.]. Now we have, very nearly, in [4777e], u'= — ; and, the 

differential of its logarithm gives, 

Su' 

u 

Sr' 
/ 

Sr 

r a 
7, nearly ; 

substituting this in [5483], we get [5485]. If we vary u', by the quantity Sit!, it 

m'.u'3 
produces, m nin „ , the term, 

2/i2.«3 

3 mf. v! 2. Su! 3 m'. u'3 Su' 

2/i2.«3 = 2A2.u3 ’ 47 ’ 

4 Su' 
and, by substituting the value of — [5485], it becomes as in [5486]. 

U 

* (3045) The form assumed in [5487], is the same as that in [4306 lines 9—11] ; 

decreasing the accents on n'", n", s'", s", he. by unity, so as to conform to the notation 

here used. 

f (3046) 

also 
a3 

T3 

Substituting, in [5486], the values 

m2 
—[5475], it becomes, 
m J 

u = a 1 u'=a' 1, h2=a [4937n], 

[5486] 

[5486'] 

[5487] 

[5488] 

[5489] 

[5486a] 

[54866] 

[5480c] 

[5487a] 

[54876] 

VOL. III. 157 
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Terms of 

nt-{-s 
[.=>4901 
arising 
from the 
indirect 
action of a 
planet. 

Action of 
Venus, 

[5491] 

[5488a] 

[54886] 

[5488c] 

[5488*/] 

[5490a] 

* 3m2 P Ç jKT(1')sin.(i—m).v { èJ£^a\sin.2(i 

i—m m' l 1—|m2—(i—mf' 1—|m2—4(i 

’—m).v , i^3^sin.3(i—m).v 

4 (i—m)2 1—|.m2—9[i—m)a 

> (P) 

-f- he. > =termsof ni-j-g. 

This function is of the same order as that which results from the direct action 

of the planets upon the moon [5479,5481]. We shall now compute these 

several inequalities for Venus, Mars, and Jupiter. 

Relatively to Venus, we have, in [4126,4132], 

«. = 0,72333230 ; 1 

h™ = 9,992539 ; 9 
2 Z 

b^ = 8,871894 ; 3 
2 

hi = 7,386580 ; , 
2 

b^ = 5,953940. , 
IT P 

Hence we deduce, by means of [974],f 

6r' 
which is the same as the product of the assumed value of — [5483], by the quantity 

CL 

_— . Therefore, if we multiply the assumed value of —7 [5487], by the same factor 

3m2 

2a ’ 
we shall obtain the corresponding expression, which arises from the variation of 

f / g 

m ‘ U -, as in [5488]. This term forms a part of the equation [4754, or 4961] ; and, we 
2/t2. w3 

may find the corresponding part of u, or rather of a5u, as in [5470g-, A], by multiplying 

any term of [5488], depending on K{,l).cos.n.(i—m).v, by 1 gm2 n2.(i mj2 ’ 

hence wre obtain [5489]. 

* (3047) Substituting the terms of aôu [5489], in ndt = — 2dv.aôu [5469/], 

and integrating, we get the terms of nt+s [5490]. We may remark, that in the original 

work, by a typographical error, the terms of [5490], are made to depend on cos; 

cos.2.(i—m).v, he. instead of sin.(i—m).v : .2.(i—m).v, he. 

f (3048) Putting s = f, in [974], and then, successively, i = 0, i=l, we 

get; 

[54906] 
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b™ = 85,77422 ; 
2 

b"= 83,40760 . 
2 

By observations, we have i—m = 0,0467900;* therefore, by supposing, 

as in [4061,line3],f 

P I ,__4 

m! ~ 383130 ’ 

we find, that the function [5479], reduced to seconds, becomes, 

"+ 0%577273. sin. (f—m).v 1 

—0 ,241919.Sill.2.Çt [Terms of nf-J-s] ^ 

+ 0s, 131463. sin. 3. (i—m).v 3 

&£C. 

Sjj 
What we have here represented, by —j , is denoted by <$r", in [4306, 

Ct 

line l,&c.], and we have, in that article, by means of the action of Venus, 

„ <-0) (1) 
(l-fa2)As +f.a.'è3 
_2_. 

(1—a2)2 

7W ^5 = 

(1) ,12) 
|.(l_|_a2).63 — §.a.&3 

(1—a2)2 

With these formulas, we may compute the values [5492],by using the expressions [5491]. 

* (3049) If we use the same notation as in [4077], we shall find, that the mean motion 

of Venus, in comparison with that of the earth, is represented by —. Multiplying this 

by m = 0,0748013 [5117], which expresses the ratio of the sun’s mean motion to that 

of the moon, we get the expression of i [5472], or the ratio of the mean motion of 

Venus to that of the moon; consequently, 

i = 0,0748013. ^ . Hence, i — m = 0,0748013 . ^^2- • 
n n" ' 

and, by substituting the values of n1, n" [4077], it becomes as in [5492']. 

f (3050) In the present notation, P is the mass of the planet [5455], m! that 
p 

ol the sun [4757"] ; hence — , of the present notation, is the same as m! [4061 line 3], 

[5492] 

[5492'] 

[5493] 

Direct ac¬ 
tion of 
VenuB. 

[5494] 

[5492a] 

[5493a] 

[54936] 

[5493c] 

[5494a] 
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~ = 0,0000015553 
CL 

[5495] 
— 0,0000060012. cos. (i—m).v 

+ 0,0000171431. cos. 2.(7—m).v 

+ 0,0000027072.cos.3.(f—m).v 

-|- &c. 

The function [5490], reduced to seconds, becomes,* * 

Indirect 
action of 
Venus. 

[5496] 

-J- 0s,448818.sin.(z—m).v 

— 0*,645333. sin.2.(f—m).v 

— 0s,068705. sin. 3. (i—m).v 

Sic. 

[Méc. Céî. 

1 

2 

3 

4 

[Terms of nt-\-s\ 

1 

2 

3 

If we connect this with the preceding expression [5495], we shall have for 

the lunar inequalities, depending on the direct and indirect actions of Venus, 

upon the moon ; 

Whole ac¬ 
tion of 
Venus on 

lit-\-S. 

[5497] 

+ Is,026091. sin. (i—m).v 

— 0s,403414.sin.2.(f—m).v 

-f- 0s,062758.sin.3.(7—m).v 

&c. 

[Terms of nt-\-e\ 

1 

2 

3 

We must increase these inequalities in the ratio of 1,0743 to 1 [4605]. 

and by putting M = 0, it becomes as in [5493]. Substituting, in [5479], the values 

[54946] [5491*—5493], also that of m [5117], it becomes nearly as in [5494]. 

* (3051) Comparing [5487, 5495], we get, 

[5496a] 
m 

- . JT°> =[0,0000015553 
m 
r. Kw = — 0,0000060012; 

-f. K& =0,0000171431, &c. 
m 

Substituting these, and m [5117], also i—m [5492'], in [5490], we get the terms of 

[54966] nt+8i arising from the indirect action of the planet Venus on the moon, as in [5496]. 



VII. iïi. § 22.] ACTION OF THE PLANETS. 629 

Relatively to Mars, we have from [4159, 4165], 

a = 0,65630030 ; 

b^= 6,856336 ; 
2 

b'J— 5,727893 ; 
2 

b'^ = 4,404530 ; 
2 

b3 = 3,255964 ; 
IT 

&c. 

Hence we deduce,* 

(0) 

bA = 38,00346 ; 
2 

(0) 

bA = 36,20013. 
2 

\ Action of 
Mars. 

2 

3 

[5498] 

4 

o 

[5499] 

Observations give i — m — ■— 0,0350306 ;f therefore, by supposing, as in 

[4061 line 5], 

P 1 
. ________ • 

ml 1846082 ’ [5501] 

* (3052) Substituting the values [5498], in [5492a], we get [5499]. 

t (8053) Changing n’ into n'" in [5493c], we get the value of 

( Tl!^_71^ \ 

i — m = 0,0748013 . --, 
»" ’ 

corresponding to Mars ; and, by using the values [4077], it becomes as in [5500]. 

Substituting these, and [5501], in [5481], we get [5502]. The expression [5504], 

is deduced from [5490, 5503], in the same way as [5496] is obtained from [5490, 5495], 

in [5496a,5]. In the original work, the coefficient of [5505line2], is erroneously printed, 

1",201491 = 0s,389283 , instead of 1"211491 = 0s,392523 . 

[5498a] 

[5500a] 

[5500&] 

[5500c] 

VOL. III. 158 
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the function [5481], becomes, 

Direct — 0s,029177.sin.(i—m\v 
action of v y 

— 05,011260. sin.2. (7—m).v 

L5502J — 0*,005584.sin.3.(7—rn)$ [Terms of «*+«] 

&c. 

We have, in [4306 lines 8—11], from the action of Mars, 

-, = — 0,0000000478 
a 

+ 0,0000005487. cos. (*■—m).v 

[5503] + 0,0000080620.cos.2.(7—m).v 

— 0,0000006475.cos.3.(7—m).v 

&c. 

The formula [5490], reduced to seconds, becomes, 

-f 0s,054760. sin. (i—m).v 

+ 0s,403783.sin.2.(z—m).v 
[Terms of ni-j-s] 

— 0s,021753. sin.3.(7—m).v 

&c. 

Indirect 
action of 
Mars. 

[5504] 

1 

2 

3 

4 

1 

2 

3 

If we connect together the terms in [5502, 5504], we shall obtain the lunar 

inequalities depending on the direct and indirect actions of Mars upon the 

Moon ; 

Complete 
action of 

-f 0s,025583.sin.(i—m).v 1 

MarB on 

nt-\-s. 
0s,392523.sin.2.(7—m).v 2 

1 

[5505] — 0s,027337. sin.3. (i—m).v 

Sic. 

[Terms of nf-f-s] 
3 

We must decrease these inequalities, in the ratio of 0,725 to 1 [4608]. 

Relatively to Jupiter, we have, as in [4167,4173], 



YIÏ. iii. § 22.] ACTION OF THE PLANETS. 631 

a = 0,19226461 ; 

2,176460 ; 
2 

0,619063; 
2 

b^= 0,148198; 
2 

b™= 0,032439 
2 

&c. 

Hence we deduce, from [5492a], 

b°A= 2,51906; 
2 

bL = 1,13310 . 
2 

1 Action of 
Jupiter. 

9 

3 

[5506] 

4 

5 

1 
[5507] 

2 

We have, by observation, i — m = — 0,0684952;* therefore, by supposing, [5508] 

as in [4061 line 6], 

r_i_ 
mi ~~ 1067,09 ’ 

the function [5481] becomes, 

— 0s,070391. sin. (i—m).v 

— 0s,008547. sin. 2. (i—m).v 

— 0s,001275. sin. 3. (i—m).v 

&c. 

[5509] 

[Terms of nf-j-f] 

Direct 
action of 
Jupiter. 

2 
[5510] 

3 

* (3054) Changing ri into niv, in [5493c], we get the value of 

i—m =3 0,0748013 
n 

corresponding to Jupiter; and, by using the values [4077], it becomes as in [5508]. 
p 

Substituting this and — [5509], in [5481], we get [5510]. The expression [5512] is 
7YL 

deduced from [5490, 5511], in the same manner as [5504] is found, in the last note. 

[5508a] 
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[5511] 

Indirect 
action of 
Jupiter. 

[5512] 

Whole 
action of 
Jupiter on 

nt-ps. 

[5513] 

[5513'] 

[5514] 

[5515-ï] 

We have,from [4306,lines 13—16], bj means of Jupiter’s action, 

P = — 0,0000011581 1 
a 

-f- 0,0000159384.cos.(i—m).v 2 

— 0,0000090986. cos. 2. (i—m).v 3 

— 0,0000006550.cos.3.(i—rm).v 4 

&c. 

The formula [5490], reduced to seconds, becomes, 

4- 0s,816336.sin.(i—m).v 1 

-— 0s,236377. sin. 2. (i—m).v 2 

— 0s,011625.sin.3.(t—m).V [Terms of rf-KI s 

&c. 

If we connect it with the preceding [5510], we obtain for the lunar inequalities 

depending on the direct and indirect actions of Jupiter upon the moon, 

+ 03,745945.sin.(7—m).v \ 

— 0s,244924.sin.2.(i—m).v 2 

— 0*.012900.siil.3.(i—m).v [Terms of 3 

&c. 

If ice take, with a contrary sign fall the inequalities resulting from the actions 

of the planets upon the moon, [5497, 550o, 5513], we shall obtain the 

inequalities produced by this action, in the expression of the moon’s true 

longitude; we may, therefore, reduce them to tables, observing, that (i—mfv 

may be supposed equal to the mean longitude of the pianet, minus that of 

the earth. It would be useful to introduce these inequalities into the lunar 

tables, considering the precision to which these tables have been carried. 

* (3055) The inequalities of the expression of nt-\-s [5095], arising from the actions 

of the planets, are given in [5497, 5505, 5513] ; and to obtain the corresponding terms of 

u [5095], we must evidently change their signs. 
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FAw 
The term —— , of the expression of 

4 /r.tr 

equation [4961], the term,* 

I (d3\ 
h*~\du/ 

gives, in the 

-£.P«2. A(0) e . COS.(CT-to). [Term of 4961] 

Hence it is evident, that the value of c is decreased by the action of an 

inferior planet, by the quantity f 

P 9 ,<o) 
m • b : [Decrement of c] 

8 m' 4 

and, by the action of a superior planet, 

3. 
8 

—. m2. cl3. 
m 

by the quantity, 

(0) 

K- 
2 

[Decrement of c] 

* (3056) The equation [4754, or 4961], contains the term —h?'\du)’ which 

p/n °) 
is developed in [5470], and contains the term --. Substituting hP—a [4937n], 

47i3. 

1 
and u [5393], which gives — = «3.fl—Se.cos.{cv—zs)}, nearly; we obtain the 

term [5516], depending on e. 

f (3057) Neglecting e2, e'2, and also, for brevity, the symbol zi, we have, as 

c 
in [5396a], —p for the coefficient of -.cos.cv, in [4961]; hence it is evident, that 

d 

the quantity [5516] increases p, by the term Sp = %P.a?.A('0). The corresponding 

increment of the motion of the perigee is i<5p.v = §P.a3.A{0\v [53964]. Substituting 

the value of a3 [5473a], it becomes, 

4-.—J . to2. a'3.A{0K v. 
u m 

Now, the motion of the perigee is represented by (1—c).v [4817] ; hence it is evident, 

that the preceding expression decreases the value of c by the quantity, 

. —, . to2, a/3. . 
h m 

If we substitute the value a'3.A(0) = [54784], corresponding to an inferior planet, 
2 

it becomes as in [5517] ; and, if we use the value a,3.Aw— cl3.^ [54805], corresponding 
2 

to a superior planet, the decrement of c becomes as in [5518]. 

[5515] 

[5516] 

[5517] 

[551S] 

[5516a] 

[5516a'] 

[55166] 

[5516c] 

[55164] 

VOL. III. 159 
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[5519] 

[5520] 

[5521] 

[5521'] 

[5522] 

[5520a] 

[55206] 

[5520c] 

[5520c?] 

[5522a] 

[55226] 

[5522c] 

[5522c?] 

7ÏI . ° 

Likewise, the term ‘ -3 [4865'] gives, in the equation [4961], the 
tit 

quantity,* 

9m'. u'3 

2A2 

Sr 
. a3, —. e . cos. (cv—w) : 

a v 

— representing the constant part of the perturbations of the radius vector 

of the earth’s orbit, given in [4306]. Hence, the value of c is increased 

by this means, by the quantity,! 

9 to2 Sr 
- . - . [Increment ol cj 
4 a 

* (3058) The variation of the term [5519] is given in [5486c], namely. 
3m/.u'3 ou 

26-2. «3 ’ y' 5 

and, by substituting, 

— = —%■ [54866], it becomes 
v! a 

3m'.ic'3 Sr' 

26.2. a3 " a’' 

If we use the value of u~3 [5516a], it will produce the term, 

9 m'.u'3 « Sr' , . , .. 
-- .a3. — . e. cos. (ca—w), depending on e. 

In the original work it is erroneously printed, 

9 m'.u'3 Sr' , . 
-8^73- .e - cos. («.—«) ; 

the sign being wrong, and a3 changed into m~3. 

m'. a3 Til • 
f (3059) Substituting m'= a'-1, A2 = a [4937n], and then = wi2 [5475] 

in [5520], it becomes Sr' e 
4 m . —7- . -. cos. (cv—ot). 
2 a a x ' 

This produces, in p [5396a], the term, 
Sr' 

op — —f m2. — 
a 

and, in the motion of the perigee ISp.v [5396d], the term, 
Sr' 

I m2 . — . v . 
a 

Now, the motion of the perigee being (1—c).v [4817], it is evident, that this produces 

an increment in the value of c, which is represented by the function [5522]. In the 

original work, the word increased [5521'], is printed decreased. 
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It is easy to prove, that all these quantities are insensible.* 

We shall now consider the 'perturbations of the moon's motions in latitude. 

The sum of the terms, 

(cI3\ (1+gg) fc[3\ 
Id.u \du) Id.id \ds / 

[Terms of 4755] 

which make a part of the equation [4755], acquires, by the action of the 

planet P, the quantity,f 

3P.s ! 3P.Rr'.S.cos.(v—v1)—SP.Bd.S.cos.(v—U) 

2Td. u\p + Jd.id.f 
[Terms of 4755] 

This function contains, relatively to an inferior planet, the term,! 

* (3060) That these quantities are insensible, is evident by computing any one of the 

terms; for example, that in [5517], corresponding to Venus. Substituting, in this, the 

values of 
p (o) 

-= 3ÏTT3Ô [5493]; ?rd = 0,0055 [5117/1; ô3 = 10, nearly [5491] ; 
VI 2 

we get, 

P „ JO) 
-I. — . rrd. ba = 0,00000006 ; 
° m % 

which is insensible, in comparison with the whole coefficient of the motion of the perigee 

e—1 = 0,00845199 [5117 line 2]. 

f (3061) Taking the partial differentials of Q [5468], relative to u, s, we get, 

by neglecting terms of the order s2, 

/dQ\ P.s op [P2.cos.(2v—2f7)-f-r/2.cos.(2r-2u')—2Rr'.cos.(2u— U-v')} 

s\duj- 2v?.p <SC-S- âÂÿs- 

fdQ\_2P.s QP RS.\R.cos.(v—U)—r\cos.(«—v')\ 

\ds ) 2m2./3 ’ id.f 

1 1 
Multiplying [5524a], by — r—, and [55246], by-—, or simply, by ——2, 

and adding the products, we get the value of the function [5523], as in [5524], nearly ; 

neglecting the terms depending on the angles 2v—2 U, 2v—2/ 2v — U—vf; because 

they do not produce, by the integrations, any term of s, having the small divisor g—1; 

which the other terms [5527, 5528] acquire, as will be seen in the following note. 

! (3062) We shall notice the effect of the first term of [5524] 
3 P.5 

2h2. U4./3 5 
in [5534a], 

[5522'] 

[5523] 

Perturba¬ 
tions 
of the 
moon’s 
latitude, 
by the 
action 
of the 
planets. 

[5524] 

[5523a] 

[55236] 

[5523c] 

[5524a] 

[55246J 

[5524c] 

[5524d] 
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[5525] 

[5526] 

[5525a] 

[55256] 

[5525c] 

[5525J] 

[5525e] 

[5525/] 

[5525g-] 

[55256] 

[5525Ï] 

[55256] 

[5525Z] 

[5525m] 

[5535»] 

THEORY OF THE MOON; 

IP-*- 
a* 

a ' 3 
sin.(n—è) ; [Terms of 4755] 

being the inclination of the orbit of the planet P to the ecliptic, and 6 the 

and shall consider the rest of this function in the present note. If we divide the equation 
p 

[5469], by —, and substitute [5478], we shall obtain, successively, the values of 

f~3 [55255, e] ; and, by using the same notation for f~5, we get its value [5525c?] ; 

■— = ^AmjrA°').cos.{U—v')-\-A[i2). cos. 2.( U—F)-f-&c. 

— . $ ^63-4-& 1 ,cos.(Z7—F)-J-5S. cos.2.{U—V)-f-Sic. j ; 
« 3 C S' if à ) 

1 1 Ç (0) - (1) (2) -) 

-Jl ——5- 5 ¥>5 +55 .cos.(l7—F)-f-55 .cos.2.(£7— F)-f he. [ . 
a. 0 { 2- 2 s' ) 

The first of these developments is used in [55345] ; the second in this note [5525/t], 

Now, as X is very small [5526,4082], we shall have, very nearly, S = x.sin.(E7—Ô) 

[5526,5463,679] ; hence we get, 

*S'.cos.(v—t/)=4x,sin.(Z7—v'-j-v—ô)-|-i-X.sin.(LT-j-y'—v—Ô) ; 

S. cos.(v—U)=-^\.smfv—d) +4X. sin, (2jj££—v—ê). 

We shall now multiply these two last expressions by the value of f~5 [5525c?], and 

reduce the product by formula [18] Int. ; neglecting the terms in which the coefficient of 

the angle v differs considerably from unity ; because they are not much increased by 

integration; whilst the terms depending on s\n.(v—Ô), are considerably augmented by 

the divisor of the order g—1, as in [53475 or 5527, 5528] ; hence we get, by making 

the usual reductions ; 

1 e c X /(1) —.S.coS.(v-v)=—.bf 

1 „ . . x , w 
—.S.cosnv—U) ——- .0, . 
fo v y 4a5 f 

sin.(î?—d ) —J—&tc • ; 

sin.(©—d)-|—&c- 

Substituting [55257c, l] in the two last terms of [5524], they produce the following term 

of [4755] ; 

3 P.Rr1. S. cos.(r—v')— SP.R^.S.cos. (v— U)  3 P R 

~ A2.m4./5 452.m4.«' 5 

(1) (0), 
t,—R.b c.X.siniî?—ê). 
* # ) v 

Substituting, in this second member, the approximate values IP — a, u=a1, 

r=d [5470a, he.] ; and, for an inferior planet, R = a«', nearly [5462, 5477, &c.], 

we get the expression [5525]. 
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longitude of its ascending node. This produces in s, for an inferior planet, [5526'] 

the term,* 

(3063) If we put, for brevity, 

H' = — 
SPRx 

4 h%. iP. a1 
[ R.b-S.b 

U) 
5 
2 

[5527a] 

in the second member of [5525m], it becomes H',sm.(v—Ô). This represents a term [55276] 

of the equation [4755], or of the similar equations [5347/, ni] ; and may be integrated as 

in [5347/—n']. If we suppose the term of 5s, corresponding to [55276], to be 

represented by 8s=H".sm.(v—5), which is similar to [5348]. the equation corresponding [5527c] 

to [5347m], will become, 

0 â) + (g2—sin.(i’—ô). [5527d] 

Substituting, in this, the assumed value of s, or 5s, [5527c], we find, that the two 

first terms mutually destroy each other. Dividing the rest by sin.(v—Ô), we get the [5527e] 

following equation, which is similar to that in [5347n] ; 

H' 

0=H'+(g2—l).H". 

Dividing by g2—1—(gf+lj.fe—l&=2.(g—1), nearly [5351a], we get H1_ 
2*(ê*—1) 

Substituting this in 8s [5527c], and then resuming the value of H' [5527a], we get, 

s — 3FR 
d.(g—l).h2.u\u v g- ÿ 

Substituting the values [5525n], corresponding to am inferior planet, we get [5527i] ; and, 

by using the value of a3 [5473a], it becomes as in [5527A] ; 

C ,(°> (I)) 
—jfR.b' — r'.b^ >.X.sin.(«— d). 
•u K TT fr J 

[5527/] 

[5527g-] 

[5527/i] 

55 
3Pa a3 C ,(°> ) 

= âfe=T)V»-1 5 

« P , 8 
o. ■. cl . i n* 

m 7(0) 7(1) ) 
— bK > .X.sin.(u—5). 

2 
± 
2 Hg-1) 

This agrees with [5527] ; observing, that we have corrected this formula, for a mistake in 

the original work, where it is printed with the prefix of a negative sign. 

[5527i] 

[5527Æ] 

[5527Z] 

In making the calculation for a superior planet, we must change the factor —, in the 
a'5 

second member of [5525d], into ~ ; and the same change must be made in [5527a, A] ; 

by which means, this last formula becomes, for a superior planet, 

vol. hi. 160 

[5527m] 
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Terms of 

ÔS, 

[5527] 

arising 
from the 
action of 
an inferior 
planet ; 

and, from 
that of a 

[5528] 

superior 
planet. 

[5529] 

[5527»] 

[5527o] 

[5527p] 

[5527?] 

[5527r] 

[5527s] 

[5529a] 

[55296] 

[5529c] 

THEORY OF THE MOON ; [Méc.Cél. 

P ( (°) (0 ) 

ÔS — ---5 -?——. x. siil.O) 0 ; [Inferior planet] 

«'—I v 

and, for a superior planet, this inequality becomes, 

p C (0) (1) ) 
f. —.ci3m2. < b_—atb, > 
s m ) 4- — S 

ÔS =-y-—~ ■ 'k.Sm.(V ô). [Superior 

g~ 1 V ' 

Reducing these inequalities to numbers, by using the masses of Venus, 

Mars and Jupiter [4605, 4608, 4065], we get, for Venus,* 

6s =  0s,276468.sill.f'y â') ; [Action of VenusJ 

3 PR ( A0) 

8 .(g—1)./j2. m4. R5 i 
'_r'.b^ | X.sin.(v—Ô). 

Now, substituting as in [5525»], IP —a, u = a x, r'—a', and then, R . 

get [5527p] ; and, by using a3 [5473a], it becomes as in [5527g] ; 

a 

ct 
we 

is = 
3Pa3 a3 ( .(°) .m 

8-fe-l) o' 
* / 3 * \ b 5 a • ^ 

3 . a3, nr? 
m 

S-fe—1) 

A(0) h(1) — a . bc 
_5 
2 

This agrees with [5528] ; the expression being corrected as in [5527/], for the mistake of 

prefixing the negative sign. The terms we have here computed [5527/f, <7], have the 

small divisor g—1, of the order m2 [4828e] ; and, even with this divisor, they amount 

only to a fraction of a second, as appears in [5529—5531] ; hence it is manifest, that the 

terms of this kind, which have large divisors, must be wholly insensible. 

*(3064) Substituting, in [5527],the values of — = [4605], a [4126], also 

b\ , bb , deduced from [5492], g, m [5117], \ = [4082], it becomes, as in [5529]. 
2 S' 

In like manner we obtain from, [5528], the expressions [5530,5531] ; using the mass of 

Mars [4608], and that of Jupiter [4065] ; also the other elements as in [4159—4173, 4082] ; 

m, g, being as before. We have corrected the signs of the expressions [5529, 5530,5531], 

for the error [5527/, r], which is found in the original work; the numeral coefficients given 

by the author being, 
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and, for Mars, 

5s = -(- 0S,005497.sill.(v è'"') ; [Action of Marsj 
[5530] 

also, for Jupiter, 

5s = -j- O5,037925.sin.(î>-âiv) ; [Action of Jupiter] [5531] 

<f, ôiv, being the longitudes of the ascending nodes of the orbits of [5532] 

Venus, Mars, and Jupiter. 

Finally, it is evident, that the value of g, is increased by the action of the 

planet P , by the quantity, 

p (°) 
J-. np. b 3 , relative to an inferior planet ; 

and, by the quantity, 

p (°) 
m2. a3. bs , relative to a superior planet J 

[5533] 
Increment 
of g, by 
the direct 
action 
of the 
planets. 

[5534] 

+ 0",853296 = -f- 0,276468 ; - 

— 0",117051 = 

■0",016966 

•0 s,037925. 

0s,005497 ; 

* (3065) If we substitute, in the first term of [5524], 

1 

3P.s 
, which was neglected 2/Ai4/3 

in [5525a], the value of ~3 [55255], and retain only the part which is independent of 

3 P.s 
U—v', we obtain the expression 

u 

Substituting the values hz = a , 

— a-1, and a3 [5473a], it becomes successively, 

P 

[5529d] 

[5534a] 

[55346] 

I . Pa3. ÆK s = f . A . nP.a'^A^. s . 
m 

This term of [4755], increases the value of p" [5397Æ, l ], by the quantity, 

5p" = f . — m9. a'3. , 
m 

and the corresponding increment of the motion of the node [5397Z], is, 

h f- v = § . -, . m9. a'3. Aw. v . 
m 

Now, the motion of the node is represented by (g— 1)-^ [4817] ; hence the increment 

of g is represented by, 

[5534c] 

[5534d] 

[5534e] 
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[5535] 

Decrement 
of f by 
the indi¬ 
rect action 
of the 
planets. 

[5536] 

[5534/] 

[5534g-] 

[55347*.] 

[5535a] 

[55356] 

[5535c] 

[5535/1 

[5535c] 

[5535/] 

[5537a] 

The term 
3m .u'3,s 

2h*.uf ’ 
which forms a part of the equation [4755], and is 

• • 9?7V^ 
developed in [5021], decreases the value of g, by the quantity , — — •* 

a 

Sr1 

a1 
being the constant part of the perturbations of the radius vector of the 

earth’s orbit. Hence, the value of g is decreased by the action of the 

planets, by the same quantity that c [5522] is increased by the same action. 

But these quantities are insensible [5535/’]. 

The direct action of the planet P upon the moon, introduces in the 

equation [4961], a quantity of the form,f 

Sg = m9. a'3. A'°h 
0 s m 

For an inferior planet, we have a'3.A(0) = 63 [5478m ; substituting this in [5534/] 
v~ 

. (0) 
we get Sg [5533]. For a superior planet a'3. A{0) = a3, 6g [54806] ; hence Sg 

2 

[5534/j, becomes as in [5534]. 

* (306G) The variation of the term > taken relatively to u', becomes 

Ôll' 

as in the first or second member of [5535c]. Substituting — —--, [o5206], it u 

becomes as in its third member ; and, by successive substitutions, using the values [55346], 

we finally obtain [5535/] ; 

9m!.u'2Su'.s 9 m'.u'3.s Su' 9 in' u'3. s 

2A9. w4 2A9. u4 u 2 A9, m4 

Sr' 

a' 

9m! a3 

2 

Sr' 

a!3 a! 

9 m2 Sr 

a 

Now, proceeding as in [5534c, &c.] we find, that the expression [55ooZ], pioduces in p 

the term Sp" = — § m2. —t *, and therefore in g the increment, Sg = f 

as in [5535] ; being the same as that of c [5522], except in its sign. The quantities 

thus computed, in [5533, 5534,5535], are of nearly the same order as that in [5522], and 

must be insensible, as in [5522]. 

f (3067) As an example of the manner in which terms of the form [5537], or such 

as are free from the sines and cosines of the periodical angles, are introduced into [4961], 

by means of the function Q , we may mention, those which arise from the substitution 

of / [5466], in Q [5467]. For, in [669 linel], we have, relative to the earth, 
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M.—,:. m?.é‘2jrM. —,. m2.e'e"-\-M". — . m2.e'/2+ &c. ; 
m m m 

é' being the ratio of the excentricity to the semi-major axis, in the orbit of 

P. Hence, there arises in the moon’s mean longitude, a secular equation 

analogous to that we have found in [5095J], 

f md.J (e'2— E'2).dv. 

This last expression arises from the development of the term 

[4866 line l,5Q83,&c.] ; and it is incomparably superior to the former, on 

P 
account of the small factor —, connected with the first expression. 

Thus, the indirect action of the planet P upon the moon, transmitted by means 

of the sun, is, as it regards this inequality, much more important than the direct 

action, which may be neglected, without any sensible error. 

r' = a'. { 1 -j- \ e'2—- d. cos. v'fhc. ] ; 

and for the attracting planet P , 

P = R". { 1 -f-£ e"2— e'\ cos. U-j- he. 

PP being its mean distance. From these values, we easily perceive, that r/2 contains 

a term depending upon e'2; R 2 a term, depending on e"2; Rr' a term, depending 

on 6 6 .cos. (fJ r ) , therefore, Rr . cos. (fJ v ) contains a term depending on 

de". Substituting these in [5466], we find, that / contains such terms, free from 

periodical angles, and depending on e'2, ddr, e"2 ; which are, by this means, introduced 

into Q [5467], and finally into [4961]. If we proceed with the function [5537], by the 

method which is used in [5033—5089], it will produce terms of the form [5087], or rather 

like [5095tZ,or5538] ; but they will be much less than those in [5538], by reason of the 
p 

small factor -,. m2, which attaches, as in [5476], to the terms depending on the direct 

action of the planet P. 

[5537] 

Direct 
action of 
the planets 
on the 
secular 
equation. 

[5538] 

[5539] 

[55376] 

[5537c] 

[5537d] 

[5537e] 

[5537/] 

[5537g-] 

VOL. III. 161 
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[5540] 

Secular 
inequality 
of the 
longitude ; 

[5541] 

[5541'] 

[5542] 

reduced to 
seconds. 

[5543] 

[5541a] 

[55416] 

[5543a] 

CHAPTER IV. 

COMPARISON OF THE PRECEDING THEORF WITH OBSERVATION. 

23. In the first place, we shall consider the mean motions of the moori, 

of the perigee, and of the nodes. The expression of the moon’s mean 

longitude, in a function of its true longitude, contains, in [5095], the 

secular inequality, 

f mz.f(e,z—~E'z).dv. 

Hence, the expression of the true longitude, in a function of the mean 

longitude, contains the secular inequality,* 

6v — —| mz.f(er*—E,z).ndt. 

If we represent the number of Julian years elapsed since 1750, by t, we 

shall have, as in [4611], 

2e' = 2E'—5.0s, 171793—f. 0s,0000068l94. 

Therefore, the inequality [5541] is represented by,f 

ôv = 10s, 1816214'2-f0?,01853844.Î3 ; [s7ntgTud?n] 

* (3068) From [50965] we obtain, 

v = nt-\-s—| m2./(e/2—E,3).dv—2C.sin.(iv-f-i3). 

In the secular part of this expression —§m3.J(e'3—E'2).dv, we may substitute ndt 

for dv, and it will become as in [5541]. 

f (3069) If we put 2a, 25, for the coefficients of t, [5542], divided by 

the radius in seconds 206265*, to reduce them to parts of unity, we shall have, 
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i being the number of centuries elapsed since the epoch of 1750. This 

secular equation was found by observation, before I discovered the cause 

of it by the theory of gravity. It is ascertained, by the comparison of a 

great number of eclipses, which were observed by the Chaldeans, Greeks, 

and Arabs, that the moon's mean motion has increased, from the most remote 

period to the present day ; and the observed acceleration is very nearly 

conformable to the preceding theory. This secular equation is placed beyond 

doubt, by Mr. Bouvard, by a profound discussion of the ancient eclipses, 

which were known to astronomers ; and also of those he has obtained from 

an Arabian manuscript of Ibn Junis. 

We have seen, in [5231], that the sidéral motion of the moon’s perigee, 

deduced from the preceding theory, differs from its true value, but by a four 

hundred and forty-fifth part.* According to the theory, this motion is 

subjected to a secular equation equal to —3,00052.7c; k being that of the 

a 

b 

0,171793 

2X206265 

0,0000068194 

2X206265 

0,000000416438 ; 

0,0000000000165307. 

We also have E'= 0,01681395 [4080 line 3], corresponding to e' [5117]; hence, 

[5542] gives, by neglecting terms of the order t3, 

e' = E'—at—hi3 ; and, e'2 == E'2—2E'. (at-f- 

Substituting this expression of e'2, in the secular equation [5541], it becomes as in 

[5543f] ; whose integral is in [5543g] ; and, by putting tf = ]00.£ [5541', 5543'], we 

get [5543K\ ; 

Sv = |m3n .f{2E', atdt-\-(2E'b—a3).t3dt\ 

= |at3-j-(§E'b—W)-t3l 

= f.1002. m*n ,E’«.i2-f-|.1003.m*n.($E' b—{a?).i3. 

This last expression is easily reduced to the form [5543], by the substitution of the values 

of a, b, E' [55436, c], also m [5117] ; and, for n, the motion of the moon in 

a Julian year, which is taken for the unit of time in [554P], making 

mn = 129577s,349 [4077 line3,4835]. 

* [3070) 

sixtieth part. 

This is erroneously quoted in the original work, as a five hundred and 

[5543'] 

[5544] 

[5544'] 

[5545] 

[55436] 

[5543c] 

[5543c?] 

[5543e] 

[5543/] 

[5543g-] 

[55436] 

[5543i] 

[5544a] 
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[5546] 

[5547] 
The mo¬ 
tion of tho 
moon’s 
porigee is 
decreasing. 

[554S] 

Secular 
equation 
of the 
node. 

[5549] 

[5549'] 

Periodical 
inequali¬ 
ties of tho 
moon. 

[5550] 

[5550'] 

[5547a] 

[5547ft] 

moon’s mean motion [5232, 5541]; so that the secular equation of the 

anomaly [5238] is 4,00052.k, or very nearly four times that of the mean 

motion. The preceding equation was discovered by me, by means of the 

theory of gravity ; and, I have found, from the theory, that the motion of the 

Moon’s 'perigee decreases from age to age ; and, that it is now less, by about 

fifteen centesimal minutes in a century, than in the time of Hipparchus.* 

This result of the theory has been confirmed by the discussion of the ancient 

and the modem observations. 

We have seen, in [5233], that the sidéral motion of the nodes of the lunar 

orbit, upon the apparent ecliptic, deduced from the preceding analysis, differs 

from its true value only by a three hundred and fiftieth part. The secular 

equation of the longitude of the node is, by the same article, equal to 

0,735452.& [5234, 5541]. This is also confirmed by the ancient eclipses. 

24. We shall now consider the periodical inequalities of the moon’s motion 

in longitude. In order to compare with observation, the preceding results 

of the theory, we shall consider, as the result of observation, the coefficients 

of the last lunar tables of Mason, and those of the new tables of Burg. 

The coefficients of Mason’s tables have been determined by the comparison 

of a very great number of Bradley’s observations ; and, those of Burg, by 

means of more than three thousand observations of Maskelyne. These 

tables have been arranged in a manner, which is quite convenient for 

calculation ; so as to diminish the number of the arguments, making them 

depend, the one upon the other. The following is the process for determining, 

by Mason’s tables, the equations of the moon’s true longitude. This method 

I have developed, in a series of sines of angles, increasing in proportion 

to v. 

* (3071) If we put successively, in [5543], i = —20, i = -—19, we shall find, 

that the difference of the two results is 6m 16s; which represents nearly the acceleration 

of the moon’s motion, in a century, since the time corresponding to the mean of these two 

values of i, or 1950 years before the epoch of 1750, which is about the time of 

Hipparchus. Multiplying the preceding expression by —3,00052 [5545], we get 

nearly 19™ for the secular decrement of the motion of the perigee ; instead of 15', 

given by the author in [5547]. 
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We must first compute the following terms, in which the anomalies are 

counted from the perigee ; 

Coefficients 
of Burg’s 
Tables. 

Coefficients 
of Mason’s 
Tables. 

— 67P,8....— 

— 6S,0....— 

+ 53s,9....-}- 

+ 76s,5....+ 

— 57s,8....— 

-f4829s, 5.... 

+ 35s, 4....+ 

+ 124s,6.-+ 

+ 47s,6....-f- 

+ 39s,3....-j- 

— 21s,4....— 

— 58s,6....— 

+ 62s,5....-f 

+ lls,5....+ 

4S,9....-}- 

— 4s,6....— 

— 10s,6....— 

— 6s,4....— 

— 8s,8....— 

+ 6s,9....+ 

+ 6S,8....+ 

+ 2S,6....+ 

— 2S,6....— 

+ 2S,!....+ 

+ 2s,2....+ 

+ Is, 3....+ 

+ P,l....+ 

+ P,2....+ 

P,l....+ 

8s,9.sin.(2.0’s mean anom.) 

1 

2 

3 

4 

5 

6 

7 

57s,4.sin.(2. Dmean long.—2.0 true long.—2.Dmean anom.) 

10 

11 

12 

(,M) 13 

14 

15 

16 

17 

i.) 18 

19 

20 

21 

22 

23 

5s,3.sin.(2.mean long.^’s node—2.0 true long.— mean anom.) 

7s,7.sin.(mean long. J) ’s node) 

0s,Q.sin.(2. J) mean long.—2.0 true long.—2.0 mean anom.) 

(F,Q.sin.(;3)mean long.—0 true long—f-j)mean anom.) 

0s,0.sin.(3.5 mean anom.—2.]) mean long.-|-2.0 true long.) 24 

0s,0.sin.(2.J) mean long.—2.0 true long.-}- J) mean anom.-|-0mean anom.)25 

0s,0.sin.(2. J) mean long.—2.0 true long.-}- 5 mean anom.—0mean anom.)26 

0s,0. sin. (4. J) mean long.—4.0 true long.—3.J)mean anom.) 27 

0s,0 .sin.(2. J) mean long.—2.0true long.—2. J> mean anom.-{-0mean anom.)28 

0s,0.sin.( J) mean long.—0 true long.'—3) mean anom.-}-0 mean anom.). 29 

162 

[5550"] 

Tables 
of Mason 
and Burg. 

Inequah- 
lies in tho 
moon’s 
longitude 

[5551] 

VOL. 111. 
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Tables of 
M ason and 
Barg. 

[5552] 

Correction 
of the 
mean 
anomaly. 

[5553] 

[555»] 
Corrected 
anomaly. 

Equation 
of the 
centre. 

[5554] 

[5555] 
First 
corrected 
longitude. 

Variation. 

[5556] 

Second 
corrected 
longitude. 

[5557] 

Correction 
of the 
node. 

[5558] 

[5558'] 

[5559] 

The spin of all these terms must be added to the moon’s mean anomaly, to 

which we must also add the function A, given bj the equation, 

By Burg. By Mason. 

A — — 1337*’,30 .— 1302s,0.sin.(0 mean anom.) 1 

— IE,00 .— 14s,O.sin.(2.0 mean anom.) ; 2 

and we shall obtain the moon’s corrected anomaly, by means of which we 

must compute the following terms : 

Burg. Mason. 

-p22692s,2.-j-22695s,3.sin.(i>corrected anom.) 1 

+ 776s,4 .+ 777s,0.sin.(2.Dcorrected anom.) 2 

-j- 37s,3.+ 37s,2.sin.(3. corrected anom.) 3 

+ 2s,0.-f- 2s,0.sin.(4. D corrected anom.). 4 

The sum of the terms in [5551, 5554] must be added to the moon’s mean 

longitude, and we shall obtain the moon’s corrected longitude, which must he 

used in computing the following terms ; 

Burg. Mason. 

— 122s,1.— 116s,4.sin.(j> corrected long.—0 true long.) 1 

+214T,7.+2141s,1.sin.(2. corrected long.—2.0 true long.) 2 
(P) 

+ 3s,3.-j- 5 s,2.sin. (3. corrected long.—3.0 true long.) v 3 

_j_ 7s,3.+ 8s,8.sin.(4.j) corrected long.—4.0 true long.). 4 

We must connect the terms [5556] with the corrected longitude of the 

moon [5555], and thus, form a second corrected longitude, to which we must 

add the supplement of the node, or the whole circumference, minus the 

longitude of the node. We must also add to it the function B, determined 

by the equation, 

Burg. Mason. 

B = + 540s,0.+ 552s,0.sin.(0 corrected anom.) ; 

and we shall obtain the moon’s distance from the corrected node. We must 

subtract the moon’s corrected anomaly from the double of this distance, and 

multiply the sine of this argument by —84s,4, according to Burg ; or, by 

_84 s,1, according to Mason; and we shall get another inequality, which 
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we must add to the inequalities [5551,5554,5556]. Lastly, we must add 

the same inequality to the preceding distance of the moon from the corrected 

node, in order to form the argument of latitude ; and, we must multiply the 

sine of double this argument by —406s,8, according to Burg, or, by 

—407s,7, according to Mason , and we shall obtain the inequality called the 

reduction to the ecliptic ; which must be added to the preceding inequalities, 

to obtain the longitude of the moon, counted from the mean vernal 

equinox. We must here observe, that the mean longitudes of the moon, 

of its node, and of its mean anomaly, must he corrected for the secular 

inequalities. 

From this process I have deduced the following expression of the 

periodical inequalities of the moon’s mean longitude, developed in terms of 

the true longitude, counted upon the ecliptic. This development requires 

particular attention, to prevent the omission of any sensible term.* We 

* (3072) We shall here point out the general principles of the method of developing 

the functions [5551—5573], in the forms given in [5574—5579], without entering into 

any minute numerical details, which would be inconsistent with the limits of the present 

work. In the first place, wre shall show how the functions [5551,San], or the expression 

of the true longitude, may be reduced, so as to depend wholly on the mean motions 

ni-\-s, n't-f-V, he. ; noticing the secular inequalities, as in [5563], but omitting any 

particular reference to them in the present note ; and then, by inverting the series, we can 

obtain the expression of the mean longitude nt-\-s, in terms of the true longitude v, so as to 

conform to the present theory [5095]. Several of the functions in the table [5551] do 

not require any reductions; as, for example, those in [5551 lines 1, 2, 10, &,c.], which 

depend on the mean motions ; but, in those inequalities which contain the sun’s true 

longitude, we must substitute its value, deduced from [668], by accenting the symbols 

v, e, he. to conform to the notation used in this theory [4779']. Hence we have, 

Sun’s true longitude v'= sun’s mean longitude (n't- 

e' being used for brevity, to denote the periodical terms of the values of v' [668], or those 

which depend on coefficients, containing the excentricity e' and its powers, multiplied by 

sines of the periodical angles ; and, it may be represented in the following manner ; 

e' = 2 ah sin.^V^-f-js'). 

Now, if we put a, for the coefficient of any one of the inequalities [5551] ; T, for the 

part of the argument which depends on the mean motions ; and ie', for the part of the 

Tables of 
Mason ami 
Hu:g. 

[5500] 
Argument 
of latitude 

[55611 

[5562] 
Reduction 
to the 
ecliptic. 

[5563 

[5564 ] 

[5564a] 

[55646] 

[5564c] 

[5564d] 

[5564e] 

[5564/] 

[5564g] 

[55646] 

[5564i] 
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Tables of 
Mason and 
Burg. 

[55648 

[5564ft] 

[5564?,] 

[5564m] 

[5564n] 

[5564o] 

[5564p] 

[5564?] 

[5564r] 

[5564s] 

[5564?] 

[5564m] 

have neglected those inequalities which are less than a centesimal second, or 

05,324. A part of the inequalities of this expression arise merely from the 

development of the formula, corresponding to the process in Mason’s tables, 

same argument, depending on e' ; it becomes of the same form as in the first member of 

[55641]. Developing this, by [21] Int., we get the second member of [5564/] ; and, by 

substituting the values of sinie', cos./e', deduced from [43,44] Int., we obtain [5564m] ; 

a.sin.(T'-f-ie') = o.cos.ie'.sin. T'-j-a.sinie'. cos .T' 

= a.{ 1—£i2e's-f-^iV4—&c.| .sin. T-\-a. \ie'—£i3e'3-}-&;c.] .cos. T. 

Substituting, in this last expression, the value of e'=2a/.sin.(iW/-j-|3') [5564/t], and its 

powers ; then reducing the products, by means of [17—20] Int., we finally get the value 

of a.sin.(T'-f-ie'), under the form of a series of terms, depending exclusively on the 

mean motions ; and the whole function [5551] may be included in a general expression of 

the form, 

2d. sin.(j3? +7) j 

in which the angles depend wholly on the mean motions. If we substitute this, in the 

expression of the moon’s corrected anomaly [5553'], we get, 

3)’s corrected anomaly = 3)’s mean anomaly -[-function [5553]-J-2a.sin.(j3?-{-y). 

The sine of this expression, or the sine of any multiple of it i, which occurs in [5554], 

maybe developed, as in the general formula [5564/,m], by putting, 

T = i.(j>’s mean anomaly) ; ie'= /.{function [5553]-f-2a.sm.(g?-J-y)|. 

By tins means the function [5554] may be made to depend on the mean motions; therefore, 

the corrected longitude of the moon [5555] will also be given in terms of the mean motions. 

Substituting these in [5556], and reducing, by a similar process to that we have used, we 

get, as in [5556'], the moon’s longitude twice corrected ; whence, by using B [5558], 

we easily obtain the corrected distance from the node [5558'], which gives the correction 

[5559]. In like manner, we get the reduction [5562] ; and, finally, obtain the true 

longitude v, expressed in terms depending on the mean motions; and, if we denote the 

mean longitude by nf-j-s — T, the expression of the true longitude v, may be put 

under the general form, 

v = T-f-2. B. sin.(Z T-f-y) ; 

in which the angles (FT-f-y) correspond to the mean motions. 

This last formula may be inverted, by means of La Grange’s theorem [629c], which, by 

changing 4x into x, then x into T, and t into v, becomes, 
[5564tt'l 
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which we have just explained; so that they cannot be considered as the 

result of observation. To distinguish the different inequalities, we have 

marked with an asterisk those computed by Mason, by the comparison of 

Bradley’s observations, and which have all been again determined by Burg, 

by means of a very great number of Maskelyne’s observations. We shall 

commence ivith the great inequality of the first order ; and then shall give, 

successively, the five inequalities of the second order, the fifteen inequalities of 

the third order, and all the inequalities of the fourth and of higher orders, 

T=v-\-F(T); or 

r=,+rw+si 

v — T—F(T) ; 

\F(vf] 1 dï.\F[vf} 

dv 1.2.3 dvi 
&£C. 

Comparing together the values of v [5564m, we get, 

=—'F(T) ; whence, F(v) =—2B.sin.(h;-j-/')- 

Substituting this last expression in [5564îc], and making the necessary reductions, we 

finally obtain the values of T, or wt-fs, under the following form ; 

nt~)-s = v-\-2C.sm.(iv-\-p) ; 

which is the same as in [50966], neglecting, as in [55646], the consideration of the 

secular inequalities. This corresponds with the results in [5574—5579]. 

A similar process must be used, in reducing the expressions of the latitude [5595] to the 

form [5596]; or, that of the horizontal parallax [5603] to the form [5605]. There are 

no other difficulties in performing these operations, than those which arise from the great 

length of the calculations, in consequence of the numerous equations, which require 

attention, in order to procure accurate results. 

In applying the formula [5564m] to most of the small inequalities in [5551, &c.], we 

may neglect the square and higher powers of el. For, e! is nearly equal to ^ 

[5117 line 4]; hence we have ae,2 = ~-; and, if a<100s, as is the case with 

twenty-six out of twenty-nine of the inequalities in the table [5551], it becomes 

a e,2<CM*,03, which is insensible. Moreover, in the equations which do not exceed 

12s [5521 lines 2, 14—29], we have ae’ = ~ <f 0s,2 ; and the coefficient of the 

corresponding term of ae'.cos.T' [5564m] is so small, that it may be frequently neglected ; 

and then we may put simply a.sin.T', for «.sin.(T'-f-fe'). 

[5565] 

Inequali¬ 
ties ill tilt: 
moon’s 
longitude. 

[5566] 

[5564u] 

15564w) 

[5564a:] 

[5564t/] 

[5564z] 

[5565a] 

[55656] 

[5565c] 

VOL. III. 163 
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which have been compared with observations ; lastly, all the other inequalities. 

[5566'] plttce, in the second column, the results of this analysis; and, in the 

third column, the excess of the numbers in the second column above those in 

the first. In the fourth column, we shall give the excess of the coefficients of 

Burg’s new tables, reduced to the same form as in this theory, over those of 

Mason’s tables in the first column. Burg retains, in his tables, the same 

forms of the arguments as in Mason’s tables, which had been adopted from 

[5567] tjje tables of Mayer. It will be sufficiently accurate, in reducing Burg’s 

tables to the forms of the present theory, to apply to the coefficients of 

Mason’s tables, thus reduced, as in the first column, the difference of the 

corresponding inequalities in the two primitive tables, taken with a contrary 

[5567'] sign.* The functions A, B [5553,5558], differ a little in these two 

tables, and we have noticed this difference. We may also remark, on this 

point, that, by introducing in the primitive tables, an inequality in the 

longitude, depending on 

[5568] sin.(3>mean anom.-j- © mean anom.) ; 

and, in the latitude, an inequality, depending on 

[5569] sin.(argument of lat.-j-© mean anom.) ; 

and, making the necessary changes in the coefficients of the inequalities, 

depending on 

* (3073) If we suppose, that the equation [5564m] corresponds to Mason’s tables ; and, 

that, in Burg’s tables, one of the coefficients B, is changed into B-{-ôB; it will 

[556 a] *ncrease tjie secon(j member of the equation [5564m] by the quantity <fB.sin.(iT-j-y)5 

which is very nearly equal to <5B.sin.(«Vf7). Transposing this to the first member of 

[556/6] ^ game equation, we find, that the equation [5564m], corresponding to Burg’s tables, 

becomes, 

[5567c] v—SB.sin. (ifl-f-y) = T+W.sin. (iT-j-y) ; 

which may be derived from that of Mason [5564m], by merely changing v into 

[5567(f) v—ojB.sin.(fi’-(-y) ; and, if we make the same change in [5564y], which results from 

Mason’s tables, we get, for Burg’s tables, the following expression ; 

nt-\-s = v—(5-B.sin.(z«-[~y)T2 0.sin.(itgf-/3). 

This agrees with the Temarks in [5567']. 

[5567e] 
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sin.(3) mean anom.— 0 mean anom.) ; 

and, on 

sin.(argument of lat.— © mean anom.), 

we can dispense with the functions A and B ; which will give to the tables 

a greater degree of uniformity.* Burg has introduced in his tables of the 

* (3074) If we put, for a moment, the sun’s mean anomaly equal to s, and the 

moon’s mean anomaly, corrected for the equations [5551], equal to m ; we shall have 

m-j-A for the moon’s corrected anomaly, which is to be used in the formulas [5554], 

Now, if wre put C — 22692s,2, we find, that the first, or chief term of [5554], becomes 

as in the first member of [5571c] ; and, by development, using [21,43,44] Int., we get, 

successively, the expressions in the second members of [5571c, d\ ; 

C.sin.(m-j-^4) = C.cos.Æsin.m-j- C.sin.Æcos.m 

= C. [ 1—^A2-f-^A4—Sic.} .sin.m-f-C. [ A—^AE-j-Sic. [ .cosun. 

This last expression may be considerably simplified, by observing, that the chief term of 

A [5553 line l], expressed in parts of the radius, gives, very nearly, 

A= —0,006.sin.s ; hence |Æ=0,000018.sin.2s = 0,000009—0,000009.cos.25 ; 

and \A^C— 0s,2—0s,2.cos.2s. 

This last expression, being multiplied by sin.m, becomes insensible ; consequently, the 

equation [5571 c/] may be put under the form, 

C.sm.Çni-^-A) — C. sin. m-\-C'A. cos. m. 

If we suppose A'= 1337s,3, A"= 1F,0, the expression of A [5553] becomes, 

A — —A1, sin. s—A", sin.2s ; 

substituting this in [5571/], and reducing by [18] Int., we obtain, 

C.sin.(m-j-Al) = C.sin.m—\A! C. [ sin. (m-{-s)—sin.(m—s)[ 1 

—I A" C. [ sin.(m-]-2s)—sin.(m—2s) j. 2 

The terms in the second line of this equation maybe neglected; for, [55715], 

expressed in parts of the radius, is nearly equal to XV, and u4"=Hs [557lg] ; hence, 

%A'C — 0s,6 ; which is nearly insensible, especially when multiplied by sin,(m±2s) ; 

therefore, the expression [5571i] becomes, 

C.sin.(m-j-M) = C.sin.m—\A! C.sin.(m-j-s)<-|-j£u4/ C.sin. (m—s). 

[5570] 

[5571] 

[5571] 

[5571a] 

[55715] 

[5571c] 

[5571 d] 

[5571e] 

[5571/] 

[5571g-] 

[5571ft] 

[557K] 

[5571ft] 

[5571Z] 

[5571m] 
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[5572] 

[5573] 

inequali¬ 
ties in the 
moon’s 
longitude. 

[5574] 

[5571$] 

[5571o] 

[5574p] 

[5571g] 

[5574a] 

motion in longitude, eight new inequalities, which are not given in the reduced 

tables of Mason, except by their development. We have distinguished them 

by a double asterisk. Lastly, he has compared with observation, several 

inequalities, which he has found to be insensible; so that their coefficients, 

given by the development of Mason’s tables, may now be considered as the 

results of observation; we have distinguished these by a triple asterisk. 

We may thus know, by mere inspection, the inequalities which yet remain to 

be compared with observation. The differences between the two tables 

being small, enables us to deduce the development of the one from that of 

the other ; and we may, by the inverse method, reduce the inequalities of 

this theory to the form of Mayer’s tables. 

(Col. 1.) (Col. 2.) (Col. 3.) (Col. 4.) 

Inequalities 
deduced from 
Mason’s tables. 

Coefficients 
of this 
theory. 

Excess of those 
coefficients over 
those of Mason’s 
tables. 

Excess of the 
coefficients of 
Burg’s tables over 
those of Mason. 

Inequality of the first order. 

— 22677%5.sin.(cv—™)* — 22677s,5--f0s,0_+3S, 1 

The terms of this equation, depending on the arguments m±s, are as in [5568,5570], 

The substitution of the values of the multiples of m-\-A, in [5554 lines 2—4], produces 

only some small, or insensible inequalities. The function B [5558] being small, its effects 

on the equations [5559, 5560] are nearly insensible ; but, they might be noticed, in a 

similar manner to that in [5571m, &tc.]. 

In like manner, if we suppose the argument of the latitude to be represented by 

m'-\-B, and the coefficient of the first term of the expression of the latitude by C'; so 

that the term itself becomes C'.sin. (m!-\-B) [5595 line 1]; we may develop it in the 

same form as in [557 H] ; namely, 

C. sin.(m'-f-R) = C'.sm.m1—$BC'. j sin.(m'-j-s)—sin.(|$'—s) j ; 

in which the terms depending on the angles m'±s, are as in [5569, 5571], The effect 

of the rest of the terms depending on B, is so small, that they are hardly deserving of 

notice. 

* (3075) The author remarks in a note upon this part of the work, that the coefficient 

of the inequality [5574], is one of the arbitrary terms of the theory, and he has thought 

it best to adopt the result of Burg. 
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(Col. 1.) (Col. 2 ) (Col. 3.) (Col. 4.) 

Inequalities 
deduced from 
Mason’s tables. 

Coefficients 
of this 
theory. 

Excess of these 
coefficients over 
those of Mason’s 
tables. 

Excess of the 
coefficients of 
Burg’s tables over 
those of Mason. 

Inequalities of the second order. 

-f 462s,5.sin.(2cD—2to)*.-f 467s,4 .... -f4s,9 .... -f 0S,6 1 

—1903s,4.sin.(2D—2mv)*.—1897s,4 .... -f6s,0 .... —0s,6 2 

—4681s,5.sin.(2D—2mv—cd-Pto)*.—4685s,5 .... —4s,0 .... —ls,l 3 

-|- 672s,5.sin.(c'mD—-to')*.-|- 682s,4 .... +9S,9 .... +3S,2 4 

+ 407s, 1.sin.(2gv—26)*.-f 406s,9_—0s,2 .... —0s,9 5 

Inequalities of the third order. 

— 10s,7.sin.(3cD—3to)* 

~P 6ls,l.sin.(2o-D—cv—24—{—to)*. 

— 22s ,4:.§m.(2gv-\-cv — 2Ô—to)***. 

-pi46s,0.sin.(2D—2mv-j-cv—to)*. 

~p 14s. 5 ,sin. (2d—2 mvf-c'mv—to7)*. 

—136s,5.sin. (2d—2mv—c'mv-}-&')* . ....... 

~p 21s,7.sin.(2D—2mv—cv-\-dmv-\-zi—to')*. . . 

—205s,8.sin.(2d—2mv—cv—c'mv-{—TO-f-TO7)*. . . 

-p 68s,6.sin.(cd-pc'wiD—to—to')*. 

—116s,8.sin.(cD—c'mv—to~Pto')*. 

-pl78s,6.sin.(2cD—2v-\-2mv—2to)*. 

~p 55s,8.sin.(2gD—2v-\-2mv—20)*. 

-p Ss,9.sin.(2c'wD—2 to')*. 

—pi 16s,7.sin. (d—mv)*. 

— 19s,0.sin.(D—mvfc'mv—to')*. 

— 11s,4 • t • • —0s,7 . . . . — 0s,1 1 

+ 66s,4 • • • ♦ -p5s,3 . . . . +0*,3 2 

— 23s,0 • ■ • • —0s, 6 . . .. -pos,o 3 

-pl47s,0 • • • • ~pis,o . . .. ~pos,o 4 

-P 13s,6 • * * * —0s,9 . . . . +2S,0 5 

— 134s,5 • • • • -p2s,0 . . . . —Is,2 6 

+ 24s,3 • • • • -p2s,6 . . . . — Is,1 7 

—205s,8 • • • • —0s, 0 . . . . -Is,1 8 

+ 71s,0 • • • • -p2s,4 . . . . +1',9 9 

—117s,3 • • • • —0s, 5 . . . . +0',S 10 

-pi 69s, 1 • • • • — 9s,5 . . . . —Is,2 11 

-P 56s,6 • » • • —pOs,8 . . • • +2‘,1 12 

+ 10-, X • •t* +1*,2 . . . . —2s,9 13 

-pl22s,0. (l+i) • • +5',7 14 

— 18s,8. (1+0 . . -p5s,5 15 

Tables 
of Mason 
and Burg. 

[5575] 

Inequali¬ 
ties in 
the moon’s 
longitude 
reduced to 
the form 
of the 
present 
theory. 

[5576] 

VOL. III. 164 
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Tables of 
Mason and 

(Col. 1.) (Col. 2.) (Col. 3.) (Col. 4.) 

Burg. Inequalities Coefficients Excess of these Excess of the 
deduced from of this coefficients over coefficients of 

[5577] 
Mason’s tables. theory. those of Mason’s 

tables. 
Burg’s tables over 
those of Mason. 

Inequalities of the fourth order, and of higher orders, which have been 

compared with observations. 

Inequali¬ 
ties in the 
moon’s 
longitude 
reduced to 
the form 
of the 
present 
theory. 

[5578] 

— 0®,3.sin.(4cy—4-tf)*.—f-0%0 ] 

— 2s,0.sin.(2g‘i>—2cv—2è~\-2zs)*.-}-0s,l 2 

+ 7s;7.sin.(^—v—d)*.-f 5s,6-—2s,l_—0s, 9 3 

— 7%0.sin.(3v—3 mv)*.4-ls,9 4 

-(- 5*,7.sin.(4v—4mv)*.-|-ls,5 5 

-j- 0s,S.sin.(cv-]-2c/mt’—zs—2zs')*..0s,2 6 

— 0s,8.sin. (cw—2c'mv—z>-\-2zi')*.+0®,2 7 

— 8s,9.sin.(2cv-f2v—-2mv—2zs)*.— S5,l .... -j-0*,8 .... -f-0s,9 8 

4-28s,9.sin.(4i'—4mv-cv-\-z>)*.-\-33%4 .... 4~4S,5 .... -fls,8 9 

-f-15s,2.sin.(4i;—4mv—2co-\-2zs)*.-}-1 £>*»£> .... +0S,3 .... —0s,4 10 

—17®,0.sin.(ci;—v-fmv—zs)*.— 8s,3.(l-j-i)._|_p}3 u 

— ls,l.sin.(u—mv—c’mv*\-zs')*..p g |2 

+ 9%5.sm.(2v—2mv—2gv+cv+2ô—zï)*.+ 8s,7 .... —0s,8 .... -f 0s,5 13 

+ 1S>2 .sin.(2(g-îi4~CT—2v-\-2mv—2è—zs)*.+ls,6 14 

— 3s,5.sin.(2u—2 mv-—2c'mv-\-2zs')**..2s,6 15 

— 5s,9.sin.(cv-\-v—mv—zs)**.— 5s,0.(14-i).—f-2%6 16 

r,0.sin.(3ci?—2v-\-2mv—2to)**..2s, 1 17 

-j- 0s,6.sin.(2v—2mv-\-cv-\-c'mv—zs—zs')**..2s,2 18 

4~ 12s,8.sin.(2v—2mv-\-cv—c'mv—zs-\-zs')**.-\-10%2 .... —2s,6 ....  1^3 19 

4- 0s,S.sin.(4i;—4mv—3cij— 3-m)**..jy 20 

4- l*,0.sin.(2ct’—2v-\-2mv—c'mv—2zs-\-zs')**. ... — 0s,2 .... —p,2 .... 4~ls,2 21 

4- r,3.sin.(cii—v-j-mv—cmv—^4-^')**.../ . . . . 4~r,l 22 

4- 6',4.sin.(2cu—2v-\-2mv-\-c'mv—2zs—zs')***. . . 4~ 5s,9 .... —0s,5 23 

— Is,2.sin.(4w—4mv-\-cv—zs)*** 24 

4- 0s,2.sin.(4a'—4v-\-4mv—4zs)*** 25 

— 3s,9.sin.(2u—2mv-\-2gv—2Ù)*** 26 

4- V,l.sm.(2gvz±zc'mv—2R=to')*** 27 

—. 0s,3.sin.(2gv-\-2cv—2v-j-2rm—2Ô—2#)*** 28 

± 2s,0.sin.(2gu—2vf2mv±c'mv—2ôz4zzs')***. 29 
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(Col. 1.) 

Inequalities 
deduced from 
Mason’s tables. 

(Col. 2.) (Col. 3.) 

Coefficients Excess of these 
of this coefficients over 
theory. those of Mason’s 

tables. 

Inequalities of the fourth order, and of a higher order, deduced from Mason’s 

tables, which have not been compared with observations. 

-j-5s,0.sin.(2cp—c'mv—.-Mb 5.—0s,5 1 

—2s,8.sin.(2ci;-j-c'ffi'y—2-m—to').—3%2.—0s,4 2 

-[-4s,7 .sin. (4p—4 mv —cv—c'mv-j-trf -f- to') 3 

—4s, 5.sin. (2u—2mv-\-2gv—cv—2b-\-z$) 4 

—0,4.sin.(2p—2 mv—2gvf-2cv-\-2ô—2to) 5 

+ ls,9 .sin.(4ü—4 mv—2cv-\-dmv-\-2zs—to') 0 

+ 1V5 .sin.(4u—4?mi—2 cv—c'mv-J-2to-[-to') 7 

—ls,2.sin.(3v—3 mv—cvf-zs) 8 

-|-0*,8.sin.(4ga>—4â) 9 

-{-3s,0.sin. (21?—2 mv—cv-\-2c'mv-\-zs—2to') 10 

—5s,8.sin.(2t’—2 mv—cv—2 c’mv —-sï—[—2'cn' ) 11 

—j—0s, 5 .sin. (4v—4 mv—2gv—cv-1—24-J-ro) 12 

0s, 5. sin. (4v—4mv—c'mv-{-to') 13 

—j—0sj7 .sin. (6îi—Qmv—3 cv-[-3to) 14 

—0s,4. sin. (cv— v-\-mv-\-dmv—to—to') L 5 

-[-0s,3 .sin.(4u—4mv-\-c'mv—to') . 1G 

We see by this table, that the greatest difference between the coefficients 

of Mason’s tables and those of the theory, is 9s,9 ; and, there is only 8s,3 

between the theory and Burg’s tables. We might make this difference vanish 

by carrying on the approximations to terms of a higher order ; but, the 

preceding comparison is sufficient to establish incontestibly, that the general 

law of gravitation is the only cause of all the moon’s inequalities. 

Two of these inequalities, on account of their importance, must be 

determined with particular care. The first is that which is called the 

parallactic inequality, whose argument is v —mv. It depends on the 

sun’s parallax. It has been determined by carrying on the approximation to 

quantities of the fifth order inclusively ; so that wTe have reason to suppose, 

Tables of 
Mason and 
Burg. 

Inequali¬ 
ties in the 
moon’s 
longitude 
reduced to 
the form 
of the 
present 
theory. 

[5579] 

[5580] 

[5580] 

[5581] 

Parallac¬ 
tic ine¬ 
quality. 
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[5582] 

[5583] 

[5584] 

[5583a] 

[5583b] 

[5583c] 

[5583d] 

[5583c] 

[5583/] 

[5584a] 

[55846] 

[5584c] 

that the value which we have obtained, is very accurate. According 

to Mason’s tables, reduced to the form of the present theory, this 

inequality is equal to 116 s,7 [5576 line 14] ; but Burg, who has determined 

it by the comparison of a very great number of observations, finds it to be 

greater by 5s,7 [5576] ; therefore, it is equal to 122s,4.* Putting this 

last result equal to the coefficient (1 +z').122s,0, which is given by the 

theory in [5220 line21], we obtain,! 

* (3076) In the Monatliche Correspondenz, voh 28, page 101, is given an extract of 

a letter from Burckhardt, containing some remarks on the effect of an erroneous estimate 

of the moon’s semi-diameter, in determining the value of the coefficient of the parallactic 

inequality. The usual method of determining the moon’s place, by observation, is, by 

ascertaining the difference between the time of the transit of the moon’s enlightened limb, 

over the meridian, and that of some well known fixed star. In this method, the moon’s 

western limb is observed, when the angle v—mv is less than 18(F, or sin.(v—mv) 

is positive; but, the eastern limb is observed, when v — mv exceeds 18(E, or 

sin^î;—mv) is negative. Now, it is evident, that, if there be an error in the estimated 

value of the moon’s semi-diameter, and, that it be taken, for example, too great by Is, the 

longitude of the moon’s centre, resulting from this observation, will be increased by nearly 

the same quantity, when sin.(?;—mv) is positive, and decreased, when sin.(?;—mv) is 

negative ; consequently, the error of the moon’s longitude, arising from this source, will 

always have the same sign as the parallactic inequality, and it will be impossible to 

separate these two quantities. From this we easily perceive, that it is of great importance, 

in ascertaining the coefficient of the parallactic inequality, to have the moon’s semi¬ 

diameter, to the utmost degree of accuracy. Burckhardt supposes, that it is owing, in 

some measure, to this circumstance, that Mayer’s first estimate, given in his lunar theory, 

which was published by the Commissioners of Longitude of Great Britain, in 1757, 

makes this coefficient only 115s; being less by 7s,4, than the late accurate determination 

of Burg. 

f (3077) We have, in [5584], (l-fi).122%0 = 122s,4. Dividing this by 122s,0, 

we get 1-f-i = 1,003 nearly, as in [5585] ; the slight difference arises from the use of 

the centesimal division to two or three more places of decimals; hence, [5221] becomes, 

a 

a' 

1,0 03 

400 ’ 
as in [5586]. 

Now the moon’s mean horizontal parallax is nearly - [5309] ; and, in like manner, 
^ a 

the sun’s horizontal parallax is, 
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therefore, 

1+*= 1,002985; 

a 1,002985 

«' = 400~ 

Now, the sun’s parallax is —, or —therefore,it may be represented 
a' a a 

by> 
D 1,002985 
— . —-- = sums parallax. 
a 400 1 

Substituting for its value 0,01655101 [5329], we get 8?,56 for 

the surfs mean parallax upon the parallel, in which the square of the sine of 

the latitude is i ; which is very nearly the same as has been found by 

astronomers, from the last transit of Venus [5589f, &]. Hence it appears, 

that the lunar theory furnishes a very accurate method of determining the 

surfs parallax.* 

D D a D 1,003 . 
- = -rn-A--, as m [o588], nearly. 
a' a a a 400 L J J 

Substituting in this, the value of — [5329], and, multiplying by the radius in seconds 
CL 

206265s, it becomes 8s,56, as in [5489]. 

# (3078) We may observe, that the author, in vol.5 [12737], states the well known 

fact, that this method of determining the sun’s parallax, by means of the parallactic 

inequality, was given by Mayer, in page 50 of his lunar theory [5583e], almost fifty 

years before the first publication of this volume of the Mécanique Céleste. According to 

Mayer’s calculations, from the theory, the sun’s parallax 10s,8 corresponds to a 

parallactic coefficient of 158s,6 ; consequently, the parallax 8s,56 corresponds to 

125s,7, instead of 122s,4, which is used by La Place. Mayer supposes this coefficient 

to be, by observation, only 115s, corresponding to the parallax 7s,8. If he had 

used the same coefficient 122s,4 as La Place, the result of his theory would make the 

parallax 8s,3 ; which differs but little from the truth ; and proves, that Mayer had 

carried on his approximations to a considerable degree of accuracy, in computing the value 

of this inequality by the theory. 

Before closing this note we may remark, that Messrs. Carlini and Plana have given, in 

Zach’s Correspondance Astronomique, for the year 1820, page 26, a calculation of the 

165 

657 

[5585] 

[5586] 

[5587] 

[5588] 

Determin¬ 
ation of 

[5589] 

the sun’s 
parallax, 
by means 
of this 
lunar in¬ 
equality. 

[5589'] 

[5584c?] 

[5589a] 

[5589i] 

15589c] 

[5589<f| 

VOL. III. 
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[5590] 

[5590'] 

[5591] 

[5592] 

[5593] 

Oblateness 
of the 
earth. 

[5589e] 

[5589/] 

[5589g-] 

[5589ft] 

[5589i] 

[5589ft] 

[55891] 

[5589m] 

The second inequality is that which depends on the longitude of the node of 

the lunar orbit, or, on the argument gv—v—û. Its coefficient, according 

to Mason, is 7s,7 [5578 line 3]; but Burg, who has just determined it, 

by a very great number of observations, reduces it to 6s,8 [5578-line 3], 

The theory gives 5s,552 [5390], if we suppose the earth’s oblateness to 

be -3I4 ; or, 11s,499 if the oblateness be Hence it is evident, that 

Burg’s computation corresponds to the oblateness* This inequality 

is determined with great precision by the theory : and, we have no reason to 

suppose, that there is, with respect to it, the same degree of uncertainty, 

sun’s parallax,by this method, making it 8s,719. On the other hand, La Place, in reviewing 

his calculations, in a paper presented to the Board of Longitude of France, January 19, 

1820, and printed in the Connoissance des Terns, for 1823, page 230, makes it 8s,65. 

In his fifth and last edition of the Système du Monde, page 230, he finally adopts the value 

26",58 = 8s,61. This differs but very little from the value 8s,62 given by Burg, in a 

late investigation, published in 1826, in vol. iv. page 24, of Schumacher’s Astronomische 

Nachrichten. Finally, we may remark, that these results differ but very little from those 

which are obtained from the transits of Venus in 1761 and 1769. These observations 

have been lately discussed with great care, by Encke, using the most approved tables -, 

and, in a work entitled, “Hie Entfernung der Sonne von derErde aus dem Venus dur chg ange 

von 1761,” page 143, he gives the parallax from 8s,43 to 8s,55 ; by combining, in 

the best manner, the different observations of the transit of 1761. The results of the 

observations of the trarisit of 1769, are given from 8s,56 to 8s,65, in vol. iv. page 25, 

of Schumacher’s Astronomische Nachrichten ; and the final result 8s,5776 is used in 

computing the Nautical Almanac for 1834. In conclusion, we may observe, that, in the 

year 1763, a work was published by Doctor Matthew Stewart, entitled, “ The Distance 

of the Sun from the Earth Determined by the Theory of Gravity, fyc.f by means of 

the observed motion of the moon’s apsides. This method, though it has been approved 

by Horsley, Playfair, Hutton, and others, is essentially erroneous and defective ; as is 

shown in a paper presented by me to the American Academy of Arts and Sciences, and 

published in the fourth volume of the first series of their Memoirs. 

* (3079) This is easily deduced from the formula [5390e], by substituting 

[5590', 5390a—e], which gives, 

68,8-f7*,6 1 

"4392*,6 _ 305,05’ 
nearly. 

A'= 6s,8 

This result is finally retained by the author, in page 230 of the fifth edition of his Système 

du Monde. 

[5593a] 
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which prevails inmost of the other coefficients of the lunar theory, by reason 

of the slow convergency of the approximations. As this inequality is 

proportional to the oblateness of the earth, it deserves the greatest attention 

of astronomers. It follows incontestibly, from the values assigned to it by 

Mason and Burg, that the earth is less flattened, than in the case of 

homogeneity. This is conformable to what has been deduced from other 

phenomena, in books iii., iv., v. 

25. We shall now consider the moon’s motion in latitude. It is found 

by the tables in the following manner. If we call the moon’s corrected 

longitude, the mean longitude added to all the inequalities, except the 

inequality of the reduction, we shall find that the moon’s latitude is represented 

by the following expression ; 

Burg. Mason. 

-f 18520s,8 

— 5s,0 

+ 528s,4 

— 3s, 1 

+ 
+ 

+ 
+ 
+ 
+ 

+ 

17s,6 

25s,1 

Is,9 

9s,0 

3s,7 

2s,2 

15s,9 

5s,2 

8s,0 

[Moon’s latitude.] 

-f- 18524s,5 . sin.(argument of latitude) 

— 4s,4 . sin.(3.argument of latitude) 

+ 528s,4 . sin.(2 Dcorrected long.— 20 true long.— arg. lat.) 

— 3s,1 .sin,(arg. lat.—0mean anom.) 

-f- 17s,6 . sin.(arg. lat.— D mean anom.) 

-f- 25s,1 . sin.(27) mean anom.— arg. lat.) 

4~ Is,9. sin.(3 7) mean anom.— arg. lat.) 

+ 9s,0 . sin.(2d con*, long-20 true long.-arg. lat.4-0 mean anom.) 8 

4* 3s,7 . sin.(2Dcorr.long.-20 true long.-arg.lat.-0mean anom.) 9 

-f- 2s,2 . sin.(2d corr.long.-20 true long.-arg.lat.-j-D mean anom.)10 

-J- 15s,9 . sin.(arg. lat.-j-D mean anom.-2 D corr.lon.-j-20true long.) 11 

4~ 5s,2 . sin. (arg. lat-4-2D mean anom -2Dcor-lon.4-20truelong.)12 

— 0s,0 . sin. (Dcorrected longitude). 13 

Reducing these formulas to sines of angles, which vary in proportion to v, 

we obtain the following results ; 

[5593d 

Determin¬ 
ation 
of the 
oblateness 
of the 
oartn, 
by moans 
of an 
inequality 
in the 
longitude. 

[5594] 

[5594'] 

Tables 
of the 
moon’s 
latitude, 
by Burg 
and 
Mason. 

[5595] 
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Inequali¬ 
ties in the 
moon’s 
latitude, 
reduced to 
the form 
of the 
present 
theory. 

[5596] 

[5596a] 

(Col. 10 (Col. 2.) (Col. 3.) (Col. 4.) 

Inequalities Coefficients Excess of these Excess of the 
deduced from of this coefficients over coefficients of 
Mason’s tables. theory. those of Mason’s 

tables. 
Burg’s tables over 
those of Mason. 

18543s,9.sin. (gr’— -â)*. .... 18542s,8 . . . — Is,1 . . . —3s,7* 1 

-j- 13s, 9.sin.(3(g,D- —3d)*. , ... -f 12s,6 . . . —Is,3 . . . —0s,6 2 

—j—527s, 2. sin. (2v— -2mv—g-r-f-â)* .... .-f525s,2 . . . — 2s,0 . . . +0S,0 3 

+ 0s,7.sin. (2r— -2mv-\-gv—è). .+ 1%1 . . . -f 0S,4 . . . +0S,0 4 

— 4s,l.sin.(gD-f-ci)—Ô—w)*.—- 5s,6 

-j- 19*,8.sin.(gi>—cv—ô-f-tij)*.-j- 19s,8 

-|- 21*,7.sin,{gv-\-cv—2v-\-2mv—â—to)*.-j- 21s,6 

— 0s,8.sin.(2u—2mv-\-gv—cv—.— Is,4 

-j- 6s,0.sin.(2i)—2mv—gv-\-cv-\~è—to)*.-j- 6s,5 

-j- 24*,8.sin.(g7?-|-c,0M?—Ô—to')*.-f- 24s,3 

— 27*,9.sin .(gv—c'mv—â-j-®')*.— 25s,9 

—- 9s,5.sin.(2v—2mv—gv-\-c'mv-{-è—to')*. ... — 10s,2 

22s,2.sin.(2v—2mv—gv—c'mv-f-d-f-TO')*. 22s,4 

-f 25s,7.sin.(2cr—gv—2^~\~ê)*.-f 27s,4 

+ 4s.3.sin*(2c«-f-(g’D—2v-\-2mv—2tf—â)* ...-}- 5s,1 

— 0s,9.sin.(3ci)—gv—3to-{-4)*. 

+ ls’° .sin. (3g?)—2v-j-2mv—3Ô). 

-j- 0s,4. sin. (4v—4 mv—gv-\-ô). 

+ 0*,6 .sin.(3ci)—gv—2v-\-2mv—3to-}-0). 

+ 0s ,6 .sin. ( cv -f-gv—2v-\-2mv dtzc'mv—to—Æ^p-ro'). 

=F 0s,6 .sin. (2cv-\-gv—2«-f-2mvzkcv— 2to— ^=Fto) 

-j- 0s,9.3111.(41)—4 mv—gv—cv-\-6-\-zs). 

— 0s,0.sin.( ID’s true longitude)**.- 6s,5 

—Is,5 

+0S,0 

—0 s, 1 

—0s ,6 

+0S,5 

-0s,5 

+2S,0 

—0s,7 

H-0S,2 

+ls,7 

+0S,8 

+0S,0 

+0S,0 

+0s,0 

+0S,0 

+0S,0 

—0 s,5 10 

+0S,5 11 

—0s,0 12 

-f-0s,0 13 

+0d,0 14 

-j-0s,0 15 

— 0s,0 16 

-f0s,0 17 

-f0*,0 18 

+0S,0 19 

-f0s,0 20 

21 

-|-0S,0 22 

—8S,0 23 

Here the theory agrees better with observation, than it does in the case 

relative to the moon’s motion in longitude. This happens, in consequence 

* (30S0) In a note on this table, the author remarks, that the coefficient of the 

inequality [5596line 1], is one of the arbitrary quantities of the theory; and, that he 

gives the preference to the result of Burg’s calculation. 
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of the greater simplicity in the approximations of the motions in latitude, 

which renders the results more accurate. For this reason, I have thought 

it best to compute the tables of the motion in latitude, strictly by the 

theory ; so as to reduce, as much as is possible, the whole science of 

astronomy to the single principle of universal gravitation. The inequality, 

— 6s,487 . sin. ( D ’s true longitude) [5357], 

is not introduced into Mason’s tables, but was discovered by me, by the 

theory ; and is now confirmed by observation, in an incontestible manner. 

Burg found it to be equal to, 

— 8s, 0 . sin. (3>’s true longitude), 

by the comparison of a very great number of Maskeline’s observations. 

This coefficient is, 
— 6", 487 [5357], 

if we suppose the oblateness of the earth to be ; it will become, 

—13s, 436 [5358], 

if the oblateness be • as in the case of the homogeneity of the earth. 

Hence it is evident, that the coefficient —8s, which is found by Burg, 

corresponds to the oblateness It is very remarkable, that this 
1 304,6 J 7 

inequality gives the sa7ne oblateness as the inequality in the motion in 

longitude, depending on the sine of the longitude of the node, which we 

have given in [5593]. These tivo inequalities, which, by the light they 

throw on the figure of the earth, deserve the utmost attention of observers, 

unite in the exclusion of the homogeneity of the earth. 

* (3081) Substituting in [5357c], the value of A = 8s [5601], it becomes, 

8*4-8s,88 1 
ap = —‘—4- _ -- : 

5132s,9 304,1 ’ 

which is nearly the same as in [5602] ; the slight difference arises from the use of 

centesimal seconds to a greater number of decimals. The result given in [5602], is used 

by the author, in page 229, of the fifth edition of his Système du Monde. 

[5596'] 

[5597] 

[5598] 

[5599] 

[5600] 

[5601] 

[5602] 
Determin¬ 
ation 
ofthe 
oblateness 
ofthe 
earth, 
by means 
of an 
inequality 
in the 
latitude. 

[5602(] 

[5602a] 

VOL. III. 166 
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Tables 
of tlie 
moon’s 
horizontal 
parallax, 
by Burg, 
Mason 
and 
Mayer. 

[5603] 

[5604] 

26. It now remains to consider the moon's horizontal parallax. The 

following is the expression of that parallax, at the equator, according to 

the tables of Mason and Burg ; 

(Col. I.) (Col. 2) 

Bmg. Mason and Mayer. 

342 Is,0 ... 343ls,4 

— 0s,3 . . . — 0s,3.cos. (0’s mean anom.) 2 

+ 0s,7 . 0s,7.cos.(2. J) ’s mean long.—2.(7} true long.-[-(7} mean anom.) 3 

+ 0s,8 . *• + 0s,8.cos.(2. > mean long.—2.0 true long.—0 mean anom.) 4 

— 0s, 1 . .. — 0s, 1.cos.(2. J) mean long.—2.0 true long.-]- 3) mean anom.) 5 

37s,3 . .. -j- 37s,3.cos. (2. j) mean long.—2.0 true long.— 3) mean anom.) [Evection.] 6 

+ 0s,3 . 0s,3.cos.(4. 3) mean long.—4.0true long.—2. 3) mean anom.) 7 

+ ls,0 . ls,0.cos.(2.y> mean long.—2,0 true long.— 3) mean anom.-|-0 mean anom.) 8 

+ 0s,6 . 0s,6.cos.(2. J) mean long.—2.0 true long.— 3) mean anom_0 mean anom.) 9 

+ 0s,2 . 0s,2.cos.(3) mean anom.—0 mean anom.) 10 

+ 0s,2 . 0s,2.cos.( J) mean long.—0 true long.— 3) mean anom.) 11 

+ 2s,0 . 2s,0.cos.(2. 3> mean long.—2.0 true long.—2.3) mean anom.) 12 

+ 0s, 4 . 0s,4.cos.(2.mean long, of 3) ’s node—2.0 true long.) 13 

-[-187s,3 . .. -j-187s,7.cos.( J) corrected anom.) 14 

4- 10s,0 . . . -j- lGs,0.cos.(2.1) corrected anom.) 15 

+ 0s,2 . 0s,3.cos.(3.3)corrected anom.) 16 

-f 26s,0 . . . -j- 26s,0.cos.(2.3)corrected long.—2.0 true long.) 17 

— Is,0 . . . — ls,0.cos.( 3)corrected long.— 0 true long.) 18 

+ 0s,2 . 0s,2.cos.(3.corrected long.—3.0 true long.) 19 

— o
 

b
o

 

» « ’ 0s,8.cos.(2. 3) ’s true distance from node—J) corrected anom.). 20 

To obtain the moon's horizontal parallax for any latitude : Burg supposes 

the ellipticity of the earth to be -^To, anc^ Mayer uses We have 

supposed it to be in conformity with the calculations in the 

preceding article ; and, we must multiply the coefficients of the table 

[5603, or 5605], by unity, minus the product of the ellipticity by the 

square of the sine of the latitude [1795"]. This being premised, we 

have, for the moon’s equatorial horizontal parallax, expressed in terms 
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depending on the cosines of angles, which vary in proportion to the 

longitude v ; * 

(Col. 1.) (Col. 2.) (Col. 3.) (Col. 4.) 

Inequalities 
deduced from 
the tables of 
Mason and Mayer. 

Coefficients 
of this 
theory. 

Excess of these 
coefficients over 
those of Mason’s 
tables. 

Excess of the 
coefficients of 
Burg’s tables over 
those of Mason. 

-|-3442s,4 .+3427*,9 .... —14*,5 . 

+ 18Ss,5.cos.(cv—zi).+ 187s,7 .... — 0s,8 . 

— 0s,5.cos.(2cu—2to).+ 0 s,0 . . . . + 0s,5 

— 0%3.cos.(3cu—3to). 

+ 0s,l.cos.(4«;—4to) 

+ 24s, 2. cos. (2v—2 mv). 24s,7 .... + 0s,5 . . . 

+ 38s,4 .cos. (2v—2 mv—ct+to). • + 38s,1 .... — 0s,3 . . . 

— P,2.cos.(2t—2 mv-\-cv—to). • 1 1 0s,7 .... + O',5 . . . 

— 0s,2.cos.(2-y—2 mv-\-c'mv—to'). 0s,2 .... + 0s,0 . . . 

+ 1s,7.cos.(2r—2 mv—c'jwv+to'). ■ + Is,6 . . . . — 0s,1 . . . 

0s 3 COS (dmti tt\ 1 ... 0s 3 _ 0 s 0 

— 0s, 1 .cos. (2v—2 mv—c-t+cW+to —to') • r 0s,2 .... — 0s,1 . . . 

+ F,7.cos.(2u—2 mv—cv—c'wîü+to+to') ■ + Is,6 . . . . — 0s,1 . . . 

— 0s,3.cos .(cv-\-cmv—to—to'). 0s,6 .... — 0s,3 . . . 

4- r 0s,5.cos.(ct—c'mv—to+to'). • + 0s,9 .... + O',4 . .. 

+ 3s,9.cos.(2cy—2v-\-2mv—2to). 3s,6 .... — 0s,3 . . . 

0s,4.cos.(2g?>—2 ®-j-2w—2d). 0s,2 .... — 0s,6 . . . 

. ls,0.cos.(«—mv). l',0.(l+i) 

0s,1 .cos.(4n—4 mv). - 

— 0*,l.cos.(4t;—4 mv—2cu+2to). 0s,0 .... + oy ... 

— 0s,l.cos.(4v—4 mv—cu+to). 0 s,1 .... + o-,o ... 

- . 0 s,2 .cos. ( 3 cv—2 v4-2mv—3to). 

— ls,0.cos.(2gn—cv—2$+to). Is,0 .... + O',0 ... 

+ 0s,2.cos. (2gv-\-cv—2é —to). 

— 0s,2.cos.(«;—v-\-mv—to).. 0',l.(l+i). 

0s, 1.cos .(2cv-j-2v—2mv—2#).+ 0s,0 . . . . + 0s,1 

10s,4 1 

— 0 s,4 2 

+ 0 s, 0 3 

+ 0S,0 4 

+ 0s,0 5 

+ 0s,0 6 

+ 0s,0 7 

+ 0s,0 8 

+ 0s,0 9 

~!~ 0s,0 10 

+ 0s,0 11 

+ 0 s,0 12 

+ 0 s,0 13 

+ 0s,0 14 

+ 0 s,0 15 

+ 0 s,0 1G 

+ 0 s,0 17 

+ 0s,0 IS 

+ 0s,0 19 

+ 0s,o 20 

+ 0*,0 21 

+ 0s,0 22 

+ 0s,0 23 

+ 0s,0 24 

+ 0s,0 25 

+ 0s,0 26 

Tables of 
the inoon’* 
horizontal 
parallax 
reduced to 
the form 
of the 
present 
theory. 

[5605] 

* (3082) The expression of the parallax [5331] is, for a latitude whose sine is 



664 THEORY OF THE MOON ; [Méc. Cél, 

[5606] 

[5607] 

[5608| 

[5609] 

The equations of the horizontal parallax, in the tables of Mayer, Mason, 

and Burg, are derived from Mayer’s theory, and we see, by the preceding 

table, that there is but very little difference between the coefficients of these 

equations, and those of the preceding analysis. We have, however, reason 

to believe, that the present analysis is the most accurate, since this theory 

represents, better than Mayer’s does, the moon’s motion in longitude. This 

is however a mere nicety in analysis ; because observations cannot be made, 

with sufficient accuracy, to determine such slight differences. With respect 

to the constant term of the parallax, it was determined by observation, 

both by Mayer and Burg. This last astronomer has grounded his calculations 

chiefly upon a very great number of Maskelyne’s observations, and he has 

found, that this constant part is less than in Mayer’s tables, by 10s,4. We 

have deduced this quantity, in [5330], from the experiments upon the length 

of a pendulum, vibrating in a second ; and from the measures of the degrees 

of the meridian : by this means, we have found, that we must still farther 

decrease, by 4s, 1 [56051inf 1], the constant part of the parallax given in Burg’s 

tables. The question then arises, whether this difference depends on the 

errors of the observations, or on those of the elements which we have used 

in the calculation ? This can be ascertained, by a long continued series of 

observations. The only element which appears to be liable to any considerable 

degree of uncertainty, is the moon’s mass. We have seen, in [4628,4629'], 

that to make the result of the theory coincide with the calculations of Burg, 

we must decrease the moon’s mass, from to 
74,2 

This diminution 

appears rather too great, to accord with the phenomena of the tides, with 

the nutation of the earth’s axis, and with the inequality in the solar tables, 

[5330,5316]; and, by supposing the oblateness equal to -jW: we sliaH obtain the 

[5604a] eqUatorial parallax, by multiplying the function [5331 ], by nearly, [1795 ] , 

or by increasing their coefficients ^ part. This process being applied to the numbers in 

[5331], gives those in [5605 col. 2], corresponding to the present theory; those in 

[5604ft] [5605 col. 1], being deduced from [5603col. 2], by a method of inversion similar to that 

which is used in finding [5575,be.col. 1], from [5551,&c.]. 



VIL iv. $26.] COMPARISON OF THE THEORY WITH OBSERVATION. 665 

which depends on the moon’s mass. Upon a full consideration of the subject, 

it appears that we must still farther diminish, by two or three centesimal [5610] 

seconds, the constant term of the moon’s parallax, as it is given by Burg ; 

who, by the comparison of a very great number of observations, had already 

diminished the constant term, adopted by other astronomers, and, by 

that means, obtained very nearly its true value. 

von. TIL 167 
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[5611] 

[5611a] 

[56116] 

[5611c] 

[56lid] 

[5611e] 

[5611/] 

[5611g-] 

CHAPTER V. 

ON AN INEQUALITY OF A LONG PERIOD, WHICH APPEARS TO EXIST IN THE MOON’S MOTION. 

27. We have remarked, in [4733—4736], that the moon’s mean 

motion, deduced from a comparison of the observations of Flamsteed and 

Bradley, is sensibly greater than that which results from the observations of 

Bradley, compared with those of Maskelyne ; moreover, the observations 

made within fifteen or twenty years, indicate, in this motion, a still greater 

diminution. This seems to prove, that there is, in the theory of the moon’s 

motion, one or more inequalities, of a long period ; and, it is important 

to ascertain the law which regulates any such inequality.* If we examine 

* (3083) The propriety of introducing an inequality of this kind, into the lunar theory, 

has been much discussed by astronomers. It is very apparent, that the theory gives such 

an inequality ; but, the result of the latest observations leads to the belief, that its 

coefficient is insensible ; and, it is not used in Damoiseau’s tables, as we have already 

observed in [4746a]. This correction was proposed by D’Alembert, about sixty years 

ago, to account for the acceleration of the moon’s motion ; before La Place had discovered 

the real cause of that acceleration. To estimate the periods of the arguments of the 

inequalities treated of in this chapter, we have taken, from the third edition of La Lande’s 

astronomy, the following mean motions, in one hundred years ; supposing nt, n't, to 

represent, respectively, the mean motions of the moon and sun, during that time. 

Motion of D’s perigee = (1—c).7it = 4069'J,2 [4817] ; 

Motion of D’s node = (1—-g).nt =—1934d,2 [4817] ; 

Motion of 0’s perigee = (1—c').n't= P,7 [4817,4831] ; 

Precession of the equinoxes =± (f-l).nt = ld,4 [5347o, 4359]. 

Hence we obtain the increments of the arguments of the first members of the following 
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the lunar theory, with the most scrupulous attention, we shall find, that the 

action of the planets produces nothing of this kind. This is made quite 

evident, by the analysis, given in [5455—5539]. But, the sun's attraction 

produces, in the expression of nt-fe, an inequality, proportional to the sine, 

of the following angle ;* 

3v — 3 m v-\- 3 c'm v—2 g v — c v -f- 2ô -f- w — 3 m'. 

expressions, in one hundred years; also, the times of the periodical revolutions of these 

arguments, respectively, or the number of years requisite to complete the whole 

circumference 36(P ; 

Years 

2 J> node-}- D perigee = 3 nt—2gnt—cnt = 200r7,8 179 

2 2>node-J-3) perigee — ©perigee — 3nt—n't-f- c'n't—2gnt—cut = 199'z,l 181 

25node+5perigee — 3 ©perigee = 3nt—3n'i-\-3 c'n't-%gnt—cnt = 195tf,7 184 

2]) node-]-7> per.-© per.-j-2.p recession = %fnt-\-nt-n't-\-c'n't-2gnt-cnt = 201d,9 178 

27) node&i-D perigee -|- 3.precession = 3fit—ignt—cnt = 205,z.0 175 

The arguments [5611 l,m,n] correspond, respectively, to [5627,5633,5639]. The 

author commenced with the use of the first of these arguments, as in [5665] ; but, he 

afterwards proposed to change it into the form [561 Ira]. Burckhardt uses the argument 

27) node-p 7) perigee, in his tables, published in 1812. Several papers were published by 

LaPlace,Burckhardt and Burg, upon this subject, in the Connaissance des Terns, for 1813, 

1823, 1824, fee.; and in the Monailiche Correspondent, vols. 24,26, 28; also by Carlini and 

Plana, in Zach’s Correspondance Astronomique, vol. 4, page 26, Sic. La Place resumes 

the subject in the fifth volume of this work [12755'] ; but does not there speak with much 

confidence relative to the existence of this inequality. Finally, he omits it altogether, in 

the last edition of his Système du Monde, which was published a short time before his 

decease. 

* (3084) As an example of the production of such quantities, we shall observe, that 

the function [4809] contains the term, 

15m'.u'4 

8u3 
. sin. (3i?— 3 v’) } 

and, we have, in u,A, a term of the form, 

A1 2. e'3, cos. (3 Pm v—3 to') [4838, fkc.] ; 

also, in u~3, a term of the form, 

667 

[5612] 

Inequality 
in v, 
depending 
on tlie 
sun’s 
notion. 

[5613] 

[5611/t] 

[561 It] 

[56117c] 

[5611/] 

[5611m] 

[561In] 

[561lo] 

[561Ip] 

[5611î] 

[5613a] 

[56136] 
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[5614] 

[5615] 

[5616] 

[5617] 

[5618] 

[5613c] 

[5613d] 

[5616a] 

[56166] 

The terms which compose this inequality are very small, in the differential 

equations ; but, some of them acquire, by successive integrations, the 

divisor (3 —3m-j-3c'm—2g—c)2; and this can render them sensible, 

by its extreme smallness. To determine this divisor, we shall observe, that 

we have, by using the values [5117], 

3—2g—c = 0,00040849. 

Moreover, the annual motion of the sun’s perigee is 11s,949588 [42441inel]; 

hence we have,* 

1— c'= 0,00000922035. 

From this we get, 

3—3fn-\-3c'm—2g—c = 0,00040642 ; 

consequently, we have, 

A". ey2.cos. (%gv-\-cv—2d—zs) ; 

which is similar to that in [4904 line 16]. The product of these two term gives, by 

reduction, 
£A' A".e/3. ey2. cos.(Zc'mv — %gv—cv-\-%è-\-zs—3zt'). 

Multiplying this by the factor, 

— ^p-.sin.(3r—3F) = —. sin.(3r—3 mv), nearly; 

and reducing, we obtain a term of depending on the sine of the angle mentioned 

in [5613]. Substituting this in [4753, or 5620'], we find that it will suffer two integrations, 

which will introduce the divisor [5614]. 

* (3085) The motion of the sun’s perigee is (1—c') .n't [5611/]; and, if we put 

this equal to 11*,949588 [5616], and n't — 1295977s,349 [4077 line 3], we shall get, 

(1 _ </). 129597 7s,349U= 1T,949588 ; 

whence, we easily deduce [5617]. Multiplying this by 3m [5117], we obtain, 

3 3 dm — 0,00000207 ; 

subtracting it from [5615], we get [5618]; whose square is as in [5619]. We have 

corrected the numbers [5615, 5618, 5619], for a small mistake, made by putting [5615] 

equal to 0,00040859. 
[5616c] 
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(3—3m+3c'm—2g—c)2 = 0,00000016518. 

We have seen, however, in [4853', &c.], that the square of the coefficient of 

the angle v, cannot become a divisor of the corresponding inequality, by 

means of the successive integrations, when we notice only the first power of 

the disturbing force ; but this restriction does not obtain in the terms 

depending on the square of that force ; and, the inequality depending on 

3v—3mv-\r3c'mv—2gv—cv-\-2ù-{-zs—3ff, can arise only from these terms. 

To prove this, we shall consider the term 3a .ffndt.dR, of the expression 

of 6v} given by the formula [931]. This term appears to be that upon 

which the inequality in question must chiefly depend. The development of 

R gives some terms of the form,* 

R — H.co$.(3nt—3n't-\-3c'n't-—2gnt—cnt-\- 2d-j-«—3ff). 

If these terms depend only on the first power of the disturbing force, n't 

and c'n't will depend on the sun’s co-ordinates ; and then, the differential 

dR, which only affects the moon’s co-ordinates [5363'], will become, 

d R = —(3—2g—c) .ndt.H. sin. (3nt—3n'tJr3c'n't—2gnt—cnt-\- 2d-f ®—3w). 

The double integral 3a.ff ndt.dR acquires the divisor, 

(3—3m-\-3c'm—2g—c)3 • 

71^ 

m being equal to — [4835] ; but, it has for a factor 3—2g—c, which 

is very nearly equal to 3—3m+3c'm—2g—c [5615, 5618] ; so that it 

must be considered as having only the divisor 3—3mJr3c'M—2g—c, which 

does not appear to be small enough to render the result sensible. If the 

preceding term of the expression of R depend on the square of the 

* (3086) This is evident, by comparing the value of R [949] with its development 

[957, &c.]. It also appears, by a process similar to that in [5613a—d], from which we 

easily perceive, that —or R [5360] contains a term of the form, 

H.cos.(3v—3mv-\-3c'mv—2gv—cv-\-2è-{-z5—3w'). 

Now, substituting nt for v, and mn = n' [4835], it becomes as in [5621]. Its 

differential, relative to d, supposing it not to affect n't, becomes as in [5623] ; but, 

if we suppose it to affect the part —2n't of the term —3n't, and put n'=mn, as 

above, it becomes as in [5626]. 

168 

[5619] 

[5619q 

[5620] 

[5620'] 

[5621] 

[5622] 

[5623] 

[5624] 

[5625] 

[5625'] 

[5621a] 

[56216] 

[5621c] 

[562Id] 

VOL. III. 
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disturbing force; or, in other words, if it arise from the substitution of the 

^ parts of r, v, which depend on the first power of that force ; then, the 

moon’s co-ordinates will contain the angles n't and c'nt. For example, 

if we suppose, that the part —2n't, of the angle —3n't, in this term 

of R, depends on the moon’s co-ordinates ; we shall have, 

[5626] dR = —(3—2m—2g—c).H.ndt.s,m.(3nt-3n'tJr3cn't-(2.gnt-cntJrT-\-^-3^') ; 

and, the term 3a.ffn dt.dR [5620'] gives, in the expression of the 

moon’s longitude, the following term, 

[5627] 5v 
3a. (3—2m—9g—c).n2.Æsin.(3nt—3n't-\-3dnt—Qgnt—cnt-\-2^~\~M—3'us') 

( 3—3 m -[- 3 dm—2g—c) 2 

which may become sensible by the extreme smallness of its divisor. The 

terms of this kind, are very numerous, and it is difficult to determine all of 

[5628] them, with accuracy ; but it is sufficient for the present purpose, to prove the 

possibility of such an inequality ; since we may then refer directly to 

[5628'] observations to determine its magnitude. This inequality must he applied 

to the mean motion, and, therefore, also to the mean anomaly. 

[5629] 

The theory also indicates an inequality, depending upon the oblateness of 

the earth, and having very nearly the same period as the preceding [5627]. 

We have seen, in [5340], that the expression of Q contains the term, 

D2 

Q — (èa?— aP) * * (^2 ir) ’ 

[5630] 

now, we have, as in [5344], 

u = s. cos.x-f-y/1—ss .sin.x. smfv , 

moreover, we have, in [4776], 

[5631] 

[/ 1+ss 
r =- 

u 

This gives in R, or in — Q, [5438], the function,* 

* (3087) The square of g [5630], or rather the square of the last term of that 

[5632a] expression, produces (1 - s2).sin.2X.sin.2/v = (1— s2).sin.2X.(| — §xos.2/y) ; so that 

fjfi or n2—} contains the term —£(1—s2).sin.2X.cos.2/h . Substituting this in [5629], 

we obtain in Q, the term, 



VII.v.§27.] INEQUALITY OF A LONG PERIOD. 671 

R = — Q = (Jo-fp—ap).jZ)2. u3. (1—|-s2).sin.2x.cos.2/b. 

This function produces, by its development, some terms depending on the 

following angle,* * 

2fnt-\-nt—n't + c'n't—2gnt—cnt -f-20+w •—^ • 

[5632] 
Inequality 
in 

V, 
depending 
on the 
oblateness 
of the 
earth. 

[5633] 

They are analogous to those produced by the function R [5626,&c.], 

relative to the sun’s action, which depends on the angle [5621], 

Snt—3n't-f- 3c'n't—2gnt—cw£ + 2d-}-aj— 3d. [5634] 

The coefficient of the time t, is very nearly the same in both these ^5535] 

angles, which differ from each other about 180d, in the present situation 

( 2_^2\ 

Q = —(Jcup—ap) . §D2. ———- . sin.2X.cos.2/i> . [56325] 

Now the expression of r [5631] gives, 

-L _ u3. (i_[_s2)-f = u3. (1— fs2), and i-= u3. (1 —|s2), nearly. [5632c] 

Substituting this in the preceding value of Q, it gives in —Q, or R [543S], the 

term [5632]. 

* (308S) This angle is produced by the development of the term w3. s2. cos.2/y , [5533a] 

which occurs in [5632]. For the value of s, orratherof s-fffo, [4818,4896,4897] 

contains the terms, 

s == y.sm.(gv—â)-j-^2h ey.sin. (gv-\-cv—ê—zs) ; [56335J 

whose square produces the term, 

2eya.sin.(gv—Ô) .sin.(gu-f-cv—Ô—-a) ; 

or, by reduction, 

s2 = — Bf\ ef. cos.(2gvJrcv—25 —zs). [5633c] 

In like manner, the value of u, or that of u-\-8u [4826,4904], contains the following 

terms, 

u — - . I l-f-^18). — .e'.cos.^'—mv-\-c'mv— w') | • [5633d] 

therefore, u3 contains the term, 

1 a 
3^18). —3 • — . eh cos.(v — mv-\-c'mv — -of) . 

a3 a [5633d'] 
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[5636] 

[5637] 

[5637'] 

[5638] 
Term of V, 
depending 
on 

F13). 

[5633e] 

[5633/] 

[5635a] 

[56356] 

[5636a] 

[56366] 

[5636c] 

of the sun’s perigee.* All the terms of R [5632], depend entirely upon 

the co-ordinates of the moon ;f so that if we represent by, 

jR — K.sin.(2fnt-\-nt — n't -f c'n't — 2gnt — cntif 26 -j- ® — to') , 

the term of the development of R [5632], which depends upon the 

preceding angle ; we shall find, that this term acquires, in the differential dR, 

the factor (2/*-f 1——2g—1 ).n ; therefore, it will have for a divisor, 

in the double integral Sa. ff ndt.dR, only the first power, and not the 

square of this quantity ; hence, it is evident, that this term must be 

insensible. 

The term of the form Y(3), which, as we have seen in the third hook, may 

occur in the expression of the radius of the earth, can also introduce into the 

Multiplying this, by the term of s* 2 [5633c], and reducing, we get, in u3. s3, a term 

of the following form, 

2 K'. cos. (v — mv -f c'mv — 2gv — cv--f- 2tî -j- to — to') . 

Lastly, multiplying this by cos.2fv , and reducing, we obtain, in U, a term of 

the form, 

K. cos. (2fv -f v — mv -f c'mv — 2gv — cv -f 2Ô -f -us — to') . 

Now, changing, as in [5621c], v into nt, and putting mn = n, it becomes as 

in [5633,5636]. 

* (3089) Subtracting the angle [5634] from that in [5633], we get for their difference, 

2.(/—1). nt -f 2.(1 — c') .n7-f 2to'j 

and, as we have, very nearly, /= 1 , c'= 1 [5347^, 5617], the preceding expression 

is, very nearly, equal to 2to', which differs but little from 180d [4081,line 3], as in 

[5635]. 

•j* (3090) The variable quantities which occur in R [5632], are w3 * * * *, s9, cos.2fv ; 

all of which refer to the moon ; so that for this term of R, the differential dR [5632] 

changes into the complete differential dR ; and by taking the complete differential of 

[5636], we get, 

dR= (2/n-ftt—n'fc'n'—2gn—cn).dt.cos. (%fnt fnt—n't-\-c'n't— 2gnt—cntf-20-^ to—to'). 

Substituting n'= mn [5621c] in the factor of this expression, it becomes, 

(2/-j- 1 — m + dm — 2g — c). ndt, 

corresponding to [5637]. 
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expression of the moon’s true longitude, an inequality depending on,* 

sin. (Sfnt — 2gnt — cnt + 24 -f- f Î I5638'] 

which is now nearly confounded with the two preceding ones [5638/]. If [5639^ 

this inequality become sensible, it will furnish new data on the figure of the 

earth ; but some calculations, which I have made for this object, induce me 

to believe, that this inequality, like the former, is insensible. The lapse of [5639'1 

ages, and new improvements in analysis, will throw light on this delicate and 

important part of the lunar theory. 

28. We shall now proceed to establish by observations, the existence of the 

inequality depending on the sine of the angle, 

Snt — Sn't —f* Sc'n't — 2gnt — cnt -j- 24. —j- vs — 3® [5627]. [5640] 

* (3091) In the same manner as the term —4 of 

V [1811 or 5336], the term, 

2)2 

( ^ cr ç a, p ] . g . J\I • ~ ~ , 

Y(2! [1528c], introduces into 

[5638a] 

Uj 

the term Y(3) [IS 11, 1528(7], produces a term, which contains the factor — or 

[x3.u4 [4776]. Now, the last term of p. [5630], gives in p.3 the term, 

2 

(1 — ssf. sin.3 A . sin.3 fv , or sin.3A . sin 3fv ; 

which, by means of [2] Int. gives — § . sin.3 A . gin.3fv . Moreover, the complete value [56386] 

of u or [4826,4904], contains terms of the form, 

* . 1 -\-At. cos. (2gv -\-cv — 24 — zs) | ; [5638c] 

therefore, w4 produces 4a-4. A/. cos.(2gv-\-cv — 26—vs). Multiplying this by the 

term, — f . sin.3 A . sin. 3 f v [56336], and reducing by [18] Int. we obtain, 

— |. a-4. At. sin.3 A. sin.(3/z> — 2 gv — cv 2 6 -j-zs) ; [5638/] 

which, by changing v into nt, produces the angle mentioned in [5638']. The 

difference between this angle [5638'], and that in [5626], is represented by, 

o.{f—l).nt—3.(c'—1) .rit-\-2>vs'-, [5638e] 

which, by reason of the smallness of f— 1, c'— 1 [56356], is now nearly equal to Svs' ; 

and as this varies slowly, the periods of the inequalities [5627, 5638'], are nearly equal to [5638/] 

each other, and to that in [5633], as in [56356,5639], or in [5611 l,m,n\. 

VOL. III. 169 
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[5641] 

[5642] 

[5643] 

[5644] 

[5644'] 

[5645] 

[5646] 

[5647] 

[5648] 

[5648'] 

(5645a] 

If we represent this angle by E, we shall evidently have, 

E --= 2.long. 3) node + long. J) perigee S.long.© perigee [5611/] ; 

and we shall now proceed to show, that the law of the variations of sm.E, 

is the same as that of the variations which have been observed in the moon’s 

mean motion. 

In the lunar tables, inserted in the third edition of La Lande’s astronomy, it 

is supposed, that in the interval of 100 Julian years, the moon’s motion relative 

to the equinoxes, exceeds a whole number of circumferences, by 307d 53m 12s ; 

and that the epoch of 1750 is 188'* 17"114s,6. The correction of the epoch 

of these tables, in 1691, has been determined by Bouvard and Burg ; by 

means of more than two hundred observations of La Hire and Flamsteed ; 

they have both found this correction equal to —4s,4. 

The correction of the epoch of the same tables, in 1756, has been 

determined by Mason and Bouvard, by means of a very great number of 

Bradley’s observations ; and they have found it to be 0%0. Thus, in the 

interval from 1691 to 1756, the moon’s mean motion was greater than the 

tables, by 4s,4 , which gives 6s,8* for the increment of the mean motion 

of the same tables in a century. 

Burg has found, by a great number of Maskelylie’s observations, that the 

correction of the epoch of these tables is equal to —3%0, in 1766, and 

—9S,1, in 1779. 

Bouvard has found, by a great number of Maskelyne’s observations, 

— 17s,6, for the correction of the epoch of these tables, in 1789. 

Lastly, by a considerable number of observations made at Greenwich, 

Paris and Gotha, it has been found, that the correction of the epochs of the 

same tables, in 1801, is —28s,5. 

Hence it appears, that, from 1756 to 1801, the moon’s mean motion has 

decreased in a sensible manner ; and, that this diminution is now increasing. 

* (3092) In the interval from 1691 to 1756, which is 65 years, this correction varies 

T,4 [5645], which is at the rate of 6s,8 in a century, as in [5645]. 
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For, in the interval between 1756 and 1779, which is twenty-three years, 

this motion was less than by the tables, by 9% 1 [5644', 5646] ; and, from 

1779 to 1801, that is, in twenty-two years, it was less by 195,4.* The 

epoch of 1756, compared with that of 1779, gives 39s,5,f for the decrease 

of the tabular motion in a century; whilst the epoch from 1756 to 1801 

gives 63s,3, for this diminution. Therefore, the combination of all these 

observations evidently indicates the three following results. First. A mean 

motion greater than that of the tables, from 1691 to 1756 [5644']. Second. 

A less mean motion from 1756 to the present time [5651]. Third. A 

diminution which becomes more and more rapid. 

These results are conformable to the march of the preceding inequality. 

For, at the epoch of 1691, the sine of E was negative and, it wras 

positive in 1756 ; therefore, this inequality increases the moon’s mean motion, 

in that interval. In 1756, this sine was positive, and near its maximum ; and 

since that epoch, it has always been decreasing ; therefore, the inequality 

decreases the moon’s mean motion. Lastly, this sine was nearly equal to 

* (3093) This is the difference of the two corrections —9s, 1, —28s,5 [5646,5648]. 

t (3094) The difference of the numbers 0s,0, —9s,I [5644', 5646] is 9% 1, 

corresponding to the interval 1779—1756=23 years. This is at the rate of 39s,5, in 

100 years; as in [5650]. If, instead of —9s,1, we had used —28s,5 [5648], 

corresponding to 1801, the variation would be 28s,5, in 45 years ; corresponding to 

63s,3, in a century. These differ a little from the results of the author in the original 

work; who gives 126"=40?,8, and 172",5 = 55s,9, instead of 39s,5 and 63s,3, 

respectively. 

t (3095) According to the tables in La Lande’s astronomy, the values of E, at the 

different epochs, are nearly as follows ; 

Years, 1691 1750 1756 1801 

Values of E, 320rf 76d 8T 176k 

The signs of the angles change from negative to positive, in 1750, &tc., as in [5653, &lc.] ; 

and, in 1756, sin.-E attains nearly its maximum value, or sin.90k Moreover, if we 

represent, as in [5658], by y.sin.jE, the part of this correction which depends on E, 

and suppose E to increase by the quantity dE, the corresponding increment of y.sin.U 

becomes y.dE.cos.E- which has, evidently, its greatest negative value when E — 180k 

or s'm.E = 0 ; as in [5654']. 

[5649] 

[5650] 

[5651] 

[5652] 

[5653] 

[5654] 

[5648a] 

[5650a] 

[56506] 

[5652a] 

[56526] 

[5652c] 

[5652c/] 

[5652e] 
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[56 54'] 

[5655] 

[5656] 

[5657] 

[5658] 

[5658'] 

[5659] 

[5659a] 

[56596] 

[5659c] 

[5659d] 

nothing, in 1 BO Î [56526] ; and then, the diminution of the mean motion 

was the greatest [5652e]. The decrement of the mean motion must, 

therefore, be greatest about the year last mentioned. 

JJ e shall now determine the coefficient 0/ this inequality. It is evident, 

that it must produce a change, both in the epoch of the tables in 1750, and 

in the mean motion of the tables in a hundred years. We shall put s 

for the correction of the epoch of the tables in 1750 ; x for the diminution 

of the mean motion in a century : and, y for the coefficient of the 

preceding inequality. The formula for the correction of the epochs of 

the tables, will be, by putting i for the number of centuries elapsed 

since 1750, 

s — x. i -j-2/-sin,J7. [Correction of the epoch] 

To determine the three unknown quantities s, x and y ; we have 

compared this formula with the results of observation, at the three epochs 

1691, 1756 and 1801; and, by this means, have obtained the three 

following equations ;* 

s-j-rr.0,59—y.0,63660 =—4s,4 ; [Yeari69ij 1 

S'—x.0,06-fy.O,99898 = 0s,0 ; [Year use] 2 

f—£.0,51-py.0,08199 =-2S%5 . treansoi] 3 

These three equations give, 

* (3096) The coefficients of x, in the equation [5658, or 5659], are represented by 

to-<t-(1~50—years); those of y are the values of sin.12, corresponding to the 

respective yearssimilar to those in [56526], but taken to a greater degree of accuracy. 

Lastly, the constant terms of the second members, are the quantities computed in 

[5644,5644,5648]. The equations [5659] give the values of s, x, y [5660] ; as 

we can easily prove, by substituting them in [5659]. With these values, we find, that the 

formula [5658] becomes, 

— 13*,46 — 31,,96.i + 15*,39.sin.£ ; 

from this wre obtain the values [5661], using the values of E, corresponding to the 

different epochs. We may observe, that the quantities —3s,0, — 9s,1, —17’,6 

[5646, 5647] furnish three additional equations, of the form [5659] ; and, we can 

determine the value of s, x, y, by combining all these equations, by the method of 

the least squares [815e—/]. 
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« =—1|*,46 ; 1 

x = 31%96 ; 2 

y = 15s,39 . 3 

By means of these values, we find —4%4 , + 0s,0 , —3s, 8, —1T,3, 

— 18s,7, and -—28s,5, for the corrections of the six epochs of 1691, 

1756,1766,1779, 1789, 1801. The sum of these six corrections is ■—66s,7 ; 

and the sum of the six corrections determined by observations is — 62s,6 ; 

the whole of these corrections taken together, indicate, therefore, that wre 

must increase the preceding value of s by 0s,7 ;* and then the formula 

for correcting the tables becomes, 

— 12s,8 — 31s,96 . i-\- 15s,39 . sin.J2 . 

Calculating by this formula, the corrections for the six epochs, we have, 

(Col. 1.) (Col. 2.1 (Col. 3.) (Col. 4.) 

Corrections of the tables Corrections by the Excess of these corrections 
by observations. formula. above the first. 

1691 ... — 4 s,4 [5644].— 3s,7.+ 0 s,7 1 

1756 . . . + 0s,0 [5644'].+ 0s,7.  + 0s,7 2 

1766 ... — 3s,0 [5646].— 3,1.— 0%1 3 

1779 ... — 9s,1 [5646].— 10%6.— V,5 4 

1789 ... — 17s,6 [5647].— 18s,0.— 0s,4 5 

1801 . . . —28s,5 [5648].— 27s,8.+ 0s,7 6 

The difference between the results of observation and those of the formula, 

are within the limits of the errors to which these last results are liable ; they 

may in part depend on the formula itself, which can be rectified by new 

observations. 

* (3097) If we suppose the expression ? [5658], to be increased by the quantity 

s', it will augment each of the six numbers [5661], by the same quantity s', 

and the sum of all of them will become — 66*,7-yes'. Putting this equal to the 

sum — 62s,6 of the corrections by observation, as they are given in the second column 

of the table [5666], we get — 66*,7-06s' = _ 62s,6 ; whence s'= 0s,7; as in 

[5664]. Adding this to each of the values [5661], we get the numbers in the third 

column of [5666]. Subtracting the terms in the second column of this table, from those in 

the third, we get the corrections in the fourth column. 

170 
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[5660] 

[5661] 

[5662] 

[5663] 

[5664] 

[5665] 

[5666] 

[5665a] 

[56656] 

[5665c] 
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[5666'] 

[5667] 

[5668] 

[5667a] 

[5667b] 

[5667c] 

CHAPTER VI. 

ON THE SECULAR VARIATIONS OF THE MOTIONS OF THE MOON AND EARTH, WHICH CAN BE PRODUCED 

BY THE RESISTANCE OF AN ETHEREAL FLUID SURROUNDING THE SUN. 

29. It is possible, that there may be an extremely rare fluid surrounding 

the sun, which alters the motions of the planets and satellites ;* it is, 

therefore, interesting to know its influence on the motions of the moon and 

earth. To determine it, we shall put, 

x, y, z, for the rectangular co-ordinates of the moon, referred to the centre 

of gravity of the earth ; 

xÿ, z\ for the rectangular co-cordinates of the earth, referred to the sun’s 

centre. 

The moon’s absolute velocity about the sun, will be expressed by the 

following function ;f 

* (3098) The existence of such a resisting medium is now considered as highly probable, 

in consequence of the observed decrease of the times of revolution of Encke’s comet, in its 

successive appearances between the years 1786 and 1829. Encke has given an important 

paper on this subject, in the ninth volume of Schumacher’s Astronomische Nachrichten, 

pag. 317—348 ; to which we may have occasion to refer, in treating of the perturbations 

of comets. We shall here merely remark, that the extreme rarity of the mass of this 

comet, makes it peculiarly well adapted to the discovery of the effects of such a resisting 

ethereal fluid ; which cannot, however, produce any sensible effect on the large and dense 

bodies of the planets and satellites. 

f (3099) The rectangular co-ordinates of the moon, referred to the sun’s centre, 

are represented by y-\~y, z-\-z, as in [5667,5668]. Their differentials, 

divided by dt, are,. 
[5669a] 



VII.vi.§29.] EFFECT OF THE RESISTANCE OF AN ETHEREAL FLUID. 679 

^ g*)" + W±M±W±*fA = the moon’s velocity 
dt 

We shall suppose, that the resistance which the moon suffers, is represented by 

the product of the square of the velocity by a coefficient K, depending upon 

the density of the ether, and upon the surface and density of the moon. If 

we resolve it, in directions parallel to the axes x, y, z, we shall obtain 

the three following forces ;* 

Kgdx'ffdx) 

df ff^dxffdxf-j- (dy'fdyf-j-Çdz'fdzy; [Force parallel to %] 1 

— 1^{jp-l) • V7 {dx'fdxf^dy'-^dyf+^dz'fdzf; 

-dt*—^ ^(dx'+dxy+$f+dyY+(dz'+dz)\ 

[Força parallel to y] 2 

[Force parallel to z] 3 

In the lunar theory, the earth is supposed to be at rest ; we must, therefore, 

apply to the moon, in a contrary direction, the resistance which the earth 

suffers. This resistance being resolved, in directions parallel to the same 

dx-\-dx' _ dy-\-dy' _ dz-\-dz' 

~~dT ’ dt ’ dt ’ 

which evidently represent the velocity of the moon about the sun, resolved in directions 

parallel to the axes x, y, z. The square root of the sum of the squares of the three 

partial velocities [5669F], gives the whole velocity [5669] ; as is evident from [40a—b], 

* (3100) Putting, for brevity, 

dw = \f (dxg- dx )2+( dy'-f-dy )u -j- ( dz'g-dz )2, 

d~\v 
we find, that the absolute velocity of the moon is — [5669] ; consequently, the 

dw2 
resistance is —hi.— [5670], in the direction of the described arc dw. The 

negative sign being prefixed, because the resistance tends to decrease this arc. To 

resolve this force, in directions parallel to the axes x, y, z, we must multiply it 

by the expressions, 

dx'-\-dx _ dy'\dy dz'-\-dz 

dw ’ dvr ’ dvr ’ 

respectively ; as is apparent from [40&]. Hence we obtain the expressions [5671]. 

[5669] 

[5670] 

Hypothesis 
for the 
resistance 
of the 
ether. 

[5671] 

Expres¬ 
sions 
of tho 
resistance 
of the 
moon. 

[5671/] 

[56696] 

[5669c] 

[5671a] 

[56716] 

[5671c] 
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axes, gives the three following forces.* 

Resistance 
of the 
earth. 

dr' 

— K'-1? ■ ; 
1 

[5672] — ^ foP+dtf'+daf* ; 2 

cjp 

—K ' Up * ^doc'2+dy'2JrcIz'2 ; 3 

K' being a coefficient, which differs from K, and depends upon the 

resistance which the earth suffers. Now having represented the forces, which 

act upon the moon, parallel to the axes of x, y, and z , by, 

[5672'] O’ (O O’ [4986-499»], 

we shall have, by noticing only the preceding forces, 

(d3\ , 

\dx ) 

dx' 
= K'• pg2 • [/dx/3-{-dy'‘2-j~dz/2 1 

Relative 
forces on 
the moon. 

(dx'A-dx) , 
K. . {/(dx -\-dx)'-\-[dy -\-dy) -\-{dz +dz)2. 2 

as moving 
about the 
earth at 
rest. Sl

J 
^

 

n 

= K'-jp- tAfe's+rfy'H*'2 3 

[5673] 
K- - dp • \Z{dx'g-dxf-\-{dy'-\-dyy-p{dz'-{-dzf', 4 

(S) ■ dzl 
- K. — • \f dx’3-{-dy,%-\-dz'2 5 

-r-r Çdz ~|—cfe) .——__----- 

& • dj2 * V(dx -j-^r)2-]- (dy -\-dy)3-\-dz'-\-dz)2. 6 

(3101) Th© resistances [5671] corresponding to the moon, will evidently give those 

relative to the earth, by taking the co-ordinates, so as to correspond to the earth, and changing 

the factor K into K'. This requires that we should put x = 0 , y = 0 , z — 0 ; 

in [5671]. Hence we obtain the forces relative to the earth, as in [5672]. The signs of 

the forces [5672], must be changed, as in [5671'], and then they must be added to the 

corresponding quantities in [5671], to obtain the forces of resistance of the ether, supposing 

the moon to revolve about the earth considered as at rest. These forces are represented, in 

[498a' 499a], by ^ j (~[~j > ’ hencej we easily obtain the expressions [5673]. 

[5673a] 

[5673&] 

[5673c] 
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Now we have, by supposing the moon’s co-ordinates only to be variable, 

dQ =dx • (2)+^ • (2)+* • (2) • 
If we substitute the values, 

x = 
cos.v 

u 

sin.w 
y = — ; v u z = - ; 

u 

which are given in [4777—4779], we shall obtain,* 

dQ = — 
du 

u 
cos.v 

dv C . 
— . < sin.v 
u ( 

'%) * - 

dQ\ } 
dx 

— cos. V . 
dy 

ds / dQ\ 

^ u * \c?x / ’ 

Then we have,f 

. dz, 

dQ=(2) •du+(2) • *•+(2) •rfs ; 

1 

2 

3 

* (3102) The expressions of Q [4756, 5673], may be considered as functions of 

x, y, z, a/, y', z'; but if we suppose the moon’s co-ordinates a?, y, z, to 

be the only variable quantities, we shall get for dQ the expression [5674]. Now, the 

differentials of x, y, z [5674'] give, 

dx — 
—dv.sin.v du. cos.v 

u u“ 
dy = 

dv. cos.v 

u 

du sin.v 

it 

7 ds sdu 
dz = —--. 

u rr 

Substituting these in [5674], and connecting the terms depending on du, dv, ds , we 

get [5675]. 

f (3103) Considering the co-ordinates of the moon as the only variable quantities, we 

shall have the two expressions of dQ [5674, 5676]. In the first of these expressions, 

the moon’s co-ordinates are x, y, z, and in the second u, v, s; and if we 

substitute, in the first, the values of dx, dy, dz [56756], it becomes equal to the second, 

and, by this substitution, produces the function [5675]. Hence it evidently follows, that 

the expressions [5675,5676] must be equivalent. Now, by comparing together the coefficients 

of du, dv , ds, in these two last expressions of dQ, we get the equations [5677—5679]. 

Multiplying [5677], by —1, and [5679], by —^ ; then, taking the sum of the 

two products, we get [5680]. 

[5674] 

[5674'] 

[5675] 

[5676] 

[5675a] 

[56756] 

[5676a] 

[56766] 

[5676c] 
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[5677] 

[5678] 

[5679] 

[5680] 

[5681] 

[5682] 

[5683] 

[5684] 

[5484'] 

[5684a] 

[56846] 

[5684c] 

and, by comparing these two values of Q , we shall obtain. 

(df) = - 
\du j 

(?) - - 

( __ 

\ds ) 

Hence we deduce, 

vf 

1 

u 

1 

u 

du 

s 

u 

COS. V 

sin. v 

'dQ' 
. dz . 

'dQ 

. ds , ir 

Now wre have, as in [4777/— hj, 

x dx y 

'dQ' 

. dx , 

COS.fl 

sin.v 

COS.ÎJ 

:f )+-(?)!• 
'*g\ \. 
^dyj ^ 

S)+sin-* • (?) i i6676ci 

x = 
cos.v 

M y 
sin.v 

u ! 5 

F denoting the longitude of the earth seen from the sun. If we take for a 

fixed plane, that of the ecliptic in 1750, we may suppose s' = 0 . We 

shall represent by r'dq', the small arc which is described by the earth 

in the time dt, and we shall have, 

\f(dx’* -f dy’2 + dz'a) --= r'dq1 [40«,&c.]. 
' ; f i - ’ 

This arc is to that which is described by the moon, in its relative motion 
/ • . ct 771 

about the earth, very nearly in the ratio of* — to 1,- therefore, it is at 
Ct 

least, thirty times as great ; and we shall have, very nearly/ 

* (3104) Whilst the moon describes the angle dv , with the radius a, the sun 

describes the angle mdv , with the radius a', nearly ; as is evident from [4837], 

[4838, &ic. ] ; so that the space described by the moon is adv, and the space 

described by the sun a'mdv , nearly. The ratio of the second of these expressions, 

CL Ct! 

to the first, is denoted by — , as in [5684]. Substituting - = 400, m — 0,0748, 
ct Cl 

[5221, 5117], it becomes nearly equal to 30, as in [5684']. 

-j- (3105) Developing the terms in the first member of [5685], and substituting r'dq' 

[5683], it becomes, 

[5685a] 
\f 1 r®dq'®-{-2 dx' dx -f-2 dy'dy 4-2 dz'd-z-\- dx* -j- dy~ -j- dz 2 ]. 
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\Z(dx'-\-dxy-\-{dy,+dyY-\- (#4- dzf = r'd(j + 
dx'. dx 

r'dq' 

dy'. dy 

r'dq' 

If we neglect the excentricity of the earth’s orbit, we shall have dq' = :mdt; 

the time t being represented by the moon’s mean motion. Then we 

have,* 

consequently, 

dx' 

r dq' 
sin. v dy' 

r'dq' 
= cos. F ; 

l/ (dx'-\- dx)9--\- ( dy'-\- dyf -f (FF-f dzf = ma'.dt—Jx.sin.F-f Jy.cos.F. 

Hence, we easily obtain,f 

Putting now s' = 0 [5682], we have z' =0 [5681]; substituting this, and neglecting 

also dxz-\-dy%-\-dz2, in comparison with the other terms, we easily reduce it to the form 

in the second member of [5685]. 

* (3106) Neglecting the excentricity of the earth’s orbit, we may put r'=a'=\ 
v! 

[4937n], and the described arc [5683] becomes r'dq — a'dv' ; moreover, the values of 

x, y' [5681], become x' = a . cos.F, y' = ah sin. F ; whose differentials are 

dx'— —a'dv'. sin v', d,y'= a'dv'. cos. v'. Dividing these by the above expression 

r'dq = a'dv', we obtain the values [5687] ; substituting these, and dq' — mdt [5686], 

in [5685], we get [5688]. The expressions [5683, 5688] may be put under the forms 

[56S7e,/], by merely changing, as above, r' into -, and dq', or dv' into mdt. 

Lastly, the expressions of r'dq', dx', dy' [56876, c], may be put under the forms 

[5687g-], which will be of use hereafter; 

mdt 
[/dx’t + dy's+dz1* = ■/- ; 

mdt 
V(dx'-\- df)2+ {dy'-\- cfy)2-j- (dz'-\- dz]2 = ——~Jx.sin.F-f dy.cos.v' : 

u 

mdt 
rdq' = — ; dx' = — 

u 

mdt. sin.? 

u t i 

7 , mdt.cos.F 
dy = —T7— u 

f (3107) Multiplying [5687e] by the value of [5687g-], we get [5687À] ; 

[5685] 

[5686] 

[5687] 

[5688] 

[5685J] 

[5687a] 

[56876] 

[5687c] 

[56874] 

[5687e] 

[5687/] 

[5687g-] 
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[5689] 

[5690] 

[5691] 

[5687ft] 

[5687?] 

[5687ft] 

[56S7Z] 

[5687m] 

[5687»] 

[5687o] 

[5687p] 

[5687g] 

[5687r] 

THEORY OF THE MOON ; [Méc. Cél. 

-(K'~K).nvî.s\n.v' 3K.m dx , Km, dx ^ , Km du . 
+ 7t~,• T7• cos.2v-\- — ./.sin.2t/; 

2 m dt J* ’ u 12 2 v! dt 2 u! dt 

(K1—K).m?. cos.v1 3 K.m dy Km dx. Km dy 
-7a-0—-T + —..^r .sin.2v——;.-f.cos.2»' : 

2u dt 2m dz 2m tfz ’ M 

Km dz 

V‘Jt' 

again, multiplying [5687/] successively by — 
Kdx' Kdx , .... 
- ^-2 -,-^2 , and neglecting, m the 

last product, the terms of the order dx . ?7y, we get [5687?, &] ; 

4.x' JY. ms.sin.w' 

c/Z2 

Ts- dx' . — -— , , .. , , , , r , . , s „ Km?, sin.v 
—K• +<fe)2-f-(<ty -Wy)H-(/* +^)2= -—^-2— ui . dt 

u ■t 2 

Km dx • O f — sm/v 

dx 
-K. ^VW+W¥W+W\W+3zf = 

Km dy . , 
H-r • — .sin.?? .cos. v ; 

u dt 

Km dx 

Adding together the expressions [5687h,i,Jc], we find, that the first member of the sum 

becomes the same as the expression of [5673 lines 1,2]; and the second member 

of this sum is easily reduced to the form [5689], by substituting sin.V = £—J.cos.2??', 

sin.vr.cos.v'= |.sin.2t/, and making a slight reduction. 

We may obtain [5690], from [5673 lines 3,4], by a similar process ; or, we may find 

it more readily by derivation. For, if we change, reciprocally, x into y, and x' into 

y , we shall find, that [5673lines 1,2] changes into [5673 lines 3, 4]. 

Now, this change in the values of x', y', is made by putting sin.?/ for cos.?/, and 

cos.?/ for sin.?/, in [5681]. This does not alter the value of sin.?/.cos.?/= J.sin. 2?/ 

[5687?], but it changes sin.V [5687?] into cos.V= !-]-£.cos.2?/ ; so that we must 

write instead of —J.cos/V, in [5687???]. Hence it appears, that we may 

obtain [5690] from [5689], by writing dx for dy, reciprocally, also cos.?/ for sin.?;', 

and changing the sign of cos. 2?/. 

Lastly, if we substitute z'= 0 [56856], in [5673 lines 5,6], w'e find, that the term 

dz 
in [5673 line 5] vanishes, and the factor of the radical in [5673 line 6] becomes —K. —. 

L n </Z2 

Multiplying this.by the value of the radical [5687/], and neglecting terms of the second 

power in dx, dy, dz. we get [5691]. 
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If we substitute the values of x, y, and neglect the square of the 

excentricitj of the moon’s orbit, we shall get,* 

(A7—7C).m2.sin.(y—v) 3 Km.du 
+ id. u'2 2uA. u'.dt 

K 

2uA. u' dt * 

1 

Km dv . Km du _ _ „ _ 

fc?' * 'sln• (2v-2v)- ST5■■ 17 ■■cos-2 

[5092] 

* (3108) Multiplying [5689] by cos|, also [5690] by sifiU, and reducing the 

sum of these products, by means of the formulas [5692% c], which are deduced from 

[22, 24] Int., we get the equation [56927]. In like manner, we may obtain [5692e] ; or, [56£)2a] 

it may be more simply derived from [56927], by changing v into i>-f9(F, where 

it explicitly occurs, in both members ; 

—sin.F.cos.i’-j-cos.F.sin.u = sin.(w—v) ; 

cos.2F.cos.fl-fsin.2F.sin.t> = cos.(v—2v) ; 

sin.2v,.cos.v—cos.2v'.sm.v = —sm.j%—2v') ; 

cos 

ddQ\ VdQ" 
sin.îU —^ -cos.®. ~ 

\dx J \dy y 

(70-—7f).m“.sin.(-;j-F) 3Km {dx dv 

~ u7* 2u''(dt'COS'V+Jt-sin‘V- 

Km ( dx dv + Tu' ■ U-cos-(v~2v^■sia-(v~^') j ; 
_'—K).nd. cos.(u-d) 3Km C dx . dy 

w* wr^-sm^-cos-v 
. Km ( dx. dv i 

We m&t substitute, in [5693d, e], the values ôf dx, dy [5675S] ; and, in performing 

this operation, we may use the following theorems, supposing W to be an r an le 
whatever; ^ ° 

[56926] 

[5692c] 

[56927] 

[5692e] 

dx.cos.fV+dy.sm.W = - /sin.(r-IF)-* cos.(v-fV) ; 

dx.sin.W—dy.oos.W = -Ocos.(»_;f)+*sin.(„_^ 

The [qual;011 !f,92/j ma> be T!1)1 Proved “ be correct, by substituting, in the first 

TtOi V b .* [567561 a| developing the seco^i member, by mettl 
of [22,24] Int. The equal,on [5692^-j may be found in the 7 

[5692/] 

[5692g-] 

VOL. III. 172 
same manner; or, it may [5692A] 
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[5693] 

[5694] 

Density of 
the ether, 
supposed 
to bo re¬ 
presented 
by a func¬ 
tion of 
the dis¬ 
tance from 
the sun. 

[56‘92i] 

[5692k] 

[56921] 

[5692m] 

[5692n] 

j 5692o] 

d Q\ dv 

, dv )' ltd 

(If—K) .m9. dv 3Km 1 dv 
~.cos.(v—v)— -A.dv.- 

u12. V? 2u!. m4 dt 

~ «fo. J.«n.(2*-20 ; 

dQ\ du (If—K). m~ du 

dv J if. dv u'3. u3 
.—cos.(v—v')- 
dt v J 

2u'. if di 

3 Km du 

2u'. if dt 

Km du 
— —7—7. COS,(2v—2v ). 

2u'.u4 dt y J 

The value of K is not constant. If ive suppose the density of the ether 

to be proportional to a function of the distance from the sun, and denote 

this function by, 

be more easily derived from [5692/’], by changing the arbitrary angle W into W—90^. 

If we now put W—v, in [5692i/’,_g-], we shall get the two equations [5692i,K\ ; and, 

if we put W— —(v—2v'), or v — W— 2v—2v', we shall get [5692/,m], respectively, 

making some slight reductions ; 

7 , , au 
dx.cos.v-pdy.sm.v — — ■— 

w2 

du 

7 • f dv 
dx.sm.v—dy.cos. v —-; 

3 u 7 

d'v du 
dx.cos.(v—2v)—dy.$\n.(y—2v') = — — .sin.(2w—2F)--.cos.(2t;—21?') ; 

W2 

dv du 
—Æc.sin.(î;—2v')—dy.cos.(t>—2v) —-.cos.(2v—2v') -j—-.sin.(2ff—2v'). 

Substituting the expressions [5692/, l\, in [5692of], and then, the result in [5680], we get 

[5692]. In like manner, if we substitute [5692/vm], in [5692e], and then, the result in 

dv 
[5678], we get, by multiplying by —, the expression [5693]. Lastly, multiplying 

[5693] by 
du 

dv2 
we get [5694] ; observing, that the term of this expression, having the 

du dsii du 
factor —, may be neglected, as a quantity of the order e2. For, — is of the 

dvdt dv 
du 

order e [4826]; and the same may be observed of —, which is evidently of the 

same order as — [5686]. 
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<p(u') = density of the ether near the earth ; [5695] 

w'2 
it will become, for the moon, in which u' changes into u'-.cos.(T—«'),* [5696] 

u 

î/2 
<p(V)-.<p'(u').cos.(v—v') = density of the ether near the moon ; [5697] 

u 

<p'( u') being the differential of <p (u' ) , divided by dur; so that we h5698! 

may suppose, 

77 ?/2 
K = H.cp (u')--— . cp' (u') . cos.(v—v'). [5699] 

u 

This being premised, if we neglect those periodical inequalities, which do 

* (3109) Substituting s'=0 [5682], in the expression of the distance r' of the 

earth from the sun [4777e], it becomes u'= V If the quantities r\ uf, corresponding [5696«] 

to the earth, be increased by Sr', Su', for the moon ; we shall have, by taking the 

variation of the preceding expression, 

Su' ==—~ , Sr'=— u,2.Sr[56966] 

The radius vector r, drawn from the earth to the moon, makes, with the continuation 

of the radius r', an angle which is represented by v—v'; and, it is evident, on 

account of the great distance of the sun, in comparison with that of the moon, that the [5696c] 

moon’s distance from the sun must exceed that of the earth, by the quantity r.cos.(v_v'), 

nearly; hence, S r' = r.cos. (v —v). Substituting this, in [56966], and putting [5696rf] 

r = - , nearly [4776], we get, 
'll/ 

u'% 
Su'— — —-.cos. (v—v'), as in [5696]. 

Now, the function <p(u') [5695], corresponding to the earth, changes into ffu'g-Su'), 

for the moon; and, if we develop it, according to the powers of Su', by Taylor’s theorem 

[617], neglecting the square and higher powers of Su', it becomes, 

[5696e] 

o (u')ffSu'. cp'(u'). 

Substituting the value of Su' [5696e], it becomes as in [5697]. Lastly, multiplying 

this by the constant quantity iï, we get the expression of the resistance [5699]. 

Encke, in making the calculation of the orbit of the comet [56676], supposed the function 

cp (uf to be represented by 

[5696/1 

[5696g-] 



688 THEORY OF THE MOON ; [Mec. Cél. 

[5700] 

[5701] 

[5700a] 

[57006] 

[5700c] 

[5701a] 

[57016] 

[5701c] 

[5701c?] 

not depend on the sine, or cosine, of cv—vs, we shall have,* 

dqs 
dv . u3 2u4 

If we substitute the values,f 

dv H.m?.dv 3Hm . .. . dv 

• * (*0_ • * W • * dt' 

u — —.j 1 -\-e.o,os.(cv—to) j ; dt = dv.[\—2e.cos.(cv—to)} ; 

we shall obtain, 

* (3110) Substituting the value of K [5699], in [5693], and neglecting the terms 

which depend on the sine or cosine of v—v1, or its multiples, we get [5700]. For, the 

first term of [5699] H.cp(ur), being combined with the second term of [5693], produces 

the second of [5700] ; and, the second term of [5699], 

Hu>* ’f f ^ —-. <p ( u ) . cos. (v — V) , 
u v ' 

being substituted for K, in the first term of [5693], produces, 

H m2. dv ,. H m2. dv ,, ,. 
——.?(w').cos.2(v—v) = —4—.(p(M')*U+ic os.2.(F—F)}; 

which gives the first term of [5700]. 

f (3111) If we neglect the second and higher powers of e, we get, from [4826], 

the expression of u [5701], Moreover, the mean motion of the moon being represented 

by t [5686], we get, from [4828] n = 1 ; and then, 

2 e 
t-f- s = v-. sin. (cv — to) ; 

c 

whose differential is the same as the value of dt [5701]. These values of u, dt 

[5701] give, 

~ = «4.[1—4e.cos.(ci;—to)}; dv . ~ = dv.[l-|-2e.cos.(cy—to)}. 

Substituting these, in the second member of [5700], it becomes, 

y Y = ^iT.m2a4.dv.(p'(M').[l—4e.cos.(cz>—to)}—^^.a4.dv.(p(w').{] —2e.cos .(cv—to)} 

i.(p'(u') | -\-Hma4. ^ -.(p(u')—2m.(p'(u') | .edv.cos(cv-to). =-§ H.mcd.dv. 
( 3<p(u') 

Integrating this, we get [5702]. 
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r(dQ\ dv , rr 4 ( 3 9 (V) ■) 

r 3 ^ 
-j-iJ.m.a4. < ~.cp(u')—2m.cp'(u') > .e.sin.(cv—to). 

t W I 

Then we shall have,* 

/dq\ s SdQ\ <p(w') . 
“W~û‘W =-bH.m.a. — .e.sm.(^-TO); 

1 

2 

[5702] 

/ c? d/a 

VcA y 

Now, if we put, 

dv J ■ u\dv = i-H-m-aK \ | sin.(c» ®). 

a = H.m.ü?. [ 1 ; 
f u \ 

f3 = | |m.9'(w') ? ; 

[5703] 

[5704] 

[5705] 

[5706] 

* (3112) In substituting the value of K [5699], in the second member of [5692], 

and neglecting the terms depending on the sine or cosine of v—v', or its multiples 

[5700a], it will be only necessary to retain the term —[5692]. Now the 

differential of u [5701], being divided by dt [5701], gives, by neglecting terms of 

the order e2, and observing, that c = 1, nearly ; 

du e . 
“77 =-. sin. (c v — to). 
dt a v ' 

[5703a] 

[57036] 

Hence, the term [5703a] becomes, 

3 Km e 

— 2^-â'Smdcv-™)-> 

and, if we substitute ~ =a4, nearly ; also, the first term of K [5699], namely 

iLpK) ; we shall get the value of the first member of [5692, or 5703], as in the second 

member of [5703]. By similar substitutions, we may obtain [5704] ; but, it is more 

easily obtained, by multiplying the differential of [5702], by 

du e 

Tv=~* •sin7»-=0 [5701]; 

and then, dividing the product by dv ; observing, that we need only notice the first line 

of [5702], because the second line produces terms of the order e2. 

173 

[5703c] 

[5703d] 

[5703e] 

VOL. III. 
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[5707] 

[5708] 

[5707a] 

' [57076] 

[5707c] 

[5707(0 

[5707e] 

[5707/] 

[5708a] 

[57086] 

we must add to the second member of the equation [4754], or to the second 

member of [4961] the following function ;* 

ay e 
-b P • - • sin.fc??—w). 

«/ a, v 

The value of - [4968] will, by this means, be increased by the quantityf 

. * (3113) We have, very nearly, 

—-f-« = — [4S90,4892d], and h^—a, [4S63] ; 

hence, 

2 

Ifi 
2 

multiplying this by [5702], we get, 

-J~ u 
)■*•/©■ 

dv 
—H.m.a3. 

( 3 (?{u') 
—m.CD'(u') \.v- 

l u' S a, 

~f-H.m.a3. 
C6<p(«') 

( v! 
->4 m.(p'(u!) | .- .sin. (cv—vs) 

Now, dividing the sum of the expressions [5703,5704] by 7i2, or an and adding 

the quotient to [5707&], we find, that the sum becomes, 

—H.m.a3. .-4- H.m.a3. sin. (cv—vs). 

Substituting in this, the abridged symbols a, p [5705,5706], we get [5707] ; which 

represents the sum of all the terms of [4754], depending on the part of Q now under 

consideration; as is evident by observing, that the first members of the three expressions 

mentioned in [5707c] contain all the terms of Q [4754]. If we now connect the function 

[5707], with the two first terms of [4754], we obtain the following equation, for the 

determination of u ; 

In which we may change at 

a» + U-\- R , a, 
into a [4968]. 

e 
— .sm. [cv — vs). 

t (3114) If we put, for a moment, A=——-, and neglect the part of [5707/], 

depending on e, the equation becomes as in [4963a] ; whence, we get, as in [4963a, 5], 

CL V 

u — — A — —, for the part of u which corresponds to A. Now we have, very 

1 Set 
nearly, u = ~ [4937n], whose variation givms Su — — —, or Sa = ~ a2. Su: and, 

a a2 ’ 
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— ; consequently, the value of a will be decreased by aarv. We shall 
CL j 

then have, as in [4973], very nearly,* 

This gives,f 

— 2 d.— 
a 

d v 
+ f3.- = 0. 

a. 

by substituting, for Su, the value of u [5708a], and putting also a/=ct, it becomes 

Sa =— aa.v, as in [5709], 

(olio.) The term ,3. .sin. (cv—-a) [5707/], is to be added to the second 

member of [49736’] ; therefore also, to that of [4973g], which is deduced from 

[4973c]. Now, it is evident, from [497.3ft], that the effect of this will be to add to the 

second member of the equation [4973], the term ,3.1, or p.-; without altering 

[49*4]. To find the efiect of this additional term of [4973], it is only necessary to notice 

it, together with the chief term of that equation, 

d. (H-ee) 7 
• ~5. 
dv 

neglecting the other small term, which depends on - . —observing also, that 

[4980], is deduced from [4978], which is not altered, by the introduction of the terms 

[5707]. Moreover, it follows, from [4978a, 5228?], that c~~ is nearly equal to 

unity. Substituting this in [57106], and neglecting the terms of the order e3, it 

d.t 
becomes — 2 

dv ’ to which we must add the term p.- [5710a] ; and we shall 

obtain [5710], representing the equation [4973], adapted to the present case. 

t (3116). Putting, for a moment, l = a?, and also a/}== a, we find that [5710] may 

be put under the form 

Q(lx /7 V» 

— rfT+ = or —=ii3dv; 

whose integral is log.-=%pv, f being a constant quantity. Now, pv being very 

small, we have very nearly Ipv L log.fl+ip») [58] lot.; hence 

[5709] 

[5710] 

[5708e] 

[5710a] 

[57106] 

[5710c] 

[57104] 

[5710e] 

[5711a] 

[57116] 

[571167 
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[5711] 

[5712] 
^ocular 
inequali¬ 
ties of the 
perigee 
and 
excen- 
tricity, 
insensible. 

[5713] 

[5713'] 

711c] 

[5711/] 

[5711e] 

[5711/] 

[5714a] 

[57141] 

[5714c] 

[5714c?] 

£ 

- = constant.; 

consequently, 

e = constant. {1—(a— 

The ratio of the excentricity to the semi-major axis is, therefore, subjected to a 

secular equation, arising from the resistance of the ether; but it is insensible, 

in comparison with the corresponding acceleration of the moords mean motion ; 

because this last acceleration is, as we shall soon show [5714], multiplied 

by the square of v. This resistance does not produce any secular equation in 

the motion of the perigee [5710c].* 

X 6 
— = l-j-^(3w ; consequently, x = - = /. (1 as in [5711]. 
J a 

Moreover, we have in [5709], a = constant X {1 —cl ; substituting this in [5711], 

after multiplying both members by a, we get [5712]. If we represent the increments of 

a, e, arisingfrom this cause, by Sa, Sc, respectively, we shall have, as in [5708c,5712], 

the following expressions; 

8a= — a a . v ; Se = — e . (a — £ p) . v ; 

e being the constant factor of [5712]. These values will be of use in the next note. 

* (3117.) Neglecting terms of the order c2 , y2, we have, in [5081/], 

3. 

dt = a2. [1 — 2 e. cos.cv \ .dv, 

in which cv is used for cv — zs, for brevity. Supposing this quantity to vary, by 

augmenting a by Sa, and e by Sc [5711/],it will be increased by 

1 3 

§ ar. Sa .{ 1 — 2e. cos.cv\ . dv — 2 a?. Sc.cos. cv . dv. 

Substituting the values [5711/], it becomes, successively, 

_3 _3 

—fcL.a2.] 1— 2e.co$.cv].vdv.-{-a2 .e.(2&—p).vdv. cosxv 

3 _3 

= —fa3”. civ .dv 4- a2. (5a—p).e.vdv.co$.cv. 

The integral of this last expression gives the corresponding increment of t -f- s, which 

will, therefore, be represented by 

3 3 

— | ad1. ou;2-{- g2.(5cl — p) . e . jü.sm.a>-j-cos.C'r.] ; 

as is easily proved by differentiation, and putting c= 1. We can neglect the part 

depending on e.cos.cv, which may be considered as included in the elliptical motion ; then 
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The expression of dt [5081/?’! gives, in the value of 14-s, the terms 

[571M&C], 

— Ï*a^2 + (5a — |3).ye.sin.(c?; — w). [Tncrementof *-fsj 

Substituting t + s -f- 2e.s\n.(ct—-a) for v, we shall obtain, in the 

expression of v, the secular equation,* 

Sv = f-.o,*" (2a — |3)Xe.sin.(c£ — w) • [Secular equation in v] 

therefore, the resistance of the ether produces in the moon’s mean motion, a 

secular equation, which accelerates that mean motion, without producing any 

secular variation in the motion of the perigee. 

We may prove, in the same manner, that the resistance of the ether does not 

produce any sensible secular equation, either in the motion of the nodes, or in 

the inclination of the lunar orbit to the ecliptic.f 

putting a2=n 1 = 1 [4827,5701a], it becomes as in [5714]. This contains the square of 

v ; but Sa, Se [5711/J depend chiefly on its first power ; hence it is evident, that the 

secular variation of the mean motion [5714], must be much more sensible than those of 

a and e, as in [5713, See.]. 

*(3118). Putting c = 1, and s=0, in [57016], we get t = v—2e,sm.(cv-u). 

Transposing the last term, and substituting in it * for v, which may be done, if we 

neglect terms of the order e2, we get v = *-f- 2e.|&i.(c* — to) [5714']. Substituting this 

in the first members of [57156, c], and neglecting e2, they become as in the second 

members of these expressions ; their sum gives the value of the function [5714], as in 

[5715/] ; 

—f.av2 = —-fa*2 — 3a.*.e.sin. (ct— ra) ; 

(5a — jB).ve.sin.(ci) — w) = +(5a —e).*.e.sin.(c<--®)j 

Sum = —fa*2 -f (2a — p).*.e.sin.(c* — -a). 

This last expression represents the correction of * [5714,5715a] ; and it is evident, that 

we must change its sign, to get the corresponding correction of v, as in [5715], 

t (3119.) In finding the secular motions of y, Ô, depending upon the resistance 

of the ether, we must proceed with the equation [4755,or505l6], as we have done with 

[4754,or4973c], in finding the secular motions of e, zs, [5692—5715] ; making the 

necessary changes, to correspond to this case. In examining the reductions of the equation 

VOL. Til. 174 

[5714] 

[5714'] 
Secular 
inequality 
of the 
moon’s 
motion. 

[5715] 

[5716] 

[5717] 
Secular in¬ 
equalities 
of the 
node and 
inclina¬ 
tion are 
insensible. 

[5714e] 

[5714/] 

[5715a] 

[5715<] 

[57156] 

[5715c] 

[5715d] 

[5715e] 

[5717a] 



694 THEORY OF THE MOON ; [Méc. Cél. 

[5718] 

[5719] 

[5720] 

Effect of 
an ethere¬ 
al fluid 
on the 
moon’s 
mean 
motion is 
insensible. 

[5721] 

[5722] 

[57176] 

[5717c] 

[5717c?] 

[5722a] 

[57226] 

Hence it follows, that the resistance of the ether can become sensible, in the 

moon’s mean motion only. Ancient and modern observations evidently prove, 

that the mean motions of the moon’s perigee and nodes, are subjected to very 

sensible secular inequalities. The secular motion of the perigee, deduced 

from the comparison of ancient and modern observations, is less by eight 

or nine sexagesimal minutes, than that which results from the comparison 

of the observations made in the last century. This phenomenon, of which no 

doubt can remain, must, therefore, depend upon some other cause than the 

resistance of the ether. We have seen, in [4983, &c.], that it depends on the 

variation of the excentricity of the earth’s orbit ; and, as the secular equations 

resulting from that variation satisfy, completely, all the ancient and modern 

observations, ive may conclude, that the acceleration, produced by the resistance 

of an ethereal fluid, on the moon’s mean motion, is yet insensible. 

30. The acceleration, produced by that resistance in the mean motion 

of the earth, is much less than the corresponding acceleration in the moon’s 

mean motion. To prove this, we shall resume the formula [931] ; and, if 

we apply it to the earth, we shall get, in the expression of ôv', the term,* 

i* = - ~ .ffdv'.d'Q' -, 

[4755], we find, that the integral expression, in the first member of [5702], is multiplied, in 

dds 
[4755], by the factor — -f s » which is of the third order in y [5034a—b] ; 

therefore it may be neglected. Now, it is on this term, that the value of a [5702, 5705] 

chiefly depends ; and a produces also the part of the secular inequality of the mean 

motion corresponding to the square of the time, which is the most important part of the 

effect of the resistance of an ethereal fluid [5714/J. Hence it appears, that the remaining 

terms of Q produce, in like manner as in [5713], only insensible secular inequalities, in 

comparison with that of the mean motion. 

* (3120). The chief term of [931] is, 

— . ff n d t . d R - 

which may be reduced to the form [5722], by changing ndt into dv [4828] ; dR 

into —dQ [5438] ; f* into <S [914', 5722'], and then accenting the letters to conform 

to the present notation ; the mass of the earth being neglected, in comparison with that of 

the sun, in estimating the value of f*. 
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S being the sun’s mass ; supposing the sum of the masses of the earth 

and moon to be equal to unity ; and, that the quantity Q', in the earth’s 

motion, corresponds to that which we have denoted by Q, in the moon’s 

theory. Moreover, the differential characteristic d' corresponds to the 

sun’s co-ordinates. Then we have,* 

d'Q' = (§-) ■ dx'+ (if) ■ dy'+ (§) •dz> ■> 
/dQ'\ /dQ'\ . . . r 
\dàT)J wÿy’ wp ) t ie *orces actmg upon the earth, parallel 

to the axes x', y, z\ by means of the resistance of the ether. If we 

neglect the eccentricity of the earth’s orbit, and represent the element of 

the time dt by the differential of the moon’s mean motion, we shall have, 

as in [5672], for these forces, the following expressions ;f 

* (3121). The equation [5724] is similar to that in [5674] ; and, it is evident, from 

[5673c], that the quantities 

(dQ!\ fdQ!\ fdq\ 
\dxV dÿ )’ \ dz' )’ 

represent the forces acting upon the earth, parallel to the axes of a/, y', z', and arising 

from the resistance of the ether upon the earth. 

f (3122). These forces are represented by the expressions [5672] ; and we have, as 

in [56876,c, 5681,5683, &c.], by neglecting the excentricity of the orbit, 

dot: = — aW.sin.F ; dy ' = a'dv'. cos. v' ; dz1 — aids' ; 

= r'dq' = a'dv'. 

Substituting these values in the three expressions [5672], they become respectively, 

dv' 2 

df2 
K'.a'2. -^-.sin.-w' K'.a'2. 

dv' 2 
—.cos.r ; 

/ q dv ds 
-K .a. ~. 

dt dt 

Now we have, very nearly, dv = mdt [5687d] ; substituting this in [57276], we get the 

expressions [5727] ; which represent the values of 

(dq\ /d_q\ (dg\ 

WJ’ \ dy' )’ \dz')’ 

respectively. Substituting these in the second member of [5724], and also the values 

d-x' — — a', mdt.sin.v' ; dy' = a'. mdt.cos.F ; dz' = aids' ; 

which are deduced from [5727a,c], we get, 

— K'.a'*.m3.dt. \ sin.V+cos.V + — ] . 
( mfidt dt ) 

[5722] 

[5723] 

[5724] 

[5725] 

[5726] 

[5724a] 

[5727a] 

[57276] 

[5727c] 

[5727c] 

[5727d] 

[5727e] 
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[5727] 

[5727'] 

[572S] 

[5729] 

[5730] 

[5731] 

[5730a] 

[57306] 

K'. a!*, m2. sin. v' 
ds' 

-K'. od.rriï. cos. v' ; —K'. a?. m . — ; 
dt 

ds' 

therefore, by neglecting the square of —-, we shall have, 
Cl Z 

d'Q' = —K'. a'3. m3. dt ; 

which gives. * 

$vf 
-3 a' 

S 
-ffdv'. d Q = 

K'.a!\m*.t2 

~S ‘ 

We must put K' = H'.y(u') [5699] ; H' being a constant quantity, 

depending on the surface, and on the mass of the earth. Hence, the secular 

equation, produced by the resistance of the ether, in the mean motion of the 

earth, is, 

, f.JEP.a'4. m\t2.<?(v!) 
fiy'  :-, [Secular equation of the eaithj 

The corresponding acceleration of the moon’s mean motion is, by what 

precedes [57306], 

Neglecting the term depending on the square of ds [5727'], and putting sin.V+cos.V==l, 

it becomes as in [5728]. 

# (3123). Substituting, in [5722], the value of d'Q' [5728], and dv' — mdt [5727c], 

it becomes, by noticing only the part depending on t2, 

|.K'.a'*. nd.ffdt2 = a'\mu. t2, as in [5729] ; 
O 

substituting K! [5730], we get [5731]. The acceleration of the moon’s mean motion, 

depending on l2, is fat2 [5715]; and, by substituting a [5705], it becomes, 

which is easily reduced to the form [5732], by using ~, = a' [4937n]. Again, if we 

_2 

change the sun’s mass w! [4757"] into S [5722'], also m into m2, nearly [5094], 

we shall find that the expression [4865] becomes, 

Sa3 o o a'3.^2 . rr~o oi 
— = m , or S ——v-? as m [5733]. 
a'3 ’ o3 [5730c] 
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t 171 J 

<5 V — a', ml3. <39 (V)-, . 9 ( u') > . [Secular equation of the moon] 

S.a3 
Moreover, we have —Lj- = m2 [5730c] ; therefore, the acceleration of 

the moon’s mean motion, is to the corresponding acceleration of the earth’s 

mean motion, as unity is to,* 

227'. m. cp(u') secular motion of the earth 

U L , /N m ,, A) secular motion of the moon ’ 
) ——.9 (m ) i 

consequently, as unity is to 

is evident, that,f 

„ H'.m 2 _ • 
3* JJ 1 neglecting the term 

m 

a' 
It 

* (3124). Dividing the expression of h' [5731], by that of ôv [5732], and 

substituting 3 [5730c], we get [5734]. If we neglect the term of the denominator of 

[5734], which is multiplied by the small quantity — ; we find that the numerator and 

denominator become divisible by cp(w'), and the expression changes into f 

t (3125) The resistance, which the moon suffers must evidently be proportional to 

square of the moon’s semi-diameter 

mass of the moon 5 

and that of the earth is proportional to 

square of the earth’s semi-diameter 

mass of the earth 

Now, these quantities are to each other as H to H' [5699,5730] ; hence we get, 

H'   mass of the moon ^ square of the earth’s semi-diameter 

H mass of the earth square of the moon’s semi-diameter * 

If we take, for the moon’s semi-diameter, the angle under which it appears when viewed 

from the earth, at its mean distance ; and, for the earth’s semi-diameter, the angle under 

which it appears when viewed from the moon, or the moon’s horizontal parallax ; we 

shall find, that the expression [57366] becomes as in [5736]. Substituting the values 

[5737—5738'], we get [5739]. Substituting this, and m [5117], in [5735], 

it becomes as in [5740]. 

[5732] 

[5733] 

[5734] 

[5735] 

[5734a] 

[57346] 

[5736a] 

[5736a'] 

[57366] 

[5736c] 

[5736cZ] 
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[5736] 
ir mass of the moon ^ square of the moon’s parallax 

H - mass of the earth square of the app. semi-diameter of the moon 

From observation, we get, 

[5737] The moon’s apparent semi-diameter = 943s ; 

[5738] The moon’s parallax == 3454s ; 

[5738'] 

[5739] 

and, in [4631], the moon’s mass is —— of that of the earth ; therefore, 
oo55 

we have, 

If 

W 0,195804 

Hence it follows, that the acceleration of the earth’s mean motion, produced 

hy the resistance of the ether, is equal to the corresponding acceleration of the 

moon’s mean motion, multiplied hy 0,0097642 [5736d] ; or, about one 

hundredth part of the moon’s acceleration. 

[5740] 



APPENDIX. 

Presented, by the Author, to the Board of Longitude of France ; 

August 17, 1808.* 

The object of this appendix is to render more complete the theory of the 

perturbations of the planets, which is given in the second and sixth books. In ^ 

striving to give to the expressions of the elements of the orbits, the most simple 

forms which they can attain, we have been able to make them depend wholly 

* (3126) This paper was given by the author, as an appendix to the third volume of 

this work ; it was not, however, published, till after the appearance of the fourth volume ; 

which is referred to in several places, as in [5764', 5975]. The improvement, made by 

Mr. Poisson, in the demonstration of the permanency of the mean motions, which is 

treated of in [5794'—5846], was made known to the National Institute of France, in a 

paper, presented June 20,1808, and printed in the eighth volume of the Journal de VF cole 

Polytechnique. This first demonstration was followed by a much more simple one, given 

by La Place, in this appendix ; and some improvements were afterwards made by him, 

and published in the fifth volume of the present work [12508, &c.]. La Grange also gave 

an elegant demonstration, founded upon the principle of the variation of the constant 

quantities, in the Mémoires de VInstitut de France, for 1808, &tc. ; and in the second 

edition of his Mécanique Analytique. Subsequently, the subject was resumed by Mr. 

Poisson, in the same volume of the Journal, and in the Mémoires for 1816, with important 

improvements; in which he extended the demonstration of his theorem on the mean 

motions, so as to include terms of the third order of the disturbing masses, arising from those 

of the second order in the disturbed planet ;and then, by induction, he supposes this will hold 

good for all powers of the masses, so far as they depend on the elements of the disturbed 

planet. He also demonstrated this remarkable theorem, ‘That the perturbations of the 

rotatory motion of a solid body, of any form, arising from forces of attraction, depend upon 

[5741a] 

[57416] 

[5741c] 

[5741c?] 

[5741c] 

[5741/] 

[574%] 
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on the partial differentials of a single function [913, 1195, 1258, [&c.],* 

[5741'] taken relatively to these elements ; and, it is remarkable, that the coefficients 

of these differentials are functions of the elements themselves. These 

elements are the six arbitrary quantities of the three differential equations 

of the second order [915] ; by means of which, the motion of each 

planet is determined. Supposing the orbit to be an ellipsis, which is 

[5741"] variable at every instant, the elements will be represented in the following 

manner : 

First. The semi-major axis, on which the mean motion of the planet 

depends, a ; 
Elements. 1 • i 

Second. The epoch of the mean longitude, s ; 

Third. The excentricity of the orbit, e ; 

[5742] Fourth. The longitude of the perihelion, «; 

Fifth. The inclination of the orbit to a fixed plane, <p ; 

Sixth. The longitude of its node, 6. 

La Grange gave, a long time ago, the above-mentioned form to the 

differential expression of the greater axis [5786] ; and proved, by means of 

[5742'] it, in a very elegant manner, the invariableness of the mean motion, noticing 

only the first power of the disturbing masses. This invariableness was first 

discovered by me ; neglecting, however, the terms of the fourth and higher 

[5741ft] the same equations as the perturbations of a single particle of matter, attracted towards a 

fixed centre;’ so that, the precession of the equinoxes, and the nutation of the earth’s 

[5741i] axis, can be expressed by the same formulas as the variations of the elliptical elements of 

the planets. We had intended to give a particular account of these improvements of 

[5741ft] La Grange and Poisson, together with some notice of the papers which Mr. Lubbock has 

published, on the secular and periodical inequalities of the planets, in the Transactions of 

the Royal Society of London, in 1830, 1831 ; but, we have been induced to postpone this 

[57411] notice, by reason of the great length of the appendix to this volume. We shall, howêyer, 

resume the subject in the commentary on the fifteenth book. 

* (3127) The function here spoken of is R [913]. The differentials of the 

[5741m] elements a, e, e, &c., are given in [1177, 1345, 1258, 13376, &c.] ; and they are 

collected together, with improvements, in [5786—5791]. 



VIL App.Int.] INTRODUCTION. 701 

powers of the excentricities and inclinations of the orbits, which is 

sufficiently accurate for the purposes of astronomy. I have given, in the 

second book [1258,1337, &c.], the same forms to the differential expressions 

of the excentricity of the orbit, of the inclination, and of the longitude of 

its node ; nothing more is required, than to give the same form to the 

differential expressions of the longitudes of the epoch and of the perihelion ; 

this I have now done in the present appendix. 

The principal advantage of this form of the differential expressions of the 

elements is, to give their finite variations, by the development of the function, 

which is denoted by R, in the second book [913, &c]. If we reduce this 

function into a series of cosines of angles, increasing in proportion to the 

time [1011,&c.], we shall obtain, by taking the differential of each term, the 

corresponding terms of the variations of the elements. We have endeavored 

to satisfy this condition in the second book ; but, we can do it in a more 

simple and general manner, by means of some new expressions of these 

variations. These last expressions have also the advantage of proving clearly, 

the beautiful theorem discovered by Mr. Poisson, on the invariableness of the 

mean motions, noticing the square of the disturbing force. We have proved, 

in the sixth book, by means of similar expressions, that this uniformity is 

not altered by the great inequalities of Jupiter and Saturn [3906"], which is 

the more important, as we have shown in the same book [3910—3912], 

that these great inequalities have a considerable influence upon the secular 

variations of the orbits of these two planets. The substitution of the new 

formulas which we have just mentioned, shows, that the uniformity of the mean 

motions of the planets is not troubled by any other periodical or secular 

equation. These expressions give also, the most general and simple solution 

of the secular variations of the elements of the planetary orbits. Lastly, 

they give, in a very simple manner, the two inequalities of the moon’s motion 

in longitude, and in latitude [5967,5971], depending on the oblateness of the 

earth, which have been determined in the second chapter of the seventh book 

[5357,5389]. This confirmation of the results, which have been obtained 

relative to these inequalities, is interesting, because we can get, by comparing 

them with observations, the ellipticity of the earth, in as accurate a manner, 

to say the least, as by the direct measures ; with which they also agree, as 

well as can be expected, considering the irregularities of the earth’s surface. 

176 

[5743] 

[5744] 

[5745] 

[5746] 

VOL. III. 
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[5747] 

[5748] 

[5749] 

[5750] 

[5751a] 

[57515] 

In the theory of the great inequalities of Jupiter and Saturn, which is 

given in book VII, we have noticed the fifth power of the excentricities and 

inclinations of the orbits. Mr. Burckhardt has calculated the terms depending 

on these powers. But, it has been since found, that the inequality resulting 

from these terms, is taken with a wrong sign. Therefore, we shall correct, 

at the end of this appendix, the formulas of the motions of Jupiter and 

Saturn, which are given in the eighth chapter of the tenth book. This 

produces a small alteration in the mean motions, as well as in the epochs of 

these two planets; and this change satisfies the observation of the conjunction 

of these two planets, made by Ibn Junis, at Cairo, in the year 1007. This 

observation varies from the formulas, by a quantity which is much less than 

the error to which the observation is liable. The ancient observations, quoted 

by Ptolemy, are equally well represented by these formulas. This agreement 

proves, that the mean motions of the two greatest planets in the system are 

nowr well known, and, that they have not suffered any sensible variation since 

the time of Hipparchus ; it guarantees, for a long time, the accuracy of the 

tables which Mr. Bouvard has constructed, by the theory, and which the Board 

of Longitude has just published. 

In the same meeting at which I presented these investigations to the Board 

of Longitude, La Grange also communicated his learned researches on the 

same subject. He has, by a very elegant analysis, expressed the partial 

differential of R, taken relatively to each element, by a linear function of 

the infinitely small differences of these elements ; in which the coefficients of 

these differences are functions only of the elements themselves. If we 

determine, by means of these expressions, the differences of each element, 

we may, by proper reductions, obtain the very simple expressions which wre 

have given ; and, as they can thus be deduced from such different methods, 

their accuracy will thereby be confirmed. 

L We shall resume the expression of ede, given in [1262] ; putting, 

for greater simplicity, t* = 1, we obtain,* 

* (3128) In the equations [1262,5751], terms of the order of the square of the 

disturbing forces are neglected [1253a, &ic.] ; but it is correct in terms of theirs* order of 

the disturbing forces, for all powers of the excentricities and inclinations. The value 
_ 3 

P—!, being substituted in [541'], gives n = a 2, which is used in [5785, &c.]. 



VIL App.§ 1.] INVESTIGATION OF d£, de, da, de, dm, dp, dq. 703 

ede — a.ndt.f1—ee . —a.(l — e*).àR, 

In this equation, i is the time ; nt the mean motion of the planet m ; 

a the semi-major axis of its orbit ; e the excentricity ; v the true longitude 

of the planet; R a function of the co-ordinates of the two planets m, m'; 

so that, by naming these co-ordinates x, y, z, x', y', z', respectively, 

we shall have, as in [949, 949'], 

R = m,' . 
r1 3 

P 

P being the distance of the two planets from each other ; so that we shall have, 

p = s/1 O' —• x¥ + (y'— yT+ zf ! ; 

r' is the radius vector of the planet m' ; r that of the planet m ; lastly, 

the characteristic d refers only to the co-ordinates of the planet m [916']. 

We may observe, that to obtain we must develop R in a series 

of angles proportional to the time t ; then take its differential relative to nt, 

and divide it by ndt, adding to the quotient the partial differential 'dR\ 

dmf 
m being the longitude of the perihelion of the orbit of m. For, we must 

not notice, in finding the partial differential of R, relative to v, the angle 

nt, introduced into R, by the radius vector r of the planet m, or 

by the periodical part of the elliptical expression of v, developed in a 

series of sines of angles, proportional to the time. Now, in these functions 

[669], the angle nt is always connected with the angle —m, which is 

introduced into R, by this means only ; therefore by adding to the partial 

differential —, the partial differential (~\ we shall have the value* 

# (3129) The two first, terms of n*-fe [669], are not connected with — but, 

it is found m all the remaining terms; so that we have v = nt-fs-g cp(nt + e — m), 

<p being the characteristic of a function. If, for a moment, we consider R to be a function 

of v, as in [3742], and represent it by R=f(v), we shall have, by the usual 
/dR\ 

notation, (^—J=/'(v). Substituting u [5763a], in R [57636], we get, 

R ~f{nt + S + 9(îl^ -f- £ — ra)|. 

[5751] 

[5752] 

[5753] 

[5754] 

[5755] 

[5756] 

[5757] 

[5758] 

[5759] 

[5760] 

[5761] 

[5762] 

[5763a] 

[57636] 

[5763c] 
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[5763] 

[5764] 

[5764'] 

[5763c'] 

[5763d] 

[5763e] 

[5763/] 

[5764a] 

[5765a] 

[57656] 

[5765c] 

[5765c?] 

[5765e] 
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Hence, the preceding expression of ede , will give,* 

de = aVljz£ .(I — \/TZ^).AR + 

Then we have, as in [7886] ,f 

Its differentials, considering successively, nt and zs, as the variable quantities, also 

putting, for brevity, nt-\-z—zr = w, — <?>XW)> give, 

= { 1 -J- c?'(nt-j- s — zs) | • f |nt-\- £ -f- cp (nt-j- £—zs) |. 

= — y'(nt-\-s — zs) .f'{nt -j- £ -j- cp(nt -}- £ — •#)}. 

The sum of the two expressions [5763eZ,e], being successively reduced, by using [5763a,c]3 

becomes as in [5762] ; namely, 

* (3130) 

£ O i -f»=©• 

Substituting the value of (~j~j [5763/], in [5751], it becomes, 

ede = a.ndt.\/1 — e2. j ^ | — a,(l — e2).dR. 

Dividing this by e, and making a slight reduction, we obtain [5764]. 

f (3131) The formula [5765] is the same as that which the author has demonstrated 

in [7886], in nearly the following manner. The first of the equations [606] becomes, by 

changing the origin of the time t, as in [668']; nt-j-£—zs = u—e.sin.w; and, if 

we also change nt into fndt, as in [5793], we shall get, 

f ndt-\-s—ziz=u—e.sin.M. 

In which fndt-\-s is the mean longitude of the planet m; fndt-\-s—zs its mean 

anomaly; v—zs its true anomaly; and u its excentrical anomaly [603",&,c.,668v,669]. 

The differential of [57656], supposing the ellipsis to be invariable, is, 

ndt = du.( 1—e .cos.u) ; 

and, as this must also hold good for the variable ellipsis [1168"'], we may take the general 

differential of [57656], supposing all the elements to be variable ; subtracting from this, 

the expression [5765/J, we get, 

dt—dzs= du.( 1—e.cos.w)—de.sin.w; [5765/] 
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de— dvs — — 
dvs.{ 1 — e.cos.w)2 r7e.sin.w.(2— e2— e.cos .u) 

v/i- ee 1 — es 

In this formula, u is the excentrical anomaly [603"—604], and s the 

longitude of the epoch [669']. We may put the second member of [5765] 

under the form,* 

supposing du, in the second member, to be restricted to the variations arising from 

s, -vi ; instead of referring to the time t, as in [5765^]. The third of the equations 

[606] becomes, by changing the origin of t, as in [5765a] ; 

tang.£.(v—to)== 
=vÆ: 

tang.£ u. 

If we take its differential, supposing e, vs, u, to be the variable quantities ; and u, 

to vary as in [5765g] ; we shall get, by multiplying by 2, 

dvs 

cos.2£(u—to) 

2r/e.tang.|?^ 

(1 — e)q/F=i2* 

Now we have, by using [5765A] 

1_ 

COS.2è-(w—TO') 

1+e 2e 
l-f-tang.2|.(«—vs) = 1+ qyy^tang.2^ = l+tang.^M-j- —~.tang.2|w 

1 I , 21 + ..-. tang. . 
A 6 cos.2^u 

Substituting this in [5765i] ; then, multiplying by cos.2|m; and reducing, by putting, 

cos.2£M.tang4w = cos.|w.sin %u = J.sin.w ; (cos.|w,.tang.|M)2= sin.2^w= |.cos.m ; 

we get, + *. .(J-J.cos.«) } = du.y/f±l+ 

Multiplying this by and reducing, we get, 

du = — 
dTO.(l—e.cos.M) de. sin.u 

1—e2_* 

Substituting this value of du, in [5765f], we get the expression [5765] ; in which 

nothing is neglected. 

* (3132) We have —(1—e.cos.w)2 = —(1 — e2) -j- e.(2.cos.w—e — e.cos.2w), 

as is easily proved, by developing its first member. Substituting this in the numerator of 

the first term of the second member of [5765], it becomes as in [5767]. 

vol. hi. 177 

[5765] 

[5766] 

[5765g] 

[5765ft] 

[5765{J 

[5765ft] 

[5765Z] 

[5765m] 

[5765n] 

[5765o] 

[5767a] 
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[5767] 

[5768] 

[5769] 

[5770] 

[5771] 

[5770a] 

[5770a'] 

[57706] 

[5770c] 

[5770d] 

[5772a] 

d 
edzs de.sin.w 

zs .i/i — _{——=.(2.eos.w—e—e.cos .hi) — —^2—e2—e.cos .u). 
v y 1 — eev 1 — ee K 7 

The excentrical anomaly u, is given in terms of the true anomaly v — to, 

by means of the equations [603,606], 

a.(l—e2) s 

r = z r—-—t—-—= ad 1 — e.cos.w.) : 
1 -f-e.cos.(v—to) K 7 

whence we deduce,* 

cos. u — 
e-j-cos. (v—to) 

1-f-e. cos.(îj—to) ’ 

sin.w = 
y/l— e e. sin.(w—to) 

1 -f-e .cos.(t’—to) ’ 

consequently,t 

* (3133) Dividing the two values of r [5769] by a, we get, by successive 

reductions, 
1 (1—e2) e.cos.(v—to) e2 

e.COS .U = 1 — -;-; = ,—;--7-ir* 
1 -f- e.cos. (v—to) 1 -j- e.cos. (v — ^) 

Dividing by e, we obtain [5770] ; and if we put for a moment, for brevity, cos.(t;—^)=w, 

it becomes, 
e -j- w 

COS.M = 
1-j-ew ’ 

whence we obtain, 

sin.w 
, /, (e-fw)2 Y £ ( 1-f-ew )2—(e-j-w )2}  /(!_e2—w2-f-e2w2) 

= V/(i—cos. u) — 1/ 1 (l-f-cw)2 — 1-f-ew ~ 1+evr 

y/(l —e2).y/(I—w2] 

l-J-ew 

Re-substituting the values of w= cos. {v—to), and /(l—w2) = sin.(ü—to), it becomes 

as in [5771]. 

f (3134) The value of cos.w [57706], being substituted in the first member of 

[5772a], we get, by successive reductions, the expression in its last member. In like 

manner, from sin.w {5770c], we get [57726], 

2e-j-2w _ 2(1 — e2).w _ 2(1 — e2).w.( 1-j-ew) 
2.COS.U - 2e = - ~ - j +ew (1-few)2 

(1—e2) 

(l+ew) 
„. { 2w-)-2ew2} ; 
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v/i 
edzs g s de.sm.u >. 

-. (2.cos.u—e—e.cos.u)---— . (2—e2—e.cos.^) 
— ec K 1—e2 

^ f2.cos.Q- rt)-f-e-f-e.cos.2Q—vi)\ , 
- V 1-g2 * (T. f \)2 f 1-j-e .cos.Q— 

•s 

-i/r 
_ f 2-f-e. cos.Q—to,)| 7 N 

■ e2 • 7—-7-rh • de. sin. (v—w). 
f 1—}—e. cos.Q—ro) ]2 

t 

2 

3 

Substituting the values of eda, de [1258], we find, that the second 

member of the equation [5772] can be reduced to the following form ;* 

e — e.cos.% = e.sin.2w 

The sum of these two expressions, gives, 

O-*2) 

(1-j-ew)2 

2-cos .w — e — e.cos.2w = 0-e2) 

(l-f-ew)2 
. f 2 w-j-e-}-ew2}. 

Substituting this in the term which is connected with drt , in the first member of [5772], 

get the term depending on dtf, in its second member [5772, line 2]. In a similar manner, 

we get, from the value of cos.w [5770&], 

e2— e.cos.u — e.Q —cos.w) — e. ( e — 
Q+w)\ 

1-j-ew ) 
e . 

eew — w 

ew 

1-j-ew 
. (1—e2). 

Adding to the first, and to the last members of this expression, the quantity 2.(1 —e2) ; 

we obtain, 

2 e2— e.cos. u = 2.(1—e2) 
ew ON (l — e2) , , 

. (1—e2) = ■ y-, — .[2.(1-j-ew) — ew| 
1-j-ew 1-j-ew 

(b-e2) 

l-f-ew 
.f2-j-ew|. 

Hence 
2 — e2—e.cos.w 2-j-ew 

1—e2 
; multiplying these by sin.w = —— 

1 +ew ^ 6 * 1-j-ew 

[5771] ; and substituting the result in the term depending on de [5772 line 1], we get 

the corresponding term of the second member [5772 line 3]. 

* (3135) If we substitute f/,=l [5750], in [1258], we shall obtain the following 

expressions of edvs, de, in which terms of the order of the square of the disturbing 

forces are neglected [1253'] ; 

[5772] 

[57726] 

[5772c] 

[5772d] 

[5772e] 

[5772/] 

[5773a] 
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[5773] 

[5774] 

[5775] 

[57736] 

[5773c] 

[5773d] 

[5773e] 

[5773/] 

[5773g-] 

[57736] 

2a.ndt.r.(^^ ; [Value of the function 5772] 

and, as we have [962], it becomes, 

2(f.ndt. • ^ ^. [Value of the function 5772] 

Hence, the expression of ds—dto [5765] gives the following very simple 

edix = — -ÿj==.sm.(v—to). £2-{- e.cos.(v—to) j. ^-j-a2. ndt.\/\ — e2. cos.(v—to).j 

de = —^t==.[2.cos./—TO)-j-e-f-e.cos2(v—to) —a^.ndt.\/l^.sm.(y— 

These are to be substituted in [5772 lines 2,3] ; and, in performing the operation, we 

may neglect the part depending on > because, the terms depending on edzr 

[5772 line 2, 57736], are equal to those depending on de [5772 line 3,5773c] ; and, 

they have different signs ; so that they mutually destroy each other ; as is easily seen 

by the mere inspection of the formulas. The remaining part of the second member of 

[5772], arising from the substitution of the parts of [57736, c], depending on (^\ 

becomes, without any reduction, as in [5573/] ; omitting, for the sake of brevity, the 

symbol to1, which is connected with the angle v—w, as in [4821/] ; 

(1—/'dR\ _ j ('2.cos.t'-l-e+e.cos.2u).cos.7;-)-(2+e.cos.i;).sin.2tJ j. 
(l-j-e.cos.î))2 \dr J 

The terms of the factor, between the braces, being arranged according to the powers of 

e, and then successively reduced, become, 

2.(cos.2ü+sin.2ü)-j-e.cos.,yl^-(cos.2îl-[_s'm•2^,)} = 2-J-e.cos.v 1-f-e.cçs.v}. 

Substituting this last expression in [5773/], it becomes, 

which is easily reduced to the form [5773], by the substitution of, 

a.(l —62) 

1 -\- e . cos.v 
[603]. 

Lastly, the substitution of [5774], in [5773], gives [5775], for the value of the second 

member of the equation [5772]. 

[5773i] 
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equation, which was first discovered by Mr. Poisson ;* 

ds = d™. (1—fi—ee)+2a2. -ndt. 

If we refer, as in [1030', &c.], the motion of the planet m, to that of 

its primitive orbit, and put, as in [1032], 

p = tang. 9 . sin. & ; q = tang. 9. cos J ; 

<p being the inclination of the orbit [1030'], and û the longitude of its 

ascending node, we shall have, as in [13376,67516],f 

di 
dp=— 

fag 1—ee)’\dqj ’ 

dq = 
dt 'dR' 

fag i — ee) \dp 

Now we have, by ^ 44, of the second book,Î 

'dR\ /dR' 

0 = ■ da + \de •*+(" ^+(S)-rf£ + (f }dP+(fî)-dr 

* (3136) The expression of ds—dzs [5765] is reduced, in [5767], to three separate 

terms ; of which the first is —dn.f l—e2 - The second and third terms constitute the 

first member of [5772], which is successively reduced to the form 2a/.ndt . in 

[5775] ; hence we get, 

ds—dzi = —dzs.f i—e2-f-2a2. ndt 

and, by transposing —dzr, we obtain [5775'] ; which is correct in terms of the order ml, 

as in [5773a]. 

f (3137) We have an — a ^ [5751/;] ; substituting this in [13375], we get 

[5778, 5779] ; which are exact in terms of the order m! [133751ine 3], 

t (3138) R is a function of fndt [5793], and of the elements a, e, zs, s, 

p, q. Now, we may take its differential, relative to t, considering the elements as 

constant, and the ellipsis invariable. We may also take it, supposing all the quantities to 

be variable, as in"[l 168', &,c.]. The first of these differentials, being subtracted from the 

second, gives [5780]. 

[5775'] 

Poisson’s 
expression 
of 

ds. 

[5776] 

[5777] 

[5778] 

[5779] 

[5780] 

[5775a] 

[57755] 

[5775c] 

[5778a] 

[5780a] 

[57805] 
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[5781] 

[5782] 

[5783] 

[5784] 

[5782a] 

[57826] 

[5783a] 

[57836] 

[5783c] 

moreover, we obtain, from [1177, 5750], 

da = —2a*.dR ; 

, / dR\ djR . 

anCl \lü) = ndt ’ because tlie anSle nt 1S always connected with -j-s;* 

therefore, by substituting the preceding values of da, de, ds, dp, and 

dg; we shall have this very simple equation,! 

d 13 
a.ndt.\/1—ee 'dR\ t 

de ) ’ 

which gives, 

ds = — ±ndt.i/l-ee _ (1 _v/yz^) . (fj?) + 2a2. 'ÆB\ 

* (3139) We see, in [953,954, Stc.], that nt is always connected with s, in the 

form of j or rather y?idtf-|-s [5793]; so that if we suppose R to be a function 

of fndt-\-s, we may represent it by R = f(fndt-j-s) ; and, by using a notation similar 

to that in [5763c], we have = ffifndt-J-s). and = f (fndt+e) ; whence 

we get ^ , which is equivalent to that in [5782]. 

f (3140) Of the six terms of which the function [5780] is composed, the fifth and 

sixth destroy each other, by the substitution of the values of dp, dq [5778,5779], as 

is evident by inspection. Again, the second term of ds [5775'], namely 2a2. .ndt, 

being substituted in [5780], produces, 

2°2- (?) •nit ■ (?) 2“*(?)-djR t5782]; 

and this is destroyed by means of the first term of [57S0], namely . da, as is 

evident, by the substitution of da [5781]. Hence the function [5780], is reduced to the 

three terms depending on de, dw, ds; taking for ds, the first term of [5775'] only ; 

namely, ds = dzr.\ 1—\/l—e2}; hence the function [5780] becomes,by the substitution 

of this value of ds, and that of ^ [5782], 

SdR\ ~ , ( (dR\ dR , ,_N > 

0=(*)'it+KïJ+»ü' (l-l/l-e=) ] • du. [5783d] 
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Connecting together, in one table, these different equations, we shall have, 
3 

by observing, that n = a * [57516], and, that the sign d, aflects only 

the co-ordinates of the body m ; * 

Now, the value of de [5764), can be separated into two factors, so that we may put it 

under the following form, 

, ( / dR\ . dR , ,_. ) a.ndt.Wl—e2 

de={U)+^-(1-^b—7—; 
as is easily proved, by multiplying the terms. Substituting this in [5783f7], and then 

dividing by the common factor ^ -j- . (1 —[/I—e2) , we get, 

0 = 

ndt 

a.ndt.f i_e9 fdR\ 

■\iü)+da'’ 

whence we obtain dtf [5783]. Substituting this value of dvs, in that of de [5775'], 

we get [5784]. The expressions of dvs, de [5783, 5784], are exact in terms of the 

order m', for all powers of the excentricities and inclinations ; but some terms of the 

order m'z are neglected. 

# (3141) The equations [5786—5791], are the same as those which are given 

in [5781,5784, 5764, 5783, 13376], respectively. The equations [5787—5791] are 

correet, in terms of the first order of the disturbing masses, for all powers of the 

excentricities and inclinations ; but, some terms of the order of the square of the 

disturbing masses are neglected. 

We may observe, that, in estimating the values of dp, dq [5790, 5791], we have 

taken the primitive orbit of the disturbed planet, for the fixed plane ; so that p, q, are 

considered as very small quantities, of the order of the disturbing masses; whose squares 

are neglected. To avoid this restriction, the author has given other forms to these 

expressions in [12528, 12529] ; by taking another fixed plane independent of the primitive 

orbit. Then, if y be the inclination of the orbit of the disturbed planet to this new 

plane, and ô' the distance of its node from a fixed point in the same plane, we shall 

have, instead of p, q, dp, dq [5776,5790,5791], the system of equations [5786e—g-], 

representing the values of p', q', dp', dq' ; corresponding to this plane. From these 

we easily deduce the values of df, dô' [5786A,fJ. The investigation of these equations 

is given by the author in [12513—12537] ; and it is unnecessary to repeat it here. 

[5785] 

[5783e] 

[5783/] 

[5783g-] 

[5786a] 

[57866] 

[5786c] 

[57864] 

p' = sin./, sin.Ô' ; <f — sin./.cos.d' ; [12520] [5786e] 
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[5786] 

[5787] 
Differen¬ 
tials of the 
elements, 
exact, in 
[5788] 
terms 
of the 
order m'. 
[5789] 

[5790] 

[5791] 

[5792] 

[5793] 

[5793']- 

Mean 
motion. 
[5794] 

[5794'] 

[5786/] 

[5786g-] 

[5786ft] 

[5786i] 

[5794a] 

da = — 2cd.dR ; 

a.ndt.\/1 — e2 

(i) 

d s = — 

a.\/i 
de 

diz 

• (1—i/l—e2). (^—^+2a2.»rft. (-£j ; (2) 

!.( 1 — [/Y^?).dR + «VÏEf.ndt. ; (3) 

a.ndt.\/1 — e2 /dR\ 

~ ê * \dü J ’ 

j a.ndt f dR\ 

dP = ~ Jjj=P -\~dgj 

, a.ndt f dR\ 

d<i = • (tp) • 

(4) 

(5) 

(6) 
/dR\ 

We may substitute, in these equations, ndt. for di? [5782], and 

by this means, reduce the preceding expressions, so as to contain only the 

partial differentials of the elements ; but, it is as simple, to retain the 

differential d R. 

In the motion, considered as elliptical, we must substitute fndt for nt* 

if ice wish to be rigorously correct ; now, n = a~* [5785] ; therefore, by 

putting | equal to the mean motion of the planet m, we shall have 

[1183, 5750], 

£ = f ndt = 3ffa.ndt.dR. (7) 

2. From these equations, we easily deduce the same result, as that which 

was discovered by Mr. Poisson, relative to the invariableness of the mean 

dp1 — 

dq' = 

dy' = 

a.ndt fdR\ 

~7!=T2*cos-7-(^J ; 

a.ndt / dR\ 
-7==. COS./. -; ; v/l—e* ' \ dp J ’ 

a.ndt /dR\ 

</\—e2.sin./‘ V dô'J ’ 

a.ndt 

y/l_ca.sin./’ 

[12528] 

[12529] 

[12536] 

[12537] 

# (3142) We have the differential of the first order dg= ndt [1180", or 5794], 

which corresponds to the variable ellipsis, and, therefore, also, to the invariable ellipsis 

[1168']. In the invariable ellipsis, we have n constant, and its integral is £=nt-f-s; 
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motions of the planets ; noticing the square of the disturbing force. If we 

denote any finite variation by the characteristic 6, and vary, in R, only 

ivhat relates to the planet m ; observing, that = [^^2] ; we 

shall have,* * 

iR^t^fndt^+(fysa+ 

Substituting, for ha, he, h$, &.C., the integrals of the preceding values 

of da, de, cbx, &c. [5786, &c.], we shall have,f 

sR = ™.t(fndt) 

+ 

+ 

ci.\/l—e2 
. (l-v/—,) . { (f ) .fiR -2 -fndt. (f ) | 

tf-v/l—e2 ( /djR\ 

b • i (?) -J'M ■ (?) - (f ) • © i ■ 

1 

2 

3 

4 

5 

but, in the variable ellipsis, n is variable, and we have £=fndt-j-s. Hence it is 

evident, that the mean motion nt, corresponding to the invariable ellipsis, must be 

changed into fndt, in the variable ellipsis, as in [5793]. 

* (3143) R is a function of fndt, and of the elements s, a, e, -a, y, q ; 

now, if these quantities vary by the increments h.fndt, 8s, ha, he, Sur, 8y, hq, 

respectively, we may obtain the development of R, in a series, proceeding according to 

the powers and products of these increments, by means of the formulas [610—612,&c.]. 

If we retain only the first power of these quantities, and put, fol¬ ks value, 

deduced from [5782] ; namely, -- ; the increment of R will become as in [5795]. 

This equation is correct in terms of the order m'2; because, R [5755] is of the order m’; 

and the variations hs, he, he., which depend on R, are also of the order in'; 

therefore, the terms of the second member of [5795] are of the order m/2; and the 

neglected terms of the order Rhs2, Rhehe., must be of the order m'3. 

f(3l44) The integral of the equation [5786] is a = constant — 2./a2.dRj the 
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[5794"] 
Symbol 

[5794'"] 

[5795] 

Terms of 

hR, 
of the 
order 

m2, 
arising 
from the 
variation 
of the 
elements 
of the 
planet m. 

[5796] 

[57946] 

[5795a] 

[57956] 

[5795c] 

[5795d] 

[5796a] 
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[5797] 

[57962»] 

[5796c] 

[5796c'] 

[5796tf] 

[5796e] 

[5796/] 

[5796g-] 

[5796^] 

[5796i] 

[5796&] 

[57962] 

[5796m] 

[5796n] 

[5796o] 

To obtain the value of d .6 (fndt) given by the equation [5796],* 

constant quantity being equal to the value of a, at the commencement of the integral. 

Hence the increment of a, is represented by 5a = — 2 fa?.dR; so, that if we 

put fdR = R, and integrate by parts, we shall have, successively, 

5a = — 2/a2, dR = — 2 a2. R -\-fR.4ada ; 

as is easily proved, by taking the differentials of these expressions of 5a, and re-substituting 

R = fdR. Now, R and da [5786], are both of the order m' ; therefore, 

fR'Aada, is of the order m'2 ; and if we neglect terms of this order, in 5a, which 

will only produce terms of the order m'3, in [5795], we shall have, 

Sa = — 2fa*.dR = — 2a2./dR. 

Hence it appears, that in finding the integral of a2, dR , we may bring the factor a2 

from under the sign of integration ; neglecting terms of the order m'2. For similar 

reasons we may bring a, e, from under the sign f, in the integrals of the other 

expressions [5786—5791], leaving for symmetry, n under that sign, connected with 

dt, as in [5794, 5795, &c.] ; hence we get the following expressions, which represent, 

respectively, the integrals of the five equations [5787—5791] ; 

Substituting these, and also 5a [5796/] in [5795], we get [5796], which is exact in 

terms of the order m'2. Tf, for brevity, we represent by Rt, the four lower lines of 

the second member of [5796], we shall obtain, by substitution and reduction, 

so that dR, represents the value of the function which is mentioned in [5797]. 

* (3145) If we vary in R, what relates to the planet m, as in [5794", kc.], we 
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we must take its differential, relative to the quantities corresponding to the 

planet m only [5785]. To obtain the differential relative to the elements of 

that planet, it ivill be sufficient to suppress the sign f which has been 

shall get the expression of 5R [5796] ; or the equivalent expression [5796n] ; and the 

object of the author, in [5797—5812], is to prove, that d.SR contains nothing but 

periodical quantities. The value of d.&R, deduced from [5796?i], is of the following 

form ; 

d.<5R = d. \ • & (/ ndt) | + di?/. 

The calculation in [5798—5806] is to prove, in the first place, that the second term of 

this expression dRn produces periodical quantities only ; the process in [5807—5812] 

serves the same purpose, relative to the other term ; namely, 

d. [57976]. 

In these calculations, the terms of JR/ are supposed to be represented by, 

M.fNdt — N.fMdt [5800] ; 

and, it is very easy to reduce them to this form. For, if we change f d R into f ndt.-— 
J ndt 

in [5796 lines 2,3], for the sake of symmetry, we shall find, that any one of the lines of 

the function [5796 lines 2—5], is composed of two terms of the form, 

A.{R, .fndt. R—R3.fndt .R2\; 

A being the factor without the braces ; and R2, R3, the differential coefficients, 

depending on the partial differentials of R, which occur in that line. Now, if we put 

AR2 = M ; nRs = N ; the preceding expression becomes, 

M.fNdt — — .fndt% ; 
71 *a 

M and N being each of the order m! ; therefore, MN is of the order m'2 : and, 
a 

if we neglect terms of the order m'z, we may introduce the factor -, of the second 
n 

term of [5797/], under the sign /; and then, by reduction, the expression becomes, 

M.fNdt —N.fMdt, as in [5800]. 

Similar processes and reductions are used, in calculating the part of d.6R, arising from the 

variation in oR, relative to the planet m', in [5813, &cc.] ; and those relative to the 

planet m", in [5832, &c.]. 

[5798J 

[5797a] 

[57976] 

[5797c] 

[5797c?] 

[5797e] 

[5797/] 

[5797/] 

[5797/] 

[5797g-] 

[5797/i] 
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[57980 

[5799] 

[5800] 

[5801] 

[5802] 

[5798a] 

[57986] 

[5798c] 

[5798d] 

[5798c] 

[5801a] 

introduced only by the integrals of the differential expressions of these 

elements [5786—5791] ; and then, that expression becomes identically 

nothing ;* so that, if we wish to obtain the differential d of the 

dJR 
function sR-.<5(fndt), it will suffice to take its differential relative to 

ndt 

nt, noticing only the quantities without the sign f [5798e]. The 

expression of this function is composed of terms of the form, 

M .f Ndt—N.fMdt [5797g]. [Function K;] 

M and N may be developed in terms, depending on cosines of angles of 

the following forms ;f 

M — k.cos.(i'n't—int-\-A) ; N = Ic. cos. (i'n't—int-\-A) ; 

i' and i being any integral numbers, positive or negative. We must 

* (3146) The integrals of the expressions [5786—5791], introduce the sign f in 

the values of the variations of the elements of the planet m [5796/—A;] ; and by this 

means they occur also in [5796]*, and, as these integrals haveyeference to the elements of 

m, their differentials relative to the characteristic d [5785], must be equivalent to the 

complete differentials ; so that we shall have, 

d .fJYdt = Ndt ; d . fJWdt = Mdt. 

Hence the differential of the function R/ [5S00], relative to d, is, 

dRt = dM .fJYdt — dJY . f'Mdt -f- MJYdt — MJYdt. 

The two last terms of this expression destroy each other, as in [5798'] ; and we finally 

get, 

dRt = dM. fJYdt — dJY. /Mdt. 

Hence we obtain the same rule as in [5799], for finding the differential of 

R/ = M . fJYdt — JY . JMdt [5800] ; 

namely, by taking the differential of Rn supposing the terms without the sign /, to 

be the only variable quantities. 

f (3147) The functions M, JY [5797/], depend on R, which is of the same 

form as the assumed values of M, JY [5801]; as appears in [957'"]. Substituting 

these in [5803], we get [5804]. 
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combine these two terms together, to obtain the non-periodical terms in 

d .{M.fNdt—N. fMdt\ ; then this function becomes, 

k .indt.sin. (i'n't—int-\-A) . fk'dt.cos.(j!n't—int-\-A) 1 
[Function d-R,] 

—k'.indt.sin. (i'n't—int-\-M) . fkdt.cos.(i'n't—intf-A). 2 

The integrations which are indicated in this function, being made, we find, 

that the terms destroy each other, and the whole expression vanishes.* 

This agrees with what we have demonstrated, in [3906'], relative to the great 

inequalities of Jupiter and Saturn. The expression of 

d. jaR — .d.] , 

is, therefore, a 'periodical function. 

C dR ) 
The expression of d . < — . 6 . fndt > , contains only periodical 

quantities ; for, we have,f 

C dR r j ) ddR r . dR 7 
d . < — . 6. Jndt > = —— . ô . fndt -]—- . dt. Sn. 

( ndt J S ndt J 1 ndt 

Substituting for Sn, its value J 5n = 3 fan . dR , we shall have, 

* (3148) The integrations, which occur in [5804], are made in the usual manner, by 

changing cos. into sin., and dividing by i'n' — in ; and when this is done, the terms 

mutually destroy each other. We may remark, that the coefficient of t, in the values 

of M, N [5801], are equal to each other, being represented by i'n' — in. It is 

useless to notice other terms, in which these coefficients are unequal; because they 

produce nothing, except periodical terms, in the function [5804]; as is evident from 

[17] Int. 

f (3149) The complete differential of the first member of [5807] 5 ~ . § . f ndt\, 

taken relatively to the characteristic d, contains the two terms in the second member 

of [5807] ; and also the additional term — . S .fndt; but this term contains 

the three factors dR, dn, 8. fndt; each of which is of the order m'; hence it 

is of the order m'3, and may be neglected ; and the expression becomes as in [5807]. 

t (3150) Taking the differentials of the two expressions of £ [57 94], and dividing 

vol. in. 180 

[5803] 

[5804] 

[5805] 

[5806] 

[5807] 

[5808] 

[5805a] 

[5805i] 

[5805c] 

[5807a] 

[58076] 
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[5809] 

[5810] 

[5811] 

[5808a] 

[58086] 

[5808c] 

[5808c?] 

[5810a] 

[58106] 

[5810c] 

[5810c?] 

dR 

ndt 

ddR d R 
. <5. fndt S = 3 an . ——. f fdR . dt -f- 3 an . — . dt. fdR . 

J t n(Jf JJ ‘ zil/V/ J ndt 

We may unite, in one expression, all the terms of the development of R , 

which depend on the same angle i'n't — int, and it becomes of the form, 

R = k . cos .{i'n't — int + A) [957'"]. 

Substituting it for R, in the functions . ffdR . dt, 

we find, that they are reduced to sines of double the angle* 

and — . f dit, 

i'n't — int+A; 

them by dt, we get n = 3/an. d/2; or, as it maybe written, Sn = 3 fan . dR, 

as in [5808]. Substituting this in the development of <5. fndt, we easily obtain, 

<5. fndt =f5n.dt = o ffan. dR. dt. 

These values being introduced into the second member of [5807], we get, 

d 6 . fndt \ = .3 ffan . dR . dt -J- —7 * dt . 3 fan , dR . 
( ndt J 5 ndt ndt J 

Each of the two terms of the second member of this expression, is of the order m'2; 

and, if we neglect terms of the order m'3, we may bring the factor an, from under 

the sign /, as in [5796d—e] ; and then the equation [5808c], becomes as in [5809]. 

* (3151) From R = k.cos.{i'n't—in%\~A) [5810], we easily deduce the following 

expressions, 

dR 

ndt 

k.in 
= Id.smJïn’t—mtf-A) ; fdR = — • cos .(i'n't—int-\-A) ; 

' " X Ti %7Z 

k.in 
[in'—m)2 

ffdR.dt =-. sin .{i'n't—intA) ; — 7ri2n.cos. (i'n't—int+A) dt 

In finding these expressions, we have neglected the variations of the elements n, n', &c., 

because they produce only terms of the order m'3, in [5809]. The product of the two 

expressions [5810c], being substituted in the first term of the second member of [5809], 

produces a term depending on, 

sin.(frit—intf-A) X cos.(ïrit—intf A) =$.sin.2.(i'n't—int-\-A). 

In like manner, the product of the two expressions [58106], being substituted in the 

second term of [5809], produces another teim depending on, 

£. sin.2.(iVr — int -f A) , as in [5811]. 
[5810c] 



VII. App.§2.] TERMS, IN OF THE ORDER ma, mm', m'm", &c. 719 

thus, the differential contains on\j periodical quantities. 

Hence it follows, that dJR, contains only periodical quantities, when we 

vary in oR, the quantities relative to the planet m only. 

To obtain the complete value of d.ôR, we must also vary in ôR, what 

relates to the planet m!. For this purpose, we shall put R\ for what R 

becomes, relative to the planet m!, disturbed by the action of m. We shall 

then have,* 

R' = 
m .{xx'-\-yy'-\-zz') m 

hence, 

R= ^ ■R'+m'-(xx'+yy'+zz') -■-£) • 

The variation of R, so far as it depends upon the variations of what 

relates to the planet m', is, therefore, equal to the variation of the second 

member of the equation [5815], arising from the variations of the co¬ 

ordinates of m'. We shall denote, by <5', the variations which correspond 

From what has been proved, it appears, that the two functions [5806, 581 F], which compose 

the value of d.SR [5796w], produce nothing except periodical terms, noticing quantities 

relative to m, as in [5812]. 

* (3152) Changing, reciprocally, the elements of m into those of m', we shall get, 

from R [5755], the expression of R' [5814]. Multiplying this by — , we 
0 m 

obtain, 

m 

m'.[xx’-\-yy'-\-zz') 
3 

m' 

7 7 

subtracting this from [5755], we get, 

from which we easily obtain R [5815]. This expression of R does not contain p, 

and, on that account, it is more convenient than the expression [5755], in making the 

calculations relative to m!, in [5813—5831']. 

[5811'] 

[5812] 

[5813] 

[5814] 

[5815] 

[5816] 

[5817] 
Symbol 

6\ 

[5810/] 

[5815a] 

[58156] 

[5815c] 



720 APPENDIX, BY THE AUTHOR ; [Méc.CéJ. 

[5818] 

[5819] 

[5819'] 

[5818a] 

[5818b] 

[5818c] 

[5818d] 

[5818e] 

[5818/] 

[5818g*] 

to these co-ordinates. We evidently see, by the preceding analysis, that,* 

at. (œ-^ 
m \ nd t 

is composed of terms of the form 

M.fNdt — N.fMdt. 

To obtain their differentials, relative to the characteristic d, we must 

vary only the quantities without the sign of integration ; because the 

quantities under that sign correspond to the elements of the planet m!.f 

* (3153) If we change, in [5795,5796], the elements n, e, a, e, zr, p, q, 

into n', s', a', e1, a-'’, p', q1, respectively, we shall get, by using the characteristic 

(5', as in [5817], and supposing d' to affect the co-ordinates of m' only ; 

If we represent by Rj the four lower lines of the second member of this last equation, 

we shall get, by substitution and transposition, the following expression, which is similar to 

[5796ft] ; 

and we may prove, as in [5797g], that R/ is composed of terms of the forms mentioned 

in [5819]. 

[5819a] f (3154) The terms under the sign of integration, in the second member of [5818cT], 
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We shall suppose these two corresponding terms of M, N, to be 

represented by,* 

M — k.cos.(i'n't—int-j-A) ; N — k'.cos.(i'n't—int-\-A!). 

Then, we must combine these terms together, to obtain the non-periodical 

quantities in 

d.(M.fNdt—N.fMdt) ; 

and, it is evident, that this differential function does not contain such 

quantities. We may easily prove, that 

d 6'.f n'd t 

does not contain any ; by the same manner of reasoning as that which we 

have used in proving that 

d . 
/ d R N 

Ldfi-fndt [5811'] 

contains only periodical quantities ; t therefore, d.<5'JR! contains only 

similar quantities. 

arise from the quantities <5V, ô'a', h'e', 5V, S'p' h'q', 6'./n' dt ; which contain 

terms with the sign /, like the similar expressions of Ss, Sa, he. [5796d—h]. 

Now, these quantities S's', S'a, he., depend on the co-ordinates of the planet m' ; 

therefore, their differentials relative to d [5785] must vanish. On the contrary, the 

factors 
d'-R' 
n'dt ’ he., in the function [5818c], may produce, in [5818cZ], 

some terms without the sign f containing the elements of the planet m, which will be 

affected by the differential d. 

* (3155) The calculation in [5819—5821"], is similar to that in [5800—5812] ; and 

the functions [5800,5801,5803, &c.], correspond, respectively, to [5819,5820,5821, &c.] ; 

hence we obtain a result, similar to that in [5806] ; namely, that the differential d, of 

the function [5818/], does not contain non-periodical quantities. 

t (3156) If we develop the function [5821'], we shall get, by observing, that n, 

and fn'dt, are not affected by d ; 

[5820] 

[5821] 

[5821'] 

[5821"] 

[58196] 

[5819c] 

[5820a] 

[58206] 

VOL. ÏII. 

[5821a] 
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[5822] 

[5821b] 

[5821c] 

[5821d] 

[5821e] 

[5821/] 

[5821g] 

[58217*.] 

[5823a] 

[58236] 

[5823c] 

[5823d] 

It now remains to consider the second term of R [5815], which we 

shall denote by, 

P = m!. (xx'+yy'+zz’) . (/_1) . 

We have, as in [915],* 

We may substitute, in the second member of this equation, for ô'.(fn'dt), its value 

fS'n'.dt; and, for S'ri, its value <5V =3fa'ri. d'R', which is similar to [5808]; 

hence we shall have, 

dd'JR' 

n'dt 
3ffa'n'.d'R'.dt 

dd 'R 

n'dt 
.3 a'n'.ffd'R’.dt; 

observing, that we may bring an' from under the sign ff} by neglecting terms of the 

order w'3, as in [5796e, &z,c.]. Now, if we put 

R =~k. cos. (i'n't — i n t -f- A), 

we shall get, in like manner as in [5810c] ; 

ffd'R. dt = 
k.i'n' 

(■i'n'—i n)2 
sin.(i'n't—int-^-A) ; 

dd'il' 

n'dt 
k.i'in. cos. (i'n't—int-\-A)cùt 

The product of these two quantities being substituted in the last expression of [5821c], 

produces only a periodical term depending on sinA.(i'n't—int-j-A) ; in like manner as 

in [5810/ &c.]. Having found, that the differential relative to d, of the function [5818/], 

and that of [5821'], produce only periodical quantities ; their sum representing the value 

of dJR', deduced from SR' [5818/], must also consist of such periodical quantities; 

m' 
which may be neglected : therefore, we may reject the term — . R, in the value of 

TTL 

R [5815], and it will be reduced to R = P; using the abridged symbol P [5822]. 

* (3157) Substituting, in the first of the equations [915], the value of M-\-m 

[9IT], we get, 

^ ddx ( [M-\-m).x ( Mx ddx mx /'dR\ 

° = ~df2~’~ r3 h{Tx) ’ °r’ df2_ 73 ~{dPj ’ 

m' 

multiplying this by —, we obtain [5823]. The second and third of the equations 

m'y Tfl/% 
[915], give similar expressions of — , • If» in these equations, we change m, 

x, y, z, r, into m', x. y', z', r', respectively, and the contrary ; and, then multiply 

.ml , .. . . m'x' m'y' m'z' _ 

by —, we shall get the corresponding values of —, —. The first of these 
m r ° r 3 r3 

expressions is explicitly given, in [5825]. 
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m'x m' ddx mm' x m' / dR\ 

73 = ~~m ' di* ~ ~m ’ 7 “ Af \dx) ’ 

M being the sun’s mass. We have also, 

m'x' m' ddx' ml2 x' m' / dJl'\ 

Pr=~M'~dt*~~ M ' 7* ~~M' \dx' ) * 

The co-ordinates y, z, y', z', produce similar equations ; hence we 

easily deduce,* 

P 
m' 

M 

d. (x'dx—xdx'-\-ydy—ydy' -f- z'dz—zdz') 

d? + Q ; 

Q being a function of x, y, z, x\ y', z', of the order of the 

square of the masses m, m' [5825c, c"]. The variation of the part of 

P [5826], which is independent of Q, may be expressed by, 

/n m' dM .(x'dx—xdx'd-y'dy—ydy'-{-z'dz—zdz) 

ir==M' '*» ’ 

* (3158) The terras depending on x , x', in [5822], are — X. — —d. ' _ . The 
f*' 3 j* 3 

value of this function is found, by multiplying [5823] by —x', also [5825] by -{-x, 

and then taking the sum of the products. Hence we have, 

m. xx' m!. xx' m' (x'ddx—xddx') m'.xx' 
f~ M * dt2 M 

Îm m! 

“3—73 

+ 
m 

M * 
x 

If we substitute, in the first term of the second member, for x'ddx—xddx', its value 

d. (x'dx—xdx') ; which is easily proved to be identical, by development ; and put for 

the remaining terms of the second member, which are of the order in2; we get the 

expression [5825d]. The similar expressions in y, y', z, z', give [5825e,/] ; 

Q2, Qs, being quantities similar to Q, and of the order m2. The sum of the 

equations [5825d,e,/], being substituted in [5822], putting Q = ^4-Q3-f- Q3, becomes 

as in [5826] ; 

m! 

m! 

d.(x'dx—xdx') 

dt2 

d-(y'dy—ydy') 

dt2 

+ Qi} 

+ 
m! 

M * 

d. (z'dz—zdz') 

dt2~ 

723 

[5823] 

[5824] 

[5825] 

[5826] 

[5827] 

[5828] 

[5825a] 

[58256] 

[5825c] 

[5825c'] 

[5825c"] 

[5825d] 

[5825e] 

[5825/] 
m. zz'. 
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[5829] 

[5829'] 

[5830] 

[5829a] 

[58296] 

[5829c] 

[5829d] 

[5829e] 

[5829/] 

[5829g-] 

[5829A] 

[5829i] 

[5829k] 

[58291] 

[5829m] 

[5829n] 

and, as this is an exact differential, we shall obtain the part of fd.dP, 

which depends on the function [5828], by changing, in this function, d into 

d [5829e] ;* and then, it is evident, that it contains, in terms of the order 

m2, none but periodical quantities [5829i~\. 

The term Q will give, in fdP , the quantity fdQ. If we notice 

* (3159) If we neglect, for a moment, the consideration of the quantity Q, the 

remaining part of the second member of [5826] will be an exact differential, which we 

shall represent by dP,} so that we shall have P = dPt. Its variation, relative to o', 

gives 6,P = d.S'Pl, which corresponds to [5828]. Integrating this, we get Jl'P = 5T,; 

and its differential, relative to the characteristic d, gives fd.5'P=â.ô'Pr Comparing 

this with <5'P [5829c], we easily perceive, that fd.S’P can be deduced from this 

expression of (VP [5829c, or 5828], by changing, in its second member, d into d, 

as in [5829'] ; hence we shall have, 

n , r> m> d.d fix'dx—xdx'fi-y'dy—ydy'-\-z'dz—zdz'~) 
jd.ù'P = ^ • 

If the function ~.\x'dx—xdx'-\-y'dy—ydy'-\-z'dz—zdz'\, by the substitution of the 
dt 

elliptical values of x, y, z, x', y', z, produces a term represented by At ; its 

variation, relative to <5', will become 6'A, } which is of the first order relative to the 

masses, as is evident from the import of <5' [5817] ; and, when 5'AI is multiplied, 

wl 
as in [5829f], by —, it becomes of the second order. This is finally reduced to the 

third order, in the second member of [5829/], by taking the differential relative to d, of 

the non-periodical terms ; because it produces the differentials of the elements [5786, &,c.], 

which are of the first order. Hence it appears, that, if we neglect the non-periodical 

terms of the third order, relative to the masses, W'e may put the part of fd.ô'P, which 

depends on the function [5828], equal to nothing. Then, there will remain to be noticed 

only the part of the function /d.<5T, depending on Q [5829a] ; which may be 

represented by fid.S'P =/d.<5'Q. But, Q is of the order to2 [5827], and, if we 

represent it by maA2 , we shall have <5'Q, of the order which is of the 

third order relative to the masses, as is evident from [5829A] : therefore, it may be 

neglected. What is proved in [5814—5831], relative to the planet m!, may also be 

applied to the other planets m", m!", he.} but, it will still be necessary to notice the effect 

of m" on ml ; ml" on m', he. ; ?n'" on m", he. ; in the value of R. This is done in 

[5833, he.]. 

[5829o] 
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only terms of the order m2 in dQ, it will suffice to substitute in Q, 

the elliptical values of the co-ordinates, and then fdQ will contain only 

periodical inequalities. Thus, fd.b'P, will contain only similar quantities. 

Hence it follows, that fd.ôR will contain, in terms of the order m2, 

only periodical quantities, when we vary in R, the co-ordinates of the 

two planets m and m'. 

If there be a third planet m", it adds to R the function* 

R = 
m" ,{xx" -\-yy" -\-zz") ml' 

."3 
[Action of m" on m j 

p' being the distance from m" to m. The part of R, relative to the 

action of ml upon m, then acquires a variation depending on the 

action of m" upon m\ This part of R is, 

_m • {xx ~\~yy +zz )_[5755] • 
[Action of in' on m] 

the variation of the co-ordinates x', y', z', by the action of ml', produces 

in [5833], some terms, multiplied by m'm", which are functions of the 

elliptical co-ordinates x, y, z, and of the angles n't, n"t.f But 

* (3160) The expression [5832] is the same as [5755]; changing the elements of 

m into those of m". It corresponds to the second terms in the expressions of R, X 

[913,914]. 

t (3161) The co-ordinates x', y', z'. contain the elliptical values of the orbit 

of m', augmented by the terms arising from the action of the bodies m, m", m'", 

he. When these are substituted in [5833], they produce terms of the second order of the 

masses, which we shall represent by containing among other terms, the 

quantities x, y, z. The co-ordinates of the planets ml, m", which occur in A 
3 5 

introduce the angles n't, n"t [5834,950,952,953], and the co-ordinates x, y, z, 

contain the angle nt. The products of the sines and cosines of such angles, produce, 

in dR, some terms, which depend on the angles int-\-i'n't-\-i"n"t [1214'"] ; and, as n, n', 

n" are incommensurable [1197"], these terms will be periodical. Therefore, by noticing 

only the non-periodical terms, in dR, we must consider il, i" as equal to nothing ; 

or, in other words, we must notice in R, only those terms which are independent of 

n't, n"t, as in [5835], and then it becomes of the form m'm"X [5836]; X being 

a function of the co-ordinates of m, as in [5836]. Putting this equal to R, it gives 

182 

[5831] 

[5831'] 

[5832] 

[5833] 

[5834] 

[5832a] 

[5834a] 

[58345] 

[5834c] 

[5834d] 

[5834e] 

VOL. Ill, 
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[5835] 

[5836] 

[5837] 

[5838] 

[5839] 

[5840] 

[5841] 

[5842] 

[5843] 

[5834/] 

[5834g-] 

these angles must vanish from the non-periodical part of dR, and as they 

cannot be destroyed by the angle nt, which is introduced by means of 

the values of x, y, z; we need only notice, in the development of the 

variation R, the terms which are independent of n't and n"t. These 

terms will be of the form m'm"X; X being a function of the co-ordinates 

of the planet in, they introduce into fdR some terms of the form, m'm".fdX, 

or m'm"X ; which produce only non-periodical quantities of the order 

m'm"; and such quantities we have neglected in fdR. 

In like manner, the variation of the co-ordinates x, y, z, by the 

action of in", can introduce in the preceding part of R [5833], only 

the angles nt and n"t; therefore, we need only consider, in this part, 

the terms independent of n't, consequently of the form m'm"X; X 

being a function of the co-ordinates x, y, z, only ; which, as we have 

just seen, can only produce quantities that may be neglected. Thus, by 

noticing only the non-periodical quantities, of the order m2, in fdR, 

we may suppose, that m" is nothing, when we consider the part of R, 

relative to the action of m! upon in ; and we may suppose m! nothing, 

when we consider the part of R relative to the action of in" upon in: 

we have just seen, that in these two cases [5837, 5840], the secular 

variation of fdR is nothing. This variation is, therefore, generally nothing, 

when we consider the reciprocal action of three, or of any number of planets, 

if we only notice as far as the squares and products of the disturbing forces, 

inclusively, in the value of dR. 

We shall now resume the equation [5794], 

= 3ffa.ndt.dR. 

Its variation is,* 

dR = m'm". dX; whence fdR = m'm".fdX = m'm'X ; this last expression being 

deduced from that which precedes it, by omitting the double sign /d, taking into 

consideration, that X is a function of the co-ordinates of m only, as in [5836] ; 

consequently the signs fd represent inverse operations which mutually cancel each 

other. The variation of the expression fdR == m'm"X, produces in fd.SR , non¬ 

periodical quantities, of the third order of the masses m, nï, &c., which are neglected. 

an=arh [575U] by dR, we get an.dR=ai.dR [5844a] * (3162) Multiplying 
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= 3an.Jfdt.d.bRJr3a?.ff(fndt.dR.fdR). 

We have just seen [5812, 5821", &c.], that d.iR is nothing, noticing only the 

secular quantities, as far as the order of the square of the masses of the planets, 

inclusively. We have seen, likewise, that dR.fdR is nothing,* noticing 

only the same quantities. Therefore, if we take into consideration only the 

secular quantities, which acquire, by the double integration, a denominator of 

the order of the square of the masses of the planets ; we shall find, that the 

variation <5£ vanishes. Hence it is manifest, that, if ive notice the secular, 

as well as the periodical quantities, variation cannot exceed a term of the 

order of the disturbing masses, f This important result was first obtained by 

Mr. Poisson. 

Taking its variation, and then substituting the value of [5796cZ], also a~* = an, 

ai=aan, we get, successively, by neglecting terms of the order mA, 

S.(an.dR) =o.(a ^.dR)=a “.d.6jR—%.a~^.dR.Sa = an.d.6R-\-aan.dR .fdR. 

Multiplying this by 3dt, and prefixing to the double sign ff, we obtain, 

3 8.ff(awdR) = 3an.ffdt.d.SR+3aa.fJ{ndt.dR.fdR) ; 

the terms an, a* 2, being placed without the signs ff ; which can be done, by 

neglecting terms of the order m3, as in [5796e, &c.]. Now, taking the variation ô 

of £ [5843], and substituting [5844c], we get [5844], 

* (3163) We have seen, in [5810e], that the product of the two equations [58106], 

which represents the value of ^ .dR.fdR, produces only periodical inequalities, as 

in [5845]. 

f (3164) The elements of the orbit of a planet are represented in [1102, 1133], by 

systems of terms of the forms, 

N. sin. (gt -fàp) ; N . cos. (gtf-j- (3) ; 

in which g is of the same order as that of the disturbing masses ml, m", he. [1097c]. 

The double integration of a quantity, depending on an angle of this kind, in [5843 See.], 

introduces, into £ or d?, the divisor g2, of the second order of the disturbing masses. 

But, the terms of the first and second orders, vanish from the expressions in [5845] ; 

therefore, this divisor can operate only upon those of the third or higher orders ; and, when 

those of the third order m13 are divided by g2, they produce terms of the first order only; 

[5844] 

[5845] 

[5846] 

Important 
result, by 
MVoisson. 

[5846'] 

[5844a'] 

[58446] 

[5844c] 

[5844d] 

[5845a] 

[5846a] 

[58466] 

[5846c] 
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3. We shall now consider two planets m and m', in motion about the 

[5847] sun, tvhose mass we shall take for unity. We shall put v for the angular 

[584g] distance of the planet m, from the line of intersection of the two orbits ; 

v' for the angular distance of the planet m', from the same right line ; also 

[5849] y jor f]ie mutual inclination of the two orbits ; taking the orbit of m for the 

[5850] plane of the co-ordinates, and the line of the nodes of the orbit, for the 

origin of x; we shall have,* 

[5851] 
x = r.cos.v ; y = r.sin.'y ; z=0 

x'— r'. cos.v' ; y1 — r1. cos.y,sin.î/ ; z’ = r'. sin.y.sin.î/ ; 

which gives, by putting,! 

1 

2 

[58464] or’ °f the same order as the periodical inequalities. This agrees with [5846'] ; and, the 

importance of this result of Mr. Poisson, is manifest from the consideration, that, if the 

[5846e] terms °f the second order, relative to the masses, instead of vanishing, as in [5846], were, 

on the contrary, of their usual magnitude, or of the order m'2, they would produce, in 

m'2 
[5846/] £ [5843], by the double integrations, terms of the order —, or of a finite order; 

[5846g-] which might become sensible, in the theory of the planetary motions. 

* (3165) The formulas [5851], are as in [3740, 3740'], changing the value of y, 

[5851a] which represents, in [3739, &ic.], the tangent of the inclination of the two orbits; but, y 

1 y 
is used for the inclination itself in [58491 ; so that, we must change -7, ■ /n ^ 

[58516] V/l+72 VHy2 
[3740c], into cos.y, sin.y, respectively ; by this means, y', z' [3740'], become 

as in [5851, line 2]. 

f (3166) Substituting the values of x, x', &c. [5851], in the first member oi 

[5853a] [58536], it becomes as in its second member. Putting, in this, cos.y = 1—(3 [5852] 

and successively reducing, wTe obtain [5853d]. In like manner, by developing the first 

[58530'] member of [5853e], and substituting x*-\-y2-j-22 = r2 ; #'2-|-y's-j-z'2 = r'2 [3742d] ; 

we get [5853e,f] ; 

xx' -\-yy'-{-zz' = rr'.fcos.t’.cosV+cos.y. sin.D.sin.T'j 

— rr'.fc os.v.cos.,i/-}-sin.'y.sin.'i/—j3,sin.'y.sin.î/} 

= rr'.\cos.{v'—v)—|3.sin.i>.sin.fl'| ; 

(x'—xf-\-{y'—yyjr(z,—zy = (æ2+y2+^2)4-(æ'2+y' *+z,z)—2.(xx'+yy'+zz') 

— r2_j_r/2—2rr'. cos.(y'—v)-\-2p.rr'. sin.v.sin.v'. 

[58536] 

[5853c] 

[5853d] 

[5853e] 

[5853/] 
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(3 = 1—cos.7 = 2.sin.2|7 ; 

R = 
m'. (xx'-\-yÿ-\-zz') m' 

V (x'—xY+iy'—yT + {z'—zf 
1 

m'.r . . 
= ——. {cos.(« ”2?)-|3.sin.^.sinv J- 

m 

y/r2+r'2—!2rr'.cos(,y'-î;)+2/3.r/.sin?;.sin.,y' 

under this form, R becomes independent of the plane to which the co¬ 

ordinates are referred [5853.g]. Developing it, in terms of sines and cosines 

of angles, increasing in proportion to the time t, by the substitution of 

the elliptical values of r, r\ v, v' [952, 953], it becomes a function 

of the mean angular distances nt-\-s, n't+s, of the planets, from the 

line of nodes ; of the distances of the perihelia from the same line ; of 

the semi-axes a, a' ; of the excentricités e, e' ; and of (3, or the 

mutual inclination of the orbits : [3 being a very small quantity, of the 

order of the square of that inclination [5852]. Under this form, R does 

not contain explicitly the variable quantities p and q [1032] ; but, 

we may introduce them in the following manner. 

Instead of referring the motions of the planets to their orbits, we may 

refer them to the fixed plane of the primitive orbit of m ; then z will 

not vanish, and it will be represented by z = rs ;* s being the sine of 

the latitude of m, above that plane. If we neglect the square of the 

disturbing forces, we may reject the square of s ; then we shall have, 

instead of R, the following function, which we shall denote by,f 

Substituting [5853d,/] in [5755, or 5853line l],we get the expression in [5853 line 2] ; 

which is a function of v, v', p [5852] ; and these quantities depend entirely on the 

relative position of the two orbits, and are wholly independent of any arbitrary plane, to 

which the co-ordinates can be referred ; as in [5854]. 

* (3167) This is similar to [3787], z being the perpendicular, and r the 

hypothenuse of a right-angled plane triangle, of which the sine of the angle at the 

base is s. 

f (3168) If we use z = rs [5858], and z' [5851 line 2], we get, 

zz' = rr'.s .sin.y. sin.v', - instead of zz — 0 [5851]; 

183 

[5852] 

[5853] 

R. 

[5854] 

[5855] 

[5856] 

[5857] 

[5858] 

[5859] 

[5853g-] 

[5858a] 

VOL. III. 

[5859a] 
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[5860] 

R. 

[5861] 

[5862] 

[5863] 

[58596] 

[5859c] 

[5859d] 

[5862a] 

[58626] 

[5862c] 

[5862d] 

m'.r 
{cos.(v'—v)—f3.sin.î>.sin.î>'-|-s.sin.7.sm.t/} 1 

y/r2+r/2—2rr'.cos.(t/—#)q-2f3.rr'.sin.'y.sm.'y/—2rr,.5.sin.y,sin.f ’ 

In these values of R and R, we shall subtract, from v, vr, the 

longitude 6f of the node of the orbit of m! upon m; this longitude 

being counted in the orbit of m. This is equivalent to a change in the 

origin of v and v' ; and we shall suppose,* * 

s = q. sin.(« — d) — p.cosfv — d'). 

Then we shall have,f 

hence the value of xx'g-yy'f-zz' [5853d] must be increased by that quantity ; 

moreover, the value of (a/—xf -}- (y'—y)ü T iz'—ZT [5S53/*], which contains 

•—2. [x x'-\-y y'-\-zz'), must be, for the same reason, augmented by the term 

—2rr/.s.sin.y.$ih.t/; and these corrections being applied to the corresponding terms of 

[5853 line 2], it becomes as in [5860]; observing, that the value of y — r. sin.-y 

[5851 line 1], may be retained in this hypothesis, if we neglect quantities of the order s2. 

For, the correct value of y, being similar to that of y' [5851]; namely, 

y = r. cos,yr sinkjy = r. sin-v—r. sin.i;.(2.sin.|7/)2 ; 

yt being of the order s, we may, by neglecting s2, suppose 

y — r. sin.v, as in [5851 line 1]. 

* 3169) The expression [5863], is like that in [1335'], altering the origin of the 

angles v, by writing v—Ô' for v , as in [5861]. We may remark, that the angle 

v—4' is counted, as in [3739], from the line of nodes, or mutual intersection of the 

orbits, on the orbit of m ; and the angle v'—Ô1 is counted from the same line of 

nodes, on the orbit of ml ; so that vre may consider the origin of the angle v to be 

on the orbit of m, at a point, which is distant, by the angle è!, from the node, and 

counted upon the orbit of m. In like manner, the origin of the angle v is taken upon 

the plane of the orbit of m', and at the same distance 6' from the node, but counted 

on the orbit of ml. This is evident from the investigation, in [3737—3740'], of the 

formulas [3740,3740'], which are similar to those in [5851]. 

f (3170) If we decrease the angles v, v' by Ô', as in [5861], we shall find, 

that the angle v'—v is not altered ; but the expression sm.v.sin.v1 becomes, 

sin. ( v — èr ) . sin. ( v' — Ô' ) ; 
[5864a] 
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R = ,j(l—i(3).cos.(V—î))+l(3.cos.(i)'+î)—2S') S 

m 

R = — 
ni.r 

/2 

[/r2-f-r'2—^(3).cos.(v'—w)-f^|3.cos.(î/-fu—2ô')f ’ 

S 0—i(^èÇ-sin.7).cos.(2;'—4>J4-(iP—Jç-sin.y).cos.(?/+?;—2a') 

\ —ip.sin.y.sin.(?/—u)— ^p.sm.y.sïn.(v'+v—2a') 

m' __ 

/ ,3_ ^ C (1— £j3+à?.sin.*).cos.(î/— v)+(4^ — à?.sin.>).cos.(v'+i> — 2ÿ)~) .4 

y/' 1 ‘_r (. —.Jp.sin.'j/.sin.(w/—7;)—ip.sin.^.sin.^'-j-v—2$') > 

1 

2 

1 

2 

3 

* 

now, it is evident, that we may change R into R, if we vary in R, 

P by <5/3; v by ôv ; and 8 by <M' [5867f]; so that we may have, 

1 

2 

<5/3 = — ç.sin.7 ; 

(1—• = cos.^rJv = — ip.sin.y 5 

p.S8—J/3.<5-u =s — Jp.sin.y. 

[5864] 

[5865] 

[5866] 

[5867] 

which may be reduced to, 

y cos. ( v'— v ) — £cos. ( v,Jr v — 2 Ô') [17] Int. 

Substituting these in [5853 line 2], we get [5864]. Now if we multiply the expression 

[5863], by sin.y.sin.^'—<7), and reduce the product, by means of [17, 18] Int., we get, 

[58646] 

s. sin .7 .sin. (î)'—Ô') = sin.7. 
|ç.cos.(u'—v)— \q . cos.^'-f" v—2<K) — sin.(î/— v) 

— fp.sin.(y'-{- v — 2Ô') 
[5864c] 

Substituting, in [5SG0], for sin.y.sin.w', its value [58645]; and for s.sin.y.sin.y', its 

value [5864c], we obtain [5865]. 

wi .r 
* (3171) If we put the factor of — in [5864 line 1], equal to w; and that of 

[5865] equal to w -f- <5w ; we shall have, 

w = (1 — |(b).cos.(v'—'y)-}~2i3-cos.(î;/-[-«—2è') ; 

<5w = l^.sin.y.cos.^'—•v) — |y>.sin.y.sin.(y/—v) — ^.sin.y.cos.fy'-j- v — 2è') 

— ilp.sin.y.sin^y'-j-^— 2è') . 

[5867a} 

[58676] 

[5867c] 

Then R [5864], being considered as a function of w ; that of ~R [5865], will be a 

similar function of w-j-<5w. Now, if wre take the variations of w [58675], considering 

3, v, Ô', as variable, and neglect the second and higher powers and products of <5(3, 

[5867c/] 
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[5868] 

[5869] 

[5867d] 

[5867e] 

[5867/] 

[5867g*] 

[5867g'] 

[5867h] 

[5867Î] 

[5867Æ] 

[5867Z] 

[5869ct] 

APPENDIX, BY THE AUTHOR ; 

Thus we get, 

qf.sin.y — p.tang.Jy. 

and we have, as in [5763/*], 

[Méc.Cél. 

P /ÆR\ . 
sin.y \dè'J ’ 

This being premised, the equations [5790,5791] give* the two following 

Sv, Sô', we get, 

Sw = — JÆp.cûs.^—«)+■(! — |p).ii>.sio.(«/—v) -f- £Sp.cos.gj'-fv—2Ô') 

-}- (p.Sô'—£p. 5t>).sin. («'-]-» — 2d') • 

Comparing the coefficients of cos.(V—v), sm.(f—v) &c., in the expressions of <5w 

[5867c, d], we obtain, 

— |5p = ly.sin.y; (1—£(3).<hi = — ip.sin.y ; pM*—$p.Sv = — %p.sin.y. 

These equations agree with those in [5867]; observing, in [5867 line 2,5852], that we 

have i—|p = 1— sin.2|y = cos.2|y. If we substitute sin.y = 2.sin.|y.cos.£y [31] 

Int., in [5867line2], and divide the result by cos.2|y, we get Sv ——jp.tang.Jy. 

Subtracting the equation [5867 line 2], from that in [5867 line 3], we get, pM'— Sv = 0, 

llGIlCG 

— - = _ P-tang-2-y =_P__=-JL [5867e*, 5852]. 
p 2.sin.2^y S.sin.iy.cos.^y sm.y 

It is evident, by inspection, that the symbols p, v, 6', occur m R [5864], by 

means of the quantity w only [58676] ; hence it is plain, from [5867c], that w7e may 

consider R as a function of p,ü,â';and R as a similar function of |3-f<5p, v+Sv, 

Ô'A-Sô', as in [5866]. If wre develop R, according to the powers and products of Sp, 

ôv , Sô', by formulas [610—612], and retain only the first power of these quantities, which 

are of the order ml, we shall have, 

R = R -J- . Sô'. 

Substituting in this, the expressions of Sp, Sv, Sô' [5867line 1, 5867g, A], we get 

[5868]. 

* (3172) The function R [5360], is equivalent to R, in the formulas [5790, 5791], 

where the fixed plane is supposed to be the primitive orbit of m [5775' line 2]. Therefore 

we must substitute R [5868], for R, in the values of dp, dq [5790,5791], 
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expressions, 

dp = 

dq = 

andt 
sin.7. ? 

antft C ddR\ TdjR . jdR\~] ) 

V/T^.sin.7 ' l \ dô')+(5‘ Lndt + \d*J.J \ 

(8) 

(9) 

Connecting these equations with those in [5786—5789,5794], we shall 

have, by taking the differential of the terms of the development of R, 

the corresponding terms of each of the elements of the motion of m. This 

facilitates very much the computation of these different terms. We shall 

put, 
R = ml. k.cos.(i'n't — int + *V—is—g-m—g'vs— 2g"ù1'), 

for one of the terms of the development of R. Then, the corresponding 

terms of the semi-major axis a ; of the mean motion fndt ; of the 

epoch s ; of the excentricity e ; of the longitude of the perihelion -a ; 

and of the quantities p, q; will be represented by the following expressions, 

respectively ;* 

observing, that the partial differentials of [5868], relative to p, q, give the expressions 

[58696—cZ], by using [5869]; 

sin.y . ? 

= — tangly . 

= — tang. 17 . 
ddR\ 

\to) 
Now we have, 

tang, i y = 
2.sin sin. \y 

cos.^7 2.sin.|y.cos.^7 

1 — cos.7 

sin.7 sin. 7 
[5852]. 

/dR\ 
Substituting this in [5S69cZ], and then using the resulting value for j , in [5791], 

we get [5871]. In like manner, the substitution of [58696], for in [5790],gives 

[5870]. 

* (3173) Substituting the expression R [5872], in the first member of the 

vol. in. 184 

[5870] 

[5871] 

(§871'] 

[5872] 

[5872'] 

[58696] 

[5869c] 

[5869d] 

[5869e] 
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[5873] 

[5874] 

[5875] 
Periodical 
inequali¬ 
ties in the 
elements. 

[5876] 

[5877] 

[5878] 

[5879] 

[5869/] 

[5878a] 

[58786] 

[5878c] 

[5878/1 
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2^, Qp. Z71 
Sa = ——-— • 1c.cos.(in't—int-\-is'—is—gta—g’-m1—2 

3 m'. in ;™a 
6Q = S.fndt= — v .ale.sin.(in't—int-\-i's'—is—gu—g'-a'—2g"0') ; 

(in'—in) 

, m'.an f. ._.\/l—é*fdJc 
5s=-— — •< )•—- in'—m p e 

/ d1c\ /dk\ 1 
. j — 2a. J j> im(i'n't-int+id-u-gTTi-g'-m'—2g"è') ; 

e in— in 

(5/ 

% 

cm.sin.y 

/1 —e2. (iW—in) 
. . sin,(iV/—int-\-is — is—gzs—gd—2g"ô');* 

2m!. an.k 

(in!—in).y/i —e2-sin.y 
:— . \(i-rg) .sin .2£y} .c°s. (in'i-int-j-ii-is-g-zr-g'zj'-^g'i') ; 

following integral, we get, 

fdR = 
— in 

(in—Tn) 
m'Tc.cos.(in't—int-\-is—is—gu—g'i?J—2g"&'). 

Substituting this in [5796/], wTe obtain Sa [5873]. The same value of R, being 

used in £ [5794], gives [5874]. In like manner, from Ss, Se, <kr [5796/— A], we 

deduce [5875,5876,5877]. 

* (3174) Taking the partial differentials of R [5872], relative to (3, 6', fndt, 

■a, and using for brevity, T — in't — int -f- is'—is — gzi — g'-m'—2g"0'; we get, 

id.R\ dJc\ 

u;=m'-//-cos-r- 

d R 

ndt 
— m'.k.i.sm.T ■ 

(^f) = 2m>' 7£'g"' sin,T; 
f dR \ 

Substituting the first of the values [58786], in [5870], we get, by integration, p or Sp 

[5878] ; and by using the remaining three equations, we obtain from [5871], the expression 

of Sq [5879] ; observing that we have, (3 = 2.sin.2|y. [5852]. 
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These results are conformable to those in chap, viii, of the second book ; 

but these new expressions have the great advantage of including all the 

powers of the excentricities and inclinations.* 

* (3175) We may show, that the expressions of 5a. S.fndt, Se, [5873, 

5874,5876, 5877], are similar to those in [1197, 1286,1294, &c.], in the following manner. 

The assumed value of R in [1195'], is R = ml. lc.c,os.(i'%—%\-A) ; so that, if we 

substitute the mean values — n't, £ = nt, and A = i's'—is—gtf—■g'zt*—2<g-"é/, 

it becomes, by using T [5878a], R = m'.k.cos.T, as in [5872]. Substituting these 

values of A, T, and /x = 1 [5750], in [1197]; prefixing also the sign S before 

the terms, in the first members of these equations, to conform to the present notation ; 

we get, 

/I \ 2 m . m 
5 . ( — ) = —■ ——. Jc.cos.T ; 

\ay i'n'—m (i'ii!—in)2 

Now, by neglecting the square and higher powers of 5a, we have S . (-) =-— • 
\aj aa 

substituting this in the first of the equations [5880d], and then multiplying by —a2, we 

get Sa [5873]. The expression of [5880gT], is the same as that in [5874]. 

Again, if we neglect e2, as in [1283'] , we may change the factor /ÏZ^à into 1, in 

[5S76], and then it will become, 

r m'.an , 
Se = — -- . Jc 

■i'n' ■ 
— . cos.T , 
m 

as in [12S6,1285]. In like manner, if we change the factor y/i_es into 1, in 

[5877], and multiply the expression by e, we get, 

. m'.an 
eS-ix =-- 

V / • 

i rv — i n 
. sin.T ; 

which is the same as the integral of edvi [1294]. 

The expression of 5s [5875], may be derived from that in [1345], neglecting terms 

of the order e3. For, if we multiply edvs [1258], by —|e, and add the product 

to [1345], we get, by reduction, an expression of ds—^dzi, which is equivalent to 

that in [5775'], using the value of r [5769] ; and, from this we easily obtain [5875]. 

We have thought it unnecessary to go through the details of this calculation, as it is evident 

that the result must correspond with [5775']. For similar reasons, we shall omit the 

reduction of Sjp, Sq , [5878,5879], to the forms [1341, &c.] 

[5880] 

[5880a] 

[5880&] 

[5880c] 

[5880d] 

[5880e] 

[5880/] 

[5880g-] 

[58807i] 

[5880i] 
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[5880'] 
We shall have the secular variations of the elements of the orbit of on, 

by reducing R to its non-periodical part, which we shall deoiote by, 

i5881l R — on'F. [Non-periodical part of Ü] 

[5881'] Then dR vanishes,* as well as da , and we shall have, 

[5882] 

[5883] 

[5884] 
Secular 
inequali¬ 
ties. 

[5885] 

[5886] 

or. 

[5887] 

[5888] 

ds = 

de — 

d™ — 

dp — 

dq — 

m!. andt.fi—e2 
. ( I — V/l — e2) • (ff + 2a\ (ffm'.ndt ; 

m'. andt.sY 1 — e9 f dF\ 

i ’ \ dl ) ’ 

m '. andt 

{/1—e2 

ml. andt 

[/1—e3 

(S' 
(S' 

dp — 
m'. andt . f dF\ 

. sin.7' • ( -TT î 
V/l-e2 \dfiJ 

m'. andt C 

^ t/ l-^e2 • sin.y \ 

[5889] 

y/l—e2-sin.y (_ \dô'J 

We may here observe, that we have, as in [5755], 

K_ m'.txx'+yy'+zz')_f 
J 3 

[5882a] 

[5S826] 

[5882c] 

[5883d] 

* (3176) Taking for R its non-periodical part m'F, we shall have dR = 0 

[5812, 582P, 5831,&c.]. Subtituting this in [5786], we get da=0 [588P]. With this 

value of dR, and = rri. [5881], we obtain,from [5788], the expression 

of de [5883]. In like manner, from [5789], we get [5884] ; from [5787], we obtain 

[5882] ; from [5790,5791], we deduce [5885,5886] respectively ; lastly, from [5870,5871], 

we get [5887,5S88], respectively. In all the equations [5882—5888], quantities of the 

order m'2 are neglected; but they are exact in terms of the order m!, for all powers 

and products of the excentricities and inclinations. 



VIL App.§3.] SECULAR INEQUALITIES. 737 

and by neglecting quantities of the order m'2 it becomes,* [5889'] 

m! . 
{xddx' -\-yddy' -\-zddz') 

IF P 
[5890] 

Therefore, the non-periodical terms of R depend on the non-periodical 

part of — -- ; hence we have,f 
m 

P 

R 1 
F = non-periodical part of — = non-periodical part of- [5890'] 

7)1 

this part being developed in a series of cosines of angles, increasing in proportion 

to the time t; and F is the same, for both planets [5756]. If we [5891] 

vary in F, the elements e, w, p, q, of the orbit of m, and substitute for he, 

to, hp, hq, their values, which are given by the integrals of the preceding 

* (3177) If we neglect terms of the order m/2 in [5825] we get, 

m! x' m! ddx' . m' x’ ddd 

-W = - M ■ 1? ’ °r’S,mply’ -VS"= - ^ W’ [5890c] 

because, by neglecting quantities of the order wz'2, we may put M = I [3709a]. [5890i] 

In like manner, we have, 

m’y' , ddy' m' z' ddz' 

~~ ’ 7r=_B-^ • [5890c] 

Multiplying these three equations by x, y, z, respectively, and taking the sum of 

the products, we get, 

m'-{xx'+yy'+zz!) , {xddx'+yddy'+zddz) 
—^ -m.-—-. [5890rf] 

Substituting this in [5889], we obtain [5890]. 

f (3178) If we neglect terms of the order m'2, we may substitute the elliptical 

values of *, y, z, x', y', z' [950, 952,953, &c.], in the terms of the second [5891û] 

member of [5890], which are divided by di* ■ and then we shall see, that it contains 

no terms of the proposed order, except such as are periodical. For, if x' contain a [5891^ 

non-periodical term, its second differential ddx' will depend on the differentials of 

the elements a', e1, he., which are of the order R, or m [5786, he.] ; and, ^5891cl 

185 VOL. III. 
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[5892] 

[5893] 

[5894] 

[58914] 

[5891e] 

[5891/] 

[5892a] 

[58926] 

[5892c] 

[58924] 

differential equations [5883—5886], we shall find, that 8F vanishes,* and 

the same result is obtained with the variations of the elements of the orbit 

of ml. This is demonstrated, in [3767], supposing the terms of fourth and 

higher orders of the excentricities and inclinations to be neglected. 

We have, as in [5867line 1, 5867/7], 

6|3 = — u.sin.y ; =-- , 
sin.y 

If we suppose, that <5(3 and Stf are increased by the quantities d{3, dd, 

respectively, we shall have,f 

when ddx’ is multiplied by m'x, as in [5890], it becomes of the same order as the 

neglected terms [5889']. It is unnecessary to notice the periodical terms of ddx', 

because they produce no non-periodical terms of the first order in ml. vddx' ; therefore, 

this term may be neglected; and, for similar reasons, we may reject m'.yddy', m'.zddz'. 

Hence we have, by noticing only the non-periodical terms, R = — — 

Substituting this in [5881], and dividing by ml, we get F= — -, as in 

[5890]. 

[5890']. 

Finally, as the value of p [5756] is symmetrical, in the co-ordinates of the two planets 

x, y, z, x, y', z', respectively ; it is plain, that the non-periodical part of R, 

or F, must be the same for both planets, as in [5891]. 

* (3179) If we vary in F, the elements e, zs, p, q, of the orbit of m, we shall 

get, in like manner as in [5795a—6,5795], by noticing only the secular variations of 

these elements ; 

The integrals of the values of de, dzs, dp, dq [5883, 5884, 5885, 5886], are 

found, by changing, in these functions, dt into t, neglecting terms of the order ml2 ; 

by this means, we get Se, Szs, rip, 8q, respectively. Substituting these values of 

Se, Szs, in [5892a], we find, that the terms depending on these quantities mutually 

destroy each other. In like manner, the terms which depend on dp, Sq, mutually 

destroy each other in [5892a] ; therefore, the whole of the second member of [5892a] 

vanishes, and we have, as in [5892], 5F — 0. In a similar manner, we find, that SF 

vanishes, by the substitution of the variations of the elements e', zs', p', q', of the planet ml. 

f (3180) Taking the differentials of [5893], and writing, as in [5894], dp, cW, 

for d.Sj3, d.Sô', we get, 
[5893a] 
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d(3 = — dq.sin.y ; ” • 

sin.7 

Substituting the values of dp, dq , we shall get,* 

dû' = 

dy = 

m!. andt ( dF\^ 

y/î—^ ’ Vf3 / ’ 

m'. «ne?7 ^ f dF\^ j_ ^ ^^ 

i v^v + ^ * \d*) I 

We have,f 

<7/3 = — dq.sin.y—qdy. cos. y ; <7d' = — 
dp pdy. cos.y 

sin.y sin.27- 

Now, y [5849] is of the same order as the greatest latitude of the planet m!, above the 

orbit of m ; and this varies, in consequence of the perturbations of the latitude, by quantities 

of the order m. Moreover, p, q [5863], are of the same order as s, which is of 

the order m [5858] ; therefore, pdy, qdy, are of the second order in m, in', and may 

be neglected; hence the formulas [58936], become as in [5894']. 

* (3181) Substituting dp [5887], in the expression of dô' [5894'], we get 

[5895]; moreover, the differential of (3=1—cos.y [5852], gives <7(3= <7y.sin.y. 

Now, it is evident, that we may put this value of <7(3 equal to that in [5894'] ; because 

(3 would be constant, if it were not for the mutual action of the planets ; so that the 

whole of this variation of (3, arises from that of <5/3 ; hence we get, 

— dq .sin.y = dy . sin. 7 ; consequently, dy — — dq. 

Substituting the value of dq [5888], we get [5896]. 

f (3182) If we put g'"=g", ô = ô', in the term of R [958], it becomes of 

the same form as in [5872]. Making these substitutions in [959], we get, 

* 0 = i!— i — g — g'— 2 g" ; 

which must be satisfied for all the terms of R [5872]. Now, F [5881] comprises 

the non-periodical terms of R, or those which do not contain i'n't—int [5872] ; 

and, as n, vl are incommensurable [1197'], we must necessarily have, in this case, 

V— 0, 7 = 0. Substituting these values of i', i, in [5897a], we get, 

0 = as in [5899] ; 

[5894'] 

[5895] 

[5896] 

[58936] 

[5893c] 

[5895a] 

[58956] 

[5895c] 

[5897a] 

[58976] 

[5897c] 

and the value of R [5872] becomes, 
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[5897] 

[5898] 

[5899] 

[5900] 

/ÆF\ /<£F\ fdF\ 

\dd ) = ~ ; 

because, if F be developed in cosines of the form, 

F = H. cos. (g™ -f-gV-j- 2g'V) ; 

the sum gFg'-\~^g" of the coefficients of the angles n, to', ef, must 

be equal to nothing, to render this term independent of the arbitrary 

origin of those angles [5897c]. Therefore, we have, * 

Hence we obtain, by means of the preceding expressions of de, de',f 

[5897c'] F = m'. 7c cos. (—gss—g'vs'—%"d') = m'. 7c.cos.{g^Fg 0>)• 

Hence we get, by means of [5890'J, 

[5897d] F = Tc.cosdg-tig-g'vs'-^-Qg1^1), as in [5898] ; 

H being used for 7c. The partial differentials of F, relative to % to', Ô' give, 

[5897e] by putting, for abridgement, w = g^-j-gV 

[5897/] (^) = ~gHn.w ; (J^) = -g'k.sin.w ; (]j) = -2g"k.Sm.w ; 

hence, 

[5897g-] GE)+(S)+(^) = —7c-fe+^'+2S'")'sin-w = 0 [5897<:]- 

This last expression is equivalent to that in [5897]. 

[5900a] *(3183) Substituting the value of (~^ [5897], in [5896], we get [5900]. 

[5901a] f (3184) The expression of dy [5900] depends upon the disturbing force of m'\ 

and, if we call this part dyx, and put the other part, depending upon the disturbing 

force of m upon m', equal to dy2, we shall have the whole value dy — dyx-\-dy2. 
[59016] 

Substituting dyx for dy, in [5900], also 1—(3 = cos.y [5852], then multiplying 

[5901c] by —we get [5901 e]. Multiplying [5883] by , we obtain [5901/]; adding 

this to [5901 e], we get the first of the formulas [590Ig] ; and, by substituting the value of 

dF\ e'dd 
_ —, which is easily deduced from [5883], by changing reciprocally 

Kdus' J niMii' di.\/{ 1—e'2) 

[5901c'] tlie eiementsof m jnt0 those of m\ which does not change F [5891], we get the last 
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dy. sin.y ede e'de' 

cos.y 1 — e3 1 — e'2 

m.a'n'. ede 

m'.an.s/1 — es ,y/i__e'2.cos. y 

m'.an.e'de' 

m.a'n. \/l — e2 • v/l—A2, COS.y ’ 

Multiplying this equation by —2.^/i_e2. \/l—e'2.cos.y , and taking its 

integral, we get,* 

2.y/1—e3.[/1—e/2.cos.y 
m.\Y a 

constant-•(!■ 
ml .y/’a' 

-e2)' 
m!.\/a' 

m.\/a 
• o-o- 

expression in [590lg]. The similar formula, corresponding to the action of m on m', is 

found, by changing the elements of m into those of m', and the contrary ; by this means, 

we get [5901/j]. Adding together the expressions [590%,6],and substituting dy [59016], 

we get [5901 ] ; 

dyx. sin.y 

cos .y 

ede m'. andt ( /dF\ ) 

1—e2 * ( \dmj 5 1 

dr/r sin. y 

cos.y 
+ 

ede 

1—e3 

dy2. sin.y 

cos.y 

e' de' 

1—e'2 

m'.andt 1 / dF\ m'.an.e'de' 

y/i—e2 cos.y \dssfJ m.a'n'.\/i—e2.y/i_e'2.cos.y ’ 

m.a'n'. ede 

m'.an.\/ i_e2.y/1— e'2.cos.y 

* (3185) Multiplying the equation [5901] by —2.y/i_ e2. y/T_e'2. cos. y, we 

obtain, 

.a A.™ .r - 
C(l-e/2) 

m.a'n' 
= —-. Me -]-r . Se'de'. 

m.an m.an 

The integral of the first member of this equation, is the same as that in [5902]. In the 

second member, we must substitute an — an' — a~^ [5778«], and it becomes. 

m.ya 
• 2ede ~|— 

m'.y'a' 

m.\/a 
2 e'de' 

which, by integration, gives the second member of [5902]. Finally, we may observe, 

that, in all the differential equations [5882—5902], we have neglected terms of the 

second order in m, m . 

[5901] 

[5902] 

[5901c?] 

[5901e] 

[5901/-] 

[590%] 

[590U] 

[5902a] 

[59026] 

[5902c] 

[5902c?] 

VOL. III. 186 
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[5903] 

[5904] 

[5904'] 

[5905] 

[5905'] 

[5906] 

[5907] 

[5904a] 

[59046] 

[5904c] 

[5907a] 

[59076] 

If we put, for brevity, 

l/a-0-e2) = / ! VV-O -e'2) =/' ; 

we shall have,* 

_ (mf+mf'y— c1 _ 

2 mm'. ff ’ 

c2 being an arbitrary constant quantity, independent of the elements. 

The preceding value of [5895], expresses the motion of the 

intersection of the two orbits, produced by the action of ml, and referred to 

the orbit of ml [5862T]. Wë shall suppose an intermediate plane, between 

these two orbits, and passing through their mutual intersection ; and shall put 

o for the inclination of the orbit of m to this plane. To obtain the differential 

motion of the node of the orbit of m, upon this plane, arising from the action 

of ml upon m, we must multiply the preceding value of dô' byf t 
J sin.cp 

* (3186) From [5903], we obtain, 

^/l_es = J_ . 
l/a 5 

_ f 
; also cos.y = 1—p [5852]. 

Substituting these in [5902], we get, 

2-(l— 
ff 

/ a a 
= constant 

m.f2 ml.f"2 

m'.f act! m.\/aa' 
-- > 

multiplying this by mm'-sfacC, and putting, 

mm', fâô!Xconstant = c2, we get, 2.(1—p).mm'.ff'= c2—m2./2—m'2./'2 ; 

whence we easily deduce p [5904]. 

t (3187) In the annexed figure, JVM, NM, represent the orbits of the planets 

m, m', respectively, supposing 

them to be viewed from the sun, 

and referred to the concave 

surface of the starry heavens ; 

NDM" is the intermediate plane, 

or orbit ; and N the common 

intersection, or node, at the jy. 

commencement of the time dt. 
Orlit of-nu M 
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Putting this motion equal to dô, we shall have, 

dô = — 
m!. dt 

~T 

sin. y 

sin. <p 

If we put £p' for the inclination of the orbit of m, upon the same plane, 

we shall have 9+9' = 7 ; and, 

Then we shall have, as in [5905', 5909], 

the angle MNM" = 9 ; the angle M'NM" = 9' ; the angle MNM' = 9+9'= y ; 

the arc NB — dô ; the arc NE = dô' [5907', 5905]. 

We shall now suppose, that the action of the body m! upon m, changes the orbit of m, 

from MN to the infinitely near orbit MBE, in the time dt ; by this means, the 

node N moves through the space NE=dô' [5905, 5862,c,d] upon the orbit of m ; 

or, through the space NB— dô, upon the intermediate orbit. Then, in the infinitely 

small triangle NBE, we have, 

sineNBE : sme NEB :: NE : NB ; 

and, if we neglect infinitely small quantities, we have, 

angleJ\rD.E= 9 ; angle NEB = 180d—y ; 

hence we have, in symbols, 

sin.9 : sin.7 :: dô1 : dô ; consequently, dô = [5907]. 

Substituting in this, the value of dô’ [5895], we get, 

m'.andt sin.^ fdF\ 

° sin.9 ‘ \dj3 / ’ 

and, since an = a~* [59026], we have, 

an 1 

y/a.(l—e%) 
j [5903] ; 

hence the preceding expression of dô becomes as in [5908]. In like manner, we 

obtain the value of d'ô [5910], which represents the motion of the node of the planet m!, 

by the action of m; and, we can easily deduce this value of d'ô [5910], from that of dô 

[5908], by changing reciprocally the elements and mass of m into those of mby which 

means, f changes into in [5903] ; and dô [5908], changes into d'ô [5910]; 

F remaining unaltered [5891]. 

[5807] 

[5908] 

[5909] 

[5909'] 

[5907c] 

[5907d] 

[5907e] 

[5907/] 

[5907f] 

[5907/"] 

[5907g-] 

[5907A] 

[5907Î] 
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[5910] 

[5911] 

[5912] 

[5912'] 

[5913] 

[5913'] 

[5914] 

[5915] 

[5912a] 

[59126] 

[5915a] 

[59156] 

[5915c] 

[5915c?] 

[5915e] 
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(*£\ ■ 
f sin. o' V/;3 ) ’ 

d'è being the motion of the orbit of m', upon this plane, produced, by the 

action of m upon m'. The motions dê and d'è will be equal, and the 

intersection of the two orbits will remain upon the plane toe have just 

considered, if it divides the angle of the mutual inclination of the orbits y, so 

that we may have,* 

m f. sin.? = mf. sin.?'. 

This result is the same as is found in [1164] ; where we see, that the plane 

in question, is that of the maximum of areas ; and, that we have, 

c = mf. cos,?+mf. cos.?'. 

This equation [5914], being combined with [5913], gives the integral 

corresponding to [5904] ; namely,f 

fmf+mf'y-c* 

2m m.ff 

* (3188) Putting the two expressions [5908, 5910] equal to each other, and dividing 

by the common factor we get, ——,; which is easily 
\a|3 / /■ sm.<p sin.©' ’ J 

reduced to the form [5913]. This equation, by the substitution of the values of f f' 

[5903], becomes as in [1164 line!], corresponding to the equation of the maximum of the 

areas ; and, by a similar reduction, we may prove the identity of the expressions of c in 

[1165,5914]. 

t (3189) The equation [5913] may be put under the form, 

0 = — m /.sin.p-J-m'/'.sin.p'. 

Adding the square of this equation to the square of c [5914], we get successively, bo¬ 

using y, 0 [5909', 5852] ; 

c2=m3./2.(cos.2ip-fsin.2©)-f2OTm'.//,'.(cos.9'. cos.?-sin.?'.sin.©)-f®./''2.(Cos.V+sin.V) 

= f^f-2mm' .ff .cos.(f -fffm 2./'2 = cos .yf-m'2. f 2 

= m2.f2-\-2mm,ff. (1—0)-p/rc'2./'2 = (m.f-fîn.ff—2mm'. ff.^. 

From this last expression, we easily deduce the value of 0 [5915]; and, by an inverse 

operation, we might deduce [5914] from [5904,5913]. 
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These two equations, give also the following expressions .* 

sm.9 

cos.® = 

mf• sin. y 

c2fmf2—m' 2f 2 

2mf c 

t f d. 

If' * \ df*J 

. , mf. sin.y 
sm.9 = --, 

c2-j-rdf2—mf* 
C0S.9 = gTf/Lc ’ 

cdt fd F\ dt.f(mffm’f )2 — 2 m m'.ff. f3 

//' ■ f) ■ 
fFe sMZ denote by vsf and */, £/te perihelion distances of m and m\ from 

the line of mutual intersection of the orbits. Then we shall obtain d^/, 

bj subtracting from the differential d'ns, the motion of that intersection 

dô, referred to the orbit of m ;f and, it is evident, that, for this purpose, it 

sin.®' 
# (3190) From [5913] we get mf = rdf. —^ ; 

obtain successively, by using y [5909'] ; 

substituting this in [5914], we 

mf .... ,, mf ■ / 1 /N mf 
c = — . cos.©.sm.<p +sin.£p.cos.(p ( = --.sin. (9-4-9 ) = ——.sin.y. 

sm.cp I r r 1 sm.© v 7 sm.cp sm.cp 

From this last value of c, we easily obtain sin.cp [5916]. Substituting this expression 

of sin.9 in [5913], and dividing by mf, we get sin.9' [5916]. Again, we have, 

c—mf.cos.9 = rdf'. cos.9' [5914] ; 

adding the square of this to the square of [5913], and reducing, we obtain, 

c2—2mfc.cos.(p-\-mf2 = ml f 2 ; 

whence we easily deduce the value of cos.9 [5917] ; substituting this in [5914], we 

get cos.9' [5917]. Using the value of sin.9 [5916], we get, from [5908]. 

and, by substituting the value of c [5915d], wTe get the second form of dô [5918]. 

f (3191) Drawing DF perpendicular to NM, in fig. 80, page 742, we have, 

NF = ND.cos.FND = dd.cos.9 [5907c, d] ; 

and, if we substitute the first value of dô [5918], and that of cos.9 [5917], we get, 

745 

[5916] 

[5917] 

[5918] 

[5919] 

[5920] 

[5916a] 

[59166] 

[5916c] 

[5916d] 

[5916c] 

[5921a] 

VOL. III. 187 
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[5921] 

is only necessary to multiply it by cos.9 ; now, we have, 

at. cos.* = _ 
ff VW 

therefore, we shall have, * 

[5922] 

[5923] 

edvs/ = 

ede — 

m'. andt,\/ \ — é*. 

m'. andt.\/\—e2. 

edt . 1 

[59216] dê. cos.cp = 
(c3 -f- m2/2 — m'~ f-2) /dF\ 

2m/2/' 

Substituting c2 [5915c?], and dividing the numerator and denominator by 2w/, we 

[5921c] get [5921]. Subtracting this quantity from the whole motion of the perihelion of the 

planet m; namely, dvs, we get dvst [5921 e] ; which represents the increment of 

the distance of the perigee of the planet m from the moveable node. In the same 

[5921 rf] manner, we get dv\ [5921/] ; or, it may be more easily derived from dut, [5921e], 

by interchanging the elements of m, mf, in the usual manner ; 

[5921e] 

[5921/] 

dvst — dvs —j— 
(mZ+my'-mJ/) „ f dF\ 

-Tr- ; 

d'us ! — d'u'd —J— 

(mf+mf'— mf.p) 

ff 

* (3192) Multiplying the expression of dvst [5921e], by e, and substituting 

dvs, [5884], we get [5922]. In like manner, multiplying the expression of d-us' 

[5921/], by e', and substituting, 

[5922a] dvs’ == — 
m.a'vldt ,\/\— e'2 

which is deduced from [5884], by changing reciprocally, the elements of m into those 

of m! ; we get [5924]. Now, we may suppose, as in [5926], that ■zy, -us', take the 

places of vs, vs', respectively, in the function F ; and then we shall have, 

[59226] 

[5922c] 

If we neglect quantities of the order rn , 

/c?jP\ _ / dF\ / dzs/\ 

\dvs'J = \d^;J ‘ \jü)- 
we shall get from [592 ! c, /], 
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In like manner, we have, 

, ,,, /-fdF\ (mf-fm'f—mf. (3) ,, 
m.andt.yi—e2. ( — ) + —v__—±—LL . eat 

ff i) 
e'Je' = m.a'n'dt.\/1—e'2. 

.P is a function of a, a', e, e\ «/, and (3. If we eliminate (3 

from the second members of these equations, by means of its value, 

o = {mffmf'f—â 
^ 2mm'. ff 

[5915], 

we shall obtain four differential equations between the four variable quantities 

e, e', ■aJ, We may give them a still more simple form,* by putting, 

h = e,sin.ro, ; l = e.cos.^ ; 

h! — e'. sin.-cU; V = e1. cos.ro/. 

This renders them linear, when we neglect the higher powers of the 

excentricities, and facilitates the farther integrations, by approximation, 

to any powers of the excentricities.f Thus we shall have the position 

so that by rejecting quantities of the order m, we shall have, 

/dF\ _ fdF\ m (4F\ _ fdF\ 

\d*J ~ \d*J 5 \dvS) ~~ \d^;J ‘ 

Substituting the first of these expressions in [58S3], and multiplying by e, we get [5923], 

in which terms of the order m2 are neglected. The second of the expressions [5922d], 

being substituted in the value of de1, deduced from de [58S3], by interchanging the 

elements of m, m', gives [5925]. 

* (3193) We have already seen the effect of similar substitutions, in simplifying such 

results, in [1022, 1046, 1089, Sec]. 

f (3194) After we have obtained the values of A, A', Z, l', by methods 

analogous to those in [1097, fee.], we may determine e, e', ro, ,ro/, from [5928,5929]. 

Then a, a', being constant [5881'], we shall have f, f, from [5903]. The 

constant quantity c2 is known, from the values of f, f, (3, at the epoch 

when t = 0 , by means of [5915d] ; and at any other time t, the value of (3 will 

be known, by substituting the corresponding values of f, f, in [5927], then from (3, 

[5924] 

[5925] 

[5926] 

[5927] 

[5928] 

[5929] 

[5929'] 

[5922cZ] 

[5922c] 

[5928a] 

[5929a] 

[59296] 

[5929c] 
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[5930] 

[5931] 

[5931'] 

[5932] 

[5932'] 

[5933] 

[5929tf] 

[5933a] 

[5933a'] 

[59336] 

[5933c] 

[5933i] 

of the orbits, relatively to the variable position of the line of their 

mutual intersection. We shall then have the inclinations of their orbits 

to each other, by means of the preceding value of (3 ; and we may 

thence obtain their inclinations upon the plane of the maximum of the 

areas, by means of the preceding values of ? and <p\ Lastly, we shall 

have the motion of the intersection of the two orbits, upon this maximum 

plane, by integrating the preceding expression of dô [5908]. This 

seems to he the most general and simple solution of the problem of the 

secular variations of the planetary orbits. 

We shall now resume the equation [5915df], 

c2 = (mffmf'f — 2mm'.ff. (3 . 

If we neglect quantities of the fourth power of the excentricities and 

inclinations, it will give,44 

2 . 2mm'. fdT. [3 
constant = m.w a. ez-\~ m. w a . e 2 H-————— ; 

v mya-j- m. y/V 

we obtain y [5852]. With these values of m, ni, c, f, f, y, we deduce 

9, cp', from [5916or 5917], and dô from [5918], whose integral gives Ô. Thus we 

shall obtain all the elements, in the same manner as in [5930,5931]. 

* (3195) The quantity /3 is of the second order in y [5852], and by neglecting 

terms of the fourth order, we may put, 

— 2 mm! .ff. j3 = — 2 mm. y/ôô7] (3 [5903] ; 

also, 

ff = y/W. y/UTVf^ = V/W'* (1 — I e2— y2) . 

Hence the expression [5932], becomes, without reduction, 

e2 = m*.a. (1—e2)Jr2mm,.fdT. (1—£e2— £ e'2) + m'2. a'. (1—e'2) — 2«m'.yÆ £. 

Then, by transposition, wre get [5933c], and its second member is easily reduced to the 

form [5933c?] ; 

—c2-\-m2. a-\-m!2. dJr2rnm'. \fda = m2. a. e2Jrmm'. y/W. ( e2 -j- e'2) -f-ml2, a!. e'2-\-2mni. fda'. (3 

= s/a'jfi.fdffm'. y/t?. e'2)-f-2mm'.y/W. [3. 

If we divide this by m. fâ-f m'- i/o7? we shall find, that the first member is a constant 

quantity, and the second member becomes as in [5933]. 
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and by what has been said in [5786,5842,5881',&c.], a and a', are 

constant, noticing the square of the disturbing force ; therefore, we shall 

have,* 

0 = m.\/a . eoe -f- m'.fa'- e'Se' -f- 
mnf . \/aa'. yfy 

ml. \Zaj~ 
[5935] 

This equation is of the same form as that which is found in [3964], noticing 

the terms depending upon the great inequalities of Jupiter and Saturn. 

Hence it appears, that the invariable plane, determined in [1162', &c.,5913], [5936] 

remains invariable, even when we notice some terms of the order of the 

square of the disturbing force [5935c]. 

4. We may, by means of the differential expressions of the elements, 

determine, in a very simple manner, the influence of the figure of the 

earth upon the moon’s motion. We have seen, in [5340,5438], that this 

action produces in R, the following term ; 

J>2 
(ap— 1) ; [Termof r] [5937] 

a p is the oblateness of the earth [5333]; a? is the ratio of the centrifugal force [5938] 

to gravity, at the equator [5333'] ,* D is the mean radius of the terrestrial 

spheroid [5334] ; and p the sine of the moon’s declination [5334'] ; which t5939] 

is represented as in [5344], by, 

u = \f 1—sin.x.siiij/v+s.cos.x ; [5940] 

or, more accurately, as in [5344c], 

sin.X.sin.ff+s.cos.X 
lx =-- ; 

y/ 1+5S 

fo being the true longitude of the moon, counted from the vernal equinox 

[5345] ; x the obliquity of the ecliptic [5341 ] ; and s the tangent of the 

moon’s latitude [4759"]. 

[5941] 

[5942] 

* (3196) We have 2j3 = 4.sin.2]y [5S52], and, if we neglect terms of the order 

y4, we get 2(3 = y2. Substituting this in [5933] ; taking its variation, dividing by 2, [5935a] 

and neglecting terms of the second order in Se , de', Sy, we obtain [5935], which is [59356] 

similar to that in [3964]. The equation [5935] is correct in some of the terms of the 

vol.in. 188 
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[5943] 

[5944] 

[5945] 

[5946] 

[5935c] 

[5944a] 

[5944a'] 

[5944fc] 

[5944c] 

[5944d] 

[5944e] 

The 'part of R, depending on the sun’s action, is of the form* r2Q', 

neglecting terms depending on the sun’s parallax, which are very small 

[5944c]. Then we shall have, very nearly, 

R = r2Q'T(ap-|a,p)• —• (sin.2x.sin.yc+2s.sin.x.cos.x.sin fv-f) [5944e, &c.] ; 

which gives, 

We shall here notice only the inequalities depending on the angle gv—fv ; 

gv being what is called the argument of latitude ; then we shall have, 

order mP [3964/, &c.], but others of the order nK vrp.fp.6e, 6eQ, Sic., are neglected, 

as in [1150', 5932', 5935h, Sic.]. 

* (3197) Substituting the values of u, u, [4776,4777e] in Q [47S0], and 

developing it in a series ascending according to the powers of r, we get, 

Q = 7 + 7-p+^V* + Bv*+&c- j; 
A, B, Sic., being quantities which contain v, s, v’, s', 

we get, 

R 
m 

r' 
1 -f- A 

,-'2 + B ’ 73 + 

Substituting this in [5438], 

Sic. > . 

The first term of this expression of R, produces nothing, in its partial differentials, 

taken relatively to the elements of the moon’s orbit ; we may, therefore, neglect it; and 

also the terms depending on r3, r\ he., on account of their smallness [5943]. By 

this means, the expression of R, is reduced to its greatest term, depending upon r2? 

which is represented by r2Q' in [5943], and is of the same order as that of the 

disturbing force of the sun upon the moon ; (f being a function of v, s , r', v1, s' 

[5944a,a']. Finally, we may remark, that the symbol Q' is denoted by Q, in the 

original work, but we have placed an accent upon it, in order to distinguish it from the 

value of Q [5944a]. Adding this chief term of R to that in [5937], we get, 

7)2 
R = r2Q'+ (tt-p—|cup) . — . è) . 

Substituting the value of ^ [5940], and neglecting s2, it becomes as in [5944]. Its 

partial differential, relative to r, being multiplied by 2r, and then substituting [5774], 

gives [5945], 

[5944/] 
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very nearly, s — 7.sin.<gy [4818] ; y being the inclination of the rnooids 

orbit to the ecliptic [4813]. Thus, we shall obtain,* 

D2 
R = r~Q,Jr(cep—lap). —.7. sin.x.cos.x.cos-(gv—fv) ; 

CL 

/'dR\ jjs 
2a*. ( —- ] =4a.r^Q1—6.(ap—la^.—^.sin.x.cos.x.cos.^—-fa). 

We have seen, in [5842], that the variation of dR is nothing,! even 

when we notice the square of the disturbing force ; therefore, the 

coefficient of cos.(gv—-fa) must vanish from R. We shall denote by 

the characteristic <5, placed before any function, the part of that function, 

which depends on the oblateness of the earth ; and, we shall then have, 

D2 

0 = <5.(r9Q')+(4p—Jcup).— .?.sin.x.cos.x.cos.(g-y—;fa) ; 
Cl 

* (3198) The value of s [5946'], is the same as in [4818], supposing the origin of 

gv to correspond to 0 = 0. From this expression, we get, in 2s.smfv , the term 

7.cos.(gv—fv). Substituting this in [5944], it becomes as in [5947] ; and, from [5945], 

multiplied by a, we get [5948]; observing, that in the terms which are connected with 

ap—'Icup, we may put r = a. Moreover, we have, as in [5347/], / = 1 -f- 

g = ITvto » nearly; so that the angle gv—fv is very small in comparison with v; 

the mean increment of gv—fv in a given time, being the same as that of the longitude 

of the moon’s node [5388c], and g—f is of the order m2 [4S28e], or of the same 

order as the disturbing force of the sun upon the moon ; consequently the factor rn.(g-f) 

which occurs in djR [5949c], must be considered as of the second order, relative to the 

powers and products of the disturbing forces. 

f (3199) The secular variation of d.&R, or of dR vanishes, as is shown in 

[5844 line 2,5794", &c.], noticing the terms of the order of the square of the disturbing 

forces. Now the secular inequalities are those which are independent of the configuration of 

the heavenly bodies; that is to say, they depend on the variations of the elements, or on 

the motions of the nodes, perihelia, inclinations, &c., as in [4242—4251, &c.] ; and as the 

angle gv—fv represents the longitude of moon’s node [5947d], it partakes of the nature 

of the secular quantities, being similar to those in [5846a], which are represented by the 

angle applied to the moon’s orbit. If we notice only the terms of R [5881 ] 

which depend on the angle gv—fv, we may put it under the form, 

R = m'.F'. cos. (gv —fv) ; 

[5946q 

[5947] 

[5948] 

[5948'] 

[5949] 

Symbol 

6. 

[5950] 

[5947a] 

[5947&] 

[5947c] 

[59474] 

[5947/] 

[5949a] 

[59496] 

[5949c] 

[59494] 
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[5951] 

[5952] 

[5953] 

[5949e] 

[5949/] 

[5949/'] 

[5949g-] 

[59497i] 

[5951a] 

[5953a] 

[59536] 

hence we deduce,* 

D2 
= —10. (ap—iai). — .y.sin.x.cos.x.cos/g'fl—-fv). 

Ch 

We shall now resume the expression of ds [5784], 

ch = — 

andt.fl—eP 

■(i 

It is evident, that, if we neglect the excentricity of the orhit, we shall 

have,f 

ds — 2g2. (^^j.ndt ; 

therefore, by noticing only the cosine of the angle gv—fv, and substituting 

whose differential, relative to d, is, 

d-R = — rri. (g —f) .F'. sin. (gv —fv) . dv ; 

and, as the factor ml. (g—f). F1, is of the second order relative to the disturbing forces 

[5947/], it must vanish from dR [5949a] ; therefore we must put F' = 0 ; and 

then the expression of R [5949d], becomes R = 0. Substituting this in [5947], 

and retaining in r2 Qr, the part ^•('/'2^') [5949], corresponding to the angle 

(gv —fv), we get [5950] ; observing, that the co-ordinates of the moon produce in r2Q'5 

terms depending on the angle gv — fv, in the same manner as arguments of similar 

forms appear in the expressions of the moon’s mean motion and parallax in 

[5220, 5331,&ic.]. 

* (3200) If we retain, in [5948], only those terms which depend on the angle 

(gv—fv), and use the sign (5, as in [5949], we shall get, 

D2 
= 4a/.(r2Q') — 6.(ap—|acp) . — . y.sin.X.cos.X.cos-(gv—fv) ; 

Adding this to the product of [5950], by — 4a, we obtain [5951], 

f (3201) We have, by development, 1—\/l—e% — \ e2 -f- he. ; substituting this 

in the first term of [5952], we find, that it becomes of the order e; and by neglecting 

terms of this order, we get [5953]. If we retain, in the second member of this last 

expression, the term depending on the angle gv—fv, which is given in [5951], and 

change ndt into dv, as in [5378'], we shall get [o954], 
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dv for ndt [5378'], we shall get, as in [5379], 

D2 
ds = —10.(ap—iap) .—.y.dv.sin.\.cos.y.cos.(gv—-fv) [59536]. 

v a^ 

This value of ds [5952, or 5954], is measured in the plane of the moon’s 

orbit ;* to refer it to the ecliptic, ive must add to it the quantity J.(qdp-pdq) 

[5955c]. We shall now determine p and q. 

The equation, 

s = y. sin. gv [5946'], 

may be put under the form,f 

s = y.cos.(gv—fv).s\nfv-\-y.sm.(gv—fv).cosfv. 

If we compare it with the following expression, J 

s = q.smfv—p.cosfv, 

we shall obtain, 

p = —y. sm fgv—fv) ; q = y. cos. (gv—fv) . 

* (3202) In computing the value of ds [5784 or 5952], from the expression [5775'], 

we have taken, in [5775'line2], the primitive orbit of m, for the plane of the projection; 

so that the angle nt -j- s, or f ndt -f- s [5782,5793], is counted on this primitive orbit. 

If we represent the differential of this expression by dv = ndt -f- ds, and put dv, for 

its projection upon the fixed plane of the ecliptic [3778, Sic.], we shall have, as in [3782], 

dv, = dv -f- . (qdp — pdq) ; so that, to obtain dv, from dv , we must add to ds the 

correction \-{qdp—pdq), as in [5955]. 

f (3203) We have gv =fv-\-(gv—-fv) ; hence, 

sin.gw = cos.(gv~-fv).s'm.fvfsm.(gv—-fv). cos .fv [21] lnt. 

Multiplying this by y, we get the second member of [5956], and this value of s 

becomes as in [5957]. 

f (3204) The expression [5958] may be deduced from [1335'], by changing v into 

fv ; which is the same as to count the longitudes from the moveable equinox, instead of the 

fixed equinox [5345] Comparing the coefficients of sin./y, cos fv, in [5957,5958], 

we get [5959]. 

[5954] 

[5955] 

[5956] 

[5957] 

[5958] 

[5959] 

[5955a] 

[59556] 

[5955c] 

[5957a] 

[5958a] 

VOL. III. 189 
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[5960] 

[5961] 

[5962] 

[5963] 

[5960a] 

[5963a] 

[59636] 

[5963c] 

[5963i] 

From these, we get,* 

dP = —(jg—f)-qdv ; 

d9 = (g—f)-pdv . 

The value of R contains the term,f 

-D2 
(aP — • —v • sin.x. cos.x.o : 

cr 

b y the equations [5790, 5791], it adds to the value of dp the term, 

D2 

.sin.x. cos.x.dv : [Term of dp] 

* (3505) The differentials of [5959] give, 

dp = —(g—f).y.cos.(gv-fv).dv ; dq=—(g—f).y.sm.(gv—fv).dv. 

Substituting, in the second members of these equations, the values of p, q [5959], we 

get [5960,5961]. 

t (3206) Substituting for /.cos.(gv—fv), its value q [5959], in the last term 

of R [5947], and retaining only this part of R, we get, 

1)2 
R = (ap—|cup) . —. sin.X.cos.X.^ [5962]. 

This is to be substituted in [5790,5791], as the most important part of R corresponding 

to the values of dp, dq, now under discussion ; the other parts having the small factor 

m' 

—, which is contained in r2Q' [5944d, 6]. Its partial differentials relative to p, q, 

give, 

D2 . 
—. sm.X.cos.X. 
as 

Substituting these, in [5790, 5791], we get, 

andt D2 

= - 

Neglecting terms of the order e2, and changing ndt into dv [59535], we find, 

that this term of dp becomes as in [5963]. Adding this part of dp to that in 

[5960], we get [5964] ; dq [5961] is the same as in [5965], not being altered by the 

term dq — 0 [5963c]. 

sin.X.cos X ; dq = 0 . 
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then we have the two equations, 

D2 
dp = —(g-f)-qdv—(ap—J0.9) • — . sin. x. cos. x. dv ; 

= (g—f)-Pdv ■ 

These equations give, in the expression of q, the constant term,* 

(«P-4^9) . _rn/»tr 71 
-——' . —— • Sin. X . COS. X [5965c/ . [Constant part of ,] 

g~f a2 L 

From this we obtain, in the latitude s, the inequality, 

* (3207) Taking the differential of [5965], supposing dv to be constant, we get, 

ddq — (g—f).dp.dv. 

Substituting the value of dp [5964], dividing by dv2, and reducing, we obtain, 

° = /)2-7+(ff—£a<?)* ^.sin.X.cos.X. 

This equation is of the same form as in [865a, 870'], changing y, t, a, 6, cp, he., 

into q, v, g—f, y, 0, he. respectively; by this means, we obtain from the 

integral [8656,871] the following expression [5965c/], which satisfies [59656] ; as is easily 

proved by substitution and reduction, by mere inspection, if we take separately into 

consideration the two terms of q ; 

CI y.cos.(gv—fv) 
(a.p—l&cp) 

g~f 

D2 . 
—. sin.X.cos.X. 
a1 

The differential of this value of q, being substituted in the first member of [5965], 

and then dividing by (g—f).dv, gives, 

P = —7.sin.(g«—;fv), as in [5959]. 

Multiplying [5965c/] by sin.jff, and [5965e] by —cos.fv ; then taking the sum of the 

products, and reducing the factor of y, by means of [5957a], we obtain the value of 

the second member of [5958], or the expression of s; namely, 

(ct"—|a<p) D9 
s — 7. sin.gv-- -. —. sin .X.cos .X.sin./a. 

g—f «2 

The term depending on ap—|a®, being represented by 65, is as in [5967] ; and if 

we change the divisor g—f into g—1 ; f being nearly equal to unity [5947c] ; it 

becomes as in [5351], 

[5964] 

[5965] 

[5966] 

[5965a] 

[59656] 

[5965c] 

[59654] 

[5965c] 

[5965/] 

[5965g-] 



756 APPENDIX, BY THE AUTHOR ; [Méc. Cél. 

[5967] 
(dp—Jdp) D2 . . 

ôs = — ---— . — . sin.x.cos.x.sin.fv 
g—f «2 J 

which agrees with the result in [5351]. 

[5965/] ; 

[5968] 

[5969] 

The constant part of q [5966] produces, in the function |.(qdp—-pdq), 

the following term, as in [5385] ;* 

D2 
i/ap—id?) . — .7.sin.X. cos. a. cos.(gt;—fv).dv. 

[5969/] Putting, therefore, def equal to the preceding value of ds, referred 

to the ecliptic, we shall have, 

t5970l dst = — ^.(dp—Jd?).—.y.sin.x.cos.x.cos.(g?;—-fv).dv ; 
Cl 

which gives, in s/, and, therefore, in the moon’s motion in longitude, the 

inequality, 

* (3208) Multiplying the expressions [5964, 5965] by \q and —|p, respectively, 

and adding the products, we get, 

[5968a] 
1)2 

|.( qdp—pdq) == —J.(g—/Mp2-/^)*^ —£.(d P—oup).—.sin.X.cos.X.ÿrfi> 
Ct 

Taking the sum of the squares of q, p [5965t?, e], and neglecting terms of the order 

(d, —dp)2, we get, 

[5968b] 
g  2 2. (dp—dtp) D2 

p-*+q2= f— 
g -f er 

y. sin .X.cos.X.cos. (gv—fv). 

Substituting this in [5968a], and retaining only the terms depending on (dp—dp), we 

get, 

2)2 2)2 
[5968c] 2-(</P—pdq)—( dp— dp).—.y.sin. X.cos.X.cos. (gv—fv).clv—£.(dp—dp). — . sinX.cosX.ç^. 

[5968/] We may put q = y.cos.(gv—fv) [5965d\, in the last term of [5968c], and then we 

shall have, as in [5969], 

2)2 

[5968e] &-(qdp—pdf) = &.(o.p—cup).— .y.sin.X.cos.X.cos.(gfl—fv).dv. 
CL* 

This value of %.(qdp—pdq) is to be added to de [5954], as in [5955], to obtain the 

[5968/] quantity which is called det [5969'] ; and the sum evidently becomes as in [5970]. 

Its integral gives the term of s/5 or 5c [5971] ; which agrees with that in [5387]. 
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fap-ict®) JD2 . . . 
ô v = -15. —--ff- . —.y. sin. x. cos. a . sm.ffi’ü 

- g-f a2 

This result is wholly conformable to that in [5387]. 

Lastly, the function R being indeterminate, the preceding differential 

expressions of the elements of the orbits, can also be used to determine the 

variations they suffer, either by the resistance of an ethereal medium, by the 

impulsion of the sun’s light, or, by the change which the course of time may 

produce in the masses of the sun and planets. It is only necessary, for 

this purpose, to determine the function R, which results from it, by the 

considerations explained in chap, vii, of the tenth book* [8884—9036]. 

ON THE TWO GREAT INEQUALITIES OF JUPITER AND SATURN. 

5. In the theory of these inequalities, given in the sixth book, we have 

noticed the fifth powers of the excentricities and inclinations of the orbits. 

But it has been discovered, that the values of JV(0), iV(1), &e. [3860-3860ix] 

are taken with a wrong sign [3860a, &c.]. To correct this mistake, we 

must change the signs of this part of the inequalities. This can be done, by 

adding to the expression of the mean longitude, which is given in the eighth 

chapter of the tenth book, the double of this part, taken with a contrary sign. 

This part, for Jupiter, is as in [4431,4430a] ; 

6viv = ( 12s,536393—t. 0s,001755). sin. (5nvt—2nivtff6sv—2siv) 1 

— (8s, 120963+ L0S,004885).cos.(5nvt—2ri'vtJr5sv—2siv) ; 2 

and, for Saturn, as in [4487, 4483e line 4] ; 

5vv — —(29 s, 144591—t. 0 s,004081). sin. (f>nvt—2nivt-\-5sv—2 siv) 1 

-f-(18s,879594-f~ L0S,011356).cos.(5%T—2 nwt-\-ff—2siv). 2 

The addition, to the mean longitudes of Jupiter and Saturn, of the double 

* (3209) This method of finding Q, or R [5438], has already been used 

in estimating the resistance of the earth and moon, from an ethereal fluid [5672,5673]. 

Similar methods are used in ascertaining the values of R, in other cases, like those 

which are mentioned in [5973]. 

190 

[5971] 

[5972] 

[5973] 

[5974] 

[5975] 

[5976] 

[5977] 

[5973a] 
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[5978] 

[5978'] 

[5979] 

[5980a] 

[59805] 

[5980c] 

[5980d] 

[5980e] 

[5980/] 

[5980g-] 

[59805.] 

of these inequalities taken with a contrary sign, can affect only the mean 

motions and the epochs of these two planets. It cannot alter, except by 

insensible quantities, the other elliptical elements, deduced from the 

observations made between the years 1750 and 1800 ; because, during that 

interval, the variations of these inequalities are very nearly proportional 

to the time. We may, therefore, determine the corrections of the mean 

motions, so as to make the double of these inequalities, affected with a 

contrary sign, vanish, in 1750, when t — 0, and, in 1800, when t = 50. 

Thus we find, by noticing the correction of Saturn’s mass, given in chap, viii, 

of the tenth book [9121], that we must add to the mean longitude q"’ of 

Jupiter, given in [9137], the function,* 

* (3210) We have, in [9128, 9129], 

wivt-f£iv = 3d 45m 47s, 5-H. 30Æ 20w 56s,4 ; 

nvt-j-sv = 23D 21m 5SS,9-H •1 ~d 13m 17s,l . 

Multiplying the second of these expressions by 5, and the first by —2 ; and then putting 

the sum of these products equal to T, for brevity, we shall have, 

T = 5nvt—2nivt+5ev—2siv = 69d 17* 54s,5+*.24m 32s,7. 

Now, if we double the expression of <h>iv [5976], and change its sign, as in [5978]; 

then decrease the result, in the ratio of 19,232 to 20,232, on account of the change in 

the estimated value of the mass of Saturn [9121], it becomes, 

Aw+B"t 

19 2*12 
—2X —-.(12*,536393—*.0S,001755). sin.T 

ivUj'vu2 

IQ QQO 

+2X^7^, • (8s, 120963+*.0S,004885) .cos. T; 

the terms Aiv -J- Bivt, being added so as to make the expression vanish in 1750, and in 

1800, when t = 0 , and t — 50 , as in [5979]. To obtain the values of Aiv, B1V, 

we must first put t = 0 in [5980c], and we shall get the value of T corresponding 

to this time. Substituting this, and t — 0, in [5980e], then putting the result equal to 

nothing, as in [5979], we get the value of A1V. Again, with t — 50, we get a new 

value of T [5980c]; substituting these expressions of t, T, Aly, in [59S0e], we 

obtain 50J5iv, from which B1V may be determined. The result of this calculation 

agrees very nearly with that in [5980]. 

In like manner, if we multiply the expression [5977] by 2, and change its signs, adding 

also the terms AVJrBvt, we shall obtain the formula [5981]. Having computed the 
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<5ÿv = 16‘,84-f A0y347 1 

—(23s,84— *.0S,0033). sm.(5nvt~2?iivt-\-5s''—2siv) 2 [5980] 

+ ( 15s,44+0s,0093).cos. (5nvt—2?i§£-fftsv—2siv) ; 3 

and, to the mean longitude qv of Saturn [9138], the function, 

sqr = — 4P,19 —t.0%3309 1 

+(58s,304—*.0',008162). sin.(5nvt—2rivt-\-osv—2s'v) 2 [5981] 

—(37S,759-W.0s,022744).cos.(5wv£—2rivt+5f—2s"). 3 

expressions [5980,5981], it will be easy to complete the calculations relative to the 

observations of Ebn Junis [5982, &c.]. 

It is probable, that the coefficients of the function [5981], as well as those of the other 

inequalities of the motions of Saturn, arising from the action of Jupiter, must be increased 

in consequence of an augmentation of the estimated value of the mass of Jupiter by Gauss, 

Nicolai, Encke, and Airy. The first estimate, made by La Place, in [4065], is founded 

on the observed elongations of the satellites, by Pound, and is —-—. But these 
10o 7? 09 

elongations have been lately observed with much greater accuracy, by Professor Airy, and 

the result of his measures, given in vol. 10, page 404, of the Jlstronomische JYachrichten 

makes the mass p~g • Nicolai, by the observations of the perturbations of Juno, gives 

wi-hiT’ Encke, by those of Vesta, -5^n? ; and by the perturbations of the comet which 

bears his name, . All these observations indicate, that the mass, assumed by La Place, 

is too small by about part ; and that the perturbations of Saturn, and several of 

the other planets, require some correction on this account. On the contrary, the calculations 

of Bouvard, from numerous observations of the perturbations of Saturn and Uranus, make 

the mass equal to pUp. . The cause of this difference must be ascertained by future 

observations and investigations. Some have supposed this discrepancy to arise from a 

difference between the action of Jupiter upon Saturn, and upon the other planets ; but we 

have nothing, analogous to this, in any known experiments or observations on the effect of 

universal gravitation. 

[5980Î] 

[5980Æ] 

[5980/] 

[5980m] 

[5980n] 

[5980o] 

[5980p] 

In closing this volume, we may remark, that the sequel of the work of Hansen, upon 

the inequalities of the motions of Jupiter and Saturn ; which is mentioned in [4458c], and t5980?] 

also the work on the lunar theory, by Plana and Carlini, [4752a], have not been received 

in this country at the time of writing this article. We must therefore defer any notice of to980rl 

these works in the present volume. 
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[5982] 

[5983] 

These corrections have the advantage of making the formulas of the motion 

of Jupiter and Saturn, given in the above-mentioned chapter, agree better 

with a very important observation of Ebn Junis. This observation, reduced 

to the meridian of Paris, took place the 31st of October, 1007, at 3?t50m. 

These formulas give 729s for the excess of the geocentric longitude of 

Saturn over that of Jupiter, at that time ; and the Arabian astronomer 

found it, by observation, to be 1440s : the difference being 7IT. The 

preceding corrections increase, by 388s, the excess of the longitude of 

Jupiter over that of Saturn; consequently, the new computation corresponds 

more accurately with the observation, by that quantity ; and the difference 

is reduced to nearly five sexagesimal minutes ; which is much less than 

the error to which this observation is liable. 



APPENDIX, BY TOE TRANSLATOR. 

We shall, in this appendix, point out some of the important improvements made by 

Gauss, Olbers, and others, in the calculation of the orbit of a planet or comet, moving in 

an ellipsis, parabola or hyperbola ; with the methods of computing the place of the moving 

body, at any time, by means of several auxiliary tables. For the sake of convenient [ 

reference, we shall insert in the tables [5985,59S6, 5988], the most important theorems, 

relative to this subject, which have been already introduced in the preceding part of the 

work ; together with several new formulas, given by Gauss, in his Theoria Motus Corporum (]) 

Cœlestium, conforming, however, to the notation generally used by La Place, in this work. 

In the demonstrations of the formulas included in the table [5985lines 1—19], we shall 

refer to any particular line of it, by including the number of the line in a parenthesis ; 

thus, in referring to the value of e [59S5line 1], we shall use the abridged notation (1). 

From the assumed value of e — sin.ç (1), w7e easily deduce the expressions (2,3,4) ; ^ 

observing, in the formulas (3), that the development of [y/l-f-e =F [/l —ej2 becomes, by (4) 

reduction, equal to 2=F 2.y/i—es = 2 2.cos.<p ; and, that, (5) 

2 — 2.cos.<p = 4.sin.2£<p, 2 -j- 2.cos.ç> = 4.cos.2£p [Lb] Int. (6) 

The expression of p [378s], is the same as in (5) ; those of D, a (6), are as in 

[6S1"]. The second and third values of p (5), are easily deduced from the first, by 

using <p, D ( 1,6). The formulas (7,8,9), are as in [606], using the second of the 

expressions (4). The first of the formulas (10), is the same as in [603] ; the second and 

third values are obtained by means of (5). The expression of cos.u (l I), is the same 
, _ (9) 

as in [603i] ; and, from this, w~e easily obtain the value of cos.v, in the same line. The 

first expressions of sin.Jw, cos.^m (12,13), are the same as in [1,6] Int. The second (10) 

values in these lines, are deduced from the first, by the substitution of the formulas, 

, __ (l^pej.fl^Fcos.®) 
1 cos.w = ----i 

1-j-e.cos.a 
[603Mine 5], (U) 

and putting £•(!—cos.v) = sin.2^ , |. ( 1 -}-cos. v) = cos.2^ v [1,6] Int. The third (12) 

VOL. III. 191 
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expressions are deduced from the 

second, by the substitution of 

1 r 
-= - (10) : 
l-he-cos.u p 

the fourth, or last of these values, 

is deduced from third, by the 

substitution of 

p = a. ( 1—■ e2) (5). 

The last of the formulas (14), 

is the same as in (8); and the 

second is deduced from this by 

using the value of tang.(45d—|p) (4). Multiplying together the last values of 

sin.£«) cos.^-w (12,13), reducing by means of [31] Int., and using = cos.p (I), 

we get the last expression (15) ; the second expression (15), is deduced from tins, by 

COS*î) 

,17) using - = -- (5). The first of the formulas (16), is deduced from the first of 
tt.cos.ip p 

(15); then substituting p = u.cos.2p, and y/j57 = a.cos.p, we get the third and 

fourth expressions in that line. Multiplying together the first values of r and cos.v 

(9,11), we get the first expression of r.cos.v (17) ; substituting e = sin.p, or rather 

— e = cos.(90rf+ p) , we get, 

(15) 

(16) 

(18) 

(10) 

(20) 

(21) 
COS. u e = cos. u -J- cos. (90d —f- p) 

= 2 .cos.(-g-w + ^p+45rf) .cos. (|w — £p — 45d) [27] Int. ; 

(22) 

(23) 

whence we easily obtain the last expression (17). Multiplying the third value of cos.^m 

(13), by sin.|i;, and the third value of sin.|u (12), by —cos.£v; then taking 

the sum of the products, and reducing, by means of [22, 31] Int., we obtain, 

sin. | . (v u ) = |sin.v. y/*- * W1 + e — V71 — e} ; 

(24) using 

(25) 

substituting the first of the formulas (3), we get the first of the expressions (18) ; and, by 

the value of sin.v = ^Pa• S]n;^ (16), we obtain the second of the formulas (S). 
r 

If we repeat this last calculation, changing the factor —cos.^v, into -f003-^; 

we get, 

sin.£. (v -f- u) = \s\x\.v .y/— .[^/i-f-e + [/l —e], 

and by using the second expression (3), we get the first formula (19) ; then, substituting 

the preceding value of sin.v, we get the second of the formulas (19). 
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FORMULAS IN AN ELLIPTICAL ORBIT. 

e == sin.Cp ; \/(1-e2) — COS.p ; [Excentricity e] 

1—e = 2.sin.2(45!^--j9) = 2.cos.2(45£Z-}-^9) ; 14-e=2.cos.2(45d-|9)=2.sin.2(45d+^9) ; 

V/(l+e)——e)= 2.sin.§9 ; \/(1+e)+V//(1—e) = 2.cos.£p ; 

\^~e — tang.2(45Æ—§9) ; 7^ = tang.s(45Aj_ £9) ; 
1—e 

p = a.(l—e2) = o.cos.29 = (1-f-e).D ; 

D = o.(l—e) = 00L ; a = 1—e ; 

nt — u—e.sin.ii ; 

tang.fv = ^//^|^^.tang.iw = tang.(45£j4'^9)-tang4M ; 

r = o.(l—e.cos.w) ; 

a.(l—e2) a.cos.29 p 

l+e ■cos.v l-j-e.cos.u 1-f-f.cos.p 7 

e^-cos.v 

[ 

[ Parameter 9p ] 

[Perihelion distance X>J 

[Mean anomaly nt] 

Time from Perihelion t| 
expressed in days J 

[Excentric anomaly tt] 

[Radius vector r ] 

COS .U—e 
cos. v — -- ; 

1—e.cos .u 
cos .u 

14-f-COS.îJ ’ 

sin.Jt<^i.(l^os.M)=sin.}r.(i;i=A^)i=sm.j!,.(r-^)y=sin.J».(- 

[True anomaly d] 

(He)J ’ 

co3.4^J.(l+co3.U)=cos.Jr.(^o^)i=cos4r.(r^)4=cos4».(^-y; 

tang.|-M = tang.2-t.tang.(45rf— 2-9) = ^j^^-tang.J® ; 

sm.it 
?\sm.u.cos.9 r.smj 

p a.cos 9 

p.sin.M . . 
r.sin.R = - = 0.COS.9.S111.M = \/«a.sin.W ; 

cos.9 v ^ 

r.cos.T == o.(cos.w—e) = 2o.cos.(^w-f-|p~M5rf).cos.(j|w—|<p—45. 

—u) = •sin.|9.sin.v = ' sii^sP-sin-w ; 

sm.|.(v+w) = ^/-p *cos.|9.sin.R= • cos.|9.sin.M. 

[5985] 

(i) 

ra) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9 

(10) 

Elliptical 
formulas. 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 
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[5986] FORMULAS IN A PARABOLIC ORBIT. 

The equations of the motion in a parabola [59861ines2—101, are the same as in 
I?9«7 OijVcl' ' L 

[691,693, &c.j ; in which 2tf represents the circumference of a circle, whose radius is 

(i) unity [691"' line 4], and T — 365days 25638, is the length of a sidéral year [691'", 750']. 

(2) 

(3) 

p = 2 D ; 

& = iv ; 

[Parameter 2pJ 

[Perihelion distance £> j 

(4) 

(5) 

(6) 

Parabolic 
formulas. 

(7) 

D 

COS.^hv 

D%T 

1-f-cos.v ’ 

f = ^r-^-ftang-2^+l-tang.3^} 
v/2 

DK v/2 
.[tang.^+i.tang.3Jp| 

D2t' ; 

[Radius vector r] 

[True anomaly -1 

[ Time from the Perihelion 
expressed in days 

t, ] 

T 
f = —2-[tang4p+|.tang 

= y.[tang.^4-^.tang.3J-r} 

[Time from the ”1 
perihelion t' days, I 

when U==l. Jj 

(10) 
t 

3 
D2 

[5987] 

(i) 

(2) 

(3) 

(4) 

(5) 

In the expressions of t [5986 lines 5, 8], we 

ought, in strictness, to change T into T.p/l-j-m" ; 

m" being the mass of the earth, and 1 the 

mass of the sun ; this is evident from [692', &c.], 

where jx = l-j-m". It is common, however, to 

neglect the mass m", as we have already 

observed in [692' line 4]. Instead of T, or 

_ 2# 
rather r.y/l-f- m", the symbol k = ;p^==, 

is used by Gauss, and by most of the 

German astronomers. We have already found, 

in [750'], 

T 

12v 

T 
= 9days, 688724..., or log.^ = 0,98626669... ; 
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and, by neglecting m", we have 

2 7T 

[5987] 

k = 
T’ 

or log.fr 
- 7T 

but, if we notice m", we shall get, 

log.— = 8,2355820... ; 

2* 

(6) 

log.fr.\/i-[-m"===log.— = 8,2355820... ; (7) 

and, since log.v/l-f-m" = 0,0000006..., we shall obtain the corrected value of, 

log.fr = 8,2355S14... ; 

being nearly as it is given by Gauss, in his Theoria Motus Corporum Ccelestium ; differing 

from the former expression, by the very small fraction 0,0000006... We may remark, 

that the mean angular motion of any planet, in the time t, is represented in [605", 605'], 

by nt = --V-'; m being the mass of the planet ; a its mean distance from the 

(8) 

O; 

a 

(10) 
sun : that of the earth from the sun being taken for unity. The second member of this 

expression must be multiplied by a constant quantity, which is the same for all the planets, to 

reduce it to the unit of the measures of these angles. To ascertain this quantity, we shall 

observe, that the mean angular motion of the earth in a sidéral year T, is represented 

by the whole circumference 2# [691iv] ; and, if we change, in the second member of (ti) 

[5987 (9)], t, m, a into T, m", 1 respectively, it becomes T.fl-^m". To 

2 # 
reduce this to 2tt [5987 (11)], we must evidently multiply it by yp . . or by 

■*-'V 1 + m 

the quantity le [59S7 (3)] ; which therefore represents the constant quantity [5987(10)] ; 

hence the mean motion [5987 (9)] becomes ; consequently n = 

a- 
S 

a* 
(12) 

This value of n must be used in [5985 (7)]. If we wish to express the mean motion in 

secondspve must multiply the expression of nt [5987(12)] by the radius in seconds 206264s,67; (i:q 

or, to avoid this labor, we may use the value of fr in seconds ; namely, fr == 3548s, 18761, 

or log.fr = 3,55000657. In estimating the motion of a comet, we may neglect its mass (i4) 

m, on account of its smallness ; and then the expression of the mean motion [59S7 (12)] 

becomes This is expressed in [702'] by ; the accent on a' being (i5) 
a2 

_3 

a3 

omitted, to conform to the present notation. Hence it appears, that we must put pA = fr, 

to reduce the formulas of the author, in [702', &c.], to the notation of this article. 
(16) 

The expressions in [5986 lines 2, 3] are the same as in [807', 807"]. The first formula 

in [5986 (4)], is the same as in [691 line 1] ; the second expression is easily deduced (n) 

from the first, by the substitution of 

VOL. 111. 

COS.2iil = \ -j- | . COS. V , 

192 
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['•987] 

(18) 

(19) 

(20) 

(21) 

and the value of D [5986 (3)]. The expression of t [5986 (5)], is the same 

as in [693]. Substituting in this, the value, 

T = 
< 7T 

k 
[5987 (6)], 

3 

we get [5986 (6)]. This expression of t may be put equal to D111? [693a], 

as in [5986(7)] ; t' being the time from the perihelion, corresponding to the anomaly 

v, in a parabolic orbit, whose perihelion distance D is equal to unity. This parabola 

is usually called the 'parabola of 109 days ; because, it requires about 109 days to 

describe an arc of 90rf from the perihelion, in a parabola whose perihelion distance is 
3 

unity. Dividing the three expressions in [5986 (5,6, 7)], by D2) we get the formulas 

(22) [5986 (8,9,10)]. From that in line 8 or 9, Burckhardt has computed Table III, of this 

appendix, changing v into U; and putting, 

(23) T 

3 ;r .y/2 
= 27days, 4038... 

Then, by means of this table, we can find, by inspection, the anomaly U, or 

from log. t', or the contrary. 

FORMULAS IN A HYPERBOLIC ORBIT. 

[5988] The formulas for computing the motion of a body, in a hyperbolic orbit, are given in 

[702] ; but, it will be convenient to alter the forms of these expressions, by writing 

(1) a for a', and introducing the auxiliary quantities u, proposed by Gauss ; so that 

(2) e. cos.-]/ = 1, and u = tang.(45d-|-^) ; 

by this means, we obtain the following system of equations, corresponding to the motion 

in a hyperbolic orbit. 
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cos 

_ _ e-1 , , t5988'J 
- = secant4> = v/l+tang.24 ; [/e^-1 — tang+; -^^tang.2^; [Eccentricity cj (3) 

P : 

D- 

a.(e2—1) = a.tang.^ = (e+l)._D ; 

a.(e—1) = — «a; a =—(e—1) ; 

k 
— .t = e.tang.zf—hyp. log. tang. (45æ++ï) 5 
a? 

—. t — |-Xe.—-— — common log. tang. (45<;+1to) ; 

a£ u 

[Parameter 2p] (4) 

[Perihelion distance I)J (5) 

[Semi-transverso axis <zj (6) 

[Time from the perihelion t,"l 
expressed in days J V> 

X 

7c 

0,43429448...; log.x = 9,6377843113... ; log.Xfc =7,8733657527... ; (8) 

2* 

T.+f++ = °’01720209895 Parts ofradius ; log./c = 8,2355814414... ; (9) 

tang. J-to = 

P 

z™ = (e^)-tang.iT = tang.^.tang.^ ; 

JO.COS+ a.{e 2—1) _ 

l-|-e. cos.v 1-j-e.cos.p 2.cos.|(u—4/).cos.£(î+4') ’ 

= tang. (45+++ = l±-tang‘ ^ . 
1— tang. £ztf cos. £ (v-f-yf) 7 

l-j-cos+cos.u e—J~cos.u 
- • --- • 

1+e.cos.p 1 

lfi — 1 

U 

COS .'US 

sin. w 

= i- Hr- = u 

sin+ztf = 

«2-1 

«2+1 J 

u—1 

2.COS+P—4)* C03.J(v-|— 

2 u 
COS.OT 

V/a^5=R) ’ cos-^=/5^t, ; tan6'^= 

in.|»+V = sin.^zz.^^/7 p 

«9+1 

«+1 

tang, zrf: 
2 u 

u—1 

-1) . COS. ztf 

M+l ’ 

= sin.^.^+(+ü)) 

,4r./r= co s.^.^/(_£__)= ooM-|/(^) 

r.sin.T =y?.cot.+tang.ra = a.tang.+tang.zs 

— Ip-cot+.^i— —^ = ^«.tang+.^M— —^ ; 

r. cos 

[Auxiliary angle ZoJ (10) 

[Radius vector r (II) 

[Auxiliary quantity m] 

(12) 

Hyperbolic 
formulas. 

(13) 

(14) 

(15) 

(16) 

[ True anomaly v, j 
from the perihelion ! (17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 
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[5989] In the demonstrations of these formulas [5988], we shall refer to any one of them, by 

(1) placing the number of the line in which it is situated, in a parenthesis, in the same 

manner as *in the elliptical formulas [5984 (2), Sic.]. From the assumed value 

1 

cos. 

_ , 1—cos.4 2.sin.2£4 I-j-cos.T 2.cos.2aj, 
(2) e—1=-— =  -r— : e-hl = —--=-— 

COS.-j, COS.-p COS..], COS.4 

(3), we get, by means of [1,6] Int, 
•p 

dividing the first of these expressions by the second, we get the third of the formulas (3). 

In a hyperbola, the semi-axis a becomes negative, and is represented by —a [6987/] ; 

hence the values of p, D [5985 (5, 6)] become, in the hyperbola, 

(i) p = a', (e9—1) ; D = a'.(e—1) ; 

and, if we neglect the accent upon a!, for the sake of simplicity in the notation, we 
(p) 

shall obtain the first expressions of p, D (4, 5) ; the others are deduced from these, 

by the substitution of T, D (3,5). If we change, in the first equation [702], the 

(6) symbol \/V into k, as in [5987 (16)], and omit the accent on a, as above, it 

becomes as in (6) ; using hyperbolic logarithms. We must multiply this by 

(7) X = 0,43429448... (8), 

when common logarithms are used ; the quantity X being the ratio of a common 

logarithm to a hyperbolic logarithm ; and then, (6) changes into (7), by the substitution of 

tang.ttf (15) ; this value of tang.ro being deduced from the assumed value of u (13), 

(8) as in [5989 (14)]. The first formula (10) is the same as that in [702 line 3] ; from this 

we easily deduce the second form, by the substitution of tang.-J]; (3). The first 

value of r (11) is the same as in [3796], using p (4); and this form is common to 

( 3) the other conic sections [5985 (10), 5986 (4)]. Substituting in this, the first value of 

p (4), we get the second form of r (11). Multiplying the numerator and denominator 

(10) of the first form of r (11), by cos.4^, and substituting e.cos.^ = 1 (2), in the 

denominator, we find, that this denominator becomes, 

CTO 

(12 

cos.%[-j-cos.t; = 2.cos.|(v—4/),cos4(^-h4') [20] Int., 

and we obtain the third expression of r (11). The first expression of r (12) is the 

same as in [702 line 2], omitting the accent upon a', as above. To obtain the 

second form, we must use the auxiliary quantity u (13) ; namely, 

“ = tang-(45“+i®) = Int- ; 

from which we get, 

tang. 4ro = 
u —1 

u -(-1 
(16) • 

and then, from [30'] Int., we have, as in (15), 

(13) 3 
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tang.w== 
2.tang.£ro 

1—tang.2|vj 

u—1 

it—1 

1 — 
u- 1\2 

M-(-l 

2.(m2—1) W2—1 

(w-j-1)2—(u—l)2 2u 

[5S89] 

(14) 

From this, we get, 

seCM = ^¥= O+tang.MS = l^ = i(u+l)’ as in (14,15). <») 

Multiplying together the expressions of cos.w, and tang.-sr (15), we get sin.'tf 

(15). In like manner, if we substitute the value of tang.Jitf (16), in the expression, 

cos.Jar = (I+tang.2^)-^ [34'"] Int., <i6> 

we get its value (16) ; multiplying together these two expressions of cos.Jst, tang.Jw, 

we get sin.$tf (16). Substituting the first value of —^ (14) in the first expression ^ 

of r (12), we obtain its second form. If we substitute, in the second expression of 

u (13), the value, 

tang.jh* = tang.'l^.tang.tu (10) ; (18) 

then, multiply the numerator and denominator by cos.l^.cos.iv, we shall find, that 

the numerator becomes, 

cos.i^-coslii+sin.I^.sin.iw == cos.|(u—^) ; 

and, the denominator, g 

cos.^.cos.i?;—sin.^-sin.i-t; = cos.§(«-|-4') ; 

as in the last of the formulas (13). If we now substitute the last value of u (13), in 

the first expression of (14), it becomes, 

1 

COS.37" 

C COS.|(^ Y) cos.§(v-j-^) } 

t 'Cos.|(i;-f—]>) cos.|(v—^) ) ’ 

reducing these to a common denominator, 

(20) 

2.cos.f(v 4).cos.J(«+4,), (2[) 

we find, that the numerator becomes, by using [6, 20] Int., 

cos.s|(t;-],)+cos.2|(«+4,) = [H-|.cos.(«—4,)}-ff|-j-|.cos.(«-f-4,)} 

= l+2.cos.(v 4')-j-|.cos.(,r-|-'^) = l-f-cos.-^/.cos.î; ; 

as in the second formula (14). Multiplying the numerator and denominator of the 

second formula (14) by e, and substituting the values [5989 (H)] and (2), we get (23) 
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[5989] the third formula (14). If we add =Fl to the last of the values —-— (14), and 
COS 

(24) 

(25) 

substitute = - (11), we get, 
l-\-e. cob.v p 

l=pcos.w (e=pl bflT-cos.i;) (c=Pl).(lqFcos.«).r 

(26) 

cos.-sr l-j-e.cos.v jp 

If we use the upper sign, and put 

1—cos.zr = 2.sin.2±3r ; 1—cos.a = 2.sin.2|?; [1] Int. ; 

we get, by extracting the square root, the first of the formulas (17). If we use the lower 

sign, and put, 

^38’ 1—f-cos.'sr = 2.cos2§sr ; l-f-cos.v = 2.cos.2|u ; 

we get the first of the formulas (19). The second of the formulas (17, or 19), is deduced 

(29) from the first, by the substitution of p = a.{e2—1) (4). Substituting, in the first 

of the formulas (17, or 19), the values of sin.|®, cos.|®, cos.® (16,15), which 

give, 

sin.J®   u—1 cos.J-® u-\-1 

[/cos.tf 2.^/u ’ ^/cos.® 2.^/m ’ 

we get the first of the formulas (18,20); finally, substituting in these, the value of 

p=a.(e?—1) , we get the last of the formulas (18,20). Multiplying by two the 

product of the first of the formulas (17, 19), we get, 

(31) 2r.sin.|v.cos.|i) 
2sin.|®.cos.|® p 

cos.® l/(e2—1) 5 

and by substituting, 

2.sin.§i?.cos.|r = sin.-r ; 2.sin.|®.cos.|® = sin.® = cos.®.tang.® [3], 34'] Int., 

also ^/(e2—1) = tang.^ = (cotang.-j')-1 (3), we get the first equation (21). The 

(33j second formula (21 ), is easily deduced from the first, by the substitution of y?=a.tang.24' (4). 

(34> Substituting in these two expressions, the value of tang.® = (15), we get 

the first and second formulas (22). Multiplying the second value of r (11), by cos.'y, 

and reducing, we get, by using the last formula (14), 

«.(e2—l).cos.u (e-J-cos-v) 1 
(35) r.cos.v = ——;-= ae—a.—--= ae—a . - ; 

l-f-e*cos.u l-f-e.cos.v cos.® 

as in the first expression (23). Substituting in this, the first value of-(14), it 

(36) 
becomes as in the second formula (23). 
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From the first of the formulas (11), it appears, that r increases with v, 

infinite, when 

1-j-e.cos.R = 0, or 
1 

COS.t' =- 
e 
= — cos.4, (3) ; 

and becomes 

which gives v = 180d—4- Now the radius r, corresponding to a point of the 

hyperbola, at an infinite distance from the focus, must evidently be parallel to the asymptote ; 

therefore, the angle 4 represents the angle of inclination of the asymptote to the axis. 

Hence it is evident, that the maximum value of v is represented by 180d—4 ; and 

the greatest minimum value is — (18(P—4) 5 moreover, it follows, from the last of the 

formulas (13), that when v 0 , u == -————] = I : and that u increases with v, 
v 7 cos.J.(-|-4) 

and becomes infinite, when v = 180d — 4.1 or = 90d . It decreases when 

v is negative, and becomes nothing at the other limit, where v = — (18CK—4,) : or 

4(t—4) = — 90*. 

TO COMPUTE THE TRUE ANOMALY FROM THE TIME, OR THE CONTRARY, IN AN ELLIPTICAL ORBIT. 

The true anomaly v, in an elliptical orbit, can be easily obtained from the mean anomaly 

nt, by means of the formula [668], in cases where the excentricity e is so small, that 

it is only necessary to notice two or three terms of the series ; but as the value of e 

augments, the number of terms must be increased, so that the method finally becomes 

very laborious, and it is much better to use the indirect method of solution, first given by 

Kepler, who was the original proposer of the problem. This method is very simple, and 

has the decided advantage of being applicable to all the varieties of the ellipsis ; but when 

the excentricity is nearly equal to unity, it requires the use of a table of logarithms, to 

more than seven places of decimals ; this difficulty is obviated partially in the method of 

Simpson, and wholly in the method of Gauss, which we shall give hereafter. 

To illustrate this indirect method of solution, we shall apply it, according to the precepts 

of Gauss, to the determination of the true anomaly in an elliptical orbit. We shall suppose 

u, to be an approximate value of u, and x its correction; so that u — u, -j-t , 

satisfies the equation [5985 (7)]. We must compute the value of e.sin.u, in seconds, by 

logarithms; and, while performing the operation, we must take from the tables, the variation 

X of the log.sin.w,, corresponding to Is in the value of u, ; also the variation p. of the 

logarithm e.sin,w,, corresponding to the variation of one unit in the number e.sin.tq ; 

the signs of X, /x being neglected, and both the logarithms being taken to the same 

numbei oj decimals. Now when ut is nearly equal to u} or w/—|— x , the variations 

of the log. sines of the arcs from ut to iq-j-a?, will, in general, be nearly uniform ; 

hence we shall have, with a considerable degree of accuracy, 

Xæ 
sin. (iq -|- x) = e.sin.iq ± — ; 

f* 

[5989] 

(37) 

(38) 

(39) 

(40) 

(41) 

[5990] 

(i) 

Kepler’s 
problem. 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
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[5990] 

(9) 

(10) 

Indirect 
solution of 
Kepler’3 
problem. 

(U) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

Use of the 
letter n, 
affixed 
to the 
figures 

(19) 
in a 
numerical 
calcula¬ 
tion. 

(20) 

(21) 

(22) 

the upper sign being used in the first and fourth quadrants ; the lower sign in the second 

and third quadrants ; these signs being evidently the same as those of e.cos.tq [5990(13)]. 

Substituting this, and u = uff-x, in [5935 (7)], we get, by reduction, 

x — —-— . (nt — w.4- e. sin.w,) : 
JX =F X v ' 1 1 ’ 

or, 

u = —j— x = nt -{- e . sin.w, ± 
X 

(n t — ut-J- e. sin. wy) ; 

in which we must notice the sign of the factor ± ^ , according to the above 

directions; and we must also have regard to the sign of the other factor (nt—w -f-e.sin.M,). 

We may remark, that the factor rb ^ = e.cos.w,, as is easily proved by the substitution 

of sin.^-f-a?) = sin.u,-\-x.cos.ui [60] Int., in the first member of [5990(8)] ; and, as 

e<f\, cos.M^l, we shall have /k>X; therefore, ^ias ^ie same sign as “• 

If the assumed value of u, should differ considerably from u-j-æ, we must repeat the 

operation ; using this computed value of u-j—a? for a new value of ut; and this process 

must be repeated, until the correct value of u is found. In most cases which occur in 

practical astronomy, it will be easy to assume, in the first instance, a value of ui which 

does not differ much from v . This is particularly the case, when forming a table of the 

values of u, corresponding to the regular intervals of nt, from 0rf to 360k If we 

have no means of ascertaining this first value of ut, we may make the first computation 

in a rough manner, using small tables of logarithms, to five places of decimals, and to 

minutes of a degree. It will tend to simplify the operation, to take for ut a quantity 

whose sine can he obtained from the tables by inspection, without any interpolation ; as, for 

example, by taking the value of ut to minutes, when the table of sines is given for every 

minute ; or for tens of seconds, when the tables are arranged for tens of seconds ; &c. 

In making these calculations, and others of a similar nature, it has been found 

convenient to annex the small letter n to the last figure of the logarithm of any factor 

which has a negative value ; since, by this means, we can very easily ascertain the sign 

of a quantity, which depends on the product of a number of factors, of different signs, 

whose logarithms are to be added together, to obtain the logarithm of the required number. 

It being evident, that the sign of this number must be positive, if the number of the letters 

n be even, but negative if the number be odd. Thus, in finding the logarithm corres¬ 

ponding to the quantity — 3.sin.192d, composed of the two factors —3 and sin. 192k 

we may put for their logarithms the quantities 0,4771213n and 9,3178789n , whose 

sum 9,7950002 corresponds to a positive quantity. We must also carefully notice the 

signs of any quantities, depending on the sine, cosine or tangent of an arc ; observing that, 

according to the usual rules, we have, 
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sin. or cosec 

cos. or sec. 

tang, or cot. 

is -j- in the first and second quadrants ; 

is -j- in the first and fourth quadrants ; 

is -j- in the first and third quadrants ; 

in the third and fourth. 

in the second and third. 

in the second and fourth. 

[5990] 
(23) 

(24) 

(25) 

To show by an example the use of the formula [5990 (11)], we shall suppose the mean 

motion to be nt = 332d28”l54'5,77, log. e in seconds = 4,7041513, or e = 50600' (Qg) 

nearly. Then, for a first operation, we shall take ut = 326rf, from which we find, as 

below, urj-& = 324M 6™ 20s. Taking this for u/, in a second operation, w:e finally 

obtain rt = 324*16"* 29%5 ; which is its true value, as will appear by the following 

calculations. 

FIRST OPERATION U, = 320rf. 

U, — 326* log.sin.9,7475617^ \ — 3i 

e log. 4,7o4i5i3 

e.sin .ut log. 4,45i7i3ora y = i53 

e.sin.M, = — 28295* = — 7rf 5im 35s y — x = 122 
nt = 332^ 28”1 55* 

nt -j- c.sin.w, = 324rf 3ym 20s = J] 

u, = 3p,6tf 00m 00s 

(nt — u, -}- e.sin.w,) = — id 22”14o* - - — 4960s 

multiply this by 

± — ~j~ 155 gives — 2.1”1 oo* — B nearly 

JLB =u/-\-x = 3a4* i6m 205. 

SECOND OPERATION U/ = 3p4“ l6m 20*. 

w,= 3a4tf i6,îl 20s log.sin.9,7663644(l i = 29 

e log. 4,7o4i5i3 

e-sin.u, log. 4,47o5i57„ y — i47 

e.sin.tiy = — 29547s, 16 = — 8d i2m 27 V 6 y — x = 118 

nt = 332^ 28,u 54s,77 

7it -|- e.sin.i/7= 3i4d 16"* 27*,6 == jl 

— 324rf l6m 20* 

(nt — «■,+ e.sin .uf) = -f-7*,6 

multiply this by 

^ fizpi.= + ni ëives + is,9 = B 

•ft H- B ■= u = 324^ 16"1 29^5. 

(27) 

Having obtained the value of u, we may compute r, v from [59S5 (9 11)] * 

but as the method of making this calculation is sufficiently obvious, we shall not give an 

example. 

When the excentricity e is very nearly equal to unity, this indirect method requires the [5991] 

use of tables of logarithms to more than seven places of decimals. For, if the logarithms (1) 

were correct, to the nearest unit, in the seventh decimal place, there might be an error 

of 46s, in computing the anomaly, in an orbit, where 1—e =0,001 ; and, the error (2) 

would exceed this, by decreasing 1—e. In this case, we may use the method of Simpson, 

given by LaPlace in [694—698], neglecting all the powers of 1—e = a, above the 

first. This degree of accuracy is not, however, sufficient, in Halley’s comet, where 

1 e = 0,03, nearly ; for, it is found to be necessary to notice the terms depending on 

the second power of 1— e ; which exceed 30', when the anomaly is I00d. If we use (4) 

the same notation as in [694', fee.], we easily perceive, that the true anomaly v = U-fix, (5) 

in the ellipsis, may be derived from the value of TJ, corresponding to the parabola, by 

an expression of the following form, in which the third and higher powers of 1_e =ct (6) 
are neglected ; 
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[5991] 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

Method of 
Simpson, 
improved 
by Bessel. 

(13) 

(14) 

(15) 

(16) 

(17) 

v = U-fS.(l— e)+B.(l— t)* = tt+S.a + B.a2 • 

S being the value of the function [698], corresponding to Simpson's method, and B the 

function [5991 (30)], introduced by Bessel, in his tables, published in vol. 12, y?. 207, 

of the Monatliche Correspondenz. The same formula may be applied, without any 

modification, to a hyperbolic orbit, which approaches very near to a parabolic form, by 

merely noticing the sign of 1—e, which then becomes negative. 

In the computation of S and B, we may put, for brevity, tang.|t/=ô, or, 

COq 9 i 7 7 — .— _■ ■. __ 
COS. 2u !_j_tangphJJ — 1_|_é2 * 

Substituting these, in the expression of S [698], it becomes, 

3 6 ) s — To • é| 4 
i-f<)2 (l-M2)5 (i-M2)'2 

To obtain B, we shall develop the expression [690], according to the powers of a, 

neglecting terms of the order a.3 ; hence we get the first of the following expressions ; 

the second form is deduced from the first, by multiplying the terms, between the braces, 

by the external factor 1 -|-^a-}-4a2 5 the third form is obtained, by arranging the terms 

according to the powers of a ; 

t = 
D2.[/2 . . . C 1-j-D——fa2).tang.2|u ) 
-——.( 1—1—IcL-f-jgd.2).tang.|b . ) 1 V3 3 / . a . } 

( +(~la-+>2)-tang.4iB+#ga2.tang.6iv ) 

3. 

I (1 -|-ia.-f-|5ci2).tang.|B4-(i—|a—^a2).tang.3 \v—ia.tang5|v-f |ga2.tang.7^ } 
\/> 

3 

B^.^/2 tang.§ü-f-§.tang3§v-]-ci.. (f.tang.iy—|.tang.3|i'—f.tang.5|B) ^ 

‘ » 5 * v/> 4-a2.(i.tang.|ii—4tang.3 §B-j-fg.tang. 

If a = 0, v changes into 

Putting these two values of 

D 2.1/2 

-fir’ we«et’ 

U, and the expression of t becomes as in [691]. 

equal to each other, and dividing by the common factor 

tang.§t7-B-tang.3= tang.|r+|.tang.3|y+cL. {i.tang.iü—|.tang.3§i>—i.tang.5iy| 

-faM i.tang.iu—& .tang.3 jv -f fg.tang. 7|a $. 

If we put, for brevity, x — S<x-\-Bo?, we shall have v= U-\-x [5991(7)] ; and, by 

neglecting x3, which is of the order a3, we shall get, by means of [29, 45] Ink, 

tang.|w = tang.|.(t7-j-(») 
tang.|I7-|-tang.iæ 

l-tanggt/.tang.iæ l-|é.æ (18) 6-f-lx. (1-f-^9) -\~kx2&• (1 -H2). 
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[5991] 

Re-substituting the value of x [5991 (17)], and putting, for brevity, l-f-<52=01, W) 

we get the following expression of tang.|v ; from which we easily deduce its powers 

tang.3!?;, &c. ; 

tang. \v = Ô —{—iou {-ou2.d1. f |-Z?—}—| ; (20) 

tang.3!?; = d3-f-|cL .AS'd2dl—{—ol3^,. f£-Sd2--j—d3)} ; (21> 

tang.5!?; = ^-J-la.S'^^-f-Sic. ; tang.7!?; = d7-j-&tc. (99) 

If we substitute these in [5991 (16)], the terms independent of a, will mutually destroy 

each other ; also those depending on the first power of a : and, il we notice, in the 

second members of the following expressions, only the terms multiplied by a2, we shall 

have, by using the values [5991 (20—22)], and ♦S'd'2 = (—!^-j-!t)3-j-^5) [5991 (12)] j (23> 

tang.|?;-f!.tang.3!?; • \ \B. ( 1 -H2) -f- \S*è. ( 1 -R+42)} = a2. \6* \ 

= { —|d2+^4-Rd6} . 

a.£|.tang.|?>—|.tang.3!?;—t.tang.5!?;] = a2. /S^r {s—s^2—= 

a2. ]4.tang.!?;—^.tang.3!?;+|g.tang,>} = a2. • 

!a2 -|ô2—|é4- -â6J; 

(24) 

25) 

(36) 

The sum of these three formulas represents the terms depending on a2, in the second 

member of [5991 (16)] ; and, as this sum is to be put equal to nothing, we shall get, by (27) 

dividing by iw^y2, the first of the following expressions. Substituting in this, the value 

of SÔ* [5991 (23)] ; also Æ,2 =l-[-2$2-f# ; and then reducing, we obtain the 
_ x1*0/ 

second value of Bê* ; dividing this by Æ,4, vve get the value of B ; 

bk' = 

= -n«—,V3+i'*5+a«,+èf«9+,¥n ; 

-IW-â«3+g«5+Sfi«7+^9+â«u B = 
(i+#r 

(29) 

(30) 

The values of the logarithms of S, B, in seconds, computed by Bessel, by means of 

the formulas [5991 (12,30)], with their first and second differences, are given in Table IV, (31> 

of this collection. 

To show, by an example, the use of Table IV, we have here inserted the computation 

of the true anomaly v, in an orbit which does not differ much from that of Halley’s comet ; 

supposing the time from the perihelion to be 60 days ; 

e = 0,9675212; log.(l—e)= 8,5115999 ; log.peri.dist. = 9,7665598. (33) 

With these data, we find, 
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[5991] 

(33) 

D log. CO o;23344o2 

Its half 0,1167201 

t => 6o days log. 1,7781513 

Table III. U=97d 29m 58s ,6 log. 2,i283ii6 

Table IV. S log. 4,565o6 

i—e log. 8,51160 

Simpson’s coït, ti 93V log. 3,07666 

Table IV. B log. 4,4333 From Table III, for the parabola, U — g-jd 29™ 58»,6 
i—e log. 8,5n6 Simpson’s correction, Table IV -f- igm 53s,1 
ï—tfi log. 8,5i 16 Bessel’s correction, Table IV -(- 28s,6 

Bessel’s coir. 28s,6 log. i,4565 Sum is true anom. in the ellipsis v — 97^ 5o™ 20s,3 

In a hyperbolic orbit, in which e= 1,0324788, we shall have, 

<»> log(c—1) = 8,5115999 ; 

and, if we suppose t = 60 days, the numerical calculation will be the same as before; 

but, 1—e being negative, the value of Simpson’s correction will be negative ; and, we 

shall have, in this hyperbolic orbit, 

From Table III, for the parabola U= 97d 29” 58s,6 

Simpson’s correction — 19m 53s, 1 

Bessel’s correction -j- 28s,6 

True anomaly in the hyperbolic orbit v = 97d 10” 34s,1 

The inverse problem, of finding the time t, from the perihelion, when v is given, is 

(36) easily solved, if 1—e be so small, that Bessel’s correction, depending on B, may be 

(37) neglected. For, in this case, the expression [5991 (7)] becomes T1 ——$.(1—e) ; 

and <8 may be obtained from Table IY, with the argument v instead of U. Having 

found U, we easily deduce from it, the value of t, by means of Table III. Hence 

(38 it appears, that this inverse problem, in Simpson's method, merely requires a change in the 

sign of the quantity S. If 1—e should be so great, that it is necessary to notice the 

term B, it will be necessary to repeat the operation, by an indirect method; or, more 

(39) conveniently, by forming a table, similar to that used in finding B, by which the 

correction of Bessel may be directly obtained. But, in this case, it is better to use the 

(40) method of Gauss, which is not restricted to the first and second powers of 1—c, but 

includes also the higher powers of this quantity. 

[5992] 

(i) 

We shall now proceed to the investigation of this method of Gauss, for the direct 

solution of Kepler's problem, for computing the true anomaly v, from ihe time t, in 
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an ellipsis or a hyperbola, which approaches nearly to a parabolic form; and, in the [5992J 

demonstrations, we shall refer to any line of [5992], by merely putting the number of the 

line in a parenthesis, as we have done in [5984 (2)], omitting, for brevity, the 

number [5992]. In this solution we do not, as in the preceding method, deduce the 

anomaly in the ellipsis, from that in a parabola having the same perihelion distance D ; but 

we obtain it from a parabola, whose perihelion distance is increased to 

B being a quantity which exceeds unity, by terms of the fourth order in u (18). By 

this means, the interpolations in Table V become very easy, on account of the smallness of (4) 

log. B, and C— 1, as well as the smallness of their variations ; so that we are enabled 

to notice all the powers of ct, with but very little additional labor. The same remarks 

may be applied to the use of Table VI, relative to a hyperbolic orbit. 

We shall first treat of an elliptical orbit, using the same elements as before ; namely, 

a the semi-transverse axis ; e the excentricity ; 2p=2a.(l — e2) the parameter : D the 

perihelion distance ; nt the mean anomaly ; u the excentric anomaly ; v the true 

anomaly. We shall also use the following abridged symbols, in which a, a', C, differ l'; 

from those used by Gauss ; this change is made in order to conform to the notation generally 

used in this work, and to render some of the formulas more simple. 

oJ = 

P = 

T = 

A = 

B = 

C = 

\/o,l-)-0,9.e ; a = 1—e ; 

5—5e__ y/5-f5e\ _ /(Hf\ 

Ifift ~ 2a'^ ; 7 ~ \l+9e/ (^2a~t) ’ 

tang.%u = ^L-^.tang.a^ • 

15.(tt — sin.ti) 

9w-}~sin.u 

9it-|-sm-v 

~2ÔÂT ; 

- i êl/1 ■ or T-A — 
fji ? ül3 J- — C-~A * 

The quantities A, B, C, may be expressed in series, by the substitution of 

sin.w = u—}u3jrTi-ôU5—&c. [43] Int. ; 

which gives, 

u—sin.u = }u3—&c..; 

9i<-fsin.M _ ] Ou — fu3-\-T±Tu5—&c. 

195 

O) 

(10) 

<U> 

(12) 

(13) 

(14) 

(15) 

(16) 

VOL. III. 
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(i7) or, 

[5992] Substituting these in A (12), it becomes, 

A = T-b«'inn «nr“e—'&c. ; 

V'A = i«—As"3—irs-y—'fcc- ; 

and, in like manner, we get, 

(18) 

(19) 

(20) 

so that A is of the second order, relative to u, and B differs from unity, by a 

quantity of the fourth order only. We may obtain the value of A, in terms of T, by 

the following process. From [48] Int., putting z=^u, we get u (20), and from [307] Int., 

we have sin.w (20), by using T (11); 

u = 2.(tang.%u—-Jtang.3§w-[-itang.5£w—&tc.) — 2TA(1—£T-{-£T2—he.) ; 

2. tang, 2.T^ 
sm.M = 2.T^.(1—T-fT2—&c.); 

(21) 

(22) 

l+tang .%u 1-f-T 

hence we get, by substitution, 

15.(«—sin.ti) = 30.TA[|T—|T2+&c.| = 20.T^. j T—|T2+fT3—fT4+&c.j ; 

(9w-f-sin.it) = 2Ti [ r— ÿT-fT4T2— he.} = 20.T4. {1—^T+^T2—f/T3+&c. |. 

Substituting these in A (12), it becomes, 

T—f T2+|-T3—*|T 4-f- ]fT5— &c. 

(23) 

(24) 

A = 

(25) 

(26) 

1- AT+^T2~^T3+^T4-&C. 

- T i'T'S I 240^3 1592nn4 I 236568005  98097192 fT6 I g T(. 
5 1 35a 2625 *- 433125 -*- 197071875 -*- 1 VXA-'’ 

Inverting this series, we get, 

“ = L-iA+^At+^At+smhA'+ri&é&sAS+kc.-, 

as we may easily prove, by substituting in it the value of A (24), and reducing, by 

which means we shall find, that the terms mutually destroy each other. 

A 
If we substitute this value of — in C (14), it becomes, 

c = l+T^+*i*.43+3«fVF+T im^-uAs+kc. 

Hence it appears, that C differs from unity by terms of the second order in A , or 

(27) of the fourth order in u (17). The quantities A, B, C, are functions of T, 

(28) which have been computed by the preceding formulas, and inserted in Table V. By 

(29) means of this table we can easily find, by inspection, the values of A, C, log B, for 
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any given value of T, or the contrary; and, as the quantities C, log.B, vary so 

slowly, in the most useful part of the table, it is very easy to take out the corresponding 

numbers, which we shall hereafter find to be one of the great advantages of the method 

of Gauss. After this digression on the method of computing Table Y, we shall proceed 

to the investigation of its uses in the direct solution of Kepler's problem, of finding r, v 

from t, in a very excentric ellipsis. 

[5992] 
(30) 

(31) 

Substituting the value of nt [5987 (12)], in [5985 (7)], neglecting m on account 

D <32> 
of its smallness, and then putting a= — [5985 (6)], we get (34). From this we 

easily deduce (35), since by multiplying together the two factors of (35), and reducing, it 

becomes identical with the second member of (34). Now, the value of B (13), gives, 

i 
9u -f- sin.w = 2QA2-B ; (33) 

substituting this in (35), in the factor without the braces, also the value of A (12), we 

get (36); whence we easily deduce the expression (37) ; 

(34) 

= (9w-(-sin.w) 
1—e l-j-9e u — sin .u 

10 10 9w-(-sin.w 

= 20A . B . 
1—e ^ I -f- 9e A 

10 10 15 

— 2 B . | (1 e). A"— . (l-J-9e) .A 

(35) 

(36) 

(37) 

in which we must substitute the value of log.it = log.\/(x = 8,2355814... [5987(8,16)]. 

If we now suppose, 

i /5.(i_e)\i 

^ J -tang$10, or A = f3.tang.2J-u; (10), 

and substitute it in the preceding expression, every term will have the factor (1—e)$ ; 

then dividing by this quantity, we get, 

k 
t .- 

3 

IF 

= 2 B. 
>1T* 9e, 

2. [tang.^tc -f- J.tang.3iw}. 
(39) 

Multiplying this by, 

cd 

B/c 

’1 -f- 9 e' 1 
2 1 

Bk .s/2 

we finally obtain, 

5 (390 
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[5992] 

(40) 

a' 

BD% 

s/2 
.t = —.{tang4M>-J-£.tang.3£w;}. 

Now, from the construction of Table III [5987 (22)], it appears, that the tabular number, 

corresponding to the anomaly tv, represents the logarithm of the second member of this 

expression ; so that, if we put, 

(41) D/ = D. 
B* 

0,l-f-0,9.e 
= D. 

B2 

1—0,9.a 

and then substitute D, and a' (9), in (40), wre shall get, by making successive 

reductions in its first member, the following expressions ; 

(42) 
a' 

BDi 
(0,l+0,9.e)H 

BD& 

— —; number of the log-,, in Table III, corresponding to the anomaly w 5 

so that, if B, and, therefore, Dp be known, we can determine the relation of to and t, 

by means of Table III. Hence it appears, that, in the direct solution of Kepler’s problem, 

in a very excentrical orbit ; where t is given, to find r, v : we can obtain tv from t, 

by means of (42) ; and then, from w, we get A, by means of formula (38); namely, 

(43) A = f3.tang.2|tü =J W^-Q.e 
a 

tang.2 = g^-.tang 

Now, B differs so little from unity (18), that we may, in a first rough calculation, 

(44) suppose B =1 ; aud, upon this supposition, we can compute the approximate values 

(45) of w and A (42,43). With this value of A, we find, from Table V, the 

expression of log.R ; and, by repeating the calculation, with this value, we get the 

corrected expressions of tv, A. In general, this second operation will be sufficiently 

accurate, except u be very great. It frequently happens, when several observations 

(46) are computed, for successive days, that the value of log.2? is very nearly known at the 

commencement of the operation ; in this case, we must use this approximate value of B, 

(47) in the first operation ; and, it will generally happen, that one operation, in such cases, will 

be sufficient to obtain the correct value of w. 

(48) 
Having obtained the value of A, we find, from Table V, the corresponding value 

of C ; from which we get, 

(40) T = tang.2£w 
A 

(11,14), 

with more accuracy and less labor, than it could be directly obtained from Table V. 

Substituting this value of tang.%u, in (11), we get the first expression of tang.-|-u (51). 

(50j Substituting in this, the second value of A (43), rejecting the factor (1—ef, which 

occurs in the numerator and denominator, then introducing the first value of y (10), 

we get the second expression (51); 
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tang.ifl = - 
I -\-e A _ y-tang.^w 

~ v/ô=p‘ 

[5992] 

(51) 

Having found ri, v, we may compute r from either of the formulas [5985 (9,10)], 

or from the following ; 

D.eos.2i« D (C-^A).D 
r = 

cos.2£r (l--|-T).cos.2£fl ( C-]-|^4).cos.2-|i; 
(52) 

The first of these expressions is easily deduced from the last formula [5985 (13)], by 

substituting «.(1—e)=D [5985 (6)], then squaring and reducing. The second is (53) 

obtained from the first, by putting, 

cos.2£w (11); (54) 

(55) 

(56) 

l-}-tang.2^tt 1-f- T 

and the third is deduced from the second, by the substitution of the value of T (14). 

The inverse 'problem of finding the time t,from the true anomaly v, is also solved by means 

of Table Y. In this case, we must first compute T, from v, by the formula (11) ; 

T = i=^.tang.2ir. 

With the argument T, we must enter Table Y, and take out the number A, and 

the logJ5 ; or, what is more convenient, and, at the same time, more accurate, the .... 

number 0, and the log.2? ; then compute A, by the formula (14), 

. CT 

~ Ï+ÏT’ 

lastly, we must find t, by means of the formula (37). This expression, being divided 

by the factor of t, gives, 

t = ].Dy.S.( 1—e)A [ l+*.^.(l+9e).(l—e)-1 ] ; 

and, if we put, 

= t, = t^l.A.(l+9e).(l—e)~1 ; 

we shall have, 

t — ti~\~t2 ; 

(58) 

(59) 

(60) 

(61) 

and, it is under this form, that the value of t is computed in the introduction to Table V, 

observing, that we have, 

log| = 2,0654486 [5987 (8)], and log.* = 8,8239087. 

196 

(62) 

VOL. Til. 
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[5992] 

(63) 

We may also compute t, from v, by means of Table III; but, this table does 

not facilitate the operation, as it does when finding v from t. In using Table III, for 

this purpose, it will not be necessary to compute A. For, we have, in (43, 56), 

(64) tang. J» = AK (OJT tang.|w = 

Dividing the first of these expressions by the second, we get the first ofthe equations (66); 

substituting y2 (10), we get the second expression (66); and, by using A (58), 

we get the last of the formulas (66) ; from which we easily obtain the first value of 

tang.|w (67). The second formula (67) is derived from the first, by the substitution 

of the second value of y (10). 

tang.It#   /-4\4 /l-f-9e\ £  / A \i  / C 

tang.\T / ’ \5-{-5e/ \Tya/ y2.(l-f|T) 

or 

(67) tang.Jw = 
C 

tang “ l/( 2 a/2. C 
tang. 11’ 

73'(l+tT) ^ V (l+e).(l+|T)' 

Having found, in Table III, the time corresponding to this anomaly w, we must 

(68) multiply it by 

3 

BP? 

a.' 
to obtain the time t from the perihelion ; as is evident from 

the first of the formulas (42). 

Table V is given for every thousandth part of a unit, from A — 0,000 to 

(69) A = 0,300. It was thought to be unnecessary to extend it any farther ; because 

A = 0,3 corresponds to T= 0,392374 = tang.2|w (11), or u = 64d 7m ; and, 

(70) with such large values of u, the indirect method of solution is the shortest, as ive have 

already observed. This table is arranged so as to make it most convenient for use in 

(7r, finding C, with the argument A, in the first problem, where t is given to 

find v, which is by far the most frequently required. In this case, the number T is 

not used. In the second problem, the argument T is used to find B and C, which 

(72) are small and easily computed ; and then A is found directly, by means of the 

formula (58). 

We shall apply this method to the computation of the same example, as in [599i (33)]. 

EXAMPLE I. 

Given, e = 0,9675212, t = 60da-'A 

^ log. perih. dist.D = 9,766559S, a = I — c = 0,0324788, 

a'2 = o,l -J- 0,9.e = 0,9707691 ; to find t, v, in an elliptical orbit. 
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[59921 
FIRST OPERATION TO FIND V. SECOND OPERATION TO FIND ». 

a/» log. 9,9871159 

a' log. 9,9935579 
D log. CO. 2334402 

V 1*) 

Its half 1167201 
t = 60 log. i,778i5i3 

U — 96*58”> Table III. log. t' 2,1218695 —BP* or 34, found by the first operation 2,1218661. 

CL log. 8,5115999 Hence w = 96* 58»* 21*46, by means of Table III. 

a'2 log. co. 128841 

h log. 9,6989700 (75) 

£ log. 8,223454o same 8,223454o 
è U = 48* 29»* tang. 0,05294 \w = 48* 29"1 1 o«,8 tang. 0,0529828 

same 0,05294 same 0,0029828 

Approx. A = 0,02i347 log. 8,32933 A = o,02i35ii log. 8,3294196 

C = 1,0000210 
• 

TO FIND THE RADIUS r. 0,8 .A = 0,0170809 . 

C — 0,8 .A — 0,9829401 log. CO. 0,0074730 
C-\-o,2.A = 1,0042912 log. co. 9,9981403 1 —J- e — 1,9675212 log. 0,2939194 
C— 0,8 .A = 0,9829401 log. 9,9925270 * — e = a log. CO. 1,4884001 

(76) 

D log. 9,7665598 
)%v = 48*55”* 10s,47 sec. 0,1823567 

tang.~$» log. 2 )o,1192121 

same 0,1823567 it» = 48*55»* io®,47 tang. 0,0596060 

r log. 0,1219405 v — 97* 5oCT 20*,94 (51). 
(77) 

This value of v differs 0,64 from that found in [5991 (33)], by noticing only the 

corrections of Simpson and Bessel. 

EXAMPLE II. 

In the inverse problem, with the same elements, we have given, 

the anomaly v = 91d 50w 20,94 , 

to find t, in the following manner, by means of the formula (61). 

i e — 0,0324788 log. 8,5115999 
1 d~ e = L9675212 log. co. 9,7060806 

hv = 48* 55»* 10s.47 tang. 0,0596060 

same 0,0596060 

T = 0,02172163 log. 8,3368925 
Hence C — 1,0000210 log. gj 

1 -f-o,8.T = 1,0173773 log. co. 9,9925180 

A — o,o2i35ii Jog. 8,3294196 

Corresponding log. B in Table Y o,ooooo34 

Constant log. 

4 log. D 
è log. A 

log. B 
è log, (1 — e) arith. co. 

t — x 
/ days 

42 ,092 ]og. 

• • Constant 

• • A log. 

• i + 9e= 9=70769i log. 
• • (1 — e) log. co. 

= ■7a*r',9o8 

I = 6od,)" =1+1. 
I 2 

log. 

2,0654486 

9,6498397 

9,1647098 
34 

0,7442000 

I,62420l5 
8,8239087 

8,3294196 

0,9871159 
I,488400I 

(79) 

(80) 

i,253o458 
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[5992] We shall now compute the same example by means of Table III; by which means it 

(8)) will evidently appear, that the preceding form is the shortest and most simple. 

i — e log. 8,5 r 15999 

i —j— e log. CO, 9,7060806 

» == 48Æ 55m 4o*,47 tang. 0,0596060 

same 0,0596060 

T = 0,02172163 log. 8,3368925 

C = 1,0000210 log. 9i 
1 o,8.T = 1,0173773 log. CO. 9,9925180 

A = o,02i35ii log. 8,3294196 

Corresponding log. B, Table V, is 0,ooooo34 

'(84) 

a~ = 0,9707691 log. 

2 log. 

9,9871159 
9,7060806 
o,3oio3oo 

9i 
9,9925180 

hv = 48rf55ni io*,47 

sum q 

half 

tang. 

:)9,9867536 

9,9933768 

o,o5g6o6o 

= 4Sd 29”110s,8 tang. 0,0529828 

to = g6rf58m 21s,6 Table III log, t' 

Table V log. B 

D log. 

JDi log. 

a' log. co. 

2,1218662 

34 
9,7665598 

9,8832799 

64421 

1 = 6odays log. t,778i5i4 

;] We shall noio proceed to the explanation of the method of computation in a hyperbolic 

(1) orbit ; in which the elements are ; a the semi-transverse axis ; e the excentricity ; 

(2) 2y?=2n..(e2—1) the parameter; D the perihelion distance. We shall also use the 

(3) following abridged symbols, which are similar to those in [5992 (9—14)], corresponding 

<4) to an elliptical orbit. In the demonstrations in this article, we shall refer to any line of 

(5) [5993], by merely putting the number of the line in a parenthesis, as in [5984 (2),&,c.]. 

(6) 

(7) 

(8) 

(9) 

(10) 

01) 

(12) 

«/ = y/0,l-|-0,9.e ; 

5e—5 e—1 //5(e-j-l)\ 

13 = lf-de ~~ 2^2 ’ 7 ~ \/ V l+9e/ 
e—1 /it—1\2 

T = tang.2J« = e-p.tang.2ii) = (^J ; 

u = 

A = 

B = 

C = 

tang. (45d-Hw) ; 

5v(w—^)+ï90-log-« 

h‘(f 
Wâ ; 

T ^ ’ or’ ^ — C-ftA ' 
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We may observe, that the expression of u (9) is the same as in [5989(12)] ; and [5993] 

the last expression of tang2.|m?, or T (8), is deduced from it, in the same manner 

as in [5989(13)]. This last value of T (8) gives, 

u 
1+T* 

hence, (13) 

1 

u 

(1-J-T-) (1—Ti) 

1—T* " 

4Ti 

1-j-T* 

and, from [58] Int., we have, 

log.» = log. ([^) = log. (l+T!J) - log.(l -T*) 

—=4Tt.(l+T+T^+T3+&c.) ; (13') 

(14) 

= (TJ+|TÏ+JTÎ+Sic.)—(—’xi+jT^—il^+taj.) 

= 2Ti.(I+(T+iT=+fT3+&c.) ; hence, (|5) 

j • [ *.(« - ]) — log.» ] =3T*.{|T+|T2+?T3+&ci=:2Ti.{T+!T2+?T3+yT4+&cj; (w) 

à•(« -1) +ft.log.tt=2T‘| (A+;oT+,'5T2+;0T3+&c)+A(l+iT+iTa+|T3+&c) ; (jj) 

=2T*. {l+ftT+|5T2+|,T3+&c. ). (J8) 

Substituting the expression (16,18) in the value of A (10). and rejecting 2T* from 

the numerator and denominator, we get, 

T+fT2+|-T3+ÿT4-}-&c. 

l+^T+^+fgTH^. 
= T-f aT2+1|T3+||1!T4+ &c. 

(19) 

this may be derived from the expressions [5992 (23,24)], by changing the signs of A, T; 

and, if we make these changes in [5992 (25,26)], we shall get, for an hyperbolic orbit, 

rp   l-fM+17 5^42 5§"5^3_]-S"3‘f87tA4 TSTS^IZ^A5-f-&c. ; 

C == 111 i7 -g-|xiiflf 5‘,74 TinrW/2"5'^5~l"^£c. 

(20) 

(21) 

(22) 

Extracting the square root of the expression of A (19), we get, 

V/4 = TM1+ ft T + TWT2+ he.] ; 

substituting this, and (18), in B (11), we get, 

1+ftT + fc T2 -f- &Z.C. 
B 

l + ftT + W^+te. 

197 

- 1 + TTT T2 -j- &£C. 

(23) 

(24) 

VOL. III. 
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[5993] Now, if we consider ^ as a small quantity of the first order, we shall have T (8) 

(25) of the second order, and A (19) of the second order. Hence C, B (22,24) differ 

(26) from unity, by quantities of the fourth order. These values of A, B, C, T have 

relations to each other, which are very similar to those in the ellipsis [5992 (15—31)]. 

These quantities, for the hyperbola, are given in Table VI ; which is arranged in the same 

way as Table V, for the ellipsis ; and is used in the same manner as in [5992 (29), See.]. 

(28) The numbers in Table VI are computed for values of A, from 0 to 0,300 ; which is 

sufficiently extensive for practical purposes. 

(29) 

We have in [598S (6)], 

Jc 
t — e . tang, -a — log. tang.(45rf -j- ^-w), 

a< 

Substituting in this the values of tang.^s, tang.(45d-j- £w) [5988 (15,13)] 

(30) 

(31) 

also, a = 
JD 

e — 1 

we get (34) ; and, as we have identically, 

[5988 (4)], 

Je=*.(e —1) +J.(4 + *e) 5 -1 = iV(e-l) - (* + *«) ; 

as is easily proved by reduction ; we may substitute these factors of u— -, andoflog.w, 

in the second member of (34), and it will become as in (35). This may be still farther 

reduced, by observing, that the product of the expression (11), by 2A*, gives, 

(32) sV ’ ^ T7 • log. u - 2B.A5 j 

substituting this, in the denominator of the value of A (10), and then multiplying it by 

| X 2B. fA, we get, 

(33) 1 
S’ u 

u. 
log. u | B.A2. 

Using these two last expressions, we find, that the function (35), is reduced to the form 

(36), or the equivalent expression (37) ; which is very similar to that corresponding to 

the ellipsis in [5992 (37)]. 

(34) k . (u — “J—log*M 

(35) 

(36) 

(37) 

— (e—1) • | —w^+TVl°g-M | +(tV+tV)' I 

i 
= (e—l)-2BA-‘ + (^+T%e)4.B.A- 

= 2B. | (e—1).^+tV(I +9<s)A j 
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If we suppose, 

A 
'5. (e — 1 )' 

tang.2^«; = |3. tang.2£w> (7), 
1 + 9 e , 

3 

and then substitute this first value of A in (37), we shall get, by dividing by (e — 1 

. [tang.^-w £.tang.3Jw}. <39) 

[5.993] 

(38) 

k f 5 \A 
. t = 2B . 

LU 

Multiplying this by, 

a' /i_|_9e\| 1 

Bk V 5 / ' 
(6); 

we finally obtain, 

a/ ./g 
-j . t — --.|tang4w-fé'.tang.3|wj. 
BD 2 

(40) 

This is of exactly the same form as [5992 (40)], in an ellipsis ; and, if we put, as in 

[5992 (41)], 

(41) 

we shall get, as in [5992(42)], 

c»/ (0,1+0,9.«) t 
.1 =-r-. t = —= number of the log., in Table III, corresponding to the anomal v w : (42) 

At BD§ BD% 

so that, if B be known, we can determine the value of w, by means of Table III. 

Therefore, in the direct solution of Kepler’s problem, in a hyperbolic orbit ; where t is 

given, to find r and v ; we can find w from t, by means of (42) ; and then, from w, 

we get A, by the following expression, which is the same as in (38); 

A = (3.tang.2£w = ~£~ . tang.2£ w = ^.tang.2£zc. (43) 

Now, B differs so little from unity (24), that we may, at first, suppose B = 1; 

and, with this assumed value, we can find the approximate values of w, A (42,43). ^ 

With this value of A, we obtain, from Table VI, the expression of log. B, and, 

by repeating the calculation, with this value, we get the corrected expressions of 

w, A. In general, this second operation will be sufficiently accurate, as we have ^ 

observed in the similar calculation for an elliptical orbit [5992 (46)]. 

Having obtained the value of A, we find, from Table VI, the corresponding value 

of C ; from which we get, 
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(47) T = tang 
A 

C+P 
(8, 12), 

with greater accuracy and with less labor, than it could be directly obtained from Table VI. 

Substituting this value of tang.2§zr, in (8), we get the first expression of tang.-|-v (49). 

Substituting in this, the second value of A (43), rejecting the factor (e—1)*, which 

occurs in the numerator and denominator, then introducing the first value of y (7), 

we get the second expression (49) ; 

(49) tang. ÏV 
C+ÎA 

y.tang.^w 

t/c+çâ' 

Having found v, we may compute r, from either of the formulas [5988(11,12)], 

or from the following expressions ; which are similar to those in an ellipsis [5992 (52)] ; 

D (C+±A).D 
(50) r —-= -i-kj!---. 

(1—T).cos.2£u (C—iA). cos.a£v 

The first of these formulas is deduced from the last expression in [5988 (20)], which 

gives, by squaring and reducing, 

_ («-fD2 a.(e— 1) 
(51) T 4U ’ COS.2 ^ V ' 

Now, from the value of T (8), we have, 

l-T = l-(^)S = (^. also a.(e 1) = D (30). 

Substituting these in the preceding value of r, it becomes like the first expression (50) ; 

and the second expression is deduced from the first, by using the second value of T (47). 

The inverse problem, of finding the time t,from the true anomaly v, may be solved by means 

of Table VI. To effect this, we must first compute T, from v, by the formula (8) ; 

g_| 
T = —— . tang.2+7. 

c +1 

With the argument T, we must enter Table VI, and take out the number A, and 

the log- J? ; or, what is more convenient, and, at the same time, more accurate, the 

(55) number C, and the log.R ; then compute A, by the following formula; which is 

easily deduced from (47) ; 

CT 

1—|T’ (56) 

lastly, we must find t, by the formula (37). This expression, being divided by the 

factor of t, gives, 
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t = ^ l+A.^.(l+9e).(e—1)_1 j ; <57> 

observing, that we have, as in [5992 (62)], 

2 
Iog.-= 2,0654486 ; log4 = 8,8239087. (570 

Ihen, if we put, 

tt = l.DKAl.B.(e-l)-i; t, = t^.A.(l+9e).(e—If1 ; m 

we shall have the following expression of t, which is exactly similar to that for an (59) 

ellipsis [5992 (61)] ; 

t = tx -J- t2 ; (60) 

and, it is under this form, that the value of t is computed in the introduction to Table VI. 

If wTe wish to use Table III, which does not, however, facilitate the operation, it will 

not be necessary to compute A. Then, we shall have, 

tang. = AK (38); tang.^i? = T*.Q±^3 (54). 

If we divide the first of these expressions by the second, then substitute the values of 

7 (7), also that of A (56), we shall get, by successive reductions, 

tang.Jw; /-4\4 /l-j-9e\è _ / A\à_ ^ y' Q 

tang.*® - ' V5e-HV ~~ \T~?) ~ V y2.(l—fT) 5 

tang.Jio = C 

7 2-(i- -IT) 
tang.J?; 2 CL/2. C 

(e+l).(l-|T)* 
tang.^p. (63) 

Having computed the value of w, from (63), we may then find, in Table III, the time 

3 

corresponding to the anomaly w. We must multiply this time by ^ (42), to (S4? 

obtain the time t from the perihelion. The remarks made in [5992 (69—72)], relative 

to the construction of Table V, will apply, with the proper modifications, to Table VI. 

To illustrate this method of computation we shall give the following examples. 

EXAMPLE i. 

Given, e — 1,2500000 ; log.perih. dist. 0,0200000 ; t = G0da>’s, to find t, v. (65) 

VOL. Til. 198 
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(66) 

(67) 

(63) 

APPROXIMATE OPERATION TO FIND V. 

a'2 = 0,1 o,g.e = 1,225 log. o,o88i36i 

a/ log. 0,0440680 

D log. CO. 9,9800000 

its half 9,9900000 

t = 6o(laJ's log. i,778i5i3 

Approx. log. t1 1,7922193 

Hence U = 66a44m, nearly, in Table III 
e — 1 = 0,25 log. 9,3979400 

o/2 log. co. 9,9118639 
Constant log. 9,6989700 

Sum given /2 log. 9,0087739 
£ U = 33d 22™ tang. 9,8i85849 

same 9,8185849 

Approx. A — 0,044253 log. 8,6459437 

Corresponding log. B = o,ooooi45 Table VI. 

TO FIND THE RADIUS T. 

C— 0,2.A = 0,9912360 log. co. o,oo3823o 
C -f- 0,8.A= 1,0354969 log. o,oi5i488 

D log. 0,0200000 
h v =. 3id 48™ 3is,3 sec. 0,0706768 

same 0,0706768 

r log. o,i8o3254 

CORRECTED OPERATION TO FIND V. 

Subtract log.B = o,obooi45 gives correc.log.t' 1,7922048 

Hence U or w = 66d 44m 16s,9 in Table III. 

* » • • • same 9,0087739 

vj — 33d 22™ 08s,4 tang. 9,8186233 

same 9,8186233 

Constant A — 0,0442609 log. 8,646o2o5 

0,8. A — 0,0354087 . 

C = 1,0000882 • 

C -j- 0,8.A = 1,0354969 log. co. 9,9848512 

e -j- 1 = 2,25 log. 0,3521825 

e — 1 = o,25 log. CO. 0,6020600 

Sum is 2 log. tang ^ v 9,585ii42 

k v — 3id 48™ 3is,3 tang. 9,7925571 

v = 63d 3ym 02s,6 

EXAMPLE II. 

In the inverse problem, with the same elements, we have given, 

(69) e = 1,2500000 ; log. perih. dist. 0,0200000 ; and v = 63rf 37OT 02s,6 ; 

to find t, in the following manner, by means of formula (60). 

c- I = 0,25 log. 9,3979400 

e-\- 1 = 2,25 log. co. 9,6478175 

hp — 3irf48m 3is,3 tang. 9,7925572 

same 9,7925572 

T = 0,0427437 log. 8,6308719 

Hence C = 1,0000882 Tab. VI log. 383 

1 — o,8.T = o,g658o5o log. co. o,oi5iio6 

JL = 0,0442609 log. 8,6460208 

Constant log. 2,o654486 

■§■ log. D o,o3ooooo 

h. log. A 9,323oio4 

log. B i45 

è log. (e — 1) arith. co. 3oio3oo 

^ = 52day°,42i log. i,7ig5o35 

. . Constant 8,8239087 

• • A log. 8,6460208 

. i + ge= 12,25 log. i,o88i36i 

e — 1 log. co. 6020600 

»,= 7d’IS,579 

t = 6»^ =t +1. 
T 1 O 

log. 0,8796291 
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We shall now compute the same example by means of Table III ; by which means it 

will appear, that the preceding method is the most simple. 

[5993] 

(71) 

e — i = o,25ooooo log. 9,3979400 a'2 = 1,225 log. 0,088 x 361 

e I = 2,2000000 log. CO. 9,6478175 9,6478175 

h v — 3i*48™ 3ts,3 tang. 9,7925572 2 log. o,3oio3oo 

same 9,7925572 • 

T — 0,0427437 log. 8,6308719 

1 — o,8.T = o,g658o5o log. CO. o,oi5iio6 . 4 . » > o,oi5rio6 

C = 1,0000882 log. 383 383 

A =s 0,0442609 log. 8,6460208 sum i)o,o52i325 

Corresponding log. B, Table VI, is o,ooooi45 half 0,0260662 

hv = 31*48™ 31*,3 tang. 9,7925572 

h.w — 33* 22™ 08s,4 tang. 9,8186234 

w = 66*44™ 16s,8 Table III log. V 1,7922044 
Table VI log. B i45 

r> log. 0,0200000 
Dk log. 0,0100000 
tiJ log. CO. 9,9559320 

t= 6odajs nearly. log. T,7781509 

ON THE METHOD OP COMPUTING THE ORBIT OP A COMET. 

A short time before the publication of the first volume of the Mécanique Céleste, 

containing La Place’s method of computing the orbit of a comet [754—849], Dr. Olbers 

gave a much shorter process for solving the same problem, in a work published at Gotha, 

in 1797, entitled Abhandlung uber die leichteste und bequemste Methode die Bahn eines 

Cometen aus einigen Beobachtungen zu berechnen ; and as this method is but little 

known in our country, we shall here give a full explanation of it, and shall simplify in some 

respects, the calculation by means of Tables I, II, of this collection ; which have been 

computed and examined with particular care, in order to render them correct, to the nearest 

unit, in the last decimal place. We have used Table II, in an abridged form, for several 

years, and have found it convenient and sufficiently accurate, as it regards the number of 

decimal places. We shall first explain the method of Dr. Olbers, by the geometrical 

process, which he used, and shall afterwards, in (262 &c.), show how his results can be 

obtained by an analytical process; noticing the small terms that he has neglected, and 

which require attention in some particular cases. 

In finding the orbit of a comet, we have given, by observation, three geocentric longitudes 

and latitudes, together with the times of observation ; and from the solar tables we have (5) 

the Sun’s longitudes and the radii vectores. We shall use the symbols in the following table (6) 

(9—29) ; most of them being like those which are given by La Place, [761iv,820vi&c.]. 

The unaccented letters being taken for the first observation ; the same letters with one accent 

for the middle observation ; and with two accents for the third observation. We have ° 

inserted in the same table (30—45), several theorems which are useful in these calculations 

with the demonstrations in (46—130). In treating of this subject we shall refer to any (8) 

line of [5994], by placing the number of the line in a parenthesis, as in [5984 (2), &c.]. 

(0 

(3) 

Olbcrs’s 
method of 
computing 
the orbit of 
a Comet. 

(3) 

(4) 
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(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 
Symbols. 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

t, t', t", The times of observation; 

©; ©'> Longitudes of the Sun, differing i8o<Z from those of the earth A, A1, A", respectively ; 

a, a', a", Geocentric Longitudes of the comet ; 

0, ô', â". Geocentric latitudes of the comet ; southern latitude being considered as negative ; 

JR, B!, jR", Distances of the earth from the sun ; 

ii"’ Distances of the comet from the earth ; 

p, p', p". Curtate distances of the comet from the earth; 

Radii vectores of the orbit of the comet ; 

Heliocentric longitudes of the comet ; 

Heliocentric latitudes of the comet ; southern latitude being considered as negative ; 

The differences of the heliocentric longitudes of the comet and the earth ; 

Longitude of the ascending node of the comet ; 

Inclination of the comet’s orbit to the ecliptic ; 

Arguments of latitude of the comet, or distances from the ascending node counted on the orbit 

Arguments of latitude of the comet reduced to the ecliptic and counted from the ascending node 

X = u'-u 5 

v, v', v", The true anomalies of the comet ; 

B The perihelion distance of the comet ; 

c The chord of the path of the comet between the first and third observations. 

r, r’, r", 

& 4 

s, 

u, u', u", 

10, w', io". 

(38') 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(44') 

(44") 

(45) 

VWH W -“ v O ■ WUllW IVVMVW, i / -V • / 5 

,„*/„+PJ!=±) ; 
V 2 / sm .(«?»—/&) V 2 / 

n = /3—w — longitude of the ascending node ; 

tang.? = tang.w.cosec.tt? . 

cos.u = cos.rar.cos.M? = cos,<ar.cos.(0—n.) ; 

COS.u" = cos.*r".cos; 

tang.f = {Çf’ 

tang.Jn = cot.jp/ — (jh)* * cosec’^ > 

, fr"\ A 
tang.Jv" =— cot.jp/-j~f — y • cosec.fa ; 

tang.(J«-Hx) = tang.(45d—D-cot.i^ ; 

B — r.cos.SJu = Perihelion distance. 

U = longitude of the descending node = i8o<Z _j_ a \ 

[? = Inclination] 
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We shall suppose, in the annexed figure 84, that s is the place of the sun ; a, b, c, 

the places of the comet in the first, second, and third observations ; a', b', cthe 

corresponding places of the earth. Draw the chords a he, a'h'c', intersecting the 

radii s b, sb', in the points h,h!, respectively; then by Kepler’s first law [365'], we 

have, 

t’—t : t"—/ : : sector sab : sector s b c . 

Now if we consider the chord a c as a very small quantity of the first order, in 

comparison with the radius sb, the segment hb will be of the second order. In this 

ease, the triangle sac will be of the first order, and the elliptic, hyperbolic or parabolic 

segment ab ch a of the third order ; so, that the sector sabc will differ but very 

little from the triangle sahe. In like manner if we suppose the chords ab, cb to be 

drawn, we shall find that the sectors sab, seb, differ respectively from the corresponding 

plane triangles sab, scb, by quantities of the third order; therefore the error will be 

but very small, if we substitute in (47), the ratios of the areas of these plane triangles, 

instead of the ratio of the areas of the sectors. Now these plane triangles have the same 

common base sb, and the perpendiculars let fall upon it from the points a,c, are 

evidently proportional to ah, ch, therefore their areas must be in the same proportion; 

hence, we shall have, very nearly, 

t'—t : t"—t' : triangle sab : triangle scb :* ah : ch. 

The same reasoning may be applied to the segments of the chord ad, described by the 

-earth ; therefore, we shall have, very nearly, 

t'—t : t"—t' :: ah : ch : : alh! : c'K ; 

which is equivalent to the supposition, that if the two chords a c, dc', be described with 

uniform velocities, in the time t"—t, by a fictitious comet and planet, the fictitious bodies 

will be at the points h, h', when the real bodies are at b, bJ, respectively ; and it is 

upon this hypothesis that the method of Dr Olbers essentially depends. 

We shall now take the point A', as a centre, and shall suppose the line h's, to be 

continued infinitely, till it meets the concave surface of the starry heavens, in the point 

S, figure 85, representing the geocentric place of the sun at the second observation. 

Moreover, we shall suppose three lines to be drawn through h! figure 84, page 797, 

parallel to the lines a!a, b'b, e'e, in the same directions, and continued infinitely to the 

heavens in the points A, B, C, figure 85, representing respectively the geocentric places 

of the comet, in the first, second, and third observations. Through the extreme points 

A, C, we shall draw the great circle CHAJV, intersecting the ecliptic SJY in the point JY; 

also the great circle SB, intersecting the arc AC in iff. To avoid the confusion of 

having many lines on the same figure, we have not actually drawn these three lines through 

the point h', but have merely marked, in figure 84, page 797, the point a!' of the line 

h!a"A, and the point c" of the line h'c" C ; supposing h!a" = a'a, h'c" — c'c. Then it is 

vol. hi. 199 

[5994] 

(46) 

<47) 

(48) 
Geometri • 
cal inves¬ 
tigation of 
Olbers’s 
(49) 
method. 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 
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evident from this construction, and from the proportions between the lines ah, ch, a'h', dkr 

(52), that the right line, connecting the points a", c", will pass through the point h ; and 

t57) this line will be divided by the point h into the segments ha", he", which have the same 

ratio to each other, as ha, he ; as will be more particularly explained in a similar case in 

(70, &c.). Then as the line shb, when viewed from h', is projected on the concave 

surface of the heavens, in the great circle SB; and the line a"he", when viewed 

from the same point h!, is projected in the great circle AC ; it follows, that the point A, 

which is the intersection of these two lines sb, a"cH, must be projected in the heavens in 

(60) the point H where the two great circles AHC, SHB intersect each other. Therefore, 

H will be the geocentric place of the comet in the heavens, in the middle observation, if 

61) the bodies were to move uniformly in the chords ac, a'c' and the comet be at the point h, 

when the earth is at h'. 

(62) 

(63) 

(64) 

(65) 

Now if we suppose P, figure 85, to represent the pole of the ecliptic ; °f the first point 

of Aries; PA A', PBB', PHH, PCC circles of latitude ; we shall have, 

AA! = ô, BB’=Ô', CC = Of A' = a, °fB' = a', °fO' = a ' rs = 

and we shall put for the geocentric longitude and latitude of the point ET, 

°f M' = cu. HH1 = 2 ? 

also, the angles, ASA^ = b ; BSB' = b' ; CSC' = b' 

and the arcs, SA! = ©'—a ; SB’ = (vf—c\J ; 

Then, in the rectangular spherical triangle ASA', we have, 

SC = © -CO 

t&ng.ASA' ■ 
tang .A A’ 

[134531] ; 

(66) 

(67) 

(68) 

sin. SA1 

which, in symbols, is the same as the first of the equations (66) ; the s econd and third of 

these equations, are found in the same manner, from the rectangular spherical triangles, 

BSB', CSC ; the second of these expressions, is evidently equal to the assumed value 

of m (28) ; 

tang.d ^ 77 tang.O'_ ^ _ tang.é" 
tang.5 = . 

sm# 
tang.5'= 

•a) sm.(0- a 0 
—- m tang .b"= 

We shall suppose in figure 86, that the paths of the earth and comet are projected 

orthographically upon the plane, of that circle of latitude which is perpendicular to the 

radius, drawn from the sun to the earth at the time of the middle observation ; or in other 

words, that the plane of projection is perpendicular to the line b'h's figure 84 ; so that 

the point A,, of figure 86, is the projection of this line, or of the three points V, h', s, 

i ) rq 5 - d t, C 1 > 

(69) 

upon the plane of this figure. We shall suppose, that the points a 

represent, respectively, the projections of the places of the earth a', c', and of the comet 

a, c, at the times of the first and third observations ; also H2 the projection of the 

point h; so that the points S, A, H, C, in figure 85, correspond respectively to 

the points s, At, Hs, Cx in figure 86. Then it is evident from the principles of the 
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orthographic projection, that the lines cqtq, 

A1C1, are divided in the points h1, H2, in 

the same proportion as the lines a'c', ac, in 

figure 84, are by the points h!, h. Therefore, 

if we draw the line AXAZ, parallel and equal 

to ax hx ; Cx C2, parallel and equal to c1h1 ; 

then join H2 Cz, H2A2, we shall have, as in 

(52), very nearly, 

t'—t : t"—t' ; : AJJ2 : CXK : : AXA2 : CXC2. 

Now by construction the angles C2Cl H, AZA1H2, are equal, and as the sides about 

these angles are proportional, in the triangles C1C2H2, A1A2H2 , therefore these triangles 

aie similar, and the angle A1M2A2 = the angle C1H.2C2j consequently the three 

points «/î3, C2) are situated in a straight line,* which is divided by the point d„, in 

the same proportion as the line A1C1 is divided by the same point ; so that we shall 

have, as in (52), 

[5994] 

(70) 

(71) 

(72) 

(73) 

t—t : f—t' : : AJl : C2 U2. (74) 

From the above construction, it is also evident, that the line h1A2 is equal and parallel 

to axAx-, and hx C equal and parallel to c1C1-, so that if the lines /q A2, A.C^be (75) 

continued infinitely, they will represent the projections of the lines KA,h'C(55), drawn 

in figure 85, from the centre of the sphere hf to the geocentric places A, B, C, of the comet, (76) 

in the starry heavens, at the first and third observations. In like manner 7q H represents 

the pro jection of the line h'hH figure 84, drawn from the centre N, through the point h, 

towards the point H in the starry heavens. The line axcx, figure 86, continued to A3, (77> 

represents the projection of the ecliptic, upon which we shall let fall the perpendiculars A2A3) 

A1as,H2H3, Cxc3, C2C3. Then it is evident, from the construction, that a1a3 = h1A3 (78) 

is the projection of the curtate distance p at the time of the first observation ; and as the 

geocentric longitude of the comet is then equal to a, and the longitude of the axis (79) 
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drawn through a,, perpendicular to the plane of the figure is 0', the inclination of the 

(,9) line p to this axis is 0'—a; consequently this projection of p is represented by, 

(80) a1a3 —h1A 3 = p.sin.(0'—a). 

In like manner the projection of p" is, 

(3D c,c3 = 11,0, = P".sin.(0— a"). 

Again, as the line Sh1 figure 85, is perpendicular to the plane of projection in figure 86, 

the angles formed about the point S figure 85, will be projected about the point h,, 

(82) figure 86, without any alterations in their magnitudes or relative positions ; so that the 

angle ASA! figure 85, will be projected into AJi,A3 in figure 86, and so on for the other 

angles ; hence we shall have, by using the same symbols as in (64) ; 

(83) A3\A2 = b ; H3h,H2 = b’ ; C3\ C2 = b" ; A2h,H2 =b'—b ; C2h,H2 = V— b 

(84) 

(85) 

(85') 

(86) 

(87) 

Now in the rectangular plane triangles A3h,A2, C3h1C2, we have by using the values 

(80,81,83), 

_ M, _ p.sin.(0'— a) _ 

1 2 cos■A3h1A2 ‘ cos ,b 

h r __ _ p'hsin.(0' A') 

12 cos .C3h,C2 cos .b" 

In the plane triangle A2HJi, we have, 

sin.A2H2h, : sin.A2Ji,H2 :: h,A2 : A2H2'y 

hence we get the first expression (86), using for brevity, 

sin. H = sin. ÆH2 h, = sin. C2Hz h, ; 

and by substituting the symbols (83,84) in its second member we get the second expression 

(86). In like manner from the triangle 0,11^, we get the expression (87) ; 

A2H2.sin.H=h,A2 .sin.A2h1H2 = ^ -~ • sin.(b1—6); 

C2H2. sin.H = h, C2 .sin. C2hfi2 = P ' • . sin. (6"— b'). 
cos, 

Dividing the equation (87) by (86), then substituting in the first member, the expression, 

(88) 

CM, 
AM* 

putting also p,f = M.p, as in (29), we get the approximate values of JR (92). Developing 

the first members of (89,90), by [22,34'] Int., and substituting the values (66), we get 

successively, 
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sin.(//—b) = sin.b'. cos.b—. cos.é'.sin.è = cos.b.cos.U. (tang.6'—tang.è) 

i 7, / tang.d 
= cos.o.cos.6 Am--—-- 

V sin.({v) a)_ 

797 
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(89) 

sin. (b"— b') — sin .b". cos.b1 — cos.6". sin A' = cos. b'. cos. b". (Jàng. 6"— tang.6') 

= cos.b'. cos,b".[ 
tang.O" 

,sin.(©'— a") 
— m") . 

/ 
Substituting the values (S9,90) in M (92), and rejecting the factor cos.b.cos.b'.cos.b1', 

which occurs in the numerator and denominator, we finally obtain the approximate value of 

M (93) ; which is of the same form as in (30) ; 

f—‘t' cos.b". sm.{h'—b) sin.(@'—a) 

(90) 

(91) 

M = 
t'—t cos.6.sin.(Z>"—b') ’ sin.(®'—a") 

t"— i' m.sin. (0'— a) — tangJ 

r Approximate"] 
Lvalue of »W.J 

f — t tang.ô"- • m.sin.((v)' • a") ' 

Sun 

(92) 

(93) 

(94) 

(95) 

(96) 

(96') 

We shall show hereafter, in (306, &c.), how this approximate value of M may be corrected 

lor the error of the hypothesis (50), where the ratio of the areas of the triangles, is used <93') 

instead of that of the sectors. Again, we have, in the right angled spherical triangle 

BB'S, figure 85, page 795, 

cos.SB = cos.SB', cos.jBB' = cos.{0'—a'Jcos.ff [134527] ; 

and this evidently represents the cosine of the angular distance of the sun and comet 

sb'b = SB figures 84, 85, in the second observation. In like manner, by decreasing by 

unity, the accents of the symbols, so as to make them correspond to the first observation 
we get, 

cos. 5 a1 a = cos.(0 — a) .cosJ. 

Now in this plane triangle sa!a, we have, sa = r, 

sa' = R, aa' — p.sec.d, and, by using [62] Int. 

we obtain the expression (97), which is easily 

reduced to the form (98), being the same as the 

first equation of La Place’s method [806] ; 

r2=R2-2R. (p.sec.d).f cos. (0-a) .cos (p.sec.d)a 

—R2—2R.p.cos.(0—a)-j-f2. sec2A 

This last expression is the same as the value of 

r2, (31), corresponding to the first observation. 

If we add two accents to the symbols of this 

expression we get, 

r"2=R"2—2 R".f. cos. (0"—ci") + P'/2.se c2.(3" ; 

200 

(97) 

(98) 

(99) 

VOL. III. 
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which, by substituting p" = ill.p (29), becomes as in (32) ; corresponding to the third 

observation. 

We shall now suppose, for a moment, that the place of the comet at the first observation, 

is determined by three rectangular co-ordinates x, y, z, whose origin is the centre of 

0°°) the sun. The axis of x is drawn in the plane of the ecliptic, towards the first point of 

(101) Aries ; tlie axis of y, is drawn in the same place, towards the first point of Cancer ; the axis 

of z, is perpendicular to the ecliptic, and directed towards its northern pole. In like 

(102) manner, we shall suppose, that x', y', z', represent the co-ordinates of the comet, at 

(103) the second observation; also x", y" z", those at the third observation; then it is 

(104) evident, from the principles of the orthographic projection [118], that if c represent the 

line or chord, between the places of the comet at the first and third observations, we shall have 

the first of the expressions of c2 (106) and by developing and substituting, 

(305) r2 = a2 + y2 + 22 ; r"2 = a/'2 + y"* + 2"2 ; 

it becomes as in (107) ; 

(W6) cs=(æ''—a?)^+(y'^^)S+C^—^)2=(^,'2+y/,2-i-^)+('c24-i'2+^2)— 

=r"*+r*—%(xx',-\-yy"+zz"). 
(107) 

(108) 

(109) 

Now we have, as in [762,768], 

x = P.cos.^4-j- p.cos.a ; y = R.sm.A -j- p.sin.w ; £ = p.tang.h 

x" — R!'. cos.^4" f. cos.a" ; y" = R". sin. A" -f- p". sin.a". z" = p". tang J". 

Substituting these values in the first member of (110), we get its second member, and by 

successive reductions, it becomes as in (112) ; using the values of A, A" (10); 

(110) 

(in) 

(H2) 

(113) 

(114) 

(115) 

xx"-!ryy" = R.R".(cos.-Æcos.«4!"+sin.Æsin../P)-{-R".p.(cos../P.cos.a-f-sin.4L".sin.a) 

+ R. p". (cos .A .cos.a'-j-sin .A .sin.a") -}- p- p". (cos.a.cos.a"-f-sin.a.sin .a") 

= R.R".cos.(A"—A)-\-R".p.cos.(A"—a.)-fR.p".cos.(.4—a^-f-p.^.cos^a"— a) 

==R.$".cos.(®"—<©)—J3".P.cos.(®"—a)—R.P".cos.(@— 0+p.p".cos.(a"—,a). 

Substituting this and zz" — p.f".tangAtang.d" (108,109),in(107); 

and then putting p" — Alp. (29),it becomes as in (33), the terms 

being arranged according to the powers of p. We have as in 

[5858] z r.sin.lat. or z = r.sin.zs (18); putting this equal 

to the value of z (108), we get sin.^ (34), corresponding to the 

first observation, and in like manner we obtain for the third 

observation sin.zr" (35). In fig. 87, if S be the place of the sun, 

C, that of the comet, and T that of the earth, at the first obervation ; 

Ct C a line drawn from the comet C1} perpendicular to the plane 
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of the ecliptic ; we shall have in the plane triangle, STÇ, 

TC = p, SC = r. cos.*, GST =5, STC = © 

and since, 

SC : TC :: sin.STC : sin.GST; 

we shall have, in symbols, 

— a ; (116) 

(117) 

r.cos.îrf : p :: sin.(® — a) : sin.s; (lie) 

whence we obtain sin.s (36), corresponding to the first observation; and by putting tvvo 

accents upon the symbols, we obtain the similar expression of sin.s" (37), corresponding 

to the third observation. 

In figure 88, NA'C represents the ecliptic, A,C, the heliocentric places of the comet at 

the first and third observations ; A', G, these places reduced to the ecliptic ; N the ascending- 

node of the comet’s heliocentric orbit NA G Then in the rectangular spherical triangle, 

NA'A, we have cot .ANA' — cot. AA'.sm. ISA' [134531] ; or, in symbols, 

cot.9 = cot. vs. sin.10, which is easily reduced to the form (40). In like manner, in the 

triangle NCC, we have, by putting for a moment, p"— p = 2/3,, and NC = w -\-2py, 

cot.9 = feot.«//.sin.(w -j- 2pi) = cot.V'.^sin.zt?.cos.2^1-f-cos.w.sin.2^1.}. Putting these two 

expressions of cot.cp (120', 122) equal to each other, and dividing by sin.w.sinSp^cot.vs", 

we get, tang.'ra".cot.'5j.cosec.2(3, =• cot.2^!-{-cot.w, whence we get cot.10 (38). This 

expression may be reduced to the form (38') ; which is rather more convenient, in using 

logarithms. For we have, in the triangles, NAA', NC'C\ 

■yy 1- tV_ _] 

each other, we get the first equation (123'). M A' 

Putting for brevity, w -f- (p"—(3) = iv(3,, we get the second form in (123') 

and, by development we obtain the third form. From this last expression, we easily 
. . . . COS.75 . COS.75 

deduce (124), and by multiplying it by tang./3, .-Tr-; we get the first expression 
cos.75 . cos .vs 

(124'), which is easily reduced to the second form, which is the same as (38'), 

(119) 

(120) 

(120') 

(121) 

(122) 

(1220 

(122") 

(123) 

tang.73"   sin.(w -f p" — p)   sin.^ -j- pt)   sin.tiq.cos.p, -(- cos.^.sin.^ 

tang.75 sin .w. sin.(iv1 — pj sin^cos.^ — cos.Mq.sm.f3, 

tang.-ar" -f- tang.75 2510.111,. cos.(3, tang.wq 

tang.75" — tang.75 2cos .w1 . sin.(3, tang.f3, 

sin.TO''.cos.75 4- cos.zs'1.sin.75 
tang.tiq =—— -—J-—-tang./3, 

sm.75.cos.Mr—cos.75.s1n.Mr. 

sin.(75" -f- 75) 

sin. (75" — Trf) 
tang.ft. 

(1230 

(124) 

(124') 
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Again in the triangles JSA.A!, NCO, fig. 88. we have 

(iss) cos.NA = cos.AA'.cos.NA'; cos.NC = cos.C(7.cos.JVC' [134527], 

which in symbols, becomes as in (41,42). These values of u, u", give, 

(126) x — u'r — u — arc AC ; 

adding this to v we get v" = v -f- %. Then the formula (45), which is the same as 

[5986(4)], gives, 

(127) D = r.cos.2|'y = r". cos.2£.(y-f x) ? 

hence. 

cos.f .(y-|-x) cos . \v .cos.—sin. Jy . sin. £x 

COS.fy cos.|y 
= cos. lx — tang. ir.sin.fx* 

(128') 

(129) 

(129) 

Dividing this by sin.|x? we get the value of tang.|y (44). In the same way, we may 

obtain the expression of tang.|y" (4-4') ; or more simply, by changing r, v, u, 

corresponding to the first observation, into r", v", it", which corresponds to the third ; 

by which means x (24), changes into — x . The expression (44), may be reduced 

to the form (44"), by putting, 

tang.f == L (43) ; 

by which means it becomes, 

(129') 

, - tang.| 
tang. 41) = cot.fx-;-, or, 

smix 
tang.| = cos.|x — sin.|x^angi» ; 

hence we get, by successive reductions, and using [1,6,31,29] Int., the following expressions, 

1 — tang.| 1 — cos.|x + sin.fx-tang.fy 2sin.2fx + 2sinix-cos-|x-tang.|y 

1 -j- tang.| 1 -f- cos.|x — sin.fx-tang.fy 2cos.2fx — 2sin.fx-cos.fx-tang.fu 

(130') = tangix- 
tang.fx + tangjy 

1 — tang.fx-tang.f u 
tangix-tang.(|u -fix). 

Substituting 1 = tang.45rf, in the first member of (130), and then reducing, by means of 

(30) Int. it becomes, 

(130") 
tang.45rf — tang.f 

1 -f tang.45* tang. 
= tang.(45rf — f) > 

hence the expression (130') becomes as in (44"). 

We shall now proceed to illustrate these formulas by an example in (173, &c.). The 

(i3i) data being as in (174 — 175). With these, we can compute in (176 — 181), the 

coefficients of the fundamental equations (31,32,33), as in (182—186). From these equations, 
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by the process, which is explained in (134—163), we may compute the values of p, 

r, r", in successive approximations with the help of Tables I, II, as in (187—191); the 

arguments to be used in Table II, being the sum of the radii r -(- r" at the top of the page, 

and the chord c at the side. Having obtained these approximate values of p, r, r", we can 

deduce from them the approximate elements of the orbit, as in (193—205). The chief 

difficulty in this solution, is in finding the value of p, wdfich wall satisfy the equations 

(182, 183,186), or, as they are called, (A), (B), (C) ; to which we may also annex the 

equation (B), or the sum of the equations (A), (B), which represents the value of 

r2_j_ The method of operation, to find the value of p, is explained in the precepts, 

in the four first pages of Table II, to which we may refer, observing particularly the directions 

at the bottom of the fourth page, to vary p in the successive operations by some aliquot 

part of its last value, represented by . p ; p being an integral number, positive or 

negative; by this means any term A, depending on the first power of p is augmented 

by - . A, and if it depend on p2, it is augmented by the quantity -. A-\-~ .(^--.Aj. 

We may also observe, that in making the first rough estimate of the value of p, wre cap 

use with advantage the tw7o equations (C), (B), or the values of r2-j- r'/2, c2 ; found 

to one or two places of decimals. In this process we must enter Table II with the argument 

r2 _j_ r"2 at the bottom, and c2 at the right hand side column. In this case we have 

only two equations, (C),(D), to satisfy ; instead of the three equations (A),(_Z?),(C), 

required in the general and more accurate process. Most commonly, we may, for a first 

hypothesis, take p = 1 ; and if the resulting time T, deduced from Table II, be too great, 

we must, in general, decrease proportionally the value of p ; and in one or two trials, 

without theirouble of taking any proportional parts, and with a very few minutes labor, we 

can get a pretty close approximation to the value of p. When this is obtained, wre canuse 

it with the equations (A), (B), (C), in getting the correct value of p, by the process 

explained in page 2 of Table II, or by the similar calculation in (153—163). In the 

examples which we shall give in (207—242), for finding p, we have neglected the 

consideration of the equation (D), but it may not be amiss to show the advantage of 

using it, by applying it to these examples. Taking therefore the first example, and using 

the equations (D), (C), (184,186), we find, that if we put p = 1, and use two 

places of decimals we shall get 

r2 + r//2 = 2,02— 1,50 + 2,01 = 2,53 ; c2 = 0,02 — 0,11 + 0,50= 0,41 ; 

wdience wTe find, by inspection, in Table II, T — 27day3, instead of the real value by 

observation T = 8^ : and as this is three times too great, wre may decrease p in that 

ratio, and take for a second value p = This gives in (184, 186), 

r2 -f r"2 = 1,747 ; c2 = 0,0374, 

[5994] 
(132) 

(133) 

(134) 

(135) 

(135) 

(130) 

(137) 

(138) 

(139) 

(140) 

(141) 

(142) 

(143) 

VOL. III. 201 
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whence T = 7day%£> nearly. This must be increased a little, because the time is too 

(144) small, as we have done in (189). Again if we put p = 1, in the second example, 

(207, Sic.) we shall get, from (210, 209), 

r2 -f- r'/2 = 4,71 ; 0,68 

which gives, in Table II, T = 42<uys, instead of lldaya,9734. We may, therefore, 

:(J45) for a second supposition, put p = |, because these two values are nearly in that ratio. 

Substituting p — a in (210,209) we get, 

r2 r"2 = 2,42 ; C2 = 0,104 ; 

hence we get in Table II, T = 14days nearly; so that p must be still further 

046) decreased ; and the value assumed in (212) is -§•. In Example III, (216, Sic.), we have 

by putting P = 1, in (219,218), 

r2 + r"2 = 4,98 ; c2 = 0,91 ; 

whence T — 49',ays instead of 10days ; so that for a second value we may take 

P = -i, which gives, 
r2 -f- r"2 = 1,79 ; c2 = 0,009 ; 

,,147;, whence T = 3days,7. This is much tco small, therefore we may take p = 4; hence, 

r2 -{- r"2 = 1,89 ; c2 = 0,050 ; 

whence T = 9days, which must be increased a- little as in (222). In Example IY, 

(226, &sc) we have, by putting p = 1, in (229,228), 

r2 -f- r"2 = 1,98 ; c9 = 0,12 ; 

whence T — I4days ; which is nearly four times too great, therefore we may take for 

(143) the next operation p =|, as in (231). In Example Y, (235, &c.), we have, by putting 

p = 1, in (236,235), 

_j_ r//a = 4j39 . c2 =0}]6; 

whence T = 20days, which is more than double the actual value, we may therefore 

(149) assume p = | as in (237) for the next operation. In Example VI, we have by 

putting p = 1, in (240,239), 

r2 -j- r,/2 = 1,27 ; c2= 0,45 ; 

wdience T = 24days ; which is twice the actual value ; we may therefore take for the 

,.-lT next operation p =$, as in (241). What we have here stated will serve to show the 

(151} method of using the equation (D). We shall now proceed to the explanation of the 

process with the equations (A), (B), (C) ; and it will suffice, for this purpose, to explain 

(152) parfcularly, the calculations in the first example in (173—206). 



COMPUTATION OF THE ORBIT OF A COMET. 803 

In making the calculation of p, from the equations (.$), (Z?), (C), or (182,183,186) 

of the first example, we have placed, in the first column of the table (187—191), the 

successive values which are assumed for p. The second column contains the corresponding 

terms of r2, deduced from the equation (A), in the third, the value of r"2, deduced 

from (B) ; the fourth the value of c2, deduced from ( C). In the fifth column are 

the corresponding values of r, r", c, deduced from />-2 r" 2 c2, by means of Table I ; and 

in the sixth column is the resulting value of T, deduced from Table II. Thus by putting 

p—1 in the equation (A), we find that the terms become r9=l,Q14—0,288-j-l, 103=1,829, 

as in column 2 ; and with this value of r2, we get r = 1,35, in Table I. In the 

same way, we get, from (JB), (C), the expressions r" — 0,84; c — 0,64 ; then with 

r-j-r" = 2,19 and c = 0,64, we obtain, by the mere inspection of Table II, T— 27da>’s, 

nearly. This time being about three times as great as the actual value by observation, 

T = 8daya, we may take for a second hypothesis p= i. ; and by repeating the operation get 

T — 7day%660. The calculation of the coefficients of p, p2 in these equations is made in 

columns 8, 9, 10, conformably to the precepts in pages 1, 2, 3, 4, of Table II; and the 

results are transferred tocolumns 2,3, 4. In going through these calculations, we have always 

varied p by an aliquot part - . p of its last value, according to the precepts in the table 

ancj^n (135). Thus we have, in the first instance, taken p=l (187), then p=y (18S) ; to 

this second value At part is added, for tire next operation ; and as this is found to be too 

great, it is decreased by At<t Part j finally this last value is increased by part or 

0,0004, multiplied by its last value ; and then the resulting expression of T becomes 

8dars, agreeing with the observations. Similar processes are used in the other examples, 

as may be seen by inspection of the calculations, without any particular explanation. 

(153) 

(154) 

(155) 

(156) 

(157) 

(158) 

(159) 

(160) 

(161) 

(162) 

(163) 

In the first example (173—206), we have gone through the whole calculation (176—181) 

for finding the coefficients of the equations (A), (B), (C), (182—186) ; and deducing from 

them the values of p, r, r" (187—192). From these last quantities we have finally 064) 

deduced the elements of the orbit, as in (193—205). This one example will suffice for 

the illustration of the method of calculating the coefficients (176—131), and the computation 
. (165) 

of the elements (193—205) ; but for the sake ol explaining more particularly the uses of 

Tables I, II, we shall insert several examples of the computation ol p, r, r", similar (igg) 

to (187—192), from the fundamental equations (A), (B), (C), corresponding to different 

comets and shall select, for this purpose, some which have been already calculated by Olbers, (167) 

Delambre, Ivory, fkc. We may remark, that if any one of the coefficients of the equations 

{A), {B), (C), he negative, we may add its arithmetical complement to 10,00000, and (i68) 

then reject this last quantity. Thus, in finding the first value of r2. in the following table 

(187); instead of using 1,014—0,288 -(- 1,103 we may take, 069) 

1,014 + 9,712 4- 1,103 — 10,000 ; ’ 1 ’ 1 ’ (170) 
and as each figure of the arithmetical complement can be taken separately, ivh ile performing 

the process of the addition of these quantities, without the trouble of actually writing down 

the figures of the arithmetical complement, we can make this addition, by one operation} 

notwithstanding the difference of the signs : by this means the calculation is somewhat 072) 

abridged. 
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EXAMPLE L 

This example is the Same as that of Dr Others, in page 54 of his Mhandlung, &c., in which he gives the 

{173) computation ot the orbit of the comet of 1769, from the observations of September 4th, 8th, 12th, 1769. 

(174) 

(175) 

(175') 

176g Sep. 4d i4h; 

8d i4h; 

i2d i4h; 

Q long. Comet’s geo. long. Com. geo. lat. South. log. © dist. earth, 

= i62rf42mo5s; a = 8orf56™iis; 9 =— i7rf5i™39s; log.R = o,oo3i32 ; 

— i66Æ 35™ 3is ; cl' = ioitf 00™ 54s ; S' = — iid o5m 02* ; log.i?/ = 0,002665 ; 

= iyod 29” ->d in’» 20* ; (X11 — i^4a 19”1 22s : 6" = — 23^ 43™ 55s ; log.i?" = 0,002184 

Hence wTe deduce, 

© — n, = 8i<? 45™ 54® ; © — a"= 38rf 22™ 43s ; 

©' — a — 85Æ 3gm 20s ; -©' —a' = 65*34™ 37s; ©' — cl"= 42* 16™ 09* ; 

©"_a =89* 33™ 09*; ©"—a"= 46rf09™ 58s ; ©"—© = 7*47™ i5*> cl" CL 43“ 23™ U*’. 

log.i?2 = 0,006264 ; log.i?"2 = o,oo4368 ; log.2i? = o,3o4i62 ; log.2i?" = o,3o32i4 . 

In this example the moon’s geocentric latitudes being south are considered as negative ; and the rules for 

the signs of the angles [6990 (23, 24, 25)] are to be observed in finding the coefficients of all the terms of 

the fundamental equations (28—33). 

I. CALCULATION OF THE THREE FUNDAMENTAL EQUATIONS (3l, 32, 33). 

(176) 

(178) 

(179) 

To find m, M (28,3o). 

S' tang. 9,608237,, 

V—cl' cosec. ,040712 

m log. 9,648g49„ 

—sin.(©'—cl") log. 9,827766" 

(177) 0,29972 log. 9,476715 

tang 9"=—o,43g63 

—o,r399i=Denomin. of M 

m log. g,648g4gtt 

©'—a sin. 9,998750 

To find r-i (3i). 

i?2 i,oi453 log. 

—2 4? log. 

© CL COS. 

0,006264 

o,3o4i62n 

g,i56o45 

—0,44432 log. 9,647699,1 

—tang.6=0,32224 

Num.oLhT=-o,i22o8 log. 9,0866 44n 

Den. oi M log.co.ar.o,854i5in 

t"— t' log. 0,602060 

V— t log.co.ar.9,397940 

M log. 9,940790 

ClSO) 

To find c2 (33). 

coeff. of p=—o,288541og. 9,460207,, 

6 sec. 0,021452 

sec2.S=i,io384 log. 0,042904 

To find r"2 (32). 

i?" 2 1,01011 log. o,oo4368 

—2 R" log. 0,3o32l4„ 

©"—cl" cos. g,84o464 

M log. 9,940795 

coeffi.of p=—1,21471 log. o,o84473w 

6" sec. o,o3837i 

M log. 9,940795 

Af.sec.6" log. 9,979166 

4)f2.sec2 0"=o,go852 log. g,g58332 

—2 R log. o,3o4i62„ 

R" log. 0,002184 
£SW_ cos. 9>995976 

— 2,00596 log. 0,302322„ 

2 R" log. o,3o32i4 
cos. 7,892666 

Ist term=o,oi570 8,ig588o 

aR . log. o,3o4i62 
© cl" . cos. 9,89427.5 

M . log. 9*940795 

2nd term—1,37795 log. o,i3g232 

coeff. ofp=i,3g365 

—2 log. o,3oio3on 
M log. 9,940795 

cl"—-cl cos. 9,861378 

istterm=—1,26825 o,io32o3„ 

—2 . log. o,3oio3o„ 
M . log. 9,940795 

6 . tang. Qj jo8 i 7^71 
9" . tang. 9,643og27i 

2ntlterm=—0,24723 log. 9,393092,, 

(181) coeff. of /;2=—1,51548 
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Three Fundamental Equations. 
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r2 = i,or453 — 0,28854-/! -j- i,io384 p9 (A) (182) 

r"2 = i,oioii — x,21471-jO -f- o,go852./)2 (X) (183) 

Sum r2 -|_ r"% = 2,02464 — i,5o325./j -(-2,ot236 p^ (P) (184) 

Add the other terms of c2, —2,oo5g6 + i,3g365./> — i,5i548.^2 (185) 

Sum is c2 = 0,01868 — o,iog6o./i -j- o,4g688./i2 (c) (186) 

Computation of p from the equations (A), (B), (C). 

Col. 1. Col. 2. Col. 3. Col. 4. Col. 5. Col. 6. 

Assumed values 

of p. 

Corresponding terms of the 
equations (A), (B), (C). Values of 

r, r", c. T 
]r//2 c2 

Hypothesis I. 

p— 1,0 

as in (i4i)- 

i,oi4 
—,288 
i,io3 

1,010 

-r,2l4 
o,go8 

0,018 
—0,109 

0,496 

r — i,35 
r" — 0,84 

27days 
r-= 2,19 

1,82g 0,704 o,4o5 c = o,64 

Hypothesis II. 

f=J=o, 33333 

1,oi453 
—,og6i8 

,12265 

1,0101 1 
—,40490 

,ioog5 

0,01868 
— ,o3653 

,o552i 

r — 1,02029 
r"= o,84o33 

7,52g 
I 

3i3o 
r-\-r"= 1,86062 

i,o4ioo 0,70616 0,03736 c = 0,1932g 7,660 

Hypothesis III. 

A dd 1 or 
277 

0,01667 makes 

p = o,35 

i,oi453 
—,ioogg 

,t3522 

1,01011 

—,42614 
0,11129 

0,01868 
— ,o3836 

,06087 

r — 1,02409 
r" = 0,83443 

7,9°3 
18 

>117 r-j-r" = 1,85852 

1,04876 0,69626 o,o4i 19 c = 0,20295 8,o38 

Hypothesis IV. 

Less __l_ or 
iTo 0 

o,ooi75 makes 

p = 0,34825 

1,01453 
—,10048 

,i3387 

1,01011 
— ,42302 

,11018 

0,01868 
— ,o38i6 

,06025 

r — 1,02368 
r" = o,835o3 

7,9°3 
18 

75 

7,996 

r-j-r" = 1,85871 

1M792 0,69727 0,04077 c = 0,20191 

Hypothesis V. 

Add 0,0004./! or 

0,00014 makes 

p = o,3483g 

1,01453 
—,ioo52 

,i33g8 

1,01011 
-o,423ig 

0,11027 

0,01868 
— ,o38i8 

,o6o3i 

r = 1,02372 
r" = 0,83499 7,9°3 

18 

79 r-j-r" = 1,85871 

i >04799 0,69719 0,04081 C — 0,202011 8,000 

Col. 7. Col. 8. Col. 9. | Col. 10. 

Coefficients of p . 

0,28854 1,21471 |o,10960 

1 
2(7 

0,096180 
4809 

o,4o4go3 o,o36533 
20245I 1826 

1 
21717 

0,100989 

—5o4 
0,425x48 o,o3835g 
-2125 -191 

,ooo4 
0,10048 5 

4o 
o,423o23 o,o38i68 

1691 15 

0,10002.5 0,423192 o,o38i83 

Coefficients of /,2. 

1 
10 

1 
¥17 

_ 1 
10 0 

4017 

,0008 

i,io384 io,go852 0,49688 

0,122649 

12265 

3o6 

0,100947 

ioog5 
252 

o,o552o8 
5521 

138 

0,135220 
— i352 

3 

0,111294 

—i n3 
3 

0,060867 

—609 

I 

o,i3387i 
107 

o,j 10184 

88 
0,060 2 5g 

48 

0,133978 o,t10272 o,o6o3o7; 

(187) 

(188 

(189) 

(190) 

(191) 

With these last found values of p = o,3483g, r = i,oa372, r” = o,834g9, we shall now compute the 

elements of the orbit, by means of the formulas (34—45) ; observing, that as r > r", the comet must be (192) 

nearer the perihelion at the third observation than at the first. 

Computation of the elements of the orbit. 

p — o,3483g log. 9,542066 füT sec. 0,002627 
M log. 9,940795 r log. co. 9,989819 

p" = M.p log. 9,482861 P log. 9,542066 

r" 0,83499 log. CO. ,07831g © — a sin. 9,995499 

9" tang. 9,643o92u « = i9d 48”* 25s sin. 9,53ooii 

yh = — g'f 12”1 37® sin. 9,20427Q„ A = 342'* 42”1 o5* = ©+ i8od 

)8 = 
2d 30m 30s = A-{- , 

P log. 9,542066 fi" — 5“ 55”* 06s found in (196) 
r 1,02372 log. CO. 9>989819 
9 tang. g,5o8i75,t /S" -/S = 3d 24m 36* 

<ur = — 6rf l7m 45® sin. 9,o4oo6ort 
10 — 7d 11™ 25* found in (197) 

— 13 — ioa 36w 01* — J2" — [4 -j- w 

U — 355d igm o5* = j2 — w 

(193) 

(191) 

(195) 

VOL. III. 202 
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(196) 

(197) 

(197') 

(198) 

(nr'1 
r" 

?" 

*" 

A" 

i5d o.5m 46s 

35od 29m 20* 

sec. o,oo5636 

log. co. 0,078319 

log. 9,482861 

sin. 9,858147 

sin. g,424963 

i8od 

= 5d 55m 06* = A" + «" 

cosec. 1,22.5625 

cot. o,g57317„ 

tang. g,2099i4n 

log. 

18" _ 

fi" — fi = 3d 24m 36s 

ns- 

24,7090 

—cot .(fi" —fi) — 16,7824 

1,392856 

cot.tt» = 7,9266 log. 0,899087 

w = 7d n'« 25* cosec. 0,902518 

.-nr tang. g,o42683?l 

Inclination <p = — 4id 23m 4is tang. 9,9452oi7l 

tZF cos. 9:997373 

w cos. 9,996571 

u = gd 32m 46* cos. 9,993944 

tar" cos. 9,994364 

fi" — u cos. 9,992625 

u" = 14d OOm 29* cos. 9,986889 

- u" — u = 4d 27m 43s 

fct = 2d l3m 52* cosec. 1,409711 

h ]oS-r arith. co.9,994909 
i log.r7' 9,960840 

N umber 23,1985 log. 1,36546o 

— cotj* = : - 25,6674 

tang.^v" — - — 2,4689 

— 6ja 5jm 00 cos. 9,574512 

same cos. 9,5745i2 

r" log. 9,921681 

— v" —- T35rf 54”1 00* ) 

vJi — i4d °om 29* j 

Perihel. — u = i49d 54”1 29s 

Long, u = 355<* igm o5® 

Long. Perih. = i45d i3m 34® 

found in the 2d column 
Per. Dist. D = 0,11768 log. 

half 

found in (ig5) 

on the orbit. 

v" — — i35Æ 54ra 00* tab. Ill log. 

Time from Per. a4d:l‘-is ,84^2 log. 

Third ohs. Sept. i2Æ“i/*,5833 

Time of Perihelion, October 7d'*vs.42.55, 

9,070705 

9,53(5352 

2,789133 

1,395190 

The value of v" being negative, indicates, that the comet was approaching towards 

the perihelion at the time of the third observation. The heliocentric latitudes, 

fl980 * = — 6d llm 45s ; = — 9* 12m 37% 

l99) being south and increasing, it is evident, that the comet had passed the descending node ?3, 

a short time before the first observation ; and we have therefore calculated the longitude 

of that node 355rf19m05s; to which corresponds <p = — 41d23m41% which is the 

'200) same as to put & = 175rf 19™ 05s, and <p = 4P 23u 4LS. Hence the approximate 

elements of the orbit are, 

(201) 

(202) 

(203) 

(204) 

(205) 

Longitude of the ascending node 175*19,n05s; 

Inclination 4ltf23m41s; 

Longitude of the Perihelion 145tf13m34s; 

Perihelion distance 0,11768; 

Time of passing the Perihelion 1769, Oct. 7da7s,4255. 

(206) 
To illustrate the process of finding P, r, r'% 

we shall give the following additional examples. 

from the fundamental equations (31,32,33), 
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EXAMPLE II. 

The equations in this example, correspond to those of the comet of i8o5, as given by Mr Ivory in the 

Transactions of the Royal Society for i8i4, page 170. 

r2 = 0,973662 -j- 1,408969./) T t,oooooo./>2 ; (JI) <207) 

r"3 = 0,969967 -j- o,23oo47-/) -f- 0,13i45o./)2 ; (Z?) (208) 

c2 = o,o435o5 -f- o,ii5200./> -J- o,5i8768./>2 ; (C) (209) 

r2 _|_ r"2 = 1,943629 -|- 1,639016./) -f- i,i3x45o./)2. (D) (210) 

Interval between the extreme observations T= 1 idays,9734. (211) 

ÎCof.T Col. 8. Col. 9. j Col. 10. 

Coefficients of p. 

1 

20 

1 
14Ô 

1,408969 o,?3oo47 0,116200 

0,234828 
11741 

o,o3834i 
i9!7 

0,019200 
960 

0,246669 
1761 

o,o4o258 
288 

0,020x60 
144 

o,24833o o,o4o546 o,o2o3o4 

Col. 1. Col. 2. Col. 3. Col. 4. Col. 5. Col. 6. 

p r2 r"3 c2 r, r", c T 

Hypothesis 1. 

/> = § or 0,16667 

as in (i46). 

o,97366 0,96997 
,23483 3834 

2778 365 

o,o435o5 
19200 
14410 

r = 1,11188 
r" = 1,00596 

r-\-r" = 2,11784 

11,392 
21 

,324 

1,23627' 1,01196 0,077115 c = 0,27769 11,737 

Hypothesis II. 

Add go or 0,00833 

p — 0,175 

0,97366 0,96997 
,24657 4026 

3o62: 402 

o,o435o5 
20160 
15887 

r — 1,11841 
r" = 1,00710 

11,841 
i5 

1 r-\-r" = 2,i255i 

i,25o85 i,oi425 0,079552 c = 0,28205 11,943 

Hypothesis III. 

Add ris = 0,00125 

p — 0,17625 

0,97366 
,24833 

3106 

0,96997 
4o55 

4o8 

o,o435o5 
2o3o4 
i6ii5 

r = 1,11939 
r" — 1,00727 

11,841S 
J9 

,n4 r-f-r" = 2,12666 

i,253o5 1,0146o 0,079924 c = 0,28271 ii,974[ 

Coefficients of 

1 
6 
1 

1 10 
40 

1 

280 

i ,000000 o,i3i45o 0,518768 

0,166667 0,021908 0,086461 

0,027778 
2778 

69 

o,oo365x 
365 

9 

0,014410 
i44i 

36 

o,o3o625 
437 

2 

0,004025 
57 

0,015887 
227 

1 

o,o3io64 

CS 
CO 
O

 
ssT 
O

 

o~ 0,016115 

(212) 

(213) 

(214) 

Hence P = 0,17626, 1,11939, r" = 1,00727. 

Mr Ivory makes, /> = 0,17620, r = 1,11936, r" = 1,00727. (215) 

EXAMPLE III. 

These equations are similar to those given by Mr Ivory in the Transactions of the Royal Society for i8x4, 

page 160 ; and correspond to the comet of 1781. 

ï'2 = 0,976626 — 0,3o3724-p -j- 1,000000./|2 ; 

r"2 = 0,972873 — i,457243./i -(- 3,788166-/2 ; 

c2 = 0,030278 — 0,353719./) -j- i,2378i8./)2 ; 

r2 _]_ r'f-2 — i ,949498 — 1,760967-/1 -j- 4,788166./)2. 

Interval between the extreme observations T = 

CO (216) 

(■*) (217) 

(C) (218) 

(D) 
(219) 

iodays. (220) 
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(221) 

(222) 

(223) 

(224) 

Col. 1. Col. 2. Col. 3. Col. 4. Col. 5. Col. 6. 

P r2 r"'2 c2 r, r", c T 

Hypothesis 1. 

p = o,33333 

as in (r47). 

0,97663 

—,10124 

,niii 

0,97287 

—,48575 
,42091 

0,030278 

—,117906 

,x37535 

r — o,gg3 23 
r" = 0,95291 

8,902 

i4 
137 

r-f- r" = 1 ,g46i4 

0,98660 0,90800 °,o49907 C — 0,2234 g,o53 

Hjqiothesis II. 

Add §o makes 

p =o,35 

0,97663 

—,io63o 

,T225o 

0,97287 

—,5ioo3 
,464o5 

0,030278 

—,1238m 

,x5x633 

r — 0,99640 

r'1 = 0,96275 
9=735 

23 

43 
r-\- r'! = 1,95915 

0,99283 0,92689 o,o58i 10 c = 0,24106 9,801 

Hypothesis III. 

Add iQo makes 

P = o,3535 

0,97663 

— ,10737 

,12496 

0,97287 

—,51513 
,47338 

0,030278 

—,i25o3g 

, 15468i 

r — 0,99711 

r" = 0,96494 
9,760 

5 
ig5 

r -p r" — 1,96205 

0,99422 0,93112 0,059920 c = 0,24479 9,960 

Hypothesis IV. 

Add 400 or 0,00088 

p = o,35438 

o,g7Ô63 
—,10763 

,1255g 

0,97287 

—,61642 

,47575 

0,030278 

—,125352 
,i55455 

r = 0,99780 

r" — o,g655o 9=76o 

233 r r1' — 1,96280 

0,99459 0,93220 o,o6o38r c = 0,24073 10,000 

Col. 7. Col. S. Col. 9. Col. 10. 

Coefficients of p, 

1 
20 

0,303724 1,457243 0,353719 

0,101241 
5o62 

0,485748 
24287 

0,117906 
58g5 

1 
100 

o,io63o3 
io63 

o,5ioo35 
5ioo 

o,i238oi 
1238 

1 
400 

0,107366 
268 

o,5i5i35 
1288 

o,i25o3c 
3x3 

0,107634 o,5i6423 o,i25352 

Coefficients of p2. 

C O
 

O
 

O
 

O
 

O
 *> 

M
 3,788166 1,237818 

9 
1 

Ï0 

0?II I II I 0,420907 o,i37535 
11 III 42091 13754 

J_ 
40 

278 1062 344 

1 
50 

0,122500 o,464o5o 0,151633 
245o 9281 3o33 

1 
200 

12 46 i5 

1 0,124962 0,473377 0,154681 

20Ô 625 2367 773 

800 I 3 I 

0,125588 0,475747 0,i55455 

(225) 
Hence p = o,35438, r — 0.99730, r" = o,g655o 5 which agree with Mr Ivory’s calculation, excepting 

a unit in the last decimal place. 

EXAMPLE IV. 

These equations are equivalent to those given by Mr Ivory, in the Transactions of the R.oyal Society for 

i8i4j page i65 ; and refer to the comet of 1769. 

(226) 

(227) 

(228) 

(229) 

(230) 

(231) 

(232) 

(233) 

)'2 = 1,012347 — 0,778609-/1 -f- I,OOOOOO./)2 ; (JB) 

= 1,010107 — 1,297813./) -j- i,o33Ô77./i2 ; (2?) 

c2 = 0,004678 — 0,027518./) -f- o,i3g6i9./>2 ; (C) 

j-2 4. iJ,‘2 — 2,022454 — 2,076422./! -1- 2,o33Ô77./>2. (D) 

Interval between the extreme observations T = 4da-vs* 

P 
r2 r" 2 c2 r, r1', c T 

Hypothesis I. 

p = i = 0,25 

as in (x48). 

1,012 

—7*9* 
62 

1,010 

-,324 
64 

o,oo46 

—,0068 

87 

r = 0,94 

r" = 0,86 3,119 

r -f- t" — 1,80 

0,880 0,750 o,oo65 c = 0,080 

Hypothesis II. 

p — J = o,33333 

i,oi235 
—,25g54 

,11111 

1,01011 

—,43260 

,n485 

0,004678 

— 9r73 
15513 

r = 0,92947 

r" = 0,83209 
3,856 

2 

=191 r -J- r" — 1,76156 

o,863g2 0,69236 0,011018 c == 0,10497 4,o4g 

Hypothesis III. 

Sub. j’q or 0,00417 

p = 0,32916 

i,oi235 
—,25629 

,io835 

1,01011 

—,42720 

,1X200 

0,004678 

— 9058 

15127 

r = 0,92974 

r" = 0,83362 
3,856 

3 

,i4i r -f-r"= 1,76336 

o,8644i 0,69491 0,010747 c = 0,10367 4,000 

Coefficients of p. 

i 

0,778609 1,297813 0,027518 

0,194 0,324 0,0068 

i 
J 

80 

0,259536 
— 3244 

0,432604 
— 54o8 

0,009173 
— n5 

0,256292 0,427196 o,oogo58 

Coefficients of p2. 

X 
VS 

1,000000 1,033677 0,139619 

0,062 0,064 0,0087 

t 

t5 
fo 

15(1 

0,111111 

— 2778 

17 

o,n4853 
— 2871 

18 

o,oi55i3 
— 388 

2 

o,io835o 0,112000 o,oi5i27 

(234) 
Hence 

The true values being 

p — 0,32916, r — 0,92974, r" — 0,83362. 

p __ 0,32911, r = 0,92974, r" = o,8336x. 
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EXAMPLE V. 

The following equations were computed by Dr Olbers in his Abhandlung, &c., page 59 ; they correspond to 

the comet of 1681, and were computed from Halley’s elements, and not deduced from actual observations. 

= 0,96754 — 0,59292 p -f- 1,24328.^2 (A) 

rn2 = 0,96941 — o,4oi85.p -(-2,20087.^2 (jç) 

c2 = 0,019726— o,i22756./>-{-o, 265982.^2 (C) 

rs rii2 — 1,93695 — 0,99477.^-(-3^44415./>2 (D) 

Interval between the extreme observations T = 8days,o47. 

(235) 

(236) 

Col. 1. Col. 2. Col. 3. Col. 4. Col. 5. Col. 6 

P r2 r" 2 c2 r, r", c T 

Hypothesis I. 

p = o,5 

as in (x49). 

0,96754 
— ,29646 

,31082 

0,96941 
—,20092 

,55022 

,019726 
—,061378 

,066495 

r — 0,99091 
r,f= r, i4835 

r -j- r" == 2,18926 

6,362 
14 

,323 

0,98190 1,31871 ,024843 c = 0,16762 6,699 

Hypothesis II. 

Add ig or ,o5 

p = o,55 

0,96754 
—,32611 

,37609 

0,96941 
—,22102 

,66576 

,019726 
—,067516 

,o8o45g 

r = 1,00872 
r" = 1,18918 

7?74o 

14 
32 r + r" = 2,19790 

1,01752 i,4i4i5 ,032669 c = 0,18074 7,786 

Hypothesis III. 

Add /g or 0,011 

p = o,56i 

0,96754 
—,33263 

,39129 

0,96941 
—,22544 

,69266 

,019726 
—,068866 

,083709 

r — i,oi3o2 

— i)i9859 
7*776 

3 
,256 

r -\-r" — 2,21161 

1,02620 i ,43663 ,o3456g c — 0,18593 8,o35 

Hypothesis IV. 
Add 1 —o,ooo56i 

1000 5 

p = o;56i56i 

0,96754 
—,33296 

,39207 

0,96941 
—,22666 

,6g4o4 

,019726 
—,068935 

,o83876 

r = x,oi324 
r" — 1,19908 

7>776 
4 

,267 r-f- r" = 2,2X232 

1,02665 1,43779 ,034667 c = 0,18619 8,047 

Col. 7. Col. 8. Col. 9. Col. 10. 

Coefficients of p. 

0,59292 o,4oi85 0,122766 
J— 

1 
10" 

0,296460 
29646 

0,200925 
20092 

0,061378 
6i38 

1* 
5T 

t<jW 

0,326106 
6522 

0,221017 
4420 

0,067616 
i35o 

0,332628 
332 

0,225437 
225 

0,068^66 

69 
0,332960 0,225662 0,068935 

Coefficients of />2. 

2* 
TIT 

1 
2tr 

2 
5 0 

1 
100 

2 
moo 

1,24328 2,20087 0,265982 
0,310820 

62164 
3108 

0,550217 
,1 ioo43 

55o2 

0,o664g5 
13299 

665 
0,3-6092 

i5o44 
i5o 

0,665762 
26631 

266 

o,o8o45q 
3218 

32 
0,391286 

782 
0,692659 

i385 
o,o837og 

167 
0,392068 0,694044 o,o83876 

(237) 

Hence p = o,56i56t, r — i,oi324, r" — 1,19908. The actual values, according to Halley’s theory, upon (238^ 

which the proposed equations are founded, are r = i,oi44, r" = 1,2000 ; which agree, very nearly, with the 

preceding result. 

EXAMPLE VI. 

These equations correspond to the comet of i8o5, in the calculation of Mr. Ivory in the Transactions of the 

Royal Society for 1814, page 175. 

r2 = 0,988192 — 1,271721./) -(- 1,000000.^2 ; 

r"2 = 0,981987 — 2,3ii644-p -f- i,88r447 />2 , 

c2 = o,o4337i — 0,074489./) + o,485838./s2 ; (239) 

r2 _J_ r"2 = 1,970x79 — 3,583365./) -)- 2,88i447*f2. (240) 

Interval between the extreme observations T — i2days,o36, 

VOL. HI 203 
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0 h-
i Col. 2. Col. 3. Col. 4. Col 5. Col.6. 

P r2 r" 2 c2 t , r", c T 

Hypothesis I. 

P= 1 

as in (241). 

0,98 
—1,27 
+1 ,00 

0,98 
—2,3r 
+i,88 

o,o43 
—,074 
+,485 

r = 0,84 
r" == 0,74 

r + r" — 1,58 

c — 0,67 

24days 

0,71 0.55 o,454 

Hypothesis II. 

p = h 

0,98819 
—,63586 

,26000 

0,98199 
-1,15582 

,47036 

0,043371 
— 37244 

,121459 

r — 0,77610 
r" = o,54455 

11,653 
3 

,238 
r-\~r" — i,32o65 

0,60233 0,29653 0,127686 c = 0,35719 11,894 

Hypothesis III. 

Add or o,o5 

p = o,5o5 

0,98819 
—,64222 

,25502 

0,98199 
-1,16738 

,47982 

0,043371 
— 37616 

,128900 

r — 0,77523 
r" = 0,64262 

u,g38 
36 

3 
r + r//= 1,31785 

0,60099 0,29443 0,129655 c = o,36oo8 11=977 

Hypothesis IV. 

Add jtg or,o o33 

p ■ — o,5o83 

0,98810 
-,6465o 

,2584/ 

0,98199 
-1,17616 

,48623 

0,043371 
— 37867 

,126557 

r = 0,77468 
r" = 0,5+35 

Hj938 

28 
67 

i2,o33 

r + r" = i,3i6o3 

0,60013 0,29806 o,i3io6i C = 0,36202 

Hypothesis V. 

Add agog = 0,0017 

p = o,5o847 

0,9881g 

—,64672 

,2586i 

0,98199 
-i,i7555 

,48656 

0,043371 
— 87880 

,i2564i 

r - - 0,77465 
r" = 0,6+29 

r+r7/ = I,3i5g4 

u,g38 
28 
7° 

0,60008 o,2g3oo o,i3ii32 C = 0,30212 i2,o36 

Col. 7. Col. 8. Col. 9. Col. 10. 

Coefficients of p. 

h 
1 

100 

1,271721 2,3i 1644 0,074489 
o,63586o 

635g 
1,155822 

s *558 
0,037244 

372 

1 
150 

0,642210 
4281 

1,167380 
7783 

0,037616 
25i 

1 
3000 

o,6465oo 

2l5 
1,i75i63 

392 
0,037867 

i3 

0,646715 i,i75555 0,037880 

Coefficients of p 2 

à 
J 

5Ô 
1 

200 
2 

150 
1 

300 

1 
1500 

I ,000000 i,88i447io,485838 

0,200000 
5ooo 

25 

0,470362 
9407 

47 

0,121459 
2429 

12 

o,255o25 
34oo 

11 

0,479816 
63g8 

21 

O,I23gOO 
1652 

5 

0,258436 
172 

0,486235 
324 

0,125557 
84 

0,258608 o,48655g 0,i2564i 

(242) Hence 

Mr Ivory makes 

p = o,5o847, r — 0,77465, r" — 0,54129. 

p = o,5o8i} r = 0,77472, r,/ = o,54i44. 

(243') 

From these examples we see that the interval of time T, between the extreme 

observations, is found in Table II, with a sufficient degree of accuracy, and that the results 

agree with the calculations by logarithms of other astronomers, although the table is only 

carried to the nearest unit in the third decimal place. While treating upon this subject, it 

may not be amiss to recall to mind the remarks of La Lande, in the third volume, page 259? 

of the third edition of his astronomy, relative 

to the degree of accuracy in the cometary 

calculations. He has there given a table 

of the elements of the orbits of those comets 

which had been previously computed, 

giving the longitudes and angles to seconds, 

and the logari thms of the perihelion distances 

to five or six decimals ; but at the same time 

observing, that though he has inserted the 

seconds, no confidence could be placed in 

them; neither could we depend on the 

correctness of the logarithms of the 

Col. 1. Col. 2. Col. 3. Col. 4. 

Examples. 
Time T by 

Observation. 

Time T by 

Table II. 
Errors. 

I. 8days,ooo 8days,020 4- OdayS,020 

II. 
days t 

11 =973 iidays,g8i 4- odays,oo8 

HI. iodays,ooo 9^998 - 0days,002 

IV. 4days,ooo 3daySj999 
days 

— 0 J ,001 

V. 8days,o47 8days,o6o + odays,oi3 

VI. i2days,o36 
days 

12 ,129 + od*»V93 
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perihelion distances in the fourth decimal place, as is abundantly manifest, by comparing the 

results of the calculations of different astronomers. To estimate the degree of accuracy with 

which the time T can be ascertained, by entering Table II, with the values of r2-J-r'/2 at the 

bottom of the table and c2 at the right hand side ; we have computed the value of T, for ^42") 

the six preceding examples; as in the third column of the annexed table; the times by 

observation being given in the second column, and their differences or errors respectively, in 

the fourth column. These errors being very small, it is evident, that the method of 

combining the equations (C), (D), or the values of r2 -f- r"2, c2; by means of Table II, 

must generally give a very close approximation to the value of p. 

Gauss varied the forms of the equations (31,32,33), by the introduction of several 

auxiliary numbers A, J3, B" b, b", c, c", he. which are deduced from the co-efficients of 

the terms in the original equations ; changing also the unknown quantity p into u ; so 

as to reduce the expression of c2 (33), to the form in (244). The object of these 

transformations is to render the calculations more convenient for computation by logarithms, 

by putting them under the following forms; 

„.2 ~"2 /u -|- c"\2 

) 
+ B72 s c2 = u2 A2. 

(243) 

(244) 

When the equations are given in this form, we may determine u, by means of Tables I, II, 

or by successive approximations, in the same manner as we have found p in the preceding 

examples; using in Table II the arguments, r-\-r" at the top, with c at the side ; and 

it is evident, on account of the decrease of the number of terms in the expression of c2 

(244), that the calculation of u is more simple than that of finding p in the former $4f0 

examples ; but*the saving of labor is nowise sufficient for the trouble of reducing the equations 

to the forms (244), when the time is deduced from Table II, in the manner we have here 

pointed out. We may also use the equations (C), [D), or the values of r2 -{- r1'2 and 

c2, in finding the first rough estimate of u ; in like manner as we have proceeded with the 

similar expressions in terms of p in (136—150). This process may be illustrated, 

by the two following examples. Thus if we put u = 0, in (248,247), we shall have 

r2 -j- r"2 — 2,49, c2 =0,028, whence we obtain, by inspection in Table II, T = 7days,3 (244") 

nearly ; which is less than the time by observation 14days,0493. We also observe by 

inspecting the same vertical column, corresponding to r2 -j- r"2 = 2,49 : that this last 

mentioned time corresponds very nearly in the margin to c2 = 0,11 ; substituting this 

in (247) we get 0,11 = 0,028 -f- u2, whence we obtain u — 0,28, or nearly u = (245) 

which is assumed in (249). In like manner, in Example VIII, we have, by putting 

u = 0, in (254,253) r2 -f- r"2 = 12,53, c2 = 0,051 ; which correspond in Table II, 

to 14(lays,8. If we suppose ^=TV, we get r2 + r'/2 = 23,2, c2 = 0,062; corresponding 

in Table II to 18day3,9. As the actual time by observation falls nearly midway between 

these two times, we may assume, for an approximate value, "w- = ^ as in (255). 
(246) 
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The following equations correspond to the second comet of i8i3. They are equivalent to those given by 

Gauss in vol. 28, page 5og, of the Monatliche Correspondenz ; or by Encke, in the Jahrbuch, for i833, page 284. 

r2 = x,24415 -j- x,g2565.M 3,06973.u2 ; („■?) 

r/,% = 1,24837 -}- i,5x429.11 -j- o,7933i.it2 ; (B) 

C2 = 0,02821g —[— it2 ■ (C) 

r2 r"2 — 2,4g202 -]- 3,43gg4.M -|- 3,863o4.it2 ; (D) 

Interval between the extreme observations T = i4<iays,o4g3. 

Col. 1. Col. 2. Col. 3. Col. 4. Col. 5. Col. 6. 

u r2 r"‘2 C2 r, r", c T 

Hypothesis I. 

u = \ = 0,25 

as in (245). 

x,24415 
,48141 
,19186 

1,24837 
,37867 
,o4g58 

0,02822 

,06200 

r = 1,38471 
r" — 1,29480 

t4}?4i 
26 
57 

r -L r" — 2,67961 

1,91742 1,67652 0,09072 C J= 0,3oi20 14,324 

Hypothesis II. 

Sub. p makes 

U = 0,245 

1,24415 
,47x78 
,18426 

r,24837 
,37100 
,04762 

0,02822 

,06002 

r - - 1,37847 
r1' = 1,29112 

i3,74i 
25 

,333 
r + r" — 2,66909 

1,90019 1,66699 0,08824 c = 0,29705 14,099 

Hypothesis III. 

Sub. zho makes 

u = 0,24377b 

i,244i5 
,46943 
,18242 

r ,24837 
,36gi5 
,047 t4 

0,02822 

o,o5g43 

r = 1,37695 
r" — 1,29022 

13,741 
X9 

,287 
r-\-r" = 2,66717 

x ,89600 1,66466 0,08765 c - - 0,29606 i4,o47 

Hypothesis IV. 

Add makes 

it = o,243836 

x,244i5 
,46g54 
,18251 

1,24837 
,36924 
,04717 

0,028219 

o,o5g456 

r = 1,37702 
r'' - 1,29026 

r -j- r" = 2,66728 

13,741 

19 
>289 

1,89620 1 -66478 0,087675 c = 0,29610 14,049 

Col. 7. Col. S. Col. 9. Col. 10. 

Coefficients of u. 

i 
1 

50 

1 
200 

Ï 
4000 

t,92565 1,51429 

0,481412 
—9628 

0,378672 
—7571 

0,47x784 
—2358 

0,371001 
—1855 

0,4694260,369146 
117 92 

0.469543 o,36g238 

Coefficients of u%. 

i 
1 

1G 

2 
50 
1 

100 

2 
200 

1 
400 
2 

■4000 

3,06973 jo,79331 1,00000 

,767432 0,198328 ,250000 
,191808 
--7674 

77 

0,049682 
—ig83 

20 

0,062600 
-2500 

25 
0.184261 

'—1843 
5 

0,047619 
—4?6 

1 

0,060025 
—600 

1 

0,182423 

91 
0,047144 

24 
o,o5g426 

3o 

o,i825i4 0,0471681 o,o5g456 

Hence we have u = 0,243836, r = 1,37702, r" = 1,29026 ; 

According to Gauss, u = 0,24388, r = 1,37708, r11 = 1,29027 ; 

(250) According to Encke, r = 1,37705, r" = 1,29027. 

We may observe, that the last, or fourth hypothesis, may be dispensed with, by interpolating between the 

values of p, r, rn, given in the second and third hypothesis, so as to make T correspond to the proposed 

interval i4daySj0493. 

(247) 

(248) 

EXAMPLE VIII. 

The following equations correspond to the comet of 1825, calculated by Nicolai in the tenth volume of the 

Astronomische JVachrichten, page 238. 

(251) 

(252) 

(253) 

(254) 

r2 == 6,2o536 -f- 43,23445.it -j- 8o,07556.it2 ; (A) 

r7'2 = 6,33ai3-}-46j4i4ii.w+ 93,5o6io.w2; (B) 

c2 = o,o5i58 -f- it2 ; (C) 

r2 _p ^'2 = 12,53749 -j- 89,64856.it -f- I73,58i66.u2 (D) 

Interval between the extreme observations T = 16^8^821. 
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Col. 1. Col. 2. Col. 3. Col. 4. Col. 5. Col. 6. 

u 7-2 r" 2 C2 r, r", c T 

Hypothesis 1. 

u = jjjj = o,o5 

as in (a4(3). 

6,2o536 
2,16172 
,2001g 

6,332i3 
2,32071 

,23376 

o,o5i58 

,00250 

r = 2,927 
r" = 2,981 

16,237 
11 

,180 

16,428 

r-\-r" — 5.908 

8,56727 8,88660 o,o54o8 c = 0,23255 

Hypothesis II. 

Add i mokes 

u = o,o58333 

6,2o536 

2,5220r 
,27248 

6,332i3 
2,70749 

,31817 

o,o5i58 

,oo34o 

r = 3,oooo 
r" = 3,0590 

16,374 
82 

»3i9| r-\-r" = 6,0590 

8,99985 9>35779 0,06498 C = 0,23448 16,776 

Hypothesis III. 

Add sio or 

0,0002916 makes 

u = o,o586a5 

6,2 o536 
2,53462 
,27620 

6,332i3 
2,72103 

,32i35 

o,o5i58 

343 

r = 3,00253 
r" = 3,06179 

16,374 
89 

,32.31 
rg-r" — 6,o6432 

9,015i 8 9,37451 o,o55oi c - 0,23454 16,780! 

Col. 7. Col. 8. Col. 9. Col. 10. 

Coefficients of u. 

1 
l25 
6 

1 
200 

43,a3445 46,4i4n 

2,16172 
,36029 

2,32071 
38678 

2,52201 
i26r 

2,70749 
X 354 

2 ,5346q 2,72103 

Coefficients of %&. 

1 
40Ô 
S 
1 

12 

2 
5(Ti7 

8o,0755(i 93,50610 1,00000 

0,20019 
6670 

556 

0,23376 

7792 
649 

o,oo25o 

83 

7 

0,27248 
272 

0,31817 
318 

o.oo34o 
3 

0,27520 o,3ai35 o,oo343 

The value of T by observation, falls between the results of these two last hypotheses, and by taking 

parts of the corresponding variations of the values of p, r, r", we get the final values corresponding to the 

actual value of T; 

p = o,o5852 ; r = 3,ooi63 *, r" = 3,o6o8o. 

This manner of finding the orbit of a comet has an imperfection, which obtains in several 

other methods ; namely, that it fails in accuracy in the particular case where the value of 

M (30, or 92) appears under the form M = % ; which happens when the apparent path of 

the comet is in the ecliptic, or in any other great circle passing through the sun. For in this 

case, as the points A, B, C, figure 85, page 795, are situated in the same great circle, passing 

through S, we shall have all three of the angles h, V, l" (64), equal to each other, and 

then the expression (92) becomes M = Hence it is evident that this method can be 

most successfully applied, in cases where the arc B II, is considerable, in comparison with 

the arc A C. When the ratio of these arcs, B H, A C, is small, there may be instances 

in which the method, without actually failing, becomes somewhat uncertain, on account of 

the inaccuracy in the estimated value of M, in consequence of the neglected terms (93'), 

wîtich have a more important influence than usual, and it is an object of interest, to obtain 

a more correct estimate of the value of M. We shall therefore proceed to investigate the 

complete value, by the analytical methods, used by Gauss, Ivory, Encke, he., without 

neglecting any terms and we shall obtain in (306, &tc ), the correction to be made to the 

approximate value, which is given in (30). Finally we shall give, in (355, he,'), the process 

to be used in the excepted case mentioned in (257). 

Analytical 
investiga¬ 
tion of 
Olbers’s 
method. 

(357) 

(258) 

(259) 

(260) 

(261) 

(262) 

VOL. III. 204 
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Using the same notation as in (100—104), we have, identically, 

0 '*==! (x'y" — x"y').x -f- (x''y — xy").x’ -J- (xy' —* x'y).x". 

(264) For the first term is balanced by the fourth, the second, by the fifth, and the third by the 

sixth ; so that the second member is identically equal to nothing. We shall now represent 

the double of the area of any one of the plane triangles sab, she, sac, figure 84, page 792, 

by including the corresponding radii in brackets ; so that we shall have, 

(266) 
[rr'j = 2. area of the triangle sab ; [fir"] — 2. area of the triangle sbe ; 

[rU] == 2. area of the triangle sac. 

(266') The plane of the comet’s orbit being inclined to the ecliptic by the angle <p (21) ; it is 

evident, by the principles of the orthographic projection, that the double of the projections 

(267) of the areas of these triangles, upon the plane of the ecliptic, will be obtained by multiplying 

the expressions (266) by cos.<p, so that w?e shall have, 

[rr'],cos.(p===2.projection of sab ; [r'r"].cos.ç> = 2.projection of sbe ; 
(268) 

[rr"].cos.<p = 2.projection of sac. 

We shall represent the co-ordinates, of the projection of the point a, by x, y ; those of the 

(269) point b, by x', y' ; and those of the point c, by x" y" (100, he.) ; as in figure 89, where 

a, p, y, represent respectively the projection of the points a, b, c, of figure 84, upon the 

plane of the ecliptic. Now we evidently have, 

(270) 

(271) 

(272) 

area sap1 = ^sp, X out, = %x'y ; area (Ba/3, — %pp, X —x) ; 

area s/Bp, = fafrXpPi = ; 

subtracting the sum of the two first expressions from 

the third, we evidently get the value of the triangle, 

sa.p = |x'y' — ix'y — %y'. (x1 — x) ; 

and if we neglect the terms %x'y' — \x'y', which 

mutually destroy each other, it becomes as in the first 

of the expressions (273). If we change the accents 

on xy, so as to correspond to the other triangles 

spy, say, we shall obtain their values, as in (273). 

(273) 

Triangle sa/3 = %fxy'— x’y) ; triangle spy == J-.(x'y" — x"y') ; 

triangle say = h-{xy" — x” y). 

Substituting these in (268), we get the following system of equations depending on the 
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principle that the three observed places of the comet a, b, c, figure 84, are in the same 

plane passing through the sun ; this plane being inclined to the ecliptic by the angle <p ; 

xy'—x'y = [rr'].cos.<p ; (x'y"— x"y') = [r'r"].cos.<p ; (xy" — x"y) = [rr"].cos.<p. 

Introducing these values into the equation (2G3), and then dividing by cos.<p, we get 

the equation (277). This equation must be satisfied, whatever be the position of the axis of 

x ; and if we change this axis into that of y, we shall find that the values x, x', x", will 

become y, y\ y", respectively, without altering \r'r"J, [rr"], [rr'] ; hence we get (278). 

In like manner, by changing the axis of x into that of z, we get (279). 

0 = [r'r"] . x — [rr"] . x' -j- [/V] . x" ; 

0 = §V"] . y — [rr"] . y' -f [rr'] . y" ; 

0 = [rV"] . z — [rr"] . z' + [rr1] . z'r ; 

We may remark, that the whole number of accents on each of the terms of these equations, is 

three; and this symmetry obtains in many other of the equations of this article. The 

recollection of this circumstance will sometimes assist in distinguishing the symbols from each 

other. If we substitute A — 18(P-f-©? (10) in (108), we shall obtain, for the co-ordinates 

x, y, z, at the first observation, the expressions (281), and, by accenting the letters, we get 

the values corresponding to the other observations as in (282,283) ; 

x = p.cos.cl— R.cos.0 

x — p'.cos.u/ — R'.cos.(ï) 

y = p.sin.cL — 

y' = p'.sin.o/- 

y" = p'Gsin.a" ■ 

22.sin.© ; 

-22'.sin.©' : 

2 

JR" .si sm.vx j'. 

= p-tangJ ; 

z' = p'.tang.ô' ; 

z" = p'htang.d". x" = f .cos.a." ■— JR!'.cos.©/; ; 

Substituting these in (277—279), we obtain, 

0 = fr"].] p.cos.a — R.cos.0^ — [rr,y] Jp'.cos.a' — itJhcos.©^ 

+ [rr'] . [p".cos .a" — 22".cos.0"] ; 

0 = [rV'].{p.sin.cL — ,Z2.sin.© ( — [rr"] .[/.sin.cL' — 22'.sin.©'| 

+ [rr'] . ) p". sin.a" — 22".sin.©// j ; 

0 = [r'r"]. p.tang.0 — [rr"] .p'.tang.â' -j- [rr'] . p".tang.D". 

If we divide (284,285,286), by any one of the areas [r'r"], [rr''], [rr'], wTe shall find, 

that these three equations contain five unknown quantities ; namely, the two ratios of thé 

areas, and the three radii p, p', p" ; any two of which, may be eliminated. In doing this, 

wTe may observe, that the equations (284, 285), are wholly independent of each other ; and 

we may, in either of them, change at pleasure the direction of the axis of x. If we decrease 

the angles in (284), by the quantity ©', we shall get (292) ; if we decrease the angles in 

(285) by cl', and then change the signs of all the terms, vre shall get (293) ; lastly, if we 

decrease the angles in (285), by 0', we shall get (294). The same results may also be 

obtained by combining the equations (284, 285) by the usual methods ; thus, if we multiply 

[5994] 
(273') 

(274) 

(275) 

(276) 

(277) 

(278) 

(279) 

(2790 

(280) 

(231) 

(282) 

(283) 

(284) 

(285) 

(286) 

(287) 

(288) 

(289) 
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(290) (284) by cos.0', and (285) by sin.0', then take the sum of the products, reducing 

them by [24], Int. we shall get (292). Again, multiplying (284), by sin.a', also (285) by 

— cos.a/, then adding the products, we get (293) by reduction, and using [22], Int. Lastly, 

(291) multiplying (285), by cos.0', and (284), by — sin.0', then adding the products, we 

get (294). The equation (295) is the same as (286). 

(292) 

(-293) 

0 = 

0 = 

0 = 
(294) 

(295) 0 

[»-V'].ff.coS.(tt-©')-B.cos.(©-@')(-[n'''].fp'.coS.(a'-©')--R'} 

+[rr'}. | p".cos. (a"—©') -R". cos.(©"~ 

[rV'J . [p.sin.(a'—a)-j-R.sin.(0— a/) ]•—[rr"].R'.sin.(0'—a') 

—[rr']. [p".sin.(a"— a') — R".sin.(0"- 

[rV'] . {p.sin.(a—0')+R.sin.(0'—0) j — [rr"]. P'.sin.(a/—0') 

+[rr']. [ P".sin.(a''—0')—R''.sin.(0 

[r'r"] .p.tang.ô — [rr"].p'.tang.d' [rr'].p". tang.O". 

•©01; 

-«■Oh 

/' 

Multiplying (294) by tang.d', and (295) by —sin.(a' — 0') ; then taking the sum of 

the two products, we find that the terms multiplied by p' vanish, and we get, 

(29G) 

0 = [r'r"] .p.[tang.Ô'.sin.(ct — 0') 

+ [rr'] /'. [ tang.dbsin. (a"—0') 

— tang.Ô.sin.(cl'— 0') | + [r'r"].R.tang.0'.sin.(0'— 0) 

— tang.â"',sin.(cl'—0') j— [rr'].R".tang.â'.sin.(0"—0'). 

Dividing by the coefficient of p", we finally obtain, 

„ \fr" J [tang.â'.sin.(cL — ,0') — tang J.sin. (cl' — 0') ( 

P [rr] [tang.ô".sin.(a'—0')—tang.ô'.sin.(a"—0')} P 
(297) ' , 

tang.t)' j [r'r"].R.sin.(©' — 0) — [rr'].R".sin.(0"— 0') 1 

[rr] ' tang.é".sin.(a' — 0') — tang.O'.sin.(a" — 0') 

In like manner, the plane triangles sa'b', sb'd, sac', figure 84, page 792, corresponding to the 

earth’s orbit, give by using a notation like that in (266), 

(298) [RR7] = 2.area of the triangle sa'b' ; [R'R"] = 2.area of the triangle sb'c' ; 

[RR"] = 2.area of the triangle sa'd. 

The area of any one of these triangles, as sa'b', is found by multiplying its base sa1 = R, 

by half the perpendicular let fall upon it from its vertex V, or by -§ R .sin.a sb ; therefore, 

this area is represented by ^ RR'.sin. a sb' ; and as the angle a sb = A! A — 0' 0, 

(299) the area becomes \ RR'.sin.(0' — 0). Substituting this in the first expression (298), 

we get the first of the equations (300) ; in like manner, the second and third of the formulas 

(298), become like those in (300). In exactly the same way, we get the expression [300'] ; 

(299') observing, that the angle asb =■ v—v ; the angle csb = v" v' ; the angle asc = v' v ; 

(300) 

(300) [rr'] = rr'.sin.(P—v) ; 

[RR'] = RR'.sin.(©' — ©) ; [R'R"] = R'R".sin.(©" —©') ; 

[RR"] = RR".sin.(©"- 

[r'r"] = r'r".sin.(«"— V) ; [rr"] = rr".sin.(r" — v). 
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The second of the equations (300), gives the first expression (301) ; multiplying its 

numerator and denominator by jR.sin.(®'—@), we get its second expression ; substituting 

in its denominator the value, [RR'] (300), we get the last of the formulas (301) ; 
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R". sin, 
[R'R"] [7?/JR"] .R sin.(W — ©) _ [RR’].R.sm.(& 

' : ' “ /?/ “ RR'.sm.(1& — &) ~ [RR'] 
(301) 

substituting this last expression, in the numerator of the second line of the second member 

of (297), we get, 

n [ r'r"] tang.O'. sin. (cl — 0)—tang. 0.sin. (cl' 

+ 

[ rr'J tang.O".sin.(cL'— 0) — tang.O', sin.(cl" — 0) P 

[r'r"] [RR!'] } R.tang.d'.sin.(®/ — 
(302) 

[rr'J [iCR'] ) ’ tang.ô".sin.(a'—©')—tang.d'. tang, (a"—©') 

Now putting for brevity, 

M = 

M, = 

tang.d'.sin.( a — ©') — tang.d.sin.( cl' —0) 

tang.O". sin.(a'—0) — tang.O', sin. (a"— ©') 

tang.d'.sin. (©' — ©)  

(303) 

tang.0". sin.(cl7 — f/) — tang.d'. sin.(cl"— ©') (3tM) 

the preceding expression of ?" (302), or M.p (29), becomes of the following form ; in 

which nothing is neglected; ^ 

„ „ [r'r"] nT , { [r'r"] [RR"] } M „ 
p — ili.p— j-r/j • ^ ‘ (306) 

Dividing this last expression by p, we get the correct value of M. If tve suppose, as in 

Olbers’s. hypothesis (53), that, 

[r'r"] [RR'] t"—t' 

[77] “ [RR] ~~ t'—t ’ 

the term depending on M, will vanish from (306), and we shall have, very nearly, 

t"— f 

(307) 

o"=r. M.p = 
t'—t 

J\lvp ; 

hence, 
t"—t’ t"—V tang.O'.sin.(a — 0)—tang.O.sinfa/— y 

^ t' — t ' 1 t' — t ’ tang.d".sin.(a'—©') —tang.O'.sin. (a"— ©') ’ 

(308) 

(309) 

This expression of M is the same as the approximate value, assumed by Dr. Olbers (30) ; 

as is evident, by substituting in it the value of m (28), and making a slight reduction. To 

estimate the value of the neglected terms in the value of M, we may proceed in the 

VOL. Til. 205 
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(31Q) following manner. Taking the rectangular co-ordinates of the comet, in the plane of its 

orbit, and representing them in the three observations, by x, y, x', j1, x", y"; putting 

f311) fx =1, or neglecting the mass of the comet, in comparison with that of the sun, as in 

[760 xm], we obtain from [761], by accenting the symbols, the following equations , 

(312) dzx' x' d2 y' y' 

ItF ^ 73 = ° 5 df + T3 = °“ 

(313) 

(314) 

(315) 

(316) 

(317) 

Now if we take, for the origin of the time t, the moment of the second observation, when 

the co-ordinates are x', y' ; and suppose that at the end of the time t, these co-ordinates 

become x", y", respectively; we shall ha,ve by Taylor’s or Maclaurin’s theorem [607a] 

the expression (315). Substituting in this the value of d2x', and of its differentials, deduced 

from the first of the equations (312), we shall get (316) ; which is easily reduced to the 

form (317); 

-'4 

dx' dH' 
.t2+ 

d3x' 
. t3 -}- &£C. x": 

dt 
* + 2 ' df 

1 
6 ‘ dt3 

dx' x' 

t*-i- tK\ 
dx' 1 dr' 3x' ) 

+ dt 
. t 1 

2 ' ' /3 * dt 
* '3 

rj' w dt r'4 ) 

ft t3 dr' 
+ 

dx' C t3 
1- 

’7 ■Tt + &IC. > 
~dt ' 

-f- Szc. 

+ &tc. | 

In like manner, we can obtain the similar expression of y". The intervals of the times 

(318) between the observations, namely, t! — t,t"—t',t"—t, are to be reduced to parts of the 

radius, by multiplying them by k [5987(B)] ; and we shall, for brevity, express these products 

by -r, as in (319) ; observing that these symbols have the same symmetry as in 

(318') (279',) namely, that the number of accents in each of the equations (319) is three. We 

shall also use the abridged expressions (320—323). 

(319) <r"= k. {f — t) ; r = h.(t"—*f)m, r' = k.(t" — t) ; <r' = r + <r"; 

(320) 
r"2 <r"3 dr 

(321) 

<r" 3 

wn—*'— i ‘ r/s — hc-’ 

(322) 
<r2 v3 dr' 

w'=1 — l-p3- + 4- p4-*- + &0-; 

(323) w"= V — I . ^ + &c. 

While the body moves from the second point b, to the third point c, figure 84, the time 

increases from t' to t", the increment being t"—t', or <r (319), expressed in parts of the 

(324) radius. Substituting this for t in (317), we get the expression of x", (328), using the 

symbols (322,323) ; in like manner we get the similar expression of y" (329). If we 
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change, in this calculation, t" into t, the quantity <r will change into —r" (319); by (325) 

which means w' (322), changes into wt (320), and w" (323) into — wh (321) ; making 

these changes in x", y" (328,329), we get x, y (326,327). Finally as the plane 

of the orbit is taken for the plane of projection (310), we shall have z=0, z''= 0, as 

in (327/,329/). 
. dx' 

x =w,.x — w.. . ; 
7 " dt 7 

(326) 

dy' 
y = w,.y,— wll.~ ; (327) 

N
 II o
 

V»
 9 (327) 

,/ , // dx' 
X = w'. x' + w • ~r- ; 

1 dt 
(328) 

dy' 
y" = w'.y'+w". -j. 

(329) 

z" = 0 (329') 

Multiplying (326) by y', and (327), by •—x', then taking the sum of the products, 

we get the first expression (331). Again, multiplying (329) by x', and (328) by —y'j 

then taking the sum of the products, we get the first expression (332). Lastly, multiplying (330> 

(326) by (329), also, (327) by (328), and subtracting the last product from the preceding, 

we get the first expression (333). The second form of either of these expressions, is easily 

deduced from the first, by the substitution of 

x' cl y' — y' d x' 

dt /«.(I — e2)=s/pd (330 ) 

which is easily deduced from [366,596c], using (311), and [5985(5)]. 

{x'dy' — y'dx') 
xy' — x'y = w u 

dt = y>n • v/p ; 

(x'dy' — y'dx') 
x'y"— x//y/ = w" . ---——-— w". \/p ; 

(x'dy'—y'dx) (x'dV— y 'dx') 
xy"—x"y — wrw".--- +• w'.w,, .--—--- = (wrw" + w'.w,,). \/p. 

Now the expressions (320—323), give successively, by using <r/= -r-f- r", (319), 

w,.w" = r 

(331) 

(332) 

(333) 

(j.3 (j.z/3 (j. 2 

6 • r/3 i-r- r/3 + &C- ; W’-Wn — ■ 6 r/3 2 • r • r/3+&c., (334) 

= p + 3r2.r"-j-3r.'r"2 + 'r//3]-{- &c. 
(335) 

<r/3 

(336) 
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Substituting in the first members of (331—333), the following expressions, which are 

deduced from (274),by putting 9 = 0, as in (310). 

(337) xy' — x'y = [rr'] ; xy"— x"y ' = [r'r"] ; xy" — x"y = [rr"] ; 

and in their last members, the values (321,323,336), we get, 

(338) — ë^3-'r"3— &c. = —• ~ . t"2 — &c.|.v/p; 

(339) [ry']=Jr — “T3 + &c. = r'l1 ~• t2+ &c*^Vp ; 

(340) [rr"] = $ ‘r/—‘r/3 + &c*^-V/i? = t'2 + VP* 

Dividing these expressions, the one by the other, we obtain, 

(341) 
[r'r"] 

[rr'] 

r < 

r " ’ \ 
1 / 3 
flP • (*" - 

-r"2) -f- be. | ; 

(342) 
[rr"] 

[?t] 

<r' 1 

V' * ! !■- 
1 . (V2 — t"2) -j- be. | : 

(343) 

[rr"] _ 

[r'r"] T’i 

J_ ( v® _ 
6r'3 ' ^ ' 

t2) -f- be. | . 

(344) 

(345) 

(346) 

(347) 

As these formulas maybe used for any of the heavenly bodies, we shall obtain the expressions 

(344—346), corresponding to the earth’s orbit, by merely changing r, r', r", into R, R', R" > 

respectively, 

If the intervals between the three observations be equal, or r" = r, we shall have 

r 2 _ Twa __ o, and then the expressions (341,344), will give, by neglecting terms of the 
ej- 

fourth order in t , t>, (333—340), or of the third order in the factors of —, (341,344); 

(348) 

(348') 

[r'r1'] __ [RR"] 

[rr1] [RR] 

t"—V 

V— t 
(319), 

which agrees with the supposition of Dr. Olbers (307). Hence we see the great advantage 

of having the intervals of time between the observations equal to each other, in computing the 
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orbit of a comet, by this method ; because it makes the factor of Mz R, (306), nearly 

insensible; and gives a more accurate value of the expression M.p, than it would if the 

intervals were unequal. If observations cannot be obtained, in which the intervals ?, ^ 

are equal to each other, we must select those which are nearly equal ; in order to diminish 

as much as possible the effect of the factor t2— t//2. If Rt=r', the expressions 

(341,344), become equal; hence it is evident, that if r' be nearly equal to R', and 

the intervals r, r" differ considerably; it will be rather more accurate to compute 

f R'R"'] fr'r'l 
L4—.J, from the solar tables, and put U—d, equal to it, than to put each of these 
[RR] 1 Or']’ ^ 

quantities equal to (348). Finally, we may observe, that after we have computed, 

by a first approximation, the values of p, r, r", we may, by interpolation, find an 

approximate value of r', by supposing the values to increase uniformly ; by which means 

we shall have, 

t1 -— t 
r' — r -j-- . (r"— r). 

1 t"—t y } 

With these we may obtain the corrected value of the function (341), to be substituted 

in (306), to get a more accurate value of M ; with which the calculation can be repeated, 

in any extreme case, where it shall be found necessary. 

In the case where the value of M (309), appears under the form of M = $ , we 

may deduce the value of p" = M.p from the equation (293), instead of (294,295), 

which are used in finding (297). Then as radius p' does not occur in (293), we shall 

have, 

[r'r"] sin. (a/—a) 

[r/] sin. (a"—a') ^ 

+ 
[rV/].JR.sin.(0—cl') — [rr"].R. sin.(@;—a') [rr/].sin.(0//— a7).71" 

[rr/].sin.(w// —■ a') 

If we divide the expression (341) by (344), we get, by a slight reduction, the expression 

(357) ; in like manner, from (342, 345), we get (358) ; lastly, from (343, 346), we obtain 

(359). The equation (360), is evidently identical; 

[r‘ r"] 

[rr’] 

rm 
[RW]- I + i* O3-2 — T'/2) • 

[r r"] [RR"] 

[r r'] ~ [RR'] ’ 

[rrn] _ [RR"] 

[r'r"] ~ [RR11] 

1 iy ■ (t/2 — t//2) , 

1 ~b i • (T'2 — t2) • 

j>r'J [RR1] 

[rr'] [RR] * 

206 

[5994] 
Great ad¬ 
vantage of 
having the 
(349) 
intervals of 
time equal 
between 
the obsor 
vations. 
(350) 

(351) 

(352) 

(353) 

(354; 

(355) 

(356) 

(357) 

(353) 

(353) 

(350) 
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(361) 

(362) 

(303) 

(364) 

(365) 

APPENDIX, BY THE TRANSLATOR ; 

Taking, as in (269), the ecliptic for the plane of projection ; we shall represent the 

rectangular co-ordinates of the earth, by X, Y, at the first observation ; X, Y', at 

the second observation ; X", Y" at the third observation ; hence the identical equations 

in the earth’s orbit, corresponding to (277,278), in the comet’s orbit ; becomes, 

0 = [R'B!']. X — [RR"]. X + [RR] . X" ; 

0 = [R'R,r\. Y — [RR"]. Y1 -f [RR']. Y" . 

Ifwe take for the axis of X, the line whose longitude is lS0£Î-|-tt'/, we shall evidently have, 

Y = R.sin.f# — a/) ; F = R. sin^©'— oJ) - Y" = R". sin-(<v}"— a') . 

Substituting these in the numerator of the second line of (356), it becomes, 

[r'r"] . F — [rr"] . Y' -f- [rr'] . Y". 

If we substitute, in this expression, the values of [r'r"], [rr"], [rr'], (357,358,360) 

1 
Jp3 ,-'3 

and neglect, for a moment, the terms depending on the factor ^ — — , it will become 

(366) 

(367) 

(368) 

(369) 

LA .([»#']. Y - [RR"].V + [RR').F'j; 

and as this vanishes, by means of the equation (363), it will be only necessary to retain the 

terms of (357, 358), which are multiplied by that factor ——3 . In the case now 

under consideration, this factor is very small, because when the apparent motion of the 

comet is in a great circle, we shall have r' = R' [780v] ; and if the intervals t' — t 

V — t', or t", t, be nearly equal, we shall have t2 — t"2 = 0 ; and we may 

therefore neglect the product of this quantity, by the preceding factor in (357) ; putting also 

r ' = 2r" in the factor r'4 — r"2 (358), by which means we get ^.(t'2 — r"2) = Jr"2 ; 

hence the term of (358), depending on this factor, becomes, 

(370) 

[RR"] 
[RR] * 

. T 
(r3 r'3) |tV/* (r'3 r'3) |TT ‘(r'3 r3 , 

(371) 

nearly; as is evident by using only the first term of the second member of (345)o 

Substituting this in the numerator of the second line of (356, or 365,&c.), and putting in its 

first line, 
[r'r"] 

[ rr ] 

r 

rrH 

V— V 

t'—t 
(341,369,319), 

(372) 

we finally obtain the following value of p", which can le used in the case now under 

consideration, when the geocentric longitudes a, a', a", vary from each other muck 

more than the geocentric latitudes è, Ô', 6" ; 

tn—V sin. (a' — a) R'.sin.(a'—0') /I 1 \ 

P t'— t sin.(a"—a') ^ sin.(a"—a') \R';3 r'z J 
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We may obtain another form of the expression of p" by eliminating p' from (292,295) ; 

this is done by multiplying (292) by —tang.d', and (295) by cos.(a'—0'), and 

taking the sum of the products, by which means we get, 

0 = jrV'J . 

+ [rr‘] ■ I 

C — p.tang.^,cos.(a — 0') +R«tang.ô/.cos.(0 — ( 

( -f- p.tang.é.cos.(o/— 07’ 

— p". tang.d'.cos.(a"— 0') -f- R". tang.^.cos.( 0" • 

-j- p"' tang, d".cos. (a/— ! 

—tang.d' 

’}• 

(373) 

Dividing this by the coefficient of P'', we obtain, 

u \r'r"] ( tang.d'.cos.(a — 0') — tang. Ô. cos. («.' — 0y) ) 

F [rr'] * ) tang.ô'/.cos.(o./ — 0')—-tang.â'.cos.^ — 0') )' ^ 
($H) 

5 \_r'r"~\.R. tang.é'.cos.(0 — 0') — [rr7']. R1. tang.r -|- |>r7] ,R". tang.d7. cos.(0//— 0') ) 

) [rr'J. £tang.d", cos.(o.' — 0') — lang.(f.cos.(u/'— 0') ] ( 

The second line of this expression may be reduced, by a process similar to that in (364 &c.). 

Taking for the axis of X the line whose longitude is 180fr-j- 0', we shall have, 

in like manner as in (364), 

X = #.COS.(0 — 0') , XS= #'.003.(0— 0') =R ; X=R . 003.(0"— 0') ; (375', 

and then the numerator of the expression in the second line of (374), becomes. 

j [r'r"].X— [rr"].X + [rr'].Xyy(. tang.l 

If we substitute in this, the parts of {r'r% [rr77], [rr7], (357,358, 360), which depend 

on the first term of the second members, it becomes, 

| t)/t 

i-m 

(375) 

[Wf •5 tim^x- lRR']'X' + IRR<IX> 

which vanishes, by means of (362). Hence we obtain the same result as in (367); namely, 

that it is only necessary to notice the terms depending on the factor ___ and by 

supposing the intervals V — t, f— V to be nearly equal, we shall find as in (370), that 

the only part of this numerator, which it is necessary to notice, arises from that part of 

-j—y^, which is denoted by + ttI- (^r/g — ~fj (370). Substituting this in the 

second line of (374), and putting, in the first line, the value (371), we finally obtain the 

following expression of p", which can he used, in this excepted case, when the geocentric (37ri 

latitudes ô} ô', ùn, vary from each other more than the geocentric longitudes a, a', a"; 
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(380) 

?" 
t"— V ( tang.d'.cos.(a — 0') — tang.â.cos.(ck — 0') ") 

V — t ’ (tang.d",cos.(o/—0')—tang.0'.cos.(a;/—0') 3 " ^ 

-4- A T T I * 
jfê'.tang.é' 

tang.é". cos.(a —0') —tang.â'.cos.(a"— 0') ) \R'3 r 

(381) 

(382) 

(383) 

For convenience in the calculations we have arranged the formulas (372, 380), as in the 

table (387—392). If we neglect the term of pr (372), depending on tt', and use 

the symbol M' (387), it becomes p=M.p, so that M' represents an approximate 

value of M, (29). With this we may compute the equations (31—33), and from thence 

deduce, as in (192), the approximate values r', r", p. This value of p we shall represent 

by (p) ; and from r, r", we may find the approximate value of r (353), to be 
r i i j 

used in computing the term of the order — ,773(5 which occurs in (372). 

_i'\ 
Substituting r = r". ( p—j.) (319), in the second term of (372), and then dividing 

the whole of the second member, by the expression of M' (387) ; we find that the quotient 

(385.) becomes equal to F' (388) ; consequently, this expression of p", will become as in 

(389). In like manner, by using the abridged values of M", F" (390,391), we find 

that the expression of p" (380), becomes as in (392) ; (p) being as before, the value 

>:' of p, deduced from the first approximation, in which F" is supposed to be equal to 

unity. 

(387) 

(388) 

(389) 

(390) 

(391) 

(392) 

M = 

F = 

t"—f sin.(a'—a) 

t1-— t sin. (a".— a,') 

z sin, (a/— 0) (_1__ J_\ . 
• • f.. / .. \ * * V Tt 3 w 3 ) ’ = • (P) • \R« 

= M.f = M.F'. p ; or M = M. F'. 

t"—t tang.^.cos.(o.—0/)—tang.fl.cos.(a; 0') < 

^ — ~7ZTt * tang.ô,/.cos.(o7—0;)—tang.ô'.cos.(u/'—0') ’ 

_tang.jf_( J_ 

^ T * tangty. cos.(a — 0)—tang.$.cos.(cV—-0) (p) (i2/3 

p"=- M.p = M". F", p ; or M = M". F". 

To be used when 

the longitudes 

a, a', a" 
vary faster than 

the latitudes 

d, d', d". / 

To be used when 

the longitudes 

II а. » a/, a1 

vary slower than 

the latitudes 

б, eq 6". 

If we compare the correct value of M=- (306), with its approximate values 
(393) P 

(309, 387, 390), we shall find, that the first, or general form, is by far the most accurate ; 

especially when the intervals of the observations are nearly equal, or r2— r 2 = 0 ; 

since in this case, the value of M (309), is correct in terms of the second order, in 

(394) r, t", inclusively (306,347, &c.) On the contrary, the values of M (389,392), 

are found by multiplying the assumed values M', M" (387,390), by the factors F , F7 

(388,391), which contains terms of the second order in r, r;/ ; so that these expressions 
(395) 
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of M may be considered as less accurate than that in (30) or (309), by at least, terms 

of one order, in r, r'. Now from the mere inspection of the approximate values of M, 

given in (309, 387, 390), it is evident, that when the apparent path of the cometis near the 

ecliptic, and the latitudes ô, ô1, è" differ but little from each other, the expressions (309, 390), 

will have very small numerators and denominators ; therefore the resulting value of M 

or M" may be considerably affected by the imperfections of the observations ; but this 

would not be the case with the expression (387), supposing the longitudes of the comet to 

vary rapidly. On the other hand, when these longitudes vary slowly, the expression 

sin.(a'—a), sin. (a."—a'), are small ; consequently, the numerator and denominator of 

(387^), may be so small that the errors of the observations can have an important 

influence on the resulting value of M'. Hence it follows, that when the expression (309) 

becomes uncertain, on account of the smallness of its numerator and denominator, we can 

use the expressions (387—-3S9), if the longitudes of the comet vary more rapidly than 

the latitudes ; or the expressions(390—392), if these longitudes vary slowly in comparison 

with the latitudes. The method of using the formulas (387—392), is so similar to that in 

the preceding examples (173, &c.), that it is unnecessary to give any examples for illustration. 

We shall, therefore, close our remarks on this method, by observing, that after the approximate 

values of the elements have been obtained, we may correct them by taking more distant 

observations, as we have already observed in [820'", &:c., 849a, &c.]. 

Since the preceding article was prepared for this appendix, a new method of computing 

the orbit of a comet has been proposed by Mr Lubbock, and published in the fourth volume 

of the Memoirs of the Astronomical Society of London, and in a separate pamphlet “On 

the determination of the distance of a comet, &,c.;” in which he has reduced the question 

to the solution of a quadratic equation. As we have not made any numerical computations 

by this process ; we shall restrict ourselves to the explanation of the principles of the method, 

with such illustrations as may be necessary. 

If we suppose the intervals of time t'— t, t"— t', between the observations to be 

equal, we shall have t" = r (319), and by neglecting terms of the order t3, we 

shall have, as in (320—323), 

r2 
W/ = w' = 1 — à . —3 ; w„= w" = T. 

Substituting these in (326—329'), we get, by taking the differences of the resulting 

expressions, 

x"- X = 2r . 
dx' 

dt ’ 
2 r 

dz' 

The sum of the squares of these three equations, produces the first and second of the 

[5994] 

(395) 

(396; 

(397; 

(398) 

(399) 

(400) 

(401) 

(402) 

(403) 

Lubbock’s 
method of 
computing 
the orbit of 
a comet. 
(404) 

(405) 

(406) 

(407) 
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following expressions of c2 ; from the second we easily deduce the third by means of the 

(4°7') formula [572, line 5], putting /x — l, as in (311) ; 

e2 = (x"— x)2 + (y"— y)2+ (z"— z)2= 4r2 
dx/2-[~ c?y/s—j— d'l2 

dP 
(408) 

= 4r2J -,_ - \ . 
a 

(409) 

(410) 

The values of r2, r//2, may be deduced from r'2 and its differentials, by Maclaurin’s 

theorem [607a], in the same manner as we have obtained x" from x' in (3l5,&;c.) ; 

and we shall have, 

r3 = f._,/4^ + i^Ag!>_&c. 
dt dft 

Subtracting 2r'2 from the sum of these values of r2, r"2 ; neglecting the terms depending 

on T3, and the higher powers of t, we get, 

(411) r2— 2r'2 -f- r"2 = t2. 
d2. (r'2) 

”^2 ’ 

The second member of this equation may be reduced, by means of [595]. For if we put 

(4ii') for a moment r = r2, the expression [595], becomes, by supposing as in (407') 1 

(412) 2 r* —■ - . r 
a 

d r2 

4 di2 
= A2. 

(412) 

Taking its differential, and dividing by dr, we get, 

1 dd r ^ 

a 2dt2 

(413) 

(414) 

Re-substituting the value of r, and making a slight transposition in the order of the terms, 

we get, 

d2. (r2) _ 1 _ 1 

2 d t2 r a ’ 

hence, the equation (411), becomes, 

r2— 2r'2+ r"z = 2t2. ^ . 

Mr Lubbock’s method is grounded on the two equations (408, 414) ; by substituting the 

values of c, r, r', r", in terms of p', and assuming the following expressions of p, p". 
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(415) 

(416) 

The values of \ , \ , may be deduced from the equations (294,295), by the elimination 

of p77. For if we multiply (294) by tang.©7, also, (295) by —singer"—• 0'), and (417) 

take the sum of the products, we shall find that the terms depending on p77 will vanish, 

and we shall have, 

0 = [r'r77].p.£ tang.©7. sin.(a — ©7) —tang.©sin. (c©—©')}+ [r'r77] ./©tang.©7. sin.(©7— 

-f-[rr77] .p'. {—tang.©.sin.(a'—©') -}-tang.©.sin. (ci"—■©')}— [rr7] .R". tang, ©.sin. (©"—©'). 
(418) 

Dividing by the co-efficient of p, we obtain (419), In like manner, if we multiply (294) 

by tang.O, also (295) by — sin.(or — (£}'), then take the sum of the products, and 

divide by the co-efficient of p", we shall get (420) ; 

[rr77] C tang.©.sin.(c©—©')—tang.©.sin.(a7—©7) ) , 

1 [r7r7(J ( tang.© sin. (a77— ©') —tang.©.sin.(a— W) ) P 

tang.© — [rr7].R77. sin-t©"—S7)? _ 

[r7r77] tang.©sin. (a77—©')—tang.©, sin.(a—©') ? 

n [n*77] ( tang.©sin.(a' —©') — tang.©, sin.(a — ©7) } f 

f [n-'j £ tang.© sin.(a77—©)—tang.©7, sin.(a — ©7 ) ) P 

tang.â ][rr7].R77.sin.(©77 — ©7) — [r7r77].i©sin.(€©— ©)} 

[rr7] * tang.©sin.(a77—©')—tang.©'.sin.(a — ©') 

Substituting in the last term of each of these expressions, the value of jR". sin.(0"— 0') 

(301), we get, 

[rr"] tang.©.sin.(cl"—■ 01)—tang.©7, sin.(a7—0') \ , 
p [r'r"] ’ ( tang.©sin.(a"—0') —tang.©© sin.(a — 0') ) ' f 

| ^ [r'r"] [R'R"] ^ [rr7] _jR.tang.©7.sin.((2)7—0) 

+ {JT?] [RR'] > [r'r"]’ tang.©sin.(a7'—®7)— tang.©7, sin. (a — 0') ’ 

(419) 

(420) 

(421) 

[rr"] Ç tang.©sin. (a7 — (v)7) — tang.©.sin. (a — 0’) 

p [rr'] ’ ( tang.©sin.(a77— ®7) — tang.©7, sin.(a— {£)') * p 

C [r'r"] [R'R"] >_i/.tang.©sin.(07 — 0) 

(422) 

[rr'] [RR'] ) tang,©sin.(a"—0') — tang.©7, sin.(a—0') 

If we neglect those terms of the second members of these equations, which are multiplied 

[rV7] [R'R"] 
by the extremely small quantity -j—yj--(rr'] (^07). we shah have, 
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(423) 

(424) 

(427) 

(434) 
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[rr/f] ctang./sin.(a/7—0') — tang./7. sin.(a/ — 07) 

- [rV7] ' (tang./sin.(a77 —0;) — tang./7. sin.(a — 07) 

[rr77J C tang./sin. (a/—■ 00— tang./sin.(a — 

? [?•/] * J) tang./sin. (a"—00 —tang./, sin. (a— 

Comparing these with (415,416), we get, 

p ; 

(425) 
[rr77] « i tang./ sin.(a" - - 00 — tang./, sin. (a —©'))_ 

[rr"] * 1 ( tang.ô.sin.(a" •— • 00 — tang./, sin. (ci — 00 J ’ 

(426) , K] « ( tang.Zsin.(ci7— 00 —tang./sin.(a —00 } . 

[rr] , ( tang./sin.(a77 — • 00—tang./.sin.(a —00 5 ’ 

in which wTe must substitute the value of the factors [<] and 
[rr77] 

Now if we use 

(428) 

(429) 

(430) 

(431) 

(432) 

(433) 

[rVq [rr7] 

the abridged symbols A, yv y2 (428,429,430), and suppose the intervals t'— t, t"—i! 

to be equal, or, r' = 2r = 2r77 (319) ; vTe shall find from (342, 343), that both these factors 

become equal to 2A (431), and the values of \, p, p" (425,426,415,416) become, 

as in (432, 433) ; 

Jl=l — 

2r'3 * 

C tang./sin. (a77 — 07) — tang./. sin.(a.7 — 07) ) 

7/1 ^ tang./sin.(a77— 07) — tang./. sin.(a — 07) ) 7 

0 ; tang.Zsin.(a7 •— 07) — tang/, sin.(a — 07) } 

7»= • < --- -" - _ ©') ] 

[rr77] 

tang./sin. (a77— 07) — tang./, sin.(a 

2 \ 

I~?r"\ |>r7] 

\ = A-Vi ; 
X2 — A.y2, 

M = 2/i- ' 
2/ ,/3 

whence, 

whence, 

= 2^4 

?=A.7l. p7; 

0"=. A. 72-P- 

Hence it appears that each of the values of \ (432,433) contains the unknown factor 
O 

A= 1 — ~ ; which is an inconvenience that Olbers’s method does not suffer : since his 
2 r à 7 

value of M, deduced from f—M.p (29), by the substitution of p, p77 (432,433), 

does not contain this factor; for by using the value of p, p7/ (432,433), we have 

M = —= —. Substituting this last value of M, also, p=A.yi.p' (432), in (31,32) 
P ?i 7 

we get (436,438). The expression of r72 (437), is similar to (31). The same values 

of M, p, being substituted in (33), give the first expression of c2 (439), and the second 

expression is the same as in (408). Lastly, substituting the values of r2, r7'2, r"2 

(436—438) in (414), we get (440) ; observing that terms of the order A are neglected 

?2 

(435) 
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in the second member of (439,440) ; but may be introduced, by noticing the terms of a 

higher order, which are neglected in (406 he.) ; 

r2 = R2— 2.y1.R.»Rp'.cos.(0— a) -}-y2.A2. p'2.sec2.0; 

r'2 = R'2 — 2.R. /. cos.(©' - a') + /2. sec2 J' ; 

/'2 = R"2 — 2.y2 .S'. ^./.cos.(0" — a") + y22. ^2./2. sec2.é" ; 

'r2 4- r"2 — 2.RR".cos. (0" — ©) h 

4- J 2.yI.R/'.cos.(®'/— a) 4- 2.y2.R.cos.(® —a") | >=4^r9. ^ — 

.+{—2.7r72.cos.(a"—a)—2.y1.ya.tang .0.tang.b"\ .A2.p' 

E2 —2.R/2 + R'2 

-/2 

+ ! —2.yi.iR.cos.(0-—a)d--.R'.cos.(0,~a/) I [ 
A J -A.?' V_ 

—2.y„.R'fcos.(®"—a") j / “ 

C2 

n Cl 1 
2.t2. < —-- 

/?’ « 

Expression of 

I ?-2—2r'2+r a 
+ ,sec2.d— ^.sec2.â'4-y29.sec2.â'4.^2.iî>/2 

[5994] 

(436) 

(437) 

(438) 

^Expression of~] (439) 

(440) 

Multiplying the equation (440) by — 4, and adding the product to (439) ; after substituting 

the values of r2, r"2 (436, 438), we get the fundamental equation of Mr. Lubbock’s 

method, 

A' 4- B'. (,A.p') 4- C. (A.p'f = 
4.r2 

a 

In this equation, A', B', C are functions of the given quantities R, R', R ', {£>', 

a, a', a,", Ô,Ô',Ô"; and of the unknown quantity A (428). If we put A=\, in the first 

operation, we shall obtain the approximate values of A', B , C \ and then putting 

- = 0, to correspond to a parabolic orbit, we shall finally obtain the quadratic equation, 
a 

A'+ B'.P'+C'. P/2 = 0 ; 

(441) 

(442) 

(443) 

for the determination of an approximate value of p', or A.p'. With this value of p', we 

may find an approximate value of r' by means of (437), and this is to be used in finding A 

(428). This last value of A must be substituted in (439,440), in order to get a more 

accurate expression of the equation (441, or 443) ; and thence a corrected value of A.p1. {444> 

The same process is to be repeated till the true value of A.p1 is found ; and then from 

(436 Ike.) we get r, r', he. What we have said, will serve to explain the principle of 

this method, which is illustrated by examples, in the works of Mr. Lubbock, mentioned (445) 

at the commencement of this article. 
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[5994] 
If we compare these two methods together, we shall see that the peculiar advantage of 

,446) Mr. Lubbock’s method is, that the determination of p' is reduced to the solution of a 

quadratic equation (443) ; but the accuracy of this equation, is considerably impaired, in 

( [47) the first operation, by putting A = 1 (442); and this defect can be remedied only by 

successive operations, with repeated solutions of the quadratic equations after correcting the 

(448) coefficients, which increases the labor considerably, and sometimes alters very essentially 

the coefficients of the equations, so that it changes materially the successively approximating 

(449) values of p'. This is evident by the inspection of the coefficient of Af, in the second 

and third lines of the first member of (440) ; where we see that when the interval of time 

is small, the term which is to be divided by A is nearly equal to the sum of the other two 

(450) terms of this coefficient, and has a different sign ; so that the resulting coefficient, arising from 

the difference of these expressions, is frequently so small as to be materially affected by the 

divisor A, which affects the largest term of this coefficient. Similar rermaks may be made 

(451) relative to the three terms of the coefficient of A2, p'2, in the fourth line of the first member 

(452) of the equation (440). Moreover the intervals between the observations are required to be 

equal in the equation (414) ; and the peculiar form of the second member of this equation is 

founded upon this circumstance ; so that this method could not be applied, without some 

(453) modification, when the intervals are unequal. Neither of these objections apply to the method 

of Dr. Olbers, because the fundamental equations (31,32,33), contain only the hnoivn 

coefficients of p, p2, and the equations may be used whether the intervals be equal or 

(454) unequal ; the equal intervals being howuver the best. Finally, in consequence of introducing 

(453) the three radii r, r', r", into the equation (414), we are under the necessity of computing 

the coefficient of the equation (437), in Mr. Lubbock’s method, as well as the value of A, 

(456) neither of which are wanted in Dr. Olbers’s method, or in the similar method of Mr. Ivory. 

Thus, we see, that these methods, which are the best now known by astronomers, have each 

(457) their peculiar advantages and disadvantages. They are short and simple in their application; 

taking into view the difficulties of the problem ; and, by either of them, an astronomer can 

obtain the elements of the orbit, in a few hours, instead of being employed several days, or 

4:>8) weeks, as in the early calculations of the orbits of comets. 

[5995] METHOD OP COMPUTING THE ELEMENTS OF THE ORBIT OF ANY HEAVENLY BODY ; THERE BEING GIVEN 

THE TWO RADII r, ?•', THE INCLUDED ANGLE tc=2/, AND THE-TIME t'—t 

OF DESCRIBING THE ANGLE 2f. 

This is a very important problem, in the computation of the elements of the orbits of the 

planetary bodies; and the method of Gauss, which we shall give in [5999] depends 

(i) essentially upon it. He has given two different solutions ; the one by the process of 

quadratures; the other, by developing the quantities in series, and reducing them to tables, 

•2) as in Tables VIII, IX, X. We shall restrict ourselves to this last method; which has 

different forms in the ellipsis, parabola, and hyperbola; and it is therefore necessary to 

^ consider each of them separately. 
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TO FIND THE ELEMENTS OF AN ELLIPTICAL ORBIT. 

In the first place we shall suppose the orbit to be elliptical and shall use the following 

symbols (6—16) which are similar to those in [5985]. For convenience of reference we 

shall also insert in the table (17—67), most of the formulas which are used in this method ; 

and shall afterwards give the demonstrations in (68&c.) ; 

r, r the radii vectores ; 

v, v1 the mean anomalies ; 

u, ul the excentric anomalies ; 

the semi-parameter p — «.(1 — e2) = a.cos2.<p = b.cos.cp ; 

« = the mean distance ; that of the sun from the earth being unity ; 

b = the semi-conjugate axis = a.\f i_e2 = a.cos.<p 

e = the excentricity = sin.cp ; [/l— e2 = cos.tp ; 

2f = v'-—v, v = F—f ; 

2F=v'+v, v'=F-\-f; 

2g — u’— u; u — G—g; 

2G = u'u ; u'= G -f- g. 

b.sm.g = sinffr? ; 

b.sin.G = sin.F.fr7 ; 

sin./isin. G = sin.g.sin.jF 

p.cos.g = (cos./-j- e.cos.jF)y7r' ; 

p.cos. G = {cos.F -{- e.cos./| .y/rr7 ; 

cos fsfrr' — ^cos.g— e.cos.Cr|.a ; 

cos.F.\/r?— |cos.G — e.cos.gJ.a; 

V 
COS.fp 

= V^T [5985 (5), 378m\ 

tang-^ô^-f-w) ; 4/ —• tang.(45d— w) ; 

. 4.tang.2w; _ 
r — r = 2ae.sm.£\sin. G —-. . \Ap : 

cos.2m; 

r' -\-r = 2a — 2ae.cosg.cos. G = 2a.sin2.<g- -J- 2.cosf.cos.g.\/ip 

— (2 -j- 4.tang2.2w) -frF— 2.cos./. (1 -|- 2l).\/W ; 

r 
~ + 
r 

— 1 + 2/; 
2.cosf 

\//l-Jr = (2 + 4.tang2.2w) ; 

>•' /r 4.tang.2zc 

>* y r' cos.2 w 

j sin2.^,/ tang2.2m; 

COS .J cos .J 

%-(l -f- sin2.^-g).cos f\ZrŸ 
a 

sin2.g 

[Assumed 
value of ic J 

[Assumed 
value of 

[5995] 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

{15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(20) 

(27) 

(28) 

(29) 
When 
cos./ is 
positive. 

(30) 

(31) 

.(■32) 
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[5995] 

(33) /a = ± 
y/f 2.(Z + sin2.|g-).cos./.v/r/ f 

ht 
sm.g 

(34) 

(35) 

(36) 

_= u' — e.sin.w' — u-j- e.sin.u ; 

a 

= 2g — 2e.snLg.cos.Cr ; 
„ . l/rr' 

= 2g — sm.2g + 2.cos/sin .g. —— ; 

(37) m=z 
ht 

2s". cos.2/.(rr')4 

(38) log.m2 = 5,5680729 -j- 2.log.£ — 3.1og.cos/— f.log.(rr') ; 

I , n , _:_9 , _xi — sin. 2/ 
(39) ± m = (Z + sin2.|g/ + (? + sin2.|g) • 

sin.3g 

[Upper sign, if sin.g' be positive."1 
Lower sign, if sin.o- be negative, j 

[Assumed 1 
value of m. J 

'Upper sign, if sin.^- be positive. "I 
.Lower sign, if ein.g' be negative, j 

r nJrX'\"Z _ 

(40) m == (Z + xy-\- -——7-——= y.\/l-\-x ; 

4 B'r z) 

(41) x = sin.2£g = £.(1 — cos.g) — i versed sin.g ; 

■ 2g — sin.2g 1 
(42) X= • o -- = 

sm.3g 3 
4 ‘ 

(43) | = X - f + — = 

(44) 2/ = 1 + 

(45) h = 

(46) 

-IS • (* I) 

10 sin.3g—f.(2g —sin2g).(l—§.sin.2^g) 

ia-(% —sin.2g) 

m 

91 

Z -f- æ 

4 —I5-(« 0 \/i + x 
m9 

+ ?+!’ 

*_ (IZM; 
y+i 

(47) a) 9 1 ^ • 
y 

(48) 

When 
cos./ is 
negative. 

(49) 

(50) 

1— 2L; 
+ \/p 

2. cos ./ 

j _ sin.2^y tang.22w? 

cos./ cos./ ? 

ht 
M = 

(51) ft 

2^ (—cos./f. (rr')4 

— 2.(_L— sin.2|^).cos/^/^ÿ 

sin.2g 

(52) ± A/=-(L-Siu.2ig)^+(L-sin.2ig) 
f /^g—sin.2/ 

* V sin.3g , 

[Used when sine g and! 
cosine / are positive. J 

[Assumed "] 
value of xJ 

[Assumed "I 
value of X.J 

[‘Assumed n 
value of 

r Assumed ~[ 
Lvalue of y. J 

[Assumed 1 
value of A. J 

'Assumed “j 
value of L.J 

Assumed "I 
value of 

I Lower sign if si 
L be negative. 8 
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M=-(L -X)i+ , P / = YVL 
A W/ C, ] 

Y — — 1 + 

4 îo'^ I) 

L — x M 

■x 

H = 
M* 

f — iV(«—i) \/L — x 

L—A 

n-Z+ZF, 
X — gr 

r M2 
æ = L —yr3; 

m2 cos/v/rP. 
(Ï - <v. Ç,* . o 5 

?/• sir.^ 

a ■2 

P = 

M2 COS-fs/rr' ' 

Y2’ sin2.^ ’ 

y.rr'. sin.2/\ 2 

~”frp ) 5 

P 
/Y.rr'.sin^/V 

frz; 

log.fr = 8,2355814.. .. [5987(8)]; 

log.fr in seconds = 3,55000657 .... [5987 (14)] ; 

with a, p, we get cos.p = \/l —es = \ (.11); 
V' 

cos. Cr = 
COS.g ^/rr'.cos./ __ v/ 

ae 
— = cos.^.cosec.9 

a 
cos./.cosec.cp ; 

. _ sin./sin. G . • n 
sm.F = —h-c= sin./sin.Cr.cosec.^ ; 

sin.g* O 

mean daily motion = 7m 2 ; or, 

log. mean daily motion in seconds = 3,55000657 — § log.a. 

[Assumed "I 
value of Y. J 

[Assumed 1 
value of II. J 

[5995] 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

(66') 

(67) 

Other formulas of a similar nature may be deduced from these, particularly the expressions of 

sin.d/rplg) ; cm.{ifz£ig) 5 sin.(|F?p%G); cos.(|Frp^G); 

which may he conveniently used in logarithmic computations. In general, however, the use ^ 

of these auxiliary angles requires more labor than the common processes of spherical 

trigonometry ; and the formulas we have given are all that are necessary. We shall now 

proceed to the demonstration of these formulas (17—67). 

If we select the last values of sin.^w, cos ,%u [5985(12,13)], and then accent the symbols 

r, v, u, we shall get the corresponding values of sin.|M', cos.fw' ; substituting these in (68) 

the first member of (69), it becomes as in its second member ; 
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[5995] 

(69) sin.%u'.cos,£u =F cos 4m'. sin.^M = 
rr 

|sin.|?/. cos.^v =F cos.|?/. sm.^v ]. 

(70) 

a2.( 1 —e2) ) 

Multiplying this by b — a.(I — e2)2 (11), and reducing, by means of [21,22] Int. we 

get, 

J.sin4.(a' u) = (rr')^. sin.|.(i/ v) ; 

substituting the values (13—16) we get (17,18); the upper sign giving (17), the lower, 

(18) . Multiplying crosswise the two equations (17,18), and dividing by b.s/r?, we get 

(19) . In like manner, if we substitute the third values of [5985(12,13)], in the first member 

of (71), we obtain its second form, and by connecting together the terms depending on e, 

and reducing, by means of [23,24] Int. we get (72), 

(71) y?.{cos.|M'. cos4m± sin.|w'.sin.§w| = f (1 -j-e).cos.^ii/.cos.i« ± (1 —e).sin.§t/.s\n,^v\.\/rp 

(cos.fi/.cos.^-'y ± sin.J?/. sin.^z?) 

-j- e.(cos.£v'. cos.^v rpsin.sin.^v) ; 

(72) p.cos.(^u' rp %u) — {cos.Qo/^ £v) -J- e.cos.Qp/-)- ?v) \ 

Substituting (13—16), we find that the upper sign of this last expression gives (20), the 

lower (21). Multiplying (21) by —e, and adding the product to (20), we get, 

(73) p.{c,OB.g — e.cos.C?} = \Zr?.(1 — e2).cos./; 

substituting p = a.(l—e2) (9), and dividing by 1—e2, we get (22). In like manner, 

if we multiply (20) by — e, and add the product to (21), we get, 

(74) p. | cos.G — e.cos.g-} = s/ri7- (1 — e2).cos.F ; 

substituting the same value of p, and dividing by 1 —e2 we obtain (23). 

(75) 

(76) 

(77) 

(78) 

(79) 

We have,in [5985(9)], r—a.{ 1 —e.cos.u), r’ — «.(1 —e.cos.u!) ; taking the sum, 

and the difference of these quantities, we get, by means of [27,28] Int., 

r—r= ae.[cos.w— cos.w'j = 2ae.sin.£.(w' w).sin.2-.(w' —~u) ; 

r1 -j- r= 2a — ae.{cos.u! -f- cos.u\— 2a— 2ae.cos.J.(id -|- m).cos.J-.(w'— u) ; 

substituting the values (15,16), we obtain the first forms of the values of r'—r, r'-j-r 

(25,26). The second expression (26), is deduced from the first, by changing the term 2a 

into 2a.(sin2.ig* 4~cos2‘^)’ hy which means we obtain, 

r,Jrr= 2a.sin2.(g- -{-{cos.g—e.cos.G j .a.2.cos. g= 2a.sm2.g4-^C0S/-V/™:7j .2-cos.g (22). 

These admit of further reductions, by the introduction of the symbol w (24) ; and 

if we put for a moment 45Æ-f- w — w, we shall have ^//^r==tang2. w ; substituting 

this in the first member of (SO), and successively reducing, by means of [34',32,31] Int., 

we finally get the expression (81), which is the same as (29), 
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\y//)~ + \/r- tan§2-w + cotan2.w = 2 + Jtang.w — cotan .w}5 

= 2 + 
sin.w cos.w) 

cos.w sin.w) 
:2-f- 

, sin2.w — cos2.w I 

sin.w. cos.w 

= 2 -{-{— 2.cotan.2w]2 = 2+4.tang3$w>. 

=2+; 
,—cos.2w)2 

[ 4.sin.2w S 

[5995] 

(80) 

(81) 

Multiplying this last expression by s/rd, we obtain the first value in (27); finally, if we 

multiply the assumed value of 1-}-21 (28), by %\/W. cos.f, we shall get the second 

expression in (27) ; and, we may incidentally observe, that the comparison of (28) with (81) (si) 

evidently shows that l is positive. The same expression (79), gives, 

tang2.w — cot2.w = 
sin9.w 

coshw 

cos2.w 

sin2.w 

sin4.w — cos4.w 

sin2 .w. cos2, w m 

the numerator of this expression is easily reduced to the form, 

(sin2.w -J- cos2.w). (sin2.w — cos2.w) = sin2.w — cos2.w = — cos.2w = sin.2t<; ; (82.- 

and the denominator is, 

(sin.w.cos.w)9 = (£.sin.2w)2 = (i-.cos.2w)2 = f.cos2.2w ; 

hence we easily deduce the expression (30). Multiplying this by \/r7, we obtain the 

second form of (25). From the assumed value of 1 —}— Ql (28), we get, by substituting 

(81), the first expression of l (83) ; reducing by means of [1] Int., we get the last form 

in (83), which is the same as (31), and is composed of the given quantities f, w, 

,, 2 -f“4.tang2,2w i 1—cosf^ tang2.2w sin2.£f tang2.2w 

4.cos f ~ 2.cosf 1 cosf cos.f cos f (83) 

Transposing the last term of the second expression (26), and dividing by 2.sin2.ig,} we 

get successively, by using the last of the formulas (27) ; 

a 
r-\-r>—2.eps ./Icos.g.frP 2.cos./.(l -j- 2T).\/rr-cos.f cos.g.frr' 

2.sin2.o‘ 2.3m2.# 

j2Z-f- 1—cos.g].%.cosf\/7?_\ 2?-j-2.sina4g(,2.cosf\/rr' 

2.sin2.(g- 2.sin2.<g- 

This last expression is easily reduced to the form (32) ; and its square root is as in (33) ; 

s/l-\-x 

(84) 

(85) 

to which the double sign ± is prefixed, so that W 1 ~t~sm3-iff 
sin# 

be considered as a positive quantity. 

or, 
sin# 

(41), may (85') 

Substituting n [5987(12)] in [5985(7)], and neglecting the mass m, on account of its 

smallness, we get the first formula (87) ; the second is deduced from the first, by accenting 

f, u'. 
(86) 
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(87) 
Jet 

— e.sin.w ; 
Jet' , « 
— — u — e.sin .uf. 

3, 

a2 

Subtracting the first of these expressions from the second, and for t'— i, which represents 

the interval of time between the observations, putting simply t, we get the expression (34). 

(bb) -s easj]y reduced to the form (35) by substituting u' — u = 2g (15), and, 

(89) sin.w'—sin.M = 2.sin.(£M'— ^u).co$= 2.sin.#.cos. (t (15,16) j 

but from (22), we have, 

(90) e.cos. G cos .g — cos ./. 
rrf 

substituting this in (35), and putting 2.sin#. cos# = sin.2g, it becomes as in (36). The 

symbol m (37), is used for brevity, and when cos./ is positive, the expression of my 

(90’) will be a real and positive quantity ; being a function of the given quantities r, r / t, Je ; 

and its equivalent logarithmic expression is given in (38) ; using the value of logJc 

[5987(8)]. Multiplying (37) by the denominator of its second member, we get, 

S3 3 

(9i) Jet— m.2a.cos.2/-(r?’/)¥; 

(92) 

2. 
substituting this in (36), and then multiplying by a2, we obtain, 

3 j3 3 3. 1 1 

m.2a". cos.2/. (;rr'Y — (2g — sin.2g-).a2 sin.g.(rr')2.a2. 

Using the value of /a (33), we find that each term of the expression contains the factor 
3 3 

cos.2///)/ and by rejecting it, we get, 

(93) %2^ = ±(2g — sin.%) 
f2./-f-sin2.||)/ 

sin3.# 
±2. j2.(/ + sin9.|g;)] 

3 

dividing this by ± 22', we get the expression of ± ?» (39) ; the order of the terms 

being changed. This equation contains the Jenown quantities l, m ; and from it we may 

determine the unJcnmvn quantity g. In the case which most frequently occurs, g is so 

(94) small that the common tables of logarithms do not give the factor — % (42), 

with a sufficient degree of accuracy. In this case, we must develop it, in a series, ascending 

according to the powers of sin4g ; and then the value of the factor, which is represented 

(95) by the assumed symbol X, can be obtained with accuracy, in the following manner. 

Changing y into sin.|# in [46] Int. we get the value of the arc J#, in terms of 

06) sin.fg* 5 multiplying this by 4, we get the expression of 2# (98). Moreover, 

(9?) sin.2# = 2.sin.Jcos# 5 sin# = 2.sin.£#.cos.i# ; cos# = I — 2.sin.2£# ; hence, 
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sin. 2g = 4.sin.Jg.(l —■ 2. sin.2 \g). cos.fg ; 

and since, 

cos .ig= (1 — sin.2|g)* = 1 — f.sin.2fg — i-sin .Aig — he., 

we find, that sin.2g becomes as in (99) ; subtracting this from (90), we get 2g—sin.2g 

(100), being the numerator of the value of X (94), 
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(97) 

2g — 4.siu.$g -j- §.sin.3£g + ^.sin.5^ + he. ; 

sin.2g = 4.sin.|g — 10.sin,3|g ~\~ J.sm.5|g — he. ; 

2g — sin.2g == tP.sin.3£g — f§.siu.5|g — he. = f.sin.3£g .{1 A.sin.2^ — &c.}. 

(98) 

(99) 

(100) 

The denominator of X (94) is, 

sin.3g = (2i§in4o,.cos.^')3 = 8.sin.3|g. j: 1 — §.sin.2|g —1 &c| ; (ioj) 

dividing the expression of the numerator (100), by that of the denominator (101), we get, 

X = §.{1 + f.sin.9*# + &c.| ; (^) 

expressed in a series ascending according to the powers of sin.2^# = x (41). To obtain 

the law of this series, we shall resume the expression of X (94), which gives, 

X.sin.3g = 2g — sin.2g. (i03) 

Taking its differential, and dividing by dg, we obtain, 

— . sin.3 g 4- 3X.sin.2g.cos.g = 2 — 2.cos.2s = 4.sin.2g. 
dg 

The differential of x — sin.2£g (41), gives, 

S d cc 
dic = dg*sm.£g cos.ig = %dg.sin.g, or dg = —- ; 

substituting this in (104), and dividing by *.sin.4g, we obtain, 

dX S — 6 X.cos.g 

dx sin.2g 

but, from (41), we get, 

cos. g =1 — 2a?; sin.2g = 1 •— cos.2g =1 — (1 ■— 2a?)2 = 4a? — 4a?2; 

substituting these in (105'), and multiplying by 2a?— 2xx, we finally obtain, 

d X 
(1—x).2x.~- =4 — 3.(1—2a?).X. 

(104) 

(105) 

(105') 

(106) 

(107) 

Now if we assume for X, an expression of the form (10S), ct, c2, he., being 

constant ; we shall find, that its differential, divided by dx, will become as in (109). 

Substituting these in (107), we get (110) ; 
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(108) 

(109) 

(110) 

X = f 1 + cfx “I- c2'°c'2 ~b c3.x3 + c4*®4 + &c.|; 

— = | • S ci -f* 2c2.æ -f- 3c3.æ9 -f- 4c4 .æ3 -f- &c. h 
dx ( J 

§. j cq.æ -}- (2c2 — cx) . æ2-{- (3c3 — 2c2).a3-j- (4c4 —3e3) .œ4-J- &c.| 

= (8 —4^).^ -f- (Sc, — 4c2) .æ9-f (8c2 — 4c3).æ3-|- &c. 

Putting the coefficients of the different powers of x equal to nothing, we get, successively, 

(m) = f ; c2 — f . c, ; c3 = . c2 ; c4 = -if-. c3 &c.; 

the law of continuation being manifest ; substituting these in (108), we finally obtain, 

(112) 
4.6 4.6.8 „ , 4.6.8.10 _ , 4.6.8.10.12 , o 

X = $+ — r .-n~^3+Q e ^ n.-;7^4+^c. 
3.5 i.5.7 3.5.7.9 3.5.7. 9 .11 

This value of X may be computed by means of a table, with the argument a?; but it is 

much more convenient to find and use the small quantity f (43), of the order x?- (115), 

(.13^ or of the fourth order in g, instead of X (112), which contains terms of the order 

x. If we divide the fraction 3|, by the expression of X (112), we shall get, 

(114) = £ — « 4- #B .æ9 + èh • Æ3 + Sic. ; 
9 Jx 

substituting this in the assumed form of £ (43), namely, f = x — f -f- q^i we get, 

dis) I = is.x^-f æ3+ &c. 

With this formula we may compute the values of f , as in table IX, for the small values 

of x, when the usual tables would not be sufficiently accurate. The numbers in this 

(116) table are given for the values of x, from x = 0,001, to x = 0,300. This last 

(117) value corresponds to g = 66^ 25m ; and for greater values, if any should occur in 

practice, we may use the indirect method of solving the equation (39), in its present 

form without making any reduction ; assuming a value of g, and repeating the process, 

till we obtain an expression which will satisfy that equation. From the first expression of 

| (43), we easily deduce the second value of X (42). Finally, if we substitute the 

(ii9) assumed value of X (94), in the first value of g (43), it becomes successively, by 

using x (41), 

(118) 

(120) = « — i + 10 
sin.3 g 

= sin.9 ig — •§ + 
sin.3g 

(121) 

9'2g — sin.2g 6 ' is-(2g—sin.2g) 

and this last expression is easily reduced to the second form in (43). 

In the case now under consideration, sin.g is positive ; so that we must use the upper 

sign of the value of m (39) ; and by substituting sin.9ig = x (41) ; also the second 
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value of X (42), it becomes as in the first expression of m (40) ; the second form 

is deduced from the first, by the substitution of the first assumed value of y (44). The 

second form y (44), is easily deduced from the second expression of m (40). Squaring 

this, we get, 

[5995] 

(122) 

I -j- x = 
inA m 

whence, x = — — l as in (47) ; 
r r 

and if we use the assumed value of h (45), which gives, 

in ■ 
§ + i+Z — y > 

we shall get successively, 

(123) 

(123) 

m 
10 1 {X I) - X90 • ( 1 ^ “f" I) - IS • (^1 ^ "H I _9 

10 

m 

h 

in * 

‘f 

9 w2 Ci/2 ) 

Substituting this, and l -j- oc (123), in the first expression of y (44), we obtain, 

V = 1 + 
10 

î/2 » 

i-1 

or. 
y 

(y — — (y — ]) = ¥ ; 

(124) 

(125) 

whence we easily deduce the expression of h (46). 

When the heliocentric motion is between ISO*7 and 360* ; or generally when cos.f is 

negative, the value of m deduced from (37) becomes imaginary, and l (31) is negative. (]0fi 

To avoid this we must change, 

Q 

l into •—Lj m into —or M.(—1)?; y into —Y, and h into H; (127) 

by this means, we find that (28) changes into (48) ; (31) into (49) ; (37) into (50), after 

dividing by ( — 1)¥; (32) into (51) 5 (39) into (52), after dividing by ( — 1)T ; (40) 

into (53), divided in the same manner ; (44) into (54), after dividing by — 1 ; (45) into 

(55), changing the signs of the numerator and denominator; (46) into (56), with the same 

changes of the signs ; lastly, (47) into (57). 

To determine the value of y, or rather of log.yy, from the cubic equation (46), a 

table wTas computed by Gauss, being the same as Table VIII, of the present collection. 029) 

This table answers also for computing log.TT from II, as is evident from the 

consideration, that if we change y into —Y, yy changes into YY, the equation (46) for finding 

y, changes into that in (56) for finding Y, and log .yy changes into log. YY, This table 

is calculated from h = 0, to h = 0,6. From 0 to 0,04 the intervals in the values of h are 

taken equal to 0,0001, which do not require the use of second differences ; and this is by 
(131) 
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(132) 

(133) 

(134) 

(135) 

(136) 

(137) 

(138) 

(139) 

(140) 

(141) 

(142) 

(143) 

(144) 

(145) 

(146) 

(147) 

(148) 

(149) 

(150) 

(151) 

far the most important part of the table ; from 0,04 to 0,60 the intervals are 0,001, and then 

it is necessary to notice the second differences, if vve wish to have the logarithms correct in 

the last figure of the decimals. If h exceed the limit of the table, we may obtain the 

solution of the cubic equation (46 or 56), by any indirect process, or by some one of the 

well known methods of solution. 

The values of Z, m, h (31,37,45) are positive ; and as it is supposed in the equations 

(49,50) that cos./ is negative, (126), we shall also have L and M positive. We have, 

by [32] Int. —■ sin2.|/= cos/— cos2//; substituting this in the value of L (49) it 

becomes L = 1 -|—-°-s tan~ '^w- ; and as each term is positive, we shall have 
( — cos/) 1 (—cos/) 

L> 1; therefore II (55) is also positive, f being small (115 he.) ; moreover as 

7YL • • 

\/Yfx (90', 85') are positive, we shall have y — (44) positive; and for similar m 

reasons Y = _ (54) is positive. If we now trace the successive values of h, 

while y decreases from co positive, to 0, we shall see, by the mere inspection of the 

second member of the formula (46), that h decreases with y ; becomes 0, when 

y = 1 ; and is negative, when y falls between 1 and 0 ; so that there is always one 

positive value of y, which exceeds 1, and will satisfy the equation (46), for any positive 

value of h, from h = 0, to h — oo. In like manner, by the inspection of the equation 

(56), we find that while Y decreases from oo positive to Y II will remain 

positive ; and that it will become negative when Y falls between 0 and -g- ; so that we 

have always one positive value of Y, which exceeds E and satisfies the equation (56), 

for all positive values of H, from II = oo, to its least limit. After this digression on the 

nature of the roots of the equations (46,56), we shall now proceed to the explanation of the 

manner in which these roots are obtained by approximation. 

If | be known we shall have the value of h (45) or II (55) ; and then from the cubic 

equation (46 or 56) we can obtain y, or Ym} and finally, from (47 or 57), the value of 

x. Now as | is a very small quantity of the fourth order in g (113), we may at first 

7 ~t tj . 7 mm ri MM 
neglect it in the values of h or H (45 or 55), putting h— TJfi > or = ^L. 

With this value of h or II, we find, from Table VIII, the corresponding value of log. yy, 

or log. YY ; whence we obtain, from (47 or 57) the value of x, and with this we get, 

in Table IX, the corresponding value of f. Having obtained f, we may repeat the 

calculation, using (45 or 55), to obtain a corrected value of x ; and generally, one operation 

will be sufficient to get the true result. Having found x, we get g from the equation 

(41), æ = sin2.|ig’, or versed sine g = 2x. We may here remark, that both of the angles 

ul — u=-2g, and v—« = 2/ (13,15) fall between 0cr and 360e/ or between the 

same multiples of 360^; consequently the angles g, f fall between the same multiples 

of 180*. 
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Now considering g as a Tmown quantity, we shall proceed in the investigation of the 

formulas (58—67), for the determination of the elements of the orbit. We have, from the (iss) 

equations (40,41 ) l -j- x = l -j- sin2.^ = —; substituting this expression of ?—f-sin2.^^, 
y 

in (32), we get the value of a (58). In like manner, from (53,41), we have, 

L — sin2, ig x 
M* ' 

substituting this in (51), we get the value of a (59). Dividing the square of the equation 

(17) by the expression of a (58), and rejecting the factor sin3, g, which occurs in both 

members of the equation, we get the first expression (155). Substituting the value of m2 

(37), we get its second form ; and the third form is easily deduced from this, by using 

2.sin f cos,/ = sin.2/ ; 

bf 

a 

if. sin2./, (n7)^ f. {rdf. (2.sin/.cos./)9 

2m2.cos/ 

y.rd.sm.2f 

let 

now we have —=p (11); hence we get the expression of p (60). In like manner, 
Ct 

by squaring the equation (17), then dividing by the expression of a (59), and substituting 

M* (50), we get (61). Now if a planet revolve about the sun, in a circular orbit, at the 

tk 
distance a; the angular motion in the time t will be represented by nt — — [5987(12)], 

area of the sector sab .\Zp.ht 

area of the triangle sab f n-'.sin.2/ 

211 

= y=Y. 
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(153) 

(151) 

1155) 

(156) 

(157) 

(158) 

neglecting the mass of the planet, on account of its smallness. Multiplying this by fa3, 

we get the area of the circular sector f./a.kt, described by the radius vector, in the time 

t, in this circular orbit, whose mean distance, or semi-parameter is a. If we retain the 

same mean distance, and suppose the orbit to be an ellipsis, whose semi-parameter is p (9), (159) 

the area described by the radius vector, will be decreased in the ratio of the square roots of 

the parameters of \fp to \/a [383"], and it mil therefore become \.\/p.ht (158) ; 

which may represent in figure 84, page 792, the area of the sector sab; included between 

the radii Sa = r, Sb = r', and the elliptic arc ab. On the other hand, the area of the 

triangle Sab, included between the radii Sa — r, Sb = r', and the chord ab, is 

represented, in [5994(300')], by 

J..[rr] = sin.(r/ >— v) = frr'. sin.2/ (13). 

Dividing the area of the sector (160), by that of the triangle (163), we obtain the ratio of 

these two areas as in the first of the following expressions ; and by comparing it with the 

value of y, deduced from (60), or that of Y from (61); we find that they are equal 063') 

to each other, as in the third and fourth expressions (164) ; 

(160) 

(161) 

(162) 

(163) 

(164) 
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(165) 

(165') 

(166) 

(167) 

(168) 

(169) 

(170) 

(171) 

Hence it appears that y or Y represents the ratio of the area of the elliptical sector 

sab, to that of the triangle sab. If we substitute, 

m 
fl-t-smUg = ft = - (41,40), 

«7 

and X (42) in (39), we get the expression of m (168), corresponding to figure 84, 

page 792 ; sin.g being supposed positive- In like manner, if we substitute, 

M 
[/ L—sin2.ég — \/ L — x — (53), 

in (52), we get the value of M (169), corresponding to sln.g positive, 

m 
m — - -f —. X ; 

M = 

y y 

m .m3 

Y Y3 ° 

Now if we suppose the quantity m, which is proportional to the time t (37), to represent 

Til 
the area of the sector sab ; the quantity - (164), will represent the area of the triangle 

ïflfî 
sab (164) ; and their difference, which is —. X (168), will therefore represent the area 

y 
of the segment, included between the chord ab, and the elliptic arc ab. Similar remarks 

may be made relative to M (169), observing that when the angle bsa exceeds 180^, 

we have the sector equal to the difference between the segments and the triangle. Hence 
1 3. X 

it is manifest that the quantities m, (l -j- x) , (/ ~j- x)2in the equation (39 or 40) ; 
y 

1 3 X 
and the quantities M, (L — x)2, (L — x)2. in (52 or 53), are respectively proportional 

to the sector, the triangle, and the segment ; and these geometrical considerations serve very 

much to illustrate this part of the calculation. We shall now show the use of these formulas, 

by the following examples, given by Gauss. 

(173) 

(173) 

(174) 

EXAMPLE Ï. 

(175) 

Given, log.r = 0,1894892, log.r'= 0,3978794, v>—« = 2/= 224d, f = 2o6da3 780919 ; to find the 

elements of the orbit a, p, e ; the true anomalies v, v' ; and the excentrie anomalies u, vJ. In this example, 

the value of Y exceeds the limits of Table VIII ; we must, therefore, in this case, deduce V from the 

original cubic equation (56), instead of using that table. We have computed G, in (181), by the formula (65) ; 
we may also determine sin. G by (25); and we find, from these formulas, that sin. G and cos.G, are 

positive, therefore G (182), falls in the first quadrant of the circle, [5990, (23, 24)]. In like manner, we have 

computed sin. F (i83) from (66) ; we may also compute cos.F from (23), and as both expressions are positive, 

F must also fall in the first quadrant. 
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To find x. 
r' log. 0,3978794 0,3978794 

r log. 0,1394892 0,1394892 

T* 
- = tang4.(45®-J^«p log. o,2583go2 sum 0,5373686 

45d_|_2c=4grf 14^43578 tang. 0,0645975 half 0,2686843 

w = 4a 14m 43 s,78 
3 

(?r')5log O?8o6o529 

ar.co. 9,1939471 

To find MM. (5o) 

t = 2o6days, 80919 

constant log. 5/680729 

log. 2,3i55698 

same 2,3l 55698 

arith, co. log. (— cos,/) X 3 1,2792738 

§ log. r / arilh. comp. 9,1939471 

MM log. 0,6724334 

2ta = 8'* 2§m 27s,56 

/ 
tang2.2 w 

cos / 

f = 112d 
é/= 56fJ 

sin2. £/ 

cos./ 
sum is i 

tang, 

same 

ar.co.cos. 

0,0594959 log. 8,7744874- 

9,iy4o3i4 

9,1740314 

0,4264246» 

ar.co.cos. 

sine 

same 

0,4264246» 
9,9185742 

9,9188742 

= i,8347335 

5 _ 
A — 

1,8942294 

0,8333333 

= 1,0608961 

MM (176) 

Approx. H 

Hence from tlie cubic 
equation (56), we get, 

MM 

log. 0,2635730» 

log. 0,0256728 

log. 

hg 

g 

MM 

YY 
2 

— cos./ 

\/ rr1 

To find a. (5g) 

nd o71a 26^3 

22^ i4m 02s,6 

log. 8,5708114 
sin. 9,2854057 

cosec. 0,4218017 

same 0,4218017 

log. 0,2688 r34 

log. o,3oio3oo 

loS- 9^786754 
log. 0,2686843 

log. 1,2557065 

log. 

Approximate F = 

YY log. 

MM lo?r. 

YY 
L 

1,8571935 

1,8942294 

log. 

Approximate x = 0,0370359 

Correspondu! 

0,6724334 To find p, and e = sin. a. (6r, 64) 

0,6467606 k ar. co. log. 1,7644186 

i,5gi432 t ar, co. log. 7,6844302 

0,4035762 

0,6724334 

rr' 
2/ 

— F 

log. 

sin. 

log. 

0,5378686 

9,8417713„ 

0,2018100» 

0,2688572 
Vv log. 0,0297987 

\/a log. 0,6278532 

tp = 75^ 23™ 07s, 3 cos. 9,4019455 

■8 ? 
5 
O' L — 4. — 

0,0000801 in Table 

1,0608961 

IX. 

To find F, G, v, F, u, u> (65, 66) 

1,0608160 log. 0,0266401 
MM log. 0,6724334 

Corrected H log. 0,6467933 

Hence we get from (56), corrected F = t,59i5ii 

FF log. o,4o36ig2 

MM 
MM 

1,8570098 

log. 0,6724334 

Y Y 
log. 0,2688142 

L = 1,8942294 

Corrected x = 0,0372196 

Corresponding | = 0,0000809 in Table IX. 

L — |- = 1,0608961 

L — ^ | = 1,0608152 log. o,oa563g7 
•*- MM log. 0,6724334 

Corrected 11 log. 0,6467937 

Hence we get from (56), corrected F 1,5916124 

YY log. o,4o362oo 

MM 
MM log. 0,6724334 

•- - 1,8570064 
FF 

L — 1,8942294 

log. 0,2688134 

cosec. 0,0142840 

s cos. 9,9664018 

cos. g. cosec.. <p = o,g565oi8 log. 9,98o6858 

cosec, 0,0142840 
a . ar. co. log. 8,7442935 
/ cos. 9,5735754n 

• « 

IX
 1 log. 0,2686843» 

_ ir cos./, cosec. <? — 0.0398875 
a 

log. 8,6008372 

cos. G = 0,9963893 log. 9,9984291 

G 4d52”ij3s sin. 8,9289080 
f sin. 9,9671659 
g cosec. 0,4218017 

F = I2<C sin. 9,3178756 

f— IT2d 

v — F—f— lOO^ 

F =. F -J-/= 124d 

G — 4d 52’» 13s 

g = 22d 14® 53® 

U — G — g =-I7rf 22m 4os 
£r_j_gr=: 2Jd OJ™ 0 6s 

[5995] 

(1703 

(177) 

(178) 

(179) 

(180) 

(181) 

(182) 

U83) 

(184) 

X = sinS.Jg — o,o37223o 
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EXAMPLE II. 

(185) Given log. r = 0,3307640, log. r' — 0,3222239, v'—v = 2/= 7d34™ 53s,73, t = 2idays,9339i ; to find 

the elements of the orbit a, p, e = sin.p ; the true anomalies v, v1 ; and the excentrie anomalies u, u>. 

(186) A considerable part of the calculation of this example, is given in the introduction to tables VIII, IX ; and 

it is unneccessary to repeat it here ; we shall merely give some of the results of this part of the process ; namely, 

(187) 

m2 
w — — 8m 27s ; 1 = 0,0011205685 ; log. — = 7,27i5x33 ; log.yy — o,oo2i633 

_ V2 
log.m2 = 7,2736766 ; logs/rr' = o,3264g4o ; x = sin2.ig — 0,0007480186. 

With these we shall compute a by the formula (58) ; p from (60) ; <j> or e from (64) ; G from (65) ; 

F from (66) ; then v, v1, u, u', from (i3—16). 

To find a. To find v, v', u , u'. 

(188) 

(189) 

(190) 

(191) 

(192) 

(193) 

x = sin2.^o- log. 6,8739124 

%g id 34m 02s,o3 sin. 8,4369562 

g 3d 08m o4s,o6 cosec. 1,2621764 

m 2 

same 1,2621764 

log. 7,27i5i33 
y3 

2 log. o,3oio3oo 
/ cos. 9,9990488 

y/ rr' log. 0,3264940 

a log. 0,4224389 

To find p, and e — sin. 

k ar.co.log. 1,7644186 

t ar.co.log. 8,658884o 

rr1 log. 0,6529879 

2/ sin. 9,1203696 

y log. 0,0010816 

Vv log. 0,1977417 
\/ a log. 0,2112194 

<P = i4d 12™ 02s,0 COS. 9,9865223 

log.e = log.sin.p 9,3897273 

g 
<P 

cos.g.cosec. <p 

cos. 9^9993498 

cosec. 0,6102727 

4,0702635 log. 0,6096225 

<p . . cosec. 

a . . ar.co.log. 

/ . . cos. 

— \/rr' - . log* 
\/ rr' 

-.cos./.cosec.p=—3,2611940 log. 

0,6102727 

9,5775611 

9,9990488 
0,3264940^ 

o,5 i33766„ 

cos. G = 0,8090695 log- 9>9°79858 

G = 3i4d oom 18s,4 sin. 9,769 i653re 

/ — 3d 4lm 26s,865 sin. 8,8202909 

g cosec. 1,2621764 

F — 3i4d 42™ 54s,g5 sin. g,85i6326n 

f — 3d 47™ 26s ,86 

v — F —f = 3iod 55m 28s 

v1 = F f — 3x8^ 3om 22s 

G = 324^ oom 18s,4 

g = 3d 08m o4s,i 

u = G — g = 32od 5im i4s 

u' = G g — 3i,id o8m 23s. 

In this example, cos. G is positive (189) ; but sin. G (25) is negative, because r' — r is negative ; therefore 

G must fall in the fourth quadrant [5990, (23, 24)]. Again, sin. F (190) is negative, and cos. F, deduced from 

(22). is positive ; therefore F falls in the fourth quadrant. 

These examples will suffice for illustrating the calculations in an elliptic orbit ; we shall now proceed to 

explain the similar calculations in a parabolic orbit. 
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TO FIND THE ELEMENTS OP A PARABOLIC ORBIT, THERE BEING GIVEN r, r', v'— d=2/. [5996] 

In a parabolic orbit, we shall use the symbols (2—10), most of them being similar to those 

in an ellipsis [5995(6, &cc.)]. We shall also insert in the same table (11—25), several (i) 

formulas which are useful in these calculations ; and shall afterwards give the demonstration 

in (26—60). 

r, r, the radii vectores ; 

v, v, the mean anomalies ; 

p=l2D, the semi-parameter ; [5986(2)]. 

D — the perihelion distance ; 

2/ = v' ■—• v ; 

2F= v' -f- v ; 

r' = r.tang2.# ; 

cos.p = cos/sin. 2# ; 

Ck—1 — sin2.|p 5 

v = F—f; 

v'=F+f; 

log.Ar = 8,2355814... [5987(8)] ; 

^ = COS .(IF— If) = cos.lv ; 

~j = cos. (I F If) = cosy ; 

(2) 
Symbols. 
(3) 

(4) 

(5) 

(6) 

(?) 

(8) 

(9) 

(10) 

(11) 
Formulas 
in a para¬ 
bolic orbit. 

(1-2) 

P = 

\/rr' 

Pjffr 
2 rr' 

= cos.F -j- cos f ; 

r') 
— = 1 -j- cos.F .cos./; 

(13) 

(14) 

P=~ 
2rr'. sin2/ ___ ^ /sm.g.sin/\2 

r -J- r'— 2.cos/./rr' sm. 

3 

kt 
2.sin/.cos./.rr' 4.sin3/.//)2 /2 . _, < x 

= -H-"4-^= V • {r + Z+COS././rr'} . {r+/_S.COS./v/Vp 
✓p 3j?2 

= ca. [ jA. ( 3.sin.iy. 
( COS.Z ) 

2. cos/ 
== 1 -j- 2/ ; 

let 
m 

22.(cos f)2.(rr')i 

log.m2 = 5,5680729 -}- 2.log.£ — 3.1og.cos/— f .log.(rr') ; 

[Assumed 1 
value of I.J 

Assumed 
.value of m- 

(15) 

(16) 

(16') 

(17) 

(IS) 

(19) 
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(20) 1 = 
sin2.//rr' _ 

2/.cos./ ’ 

(21) m — 

V 1+l/p 
— t - \.A^) 

2.cos./ 7 

M = 
kt 

(■40; 
22. (—cosff.irr'Y 

(24) p = 
sin 2.//iÿ 

—■2L.COS./’ 

(25) M = =-■£* + * 

[Assumed "] 
value of L. J 

Assumed "I 
value of AT. J 

(26) 

The formulas in the preceding table are easily demonstrated in the following 

Substituting D=^p (5), in the first expression of r [5986(4)], we get r = 

whence, 

manner. 

V 

2.cos24v ’ 

(26') = COS.J» = cos.(IF — I/) (6) \ 

and in like manner, 

(27) — cos.fcF -f- §/) CO; 

these agree with (11,12). Multiplying the product of the two formulas (11,12), by 2, and 

then reducing the second member, by means of [20] Int., we get (13). Taking the sum of 

the squares of the two expressions (11,12), and reducing, by means of [6,27] Int., we get, 

as in (14) ; 

(28) 

p.(r r') 

2rr =cos^(ijP-4/)-fcos2.(|F+|/)==l-f|.cos.(F-/)+|.cos.(jP+/)==l-j-cos.F.cos/. 

Multiplying (13) by -cosf and adding the product to (14), we eliminate cos.jP, 

and obtain, 

(29) 
p. (r -f r') — 2/3.COS fs/rr' 

2 rr' 
1 — cos Kf= sin2./ ; 

which is easily reduced to the first form (15). If we substitute, in this, the value of / (8), 

we get the first of the following formulas, and by successive reductions, using y (9), we 

finally reduce it to the second of the forms (15) ; 
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2.tang2.z.sin2./ __2.sin2.s.sin2./__ 2.sin2.2.sin2./ 

P 1 ’ l-ftang2.2— 2.cos./tang.2 T—Z.cos.f.sm.z.cos.z T — cos/sin.2* 

2.sin2.,z.sin2./ 2.sin2.2.sin2/ / sin.*.sin/\ 2 
- 7"--: -- V . I -;-J . 

1 — cos .y 2.sin2.| y \ sin.| y j 

Substituting D = lp (5) in [5986(6)], we get, 

J3 
rn 2 

t = {tang.|u + -J. tang3, ip j ; 

and by accenting the letters, 

f = 
p 2 

2fc 
. ^tang.ip -f" 4-tan 3 i, 

[5996'J 

(29) 

(30) 

(31) 

(31) 

Subtracting the first of these expressions from the second, and changing t' — t into t, 

in conformity with the notation of this article, we shall get, by multiplying by k, the 

expression (32). The second member is easily reduced into two factors, as in (33 or 34)* 

3 

kt = lp*.\ (tang.ip — tang.|p) -f |-.(tang3.|i)'— tang3, ip)} 

= \p*. Jtang.ii/ — tang. }.{1 + 4.tang2.|u' + i.tang.ip'. tang.|u + |.tang2.ip } 
g 

= .Jtang.ip' — tang.ip}.£ 1 + tang.ip'. tang.ip + i/tang.ip' — tang.^)2}. 

Now we have, 

(32) 

(33) 

(34) 

tang.ip' — tang.jgü 
sin.ip' sin|p sin.ip'.cos.|p— cos.ip'.sin.ip_sin. (Ip7 —\v) 

cos-Ip' cos.Ip cos.Ip'.cos.Ip cos.|p'.cos.|p 

sin ./ 

cos .ip'. cos. | v 

and the product of the expressions (11,12), gives ô' ~ cos4l,/-cos .pi ; hence the (33) 

preceding expression becomes, 

2.sin./. \Zrr' 
tang.|p — tang.|p =-y-- (36) 

By similar substitutions, we obtain, 

P 

cos.|P. cos.|p-j-sin.|i/.sin.|p cos.(Ip'—|p) cos./ 
1 4- tang.ip'. tang.ip =------—=-ry-T—-TT-7~ 

cos.gp. cos.gP cos.|r .cos.|p cos.Ip . cos.Ip 

Substituting (36,37) in (34), we get» 

j 2.COS./ \/rr' 

V 

(37) 

(37') 
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(38) 

(39) 

Jet — p2.sm.f. / 

2.sin/.cos. f.rr' 4.sin3/(rr') 
r 

Vv 
3 

3p2 

This last expression is the same as the first of the formulas (16). If we multiply the last 

term of the second member of (39), by p, and divide it by the first value of p (15). 

we get, 

(40) kt = 
2.sin ./.cos./! r/ ( 2.sin /./rr'. ^ r-\-r'— 2.cos.f\/rr'}_2 .sin f.\/rr- ) r -j- cos f. [/Tr ' 

V? 3 \/p 

Substituting in this last expression, the first value of /p (15), we get the second expression 

(16). These two forms of Gauss, are reduced to the form (16'), by Burckhardt, in the 

(4i) following manner. Substituting the assumed value r' = r.tang2.^ (8), in the second 

expression (16), we get (42) ; and by successive reductions, using the symbols z, y, C 

(8,9,10), we finally obtain the expression (43), which is the same as (16'), 

f42) Jd = —. r2. {1 -}~ tang2.z -f* cos./.tang.2:|. \ 1 + tang2.2 — 2.cos./.tang.z^ 
3 

i/2 - 

— r2. sec.3z.{1 -f-cos./.sin.z.cos.£}.j 1 — 2„cos./.sin.2.cos.z}i 
3 

= r2. sec.3,s.<l + i.cos./.sin.2z}.|l —cos./.sin.2,sf£ 

r2. sec.3z.{l-\-^.cos.y}.\l— cos.y}2= r2.sec.3z. {l-f-|.(l~2.sin2.|y)|.{2^in3%^ 
3 & 

j b— . r. see.3*/! — sin2.|y}. 25.sin.ly=r\ sec.3z.{ 1 — §.sin2.§^.sin.|y 
3 

(43) — r2. sec.3# C~k.sm.ly— Ck.(^y).sm.ly 
\COS*£ / 

To facilitate the use of this last formula, Burckhardt computed Table VII of this collection, 
1 — § gi]/2 

which contains the values of the logarithms of C —-— , for intervals of ten 

minutes in the value of y, from y = 0* to y— 20*; and by means of it, we can 
( ii ) 

very easily compute the time t, corresponding to the radii r, /, and the included arc 

2/= v'_v ; as may be seen in ($3), or in the example which is given on the same page 

with the table. The assumed values of l, m, L, M (17,18,22,23), are precisely the 

(45) same as in the ellipsis [5995(28,37,48,50)]. Multiplying (17) by 2.cos.fyTF, we get, 

r -j- r = 2.cos .fs/rr' -f" 4/.COS./.[/?t', 
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hence the denominator of the first expression in (15), becomes 47.cos.jfii/jr7 j and the 

value of p is reduced to the form (20). Again, since (17) is reduced to the form (22), (4L) 

by changing l into —L, we may, in the same way, get (24) from (20). Substituting the 

value of p (20), in the first expression of ht (16), we get, 

ht — Z2.(2.cos/)2.(/r')4 (2.cos./y.fr/)* = 22. cos.2/.(r/) i.{/a -f- (47) 

Substituting this in the value of m (IS), it becomes of the very simple form (21). In a 

similar manner, the substitution of the value of p (21), in ht (16), and then in ill 

(23), gives (25) ; and this may be derived from (21), by changing, as in [5995(127)] 
3 

l into —L, and in into M.{—l)3. If we compare the equations (21,25) with the 

similar ones in an ellipsis, [5995(40, 53)], we shall find that they agree, if we suppose 

# = 0, or sin2.f§- = 0; which makes £= 0 [5995(115)]. Hence it is evident, that in 

calculating an orbit, upon the supposition that it is an ellipsis; if we obtain x = 0, that is 

to say - —1 = 0, or 
,/3 

[5995(47, 57)], wre may immediately conclude 

that the orbit is a parabola, and we can then calculate the elements of the orbit, by any of 

the formulas in the preceding table (11—25). Thus we may find p from (15 or 20), 

also, D = lp, and then we may obtain F from (13 or 14). We shall illustrate these 

formulas by the following example. 

(it) 

(49) 

(50) 

E X. A MPLE 

Given in a parabolic orbit log. r = 0,9.47(3368, log. r' = 0,2929648, ami v' — v —of = 3od 4a,?, to find 

the elements D, p ; the anomalies v, v' ; and the time of describing the arc t. 

To find t. To find p, n, v. 

h tog- r> 

è t°g- r 

o,t464824 

o,i238i84 
f 
Z 

sine 

sine 

9,4173807 

9,86o52i4 

z — 46Æ oxjm 3gs,6 tang. o,oaa664o ky ar. co. sin. 0,8717953 

2Z — Q2.rf 'JCfn I Cf ,2 sine 9,9994089 sum 0,1496974 

f = i5rfogm 21s cos. g,g84Ô256 doubled °>2993948 

y—i 5d 26"1 27s,2 cos. 9,984o345 r log. 0,2476368 

i tog. r 

cos. 
0,1238184 

9,8378575 

P 
2 

log. o,547o3i6 
o,3oio3oo 

\/r. sec. z log. 

Multiplied by 3 

0,2809609 

0,8578827 

1,7591607 

9,1282047 

D = hp 
r 

log. 

log. 
0,2460016 

0,2476368 

hy = 7l 43m 13s 36 
Table VII. log. C 

sine 
[/ — = COs2, 
y 2 T 

log. 9,9983648 

f = 55da>’3, 6222 tog. 1,7402481 hi) = 3a 3om 53s cos. 9,9991824 

v= 7^01“ 46s Table III. 0,7037928 

Z>t log. 0,3690024 

Time from the perihelion corresponding to r,v, n 1?5,8248 log. 1,0727952 

(5i) 

(53) 

(59; 
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[5997] to FIND TIIE ELEMENTS OF A HYPERBOLIC ORBIT ; THERE BEING GIVEN TI-IE RADII r, r', THE ANGLE 

v' — v=2f, AND THE TIME t OF DESCRIBING THE ANGLE 2/. 

We shall here use the same symbols as in the elliptical orbit [5995(6, &c.)], changing 

C 
{1) u into — j and vl into Cc; using also the auxiliary angle ^ [59S8 (3)]. 

For convenience of reference, we shall insert these symbols in the following table 

(3—9, &c.), together with the formulas which are used in this method (9—59), and 
(2) 

their demonstrations in (60—172). 

Symbols 

(3) r, r the radii vectores $ 

(4) v, v the mean anomalies ; 

a= the semi-transverse axis =b.cot.^; 

(6) the semi-conjugate axis = a.\/(e2 — 1) 
sin./.p/ rr' 

tang.2n ’ 

(7) y— a (e2 — 1) = &.p/e'2— 1 = a.tang.2-^ = Atang.A 

1 

semi-parameter 

(8) e = 
Formulas COS.-l 
for a hy¬ 
perbolic" 

secant 4* = excentricity 

orbit. 
(9) p/e2 — i = tang. 4* = 

tang ./bang.2n tang./.tang.2w 

2.(1 — s) 2 ,(L+«) 5 

(10) u — 
C 

c > 

(11) vl = C c\ 

(12) c — tang. (45tf -f- n) ; 

[Corresponding to '«.] 

[Corresponding to r', v'. ] 

(13) Z = \. | \/C- 

(14) C= tang.(45d N) 

r--d.lOT.C 

(15) Z ' 
1)3 

C ' 
|. (c ■ 

(16) tang.2 n = 2.\/(z-[- z%) ; 

„ 2.sin.A.tang.2îü 
W tang.2 JV = —:—j-|-; 

° sin./.cos. 2 w 

(is) 2 f=v' — v; v = F—f; 

(19) 2 F = v' + V ; v' = F+/ ; 

“■**=*• 1 p/l- k/^) ■ v/" (20) sill 

(21) COS.^T=|. 
/c + 

c 

C 

S («+!)•« 
(_ r 

( (e — l).a 

l r 

c sin.(JY — n) 

(22) iang.au (C-J-c). tang.^ cos .(JV + n).tang.£4 
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nn.Jf = l+Cc-+/} 

3os.j»=/v/ch-++ ■ l ; 

tang. | v 
C c — 1 sin^JV + w) 

(Cc+ l).tang.J4 cos.(^V* — w).tang.|+ ? 

1 ) C e2 — 1 
sin ./= Ja. 7 c — — ^ . 

cos /= |a . 

sin. 

^ (1 + 2+.+ + £2+ — lo%.{\/i+z + \/z\ 
Z =-à-; 

2.(s + £2)3 

„ 1 

z +*■(*+?)5 

\*/1— = tang-(45<r-j-Iy) ï ~“ t;"1S-('lr'’— î 

2.COS./ 
= 1+2/; 

sin2.^/ , 

cos/ 

tang2.2w? 

cos/ ’ 

7i2 
m 

22 .(cos./)2.(rr') ^4 

When cos./I 
is positive. J 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 
* 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

Assumed ~| 
value of w. J (36) 

[Assumed "j 
value of Z.J (37) 

(38) 

1 Assumed “j 
value of m.J (39) 
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(40) 

(41) 

(42) 

(44) 

(45) 

(46) 

(47) 

(43) 

(49) 

(50) 

(51) 

(52) 

(53) 

APPENDIX, BY THE TRANSLATOR : 

m — (l — z)~ -f- (l — z)2.Z—y.(l— zy 

y = i + {i — z).z = 
111 

(l-zf’ 

h = 
mA 

(43) h = 

t+H-r 
(y—l).y3 

y~+i 

i — 
nr 

y 
2 ’ 

+ 
2.cos .f 

= 1 — 2 L 

L = 

M = 

sin .%f tang2.2te 

cos ./ 

let 

cos./ 

3. 3. fli ? 

22 ( — cos./) “. (rr') 

M = — (£+*)*-f- (L-}-^.Z= r.(I, + *)*; 

M 
Y=— 1 + (L + *).Z = 

11 = 

11 = 

m- 

L-t-r 
(Y+ i).r2 

i ? 

iW2 _ 
s y2 J ’ 

_ C e.tang.2N . , ,TN ) 

T= F • \ - hyp-log- tang'(45 + A > | 

3 

a2 Ç Xe.tang.2_N 
(53') = — 

(54) It — 

X& ( cos.2n 

3 

a2 C e.tang.2n 

fc ’ ç cos.2N 
3 

a5 ( Xe.tang\2ra 

—comm. log. tang.(45d’-f- N) > ; 

hyp. log. tang. (45^ -f- n) 

(54) X/c <[ cos. 2 N 

(54") log.fr = 8,2355814 ... 

comm. log. tang. (45'J-f- n) | ; 

[Assumed 1 
value of y.J 

[Assumed "j 
value of h. J 

[When cos. f ~t r Assumed ~\ 
is negative. J Lvalue of iJ 

[Assumed ’ 
value of J\I._ 

[Assumed 1 
value of Y. J 

[Assumed 
value of H. J 

log.X = 9,6377843 ... ; log.- = 2,1266342 ... 
A fC 
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8.! ! i-i.(v/c-/ )/coe -M? 

(<-r) 

2 

~ 8 . £ L -f- ±.(yC — | . COS.f.\/rr' 

2.(1— z).cos.f.\Zrr' 2mr. cos&_ 

tang3.2n yü. tang2. 2n 4 y2. rr'. cos Jf .tang2. 2n 

—-2.(L-\- z).cos — 2.M%. cos/, s/r?  _k“fi_# 

tang2.2n Y2. tang2. 2n 4 Y2. rr. cos./.tang2.2« 1 

sin/tang././jr7 y2. sin/.tang.//n7 /y.rr',sin.2f.\a 

2.(1—z') 2mi2 \ kt ) 

— sin/tang/^/rr' — Y2. sin/.tang/./rr' 

2.(Z, + *) = &M2 
/ Y.?V. sin.2/"\2 

V kT^~ )‘ 

[5997] 

(55) 

(55') 

(56) 

(57) 

(58) 

<59) 

We shall now give the explanations and demonstrations of the formulas in this table, 

taking them generally, in the order in which they occur. The symbols (3 — 9) are (6°) 

similar to those in the table, page 767, or like those for the ellipsis, [5995(6—11)], page 

831, changing as usual 1e2 into e2—1, &ic. ; the formulas in (6, 9, 17), (6i) 

depending on / will be noticed in (149, 150). We have in [5988(13)], 

and in like manner, 

u = tang. (45rf x w), 

u’ = tang. (45tf % w). 

(61') 

(62) 

When the quantities a, sf have been obtained, from the times t, t1, by means of 

[5988(6 or 7)], we can easily deduce u, u'. Instead of the symbols zs, Gauss 

uses the quantities c, C, putting, 

c= [ + ] *=©*! C= 5*“g-(«'+i«).tanB.(4e'+K) (03) 

these values give, 

C 
= tang.(45* + £w)=« (6P) Cc — tang.(45rf -f- |V) = v! (62) ; (64) 

being the same as in (10,11). In the course of the calculations, the new symbols 

VOL. III. 214 
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n, JV, z, Z, are introduced, depending on c, C. These assumed values are given in 

(12—15), in terms of c, C. If we put, in [5989(12,14)], 

(65) u = c, -üs = 2n ; 

the first of these expressions will become as in (12) ; and the last form of [5989(14)] 

will give, 

c2—1 f \\ 
(66) tang.2n=—— = h (c — — j . 

Now the assumed form of z (13) gives, 

ce?) c^\; i/ï+ïBv^=<* ; 

(68) \/z • \/l-{-z = [/z~j-za ==zi-(c £ 1 ) j ■£=!-• (c 2-j-c ) j 1 -}-22'=4.(c -f- £ ] )■ 

Substituting the first of the expressions (68) in tang.2?t (66), we get (16). Dividing 

the numerator and denominator of (15) by 8, it becomes, 

(69) 
^ _ fO2—' c~~) — log.c2 

*■(* ~ ^ )3 

Now the product of the first and third of the equations (68) gives, 

(70) Mc2 — c"2 ) = ( 1 + 2z) . (z + z*f ; 

moreover the third power of the first of the equations (6S), being multiplied by 2. 

produces, 

(71) uV(c — c"1 )3 = 2.(z + zs)~2 ; 

substituting these and the value of à, given by the third of the equation (67), in (69), 

we get (34) ; which is reduced to the form (35) in (119 &c.) The assumed values of 

f F (18, 19) are similar to those in the ellipsis [5995(13, 14)]. If we divide the 

(/2) last of the expressions of sfih.^y, cos.|v [5988(18, 20)], by y/r, and substitute 
c 

the corresponding values of w = -(10), we shall get (20, 21). The similar values 
c 

of sin.fy', cos.^y' (23, 24) are found in the same manner, by merely accenting the 

(73) letters r',v', and using u' = C c (11), instead of the value of u (10). Dividing 

(20) by (21), we get, without any reduction, 

(74) tang.Jy 
Clc-i— C~*ê fe + 1\$ 

Ckc-ï+C-ïà ‘ \e — l) * 

Multiplying the numerator and denominator, of the first factor of the second member of 
q_c 

this expression, by 0 à, it becomes ^yp- ; and we have as in [5988(3)], 
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(74') 

hence we get the first of the expressions of tang.iy (22). The second expression can 

be deduced from the first, by substituting the values of c, C (12,14). For if we put, 

for a moment, 45d-\-n = n', 45dJrJV=J\v, the expressions (12,14) become (75) 

c = tang.?*' ; C = tang.JY' ; hence we get, 

C zf c = tang. JY1 tang.ra' = 
sm .JY' sin. n1 
COS. JY' ‘ cos. ri 

sin. JY'. cos. ?*' rp cos. JYk sin,n' sin .(JY' rp n') 
cos. JV'. cos.?*' cos.jY'.cos.îî' ’ 

and if we divide this expression of C— c, by that of C -{- c, we obtain, 

C—c sin.(JY'— n') sin.(JY—?*) _sin.(JY— n) 
C-\-c sin.(JY'-j- n>) sin.(90d-f-JY+m) cos.(JY-f- ?*) 

(76) 

(70') 

(77) 

substituting this in the first expression (22), we get its second form. In like manner, by (78) 

dividing (23) by (24}, we get the first expression (25) ; hence we may obtain its second 

form, by substituting the values of c, C (12, 14). It is, however, easier to derive (25) 

from (22) ; observing that if we change c into c~l, in (20, 21), we shall obtain the 

formulas (23, 24) respectively; moreover the change of c (12), into c-1 , requires that 

we should change tang.(45^ -j- n) into 
tang.(45dd~?l) 

or tang.(45d— n) ; which is (79) 

equivalent to a change in the sign of n; making these changes in (22), we obtain (25) 

by a slight reduction. Multiplying (21) by (23) wre get (SO) ; also (20) by (24) gives 

(81) ; (21) by (24), gives (82) ; and (20) by (23) gives (S3), 

sin.| v'. cos.I'D 

cos.|t/. sin.^v = ^ C 

cos.£i/.cos= ^ C+ + 5 

C n 1 1 e -j- 1 
sin.^F. sin =ia-^ ~C~~ c~ 5 * ‘ 

Subtracting (81) from (80), and substituting in the first member for, 

sin.JF. cos.^îj — cos.^F. sin.^v, 

its value, sin.(|Y— %v)=sm.f (18), vTe get (26). In like manner, the sum of 

(60) 

(81) 

(82) 

(83) 

(64) 
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(8*2,83), gives by substituting for the first member, its value cos.(|î/— §v)=cos./ 

the expression (27). The sum of (80,81), substituting sin.F = sin.(|/-{- %v) (19), 

(85) gives (28) ; lastly, by subtracting (83) from (82), and substituting cos.F=cos.(|î/-{-fî>)} 

vve get (29). Dividing the last expression of r [5988(12)] by a, and substituting the 

value of u (10), we get (30); accenting r, u, and substituting u' (11), we get 

(36) (31). Subtracting (30) from (31), we get (32); and the sum of (30,31) gives (33). 

(86') The assumed values of w, l, m (36,37, 39), corresponding to the case of cos./ positive, 

are the same as in the ellipsis [5995(24,28,37)] respectively ; and the resulting value of l 

[5995(31)], is the same as in (38). The similar values of L,M, (45—47), corresponding 

to the case of cos/ negative, are also the same as in the ellipsis [5995(48—50)]. If 

we substitute the value of tang.tf [59S9 (14)], and tang. (45Æ -}- [5989(12)] in 

[5988(6)], it becomes, 

(87) 

and by accenting t, u, we get, 

(88) 

Subtracting the first of these expressions from the second, then changing t' — t into t, 

to conform to the notation in this article, we get (90) ; which is easily reduced to the form 

(91), by the substitution of the values of u, u! (10,11) ; eliminating e by means of 

(27), which gives, 

(89) 

we get (92) 

(90) 
k 

3 

(91) 

(92) 

Eliminating e, from (33) by means of (89), we get, by making a slight reduction, 

(93) 
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whence we easily deduce the first value of a (55). Multiplying (37) by 2.cos. f-\/riJ, [5997] 

we get, r'-j-r = (2-j~ 41).cos.f.^/rP ; substituting this in the preceding value of a m 

(55), we obtain, 

a = 

(2 + 47).cos.f.\/rr' —(c -}- -^.cos/.v/rr' 8.^7 — £. (c — 2 -f- j-) | cos -f-v'rr' 
(95) 

which is easily reduced to the second form (55). The third form is easily found, from (45) 

by a similar process ; or it may be easily derived from the second form, by changing (9C) 

7 into —L, as in (37,45). If we substitute the value of z (13), in the second and 

third forms of (55), we get, 

a 
8.(7 — z). cos.f.(rr')* 8.(L -f- z).cos.f.(rr'y 

-)■ (c r)a 
Multiplying (15) by we get, 

2.log. c 

(97) 

(97) 

substituting this in the second member of (92), and then multiplying by a2, we get (100). (93) 

Now the square root of the first expression of a (97), being multiplied by c—-, 

gives, 

(99) 

substituting this and its cube in (100), it becomes as in (101), 

let 
= ( 

in i 
ycr. cos ■f(rr’Y+l(c — Î-) .a1. Z 

:2s. (C0S./)s.(7T/)4. | (7— z)2 -[-(7—z)2. Z\\ 

(100) 

(101) 

hence the value of m (39) becomes as in the first form of (40) ; and by substituting in it, 

the assumed value of y — 1 -f- (7 — z).Z (41), it becomes —-z)h, as in the (102) 

second expressions (40,41). Squaring this value of m, and dividing by y2, we obtain <1020 

z (44). By a similar process, using the second value of a (97), we may reduce the 

value of M (47) to the first form in (48) ; and by substituting the assumed value of 

Y= — 1-f- (L z).Z (49), we get the second forms of M, Y (48,49); finally, from O03) 
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these we easily deduce z (52). We may also obtain (48) from (40), by the same 

process of derivation which is used in [5995(127)], namely, by changing, 

(104) l into —L ; m into J)f.(—1)1; y into —• Y and h into H. 

By developing in series, we obtain, 

(104') \/{z + z2) = -f- iz2—^z2 + &c. 5 

multiplying this by 1 -f- 2z, we get, 

(105) (1 + 2z).\/(z -f- z2) = 25 -f §25 + iz* + &c* 

Moreover, 

(106) [/i+z" + — 1 + z$ -j- J-s — iz2 -{- &c. ; 

whose hyp. log., by (58) Int. is, 

(107) hyp. log. {v/l-fz + \/z\ = (zi-{- iz — %z2 + &c.) — £♦(«* ~bïz — iz2 + &c. )s 

-f--g-.(zi -\~iz &LC.)3—-^.(s^-f- iz— &c.)4 -f- Sic. 

= (z^ ~biz— iz2 + &c.) — |.(* -J-z2 -f- ^22 — iz2 -f &C.) 

4“ b (z* ~biz2-{-iz2 -{- he.) — |.(2S ~bizW 

(108) — Z2- ^Z2 ~b ^Z2 — &C. 

Subtracting (108) from (105), we get, 

(109) (1 + 2 z).\/{z + Z2) — hyp. log.^l+i + l/zj— | z2~b %z2 + &c.5 

moreover, the cube of (104') is, 

(z ~b z2)2 = z2~b §z2 -f- he. ; 

substituting these expressions in (34), we get, 

a.(J -f {z*+8sc.) 1 + lz + &c' 

To obtain the law of this progression, we shall multiply the value of Z (34), by 

2.(2+z2)2, which gives, 

(ni) 2.(z-f-22)^.Z = (1 + 2 z).(2 -f- z2f — log. [ y/i + z + \/z J. 

The differential of this expression, being divided by dz, gives, without any reduction, 
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3 .(z + z*)K (1 + 2z).Z + 2.(z -f z2)2. 
dZ 
dz 

= 2.(z -j- z2)2 -f- i--(l + 2z)2. (z -(- z2)“* 
y/l-f-z + v/2 

[5997] 

(U2) 

(119') 

The last term of the second member being reduced, by rejecting the factor \/l-\-z -f- [/& 

which occurs in its numerator and denominator, becomes, 

\/z • \/l-\-z 
or 

2V(z-M2) ’ 
(113) 

hence that second member may be put under the following form, by taking the terms in 

the same order as in (112'), and bringing the factor £.(z -f- z2)-* , without the braces ; 

|.(z-f- z2)-* . [4. (z -j-z2) -j- (1 -j-2z)2— 1 £ = i• (z + s2)_i [8.(z-|- 22) f =4.(z-J-z2)*- (u*) 

Substituting this in (112'), and then dividing the whole equation by (z -}- z2)*, we get, 

by transposing the term depending on Z, 

dZ 
(2z + 2z2) . — = 4 — (3 -j- 6z).Z 

Cl X 
(115) 

if we compare this equation with that in [5995(107)], we find that the former may be 

derived from the latter, by changing X into Z, and x into — z ; making the 

same changes in [5995(112)] which is deduced from [5995(107)], we get, 

Z=^ — 
4 . G 

+ 5 
4.6.8 

3.5.7 
z 

4.6.8.10 , 4 . 6 . 8 . 10 . 12 
go _U 

3 . 5 . 7 . 9 3.5.7.9.11 
&c. (116) 

Making the same changes in [5995(114,115)], and writing £ for f, we obtain (117,118); 

substituting the second of these expressions, in the first, we get (119), mt, > 

10 5 , , 2 _ 52 

9Z 6 ‘ '35 1575 

* 1 2 3 
^~~CS5'Z 1575 " 

10 5 

. z3 —}— &c. ; 1317) 

(118) 

(319) 

From the last equation we obtain the value of Z (35). In Table X, are given the (120) 

values of £ (118), corresponding to z; from z= 0,001 to z = 0,300 ; which 

are to be used in solving the equation (40 or 48), as we shall see hereafter, (130—134). 

The comparative magnitudes of z, £, in Table X, have a striking analogy with those of 021 
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(122) 

(123) 
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OB, f, in Table IX ; as is easily seen by the inspection of the tables ; moreover, in 

consequence of the smallness of £, in comparison with 2, we may in the first 

approximation towards the values of z neglect as we have neglected | in 

[5995(146, &c.)]. If we now assume for h the value (42), we shall get, 

,124) 
171 711 

+ * + ?= T 

Substituting this* and the value of z (44), in the expression of Zrx (35), we get by 

successive reductions, 

(125) 

(126) 

(127) 

z 1 = t tV (* + S — tit • (#4- * + 0 — tV W- l + K — ÿ) = tV(^— 

whence we obtain, 

(*_.).*= *.(^5 

and by substitution in the assumed value of y (102 or 41), we get, 

(128) y —1 =g*r- (^zr) or (y — O-fo8 — *)=¥*• A; 

whence we easily deduce the value of h (43). In like manner we may obtain, from 

the assumed values of Y, H, (49, 50), the expression (51). This may also be very 

(129) easily deduced from (43), by the principle of derivation (104) ; observing that if we 

change the signs of the numerator and denominator of (42), and then make the changes, 

which are indicated in (104), it becomes as in (50). 

(130) 

(131) 

(132) 

(133) 

(134) 

(135) 

f 135') 

We may deduce the value of z, from the cubic equation (43 or 51), in the same 

manner as x is obtained from [5995(46 or 56)], in [5995(145, &c.)] ; by first neglecting 

rmP J\d2 
on account of its smallness, and putting, h ——— (42), orU=-- (50). 

t + / T, — î 
With this value of h or TI, we find in Table VIII, the corresponding value of 

log. y y or log. Y Y ; and then from (44 or 52), the approximate value of z ; also from 

Table X, the corresponding value of r(. This operation is to he repeated till the assumed 

and computed values of £ agree, and in general, it ivill he found that one single operation 

is sufficient to give a very close approximation to the true value. Hence we see that the 

calculation for finding z, in a hyperbolic orbit, is nearly the same as that for finding x 

in the ellipsis ; and we may observe that the quantities ^ — l, L — [5995(47,57)], 

which are positive in the ellipsis [5995(47,57,41)], become negative in the hyperbola, 

(44, 52,13), and vanish in the parabola [5996(49)] ; so that the sign of these functions, 

determines the nature of the conic section. 
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Having thus computed the value of z, we may now consider it as one of the data of the 

problem, to be used in finding the elements of the orbit. The value of c may be found 

from the formula, 

c = 1 -f- 2z ~f- 2.^/(2 -j- 22) ; <136-' 

which is easily deduced from the first and third of the equations (68) ; by multiplying the 

first of these equations by 2, and adding the product to the third equation. We may also 

obtain c, from the formulas (16,12), namely, 

tang.2ft = 2.f(z -|- zQ) ; c= tang.^* -f- n). (ist) 

The remarks in [5995(134—144)], relative to the roots of the cubic equation in y or Y, 

corresponding to the ellipsis, may be applied also, with proper modifications, to the hyperbola, 

as is evident by considering that the formulas, [5995(46,56)], in the ellipsis, are of the same 

forms as those in the hyperbola (43,51). Finally, we may observe, that if z exceed 

the limits of Table X, we may use the indirect methods of solution, without changing the (139) 

form of the equation (40 or 48). In this last case, if we suppose the elements of the orbit 

to be known approximatively, we may determine very nearly, the value of n, by means 

of the formula, 

tang. 2» 
sin fis/rf 

afiez — 1 ’ 

( 140) 

which is easily deduced from (26), by the substitution of, 

1 
2’ 

= tang.2« (66). (HI) 

Then z may be deduced from n, by the following expression of its value, 

sin2, n 
Z == Ct 5 cos. 2» 

(143) 

which is easily deduced from (16); for if we square (16), and add 1 to both members of 

the resulting equation, we get, 

1 -f- tang2.2ft = 1 -j- 4z -j- 4s2 or sec2.2ft = (1 -f- 2zfi ; 

whence sec.2n — 1 -f- 2z} and, 

sec.2ft—1 1—cos.2w 2.sin2. n sin2.ft 

2 2.cos.2ft 2.cos.2ft cos.2 n 

This value of z, is to be used in finding £ in Table X; and then a corrected value of 

h or H (42, 50), may be obtained, which must be substituted in (43 or 51), to obtain 
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a more accurate value of y or I7. These operations are to be repeated till we obtain a 

value of y or Y, which will satisfy the equation (43 or 51) ; and then from (44 or 5*2), 

"t45') we get the true value of z, to be used in computing the elements of the orbit. We shall 

now give the demonstrations of the remaining formulas in the preceding table, which are 

used in this part of the computation. 

Comparing the first of the equations (68) with (16), we get 

(146) 
c-- 4. y'(z Jr z3) = 2.tang.2n ; 

and we have, in (13), 

(1460 

substituting these in the second and third of the formulas (55, 55'), we get the first of the 

(147) formulas (56,57) respectively. Substituting in these, the value l — z = 7~ (44), and 

T I m irc^s 
148) -z — p~ (52), we get the second expressions in (56,57). Substituting the value of 

m2, (39), in the second form of (56), we get its third form ; and in like manner, by using 

M2 (47), we may reduce the second form of (57) to its third form. The value of 

(149) as/cZ—1, deduced from (140), is the same as the last of the formulas (6). Dividing this 

(150) hy the first of the expressions of a (56), we get the second form of \/e~— 1 (9) ; and 

in like manner, by using the first value of a (57), we get the third, or last of the formulas 

(9). Multiplying the equations (26,32) together crosswise, and dividing the product by 

è-(f — which occurs in both members, we get, 

(151) e-(c-è)-sin/= 
(152) If we change, in (12), c into C, and n into N, it becomes as in (14), and by 

making the same changes in (66), which is derived from (12), we get, 

(153) 

(154) 

(155) 

tang.2iV — £.Çc — 

We have also, as in [5995(30)], 

(rr'f 

Substituting these and 

e = sec«4> ; 

m (151), it becomes, 

4.tang.2w 

cos. 2w 

(e2 — l)i = tang4 (8,9), 

4.tang.2w 
2.sec.4'.tang.2iY.sin./= —:—~~—. tang.-^ ; 

COS« 

♦ 

(155') 
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dividing this by 2.sec./.sin/, vve obtain the expression of tang.SLV (17). The third 

expressions of p (58,59), are the same as those in the ellipsis [5995(60,61)] ; they can (ise) 

be easily deduced from (6), by squaring it, and then dividing by a, by which means we 

get, for n.(e2—1), or p (7), the following expression ; 

p = 
sin ?f.rr 

a.tang2.2ra ’ 
(157) 

substituting in this, the last of the values of a (56,57), and using 2.sin./.cos./ = sin.2/, 

we get the last of the values of p (58,59). From these we easily obtain the second 

forms (58,59), by putting sin.2/ = 2.sin./!cos/, and using, in (5S), (i5®> 

(Jet)2 = 8.(cos/)3.(rr')2. n? (39); l158') 

and in (59), 

(fa)9 = 8.(— cos./)3, (in'f.M2 (47). <W' 

qj2 1 
Lastly, substituting in the second form (58), the value = --- (44), we get its first (159) 

Y 2 1 
form ; in like manner, by using — = —— (52), we reduce the second form of (59) (160 

to its first form. Instead of representing the times from the perihelion of the first and second 

observations by t,t', as in (87,88), we shall now represent them by T—4?, and 

and then the two expressions (87,88) will become, 

1 \ k 
u —üj hyp-lo§-M; -j-(T+¥)=ie- 

' a2 

The half sum and the half difference of these two expressions, being multiplied by ff2 
k 

give (163,165), and by the substitution of the values of u, u' (10, 11), we get then 

second forms (164, 166) ; 

T = 

3 

a3 

¥* 
- £ hyp. log. v! u ( 163) 

3 

a3 < 

~k‘ « \'A‘-+T-k-i) — hyp. log. C [ ; 
(164) 

3 

a2 < 

k* < 
M—L + i) | — i hyp. log. U65) 

3 

a2 ' 

k ' \HCc-T-Cc+h. 
) — hyp. log. c | . 

11W5) 

Now if we use the values, 
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(167) c = tang. (45* -f- n) = tang, n' ; C= tang. (45* JY) = tang. N', 

(12, 14, 75), we shall have as in (66, 153), 

1168) 
1 1 

c—- =2.tang. 2n ; C— -=2.tang.2JY; 

(169) 

(169') 

and by using [30"] Int. we get, 

2 c 2.tang.n 

1 + c2 l-j-tang.2n‘ 

2 C 2.tang.JV,/ 

1 —{— O2 1 -J- tang.2JY 

-, =sin.2w'= cos. %n ; 

> = sin.2JV" = COS.2JY ; 

substituting these in the first members of (170, 171), and making successive reductions, we 

finally obtain, 

(170) 

(17J) 

C 
Cc-\- 

c 

c 

1-fc2 / IS_2_ 

Ce C c v c) cos. 2n 

1 c 1+C2 / 1\ 2 

Ce ‘ C ~~ C *Y c) cos. 2 JV 

.2.tang.2 N = 
4. tang. 2 JY 

cos. 2 n 

.2.tang. 2 n — 
4.tang. 2 n 

cos. 2 JY 

? 

Substituting the last expressions (170, 171), and also c, C (167) in (164,166), we get the 

(i72) first values of T,\t (53, 54), adapted to the use of hyperbolic logarithms ; the second 

forms (53', 54'), are adapted to common logarithms, by using the factors A, A&, (54"), 

which are the same as in [5988(8, 9)]. 

To illustrate the preceding formulas, we shall give the following example, from Gauss. 

EXAMPLE. 

(173) 
Given log. r = o,o333585, log. r,=:0,200854r, »'— v = 2/= 48d i2OT, 

elements of the orbit a, p, e, and the true anomalies v, v'. 

f = 5idays,49788. To find the 

(174) 

(175) 

(176) 

(177) 

We have given the calculation of z, in the introduction to Table X, and it is not necessary to repeat it 

here. The results of this calculation are w = id 45® 28s,4? I — 0,067960888 ; log. 8,7030725, 

log. y y = °,°56o846, log. m2 = 8,7591571 log. y/rr' = 0,117x063, z — o,00748583. With these we shall 

compute n from (16), 4 from (9), b from the last of the formulas (6). From this we shall deduce 

a and p, by means of (5,7); N is deduced from (17), v,v' from the last of the formulas (22, 25); 

lastly, T, t from the formulas (53', 549. The computation of t, is made merely for the purpose of verification, 

as it is one of the data of the problem. 
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To find n. (16). 

z = o,oo748583 log. 7,8742399 

i~\-z = 1,00748583 log. o,oo3238g 

z -j-z2 log. 7,8774788 

\/ (z -f- z%) — i-tang. in log. 8,9387394 

2 log. o,3oio3oo 

in — gd5im i is,816 tang. 9,2397694 

n — 4tf 55™ 3 5s,908 

To find 4. (9). 

I — o,o57g6o388 

z — 0,00748583 

To find b, a, p. (6, 5, 7). 

/ sin. 9,6110118 

y/rr' log. 0,1171063 

arith. co. 0,7602306 

b log. 0,4883487 

4 (in the first column) tang. 9,8862868 

a = b. cot. 4 (5) log. 0,6020619 

p = &.tang. 4 log. 0,3746355 

[5997] 

(178) 

l — z = o,o5o474558 log. CO. 1,2969275 To find JV\ (i7)- 

f — 24^ 6m tang. 9,6506199 . - , f arith. co. sin. 0,3889882 

i ... . • log. 9,6989700 . . . 2 log. o,3oio3oo 

tang, in (as above) 9,2397694 

4 = 3-]d3Am 595,77 tang. g,8862868 ... 4 sin. 9,7852685 (179) 

2 w 5d 3om 56s,94 sec. 2oi56 

2W tang. 8,g8483i8 

To find v. (22). ijv i6d ogm 46s,253 tang. 9,4621341 

n = 4d 55™ 35s,908 

JY= 8^o4TO 53s, 127 To find v1. (25). 

JST—71 = 3^09”* i7s,2ig sin. 8,7406274 . . ar. co. cos. 0,0006687 
JV-\~7i= i3‘foo™ 29s,o35 ar.co.cos. 0,0112902 sin. 9,3523527 

\ 4 = 18^47”* 29s,885 cot. 0,4681829 0,4681829 

kv= 9^25™ 295,97 tang. 9,220I005 £ v' = 33d 3i™ 29s,g3 tang. 9,8211943 

v= i8£f5om5gs,94 v' = 67d 02™ 59s,86 (180) 

To find T. (53>). 

(x ft)-1 constant log. 2,1266342 
a (in column 2) log. 0,6020619 
as log. o,3oio3og 

Factor log. 3,0297270 
re (in column 2) log. 9,7388027 
in sec. 0,0064539 
iJY (in column 2) tang. 9,4621341 

First term of T= i72days,63o56 log. 2,2371177 

F actor (above) log. 3,0297270 
45^4-N log.tang. 0,1241703 log. 9,0940177 

Second term of T=— 132days,96725 log. 2,1237447 

T= 39days,6633i 

h t = 25days,748gi 

To find 4 l, (540? for verification. 

x constant log. 9,6377843 

e = sec. 4 log. 0,10x0184 

r e log. 9,7388027 

3,0297270 

. ... in (as in column 1) tang. 9,2397694 
2 4V* sec. 175142 

First term of — io6days,i23g3 log. 2,0258i33 

45d -\-n log. tang. o,o75o575 
log. 3,0297270 
log. 8,8753g4i 

Second term of 8odays,375o2 log. i,go5i2ii 

kt= 25days,74891 

T— ht = 

hf — 25days,748g4 by observation 

days odays,oooo3 difference. 

i3 ,91440 = time from the perihelion of the first observation. 

65 y ,41222 = time from the perihelion of the second observation. 

(181) 

(182) 

(183) 
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(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

0) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

APPENDIX BY THE TRANSLATOR ; 

GAUSS’S METHOD OF CORRECTING FOR THE EFFECT OF THE PARALLAX AND ABERRATION OF ANY NEWLY 

DISCOVERED PLANET OR COMET, IN COMPUTING ITS ORBIT, BY MEANS OF THREE GEOCENTRIC 

OBSERVATIONS, WITH THE INTERVALS OF TIME BETWEEN THEM. 

In the computation of the orbit of a newly discovered planet, by the method in [5999], it 

becomes important to avoid the trouble of repeating, with much labor, the preliminary 

calculations, similar to those in [5999(300—379)], to correct for the effect of the planet’s 

parallax, which at the commencement of the calculation is wholly unknown. This is 

effected in a very elegant manner by Gauss, by applying an equivalent correction to the 

place of the earth in the ecliptic ; supposing at each observation, a fictious or second observer 

to make the observation of the planet. The place of this second observer being in the plane 

of the ecliptic, at the point where the line drawn from the planet, through the actual place of 

observation on the surface of the earth, and continued beyond, intersects the plane of the 

ecliptic. It being evident that the geocentric latitude and longitude of the planet is the 

same in both places of observation ; but the distances of the planet from the two observers 

will be varied, by the distance of the two places of observation. In consequence of this 

change of place, we must apply a small correction to the distance of the earth’s centre from 

the sun ; and also to the longitude and latitude of the earth, so as to reduce them to the 

assumed situation of the second observer. After these reductions have been made, the rest 

of the calculation must be continued ; supposing that the second observer is situated at the 

times of the three observations, in the three points of the ecliptic, deduced in the 

abovementioned manner, from the actual places of observation ; since it is a matter of 

indifference, from what places the planet is observed, provided we carefully ascertain the 

assumed positions of the places of observation, which are used in the calculations. 

We shall put, at the time of any observation, 

A = 180cf —j— (g) = the heliocentric longitude of the earth’s centre ; 

L = the heliocentric latitude of the earth’s centre ; 

R — the distance of the centres of the earth and sun. 

In like manner L,, R1} represent the heliocentric longitude, latitude, and distance from 

the sun’s centre, of the place of the first, or actual observer, upon the surface of the earth. 

Also, Ji2, jL2, R%, the corresponding heliocentric longitude, latitude and distance of the second 

or fictious observer. 

a, Ô, the geocentric longitude and latitude respectively of the planet ; being the same for 

both observers ; 

Pl the distance of the planet from the first observer ; p, -f- p2 its distance from the second 

observer ; p„ the distance of the first and second observers from each other. 

Z the longitude, and £ the latitude referred to the ecliptic, of the first, or actual observer, 

as seen from the centre of the earth ; r, the distance of the first observer from the centre 

of the earth. 
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We shall suppose that the plane of 

the annexed figure 90, is the plane of 

the ecliptic ; S, the place of the sun ; 

S°f, the line drawn from the sun towards 

the first point of aries ; C, the centre 

of the earth ; O', the actual place of 

the first observer ; F, the corresponding 

place of the fictions or second observer ; 

C C, 01 O', perpendiculars let fall, 

upon the ecliptic, from the points C, O’, 

respectively ; C A, F B, O E, 

perpendiculars let fall upon STj also, 

Fl1, C G, perpendiculars let fall upon 

QE-, lastly, Cl is drawn parallel to CO. 

First Observer 

-ABET 

Then by the preceding notation we have, 

SC — R; 

°fS C =A ; 

OCG = Z\ 

SO' — Rx ; 

T SO — At ; 

0'CI = z; 

SF=R2; 

°fSF= An ; 

O FEL— & ; 

CO? = r ; 

O’FO = ô; 

[5998] 

(20) 

(21) 

m 

(23) 

(24) 

(25) 

(25) 

(26) 

and by the usual rules of plane trigonometry we have, 

SC = SC.cos.L = R.cos.L ; CC — 10= R.sin.L*, (27) 

SA = SC.cos. CSA = SC.cos.A = R.cos.L.cos.A ; 

CA = GE= R.cos.L.sin.A ; CI= CO= C O'.sin.O'C I=v.cos.z ; 

10' = CO'.sm.O'CI=v.sm.z ; CG—AE= CO.cos. OCG= CO.cos.Z—x.cos.z.cos.Z. 

OG = r.cos.^.sin.^ ; SB = SF. cos .FSB — R2.cos.A2 ; FB = Eli— R2.s\n.A„ ; 

FO — FO'.cos.O'FO = FO'.cos.d = p3.cos.<f ; 00' = FO'.sm.O'FO = p2.sin.Ô. 

FH=BE=FO .cos. OFH = jFO.cos.a= p3.cos.t).cos.a; 

Oil = FO .sin. OFH = p2.cos.â.sîn.a. 

(27") 

(23) 

(29) 

(30) 

(31) 

(31) 

Now, by referring to the figure, we evidently have, 

SB + BE= SA + AE; EH+ OH= GE+OG) OO’ = IO + IO. (32) 

Substituting the values (27—31') in (32), we obtain the three following equations, 

R2 .cos,A2 -j- p2.cosAcos.a == R.cos.L.cos.A -j- r.cos.^.cos.^ ; 

R, .sin,A2 -j- p2.cosAsin.a = R.cos.-L.sin.«/2 -f- r.cos.^.sin.2’ ; 

p2.sin.ô = R.sin.L -f- r.sin.^. 

(33) 

(34) 

(35) 
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(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 

If we assume the value of m (37), we shall get from (35), p2.sin.d = m.tang.O ; 

whence we easily deduce o2 (40) ; substituting this in the second terms of the equations 

(33,34), we obtain (38,39) ; 

m = (JR.sin.Jb -f- r.sin.z).cotang.6 ; 

R2.cos.A2 — R.cos.L.cos.A -j- r.cos-z.cos.Z — m.cos.a ; 

i?2.sin.t#2 — R.cos.L.sm.A + r.cos.s.sin.^T—m.sin.a- ; 

p2 = m.sec.d. 

The equations (37—40) are perfectly accurate, and they give the values of R2, Az, p2. 

This value of p2, is used in (116,117), in finding a corresponding correction of the time t, 

depending on the aberration. Multiplying the equation (38) by cos.A2, and (39) by 

sin..4L; then taking the sums of the products, and reducing by means of [24] Int., we get 

(44). In like manner, if we multiply (38) by —sm.A, and (39) by cos.A, we find 

that the sum of the products, reduced by [22] Int., becomes as in (45). 

R2 = jR.cos.-L.cos.(Az — A)-\- a.cos.z.cos.(Z — Az) — m.cos.(a — Az); 

R2. sin.(«42 — A) — r.cos.^.sin.(Z’ — A) —m.sin.(a —A). 

On account of the smallness of L and Az — A, we may put, 

cos.jL=1, cos .(Az— A) = 1, sin .{AZ—A) = AZ— A; 

also in (45), we may change Rz into R ; hence we finally obtain from (37,44,45,40), 

the expressions (47—50) ; 

m — (RL + r.sin.;r).cotang.é ; 

R2 = R-{~y.cos.z.cos.[Z — A) — m.cos.(a — A) ; 

r.cos.s.sin. (Z—A)—m.sin. (a — A) 
Jln '—tfi =-—-î 

2 Rz 

p2 = m.sec.d. 

If r, m, are given in seconds, we must divide them by 206265s, or multiply them by 

sin.Is, nearly. With these formulas, (47—50), we may compute the corrections of the 

place of the earth, for each of the three observations. 

In making these calculations we must compute the longitude and latitude of the zenith ; 

or as it is very commonly called, the longitude and the complement of the altitude of the 

nonagesimal degree of the ecliptic, for each of the three observations. The data in each 

of the observations being the obliquity of the ecliptic, the latitude of the place of observation 

reduced to the centre of the earth, on account of its elliptical figure, and the right ascension 

of the meridian. Various methods have been given for this purpose in books of astronomy 

and navigation ; but that which is derived from Napier’s formulas [1345 48>49], is as simple 

and short as any ; it was published by me several years since, in a work on navigation, in 
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nearly the following form. In the annexed figure, W°f S 

is the equator, E its pole, P the pole of the ecliptic, Z 

the zenith of the observer. Then we have given, the 

side PE equal to the obliquity of the ecliptic, the side 

EZ equal to the complement of the reduced latitude of 

the place of the observer, and the angle FEZ equal to ^ 

the différence between the right ascension of the meridian 

and 270rf, or the right ascension of the arch EP W ; so that we have the sides P E, EZ, 

and the included angle PEZ, to find the angle EP Z, and the side PZ. Having computed 

this angle and side, we shall then have, by noticing the signs, 

[5998] 

(57) 

(58) 

(59) 

longitude of the zenith == 90rf— EP Z; latitude of the zenith = 9(T — PZ. 

We shall now put, for brevity, 

2S=EZ+ PE; 

angle PZE = Z ; 

A = 
cos .D 

cos ,S ’ 

2D= EZ—PE; 

angle EPZ = P 

tang.D 

tang.N ? 

; angle PEZ = E ; 

C = tang. S'. 

(60) 

(61) 

m 

(62) 

Then from Napier’s formulas [134548j49’50], we have,by changing the letters A. B, C, into 

P, Z, E ; and the arcs a, b, c, into EZ, PE, PZ, respectively ; 

. cos 
tang.f (P + Z) =--. cotang.%E = ^.cotang. JE ; 

cos. & 

tang.|(P — Z) — 
sin .D 

sin .S 
cotang4jE= P.,/3.cotang.|P= J5.tang.^(P -j- Z); 164) 

tan g.%PZ = 
cos.h(P+Z) , 0 „ cos.| (P-j- Z) 

cos.Ï(P^Z)' tang'S = C' cos.i (P— zy ! 651 

The values of D, S, do not vary sensibly, during the interval between the extreme 

observations, and we may put the preceding expressions under the following logarithmic forms ; 

2S = Polar Distance of the observer -j- Obliquity of the Ecliptic ; (67 < 

2D = Polar Distance of the observer — Obliquity of the Ecliptic ; (er) 

log.^2 = log.cos.D — log.cos.S; log.B = log.tang._D—log.tang.S; log. C — log.tang.S. (68) 

log. tang.|(P-f-Z) = log.»5 -J- log.cot.|P ; (69) 

log.tang.|(P — Z) = log .B + log.tang.|(P -f Z) ; m) 

log.tang4PZ=log. C -f- log.cos.|(P -j- Z) —• log.cos.£(P—Z). <7l) 

This method is peculiarly well adapted to this calculation, because it is short, simple, and 
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requires only four openings of the table of logarithms for each observation ; moreover the 

(72) numbers A, B, C, do not sensibly vary in the time included between the extreme observations, 

so that the same numbers are used in all three of the observations. Thus in the example 

(73) [5999(277—279)], the obliquity of the ecliptic varies only 0s, 42, in the interval between 

the extreme observations. To illustrate these formulas, we shall apply them to the three 

(74) observations in the example [5999(277—285)] ; and as the altitudes and longitudes of the 

zenith are not required to any great degree of accuracy, we shall only use five places of 

decimals in the logarithms. Then the co-latitude of the place of observation, [5999(281)], 

gives, EZ = 38rf31m 21s ; the obliquity of the ecliptic, PE — 23^27® 59s, [5999(277)]. 

(76) Their half sum, and half difference gives S= 3(P59m40s ; D— 7^31® 4P. Then we 

(77) have, from (68), 

(78) 

(79) 

(80) 

D — 7^3im 4is 

S = 3od5gm 4os 

A 

cos. 9,99624 

COS. 9,93309 

log. o,o63i5 

D tang. 9,12107 

S tang. 9,77868 =; log. C 

B log. 9,34239 

■ Subtracting 270* from the observed right ascensions of Juno [5999(274—276)], which was 
/ 01 \ 

; observed on the meridian [5999(282)], we get the resulting values of E (84), corresponding 

(82) to the three observations of the following table. Then by means of the formulas (69—71), 

we obtain the values of the angle P, and the side PZ. Subtracting the angle P, from 

9CP, we get the longitude of the zenith (88) ; and subtracting the side PZ from 9(P, 

(S3) we get the latitude of the zenith (89). The calculations for all three of these observations 

are as in the following table. 

First observation. 
(84) R. A. Merid.—27o<£= ,E= 87^ 10» 22s. (274). 

.Æ.log. o,o63i5 

^E=43d33mns cot. 0,02144 

(85) h(P-\~Z)=5oa32m4‘is tan. 0,08459 

B- • log. 9,34239 

(86) —Z)—r4d5jm53s tan. 9,42698 

(37) Sum =65tf3o»3 5s—EPZ 

(88) Comp.=24^29^25*= long. zen. 

cos. g,8o3io 

C log. 9,77868 

hE= 

Second observation. 

E = 85d 43m 46s. (275). 

A.log. o,o63i5 

:42rf5im53s cot. o,o324o 

h(P+Z)-- 

B. 

sec. 0,01498 

^PZ tan. 9,59676 

(89) 

hPZ= 2id33m4is 
PZ = 43'/07m22s 

Latitude = 46cf52w38s 

=5icfi5™09* tan. o,og555 

. log. 9,34239 

i(P—Z)=i5digm46stan. 9,43794 

Sum= 

Comp.= 

COS. 9,79650 
log. 9,77868 

sec. o,oi573 

=66d34m55s—EPZ 

=23£725»o5s=long. zen. 

PZ 
Latitude 

hPZ tan. 9,59091 

— 2iffi7»»56« 

= 4zd35m52s 

— 47d24mo8s 

Third observation. 

E=85a 11» io*. (276). 

A. log. o,o63i5 

-42£235™35* cot. o,o3653 

h(p+zy- 
B. 

=51 d31 mo6s tan. 0,09968 

• Iog- 9,34239 

è(P—Z)=i 5d28mo8s tan. 9,44207 

Sum 

Comp, 

--66d5gmi4s—EPZ 

=23rfoo»46s=long. zen. 

cos. 9,794 

C. log. 9,77? 

sec. o,oi( 

JPZ tan. 9,588 

These results are the same as in [5999(283—285)]. 

iPZ= 2idnm 
PZ= 42d23« 

Latitude = 47d36mi 

(90) We have used in (75), the same latitude of Greenwich as that given by Gauss, 5P28m39s; 

but it would be rather more accurate to reduce it, on account of the oblateness of the earth ; 

(91) the difference is, however, of no importance, in the present example, on account of the 

smallness of the parallax. In calculating the parallaxes in longitude and latitude, in a total 

02) or annular eclipse of the sun, the longitude and latitude of the zenith may be required at the 

times of the four contacts of the limbs of the sun and moon ; and during this interval the 

value of A, B, C, remain unchanged. In fact, the numbers vary but very little in several 

years, so that we may compute a table for the obliquity 23^ 27® 4(P, like that in (96), with (93) 
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the variations corresponding to a change of 100s in the obliquity, or in the latitude, and by ^g4) 

this means we can obtain, by inspection, for any places inserted in the table, the values of 

log. A, B, C ; and can make any allowance for a small variation in the latitude of the (95) 

place of observation, arising from any correction in the observations, or in the reduction 

for the ellipticity. 

Table computed for the obliquity ?.3d 27™ 4os. 

Places. 

Reduced 
latitudes. 

North. 
log. A 

Var. log. A 
+ 100s log. B 

Var. log. B 
-f 100 s log. C 

Var. log. C 
100$ 

Lat. Obi. Lat. Obi. Lat. Obi. 

Albany, 
Berlin, 
Cambridge, (E.) 
Cambridge, (A.) 
Dublin, (Obs.) 
Edinburgh, 
Greenwich, (Ohs.) 
Havanna, 
Leon, I. (Obs.) 
London, 
Oxford, (Obs.) 
Paris, 
Philadelphia, 

d m s 
42,27,13 

52,20,24 
52,01,28 

42,12,02 

53,12,07 

55,46,02 
51.17.28 
23,03,34 
36,16,52 
51.19.29 

5i,34*28 

48,38,5t 

39,45,44 

0,079670 

0,061608 

0,062166 

0,08015o 

0,060090 

o,o556i8 
0,o63466 
0,120000 

0,091680 

o,o634o6 
0,062963 

0,068207 

0,084828 

53 

49 

É 
48 

47 

49 
64 
55 

49 
50 

5o 

53 

+ 
97 
75 
76 

97 
73 
67 

77 
i48 
112 
77 
77 
83 

104 

9,475733 
9,324i35 

g,33 to54 
9,478383 
9,3o4i66 
9,2334oi 

9,346396 
9,597658 
9,529940 
9,345714 
9,34o586 
9,3944i3 
9,501872 

293 
618 

600 

288 

670 

878 

562 

95 
202 

564 
576 
452 
248 

H- 

739 
I099 
1080 

733 
ti55 
1376 

xo38 
5i6 

634 
xo4o 

io54 
918 

687 

9,853328 

9>77H97 
9,773925 

9,855355 
9,763705 

9,741011 
9,780232 

io,oo3o45 
9,902005 

9*779944 
9,777800 

9,802627 

9,874738 

223 
240 

240 

222 

242 

249 
238 
2IO 

2l6 

238 
239 
233 
219 

+ 
223 
24o 

24o 

222 

242 

249 
238 
210 

216 

238 
239 
233 
219 

We may observe that the same rules of Napier (63—65) may be used in finding the 

apparent longitude and latitude of a planet from its right ascension and declination, as in the 

observations which are computed in [5999(277—285)] ; supposing in the preceding 

figure 91, page 869, that the point Z represents the place of the planet ; and using its right 

ascension, instead of the right ascension of the meridian ; and its distance PZ from the north ^98/l 

pole of the equator, instead of the co-latitude of the place of observation. To illustrate this 

by an example, we shall take the first observation of Juno [5999(274,277)], namely, right (") 

ascension 357* 10™ 22s,35 ; declination 6*40™ 08s south; obliquity of the ecliptic 

23*27™ 59s,48. Hence we have, 

angle PEZ = 357* 10™ 22 %35 — 270* = 87* 10™ 22s,35 = E, 

PE = 23* 27™59s,4-8, 

S = \ (EZ 4- PE) = 60* 04™ 03s,74 ; 

EZ = 96* 40™ 08s, 

D = %{EZ— PE ) = 36* 36™ 04s,26. 

(102) 

(102') 

D sin. 9,7754222 

S arith. co. sin. 0,0621735 

^-E=43cf35”T is,18 cotan. 0,0214379 

cos. 9,9046102 

arith. co. cos. 0,3019201 

cotang. 0,0214379 

£(P—2)=35*5i™37s,34 tan. 9,85go336 tan. 0,2279682 

Pq_Z)=59^2 3™-2 8s,44 * - 

|(P—Z) (io3) ar.co.cos. 0,0912704 

J(P-J-Z) (io3) cos. 9,7068655 

S (102') tan. 0,2.397466 

kPZ= 4'/(l2gm45s,jg tan. 0,0378875 (103) 

Sum=95^i 5mo5s,78=EPZ 

9° 

PZ= 94d59m3i*,58 

9° 

(104) 

(105) 

354*44m54ss22=longitude of Juno. 

Latitude 4'i09m3i6',58 south. (106) 
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These results agree with those in [5999(283)]. After we have found the angle EPZ, we 

may compute PZ, by means of the formula [134515], which gives, 

(107) sin. PZ 
sin .P EZ. sin. EZ 

sm.EPZ ; 

but it is rather more accurate to determine P Z by means of the tangents, as in the 

formula (65). 

(108) 

(109) 

(110) 

(in) 

(112) 

0-13) 

(114) 

(115) 

(116) 

(117) 

The effect of the aberration of the planet cannot be so completely determined as that of 

the parallax in the preliminary part of the calculation of the orbit. Gauss adopts the usual 

method of correcting the observed places for the effect of that part of the aberration which 

is common to the fixed stars ; namely, by adding 20s, 25 to the longitude of the sun, which is 

given by the solar tables, neglecting the small correction from the inequality of the motion of 

the earth, and applying, to the observed places of the planet, the same corrections for the 

aberration in longitude and latitude, as if it were a fixed star. These corrected values are to 

be used throughout the whole calculation of the orbit. Moreover, when the distance of the 

• comet from the earth has been nearly determined, by the first approximation, as in the 

example [5999(426)], we must apply a correction for the remaining part of the aberration 

of the planet ; by decreasing the time of observation, by the time tx, which is required by 

the light, in passing from the planet to the earth, supposing it to take 493 seconds, or 

Qdays, 005706, in passing from the sun to the earth, when at its mean distance. It being 

evident that this corrected time corresponds to the actual place of the planet, in its orbit, at 

the time that the particle of light quits the planet, which after the interval of time tx, 

strikes the eye of the observer. Moreover, we may remark, that these reduced times 

corresponding to the orbit of the planet, are those which enter into the calculation of the 

orbit in [5999], and not the actual times at the place of the observer. Finally, the 

correction of the distance p2 = ?n.sec.â (40), requires a corresponding correction in the 

aberration, which upon the same principles is represented by, 

493s.p2= 493s.m.sec.O = O^OOSîOe.m.sec.ô ; log.0,005706 = 7,75633 ; 

but this correction is generally insensible, as in (121), and may be neglected. 

EXAMPLE. 

Given the geocentric longitude of the planet cl — 354d 44m 54s ; its geocentric latitude 6= — 4d 5gm 32s 

(106); longitude of the zenith Z— i4d 29m (88) ; latitude of the zenith z = 0- 53™ (89) ; heliocentric 

longitude of the earth A =izd 28m 54s [5999(277)] ; heliocentric latitude of the earth L = -j- oe,49 [5999(277)] ; 

distance of the earth from the sun R — 0,9988839 [5999(277)] ; distance of the observer from the centre of 

the earth r — 8',60, being put equal to the sun’s mean horizontal parallax, the mean distance of the earth 

from the sun being supposed 206265s. 

(120) From the above data we get Z— A = x2d 00“ ; a — d — M2d x6m; 
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To find m. 

R log. 9>99951 
L log. 9,69020 

R L = 0,48945 9,6897 ï 

r log. o,g345o 

z sin. g,8633o 

sin. z = 6,27769 log. 0,79780 

Sum = 6,76714 log. o,83o4o 

Ô cotang. 1,05873» 

m log. 1,88913» 

To find i?2 • 

r log. o,9345o 

z cos. 9,83473 

Z—A cos. 9>99°4o 
Is sin. 4,68557 

-|- 0,0000279 log 5,44520 

— in . log. 1,88913 

CL-d . cos. 9,97886 

Is . sin. 4,68557 

-j- 0,0003577 log. 6,55356 

Sum = o,ooo3856 = correction. 

Add R = 0,9988839 gives, 

^2 = 0,9992695 

[5998j 
To find the correction of the time for the aberration. 

m (col. 1), log. 1,88913» 

is sin. 4j68557 

4g3* log. 2,69285 

e sec. o,ooi65 (121) 

Correction of time =— o*,i86 log. 9,26920» 

As this correction of the time 

small it may be neglected. 

-o»,i86 is so very 

<1235 

To find Aj . 

. same o,g345o 

. same g,83473 

Z—A sin. 9,31788 (123) 

R3 ar. CO. log. 0,00032 

+ IV2 log. 0,08743 

. log. 1,88913 

a—# * • sin. 9,48371» (124) 

i?2 . - ar. CO. log. 0,00032 

— 23*,61 log. 1,37316» 

Sum = — 22s,39 =.#2 —A ; hence, 
A2~A — 2 2s,3g C25| 

(126) 

GAUSS’S METHOD OF DETERMINING THE ORBIT OF A PLANET OR COMET, MOVING IN ANY CONIC SECTION, 

BY MEANS OF THREE OBSERVED GEOCENTRIC LONGITUDES AND LATITUDES, TOGETHER WITH THE 

TIMES OF OBSERVATION. 

We shall here give the excellent method, published by Gauss, in his Theoria Motus [59991 

Cor]) or urn Codestium, by which he determined the orbits of the newly discovered planets 

Ceres, Juno, Pallas, and Vesta; by means of three geocentric observations, with the times 0) 

of observations ; the intervals between the observations being small, corresponding to an 

arc of a few degrees in the motion of the body. The importance of this method was 

exemplified several times in the computations of the orbits of these four planets, 

particularly Ceres, which was discovered by Piazzi, a few days before its conjunction 

with the sun. It remained obscured in the sun’s rays above ten months ; and 

after the conjunction, was sought for, in vain, during several weeks, by many 

European astronomers. It was feared by some that they would be unable to find it 

again, and that it might be considered as wholly lost. But when Gauss furnished the 

elements of its motion, they were able easily to distinguish this very small planet from the 

numerous little stars which appear so much like it ; and on this account, he may be 

VOL. III. 219 
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d') 

a ) 

(2) 

(2/) 

(3) 
Fust 

excepted 
case. 

(3) 

(4) 

Second 
excepted 

case. 

(5; 

considered as its second discoverer. The great simplicity of this method, as well as the 

rapidity with which Ganss performs such laborious calculations, was shown in the very 

remarkable instance, of his computing to a considerable degree of accuracy, in the period of 

about ten hours, the orbit of the planet Vesta, by observations embracing a period of 

nineteen days, with a geocentric motion of the planet of only four degrees. 

heliocentric orbit 
klit co met 

The annexed figure 

92, represents a portion 

of the concave surface 

of the starry heavens, the 

sun S, being the centre 

of this surface ; £b AA'A"G 

the ecliptic ; SL G C C" G' 

the heliocentric orbit of the 

planet or comet, whose 

elements are to be com¬ 

puted. A, A', A", the 

heliocentric places of the 

earth, at the times of the 

three observations ; C, C, 

C ", the corresponding 

heliocentric places of the planet ; the geocentric places ; the arcs AB, A'B', A"B", 

being always less than 180d. Then as the sun, earth, and planet are situated in a plane, 

which is projected in the heavens, in a great circle, it is evident that the arcs ACB, A! CB', 

A" C"B", are portions of great circles, and we shall suppose them to be continued, till they 

intersect each other, in the points E, E', E". Lastly, we shall suppose the points B", B, 

to be connected, by a great circle, which intersects A'B' in the point B*, and the orbit 

£b G'} in the point M. From this construction, it is manifest, that the situation of the point 

B*, will be indeterminate, if the arcs BB", A'B11 coincide ; or, in other words, if the points 

A', B, jB',B", fall in the same great circle. This case we shall exclude from our calculations, 

with the remark, that we must select such observations as vary considerably from this 

situation ; so that the slight errors of the observations may not materially effect the position 

of the point B*, which is an object of importance in these calculations. Moreover, the situation 

of the point B*. or of the arc BB" is indeterminate, when the points B,B", coincide ; or 

are in opposite parts of the spherical surface : we must therefore, for the same reason, avoid 

the use of observations, where the geocentric positions, in the first and last observations, are 

very near to each other, or are very nearly in opposite parts of the heavens. We shall also 

exclude this case from our calculations. It is important to observe that the geocentric and 

heliocentric places of the comet, in any particular observation, fall on the same side of the 
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ecliptic; the latitudes being either both north, or both south ; moreover, the heliocentric 

place of the planet, is always situated in a point of that part of the arc of the great circle, 

which is included between the geocentric place of the planet and the heliocentric place of the 

earth. Thus, in the first observation, the heliocentric place of the planet C, is situated 

between the heliocentric place of the earth A, and the geocentric place of the planet B (2). 

This will be evident from the following considerations. If the planet be at an infinite 

distance from the earth, the point C will evidently fall infinitely near to B ; and if that 

distance be infinitely small, the point C will fall infinitely near to A. Moreover, it is plain, 

that if we suppose the situations of the sun and earth to remain unaltered, while the distance 

of the planet from the earth act!, figure 84, page 792, increases in the direction of the line 

g a', from nothing to infinite, without altering the geocentric position of the planet in the 

heavens, or the position of the line a a ; the heliocentric place C, figure 92, will gradually 

move from A towards B ; which are the two extreme points or limits corresponding to an 

infinitely small, or an infinitely great distance of the planet from the earth ; therefore, the 

point C will always fall between A and B. Hence we shall have, 

[5999] 

(6) 

Heliocen¬ 
tric place 
of the 
planet. 

(7) 

(.7') 

CB<AB<l8Qa; C'B’CA'B'^ 180", or z<&, (30,24) ; C"B" <A"B" < 180* (*) 

In the calculations of this article, we shall use the following symbols, which are similar to 

those in [5995—5997]. 

t, Times of observation ; (9.) 

©’ ©h Longitudes of the Sun ; (10) 

A, A', A", Longitudes of the earth, differing i8od from ©, respectively; (11) 

et, ci/, &", Geocentric longitudes of the planet ; (12 ; 

8, 8', 8", Geocentric latitudes of the planet ; southern latitudes being considered as negative ; (13) 

CL'% 6*, Geocentric longitude and latitude of the point B*-f southern values of the latitude 8* being negative; ( i3' 

R, R', R", Distances of the earth from the sun ; (14) 

p,, t/> Pi"> Distances of the planet from the earth; (15) 

p, p', p", Curtate distances of the planet from the earth ; (l(i) 

r,r',r", Radii vectores of the orbit of the planet ; (17) 

Heliocentric, longitudes of the planet ; (is) 

off. tar', mr", Heliocentric latitudes of the planet ; southern latitudes being considered as negative ; (19) 

V, v', vn, True anomalies of the planet; (-20) 

u, u', u", Arguments of latitude of the planet, or distances from the ascending node, counted on the orbit ; (21 

C, O C", C=angle G'CB; C" = angle G'C'B1 ; C"'=angle G'C'B"-, (22) 

w, w', w", Arguments of latitude of the planet, reduced to the ecliptic, and counted from the ascending node ; (23) 

A cf', cf ", <f= arc AB ; J" = arc A'B' ; cT" = are A"B" ; (24) 

i * if* = arc B’B* ; (25) 

il, Longitude of the ascending node of the orbit of the planet ; u= n; (2ii) 

<p, Inclination of the orbit of the planet to the ecliptic; (27) 

E, E', E", E = angle A'EM ; E' =. angle AE'A" ; E" = angle AE"A> ; . <28 

of, of, 2/", 2/= arc C 'C " = v"— v' ; 2/' = arc CC" = a" — v ; of" = arc CC = v1 — v : (29) 

z, z' z = aveC'B'-, z' = arc C'B* = arc C'B'—arc B'B* = z—tT*, (a5); (30) 

Ç, Ç't Ç = arc CE1 ; = arc C"E' ; (31) 
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(32) 
Formulas 

P.sin.d.sin. d") . r Assumed 1 
R" —d) Lvalue of a.J 

used in 

(33) 

these cal¬ 
culations. 

b ~ R".sind". sin.(JliE-<?i+d*) ’ 
r Assumed "I 
Lvalue of 6. J 

(34) 
I 

c ;—- r Assumed "j 

2i2,3.sin3.d,.sin.d* ’ Lvalue of c.J 

(35) 
j 6.sec .d*— a r Assumed “1 

~ ô.sec.d* — 1 ’ Lvalue of d. J 

(36) 
tang.d* r Assumed "j 

b. sec.d* — 1 ’ Lvalue of e. J 
(37) [r r'J, \r' r1'], [r ru], represent as in [5994(266)], the double of the areas of the plane triangles sab, sbe, sac, 

in figure 84, page 792, respectively. The radii, corresponding to any particular triangle, 

being included between the brackets ; 

(33) 
p_[rr'] . 

rFirst unknown"] 
[r'r" ] L quantity P. J 

(39) .Urr'] +[r'r"] 1 ["Second unknown"] 
t [r r"] y ’ L quantity Q, J 

(40) tansr. w— — SinZ! (* + *)•*. 

S.P + 1) cos.,T* P + <i ’ 
(i3o') [" Assumed "] 

Lvalue of w. J 
\P -j- a/ 

(40') Q' —c Q.sin. w ; T Assumed 1 
[value of Q .J 

(41) Q'.sii^.^ = sin. (z— w —d*) ; or, (126) 

(41') 0 = log. Q' -j- 4-log. sin.z — log sin. (z — w — ■d*); 

1.41") 
P»’"] r,_(P + a).P'.sin.eT' 

[r'ri'Q b.sia.(z— d*) ' ' 

(41"') [r r"] ■ r’ - f lr '"J .r'l . 1 tidal 
[r r'j t [r r"] > P ' ' *" 

(42) 
^ _P.sin.d. sin. (Jl'E" — P-fcT*) a. 

' P5 sin.d '. sin. (JlEH — d) 6 ’ 
(1330 r Assumed "| 

Lvalue of 6,. J 

(43) 
sin.d* / „ , 

tang. w, p_)_(l—6y. eos.d*) (l30); 
r Assumed "j 
Lvalue of w,. J 

(44) 
P.sin.d j" Assumed "] 

sm.(AE' —J") ’ Lvalue of x. J 

(45) P,^sin.d,, v, k 
Til' ; whence a = : 

— sin.(^£' —d") *" ’ 
(32, 44, 45) T' Assumed "] 

Lvalue of x". J 

(46) 
cos. (A Ei —d) r Assumed "j 

P.sin.d Lvalue of J 

(47) 
cos,(Jin E' — S'il) 

K — R'l. sin.d " ’ 
r Assumed q 
Lvalue of A''. J 

(48) 
C [r r"] , ) sin.12 . , , „ 

P — 4 L J . r' > - sm.(z 4- .Æ'-E — 
\ [!r'r'1] $ • sin.E' v ~ 

-d0; (182) r Assumed q 
Lvalue of p.J 

(49) p" — \ [r r"] . r' } . sm-E,/. sin.(2 + Jl’E" - 
t [rr'] > sin.E' ' 

-d')5 (181) 
[" Assumed "] 
Lvalue of p". J 

(50) q = x.(*p — i); (i95) 
r Assumed q 
Lvalue of q.J 

(51) q" = v.". (k"p" — 1) ; (198) r Assumed q 
Lvalue of q". J 

(52) p=r.sin.£; q = r.cos.£; (182,195); tang.£=|-; r = p. cosec. £ = q.sec.£ ; 

(53) p" =r".sin.Ç"-, q" = r".cos.Ç" ; (181,198); tang.£" = 
P,; 

: qIT ’ r" — pH. cosec.$n = q'i.sec.Çn, 

(54) log. k — 8,2355814 ; [5987(8)]. 
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The points B,B',B", are given by observation, also the points A, A', A", by the solar 

tables ; and when they are connected by great circles, as in figure 92, we shall have several (54,) 

spherical triangles, whose sides and angles can be computed, by the common processes of 

spherical trigonometry ; frequently using, with much advantage, the formulas of Napier (o5] 

[1345,48’49>50>51]. Gauss has given many other similar formulas, but it is not necessary to 

repeat them here, because the computations, by the usual methods, are in general more 

simple, short, and accurate than those in which many auxiliary angles are introduced ; since 

the small fractional parts which are neglected in these auxiliary angles, may have a tendency 

to produce small errors in the results. We shall now give the enumeration of the triangles 

which are to be computed, inserting some of the formulas, to which we may have occasion (5/) 

to refer. 

Fust. From the point B, draw the arc Bb, perpendicular to the arc A G : then in the 

rectangular triangle AbB, we have the perpendicular Bb—Ù= the geocentric latitude of (3g) 

the planet at the first observation ; and the base Ab=a—A— the difference of longitudes 

of the points B,A -, whence we find the angle BAb=y, as in the first of the formulas (62), (59) 

which is the same as [134531]; and the hypothenuse 6, as in the first of the formulas (63), which (60, 

corresponds to the second of [134529]. In like manner, by letting fall perpendicular arcs, ^ 

from the points B', B", upon the arc AG ; we may form similar triangles, corresponding to i,rocess- 

the second and third observations ; from which we may deduce the values of 7', 7", <$', 5", W 

(62,63) ; or they may be more simply derived from the expressions of 7, 5, by merely 

accenting the letters, to correspond to the particular observations. The values S, è<$", (61) 

are always considered as positive. 

tang.y = 7 

tang.<5 = 

tang.t 

sin. (a—A) 

tang.(a—A) 

tang.y' = — 
tang.é' 

sin. (a/—A') /\ ’ 
tang.y = 

tang.d" 

cos. 7 

w tang.(a'—A) 
tang.S =—--;- ; tang.o - 

cos .7 

sin.(a"—A") ’ 

_ tang, (a"—A") 

cos.y" 

(62) 

(63) 

We shall suppose, that neither of the expressions of tang.y, tang.y', tang./', appear 

under the form g-, in the observations which have been selected for computing the orbit. (64) 

Second. In the triangle A AE", we have the angles A'AE"= 7, AA'E"= ISO'2'—7', 

and the side A A—A—A ; to find by Napier’s formulas [134550»51], the sides AE", A'E"; 

and then the angle E", by [134515], or £jEJ" by [134548 or 134549]. In like manner, in 

the triangle AA!'E', we have the angles A"AE'= 7, AA'!E'— 180rf—and the side 

AA!'=A'—-A ; to find by the same formulas, the sides AE', A"E', and the angle 

A E' A" — E’. Lastly, in the triangle AA"E, we have the angles A" A' E—y', 

A'A"E— I80d—7", and the side A’Ai1— A'—A'; to find, by the same formulas, the 

sides A'E, A!’E, and the angle E. 

Second 
process. 

(65) 

(60) 

(67) 

VOL. III. 220 
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Third 

process. 

(68) 

(68') 

(69) 

(70) 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 

(79) 

Fourth 
process. 

(80) 

(81) 

(82) 

(82') 

Third. To find the point B* ; we have given, in the triangle BE'B", the side 

BE'=AE' — AB = AE'— 5, the side B"E'= A!'E'— A" B"= A!' E1— 8", and the 

angle BEB"= E' ; to find the angles E'BB", E'B 'B, by Napier’s formulas [134548’49], 

and the side BB", by [184515J. Then in the triangle BE"B*, we have given, the angle 

BE"B*=E", the angle E"BB*=E'BB", and the side BE"=AE"-AB=AE"-8; 

to find the sides BB*, B*E", by Napier’s formulas [134550»51], and the angle BB*E",by 

formulas [134515]. Finally, we have B*B"=BB"—BB* ; 

B*B'= B*E"— E" B'= B*E"— A'E" + A'B'= B*E"— A1E"+ 81 

In the plane triangle STC,, figure 87, page 798, the sides TC,, ST, SC,, or the 

corresponding symbols py, R, r, are respectively proportional to the sines of the opposite 

angles TSC,, SC,T, STCand these angles are represented in figure 92, page 874, by 

the arcs AC, CB, 18CP—AB ; as will evidently appear, if we suppose in figure 87, page 

798, a line SB to be drawn through S, parallel to TC,, and continued infinitely, in the 

heavens, towards this point which is marked B, in figure 92 ; so that we shall have, in 

figure 87, the angS BSC, = angle SC,T; and the lines SC„ ST, being continued infinitely, 

fall in the points C, A, figure 92. Hence we have, 

sin..40 sin. OB sin. ALB 

p, — R ~’ r *. 

From these we obtain the expressions of r, p, (77,78) ; and by accenting the letters we 

get the similar quantities corresponding to the second and third observations, using the 

symbols (24,30) ; 

sin.AB B.sin.5 , sin.ÆB' R.sin.81 B!. sin.<5' 

'sin. OB = slruOB ’ = il 'sin. OB' = sin. CB1 = ~ sin.* ’ 

„ R". sin.A'B" R". sin.# 

r_ sin. O "B" ~sin.0"B"; 

sin .AC sin .A'C R. sin.(<5'—z) . .sin .A" C" 

“ R-^CB; f!= R -ÂZüB' = sin.g •5 f‘ -R 

Hence it is manifest, that ivhen the situations of the ‘points 0, C, C" are linoivn, we can 

determine the values of r, r', r" ; p„ p,', p,". 

Fourth. We shall noiv show these 'points C, C, C ", can be determined by means of the 

quantities P, Q (38, 39). We shall suppose M to be the point of intersection of the great 

circles B"B*B, C"CC, and for brevity we shall put, 

2f = arc C'C"= MC"— MC= v"— v ; 2f é= arc CC"= MC"— MC = v"— v; 

2f"= arc CC =MC — MC = v — v ; 

observing that these symbols have the same symmetry relative to the number of accents, in 
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C'C", CC", CC ; as in the similar expressions [5994(279')] ; moreover, the (8a") 

values of f,f',f", in terms of v,v',v", are the same as in [5995 (13 &tc.)]. 

The equation [5994(278)] is founded upon the supposition that the three places of the planet (82'1 

or comet a, b, c, figure 84, page 792, are situated in the same plane, passing through the sun, 
(S3) 

which is the origin of the rectangular co-ordinates x, y, z ; but the plane of xy, and the 

direction of the axis x, are wholly arbitrary. Now if we take the plane of the orbit for that vbl' 

of xy, it will be represented in figure 92, page 874, by the plane drawn through the centre i&5) 

of the sphere S, and the great circle M C C'C" ; and if we take the line SM for the axis 

of x, and the line perpendicular to it, in the same plane, for the axis of y, we shall find that ( 

the radii r, f, r", form with the axis of x, three angles which are represented by the arcs 

MC, MC, MC", respectively ; therefore, by the usual rules of trigonometry, we shall 

have. 

x — r. cos .MC ; x' — r'. cos. M C ; x" = r". cos .31C " *, 

y = r.sm.MC ; ÿ = r'.sin.MC ; y" = r".sm.MC". m) 

Substituting these values of y, y', y" in [5994(278)], we get, 

0 = [?•' r"].r.sin .MC — [rr"].r'. sm.MC' -f [rr'].r". sin MC" ; (89) 

and by comparing [5994(300')], with (82), we obtain the following expressions, which 

have the same symmetry, in the accents as in (82') ; 

[rF] — rr/.s\n.2f" ; [rV'] = r'r". sin.2f; [rr"J = rr".sm.2f. (90) 

Substituting these last expressions in (89), and dividing by rr'r", we get (91), which is 

the same as (92), using the values of 2/, 2/', 2f" (82) ; 

0 = s\n.2f.sm.MC — sin.2/'. sm.MC' -j- sin.2/". sin .MC" ; (91) 

0 = sin. C'C". sm.MC — sin.CC". sin.MC4- sin. CC. sm.MC". fi») 
1 I heorem 

in 

This may be considered as a theorem in spherics, signifying that the points C, C, C", ^®rioa' 

are situated in the same great circle MCC'C" ; M being any point whatever of the 

circumference of this great circle. If we suppose the point M to be placed on the 

continuation of the arc CM, of the great circle, so as to increase the distance CM, 

by the quantity 90ff, the term sm.MC, will change into sin.(MC + 90fJ), or cos.MC, 

and the other terms of the equations (91, 92), being changed in the same manner, we get, 

0 = sin.2/.cos.MC— sin.2/. cos .MC -f sin.2/". cos MC" ; 

0 = sin. C C". cos MC - sin. CC". cos.MC -fsm.CC’.cos.MC", 

which is merely another form of the theorem in spherics (92). We shall now suppose that Theorf?m 

perpendicular arcs of great circles are let fail from the points C, C, C", E, E', E", upon (94> 

the great circle MSB ’E' ; the arcs CtC, E'E', are the only ones,4vhich are actually drawn (95 

in the figure ; the others being omitted, to avoid confusion. We shall represents these arcs, 
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(96) by the Roman capital letters C, C', C", E, E', E", respectively. Then in the rectangular 

spherical triangle MCtC, we have, as in [134528], the first of the following equations, or 

(97) the value of sin.CtC or sin.C ; the second and third of these equations correspond to 

the points C, C", and are easily derived from the first, by increasing the number of 

accents ; 

(98) sin.C = sin. CMC,.sin.MC ; sm.C'=^.CMCrsm.MC'; sin.C"=sin. CMCrsm.MC". 

Substituting these in (89), after multiplying it by sin. CMC,, we get, 

<"> 0=.?\sm.C—[rr"]sin.C'-f- [rr'J.r". sin.C". 

In the right angled spherical triangles EE'tB, CCB, we have, by [134528], 

<1(M> sin .E'E;= sin .E'BEj. sin .BE' ; sin. CC,= sin. CBC. sin. CB. 

Dividing the first of these expressions, by the second, and observing that, 

we get, 

(101) 

whence we obtain. 

(101') 

substituting, 

U02) BE' = AE' ■ 

sm.E'BE,' = sm.CBC„ 

sin .E'E' sin .BE1 

sin. C C~ = sin .CB ' 

. ~ sin.E'E’ sin.CB 
sin. C C. — ---: 

' sin. BE 

AB = AE' — 8 ; E'E,'— E'; CB = C, 

(103) we get the equations (105) ; and by adding another accent to the letters E'} E', 

we get the second expression (105), corresponding to the point E". In exactly the same 

pop way, we obtain the values of sin.C' (106), and sin.C" (107). 

(105) 

(106) 

sin.E' sin. CB sin.E". sin. CB 

sin.(AE'—8) = sin7(AE" — 8) ’ 

sin.E.sin. C'B* sin.E". sin. C'B* 

ûn.(A!E-ü+C) = sin.( A'E"—o'-[- <5*) 5 

. sin. E. sin. C'B" sin.E'.sin. C'B" 

~~ sin.(A"E-8") ~ sin. (A'E’— d") * 

Dividing the first of the equations (105), by the second of (107), we get the first equation 

(108) ; in like manner, by dividing the first of the equations (106), by the first of (107), 

we get the second equation (108) ; 
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(108) 
sin.C _ sin. C B sm.(A"E'—6") sin.C' sin .C B* sm.(A"E—ô") 

sin.C" sin. C"B" ' sin.(AE' — S) 5 ^C~sm.C"B" ' sin.(A'E—V+ 8*) ‘ 

Dividing the equation (99) by r". sin.C", and substituting (J08), we obtain, 

r//n r.sin. CB sin.(A"E'—Ô") r /.sin. C B* sin.M"E — S") , r . 

_t? r /'.sin. CB" * sin.(A E'■— ô) ^ V. sin.C"#' * sm.(A'E—<5'+<5*) + 

Substituting the values, 

r.sin. CB = R.sm.ô ; /.sin. CB' = B'.sin.<$' ; /'. sin. C"B"= R". sin.a" (77) ; (HO) 

observing also that sin.C'B* may be put under the form, 

sin. C'B* = sin. C'B'. sm//f*= sin. C'B’. (30), 
sin. C'B' 

(111) 

sin. z 

we get, 

„ r,,„ B.sin.5 sin.(^"B'—5") r ((1 B'. sin.i' sin.(^"£ - 4") sin.y . _ 

°“[r '']'B".sin.a"'sin.(^J5'-i) +'. sin.a" ' ân.(A'E-S'+S*)M ; 

and if we use the assumed values of a, b, (32,33), it becomes, 

sin. 2 

0 = a. [//'] — Ur" 1 . 6.4— + \rr'\, 
sin.2 

(113) 

From the assumed value of P (38), we easily deduce, 

[//'] = 
[r/] [//'] 

■P+1 

substituting these in (113), we obtain, 

[rr'\ = P. 
[?•/] + [//'] 

P+1 
(114) 

hence we get, 

r» <r n i r / P+a _ . sin.;/ 
°H [rr ]+[//']}.-— — [rr"]. b.--; 

P-\-1 sm,2 

[rr/]_|_[ry/] p_|_ i sin,z 

(115) 

[?T//] = 

Substituting this, and the value of / 

P-f- a sin.2 

jR'.sin.<5' 

(110) 

we obtain, 
sm.z 

(77), in the assumed value of Q (39), (U75 

~ _ ( P+1 7 sin.s' ) R 3. sin3.c>' 
hc = 2- < ttt~‘ -1 > • —• 3-• 

( Z —f— a sin.2 ) sinJ. z (118) 

sin4.z 
Multiplying this by r-—-, we get, 
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(119) 

(120) 

(121) 

(122) 

(122') 

(123) 

(124) 

(125) 

(125') 
Funda¬ 
mental 

equation 
for î. 

(126) 

(126') 
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Q.sin4. z P-f- 1 

9R^Kï' = 6-p+l-àny-àn-z- 

Now, from [21] Int., we have, by using z=z‘-\-i5* (30), 

sin.z — sin. (s'-]- <5#) = sin.#', cos.fi*-{- cos.z'. sin.5* ; 

substituting this in the last term of (119), we obtain, 

Q.sin4. z C P-J- 1 , ) 

aB'»SinU' = ( b-p+i~oos-5 \ ■ s[a-z'~siia’-cos-s'- 

The assumed value of the first expression of tang.w (40), gives, 

7 /P+l\ ... sin.ti* sin.(5*.cos.w 

1 ■ [F+i; -co^*=—= —— • tang.w sin.w 

Substituting this in (121), we get (123) ; thence by successive reductions, and the 

re-substitution of z' —z— <5* (30), we obtain (125) ; 

Q-Sm ( cos.w . , 
- q -, = sin.<5* . { —-. sm.#'—cos.2' 

2Jtild. snr\ <5' ( sm. w 

sin.<5* . sin.ti’ 
= ■:-. | cos.w.sin.2'— sm.w.cos.z' [ =  --. sinus;'— w) 

t!in \X7 ^ J nm tvt ' 7 sin.w sin.w 

sm.fi* . 
== --. sin.(2— w ■—o*). 

sin.w 

Multiplying this last expression by 
sin.w 

sin.d* 
, and substituting, in its first member, the assumed 

value of c (34), we get, 

c Q.sin.w.sin4. z — sin.(2 — w — <5*) ; 

and by using Q' (40'), it becomes, 

Q'.sin4.2 = sin.(2 —w — (5*) ; 

or by using logarithms, 

log.Q' -[- 4.1og.sin.s — log.sin. (z — w — <5#) = 0 ; 

from which we must find the value of the unknown quantity z. We may observe that the 

assumed value of, 

tang.w = 
sin.<5* 

j-(f^)-cos-'!* 

(127) (40), 
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may be rendered more convenient for calculation, in the following manner. 
P I 

numerator and denominator by -—, it becomes, 
J cos.<5* ’ 

[5999] 
Multiplying the 

(P-j-aj.tang.ti* 

,ang'W= î.sêeJ*.(P+1)-(f-^) 
(P-j-a).tang.<$# 

P. (b.sec.<5*—1) -{- (6.sec.<$ * — a) 

Substituting in the numerator, the expression, 

(128) 

tang. <5* =: e. (b.sec.(5# — 1), (i29) 

depending on the assumed value of e (36) ; and in the denominator. 

b. sec.(5* — a = (b.sec.b* — 1 ).d, (130) 

depending on the assumed value of d (35), we find that the whole numerator and 

denominator becomes divisible by b.sec.S 1, and we finally obtain the second expression 

of tang.w (40), namely, 

tang.w = 
(P-f-a).e 

P+d * 
(130') 

The calculation of the quantities a, 6, c, d, e (32—36), which depends on known quantities, 

constitutes the fourth operation. The actual values of b, c, e, are not required, but "m 

ct 
merely their logarithms. If we put - == bp and substitute the values of a, b (32,33), (13I) 

we find that the factor P//.sin.^// occurs in the numerator and denominator, and by 

rejecting it, we get the following expression, 

R.sin.ô sin.(A"Er—S") sin.(«PP—Æ'-f- <5*) 

Rf.sin.<5' sin. (A!' E — 5") ’ sin.(AE1— <S) 

Now from the second and third forms of the equation (107), we get (132) ; from the second 

and third forms of (106), we get (132') ; and from the second and third forms of (105). we 

get (132") ; 

sm.jA'E1— 6") _ sin.E7 

sin.{A!'E—<5") sin.E ; (132J 

* XT' 

sin.(A'E— <$'+ S *)— . sin. (A'E"-—(I;e, 

1 _ sin.E" 1_ 

sin,(AE'—<5) sin.E' sm.(AE"—5) f132") 

Multiplying these three expressions together, and rejecting the factor sin.E. sin.E'.sin.E", 

which occurs in the numerator and denominator of the second member, we get, 

sin .(A"E'—b") sin .(A'E — 6'+ Ô*) sin .(A'E"— 5'+ 8*) 

sm.(A"E—<5")* sm.(A E'—S) ~ sin ,(AE"—8) * 
(133, 
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(133') 

(133*0 

Special 
cases. 

(134) 

(135) 

(136) 

(137) 

(138) 

(138') 

(139) 

(1390 

(140) 

(141) 

(142) 

Substituting this in the second member of (131), we obtain the value of b, (42), satisfying 

ct 

the equation b, = ~, or a —bb, (131). 

There are two special cases, where some modification must be made in this calculation. 

The first is when the great circles BB", &"B", 

coincide ; as in the annexed figure 93 ; in which the 

point B coincides with E', and B* with E. In this 

case, the quantities a, b (32,33), become infinite, 

because the factors, 

sin .(AE—Ô), sin .(AE — Ô'+Ô*), 

which occur in the denominators of these values of 

a, b, vanish. When this happens we must divide 

the equation (113), by b, and substitute the assumed 

value of ~=b, (133'), and z=z— <5* (30), 

also = 0. Hence we get, 

, r / /n sin.(a*—6*) 
0 = b,. [rV ] --^-A [?•?• ']. 

sin.z 

Multiplying the numerator and denominator of tang.w (40), by b,, it becomes, by putting 

as in (133') bb, = a, 

tang.w= 
b, .sin.<5* 

(P -j- 1) — b,.cos.<5* 
P-f a 

and as a is infinite, the denominator is equal to P -}- 1 — b,.cos.5* ; consequently this 

value of tang.w, becomes the same as the expression of tang.w/ (43j. 

The second case is where 5* = 0. Then the expression c (34), is infinite ; and 

w=0 (40); hence it would seem that the factor c.sin.w (125'), becomes indeterminate. 

But if we multiply together the expressions of c, tang.w (34,40), and the product by 

cos.w = 1, we get, by rejecting the factor sin.<5#, which occurs in the numerator and 

denominator, 

1 
c.sin.w ==-———-. 

2R 3. sin3.*5' .\b. (- — cos.5# ]■ 
( \p ~Ha/ > 

Multiplying the numerator and denominator by P-j-a, and substituting cos.<5*= I, 

we get, 
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(143.) c.sm.w= 
P+a 

'2lî«.siii»ôy.{6.(P+l)—P—a} * 

l_a 
Now when cos.<5*=l, the expression of d (35) becomes d=^—-, or 6—a=c?.(6—L) ; (144) 

consequently, 

A (P +1 )— P—a=( 5— 1 ) .P-|- (b—a)=( b— 1 ) .P-{-d.{h—1 )=(b— \).[P-\-d). (H5) 

Substituting this in (143), and then multiplying by Q, we get for Q' (40'), the 

following definite expression ; 

Ql_c Q w____ 
sm.w — 2P/3.sin3.<5'.(6—l).(P+rf) * (146) 

Lastly, substituting d* = 0, and w = 0 (140), in the second member of (126), we 

find that the whole equation becomes divisible by sin. z ; then substituting the expression (147) 

of Q' (146), and extracting the cube root, we get, in this second case, 

sin.s=P'.sin.<5/. 
(P+a).Q (148) 

Fifth. When P, Q, are known, we can obtain w from (40), and then z from the equation (149) 

(41 or 41'). In a first approximation we may assume for P, Q the values P', Q' Fifth 

(259) ; and by repeated processes, in the manner explained in (259—267) we can pr°C0! 

compute the true values of P, Q ; from which we finally deduce the required value of (150) 

s. If we develop the second member of (41), by [22] Int. ; it may be put under the form, 

Q'. sin4.*’ — cos. (w -f~ ^*).sin.z =— sin.(w + <5*).cos.2r ; (i5i) 

squaring this equation and substituting cos3.z — 1 — sin2.^, it produces an equation of the 

eighth degree in sin. z ; which according to the general theory of equations may have eight (152) 

roots, real or imaginary. Several of these roots must necessarily be real, and they may all 

be very quickly found, by supposing sin.z to increase gradually from 0 to 1, and (153) 

selecting, by inspection, those values which nearly correspond to this equation ; and then 

by a few operations, correcting these first assumed quantities, so as to get the precise values 

of 2T which satisfy it. We may reject all the negative values of sin. z, because they (iS4) 

would make r' (77) negative, 6' being supposed positive (61) ; we must also reject 

those in which z exceeds S' as is evident from (8) ; and also from the consideration (155) 

that if sin.(<5' — z) were negative, it would render p'7 (78) negative. When the intervals 

of the times are moderate, it is generally found that there are four values of sin. z, which 

satisfy the equation, of which one is most commonly negative, and can be rejected ; (156) 

sometimes there are three negative values, and only one positive value, consequently there 

is then no ambiguity as to that which is to be used. In case of having three positive values, 

VOT.. III. 
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(157) 

058) 

(159) 

(160) 

(161) 

(162) 

(163) 

(164) 

(165) 

it commonly happens that one of them is very nearly equal to d. This value satisfies 

the analytical conditions of the problem, but not the physical conditions. The analytical 

conditions require that the planet should be situated, at the times of the three observations, 

somewhere on the lines a'a, b'b, c'c, fig. 84, page 792, respectively, and that the selected 

points a, b, c, should be situated in the same plane and at such distances as to make the 

areas of the sectors sab, she, proportional to the times. Now all these analytical conditions 

are completely satisfied by supposing the planet, at the times of the three observations, to 

be in the same places as the earth., so that the points C, C, C‘ may coincide with A, A',A", 

respectively, in fig. 92, page 874; in this case, we shall have C'B' = A!Br = d. This 

result is evidently incompatible with the physical conditions of the problem, which require 

that the light in coming from the planet to the earth, should proceed from points a, b, c, 

fig. 84 ; which are at some distance from the eye of the observer at a', 6', d, respectively. 

In most cases it will be found, that where there are three positive values of sin. 2, we 

can neglect one of them because it is nearly equal to <5' (161), another because 2 

exceeds d ; and then the remaining one can be used. If it should however happen that 

the equation admits of two solutions, which satisfy the proposed conditions of the problem, 

we shall thence obtain two different orbits. In this case the true orbit is to be determined, 

by comparing it with observations taken at greater intervals of time. 

(166) 

(167) 

(163) 

(169) 

As soon as we have ascertained the value of 2, we can find /, from the equation, 

B!. sin.d' 

sin .2 
(77). Now we have, in (114), [r r'] -f [/?•"] = [rV'].(P -f 1) ; 

substituting this in the first member of (116), and dividing by P-j-1, we get, by 

re-substituting z' = z — b* (30), 

[r'r"] = b 

[r r"] P -f- a 

sin.(z— 5*) 

sin ,z 

Dividing the value of r' (166), by the preceding expression, we get (168). The 

equation (169) is easily proved to be correct, by the substitution of the value of P (3S) ; 

these expressions are the same as (41'' 41///) ; 

[r r"] 

[dr" ] 

[r r/ ] 

Ri ■ 

(P -f- a^jRhsin.Æ' 

è.sin.(z — S*) 

[r n , 1 t/ // "I • / • TJ • 
r r J P 

(170) We shall suppose the arcs Ce, C"c", fig. 92, page 874, to be let fall from the points 

(171) (7, C" respectively, upon the great circle ABE' ; then in the right angled spherical triangle 

C'dE", we shall have, by [134528] and (24,30), (172) 
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sin. C'c—sm.E".sm.C'Ef,=s\n.E".sm.(C'B'4-B'E")=sin.-E". sin.(C'B'-{-A'E"—AB’) <ro) 

=sin.jG ".sm.(z-{-A'E"-—S'); (174) 

in like manner, in the right angled spherical triangle C'c'E we have, by using (31) ; 

sin. CV = smE'.sm.C'E' = sin Jf .sin.C". <175) 

Now in the two right angled spherical triangles CVC, Ce" C, we have, by using C (22), 

the first of the four following expressions of sin.C'c', sin.C"c"; from these we deduce (176) 

the second and third forms, by using (29, 90) ; the last forms are the same as those in 

(174, 175) ; 

sin. C'c'=sin. C.sin. C C '=sin. C.sin^/''—sin. C. 

sin. C V/=sin.C,sin. CC//=sm.C.sm.2f,=sm. C. 

[r r' J 

rr‘ 

[r r"J 

r r" 

=sin. E sin. (z-\-A'E"—5') ; 

=sin.FJ/.sinV|^. 

(177) 

(178) 

Dividing the two last of the expressions (178), by the corresponding ones in (177), we 

eliminate sin.C, and, by a slight reduction, obtain the value of r".sin. (181) ; and 

this value is for brevity, put equal to p", in (49, 53). In like manner, by supposing (i?9) 

perpendiculars Cc/} C'd to be let fall from the points C, C, upon the great circle A B ', 

so as to form the right angled triangles Cc,C", C'd,C", we get the expression of r.sin.£ (180) 

(182) ; which may also be derived from (181), by changing the quantities, relative to the 

point C, into those of the point C", and the contrary. This value of r.sin.£, is, for 

abridgment, put equal to p in (48, 52), (180) 

r". sin.d" — 

r.sin.£ = 

[r 

[77] * 

[r r"\ 

[rV'] 

r'. 

r1. 

sin E" 

sin.jE/ 

sin. E 

sin .E1 

. sin.(z -j- AE" — (S') = p" ; 

. sin.(z -f- AE — S') = p. 

(181) 

(182) 

In the last place, we shall suppose the arcs Cc2, C"c"%, to be let fall perpendicularly upon 

the great circle A B' ; though we have not actually marked these arcs, in the figure, to 

avoid confusion ; then, from the right angled spherical triangle CE"c2, we obtain (184); 

and from the triangle C"Ec"2, we obtain (185), 

sin. Ccz=sm.E".sin. 6\E//==sinvE//.sin.( CE'-\-AE"—AE')=sin.E". sm.(£,-\-AE"—AE') ; (I84) 

sin. CV'2=sin.U.sin. C"E=sm.E.sm. ( C"E'+A"E—A"E')=8m.E.sm.(C+A'E- A"E'). (185) 

Now by proceeding, as in (177, 178), we get, in the right angled spherical triangles CC'cz, 

C"C'd'z, ^ie first °f the expressions (187, 188) ; from these we deduce the second and (186) 

third forms, by using (29, 90) ; the last forms are the same as in (181, 182) ; 

sin. CV3= sin. C '.sin. CC—sin. C,/.sin.2/"=sin. C. , ir rl 
rr 

=sm.E".sm.(Ç+Am''—AE') ; (187) 
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(i88) sin. C 'V'2==sin. C'.sin. C C"=.sm.C' .sm.2f=sm. C'- ^-ir==sm.E.sm.(Z"JrA" E—A"E') 
r r 

(189) 

Dividing the two last expressions of (187), by those in (18S), and substituting P (38), 

we get, by a slight reduction, 

r.0n.U+AE,f--AE')=r'.P. . sin.f^A-Æ'E—A!'E') ; 
sin.jE v 

(190) Substituting CB—Z—AE'-\-ô, C"B"—Ç"—A" E1-\-ô" .(31, 24), in the values of r, r" 

(77), we get, 

(191) r.sin.(£—^4E/-j-5)=jR.sin.(5 ; 

(192) r'bsin.1 (Z"—A"E' -\-5,l)=R1' .sm-S1'. 

Developing the first member of (191), by [22] Int. ; and then dividing by R.sm.o, we get 

(193) ; substituting, in this, the assumed values of X, *, (46, 44,), we get (194), 

(193) r.sin.çT. 
cos .(AE’—ô) 

jR.sin.rl 
c-r.cos<. 

sin .(AE1—5) 

jR.sin.(5 
= 1 

(194) r.sin.^.X—r. cos.£. — =1. 
7C 

Substituting in (194), the expression r.sin.<t=p (182), and then multiplying by *, we 

(195) get, by using the symbol q (50); r.cos.£=*.(Xp—l)=q; as in (50, 52). Again if 

we develop, in the same manner, the expression (192), and divide by jR".sin.o", we 

shall obtain (196) ; and by substituting (47, 45), we get (197) ; 

(196) r". sin.£". 
cos .(A^E1—d") 

jR^.sin.ti" 
-ru. o,os.Z". 

sin .(AŒ'—Ô") 

R".sm.S" 
= 1 

(197) r'bsin.f^X"—r".cos.£". ~jj= I 

Substituting r/.sin.^',/= p" (181); then multiplying by we get, 

(193) r".cost" = *"* (X"p" — 1) = q" (51,53). 

Hence it appears, that we may deduce r, Z, from the expressions of p,'q, as in (52) ; 

and r", Z", from p", q'7, as in (53). There can be no ambiguity in the values of 

(199) Z, Z", because r, r", must necessarily be positive. The accuracy of the calculation can 

be verified by substituting these values in (189), to ascertain whether this equation is 

satisfied, by the results we have obtained. There are two cases in which other methods 

are to be followed. In the first place, when the point B coincides with E1, or with its 

(200) opposite point, in the spherical surface ; or in other words, when AE'—5 is 0d, or 180rf; 

because then the equations (182, 191) are identical ; * (44) becomes infinite, and, 
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X p — 1 = — = 0 (50) ; 

so that q (50) is indeterminate. In this case we must find r", from (53), as in the 

former method; then r, £, from the combination of (189), with (182 or 191); by- 

methods similar to the preceding, and which require no particular explanation. We may 

also observe that when AE!— <5 is very nearly equal to O'*, or 180^, the same method 

must be used, because the former is deficient in accuracy ; adopting that combination of 

(189) with (182), or with (191), which will give the best form, to the resulting equation, 

for the determination of r, £. 

The second case which requires modification is where the point B", very nearly coincides 

with E', or with its opposite point; in this case the determination of r", Ç", by the 

preceding method would be impossible or inaccurate, on account of the smallness of 

sin.(A!,E'— 5"), in the value of *" (45). Then r, must be determined by the 

former method; but r",ç", must be found by combining (189) with (181), or with (192), 

upon similar principles to those adopted in the preceding case, in (205). The case where 

the points B, B", coincide with E1, or with its opposite point, is excluded in (4). 

Having found the arcs Kn ; the points C, C", together with the point C, will be given 

in position ; and the arc CC" = 2/*', can be determined by means of the given arcs, 

? = CE ; Z"—CnE', (31), 

and the angle CE’C'—E' (28); using Napier’s formulas [134548>49], to find the angles 

CUCE' jCC'E1, and [134515] to obtain the included side CC". Moreover in the triangle 

C'EC", we have the angles C'EC", C'C'E, and the side C"E, to find C C!/=2f; 
also in the triangle C'E"C, we have the angles C'E"C, C'CE", and the side CE'', to find 

CC'=2f". These values of 2f, 2f", are however much more easily obtained by the 

following formulas ; observing that the logarithms of 

obtained by a previous calculation in (168,169) ; 

[l f/l r r r 
=““•*./ = r Tn •j-Bin.2/'; 

[r r J r 

f/V] r" 
sm.2/"= —— . —. sin.2/'. 

[rr J r 

[rV'J 1 
„/ 5 

[ rr'] l 

[rr"] * r 
have been 

These formulas are easily proved to be correct, by the substitution of the values of, [rr'], 

[r'r"], [rr"], (90), in the second members, and making a slight reduction. Hence we have 

anew confirmation of the previous calculations ; because we ought to have 2f2/"=2/'; 

and if any difference be found, we must re-examine the calculations. If the difference be 

small, we may apportion it between 2f, 2f", so that their log. sines may be equally 

increased or diminished, by which means the equation, 

(001 ) 

(202) 

(203) 

(204) 

(205) 

(206) 

(207) 

(208) 

(209) 

(210) 

(211) 

(212) 

(213) 

(214) 

(215) 

(216) 

(217) 

(217') 
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r. sin.2/" 

r".sin.2f 
(38,90), 

will be satisfied. If f,f", differ but little, the error may be equally divided between 

2/ and 2/". 

After we have obtained, in this manner, the position of the body in its orbit, 

(2)9) we may compute the elements in two different ways ; the one by combining the first 

observation with the second ; the other by combining the second observation with the third : 

(220) ustng the intervals corresponding to the times of observation ; by the method given in 

[5995 &c.]. Before these operations are commenced, we must correct the observed times, 

(221) for the effect of aberration, by subtracting from the times of observations, the number of 

seconds represented by, tv t2, t3, respectively, and computed by the following formulas, 

(222) t1 — 493s. p, ; ts = 493s. p/ ; t3 = 493s. p/' ; 

observing that 493 seconds is the time required for the light to pass from the sun to the 

,2â2) earth, when at the mean distance, which is taken for unity. This, expressed in parts of a 

(223) . day, is 0day ,005706 [5998(114)], whose logarithm is 7,75633. The values of p/} p/, p/', 

are found, as in (78,77,190), to be, 

E.sin. (AE'—g) r.sin.(AE'—£) 

(234i P/ = sin.(£—AE'+8) = ; 

i225) — z) _ r. sin. (°' z) > 
» /   - - • r/ ? sin.z sin.a 

* _ P".sin .(A'E'-l") r". sin. (A!'E'—£") 

~ sm.(%'-A'E'+8') ~~ sin.o" 

If the situations of the body, at the times of the three observations, be nearly known, by 

•227) any previous calculations, we may immediately correct the observations for the effect of 

aberration, and suppress this part of the calculation. Using these corrected times of 

(223) observation t, f, and the value of Tc (54), we shall put, as in [5994(319)] ; 

(229) T7 — k.(tf  t) ; r = t') ; t — Jc.[t"—t) ; r/ = r-j-r/. 

When we have gone through the calculation, as far as to find the value of y, or I7 

(230) [5995(129&c.)], which expresses the ratio of the area of the elliptical sector sab 

[5995(164)], to that of the corresponding triangle sab ; we can use this value of y or Y, 

to compute more correct values of P, Q, by the formulas (235,256) : and then a corrected 
[ 231 'i s 

value of s from (41,40',40). This part of the calculation is to be repeated till the 

assumed and computed values of P, Q, agree. As the values of y or Y, differ 

(332) according as we use the different triangles or sectors, she, sac, sab, we shall denote them by 

y, yr, y", respectively ; so that we shall have by using the same notation as in (37 or 90) : 

sector she — %y,[rV"] ; sector sac = fyh [rr"] ; sector sab = \y''. [n'] ; (23.3) 
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in which the accents have the same symmetry as in (82'). Now by Kepler’s first law, the 

sectors sbc, sab [5994(47)], are proportional to the intervals of time t"— t', t'— t or r, r" 

(229) ; hence we have, 

sector sab __ -r"= \y". [rr'] = p .gg. _ 

sector sbc <r £y. [rV'] y 

consequently, 

’2’1 ' 

and as y, y" are very ,nearly equal to unity [5995(44,31 &c.)], we shall have P = —, 
T 

for a very near approximation to the value of P ; to be used in a first operation, as we 

shall see in (259he.). When the intervals r", t, are nearly equal, the expressions y, y", 

will commonly not differ much from each other, and then the assumed value of P (236), 

is very near its true value. We shall now investigate the value of Q; putting it under 

such a form as will enable us to assume, at the commencement of the operation, a quantity, 

which is very nearly equal to it. We have in [5985(10)], the following system of equations, 

in which the anomalies are counted from the perihelion, 

P = r.( 1 -j- e.cos.v) ; p=r'.( 1 e.cos.F) ; p = r".(l -}- e.cos.r"). 

Multiplying these three equations, by the values of [r'r"],— [rr"], [rr'] (90), respectively, 

and adding together the products, we get, 

p. [ [r'r" ]—[rr'/]-f-[rr'] \~rr'r", {sin.2/ — sin.sin.2/" ( 

-j- rrV".e.[sin.2/.cos.u — sin.2/h cos.F-j-sin.^/". cos.F'}. 

The coefficient of e (241), vanishes by means of the formula (93) ; the arbitrary position 

of the point M being taken so as to correspond to the position of the perihelion, from which 

the angles v, v', v", are counted (238) ; hence we have, 

p.) [r'r"]—[rr"]-f [rr]] = rr'r". j sin.2/— sin.2/'-f sin.2f"|. 

Now by [31, 26] Int., we have, by observing that (29). 

sin.2/*= 2.sin./cos./; sin.2/’//— siu.2/'= 2.sin. (/"_/'). cos. 

= —2.sin./cos. (/"+/). 

Adding these two equations together, and reducing, by means of [28] Int. and (244), we 

get successively, 

sin.2/— sin.2/'-f sin.2/"= 2.sin/.[cos./— cos •(/'+/')} 

2. sin/ J 2.sin.|.(/-f/'+/") .sin.|.(/ "-\-f—f\ =4. sin ./.sin/, sin/". 

[5999] 

(234) 

(S35) 
Correct 
value of P. 

(236) 

(236) 

(237) 

(238; 

(239) 

(240) 

(241) 

(242) 

(243) 

(244) 

(245) 

(245') 

(246) 
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(247) 

(248) 

(249) 

(250) 

(251) 

Substituting this in (243), and dividing by the coefficient of p, we get, 

_4.rr'r". sin./sin/.sin/" 
P = [rY] — [rr"] + [rr'] 

r-Y'j 
-, using If we substitute the value of [rr7] (90) in [5995(60)], we shall get y'p 

for y,/, the. as in (232&c.), also r" for k.(t'—t), as in (229). 

In like manner, in the triangle or sector corresponding to the radii r', r", we have 

y. [r'r"] 
s/p = —-—The product of the two expressions of \/p (248,250), gives, 

yy".[rr'].[rV"] 
p = 

TT 

(252) 

Putting this expression of p equal to that in (247), we get, 

4rr". rr’r". sin./.sin./', sin./1. 
[Pr"]_[rr/']_{_[rr/] = 

yy".[rr/].[rV'j 

.Multiplying the numerator and denominator of this expression by 2rr'r". cos/.cos/'.cos/' 

we find that the numerator becomes, 

•n. 

(253) 

(254) 

TT 

(255) 

r".(2 rr. sin./", cos/") .(2r'r". sin./cos/).(2rr". sin/.cos/')=rî'//.[rr/] .[r'r"].[rr"]5 

as is evident from (90), observing that 2rr/.sin//hcos/"==rr'.sin.2/'=[rr/], Sic. Using 

this reduced value of the numerator, and rejecting the factor [rr'], [r'r"], which is common to 

the numerator and denominator, we obtain the first of the following expressions ; the second 

is derived from the assumed value of Q (39); 

'■Kt_ Q-M TT 

[rV']—[rr/']-j-[rr']=^—— , „ r r, — ,, ,~ 
L j l j i l j 2yy . rr r . cos/cos/.cos./ 2r 3 

Dividing these two last expressions, by the coefficient of Q, we get, 

./ 2 

(256) 

Correct 
yalne of Q. 

(257) 

Q=Tt". —Ji . 

(258) 

(258') 

rr" * cos ./cos ./.cos./" * yy" * 

Now the angles / /', /", being generally small ; their cosines do not vary much from unity ; 
/2 

moreover as the radius r' falls between r, r", we shall have , nearly equal to 

unity, in most cases, in practice. Hence it is evident, that we may take, at the 

commencement of the operation, Q==rr", for a very near approximation to the value of 

Q ; it is not however so close an approximation as the assumed value of P (236), on 

account of the magnitude of the factor cos/.cos/'.cos/". The success of Gauss’s 

method essentially depends on this happy selection of the unknown quantities P, Q, whose 

values are so nearly known by means of the times t, t' ; P being nearly proportional to 

the ratio of their times, and Q proportional to their products. 
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We shall now show how, by means of the approximate values of P, Q (236, 258), 

namely, 

P 

we may compute the elements of the orbit. The preliminary calculations for finding 

a, b, c, d, e, S, 6', ô", *, X, X" (32—36, 62, 63, &c., 44—47) being made ; we may 

substitute in (40) the assumed value of P (259), and we shall get the value of w ; then 

from (4P) we may obtain by a few trials the value of z ; substituting this in ( 166) we get 

r'; also, 

[<I 
r'. (168), 

[rr"] 
. r (169); 

[rV"] [rr'] 

hence we deduce p, p" (48,49); q, q" (50,51); £, r (52); g/;, r" (53); 

then we obtain the arcs f /', as in (211—215). With these values of r, d, r", 

we may compute the corresponding values of [rr'], [r'r''J, [rr"] (90) ; and with these we 

can obtain new values of P, Q (38, 39). If these last expressions are equal, respectively, 

to the assumed values (259), we may conclude that we have obtained the true expressions 

of r, r', d',f &c. But if the assumed and computed values of P, Q, differ 

from each other, we must repeat the calculation, in the same manner as in (260—265) ; 

and the same process is to be continued, by assuming the last found values of P, Q, for 

a new operation ; and when the assumed and computed values of P, Q agree, they 

must be taken for the correct expression of P, Q, to be used in the rest of the 

calculation, in finding the elements of the orbit. 

Taking the extreme observations, for this purpose, we have, by the preceding calculations 

the values of r, /', 2f'= v"— v, and the corrected interval of time t"—-t. With these 

we can find, by the precepts in [5995] for an elliptical orbit, the elements corresponding to 

the plane of the orbit ; namely, the semi-major axis, and the excentricity e ; also, the 

time and place of the perihelion in its orbit. If the orbit be a parabola we can use [5996], 

and if it be a hyperbola we must use [5997]. The place of the node and inclination of 

the orbit, to the ecliptic, may be obtained, by means of the triangle si AC, or o,A"C", 

figure 92, page 874; and it may be useful, for the purpose of verification, to make the 

calculation in both triangles ; and take the mean of the results, if there should be any slight 

difference. In the triangle siAC, we have given, the angle siCA=C, the angle 

siAC=l80d—y, and the included side AC = AE’—<f, to find the sides siA, siC, 

by Napier’s formulas [134550>51], and the angle AsiC=cp, by [1345«]. If we use the 

triangle nA"C", we have the angles nC"A"= C", siA"C"— 180f—y'\ and the side 

A!'C—Al'E'—to find, as above, the sides siA", siC", and the angle A"nC/,= o, 

[5999] 

Approxi¬ 
mate val¬ 
ues of P, 
Q. 

(259; 

(260) 

(261) 

(262) 

(263) 

(264) 

(265) 

(266) 

(267) 

(268) 

(269) 

(270) 

(271) 

(272) 

(273) 

VOL. Ill, 224 
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EXAMPLE. 

We shall take, for an example of this method of calculation, the following observations of the planet Juno, 

made by Dr. Maskelyne at Greenwich. The times of observation may be reduced to the meridian of Paris, by 

adding the difference of meridians, which Gauss puts equal to gm 20s,9 = oday,006492. 

Data. Observation. Mean time at Greenwich. App. Right Ascen¬ 
sion. 

App. Declina¬ 
tion south. 

(274) I. 1804, October 5^io^5imo6s or 5days,452152 357d iom 22s,35 6d 4om 08* 
(275) II. • . 17 09 58 10 or 17 ,4i53g3 355 43 45 3o 8 47 25 

(276) III. 27 09 16 4i or 27 ,386585 355 11 10 95 10 02 28 

(277) 

(278) 

(279) 

At these times we have, from the solar tables, the following results, 

Observation. ©’s longitude from app. Nutation of ©’s distance ©s latitude. App. Obliquity of 
Equinox. equin. point- from Earth. the ecliptic. 

I. 192^ 28™ 53s,71 -4-I5M3 0,9988839 — os,49 23d 27m 5gs,48 
II. 204 20 21 54 -f l5 5i °;9953968 + 0 79 23 27 5g 26 

III. 2l4 16 52 21 -j-i5 60 0,9928340 — 0 i5 23 27 59 06 

With these data we obtain the apparent longitudes and latitudes of Juno, at the times of observation, as in the 

(280) foll°wing table ’ tte latitudes beinS S0llth are marked negative. Also the longitudes and latitudes of the zenith, 
which are equivalent to the longitudes and complements of the altitudes of the nonagesimal degree of the 

(281) ecliptic; the latitude of the place of observation being 5itf28m39*; and the right ascensions of the meridian 

being the same as the right ascensions of Juno, because the planet was observed in the meridian. This method 
(282 ) 0f making these calculations is given in [5998(88, 89, 106.)]. 

Observation. App. longitude of App. latitude of Longitude of Latitude ot 
Juno. Juno. the Zenith. the Zenith. 

(283) I. 354a 44m 54s,27 — 4d 5gm 3is,5g 2 4d 2 46d 53m 
(284) II. 352 34 44 5i — 6 21 56 25 23 25 47 24 
(285) III. 35i 34 5i 57 — 7 17 52 70 23 01 47 36 

(286) The Parallax of Juno beinS unknown, we must use the method explained in [5998] ; by applying a correction 

to the sun’s place, as in [5998(121—126)], where we have computed the corrections corresponding to the first 

(287> observation, as in the first line of the following table ; in which we have given the corrections for all three of 

(288) t!ie observations ; the corrections of the time in the third column are so small that they may be neglected. 

(289) 

(290) 
(291) 

Obsei’vation. Reduction' of ©’s Reduction of ©’s Reduction of 
longitude. distance. the time. 

I. — 22s,3g -j- 0,ooo3856 — os,ig 
II. — 27 21 -j- 0,0002329 — 012 
III. — 35 82 -j- 0,0002085 — 012 

(292) "bbese longitudes are reduced to the epoch of the mean vernal equinox, corresponding to the beginning of the 

(293) year lb°5> l>y adding the corrections for the precession as in the following table (3oi—3i2). We must also 

(294) correct tbe longitudes and latitudes for the aberration, as in [5998(110, .111)]; by applying to the planet’s 

(295) longitudes and latitudes the same corrections as if it were a fixed star ; these quantities being also contained in 

(296) the table. The correction for the aberration of the sun in longitude is made in (2*77—279), where the 
tabular numbers have been increased 20*,25. 

Observation. Reduction]of precession Juno’s aberration Juno’s aberration 

I. 

to January 1, i8o5. in longitude. in latitude. 
(297) 11^,87 — 19s,11 -{- o«,53 

(298) II. 10 23 —17 11 -[ 1 18 

(299) III. 8 86 —14 82 + i 75 
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We shall now apply these corrections to the longitudes and latitudes, in order to obtain the values of A, A', A11 ; 

<1, uJ, o.,, ; 8, 6', 9n, R, R',R" ; observing that the signs of the nutation of the equinoctial points (277—279), 

are such as are used in finding the apparent place from the mean 5 and these must be changed, in [3bF, 3o3'] 

in finding the longitudes from the mean equinox. 

Q’s longitudes — i8o<*, 

Nutation of Equinoctial points, 

Correction for parallax of Juno, 

Precession to Jan. 1, t8o5, 

Observation I. 

12^a8m53s,7i 

— x5 43 

— 22 3g 

-f 11 87 

Observation II. 

24d20®2Is,54 

— i5 5i 

— 27 21 

-j~ IO 23 

Observation III. 

34rfi6”l52.s,2i 

— i5 60 

— 35 82 

4- 8 86 

A= 12^28^27^,76 A,=24aiQm4gs>°5 A'’—34'h 6m09s,65 

Juno’s longitude, 

Nutation of the equinoctial points, 

Precession to Jan. 1, i8o5, 

Aberration as a fixed star, 

354d44®54sj27 

— 15 43 

4- Ji 87 

— 19 11 

352d34m44s,5i 

— i5 5i 

-j- IO 23 

— 17 11 

35i<234m5is,57 

— i5 60 

4- 8 86 

— i4 82 

0=354d44m31 s,6o rt/=352d34,n2 2s, 12 (_\Jl—?)3id34m3os,o 1 

Juno’s latitude, 

Aberration as a fixed star, 

— 4<z59“3is,59 

-4- 53 

— 6d2iTO56'?,a5 

-j- 1 18 

— 7<lx7™526',70 

+ i 75 

0= —4dogm3 i%o6 9’= — 6rf2iw55s,o7 — 7(2i7m5oL95 

Sun’s distance, 

Correction for Juno’s parallax. 

0,9988839 

o,ooo3856 

0,9953968 

-p 0,0002329 

0,9928340 

4- 0,0002085 

Corrected distances R, R1, R", R =0,9992695 R'=0,9956297 R" = 0,9930425 

Logarithms of these distances, log. = 9,9996826 log. RI = 9,9980979 log. -£" = 9,9969678 
Mean times of observation at Paris, found by 

adding odays,oo64gS to the times at Greenwich, 

From (302, 3o4) we get, 

f=Oct. 5days,458644 P = Oct. i7tlays,421885 f"=Oct. 27days,3g3o77 

A—0=17d43™56s,x6 

A1—ï=n 5i 21 29 
A'—0/=31 rf45 w26*,g3 

A!1—A'— 9 56 20 60 

A"—0,11=4^4 [TO3gJ,64 

A"—A—21 47 4i 89 

As all the latitudes have the same sign, we have considered them as positive, in the following calculations 

(3i2'—3ig, &c.), and have drawn the figure 94, page 894, to conform to this supposition, making the points 

B, B', B", C, C, C", &c., fall below AA", instead of above, as in figure 92, page 874. The change of the 

directions in the lines AB, A'B', A^B", of the figure, are indicated by the signs. Thus if we had supposed 

8 to be negative, in finding y (3i4), we should have tang.Ô and iang.y negative ; but this negative 

value of y merely indicates that the arc AB falls below AA^, as in figure g4, instead of above, as in figure 92, 

page 874. Hence we see that by a careful attention to the actual situations of the points of the figure, we 

may avoid, in a great degree, the trouble of noticing the signs in these preliminary calculations ; and by referring 

to the figure, are less liable to mistakes, than we should be, if we restricted ourselves exclusively to the analytical 

method of computation. 

To find y, y1, y". (62). 

9 (3o6) tang. 8,g4i24g5 

A — 0 (3n) subtract sin. 9,4836865 

y = iôaoomo83,38 tang. 9,457563o 

6/ (3o6) tang. 9,0474879 
A' — 0' (3xi) subtract sin. 9,7212540 

y' — i irf58OToos,33 tang. 9,320233g 

8" (3o6) tang. 9,1074080 
4" —a" (3ii) subtract sin. g,8312855 

y11 = IOrf4lm4o*,*7 tang. 9,2761225 

To find 4, 4', 4". (63). 

A — a ( 311) 

y (3x4) 

tang, 

subtract cos. 

9,5048260 

9,9828366 

4 = AB = x8(J23Hl59s,2o tang. 9,6219894 

A' — cl' (3ii) 
y1 (316) 

tang, 

subtract cos. 

9,7916902 

9,9904579 

41 = A'B1 = 32di9m24*,93 tang. 9,8012323 

A" — a" (3 it) 

y" (319) 
tang, 

subtract cos. 
9,9650091 

9,9923903 

4 " = A"B" = 43dx im428,c5 tang. 9,9726188 

[5999] 

(300) 

Data. 

(301) 

(301') 

(302) 

(303) 

(303') 

(304) 

(305) 

(306) 

(307) 

(308) 

(303) 

(310) 

(311) 

(312) 

(312') 

(312") 

Prelimin¬ 
ary calcu¬ 
lations. 

(312"') 

(313) 

(314) 

(314') 

(315) 

(316) 

(317) 

(318) 

(3191 
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(320) 

(321) 

(322) 

(323) 

Prelimin¬ 
ary calcu¬ 
lations. 

(324) 

(325) 

(326) 

To find E, AE, A'E, in the triangle EA'A11. 

EA'A''=i8od—y=i68‘foim5g*,67 (3i6). Using Napier’s Rules [i34550’51}. 
EA"A'= y"= io 4i 4o 17 (3rg) 

Sum =2<S'1 =178 43 3g 84 ; St = 89d2im49s,92 

DifFerence=2Z)f =157 20 19 5o ; Ex —78 4o 09 75 

T1 * - sin. 

arith. co. sin. 

—A')= 4rf58OTiosj3o tang. 

b(A'E—AE)— 4 52 24 38 tang. 

b(A"E-\-AE)=56 58 5o 78 

Difference is A'E—52 06 26 4o 

Sum is A''E=6ï 5i i5 16 

9,9914519 -Di cos. 

0,0000268 «1 arith. co. cos. 

8,9392834 h(A'i-Ai) (312) tang. 

8,9307621 h(A’E+AE)=56d58m5oe,78 tang. 

A"—A’ (3x2) sin. 

A'E (325) arith. co. sin. 
y" (319) sin. 

E=2digm34a,oo sin. 

(327) 

(328) 

(329) 

(330) 

(330') 

(331) 

To find E1, AEr, A'E1, in the triangle E'AA/!, 

E'AA"=180—7=i63d59wr5is,62 (3i4) 

E'A"A=y''= 10 4i 4o 17 (3ig) 

Sum —2S2 —17 4 41 31 79; S2=8yd2om45s,go 
Differenee=2Z>2=i53 18 11 45 ; _D2 =76 3g o5 73 

Z)2 sin. 

S2 arith. co. sin. 

h{A"—A )—\odrj 3m5 o®,g 5 tang. 

i(A"E<—AE')=io 37 i5 55 tang. 

bXA'iEr+AE')—43. 49 45 33 

Difference is AE'—33 12 29 78 

Sum is A'E1—54 27 00 88 

9,9881058 

o,ooo466o 

9,2844852 

9,2730570 

A 

i(A"~A) (312) 

£ ( A!E'A^A E')=43if4gm4 5«, 33 

A'l—A (312) 

AE' (33o) 

y" (326) 

E— 7di3m37*,70 

cos. 

arith. co. cos. 

tang. 

tang. 

sin. 

arith. co. sin. 

sin. 

sin. 

(332) 

(333; 

To find E", AE", AE", in the triangle E"AA'. 

E"AA'=i8od—7=i63<J5gm5is,62 (3i4) 

E"A'A—y'— 11 58 00 33 (316) 

Sum o.Sz =175 57 5r g5 ; S3=87d58m55^,gj 
Difference 2D3=i52oi 5i 29; D3= 7600 55 64 

D3 

(334) 

(335) 

(336) 

'3 sin 

S3 arith. co. sin 

b(A'—A)= 5d55m4os,64 

b(AE"—AE")= 5 45 25 19 

b(AE"-EAE")=35 28 32 49 

Difference is AE"=29 43 07 3o 

Sum is AE/'-=4i i3 57 68 

tang. 

tang. 

9,9869333 

0,0002694 
g,oi63358 

9,oo35385 

-Da 
£3 

(3l2) 

h(AE'-^AEi')=35d28™32*,49 

A'—A (312) 

AE" (335) 

y (3i6) 

E"= 4d55m46‘)22 

cos. 

arith. co. cos. 

tang. 

tang. 

sin. 
arith co. sin. 

sin. 

sin. 

9,2932968 

1,9545834 

8,9392834 

0,1871636 

9,2370422 

0,1028335 
9,2685128 

8,6o83885 

9,36337io 
1,3343907 

9,2844852 

9,9822469 

9,5697089 

0,2614699 

9,2685128 

9>°996gi6 

9,3832o5i 
i}45333-3 

9,oi63358 

9,8528782 

9,3127087 

0,3047442 

9,3i66gi8 

8,9341447 



COMPUTATION OF THE ORBIT OF A PLANET, 897 

To find the angles B, B", in the triangle E'BB", by [i34 548'49]. 

AE'=33di2m2gs,'j8 (33o) 

AB= 18 23 5g 20 (3i4) 

E'B—\4 48 3o 58—AE'—4] 

E'B"=n i5 x8 83 (33g) 

Sum 2 S4 —26 o3 4g 4i ; 

Diff.2jD4 = 3 33 11 75; 

A"E’=54^27moo®;88 (33o') 

A!'B"=43> 11 42 o5 (3ig) 

E'B"=u i5 18 83=A"E'—4''] 

S4 =i3doi,n54s>7i 
Z>4 = 1 46 35 88 

B"=E'=7ai 3m37*,70 (331 ) 

D4 sin. 

S4 arith. co. sin. 

hBE'Bii = 3rf36TO48s,85 (337)cotan. 

4(B''—J3)= 65 19 46 66 tang. 

£(£"+£)= 86 28 3g 26 

8,49i4o56 
0,6468671 

1,1996098 

B4 
S4 
kBE'B" (337) 

0,3378825 % (B"~j-B)=86d28m3g’,26 

cos. 9,9997912 

arith. co. cos. 0,0113319 

cotang. 1,1996098 

tang. 1,2107329 

Sum i3 B''=i5i 48 25 92 

Diff. is B= 21 08 52 60 

[5999J 

(337) 

(338) 

(339) 

(340) 

Prelimin¬ 
ary calcu¬ 
lations. 

(341) ^ 

(342) 

(343) 

To find the side E''B* in the triangle E''BB*, by [i345so>51]. 

J3=2irfo8m52s,6o (343) 

E"= 4 55 46 22 (336) 

Sum 2Sb =26 o4 38 82 

Diff 2_D5=i6 i3 06 38 

Sb =i3d02»ii9s,4i 
jD5 = 8 06 33 19 

B>, sin. 

S5 arith. co. sin. 

hBE"=3d3gm34s,o3 (345') tang. 

9,1494o55 

o,64664?-5 

8,9960679 

h( WB*—BIB*)=3 32 43 98 

B’B*)=5 45 01 93 

tang. 8,7921159 

AE,,—2gd43mo-!s ,3o (335) 

AB=i8 23 59 20 (3i4) 

BE"=n 19 08 10 

hBE' 

Db 
S6 

(3450 

h (E"B*+J3'£*)=5<*45'«o r*,93 

(344) 

(345) 

(345') 

cos. 9,9966356 
arith. co. cos. 0,0113439 

tang. 8,9960679 

tang. 9,oo3o474 

(346) 

Sum E"B*=g 17 45 91. The sum is taken because E"B* is opposite to the greatest of the two angles B, E11. ((447) 

To find 4*, AE'-4, AE"—4, A'E-4'+4*, A'E'<—4'+4*, &c. 

A'E'<=(336) 4idi3m57s,68 AE' (33o)=33'7i 2m?9s,78 

4 (3i4)=i8 23 69 20 

AE" (335)=2gd43mo7s,3o 

4 (3i4)=i8 23 59 20 

AE"—tf=n 19 08 10 

A' E(325)=52do6n 26»,40 (348) 

4' 4* (34g)—3i 56 11 77 (349) 
4 '—4 *=A' B*—31 56 11 77 

4'=A'B'=(3i6) 32 19 24 g3 AE'~4=i4 48 3o 58 A'E—4 '-\-4*=2o 10 14 63 (350) 

4*=B'B*= 0 23 13 16 AE'—4 sin. 9,4075428 

cos. 9,g8533o2 
.  

AE"—4 sin. 9,2928537 A'E—4'-{-4* sin, 9,5375909 (351) 

(351') 

A1 £(325)=52rfo6m2Ôs,4ojA'E" (336)=4irfi3m57s,68 

j' (3i6)=32 19 24 93 

A'E—cf'=19 47 OI 47 

41 (3i6)=32 19 24 g3 

A'E"—4'= 8 54 32 75 

A'E"(336)—4idi 3"l57%68 

41—4*(34g)—3i 56 11 77 

A"E (3 26) =61^51 ”*15*, 16 

4" (3ig)=43 11 42 o5 

A'E"—4>+4*= 9 17 45 91 A"E—4"=i8 3g 33 n 

A'E"—sin. 9,2082704 A"E—4" sin. g,5o5o663 

A'E' (33o/)=54d27moos,88 (352) 

4'' (3i9)=43 it 42 o5 (353) 

A"E'—4"=i 1 i5 18 83(354) 

A"E'—4 " sin. 9,2904350 (355) 

cos. 9,991566 r (356) 

To find jR.sin.tf, .R'.sin.d1', R".sm,4". 

R (3og) log. 9,9996826 R' (3og) log. 9 >9930979 R" (3og) log. 9.-9969673 (357) 

4 (3x4) sin. 9,4991994 4< (316) sin. 9,7281105 4" (319) sin. 9,835363i (358) 

iî.sin.cf log. 9,4988820 R'.sin.4' log. 9,7262084 iT5sin.<f" log. 9,8323309 (359) 

22 5 VOL. III. 
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[5999] 
To find a, 6, c, d, e. (32—36). 

(360) Jl"E'—£" (355) sin. 9,2904350 A"E—S " (355) sin. 9,5o5o663 
(361) AE'—S (35i) arith. co. sin. 0,5924577 A'E—S'+S* (35i) arith. co. sin. 0,4624091 
(362) i?.sin.cT (35g) log. 9,4988820 R'.sm.S' (35g) log. 9,7262084 
(363) iP'sin J " (359) arith. co. log. 0,1676691 R", sin.cf" (35g) arith. co. lo£. 0,1676691 

(364) a=o,35435g3 (32) log. 9,5494438 b (33) log. 9,8613529 

(365) 2 log. o,3oio3oo S* (351 ) secant 0,0000099 

(366) 3.log. (JRi .simcfi) (35g) 9,1786252 b. sec.tT *=0,7267128 log. 9,8613628 

(367) S* (35i) sin. 7,8295726 a=o,35435g3 (364) 

(368) c-i (34) log. 7,3092278 h.sec.cT*—a=o,3723535 log. 9,5709555 
(369) c log. 2,6907722 b. sec.tf*—1= —0,2732872 log. subtract 9,4366192» 
(370) 

d——1,3624994 (35) log. 0,1343363» 

(371) 
<T* (35i) tang. 7,8295825 

(372) b.sec S *—1 (36g) log. subtract 9,4366192» 

(373) e (36) log. 8,3929633» 

To find k, x,", k, k". (44—47). 
(374) i?.sin.<f (35g) log. 9,4988820 R".sin.S" (35g) log. 9,83233o§ 
(375) JÎE’—S (361) arith. co. sin. 0,5924577 A" E’—S'" (355) arith. co. sin. o,7og565o 

(376) «=1,2340696 (44) log. 0,0913397 k"=3,4825384 (45) log. 0,5418959 

(377) AE'—S' (3510 cos. 9,g8533o2 Ai'E'—S" (356) cos 9 >9916661 
(378) iî.sin.tf (359) arith. co. log. o,5om8o Rii.sm.S" (35g) arith. co. log. 0,1676691 

(379) x (46) log. 0,4864482 K" (47) log. 0,1592352 

First 
approx i- First Approximation to P, Q. 
mation. To find the first values o/P, Q, w, Q! and the equation in z. (4P)- 

(380) f—1= r 1,963241 (3io) log. 1,0778489 t"—t'=9,971192 (310) log. °>998747f 
k (54) log. 8,23558i4 k (54) log. 8,23558i4 

(381) t" (229) log. g,3i343o3 T (229) log. 9,2343285 

t (381) subtract log. 9,2343285 t" (38i) log. g,3i343o3 

(382) P= — = 1,1997804 (25g) log. 0,0791018 Tl" (259) l0g. 8,5477588 

T c (369) log. 2,6907722 
a = o,35435g3 (364) w (386) sin. 9,3612404 
d - —1,3624994 (3?°) 

Q' (4o') log. 0,5997714 
(383) P-f-a= 1,554i 3g7 log. 0,1914901 

(384) P-\-d = —0,1627190 log. CO. 0,7885618» 

(385) c (373) log. 8,3929633» Hence the equation (4P) becomes. 

(386) w =x3cfi6™54s,77 (40) tang. 9,3730152 0,5997714-|-4-log.sin z— -log. sin.(z—i3d4om07s,93)=o 

S'* = 23 i3 16 (35§ 

(387) w + 4'*=i3 4o 07 93 

To find z by approximation from the preceding equation, (386.) 

By a slight inspection of the table of log. sines, we find that z — i4d maybe assumed for a first process, 

in the following table ; and z—i5d for a second process. The errors of these assumed values leads to a third 

value i4^45m, and so on, by repeated operations as in the following table, till we get the correct value of z. 

In the same way we may find the other values of z, which satisfy this equation ; as in the second example of 

the table. 
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Assumed value oi z, 
Its log. sine, 

14^ 
9,384 

i5d 
9,4 x3 

i4d45m 
9,406 

i4d3om 
9,3986 

i4d36m 
9,4oi52 

i4^35™ 
g,4oio3 

i4d35moQs 
g,4oi 11 

3 2^2“ 
9,72461 

3?d3m 
9,72481 

8,89924 
0,59977 

32d2m26s 
9,72470 

8,89880 
0,59977 

Multiplied by 4, 
Add log.Q'i 

7,536 
0,600 

7,652 
0,600 

7,624 
0,600 

7,5g 44 
0,5997 

7,60608 
o,59977 

7,6o4i2 
0,59977 

7,60444 
0,59977 

8,89844 
0,59977 

Sum, 
(z—i3d4om 7s,g3)log sine. 

8,i36 
7,762 

8,252 
8,366 

8,224 
8,276 

8,ig4i 
8,x6i5 

8,2o585 
8,21086 

8,2o38g 
8,20302 

8,20421 
8,20421 

9,49821 
9,4g83g 

9=499oi 
9=49877 

9,49857 
9,49856 

Difference, 4-0,374 —o,n4 — 0,052 -j-o,o326 —o,oo5oi -j-o ,00087 0,00000 —0,00018 -f-o, 00024 0,00001 

Hence we find that the value of z, corresponding to this equation is z=i4d35mogsthe other value 

z=32^26* is nearly equal to S',=3'iiiQm24s,g3 (316), and is to he neglected, as in (i57, &c.) 

To find r’ (77), and the factors (4i", 4i'")- 

iJhsin.cT' (359) log. 9,7262084 

z— i4Æ35m09s (3go) sub. sin. 9,4011076 

r' (77) • • • 

S* (35i) 23mx3s,i6 

z—4 s = 14rfi i m5 5s,84 

log. o,325ioo8 

A>E—çf'(354)=i9rf47"lois,47 
z=i4 35 09 00 

z-^-AlE—S'i=34 22 10 47 

Its log. sine =9,7516861 

A1 E> '—S1(354)=8d54m3 2s,75 

(390) z=i4 35 09 00 

z-\-AiE"—4'=23 29 4i 75 

Its log. sin. =9,6006113 

[r r"] 

[r'r«] 

[rr/i] 

[r r'] 
.r' 

P'-sin.^' (35g) log. 

P-j-a (383) log. 

b (364) log- co. 

2—S'* (3g4) arith. co. sin. 

(4i'0 log. 

P (382) subtract log. 

(4i'") l°g- 

To find p, (p'O, (48,49) ; q, q" (5o, 5x) ; Ç, r, r" (52, 53). 

(394) log. 
l \rr"J > 

z+A'E—S' (3g8) sin. 

E (326) sin. 

E' (331) arith. co. sin. 

P (48) log. 

x (379) log. 

JC = 1,2340696 (376) log. 

xp-x =3,1977206 

q = ip* — K. — i ,g6365io (5o) log. 

P (4o3) log. 

— = tang, f (52) ; <f= 23‘Ji7m33s,38 
q 

tang. 

Ç=CE' (4og) sec. 

q (407) log. 

r (52) log. 

0,6666696 

9,7016861 

8,6o83885 

0,9003084 

9,9270526 

0,4864482 

0,0913397 

[rr"j 
r1 (396) ( [r r1] 

r-f-A'EH—S' (3q8) 

E" (336) 

E' (331 ) 

P" (49) 

'*■" (379) 

log. 

sin. 

sin, 

arith. co. sin, 

log, 

log. 

: 3,4825384 (376) log. 

o,5o484o5 

0,2930643 

9.9270526 

9,6339883 

> " p'V'== 5,2937488 log. 

q" — h"p" — k" — 1,8112104 (5i) log. 

P" (4o3) log. 

— = tang. Ç"(fi3) ; Ç" = 3oÆr inio4*,25 tang. 

0,0369220 

0,2930643 

0,3299863 

Z"=C"Ei (409) 

q" (407) 

r" (53) 

sec. 

log. 

log. 

9,7262084 
0,1914901 

0,1386471 

o,6io324o 

0,6666696 

0,0791018 

0,5875678 

0,5875678 

9,6006113 

8,9341447 

o,9003084 

0,0226322 

0,1592352 

0,5418959 

0,7237633 

0,2579689 

0,0226322 

9,7646633 

0,0632798 

0,2579689 

0,3212487 

(390) 

First 
Approxi 
mation. 

(391) 

(.392) 

(393) 

(394) 

(395) 

(396) 

(397) 
(398) 

(399) 

(400) 

(401) 

(402) 

(403) 

(404) 

(405) 

(406) 

(407) 

(408) 

(409) 

(410) 

(411) 

(412) 
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Approxi¬ 
mation. 

(413) 

(413') 

To find the arc CC" — if1, in the triangle CE'C11, by [i34548’49]. 

Ç=CE' = 23<*i 7^33^38 (409) 

(4og) 

(414) 

(415) 

(416) 

(417) 

-.C"E> = 3o 11 04 25 

Sum 2iS6 = 53 28 37 63 

Diff. 2Z>6 = 6 53 3o 87 

D* 

Sc 
h.E' = 3d36m48s ,85 

h(C-C")= 64 4i 56 92 
£(C+C"')= 86 45 58 08 

i is E' CC"— t5i 27 55 00 

. is E'C"C= 22 o4 01 16 

#6 =26d44”1i8s,82 

D$ = 3 26 45,44 

sin. 8,7789252 

arith. co. sin. 0,3468646 
D, 
Sc 

(340 

tang. 0,3253996 è (C+C") = 86rf45™58‘,o8 

E'C'C (416) 

CE' (413) 

E' (330 

2f=CC" = 7d36CT32s,42 

cos. 9=9992i4i 
arith. co. cos. 0,0491 i5i 

cotan. 1,1996098 

tang. 1,2479390 

arith. co. sin. 0,4251700 

sin. 9,5970663 

sin. 9,0996916 

sin. 9,1219279 

To find the arcs CC'=of", C'C"=if, (214, 2i5). 

[r r"] 
I (394) 

^ [r'r"] 

(418) qf'=CC" (417; 

(419) 2f=C'C" 

(420) 2f'=CC' 

r (412) log. 0,3299863 

arith. co. log. g,33333o4 

sin. 9,1219279 

=3rf29”l47,,5o sin. 8,7852446 

=4 06 44 95 (4ig) 

(421) Sumis2f=CC" —7 36 32 45 
Computed CC"=rj 36 32 42 (417) 

r" (412) 
c rrrin > 

(396) 
2/ (417) 

2/'= C'C,=4do6«44s,95 

log. 0,3212487 

arith. co. log. 9,4124322 

sin. 9,1219279 

sin, 8,8556o88 

(422) 

(423) 

(42-1) 

(425) 

(426) 

(427) 

(428) 

(429) 

>430) 

(431) 

in order to correct t, t', t", t, t", for the aberration, (222). 

To find p/' and t3 (226). 

dJ"E'=54d27moos,88 (33o') 

To find 

To find p, and f, (224). 

AE'=33di2m2gs,y8 (33o) 

£=23 17 33 38 (409) 

AE'—Ç= 9 54 56 4o sin. 9,236o3 

r (4-12) log. 0,32999 
4 (358) arith. co. sin. o,5oo8o 

fl (224) log. 0,06682 

Constant log. of aberration 7,75633 

Correction *ï=o,oo6655 log. 7,82315 

Ohserv. Oct. 5,458644 (3io) 

Corrected Oct. 5,451989=*. 

To find pi' and *2 (225). 

41 =32rfi9W24s,93 (3i6) 

z =14 35 09 (3go) 

S'1—2= 17 44 i5 g3 sin. 9,48382 

r’ (392) log. o,325io 

4' (358) arith. co. sin. 0,27189 

p/ (225) log. 0,08081 

(223) Constant log. 7,75633 

(223) *2 = 0,006873 log. 7,83714 

Oct. 17,421885 (3io) 

Oct. i7,4i5oi2=i', corrected. 

Oct. 5,451989=*, corrected. 

Int. t’—*=11,963023 log. 1,0778409 

Constant k (54) log. 8,23558i4 

Corrected <r" (229) log. 9,3134223 

£"=3o 11 o4 25 (409) 

i5 56 63 sin. 9,6i38i 

r" (412) log. 0,32125 

4" (358) arith. co. sin. 0,16464 

Pi" (226) log. 0,09970 

Constant log. 7,75633 

*3= 0,007178 log. 7,856o3 

Oct. 27,393077 (310) 

Oct. 27,385899=*", corrected. 

Oct. i7,4i5oi2=*,> corrected. 

Int. t"—1’= 9,970887 log. 0,9987338 

Constant k (54) log. 8,23558i4 

Corrected t (229) log. 9,2343i52 
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To find y" from 

r< (39 2) 

r (4ia) 

r, r', 2V—t. Like [5995(187)]. 

log. o,325ioo8 (392) . . . o,325ioo8 

log. 0,3299863 (412) . . . 0,3299863 

To find y from r1, r,f, 2/ t11—V. 

r" (412) log. 0,3212487 (412) . . . 0,3212487 

r' (392) log. o,325ioo8 (392) . . . o,325ioo8 

ri 
-=tang4.(45d-[-w) log. 9.9951145 
r 
456f-{-t«=44i:f55m09s,g57 tang, g,9987786 

w=— 4m5os,o43 

sum o,655o87i 

half 0,3275436 
3 - 

(rr’)~2 log. 0,9826307 

arith. co. 9,0173693 

r" 
——tang4.(45«U~m) log. 9 9961479 

45d-j-«?=r44'/56'"lxis,3o2 tang. 9,9990369 

w= — 3«48*,6g6 

sum o,64634g5 

half 0,3231748 

(r'rO^ log. 0,9695243 

arith.co.log. g,o3o4757 

2 w—— gm4os,o86 tang. 7,44907 n 
same 7,44907,1 

f "= 2^o3»«2 2s,475 (420) sec. 0,00028 

2 w= — 7m37J,3g6 tang. 7,34587,1 

same 7,34587u 

/=id44“53s,75 (419) sec. 0,00020 

tangS.aw.sec./'^o,00000791 log. 4,89842 tang2.2w.sec. /=o,00000492 log. 4,69194 

constant log. 5,5680729 

V—t 11,963023 (43o) log. 1,0778409 

same 1,0778409 

3Xl°g-sec./" (43g) o,ooo83gi 

^■.log. (rr1) arith. co. (433) 9,0173693 

m m log. 6,741 g631 

f"=2.ao3m22s}475 (435) sec. 0,0002797 

4//7= i 01 4i 2375 sine 8,2538g85 
same 8,2538g85 

[5995(38)] constant log. 5,5680729 

t"—V 9,970887 (43o) log. 0,9987338 
same 0,9987338 

3xlog.sec,/ (439) 0,0006066 

s.log. (r'r") arith. co. log. (433') g,o3o4757 

m m log. 6,5966228 

/=i'z44m53»’,75 (435) sec. 0,0002022 

£/=o5a 26 875 sine 8,i834375 
same 8,1834375 

sin24/'5secLf/,=o,ooo322i6 log. 6,5080767 

tangS.aw.sec/'^o,00000791 (436) 

l—o,ooo33oo7 

|=o,83333333 

Z+1=0,8 336634o subtract log. 9,9209908 

mm (438) log. 6,74ig63i 

ft = 0,00066217 log. 6,8209723 

Corresponds in Table VIII, to app. log. y'/y,,=o,ooo6383 

log. y"=o,ooo3ig2 

To find P. 

(447) 

(447) 
(431 ) 

(431) 

Y rfll 
Corrected P= r—- (235) 

y "nr 

Assumed value of P (382) 

arith co. log. 

log- 
log. 

arith. co. log. 

log. 

log, 

Difference 

9,9996808 

0,0002285 

9,3x34223 

0,7656848 

0,0790164 

0,0791018 

—o,oooo854 

sin24/sec./=0,00023285 log. 6,3670772 

tang2.2W,sec./=o,00000492 (436) 

l —0,00023777 

f =0,83333333 

H-f= 0,83357110 subtract log. 9,9209427 

mm (438) log. 6,5966228 

[5995(147)] ft =0,00047389 log. 6,6756801 

Corresponds in Table VIII, to app. log. yy =0,0004570 

log. y =0,0002285 

To find 

r (43x) 

<r" (43i) 

2.l0g. r> (392) 

r (4i2) 

r" (412) 

y (447) 
y " (4470 
/ (439) 

/' (4i7) 
f" (43g) 

Corrected Q (256) 

Assumed Q (382) 

Q- 
log. 9,2343i52 
log. 9,3134223 

o,65o2oi6 

arith. co. log. 9,6700137 

arith. co. log. 9,6787513 

arith. co. log. 9,9997715 

arith. co. log. 9,9996808 

secant 0,0002022 

secant 0,0009681 

secant 0,0002797 

log. 8,5475964 

log. 8,5477588 

Difference —0,0001624 

We may remark that the value of ft (445) does 

not require, in this example, any correction for the 

quantity | [5995(147)], which is wholly insensible. 

226 

[5999] 

(432) 

First 
Approxi¬ 
mation. 

1433) 

(433') 

(434) 

(435) 

(436) 

(436') 

(43?) 

(438) 

(439) 

(440) 

(441) 

(442) 

(443) 

(444) 

(445) 

(443) 

(44?) 

(447/) 

(447) 

(447") 

(448) 

(449) 

(450) 

(451) 

(452) 

(453) 

(4539 
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Second 

Approxi¬ 
mation. 

(454) 

(455) 

Second Approximation to P, Q. 

With the corrected values of <r, t", (43i), and the computed values of P, Q (448, 45i), we must repeat 

that part of the calculation, which is contained in (382—453), in order to obtain a nearer approximation to the 

values of P, Q. We shall give this calculation at full length, and in the same form as in the first process 

(382—453); hut the part (422—431) relative to the aberration, is given with sufficient accuracy ; and it is 

not necessary to make any correction in it. The labor of this re-computation is much decreased from the 

circumstance that the same form of calculation is retained, and the results are not much varied. 

(456) P= I,ig95445 (448) log. 0,0790164 Q (45i) log. 8,5475964 

a= o,35435g3 (364) c (369) leg. 2,6907722 

d——i,3624gg4 (37o) w (458) sin. 9,36o58i8 

(457) P-)-a= i,553go38 log. 0,1914242 Q' (4o') log. 0,5989604 

P-\-d=—0,1629549 lo g. CO. 0,78793 2 6n 

e (373) log. 8,3929633,1 

(458) w=i3di5m4i*,oo tang. 9,3723201 Hence the equation (4i') becomes, 

(459) <T*= 23 i3 j6 (35i) 
o,5g8g5o4-|-44og.sm.;?—log.sin. (2— i3<*38m54V6)=o. 

(4G0) w-f<f *=i3 38 54 16 1 

To find z by approximation from the equation, (45g). 

Assumed value of s, 
Its log. sine, 

i4rf35m 
g,4oio3 

i4d33w 
9,40006 

i4'l33m2.3s 
9,40025 

Multiplied by 4, 
Add log. Q', 

7,60412 
0,59895 

7,60024 
0,59895 

7,60100 
0,59895 

Sum, 
(2—i3d38OT54s,i6)sine, 

8,20307 
8,21265 

8,19919 
8,19688 

8,19995 
8,19995 

Difference, —o,oog58 -f-0,0023l 0,00000 

This operation is much abridged, because we are able 

to assume, in the first operation, the value of z, 

computed in (3go), which varies but very little from 

the result here found, namely z — i4d 33ra 23*. 

To find r' (77), and the factors (4i", 4i',0* 

(464) jRbsin.cT' (35g) log. 9,726208 4 jR'.sin.d' (35g) log. 9,7262084 

(465) 2 i4rf33m23« [462) sub. sin. 9,4002490 P-fa (45?) log. 0,1914242 

(466) r' log. 0,32.5959 4 l (3gs) log. CO. 0,1386471 

(467) (35i) orf23wi3*,i6 z—<T* (468) arith.co.sin. 0,6112070 

(468) z—S'* = 14^1 omogs, 84 $ !>r"] > 
(4i") log. 0,6674867 

(469) JL'E—S ' (3g5)=i 9d47mo 1 *,47 .#tE//_cf/(3g5)_8d54OT32*,75 
( P ' J * 

P (456) log. subtract 0,0790164 

(470) z (462)=i4 33 23 00 z=i4 33 23 00 S [""] r, ? (Ail II) log. o,58847o3 

(471) 
2-fA'E—S '=34 20 24 47 z-^-^E"—(f'=23 27 55 75 \ [rr'] ' S 

(472) 
Its log. sine =g,75i35g6 Its log. sin. =9,6000975 

7^__A a' a" a 
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To find p, p", (48,49) 5 q, q" (5o, 5i) ; £, Ç» ; r, r" (52, 53). Second 

^ E7m r' \ (468) Yr'iA «*» 

Approxi¬ 
mation. 

log. 0,6674867 log. 0,5884703 (473) 
( [r rw] S l I? »•'] S 

9,6000975 z+«î'JE—<ff (472) sin. 9,7613596 4' (472) sin. (474) 

E (4oi) sin. 8,6o83885 (4oi) sin. 8,g34i447 (475) 

E' (402) arith. co. sin. o,goo3o84 ÆV (402) arith. co. sin. 0.9008084 (476) 

P log. 9,9275432 p" log. 0,0230209 (477) 

x (4«4) log. 0,4864482 x" (4o4) log. o,i592.352 (478) 

x —1,2340696 (4o5) log. 0,0913397 x"= 3,4825384 (4o5) log. 0,54i8g5g (479) 

xpa =3,20i3348 log. o,5o533i1 x" p'V'= 5,2984890 log. 0,724x520 (480) 

q = x p » — x = 1,9672652 log. 0,2938629 q" = \n pit *11 — x" — i,8i5g5o6 log. o,25gio4o (481) 

P (477) log. 9,9275432 (477) suh. log. 0,023020g (482) 

L = tang.£(52) ; ^=23iZi6?7*4o,,26 tang. 9,63368o3 ^ = tang.£"(53) ; £ "=3o<to8™3o*,24 tang. 9,7639169 (483) 

Ç=CE' sec. 0,0368739 sec. 0,0630914 (484) 

q (481 ) tang. 0,2938629 q" (48i) log. o,25gio4o (485) 

r log. o,33o7368 r" log. 0,3221954 (486) 

To find the arc CC» = 2f>, in the triangle CE'C1'. 

Ç=CE* = 23^i6«*4os,26 (483) 

Çii—O'E1 = 3o 08 3o 24 (483) 

Sam 2S7 = 53 25 10 5o ; S7 =26tî42m35s,25 

Diff. 2JJ7 = 6 5i 49 98 ; D7 = 3 25 54 99 

d7 sin. 8,7771576 b7 cos. 9,9992204 

s7 arith. co. sin. 0,3472977 S7 arith. co. cos. o,o4goo53 

&Ef (4x4) cotan. 1, x996098 hE' (4x4) cotan. 1,1996098 (488) 

%(C—C") 64(f37m5xs,8o tang. o,324o65i h (C+O9 =86rf45m55s,3i tang. 1,2478355 

J(C+G") 86 45 55 31 
E'C"C (4go) arith. compl. sin. 0,4239133 

Sum is E1 CC"=i51 23 47 n CE' (487) sin. g,5g68o64 (489) 

Diff. is E1 C" C= 2208 o3 5i E' (416) sin. 9,0996916 (490) 

of=CC" — 7rf34m56s,36 sin. g,x2o4ix3 (491) 

To find the arcs CC'=2f", CiC"=2/, (2i4; 2i5). 

r (486) log. 0,3307368 

S lr r"] ? (473) 
( [r'r"] S V ' 

2fi=CC’i (490 

arith. co. log. 
• 

sin. 

9,3325i33 

g,i2o4ix3 

af=C'C" =3rf29moxs,64 sin. 8,78366x4 

gfi—CC =4 o5 54 75 (493) 

Sum is 2/7= C C h =7 34 

Computed CC"=7 34 

56 3g 

56 36 (490 

rii (486) log. 0,3221954 
C [rr^] 

l [rr' ] -r \ (473) arith. co. log. 9,4115297 

2fi (49 0 sin. 9,i2o4n3 (492) 

2fil=CC'= =4<io5m54J,75 sin. 8,854i364 (493) 

(494) 

(495) 
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(496) 

Second 
Approxi¬ 
mation. 

(497) 

(497') 

(498) 

(499) 

(500) 

(501) 

(502) 

(503) 

(504) 

(505) 

(506) 

(507) 

(508) 

(509) 

(510) 

(511) 

(512) 

(513) 

(514) 

(515) 

(516) 

(517) 

To find yn from r, r', of", t'—t, (432- 

log.=0,3259594 

r log.=o,33c>7368 

r’ 
-=tang4. (45^-4-w) log. 9,9952226 

45cCf-tt>=446'55miôs,37 tang. 9,9988056 

4”!43s,63 

(466) . 
(486) . 

w- 

-447). 
0,3269594 

0,3307368 

210= - gm2f}20 

sum 

half 
.3 

(rr')2 log. 

arith. co. 

tang. 

same 

sec. 

0,6566962 

o,328348i 

o,g85o443 

9,0149557 

f"= 2do2w57s,375 (493) 

tang2.2m.sec/»=:o,00000757 

(436') constant log. 

t'—t (437) log. 

same 

3Xl°g sec.f11 (5o3) 

J-.log. (rr') arith. co. (4970 

m m log. 

7,43936» 
7,43936n 
0,00028 

log. 4,87900 

5,6680729 

1,0778409 

1,077840g 

o,ooo8334 

9,0149557 

6,73g5438 

To find y from r', r1', of, l"—V. 

r'l 
ri 

log.= 0,3221954 

log.= o,325g5g4 

(486) 
(466) 

1 
—=tang4.(45rf-j-m) log. 9,9962360 
r1 
45<H-ic=44<f56mi6s,55 tang. 9,9990590 

ic— — 3m43s,A5 

211— — 7m26s,go 

/=itJ44m3os,82 (4g3) 

tang2.2m.sec./=0,00000470 

(4360 

sum 

half 
3 

(r'r"f log. 

arith. co. 

tang. 

same 

sec. 

0,3221954 

o,325g5g4 

0,6481548 

0,3240774 

0.9722322 

9,0277678 

7,33578n 
7,33578» 
0,00020 

log. 4,67176 

V-V (437) 

constant log. 

log. s* 

same 

3Xlog.sec./ (5o3) 

|[.log. (r’r10 arith. co. (497O 

m m log. 

5,5680729 

0,9987338 

0,9987338 

0,0006021 

9,0277678 

6,6939104 

fi'=2^oom5f,3y5 (499) sec- 
hf"=i 01 28 688 sine 

same 

sin2 se c. y7,=o,ooo31998 log. 

tang2.2w.sec.f=o, 00000767 (5oo) 

Z=o,00032755 

f=o,83333333 

Z-f | = o,83366o88 log. sub. 

0,0002778 

8,2524236 
8,2524236 

6,5o5i25o 

9,9209895 

m m (5o2) log. 

h = o,ooo6585o log. 

Corresponds in Table VIII, to log. y" y" = 
log. y ’I = 

To find P. 

y" (5n) arith.co.log. 

Y (5n) log. 

t" (447") log. 

t (447,,/) arith. co. log. 

Corrected P= (235) log. 

Assumed value of P (456) log. 

6,7395438 

6,8i85543 

0,0006347 

0,0003173 

9,9996827 

0,0002271 

9,3i34223 
0,7656848 

0,0790169 

0,0790164 

Difference -|-o,oooooo5 

f=id4Am3os ,82 (499) sec. 0,0002007 

^ f—od5o'mi5s,4i sine 8,i8i8525 

same 8,i8i8525 

sec2.^ /.sec./=o,ooo23i 16 log. 6,363go57 

tang2.2to.sec./=o,ooooo470 (5oo) 

Z =o,ooo23586 

I = 0,87333333 

H~f= 0,83356919 log, sub. 9,9209417 

m m (5o2) log. 6,5g3gio4 

h = 0,00047094 log. 6,6729687 

Corresponds in Table VIII, to log. yy o,ooo454i 

log. y 0,0002271 

To find Q. 

(447') log. 9,2343i5a 

t" (447") log. 9,3134223 
2.l0g. r1 (466) o,65igi88 

r (486) arith. co. log. 9,6692632 

r" (486) arith. co. Io°:. 9,6778046 

y (511) arith. co. log. 9.9997729 

y" (5n) arith. co. log. 9.9996827 

/ (5o3) sec. 0,0002007 

f (490 sec. 0,0009514 

f (5o3) sec. 0,0002778 

Q log. 8,5476096 

Assumed value of Q (456) log. 8,5475964 

Difference -f- 0,000013a 
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Third 

Third Approximation to P, Q. Approxi- 
inuiion* 

With the computed values of P, Q (5i2, 5i5), we must again repeat the operation, as in (455 017) f° (518) 

obtain the final values of P, Q. The form of calculation is the same as in the last process, and the numbeis 

vary but very little, so that the calculation is repeated with great facility ; and it serves as a verification of 

the process. 

p= 1,1996459 (512) log. 0,0790169 Q (515) log. 8,5476096 (519) 

a= o,35435g3 (364) c (36g) log. 2,6907722 

d=—1,3624994 (37°) W (522) sin. g,36o5857 

P-|-a= i,553go52 log. 0,1914246 Q! (4o9 log. 0,5989675 (520) 

P-)-d=—0,1629535 log. CO. 0,7879363n (521) 
e (373) log. 8,3929633^ 

w=i3^i5m4is,44 tang. 9,3723242 FTence the equation (4i0 becomes. (522) 

4*= 23 i3 16 (35i) 
o,5g89Ô75-|-4.1og.sin.z—log.sin.(z— i3rf38m54s,6o)=o. (523) 

w-f-4*=i3 38 54 60 
(524) 

To find z by approximation from the equation, (523). 

Assumed value of z, 
Its log. sine, 

i4t(33m23s 
9,4002 5 9,4oo2555 

i4ri33m23s,72 
9,4002548 

Multiplied by 4, 
Add log. Qi, 

7,60100 
0,59897 

7,6010220 
0,5989675 

7,6010192 
0,5989675 

Sum, 
(z—i3^38w54s,6o)sine, 

8,19997 
8,19989 

8,i999895 
8,1999982 

8,1999867 
8,1999875 

Difference, -|-o ,00008 —0,0000087 —0,0000008 

(525) 
The value of z, obtained in (462), is here 

assumed as the first operation, and by a very easy 

calculation we find z=i4d33m23s,r]2 nearly. fsogj 

(527) 

To find r' (77), and the factors (4irl, 

R'.sin.4' (464) log. 9,7262084 

z i46f33”l23s,72 (525) sub. sin. 9,4002548 

r< 

<T* (35i) orf23wi3s,i6 

z—J'*=i4rfiomios,56 

A'E—cT,(469)=i9<i47mois,47 

2 (526)=i4 33 23 72 

z-^-A'E—4 '=34 20 25 19 

Its log. sine =9,75136i8 

log. o,325g536 

A'jE'i—P (46g)=8rf54OT3 2s,75 

z=i4 33 23 72 

z-^-A'E"—45=23 27 56 47 

Its log. sin. =9,6001010 

[r r11 ] 

[r'r11 ] 

[rr//] 

[r r'J ‘ 

P'.sin.tf' (464) log. 9,7262084 

P+a (52q) log. 0,1914246 

6 (466) arith.co.log. 0,1386471 

(532) arith.co.sin. 0,6112011 z—4* 

(4i") 

(4x"0 

log. 0,6674812 

(5ig) log. subtract 0,0790169 

log. o,5884643 

(528) 

(529) 

(530) 

(531) 

(532) 

(533) 

(534) 

(535) 

(536) 

VOL. Tir. 227 
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Third To find p, p'', (48,49); q, q" (5o, 5x) ; £ t" ; r, r" (52, 53). 
Approxi- 

matron. 

(537) 
M r,\ 
[rV"J ’ S 

(532) log. 0,6674812 5 M „ \ 
1 [r r'] ’ S 

(534) log. 

(533) z-\-JL'E—«T' (536) sin. 9,75i36i8 z-\-JL'E'i—£' (536) sin. 
(539) E (475) sin. 8,6o83885 EH (475) sin. 
(540) E’ (476) cosec. o,9oo3o84 E’ (4?6) cosec. 

(541) P log. 9,9275399 P" log. 
(542) 

0
0

 

x
r 

•< log. 0,4864482 x" (478) log. 
(543) x, = 1,2340696 (479) log. 0,0913397 «."= 3,4825384 (479) log. 

(544) xpx = 3,2oi3io4 log. o,5o53278 h" p( V'= 5,2984585 log. 

(545) q= = xp» — y,— 1,9672408 log. sub. 0,2938575 q" = pI’ k" — a." = 1,8159201 log. sub. 

(546) P (54 j) log. 9,9275399 p" (54r) log. 

(547) 
£ 

q 
= tang.^'=2.3di6m4oi,62 tang. 9,6336824 

P // 
— = tang.£"=3odo8wl3is,23 tang. 

(548) Ç=CEi sec. o,o368743 £" = O'E’ sec. 

(549) q (545) tang. 0,2g38575 q" (545) log. 

(550) r log. 0,3307318 ÿtf log. 

To find the arc CC" — 2f', in the triangle CE1 C11. 

(551) Ç—CE’ = p3cri6™4os,62 (547) 

(552) £H=C"E' = 3o 08 31 23 (547) 

(553) Sum 2<S'8 = 53 25 xi 85 5 S8 =26d4?m35s,93 

(554) Dill. 2D8 = 6 5i 5o 61 5 JDS= 3 25 55 3i 

(555) Es sin. 8,7771688 

(556) S3 arith. co. sin. 0,3472948 

(557) hE' (488) cotan. 1,1996098 

£(C—0')= 64£f37ro53*,3i tang. 0,3240734 

h(C-\-C")= 86 45 55 33 

(558) Sum is E' CC”=i5i 23 48 64 

(559) Dill, is E'C"C= 2208 02 02 

(560) 

A 
s« 
i-E' (488) 

h(C+C") = 86rf45m55s,33 

E'C"C (559) 

CE' (551 ) 

E1 (490) 

2f=CC" = 7rf34m5Gs,g6 

cos. 

arith. co. cos. 

cotan. 

tang. 

arith. cornpl, sin. 

sin. 

sin. 

sin. 

To find the arcs CC'=if’i, C'C’i—if, (214, 2i5). 

r (55o) log. 0 o,33o73x8 

\ ir'r"] -r' \ (537) arith' C0' 
log. g,3325i88 

2fi=C0i (56o; sin. 9,1204207 

(561) 2/=3'J29mOIS,92 sin. 8,78367x3 

(562) nfii—4 o5 55 07 (561 ) 

(563) Sum is 2/7=7 34 56 99 

(564) Computed above =7 34 56 96 (56o) 

0,5884643 

9,6001010 

8,9341447 
o,9oo3o84 

0,0230184 

0,1592352 

0,5418959 

0,7241495 

0,2590967 

o,o23oi84 

9,7639217 

0,0630926 

0,2590967 

0,322l8g3 

9,9992204 

0,0490060 

1,2478362 

0,42392x0 

9,5968081 

9,0996916 

9,1204207 

o,322l8g3 

g,4i 15357 

9,1204207 

8,854i457 
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To find y" from r, r', 2f", V—t. (496—5n). 

r' 

r 
log. 0,3259536 

log. o,33o73i 8 

-=tang4.(45£Z-|-w>) log. 9,9952218 

45a-J-w=.44rf55mi6s,32 tang. 9,99880545 

w= — 4m43s, 68 

(536) . 

(556) . 

0,3259536 

0,3307818 

To find y from r', r", if, t11—V. 

sum o,6566854 

half 0,3283427 

(rrr)2 log. 0,9850281 

arith. co. 9,0149719 

iw- 9OT27S,36 tang. 7,43g43n 

same 7,43g43n 

f"=idoim5f,535 (56i) sec. 0,00028 

tang2.2m.sec./ "=o,00000757 log. 4,87914 

(436') 

t'—t 
constant log. 5,5680729 

(437) log. 1,0778409 

same 1,0778409 

3Xl°g-sec./" (5ji) 0,0008337 

J-.log. (rr1) arith. co. (5660 9,0149719 

m m log. 6,73g56o3 

! 

r< 
log. 0,3221893 

log. 0,3259536 

— =tang4. (45d-\-w) log. 9,9962357 

45d-\-w=44d56mi6s,53 tang. 9,99905892 

w= — 3m43s,47 

iw= — 7m2Ôs,g 4 

(55o) . . . o,3 221893 
(53o) . . . o,325g536 

sum o,648i429 

half 0,3240714 

(rV02 log. 0,9722143 

arith.co.log. 9,0277857 

tang. 7,33582w 

same 7,33582m 

sec. 0,00020 

907 
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(5G5) 

Third 
Approxi¬ 

mation. 

(566) 

(566') 

/=i<244m3os,g6 (5Ci) 

tang2.2ti).sec.y=o,00000470 

(436') constant log. 6,5680729 

log. 4,67184 

t"—V (437) 

f .log. (r'r") 

f"=iaoim5f,535 (568) sec. 0,0002779 

hf'= i 01 28 768 sine 8,252433i 

same 8,252433i 

sin2 4 / ". sec /"=0 ,ooo3 2000 

tang2.2tü. sec/"=o,00000757 (569) 

Z=o,00032757 

5=0,83333333 

log. 6,5o5i44r 

log. 0,9987338 

same 0,9987338 

3xlog.sec./ (572) 0,0006021 

arith. co. (566') 9,0277857 

log. 6,5939283 

(567) 

(568) 

(569) 

(570) 

/=i <?44”l3os,9Ô 

£/=o 52 i5 48 

m m 

(568) sec. 0,0002007 

sine 8,1818622 

same 8,1818622 

sin24 /.sec. /=o,ooo23i 17 

tang2.2M),sec./=o,00000470 (569) 

log. 6,363g25i 

Z =0,00023587 

% =0,83333333 

(571) 

(572) 

(573) 

(574) 

(575) 

(576) 

Z-)- 1=0,83366090 subtract log. 9,9209895 Z+| = 0,83356920 subtract log. 9,9209417 (577) 

mm (5yx) log. 6,73g56o3 mm (571) log. 6,5g3g283 

Zi = 0, ooo65852 log. 6,8185708 h = 0,00047096 log. 6,6729866 (578) 

Corresponds in Table VIII, to. ipp. log. y"y"=o,0006348 Corresponds in Table VIII, to app. log. yy = =o,ooo454i (579) 

log. y"=o,ooo3i74 log. y = = 0,0002271 (580) 

To find P. To find Q. 
y" (580) arith co. log. 9,9996826 T (4470 log. 9,2343i52 

y (58o) log. 0,0002271 (447") log. 9,3 i34223 

T« (447") log. g,3i34223 2.log. r' (53o) 0,6619072 

t (447'") log. 0,7666848 r (556) arith. co. log. 9,6692682 

Corrected P= (235) 
yf rr 

log. 0,0790168 (55o) arith. co. log. 9,6778107 (581) 

Assumed value of P (5i9) log. 0,0790169 
y (58o) arith. co. log. 9 >9997729 (582) 

Difference =—0,0000001 y" (58o) arith. co. log. 9 >9996826 (583) 

f (672) secant 0,0002007 

f (56o) secant o,ooog5i4 

y" (672) secant 0,0002779 

Corrected Q log. 8,5476091 (584) 

Assumed value of Q (519) log. 8,5476096 (585) 

Difference=— -o,oooooo5 (586) 

The differences between the assumed and computed values of P, Q (583,586/ are so very small that it will 

not be necessary to repeat the operation ; and we may suppose the expressions of r, r",f ', deduced from this 

last calculation to be their true values ; from which we may deduce the elements of the orbit, in the following 

(53 7) 

manner. 
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(588) 

(589) 

Computa¬ 
tion of the 
elements. 

APPENDIX, BY THE TRANSLATOR ; 

To compute the elements of the orbit. 

We have for this purpose log. r=o,33o73i8 (55o) ; log. r"—o,322i8g3 (55o) ; 2//=7d34ni56s,g6 (56o) ; 

f—Oct. 5days,45x98g (429); t'^Oct. 27day3,385899 (429), or V—Z=2idaj3,933gio. With these data we may 

determine the elements, by the method explained in [5gg5]. 

To find x = sin3.\g. [5gg5(i87)]. 

(602) 

(603) 

(604) 

(605) 

(606) 

(607) 

(608) 

(609) 

(610) 

(611) 

(612) 
(613) 

(614) 

(615) 

(616) 

(617) 

(618) 

(590) r’l log.=o,322i8g3 (588) . . . 0,3221893 To find 0 , [5995(58)]. 

(591) r log.=o, 33o73i8 (588) . . . 0,33o73i8 s (612) arith.compl.log.sin. 1,2621295 

(591') 

<fft 
?_-=tang4.(45^-pm) log. 9,9914575 sum 0,6529211 same 1,2621295 

(591") 45rfTM,'=:44^5xra32s,85 tang. 9,99786438 half 0,3264606 
m2 

w2 (608) log. 7,2716x36 

(592) w— — 8”l27s,i5 (r rn)2 log. o,97938i7 2 log. o,3oio3oo 

(592) arith. co. 9,02o6i83 f (595) cos. 9,9990486 

(593) 2iv= —i6m54'!,3o tang. 7,6917447 VrF (59i'0 log. 0,3264606 

(594) same 7,6917447 a log. 0,4224118 

(595) /'=3^47m28s,48 (588) sec. 0,0009514 

(595) tang^.2w.secf—o,oooo2423 log. 5,38444o8 To find p and e = = sin. <p, [5995(60, 12,9)]. 

constant log. (436') 5,5680729 
(596) V—Z=2i, 933910 (58g) log. i,34iii6o k (54) arith. co. log. 1,7644186 

same i,34i1160 t»—t (5g6) arith. co. log. 8,658884o 

3Xlog sec .ft (5g5) 0,0028542 Yfl f (59i0 log. 0,6529211 

f.log. (rr,!) (592') arith.co. 9,0206183 2f ,=7d34m56s,g6 (588) sin. 9,1204208 

(597) m m log. 7,2737774 y’ (606) log. 0,0010819 

(598) f (595) sec. 0,00095x4 V'p [5995(60)] log. 0,1977264 

(599) hf=id33mMsM (5g5) sine 8,5ig55oo \/a (5g4) log. 0,2112059 

(600) same 8,5ig55oo v/j^v/ra =cos.? ; ?= i4rfi2»to5s,3 cos. 9,9865205 

sinS.^/'.sec.^so,00109661 log. 7,o4oo5i4 To find G, F, v, v", u, u", [5g95(65,66, &c.)]. 

(601) td.n2p.2w.sec.fi=o, 00002423 (5950 <p (600) sub. sine 9,3897547 

Z=o,ooi 12084 
|=o,83333333 

Z-j--| = o,834454r7 log. sub. 9,9214025 

mm (597) log. 7,2737774 

h = o,oo225io log. 7,3523749 

Corresponds in Table VIII, to y/ y' = 0,0021638 

m m (597) log. 7,2737774 

—\/rr" (5g I 

a (5g4) 

_\/r 

m2 
— =0,00186902 log. 7,2716136 
y 

i =0,001x2084 (602) 

m2 
*=-72—Z=sin2.£g =0,00074818 log. 6,8740061 

y 
hg— id34m02s,64 sin. 8,4370030 

g=3d o8mo5s,28 

After finding a in the second column (5g4), we may 

find the mean daily motion in seconds from [5995(67)]. 

a (5g4) log. ar. co. 9,5775882 

its half 9,7887941 

constant log. 3,55ooo66 

Daily motion 8245877 log. 2,9163889 

g (6l2) cos. 9,9993497 

cos.g.cosec.p=4,0700o56 log. o,6og5g5o 

/' (5 92') 

<p (601) 

. log. 0,3264606» 

. ar.co.log. 9,5775882 

. cos. 9,9990486 

. cosec. 0,6x02453 

-cos/'.cosec. ?>=—3,2609391 log. 0,5x33427» 

[5995(65)] cos. G= o,8ogo665 log. 9,9079842 

[5995(41,47)] G— 324^00^17^,4 sin. 9,7691682» 

fi (5g5) sin. 8,8203422 

g (6i2,5gi) 3Æo8mo5s,3 cosec-1,26212g5 

JF= 3i4d42m5is,4 sin. 9,85i63gg» 

f— 3 47 28 5 (5g5) 

v =F—fi= 3io 55 22 9 [5995(13)] 

v"=F-j-/'= 3i8 3o 19 9 [5g95(r4)] 

u—G—g= 320 52 12 1 [5gg5(i5)] 

u«=Gn\-g= 327 08 22 7 [5995(16)] 
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[5999] 
We may remark that the expression of cos. G = 0,8090665 (608), corresponds to G — 3i^(!oom iqs or to (619) 

G — 35d5gm42s,6. The first of these expressions is to be used as in (6io)> because the corresponding values of (620) 

v,v" (615,6i6), are in the fourth quadrant of the true anomaly, where the radii r, r" are decreasing, as in (588); (621) 

but the other value of G, gives v, v", in the first quadrant of the true anomaly, when the radii r,r" are 

increasing. The mean anomalies nt—u—e.sin.w, nt"=u"—e.sin.tt,/ [5985(7)], corresponding to the first (622) 

and third observations, may be found in the following manner. 

To find nt, [5g85(7)j. To find nt", [5985(7)]. 

e (601) log. 9,3897547 e (601) log. 9,3897547 
radius in seconds, log. 5,3i4425i radius in seconds, log. 5,3i4425i 

—sin.w (617) 32od52mi2s,i sin. 9,8ooo855 —sin.w" (618) 327<k>8m22s,7 sin. 9,7344746 

e.sin.« = 31934^,9 = 8 52 14 g log. 4,5o42653 —e-sin.^' = 27457s,1= 7 37 37 1 log. 4,4386544 

Mean anom. nt— 329 44 27 0 Mean anom. nt" =334 45 59 8 

To find xj, p. 

We may find the longitude of the node xs, and the inclination p, of the orbit to the ecliptic; by means of the 

triangle xjAC, in which we have given, 

the angle uAC=y=i6doomo8s,38 (3i4) ; the angle uCA=E<CC"=151 <223m48s,64 (558) ; 

AC=AE>— CE'=33di2™29s,j8—a3tfi6«4o*,62=g^55,B49*>i6 (33o, 55i) ; 

to find the angle u, and the sides xjC, 13A, by Napier’s formulas [i34550,SIJ. 

X3A C= i6doomo8s,38 

XsCA— t5i 23 48 64 

(623) 

(624) 

(625) 

(626) 

(627) 

(628) • 

(629) 
(630) 

Sum is 2 $3=167 23 57 02 

Diff. is2j39 =i35 23 4o 26 

A 

\AC = 4 57 54 58 

^(xjA—uC)= 4 37 23 46 

è(U^+uC= 16 43 18 36 
Diflf. is xj C= 12 o5 54 90 

$9 = 83d4im58s,5i 
D9 = 67 4i 5o i3 

sin. 9,9662316 

arith. co. sin. o,oo263io 

(628) tang. 8,g388gg8 

tang. 8,9077624 

Sum is xjA— 21 20 4i 82 

Lon.^2(3o2)= 12 28 27 76 

Diflf. is u=35i 07 45 9 

XjC— ! 2fio5™54s,9 

xj (635) is =351 07 45 9 

Sum is long, of C— 3 i3 4o 8 

Sub. v (6i5)=3io 55 22 g 

Long, perihelion = 52 18 17 9 

S9 
hAC( 628) 

è(u^+uC)=i6d43“i8s,36 
Uc (632) 

%jA C (629) 

AC (628) 

AxjC= 13do6m36s,o 

cos. 9,5792122 

arith. co. cos. 0,9596291 

tang. 8,9388998 (631) 

tang. 9,47774h 
sin. arith. co. 0,6786204 

sin. 9,4403996 (632) 

sin. 9,2366642 (633) 

sin. 9,355684a (634) 

(635)] 

(636) 

3858g9 to the epoch (637) 

,877 (618), we get the (638) 

mean motion in that interval, i4^48™i8«,6. Adding this to nt" = 334d45m5gs,8 (625); we get the mean 

anomaly at the epoch, equal to 349(234wiS*,4. This last expression being added to the longitude of the 

perihelion 52di8mi7s,g (636), gives the mean longitude at the epoch 4id52m36s,3. Hence we have the following 

elements of the orbit. 
Elements of the orbit of Juno. 

Log. of the mean distance a = 0,4224118 (5g4). 

Log. of the semiparameter p = o,3g54528 (5g8). 

Log. of the excentricity e— 9,3897547 (601). 

Daily motion 824',877 (618). 

Inclination of the orbit to the ecliptic = i3rfo6m36s,o (634). 

Long, of the ascending node lqidoqm.^s^ (635). 

Long, of the perihelion in the orbit 52rfi8mi7s,g (636). 

Mean longitude at the epoch 4i^52nl36s,3 (63g'). 

With the daily motion 824s,877(618), the planet would describe the whole circumference 36od in about 1571 

days, which represents the time of revolution of the planet. If we compare these elements of the apparent orbit, 

corresponding to the epoch i8o5, with those in [40791], corresponding to the year i83i ; we shall find that they 

vol. hi. 228 

(639) 

(639) 

(640) 

(641) 

(642) 

(643) 

(644) 

(645) 

(646) 

(647) 

(648) 
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(649) 
(650) 

(651) 

(652) 

(653) 

(054) 

(655) 

(656) 

(657) 

(658) 

(659) 

(660) 

(661) 

1662) 

(663) 

(664) 

(665) 

(666) 

(667) 

(668) 

(669) 

(670) 

agree as well as could be expected, taking into consideration that all the calculations in this article are deduced 

from the motion of the planet in a geocentric arc of less than four degrees. These elements were sufficiently 

accurate to trace the path of the planet for several days, until other more distant observations could he obtained, 

for correcting them. 

This method, like all others of a similar nature, requires some modification in particular cases. First. 

When any one of the three geocentric places of the planet coincides with the heliocentric place of the 

earth, or with its opposite point at that time ; because then the arc, connecting this geocentric place of the 

planet, and the corresponding heliocentric place of the earth becomes indeterminate. Second. When the 

geocentric places of the planet in the first and third observations coincide. Third. When the three geocentric 

places of the planet are situated in a great circle, passing through the heliocentric place of the earth in the 

second observation. In the first of these cases the situation of one of the great circles JIB, A'B', A'1 B", remains 

indeterminate ; in the second and third cases, the situation of the point ü* is indeterminate ; and in these two 

last cases, the defect is inherent in the problem itself, and cannot be rectified. We must, therefore, in selecting 

the observations, which are to be used, avoid those which are at the same time near the node, and near the 

conjunction or opposition with the sun ; we must also avoid those observations in which the geocentric place of 

the planet, in the third observation, is near to that in the first observation ; finally, we must reject those in which 

all three of the observed places of the planet lie nearly in a great circle passing through the heliocentric place 

of the earth, in the middle observation. We may easily rectify the rules in the first case (65i),by supposing the 

points E, E1, E", figure 92, page 874, to coincide, and then finding this point of coincidence by means of the two of 

the three arcs AB, A'B’ or A''B", which are given in position and magnitude ; supposing the other arc to be 

infiniteljr small, but taking it in the direction towards the common point E. For example, if the points A, B, 

coincide, we may suppose the arc AB to be infinitely small, and that it is taken in the direction of the great circle 

ABE. It being evident that this small change in the place of the planet, at the time of the first observation, 

can produce no sensible effect in the result of the calculation. In this case the factor 

occurs in the expression of a (32) becomes, ^-f^j?B 5 may be put equal to nothing, on account of 

the extreme smallness of sin.d; hence we have a=o (32). This value of a is to be substituted in (35,4o), 

and we shall get the value of w, to be substituted in (4i;) ; then the calculation is to be completed in the usual 

manner. The method of proceeding is nearly the same, when the points A", B", coincide in the third observation ; 

and as a, b, (32,33), become infinite, because sin.J^^o, we must put as in (42) a; and tang.w 

sin. (AE1—(T) 5 
which 

(4o) changes into tang.w, (43) ; also the factor, —(4i,/)> changes into | = br When the points 

A', Bcoincide, we have 6—0 (33) ; hence (4o) becomes, tang.w= 
sin.d; 

cos.4J 
-tang.d5 or W=—rf'* ; 

and so on for the other quantities. It is unnecessary to enter more minutely into the consideration of these 

uncommon cases, as the method of proceeding is sufficiently obvious. 

In all the preceding calculations, we have supposed the orbit to be wholly unknown, at the commencement 

of the calculations ; but it is evident that the same method can be observed for correcting the approximate 

elements, in a manner similar to that in [825—829]. Taking P and Q for the unknown quantities ; and then 

separately varying each of them, by a small quantity, in two successive operations, so as to obtain two equations, 

similar to [829], for correcting the assumed values of P, Q. This method is so plain, that it requires no 

particular illustration. We may however remark that when the arcs of, 2 f, 2f 11 are large, the assumed values 

of P, Q (o5q) may not be sufficiently accurate for the first operation, and then we may use the expressions 

(670), computing the values roughly, by means of the approximate elements, which have been previously found. 

_r.sin.2y " 4r14. sin./.sin./" 

r".sinf ’ p.cos.f' 

This value of P is easily deduced from (38, 90) ; and if we multiply the expression of Q (3g), by that of p (247), 

and the product by [r r"], we get ^.^[rr^J^S rr14 rn. sin./.sin.sin.f". Substituting in the first member, 

the value of [rr''] (90), and then dividing by 2 p.rr1 .sin.f. cos../7, we get Q (670). 
(671) 



TABLE I. —OF SQUARE ROOTS. 
The proposed number is to be found, as far as the second decimal place, in the side column of the table, and the third 

1 2r corresponding is the required root. 

0 1 2 3 4 5 6 7 

0.00 0.00000 o3i62 0447^ 05477 o6325 07071 07746 08367 
O.OI 0.10000 10488 10954 11402 ii832 12247 12649 i3o38 
0.02 0.l4l42 144gi 1483a i5i66 15492 i58ii 10125 16432 
o.o3 0.17321 17607 17889 18166 x843g 1870Ë 18974 19235 
0.04 ,0.20000 20248 20494 20736 20976 21213 21448 21679 

o.o5 0.2236t 22583 22804 23022 23238 23452 23664 23875 
0.06 0.24495 24698 24900 20100 25298 25496 256go 25884 
0.07 0.26458 26646 26833 27019 27203 27386 27568 27749 
0.08 0.28284 28460 28636 28810 28983 2gi55 29326 29496 
0.09 o.3oooo 3oi66 3o332 3o4g6 3o65g 30822 3og84 3ii45 

O.IO o.3iÔ23 31780 3iq37 32094 32249 324o4 32558 32711 
O.II 0.33x66 333i7 33466 336x5 33764 33912 34o5g 342o5 
O.I2 o.3464i 34785 34928 35071 352i4 35355 354g6 35637 
o.i3 o.36o56 36194 36332 36469 3 6606 86742 36878 37014 
0.14 0.37417 3755o 37683 37815 37947 38079 38210 3834i 

o.i5 0.38730 3885g 38987 3gii5 3g243 3937° 39497 39623 
0.16 0.40000 4oi25 40249 40373 4o497 40620 40743 40866 
O.I7 0.4123l 4i352 4i473 4i5g3 4i7:i3 4i833 4ig52 42071 
0.18 0.42426 42544 42661 42778 42895 43oi2 43128 43243 

0.19 0.43589 43704 438i8 43g3 2 44o45 44i5g 44272 44385 

0.20 0.44721 44833 44g44 45o56 45166 45277 45387 45497 
0.21 0.45826 45935 46o43 46l 52 46260 46368 46476 46583 
0.22 0.46904 47011 47117 47223 47329 47434 4753g 47645 
0.23 0.47958 48062 48166 48270 48374 48477 4858o 48683 

0.24 0.48990 49092 49193 49295 49396 49497 49598 49699 

0.25 o.5oooo 5oioo 50200 50299 5o3ç8 5o4g8 5o5g6 5o6g5 
0.26 o.5oggo 5io88 5ii86 5ia84 5i38x 51478 5i575 51672 

0.27 0.51962 52o58 521 54 52249 52345 52440 52536 5263i 
0.28 o.52gi5 53oog 53io4 53ig8 53292 53385 53479 53572 
0.29 0 53852 53944 54o37 54129 54222 54314 544o6 54498 

o.3o c.54772 54863 54g55 55o45 55i36 55227 553x7 554o8 
o.3i 0.55678 55767 55857 55g46 56o36 56i25 56214 563o3 
0.32 o.5656g 56657 56745 56833 56921 57009 57096 57184 
0.33 0.57446 57533 57619 57706 37793 57879 57966 58o52 

0.34 o.583io 583g5 5848i 58566 58652 68787 58822 58907 

0.35 o.5gi6i 69245 5g33o 5g4i4 59498 5g582 5g666 59749 
o.36 0.60000 6oo83 60166 60249 6o33s 6o4i5 6o4g8 6o58i 
0.37 0.60828 60910 60992 61074 61156 61237 61319 61400 
o.38 0.61644 61725 6t8o6 61887 61968 62048 62129 62209 
o.3g 0.62450 Ô253o 62610 62690 62769 62849 62929 63oo8 

0.40 0.63246 63325 634o3 63482 6356i 6364o 63718 63797 

o.4i o.64o3i 64ioq 64187 64265 64343 64420 644g8 64576 

0.42 0.64807 64885 64962 65o38 65n5 65ig2 65269 65345 
0.43 0.65574 65651 65727 658o3 6.5879 65955 66o3o 66106 

0.44 0.66332 66408 66483 66558 66633 66708 66783 66858 

0.45 0.67082 67167 67231 673o5 67380 67454 67528 67602 

0.46 0.67823 67897 67971 68o44 68118 68191 68264 68337 

0.47 0.68557 68629 68702 68776 68848 68920 68993 6go65 

0.48 0.69282 6g354 69426 69498 6g57o 69642 69714 69785 

0.49 0.70000 70071 70143 70214 70285 70356 70427 70498 

o.5o O.7O7I I 70781 70852 70922 70993 71063 7ii33 71204 
o.5i 0.71414 71484 7i554 71624 71694 71764 7i833 71903 
0.52 0.72111 72180 72250 72819 72388 72457 72526 72.5g5 
0.53 0.72801 72870 72q38 73007 73075 73r44 76212 73280 

0.54 0.73485 73553 73621 7368g 73756 73824 73892 73959 

0.55 0.74162 74229 74297 74364 7443i 74498 74565 74632 

0 56 0.74833 74900 74967 75o33 75ico 75i66 75233 76299 
0.57 0.75498 75565 7563i 75697 76763 7.582g 758q5 75g6i 

o.58 0.76158 76226 76289 76354 76420 76485 7655i 76616 

o.5g 0.76811 76877 76942 77006 77071 77136 77201 77266 

0 1 2 ,v 3 4 5 6 7 

08944 
134i 6 
16733 
19494 
21909 

24083 
26077 
27928 
29665 
3i3o5 

32863 
3435i 
35777 
37148 
38471 

3974g 
40988 
42190 
4335g 
44497 

45607 
46690 
4774g 
48785 
49800 

50794 
5i76g 
52726 
53666 
5458g 

554gS 
56391 
57271 
58i38 
58992 

59833 
6o663 
61482 
62290 
63087 

63875 
64653 
65422 
66182 
66933 

67676 
684n 
69138 
69857 
70569 

71274 
71972 
72664 
73348 
74027 

74699 
75366 
76026 
76681 
7733o 

9 

8 

09487 
18784 
1:702g 
19748 
22l36 

24290 
26268 
28107 
29833 
31464 

33oi5 
34496 
35917 
37283 
386oi 

39875 
4nio 
423o8 
43474 
44609 

45717 
46797 
47854 
48888 
4ggoo 

50892 
5i865 
52820 
53759 
54681 

55588 
5648o 
67359 
58224 
59076 

099T7 
60745 
61563 
62370 
63166 

63g53 
64730 
654g8 
66267 
67007 

67760 
68484 
69210 

69929 
70640 

7i344 
72042 
72732 
73417 
74og5 

74766 
75432 
76092 
76746 
773g5 

When the quantity* whose root is to be found consists 

of several places of decimals and is less than 0,1, it 
will be convenient to find the root of 100* and divide 
the result by 10, which is done by merely changing the 
decimal point two figures in finding 100*, and one figure 

in dividing by 10. 

150 210 205 200 195 190 185 180 175 170 165 160 155 

1 21 21 20 20 19 19 18 18 17 17 16 16 

2 42 41 40 39 38 37 36 35 34 33 32 31 
3 63 62 60 59 57 56 54 53 51 50 48 47 
4 84 82 80 78 76 74 72 70 68 66 64 62 
5 105 103 100 98 95 93 90 88 85 83 80 78 
6 126 123 120 117 114 111 108 105 .102 99 96 93 
7 147 144 140 137 133 130 126 123 119 116 112 109 
8 168 164 160 156 152 143 144 140 136 .132 128 124 
9 189 185 180 176 171 167 162 158 153 149 144 140 

15 
30 
45 
60 
75 

.90 
105 
120 
135 

148 146 144 142 140 138 136 134 132 130 128 126 .124 

15 15 14 14 14 14 14 13 13 13 13 13 12 
30 29 29 28 26 28 27 27 20 26 26 25 25 
44 44 43 43 42 41 41 40 40 39 38 38 37 
59 58 58 57 56 55 54 54 53 52 51 50 50 
74 73 72 71 70 69 68 67 66 65 64 63 62 
89 88 86 85 84 83 82 80 79 78 77 76 74 

104 1.02 101 99 98 97 95 94 92 91 90 88 87 
118 117 115 114 112 no 109 107 106 104 102 10J 99 
133 131 130 128 123 124 122 121 119 117 115 113 112 

123 122 121 120 119 118 117 116 115 114 113 112 111 

1 12 12 12 12 12 12 12 12 12 11 11 11 11 
2 25 24 24 24 24 24 23 23 23 23 23 22 22 
3 37 37 36 36 36 35 35 35 35 34 34 34 33 
4 49 49 48 48 48 47 47 46 46 46 45 45 44 
5 62 Cl 61 60 60 59 59 58 58 57 57 56 56 
6 74 73 73 72 71 •71 70 70 69 68 68 67 67 
7 86 85 85 84 83 83 82 81 81 80 79 78 78 
8 98 98 97 96 95 94 94 93 92 91 90 90 89 
9 111 110 109 108 107 106 105 104 104 103 102 101 100 

no 109 108 107 106 105 104 103 102 101 100 99 98 

n 11 11 11 11 11 10 10 10 10 10 10 10 
22 22 22 21 21 21 21 21 20 20 20 20 20 
33 33 32 32 32 32 31 31 31 30 30 30 29 
44 44 43 43 42 42 42 41 41 40 40 40 39 
55 55 54 54 53 53 52 52 51 51 50 50 49 
66 65 65 64 64 63 62 62 61 6.1 60 59 59 
77 76 76 75 74 74 73 72 71 71 70 69 69 
88 87 86 86 85 84 83 82 82 8.1 80 79 78 
99 98 97 90 95 95 94 93 92 91 90 89 88 

97 96 95 94 93 92 91 90 89 88 87 86 85 84 83 82 

10 10 .10 9 9 9 9 9 9 9 9 9 9 8 8 8 
10 19 19 19 19 18 18 18 18 18 17 17 17 17 17 16 
29 29 29 28 28 28 27 27 27 26 26 26 26 25 25 25 
39 38 38 38 37 37 36 36 36 35 35 34 34 34 33 33 
49 48 48 47 47 46 46 45 45 44 44 43 43 42 42 41 
58 58 57 56 56 55 55 54 53 53 52 52 51 50 50 49 
68 67 67 66 65 64 64 63 02 62 61 60 60 59 58 57 
78 77 76 75 74 74 73 72 71 70 70 69 68 67 66 66 
87 86 86 85 84 83 82 81 80 79 78 77 77 76 75 74 

80 79 78 77 76 75 74 73 72 71 70 69 68 67 66 G5 

8 S 8 8 8 8 7 7 7 7 7 7 7 7 7 7 
16 16 16 15 15 15 15 15 14 14 14 14 14 13 13 13 
24 24 23 23 23 23 22 22 22 21 21 21 20 20 20 20 
32 32 31 31 30 30 30 29 29 28 28 28 27 27 26 26 
40 40 39 39 38 38 37 37 36 36 35 35 34 34 33 33 
48 47 47 46 46 45 44 44 43 43 42 41 41 40 40 39 
56 55 55 54 53 53 52 51 50 50 49 48 48 47 40 46 
64 63 62 62 61 60 59 58 58 57 56 55 54 54 53 52 
72 71 70 69 68 68 67 66 65 64 63 62 61 60 59 59 

81 

8 
16 
24 
32 
41 
49 
57 
65 
73 

64 

6 
13 
19 
26 
32 
38 
45 
51 
58 

1a 



TABLE L —OF SQUARE ROOTS. 
The proposed number is to be found, as far as the second decimal place, in the side column of the table, and the third 

decimal at the top of one of the vertical columns; the number corresponding is the required root. 

0 1 2 O 
tJ 4 5 6 7 8 9 

0.60 0.77460 77524 77589 77653 77717 77782 77846 77910 77974 78038 65 64 63 
0.61 0.78102 78166 782.30 78294 78358 78422 78486 78649 78613 78677 — — — 

0.62 0.78740 78804 78867 78930 78994 79o57 7912° 79x83 79246 793i° i 7 6 6 
o.63 0.79373 79436 79498 79661 79624 79687 7975o 79812 79875 79937 2 13 i3 i3 
c.6 4 0.80000 80062 80125 80187 8o25o 8o3i2 8o374 8o436 80498 8o56i 3 20 *9 19 

4 26 26 25 
o.65 0.80623 8o685 80747 80808 80870 8og32 80994 8io56 81117 81179 5 33 32 32 
0.66 0.81240 8i3o2 81363 8i4a5 8x486 8i548 81609 81670 81731 81792 6 39 38 38 
0.67 q,.8i854 8igi5 81976 82037 82098 82x58 82219 82280 82341 82401 7 46 45 44 
0.68 0.82462 82523 82583 82644 82704 82765 82825 82885 82946 83oo6 8 52 5i 5o 
0.69 o.83o66 83i2Ô 88187 83247 833o7 83367 83427 83487 83546 836c6 9 59 58 57 62 61 60 

0.70 0.83666 83726 83785 83845 83go5 83g64 84024 84o83 84i43 84202 1 6 6 6 
0.71 0,84261 84321 8438o 8443g 84499 84558 84617 84676 84735 84794 2 12 12 12 
0.72 0.84853 84912 84971 85o2g 85ob8 85i47 85206 85264 85323 8538i 3 !9 l8 18 
0.73 0.85440 85499 85557 856x5 85674 85732 85790 8584g 85gov 85g65 d 25 2 4 24 
0.74 0.86023 86081 86139 86197 86255 863i3 8637x 86429 86487 86545 5 3i 3i 3o 

6 37 37 36 
0.75 o.866o3 86660 86718 86776 86833 86891 86g48 87006 87063 87121 7 43 43 42 
0.76 0.87178 87235 87293 8735o 87407 87464 87521 8757g 87636 876g3 8 5o 49 48 
0.77 0.87750 87807 87864 87920 87977 88o34 88091 88148 88204 88261 69 58 57 9 56 55 54 
0.78 0.883x8 88374 88431 88487 88544 88600 88657 887i3 88769 88826 — 

o-79 0.88882 88938 88994 8go5i 89107 89163 892x9 89275 8g33i 8g387 1 6 6 6 

0.80 0.89443 89499 89554 O M a
 

00 89666 89722 89778 8g833 89889 89944 
2 
3 

I 2 
18 

I 2 
17 17 

o.8r O.9OOOO goo56 gour 90x67 90222 90277 go333 go388 90443 9°499 4 24 23 23 
0.82 0.90554 90609 90664 90719 90774 go83o go885 90940 90995 91049 5 3o 2q 29 
o.83 0.91104 91159 91214 91269 9x324 91378 9i433 91488 gi542 9l397 6 35 35 34 
0.84 0.91Ô52 91706 91761 91815 9x869 91924 9r973 g2o33 92087 92141 7 41 4i 4o 

8 47 46 46 
0.85 0.92195 92250 g23o4 92358 92412 92466 92520 92574 92628 92682 9 53 52 5x 56 55 54 
0.86 0.92736 92790 92844 92898 92952 g3oo5 98o59 g3n3 g3i67 93220 — — 

0.87 0.93274 93327 9338i 93434 93488 9354i g35g5 93648 93702 93755 I 6 6 5 
0.88 0.93808 98862 939i5 93968 94021 94074 94128 94181 94234 94287 2 I I 11 lx 
0.89 0.94340 94393 94446 94499 94552 94604 g4657 94710 94763 94815 3 17 17 16 

4 22 22 22 
0.90 0.94868 94921 94974 95026 95079 g5i3i g5i84 g5237 96289 9534i 5 28 28 27 
0.91 0.95394 95446 95499 9555i g56o3 g5656 g57o8 95760 g58i2 g5864 6 34 33 32 
0.92 0.95917 95969 96021 96073 96125 96177 96229 96281 g6333 96385 7 39 39 38 
o.93 0.96437 96488 96540 96592 96644 96695 96747 96799 968 5o 96902 8 45 44 43 
0.94 0.96954 97005 97o57 97108 97160 97211 97263 973i4 g7365 97417 53 52 5i 9 5o 49 49 

o.g5 0.97468 975i9 97570 97622 97673 97724 97775 97826 97877 97929 I 5 5 5 
0.96 0.97980 g8o3i 98082 g8i33 98184 98234 98286 g8336 98887 g8438 2 11 10 10 
o-97 0.98489 98539 98590 98641 98691 98742 98793 98848 98894 98944 3 r6 16 i5 
0.98 0.98995 99°45 99096 99x46 99*97 99247 99298 99348 99898 gg448 4 21 21 20 
°-99 0-99499 99549 99599 99649 99700 9975o. 99800 9985o 999co 99950 5 27 26 26 

1 6 32 3i 3i 
1.00 1.00000 ooo5o 00100 0015o 00200 00200 oo3oo oo34g 00899 00449 7 37 36 36 
1.01 1.00499 oo5 4g oo5g8 00648 00698 00747 00797 00846 00896 00946 8 42 42 4i 
1.02 1.00995 oio45 01094 01143 oixg3 01242 01292 0134i oi3go oi44o 9 48 47 46 5o 49 48 
i.o3 1.01489 01538 oi587 01637 01686 oi735 01784 01833 01882 01931 — 

1.04 1.01980 02029 02078 02127 02176 02225 02274 02323 02372 02421 1 5 5 5 

i.o5 r.02470 025i8 02567 02616 02665 02713 02762 02811 0285g 02908 
2 
3 

IO 
i5 

IO 
i5 

IO 
14 

1.06 1.02956 o3oo5 o3o53 03l02 o3i5o 03199 03247 o32g6 o3344 o33g2 4 20 20 19 
1.07 1 .o344i o348g o3537 o3586 03634 o3682 o373o 03779 03827 o3875 5 25 25 24 
x.08 1.03923 08971 04019 04067 o4n5 o4i63 04211 04259 04307 o4355 6 3o 29 29 
1.09 i.o44o3 o4451 o4499 04547 04594 04642 04690 04788 o4785 o4833 7 35 34 34 

8 4o 39 38 
1.10 1.04881 04929 04976 o5o24 o5o7i o5ii9 o5iÔ7 o52l4 05262 o53og 

47 46 45 9 45 44 43 
I .11 i.o5357 o54o4 o545i o54qq o5546 o55g4 o564x o5688 o5736 05783 
1.12 i.o583o 05877 05925 °5g72 06019 06066 06113 06160 06207 06254 5 5 5 
i.i3 1 .o63oi o6348 o63q5 06442 06489 o6536 o6583 o663o 06677 06724 

1.14 1.06771 06818 06864 06911 o6g58 07005 07061 07098 07145 07191 3 
y 

i4 
y 

14 
y 

14 

1.15 1.07238 07285 07331 07878 07424 07471 o75i7 07564 07610 07657 4 
5 

*9 
2 4 

18 
23 

18 
23 

1.16 1.07703 o775o 07796 07842 07889 07935 07981 08028 08074 08120 6 28 28 27 
1.17 1.08167 08213 08269 o83o5 o835i o83g7 08444 08490 o8536 08582 

7 33 32 32 
1.18 1.08628 08674 08720 08766 08812 o8858 o8go4 o8g5o 08995 ogo4x 8 38 37 36 
1,19 1.09087 09133 09179 09225 09270 og3i6 09362 og4o7 og453 09499 9 42 41 41 

0 3 2 3 4 5 6 7 8 9 



TABLE I. —OF SQUARE ROOTS. 
The proposed number is to be found, as far as the second decimal place, in the side column of the table, and the third 

decimal at the top of one of the vertical columns ; the number corresponding is the required root. 

0 1 2 3 4 5 6 7 8 9 

1.20 x .09544 09590 og636 09681 09727 09772 09818 09864 09909 09955 46 45 

1.21 1.10000 10045 10091 ioi36 10182 10227 10272 io3i8 io368 xo4o8 

1.22 1.1o454 io499 io544 io58g io635 10680 10725 10770 1081.5 10860 i 5 5 

r. 2.3 i.iogo5 iog5o 10995 no4x xi 086 iii3i 11176 II22X 11265 ii3io 2 9 9 

1.24 i.ij355 114oo 11445 11490 11535 n58o 11624 11669 11714 11759 
3 

4 

i4 
18 

i4 
18 

1.25 i.n8o3 11848 11893 11937 11982 12027 12071 12116 12161 I 22o5 5 23 23 

i.26 I.I225o 12294 1238g 12383 12428 12472 X25i7 i256x 12606 I265o 6 28 27 

1.27 1.12694 12739 12783 12827 12872 12916 x 2960 i3oo4 i3o49 13093 7 32 32 

1.28 1.13187 i3i8i 13225 13270 i33i4 13358 i34o2 13446 13490 13534 8 37 36 ' 

x.29 1.13578 13022 13666 13710 13754 13798 i3842 13886 13980 13974 9 4i 4i 

i.3o 1.14018 i4o6i i4io5 i4i49 14193 14237 14280 14324 14368 14412 

r.3i 1.14455 i4499 i4543 14586 i463o 14678 14717 14761 148o4 14848 

1.32 i.i48gi i4g35 14978 I 5022 i5o65 i5iog i5i52 i5ig5 15239 15282 

1.33 1 .i532Ô 15369 I 54x2 i5456 15499 i5542 15585 15629 15672 15715 44 43 

1.34 i.i5y58 i58o2 15845 15888 i5g3x 15974 16017 16060 i6io3 16146 
I 4 4 

1.35 1.16190 16233 16276 i63ig 16362 16404 i6447 16490 i6533 16576 2 9 9 
i.36 1.16619 16662 16705 16748 16790 16833 16876 16919 16962 17004 3 i3 i3 

1.87 1.17047 17090 17132 17175 17218 17260 i73o3 17846 i7388 i743i 4 18 17 

r.38 1.17478 17516 17558 17601 17644 17686 17729 17771 17813 17856 5 22 22 

1.39 1.17898 17941 17983 18025 18068 18110 i8i52 16195 18237 18279 6 26 26 

7 3i 3o 

i-4o I.l8322 18364 18406 18448 i84gx 18533 18575 18617 i865g 18701 8 35 34 

1.41 1.18743 18786 18828 18870 189x2 i8g54 18996 19038 19080 19122 9 4o 39 
1.42 1.19164 19206 19248 19290 ig33i 19373 i94i5 19457 19499 19541 

1.43 i.ig583 19624 19666 19708 19750 I979I ig833 19875 199x7 19958 

1.44 1.20000 20042 20083 20125 20167 20208 20200 20291 2o338 20374 

1.45 I.2o4i6 20457 20499 2o54o 20582 20623 2o665 20706 20748 20789 42 4i 

1.46 i.2o83o 20872 20913 20955 20996 21037 21078 21120 21161 21202 — — 

1.47 1.21244 21285 2x320 21367 21408 2i45o 21491 2l532 21573 21614 1 4 4 
1.48 x.2i655 21696 21737 21778 21820 21861 21902 21943 21964 22026 2 8 8 

1.49 1.22066 22107 22147 22188 22229 22270 22811 22852 22893 22434 3 i3 12 

4 17 16 

i.5o 1.22474 225i5 22556 22597 22638 22678 22719 22760 22801 22841 5 21 21 

i.5i 1.22882 22923 22963 23oo4 23o45 23o85 23126 23x67 23207 23248 6 25 25 

1.52 X.23288 2332g 2336g 234xo 2345o 23491 2353i 23572 23012 23653 7 29 29 
1.53 i.236g3 23734 23774 238i4 23855 238g5 23935 23976 24016 24o56 8 34 33 

1.54 1.24097 24137 24177 24218 24258 24298 24338 24378 24418 24459 9 38 3? 

1.55 1.24499 2453g 24579 246x9 24660 24700 24740 24780 24820 24860 

i.56 1.24900 24940 24980 26020 25o6o 25lOO 25i4o 25i8o 25220 25260 

1.57 1.25800 2534o 25379 25419 25459 25499 2553g 25579 256i8 25658 

i.58 1.25698 25738 25778 26817 25857 25897 25936 25976 26016 26o56 4o 39 
1.59 1.26095 20i35 26174 202X4 26254 26298 26333 26372 26412 26452 

1.60 1.26491 2653i 26570 266X0 26649 26689 26728 26768 26807 26846 2 8 8 

1.61 1.26886 26925 26964 27004 27048 27083 27122 27161 27201 27240 3 12 12 

1.62 1.27270 27318 27358 27397 27486 27475 275x5 27554 27593 27632 4 16 16 

i.63 1.27671 2771 I 27750 27789 27828 27867 27906 27946 27984 28023 5 20 20 

1.64 1.28062 28102 28141 28180 28219 28258 28297 28335 28874 284i3 6 2 4 
28 

23 

i.65 1.28452 28491 2853o 2856g 28608 28647 28686 28725 28763 28802 
7 
8 32 

^ / 
3i 

1.66 1.28841 28880 28919 28957 28996 2go35 29074 29112 2915i 29190 9 36 35 

1.67 1.29228 29267 2g3o6 29345 2g383 29422 29460 29499 2g538 29576 

1.68 1.29615 29653 29692 29730 29769 29808 29846 29885 29923 29962 

1.69 1,3oooo 3oo38 30077 3oi i 5 3oi54 3oig2 3o23i 30269 30807 30846 

1.70 i.3o384 3o422 3o46i 80499 3o537 3o57Ô 3o6i4 3o652 30690 30729 38 37 
1.71 1.30767 3o8o5 3o843 30882 30920 3og58 3ogg6 3io3 4 31072 3iiii _ 
1.72 i.3ix49 31187 3x225 31263 3i3ox 3i33g 3x377 3x4x5 3i453 3i4gi 1 4 4 
1.73 1.3x52g 3i5Ô7 3x6o5 31643 3i68x 31719 3x757 31795 3i833 31871 2 8 7 

1.7 4 1-81909 3ig47 3ig85 32023 32061 32098 32i36 32174 32212 32260 3 11 II 

1.75 1.32288 32325 32363 32401 32.439 32476 325i4 32552 32590 32627 
4 
5 

13 
19 

13 
IQ 

1.76 1.32665 32703 32740 32778 32816 32853 32891 32929 32966 33oo4 6 28 22 

1.77 1.33o4i 33079 33n6 33x54 33192 33229 33267 333o4 33342 33379 
7 27 26 

1.78 1.33417 33454 33492 33529 33566 336o4 3364x 33679 33716 33764 8 3o 3o 

x-79 1.33791 33828 33866 33go3 33940 33978 34oi 5 34062 34090 34x27 
9 34 33 

0 1 2 3 4 5 6 7 8 9 



TABLE I.—OF SQUARE ROOTS. 
The proposed number is to be found, as far as the second decimal place, in the side column of the table, and the third 

decimal at the top of one of the vertical columns ; the number corresponding is the required root. 

0 1 2 3 4 5 6 7 8 9 

1.80 i.34i64 34201 34239 34276 343i 3 3435o 34387 34425 34462 34499 38 
1.81 1.34536 34573 34611 34648 34685 34722 34759 34796 34833 34870 — 

1.82 1.34907 34944 34981 35oig 35o56 35og3 35i3o 35167 35204 35241 1 4 
i.83 1.35277 353i4 3535i 35388 35425 35462 35499 35536 35573 356io 2 8 , 

1.84 1.35647 35683 35720 35757 35794 3583i 35868 35904 35g4i 35978 3 II 

i.85 i.36oi5 36o5i 36o88 36i25 36162 36ig8 36235 36272 363o8 36345 
4 
5 19 

1.86 1.36382 364i8 36455 364ga 36528 36565 36602 36638 36675 36711 6 23 
1.87 1.36748 36785 36821 36858 368g4 36g3i 36q67 37004 37040 37077 7 27 

1.88 1.37118 3715o 37186 37222 37259 37295 37332 37368 374o5 3744i 8 3o 

1.89 i .37477 375i4 3755o 37586 37623 3?65g 376g5 37732 37768 37804 9 34 37 

1.90 1.37840 37877 37913 37949 37985 38022 3So58 38og4 38i3o 38167 1 4 

1.91 i.382o3 38239 38275 383n 38347 38384 38420 38456 38492 385a8 2 7 

1.92 1.38564 386oo 38636 38672 38708 38744 38780 388i6 38852 38888 3 II 

1.93 1.38924 38960 38996 39032 39068 3gio4 3gi4o 39176 39212 39248 4 IO 

1.94 1.39284 3g32o 3g356 3g3g2 39427 3g463 39499 39535 39571 39607 0 

6 
*9 
22 

1.95 1.39642 39678 3g7i4 3975o 39786 39821 39857 39893 39929 3gg64 7 26 

r.96 1.40000 4oo36 40071 40107 4oi43 40178 40214 4o25o 40285 4o32i 
0 OO 

i-97 i.4o357 4o3g2 40428 4o464 40499 4o535 40570 40606 4o64i 40677 36 9 03 

r-98 1.40712 40748 40784 4o8ig 4o855 4o8go 40926 40961 40996 4io32 — 

I-99 1.41067 4no3 4n3S 41174 41209 4x244 41280 4i3i5 4i35i 4i386 I 4 

2.00 1.41421 4i457 41492 4i527 4i563 4i5g8 4i 633 41669 41704 41739 

2 
3 

7 
11 

2.01 1.41774 4i8io 41845 41880 41915 4ig5i 41986 42021 42o56 42092 4 i4 
2.02 1.42127 42162 42197 42232 42267 423o2 42338 42373 42408 42443 5 18 

2.03 1.42478 425i3 42548 42583 42618 42653 42688 42724 42769 42794 6 22 

2.o4 1.42829 42864 42899 42934 42969 43oo3 43o38 43073 43io8 43143 7 
Q 

25 

2.o5 1,43178 43 2l3 43248 43283 433i8 43353 43388 43422 43457 43492 9 
29 
32 35 

2.06 1.43527 43562 43597 43631 43666 43701 43736 43771 438o5 4384o — 

2.07 1.43875 43910 43g44 43979 44oi4 44o4g 44o83 44ii8 44i53 44187 1 4 

2.08 1.44222 44257 44291 44326 4436i 443g5 4443o 44465 44499 44534 2 7 

2.09 1.44568 446o3 44637 44672 44707 4474i 44776 44810 44845 44879 3 

4 

II 

i4 

2.IO x.44gi4 44948 44g83 45017 45o52 45o86 45l2I 45i55 45190 45224 5 18 

2.II 1.45258 45293 45327 45362 45396 4543o 45465 45499 45534 45568 6 21 

2.12 1.45602 45637 45671 45705 45739 45774 458o8 45842 45877 45911 7 25 

2.l3 1.45945 45979 46014 46o48 46082 46116 4615i 46185 46219 46253 8 28 

2.14 1.46287 46322 46356 463go 46424 46458 46492 46526 4656i 465g5 34 9 32 

2.l5 1.46629 46663 46697 46731 46765 46799 46833 46867 46901 46g35 1 3 
2.l6 1.46969 47003 47037 47°7x 47105 47189 47173 47207 47241 47275 2 7 
2.I7 1.47309 47343 47377 4?4ii 47445 47479 475i 3 47547 4758o 47614 3 IO 

2.l8 1.47648 47682 47716 4775c 47784 47817 4785i 47S85 479J9 47953 4 i4 
2.19 1.47986 48020 48o54 48088 48122 48155 48189 48223 48257 48290 5 17 

2.20 1.48324 48358 483gi 48425 4845g 48492 48526 4856o 485g3 48627 
O 

7 

20 

2 4 
2.21 1.48661 48694 48728 48762 48795 48829 48862 48896 48g3o 48963 8 27 

2.22 1-48997 4go3o 4go64 49097 4gi3i 49164 49198 4g23i 49265 49298 
9 3i 

33 

2.23 1.49382 4g365 49399 4g432 49466 49499 49533 4g566 49599 4g633 

2.24 1.49666 49700 49733 49766 49800 4g833 49867 4990° 49933 49967 1 

2 

0 

7 

2.25 1.5oooo 5oo33 50067 5oioo 5oi33 50167 5o2oo 5o233 50266 5o3oo 3 10 

2.26 i.5o333 5o366 5o3gg 5o 433 5o466 5o 4qq 5o532 5o566 5o5 99 5o632 4 13 

2.27 i.5o665 5o6g8 50732 50765 50798 5o83i 5o864 50897 5og3o 50964 ’ 5 17 

2.28 1.5oqQ7 5io3o 5io63 51096 51129 51162 5ng5 51228 5i 261 5iag4 6 20 

2.29 i.5i327 5i36o 5i3g4 5i427 5i46o 5i4g3 5i526 5i559 5i5g2 5iÔ25 7 
8 

23 
26 

2.3o i.5i658 51690 51723 5i756 51789 51822 5i855 5i888 5ig2i 5iq54 32 9 3o 

2.3l 1.51987 52020 52o53 52085 52118 52i5i 52184 52217 52200 52283 ■ _ 
2.32 i.523i5 52348 5238i 524i4 52447 52480 525i 2 52545 52578 52611 I 3 
2.33 1.52643 52676 52709 52742 52774 52807 52840 52872 . 52go5 52g38 2 6 

2.34 1.52971 53oo3 53o36 53069 53ioi 53i34 53167 53199 53232 53264 3 IO 
T 0 

2.35 1.53297 5333o 53362 533g5 53428 5346o 534g3 53525 53558 535go 
4 
5 

I O 
16 

2.36 1-5362.3 53655 53688 53721 53753 53786 538i8 5385i 53883 53916 6 19 

2.37 i.53948 53g8i 54oi 3 54o45 54078 54i 10 54i43 54175 54208 54240 7 22 

2.38 1.54272 543o5 54337 54370 544o2 54434 54467 54499 54532 54564 8 26 

2.39 1.54596 54629 54661 546g3 54726 54758 54790 54822 54855 54887 9 29 

0 l 2 3 4 5 6 7 8 9 



TABLE I. 
The proposed number is to be found, as far as 

decimal at the top of one of the vertical columns ; 

— OF SQUARE ROOTS. 
the second decimal place, in the side column of the table, 
the number corresponding is the required root. 

0 1 2 3 4 5 6 7 8 9 

2.40 1.54919 54g52 54g84 55oi6 55o48 55o8i 55n3 55x45 55177 55210 

2.41 1.55242 55274 553o6 55338 55371 554o3 55435 55467 55499 5553i 
2.42 1.55563 555g6 55628 5566o 55692 55724 55756 55788 55820 55852 
2.43 1.55885 55917 55g49 55981 56oi3 56o45 56077 56109 56i4i 56i73 
2.44 i.562o5 56237 56269 563oi 56333 56365 563g7 56429 5646i 56493 

2.45 1.56525 56557 5658g 56621 5665a 56684 567i6 56748 56780 568i2 
2.46 1.56844 56876 56go8 56g3g 56971 57003 57085 57067 57099 57i3i 
2.47 1.57162 57194 57226 57258 67290 57321 57353 57385 57417 57448 
2.48 1.57480 57512 57544 57575 57607 57639 57671 57702 57734 57766 
2.49 1.57797 67829 57861 57892 57924 57956 57987 58019 58o5i 58082 

2.5o i.58ii4 58i46 58177 58209 58240 58272 583o4 58335 58367 58398 
2.5c i.5843o 5846i 584g3 58524 58556 58588 586ig 5865i 5868 a 587i4 
2.52 1.58745 58777 588o8 5884o 58871 58902 58g34 58g65 58997 59028 
2.53 1.59060 89091 59123 5gi54 5gi85 59217 59248 59280 5g3n 5g34a 
2.5 4 1.59374 5g4o5 59437 59468 59499 5g53i 59562 5g5g3 59625 59656 

2.55 1.59687 59719 5g75o 59781 5g8i2 59844 59875 59906 59937 89969 
2.56 1.60000 6oo3i 60062 60094 60125 60156 60187 6021g 6o25o 60281 
2.57 i.6o3i2 6o343 60375 6o4o6 60437 60468 60499 6o53o 6o562 6o5g3 
2.58 1.60624 6o655 60686 60717 60748 60779 60810 60842 60873 60904 
2.59 1.60935 60966 60997 61028 61059 61 ego 61121 61152 61183 61214 

2.60 r.61245 61276 61307 61338 6i36g 6i4oo 6i43i 61462 6i4g3 61524 
2.61 1.61555 61586 61617 61648 61679 61710 61741 61771 6180a 6i833 
2.62 1.61864 6i8g5 61926 61967 61988 62019 62049 62080 62m 62142 
2.63 1.62173 62204 62234 62265 62296 62827 62358 62388 62419 6245o 

2.64 1.62481 62512 62542 62573 62604 62635 62665 62696 62727 62767 

2.65 1.62788 62819 62850 62880 62911 62942 62972 63oo3 63o 34 63o 64 
2.66 r.63og5 63i2Ô 63i56 63187 63ai 8 63 248 63279 633i 0 6334o 6337i 
2.67 i.634or 6343 a 63463 634g3 635a4 63554 63585 636i5 63646 63677 
2.68 1.63707 63738 63768 63799 63829 6386o 638go 63g2i 63g5i 63982 
2.69 1.64012 64o43 64073 64104 64x34 64i65 64i 95 64225 64266 64286 

2.70 1.64317 64347 64378 644o8 64438 64469 64499 6453o 6456o 645go 
2.71 1.64621 64651 64682 64712 64742 64773 648o3 64833 64864 648g4 
2.72 1.64924 64955 64985 65oi5 65o45 65076 65106 65c36 65.167 65i97 
2.73 1.65227 65257 65a88 653i8 65348 65378 654og 6543g 65469 65499 
2.74 1.6552g 6556o 65590 65620 6565o 6568o 657ii 6574x 65771 658oi 

2.75 1.65831 6586i 65892 65922 65g52 66982 66012 66042 66072 66102 
2.76 1.66132 66163 661 g3 66223 66253 66283 66313 66343 66373 664o3 
2.77 1.66433 66463 66493 66523 66553 66583 66613 66643 66673 66703 
2.78 1.66733 66763 66793 66823 66853 66883 66913 66943 66973 67003 

2-79 1.67033 67063 67093 67123 67153 67183 67212 67242 67272 67302 

2.80 1.67332 67362 67392 67422 67451 67481 67511 67541 67571 67601 
2.81 1.67631 67660 67690 67720 67750 67780 67809 67839 67869 67899 
2.82 1.67929 67958 67988 68018 68048 68077 68107 68137 68167 68196 
2.83 1.68226 68256 68285 68315 68345 68375 68404 68434 68464 68493 
2.84 1.68523 68553 68582 68612 68642 68671 68701 68731 68760 68790 

2.85 1.68819 6884g 68879 68908 68g38 68967 68997 69027 6go56 69086 
2.86 1.69115 69145 69174 69204 69234 69263 69293 69822 6g352 6g38i 
2.87 1.69411 6g44o 69470 69499 69529 6g558 69688 69617 69647 69676 
2.88 1.69706 69735 69765 69794 69823 6g853 69882 6991a 69941 69871 
2.89 1.70000 7002g 70059 70088 70118 70147 70176 70206 70235 70265 

2.90 1.70294 70323 7o353 70882 7041,1 70441 70470 70499 70529 70558 
2.91 1.70587 70617 70646 70675 70704 70734 70763 70792 70822 7o85i 
2.92 1.70880 70909 70939 70968 70997 71026 7io56 71085 7iii4 7ii43 
2.93 1.71172 71202 71231 71260 71289 7i3i8 7i348 71877 71406 7i435 

2.94 1.71464 7i4g3 7i523 7i552 7i58i 71610 7i63g 71668 71697 71727 

2.95 1.71756 71785 71814 71843 71872 71901 7ig3o 7i959 71988 72017 

2.96 1.72047 72076 72105 72134 72163 72192 72221 72250 72279 723o8 

2-97 1.72337 72366 723g5 72424 72453 72482 72611 72540 72569 72598 

2.98 1.72627 72656 72685 72714 72743 72772 72800 7282g 72868 72887 

2-99 1.72916 72945 72974 73oo3 73o32 73o6i 73090 73118 73147 73i 76 
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TABLE L—OF SQUARE ROOTS. 
The proposed number is to be found, as far as the second decimal place, in the side column of the table, and the third 

decimal at the top of one of the vertical columns ; the number corresponding is the required root. 

0 1 2 3 4 5 6 7 8 9 

3.00 1.73205 73234 73263 73292 73321 73349 73378 73407 73436 73465 29 
3.01 1.73494 73522 7355i 73580 736o9 73638 73666 736g5 73724 73753 — 
3.02 1.78781 73810 7383g 73868 73897 73925 73954 73983 74011 74040 I 3 
3.o3 1.74069 74098 74126 74155 74184 74213 74241 74270 74299 74327 2 6 
3.o4 1.74356 74385 744i 3 74442 74471 74499 74528 74557 74585 74614 3 

/ 
9 

3.o5 1.74642 74671 74700 74728 74757 74786 74814 74843 74871 74900 
H 
5 i5 

3.o6 1.74929 74957 74986 75oi4 75043 75071 75ioo 75129 76167 75i86 6 17 
3.07 1.75214 75243 75271 753oo 75328 75357 75385 754i4 75442 75471 7 20 
3.o8 1.75499 75528 75556 75585 756i 3 75642 75670 75699 76727 75760 8 23 
3.09 1.75784 75812 7584i 75869 75898 75926 75955 75g83 76011 76040 9 26 

3.10 1.76068 76097 76125 76i53 76182 76210 76238 76267 76295 76324 
3.11 1.76352 76880 76409 76437 76465 76494 76522 7Ô55o 76579 76607 
3.12 1.76635 76664 76692 76720 76748 76777 768o5 76833 76862 768qo 
3.10 1.76918 76946 76975 77003 77o3i 77059 77088 77116 77144 77172 
3.i4 1.77200 77229 77257 77285 773i3 77341 77370 77398 77426 77454 

3.i5 1.77482 77611 77539 77567 77595 77623 77Ô5i 77679 77708 77736 
3.i6 1.77764 77792 77820 77848 77876 779°4 77933 77961 779^9 78017 
3.17 1.78045 78073 78101 78129 78167 78185 78213 78241 78269 78298 28 
3.i8 1.78326 78354 78382 78410 78438 78466 78494 78522 7855o 78578 — 
3.19 1.78606 78634 78662 78690 78718 78746 78774 78802 78830 78867 I 3 

a 
3.20 1.78885 78913 78941 78969 78997 79025 79°53 79081 79I09 79i37 3 8 
3.21 1.79165 79ï93 7Q22I 79248 79276 793°4 79332 7g36o 79388 79416 4 11 
3.22 1.79444 79471 79499 79527 79555 7g583 79611 79639 79666 79694 5 i4 
3.23 1.79722 79750 79778 79805 79833 79861 79889 799*7 79944 79972 6 17 
3.24 1.80000 80028 80066 8oo83 80111 80139 80167 801 g4 80222 8o25o 7 20 

3.25 1.80278 8o3o5 8o333 8o36i 8o388 80416 8o444 80472 80499 80527 9 25 
3.26 i.8o555 8o582 80610 8o638 8o665 80698 80721 80748 80776 80804 
3.27 i.8o83i 80859 80887 80914 80942 80970 80997 81025 81062 81080 
3.28 1.81108 81135 81163 81191 81218 81246 81273 8i3oi 81328 81356 
3.29 1.81384 8i4n 8i439 81466 8i4g4 8l 521 8i549 81576 81604 8i63i 

3.3o 1.81659 81687 81714 81742 81769 81797 81824 8i852 81879 81907 
3.3i 1.81934 81962 81989 82016 82044 82071 82099 82126 82154 82181 
3.32 1.82209 82236 82264 82291 82318 82346 82373 82401 82428 82455 
3.33 1.82483 825io 82538 82565 82592 82620 82647 82675 82702 82729 
3.3 4 1,82757 82784 82811 82889 82866 82893 82921 82948 82975 83oo3 27 

3.35 i.83o3o 83o57 83o85 83ii2 83i3g 83i67 83iq4 83221 83248 83276 i 3 
3.36 i.833o3 8333o 83358 83385 834i2 8343q 83467 83494 83521 83548 2 5 
3.37 1.83576 836o3 8363o 83657 83685 88712 8373g 83766 83793 83821 3 8 
3.38 1.83848 83875 83go2 83929 83937 83g84 84011 84o38 84o65 84092 4 11 
3.39 1.84120 84147 84174 84201 84228 84255 84282 84310 84337 84364 5 14 

3.4o 1.84391 844i8 84445 84472 84499 84526 84554 8458i 846o8 84635 7 *9 
3.4i 1.84662 84689 84716 84743 84770 84797 84824 8485i 84878 84go5 8 22 

3.42 1.84932 84959 84986 85oi4 85o4i 85o68 85095 85l22 85i49 86176 9 2 4 
3.43 i.852o3 8523o 85257 85284 853n 85338 85365 853gi 854i8 85445 
3.44 1.85472 85499 85526 85553 8558o 85607 85634 8566i 85688 857i5 

3.45 1.85742 85769 85796 85822 8584g 85876 85go3 85g3o 85g57 85g84 
3.46 1.86011 86o38 86o65 86091 86118 86i45 86172 86199 86226 86253 
3.47 1.86279 863o6 86333 8636o 86387 864i4 8644o 86467 864g4 86521 
3.48 1.86548 86574 86601 86628 86655 86682 86708 86735 86762 86789 

3.49 1.86815 86842 86869 86896 86922 86949 86976 87003 87029 87056 

3.5o 1.87083 87110 87136 87163 87190 87216 87243 87270 87297 87323 26 
3.5i 1.87350 87377 87403 87430 87467 87483 87510 87537 87563 875go — 
3.52 1.87617 87643 87670 87697 87723 87750 87776 87803 87830 87866 1 3 
3.53 1.87883 87910 8?g36 87963 87989 88016 88o43 88069 88096 88122 2 5 

3.54 1.88149 88i75 88202 88229 88255 88282 883o8 88335 8836i 88388 3 
/ 

8 

3.55 i.884i4 8844i 88468 88494 88521 88547 88574 88600 88627 88653 5 13 
3.56 1.88680 88706 88733 88769 88786 88812 8883g 88865 88892 88918 6 16 
3.57 1.88944 88971 88997 89024 8go5o 89077 891 o3 8913o 89156 89182 7 18 
3.58 I.802OQ 89235 89262 89288 8g3i5 8g34i 89367 89394 89420 89447 8 21 
3.59 1.89473 89499 89526 8g552 89678 8g6o5 8g63i 8g658 89684 89710 9 23 

0 ] 2 3 4 5 6 7 8 9 



TABLE I.—OF SQUARE ROOTS. 
The proposed number is to be found, as far as the second decimal place, in the side column of the table, and the thiid 

decimal at the top of one of the vertical columns ; the number corresponding is the required root. 

0 1 2 3 4 5 6 7 8 9 

3.6o 1.89737 89763 89789 898x6 89842 89868 89895 89921 89947 89974 27 

3.6i 1.90000 90026 90053 90079 901 o5 goi32 90158 90184 90210 90237 
3.6a 1.90263 90289 qo3i6 go342 go368 90394 90421 90447 90473 90499 I O 

3.63 1.90526 go552 9°578 qo6o4 go63i 90657 go683 90709 90735 90762 2 0 

3.64 1.90788 90814 90840 90866 90893 909J9 90945 9°97i 9°997 91024 O 

4 
0 

II 

3.65 i.gio5o 91076 91102 91128 91154 91181 9I207 91233 91259 91285 5 14 

3.66 i.gi3n 91337 91364 9i39° gx4i6 91442 gx468 9x4g4 gi52o 91546 0 16 

3.67 1.91572 9l599 91625 gi65i 9x677 91703 9^29 91:755 91781 91807 7 *9 
3.68 i.gi833 91859 gx885 9I911 91967 91964 9X99° 92016 92042 92068 O 22 

3.69 1.92094 92120 92146 92172 92198 92224 92200 92276 92802 92328 9 24 

3.70 1.92354 92380 92406 92432 g2458 92484 g25io 92536 92562 92588 
3.71 1.92614 92640 92666 92691 92717 92743 92769 92795 92821 92847 
3.72 1.92878 92899 92925 9295i 92977 93oo3 93028 g3o54 g3o8o g3io6 
3.73 1.93182 g3i58 93184 Q32IO 93236 93261 96287 933i 3 q333g 93365 

3.74 1.93391 93417 g3442 93468 934g4 g352o g3546 93572 g35g8 93623 

3.75 1-93649 93675 93701 98727 93752 93778 g38o4 g383o g3856 g388i 
3.76 1.93907 93933 96969 93985 g4oio 94086 94062 94088 94113 94i3g 
3.77 i.g4i65 94i 91 94216 94242 94268 94294 g43ig 94345 94371 94397 26 
3.78 i.g4422 94448 94474 94499 94525 g4551 94576 94602 94628 g4654 — 

3-79 1.94679 94705 g473i 94766 94782 94808 94833 9485g g4885 94910 1 
2 

3 
5 

3.8o 1.94936 94962 94987 ç5oi3 g5o38 95o64 95090 g5ii5 g5i4i 96167 3 8 
3.8i 1.95192 95218 96243 96269 96295 g532o g5346 95371 95397 95428 4 10 

3.82 1.95448 95474 95499 g5525 g555i g5576 95602 Q5Ô27 g5653 95678 5 i3 
3.83 1.95704 95729 95755 95780 g58o6 g5832 g5857 g5883 96908 95934 6 16 

3.84 1.95959 96935 96010 g6o36 96061 96087 96112 96138 g6i63 96189 7 
8 

l8 
2 X 

3.85 1.96214 96240 96265 96291 g63i6 96342 96367 96392 96418 96443 9 23 

3.86 1.96469 96494 96520 96545 96571 96596 96621 96647 96672 96698 
3.87 1.96723 96749 96774 96799 96825 968 5o 96876 96901 96926 96952 

3-88 1-96977 97°°3 97028 97°53 97079 97104 97129 97155 97180 97205 
3.89 1.97231 97256 97282 97607 97332 g7358 97383 97408 97434 97409 

3.90 1.97484 97509 97535 97560 97585 97611 97636 97661 97687 97712 

3.91 1.97737 97762 97788 9781-3 97838 97864 97889 979x4 97939 97965 
3.92 1-9799° 98015 98040 98066 98091 98116 g8i4i 98167 98192 98217 

3.93 1.98242 98267 98293 98318 98343 g8368 98394 98419 98444 98469 

3.94 1.98494 98520 98545 98570 98595 98620 98645 98671 98696 98721 25 

3.95 1.98746 98771 98796 98822 98847 98872 98897 98922 98947 98972 1 3 
3.96 1 -96997 99023 99048 99073 99098 99123 99148 99i73 99l98 99223 2 5 
3.97 i-99249 99274 99299 99324 99349 99374 99399 99424 99449 99474 3 8 
3.98 1 -99499 99524 99549 99575 99600 99625 99650 99675 99700 99725 4 10 

3-99 1.99750 99775 99800 99825 9985o 99875 99900 99925 99950 99975 5 
6 

i3 

4.00 2.00000 00025 ooo5o 00075 00x00 00125 0015o 00175 00200 00225 7 18 
4-oi 2.00260 00275 oo3oo oo325 oo35o 00.375 oo4oo oo425 00449 00474 8 20 
4.02 2.00499 00524 oo54g 00574 00699 00624 00649 00674 00699 00724 9 2.3 
4-o3 2.00749 00774 00798 00823 00848 00873 00898 00923 oog48 00973 

4.o4 2.00998 01022 01047 01072 01097 01122 01147 01172 01196 OI 221 

4.o5 2.0x246 OI 271 01296 Ol32I 01345 0l370 oi3g5 01420 oi445 Ol470 

4.06 2.01494 01519 01544 oi56g 01594 01618 0x643 01668 ox6g3 OI718 

4.07 2.01742 01767 01792 018x7 01842 01866 01891 01916 0x941 Oig65 
4.08 2.01990 020x5 02o4o 02064 02089 02114 02139 02163 02x88 02213 

4.09 2.02237 02262 O2287 02312 02336 02361 02386 02410 02435 O2460 

4.10 2.02485 025og 02534 o255g 02583 02608 02633 02657 02682 O27O7 24 
4.11 2.02731 02756 O2781 02805 0283o 02855 02879 02904 02929 02958 — 
4-i2 2.02978 03002 03027 o3o52 03076 o3ioi o3i26 o3i5o o3i75 03l99 1 2 
4.i3 2.03224 03249 03273 03298 03322 o3347 03372 o33g6 o342i o3445 2 5 

4-i4 2.03470 03494 o35ig o3544 o3568 o35g3 08617 o3642 o3666 03691 3 7 

4.15 2.o37i5 o374o 03765 03789 o38i4 03838 o3863 03887 o3gi2 o3g36 
4 
5 12 

4.16 2.03961 o3g85 o4oio o4o34 04059 o4o83 o4i 08 o4i32 o4i57 o4i8i 6 i4 
4.17 2.04206 o423o o4255 04279 o43o4 04328 o4353 04377 o44o2 04426 7 17 
4.18 2.o445o o4475 o4499 04524 04548 o4573 o45g7 04622 o4646 04670 8 19 
4.19 2.04695 04719 04744 04768 04793 04817 o484i 04866 04890 o49i5 9 22 

0 1 2 3 4 5 6 7 8 9 



TABLE L —OF SQUARE ROOTS. 
The proposed number is to be found, as far as the first decimal place, in the side column of the table, and the second 

decimal at the top of one of the vertical columns ; the number corresponding is the required root. 

0 1 2 3 4 5 6 7 8 9 

4.2 2.o4q3q o5i83 05426 05670 o5gi3 06155 o63g8 o664o 06882 07123 
4.3 2.07364 07605 07846 08087 08327 08567 08806 09045 09284 09523 
4-4 2.09762 10000 10238 10476 10713 iog5o 11187 11424 11660 11896 
4-5 2.12l32 12368 12603 12838 13073 13307 13542 13776 14009 14243 
4.6 2.14476 14709 14g42 15174 15407 x563g 15870 16102 i6333 16564 

4-7 2.16795 17025 17256 17486 17715 17945 18x74 i84o3 1863 2 i886t 
4.8 2.19089 193x7 19545 19773 20000 20227 20454 20681 20907 2ii33 
4-9 2.2i35g 21585 21811 22036 22261 22486 22711 22935 23i5g 23383 
5.0 2.23607 28880 24054 24277 24499 24722 a4g44 25167 2538g 256io 
5.1 2.25832 20o53 26274 26495 26716 26g36 27156 27376 27596 27816 

5.2 2.28o35 28254 28473 28692 28910 29129 29347 2g565 29783 3 0000 
5.3 2.30217 3 o434 3o65i 3o868 31084 3r3oi 3i5i7 3i733 3ig48 32164 
5.4 2.32379 325g4 32809 33024 33238 33452 33666 3388o 34og4 34307 
5.5 2.34521 34734 34g47 35i6o 35372 35584 35797 36oo8 36220 36432 
5.6 2.36643 36854 37065 37276 37487 37697 37908 38u8 38328 38537 

5.7 2.38747 38g56 39x65 3g374 3g583 39792 4oooo 40208 4o4i6 40624 
5.8 2.40832 4io3g 41247 4i454 4x66i 41868 42074 42281 42487 42693 
5.9 2.42899 43io5 433n 435x6 43721 43926 44i3x 44336 4454o 44745 
6.0 2.44949 45x53 45357 4556i 45764 45967 46171 46374 46577 46779 
6.1 2.46982 47184 47386 47588 4779° 47992 48193 483g5 48596 48797 

6.2 2.48998 49199 49399 49600 4g8oo 5oooo 50200 5o4oo 5o5gg 50799 
6.3 2.50998 51197 5i3g6 5i5g5 51794 51992 52190 5238g 52587 52784 
6.4 2.52982 53i8o 53377 53574 53772 53969 54x65 54362 54558 54755 
6.5 2.5495x 55i47 55343 5553q 55734 55g3o 56x25 56320 565i 5 56710 
6.6 2.56go5 57099 57294 57488 57682 57876 58070 58263 58457 5865o 

6.7 2.58844 5go37 5g23o 5ç422 5g6i5 5g8o8 60000 60192 6o384 60576 
6.8 2.60768 60960 6xi5x 61343 6x534 61725 61916 62107 62298 62.488 
6.9 2.62679 6286g 63o5g 63249 6343g 63629 638i8 64oo8 64x97 64386 
7.0 2.64575 64764 64g53 65i4t 6533o 655i8 65707 658q5 66o83 66271 

7-i 2.66458 66646 66833 67021 6.7208 67395 67582 67769 67955 68142 

7.2 2.6832.8 685x4 68701 68887 69072 69258 69444 69629 69815 70000 
7.3 2.70185 70370 7o555 70740 70924 71109 71293 71477 71662 71846 
7-4 2.72029 72213 72897 72580 72764 72947 73i3o 733i3 73496 73679 
7.5 2.73861 74044 74226 74408 74591 74773 74g55 75i36 753i8 755oo 
7.6 2.75681 75862 76043 76225 76405 76586 76767 76948 77128 77308 

7-7 2.77489 77669 77849 78029 78209 78388 78568 78747 78927 79106 
7.8 2.79285 79464 79643 79821 80000 80179 8o357 8o535 80713 80891 

7-9 2.81069 81247 81425 8i6o3 81780 81957 82i35 823l2 82489 82666 
8.0 2.82843 83019 83196 83373 83549 83725 83goi 84077 842.53 84429 
8.1 2.846o5 84781 84956 85i32 853o7 85482 85657 85832 86007 86182 

8.2 2.86356 86531 86705 86880 87054 87228 87402 87576 87750 87924 
8.3 2.88097 88271 88444 88617 88791 88964 8gi37 8g3io 89482 8g655 
8.4 2.89828 90000 9OI72 9o345 9°5x7 90689 90861 gio33 91204 9i376 
8.5 2.gi548 91719 9x890 92062 92233 92404 92575 92746 92916 93o87 
8.6 2.g3258 93428 93598 93769 93939 94109 94279 94449 94618 94788 

8.7 2-94958 95127 95296 95466 95635 g58o4 95973 96142 96311 96479 
8.8 2.96648 96816 96985 97i53 97321 97489 97658 97825 97993 98161 
8.9 2.98329 98496 98664 g883i 93998 99x66 99333 995oo 99666 99833 

9-° 3.00000 00167 oo333 oo5oo 00666 oo832 00998 01164 oi33o oi4g6 

9-1 3.01662 01828 01993 02159 02324 02490 02655 02820 02985 o3i5o 

9.2 3.o33i5 o348o o3645 o38og 03974 o4i38 04302 04467 o463i °47g5 
9.3 3.o4q59 o5i23 05287 o545o o56i4 05778 o5g4x 061 o5 06268 o6431 

9.4 3.o65g4 06757 06920 07083 07246 07409 07571 07734 07896 o8o58 
9-5 3.08221 o8383 o8545 08707 08869 ogo3i 09192 09354 og5i6 09677 
9.6 3.09839 10000 10x61 10322 io483 io644 io8o5 10966 11127 11288 

9-7 3.1x448 1160g 11769 1192g 120Q0 12260 12410 12570 12730 12890 
9.8 3.i3o5o 1320c i336g 13528 13688 13847 i4oo6 i4i66 i4325 14484 

9-9 3.14643 14802 14g6o i5iiç 15278 15436 155g5 i5753 l59ix 16070 
IO.O 3.16228 16386 1654^ 16702 16860 17017 17175 i7333 i74go 17648 
IO.I 3.17805 17962 i8ixc 18277 i8434 18591 18748 18904 19061 19218 

O 1 2 3 4 5 6 7 8 9 

246 245 244 243 242 241 240 239 238 237 236 235 

25 25 24 24 24 24 24 24 24 24 24 24 
49 49 49 49 48 48 48 48 48 47 47 47 
74 74 73 73 73 72 72 72 71 71 71 71 
93 98 98 97 97 93 96 96 95 95 94 94 

123 123 12.2 122 121 121 120 120 119 119 118 118 
148 147 146 146 145 145 144 143 143 142 142 141 
172 172 171 170 169 169 168 167 167 166 165 165 
197 196 195 194 194 193 192 191 190 190 189 188 
221 221 220 219 218 217 216 215 214 213 212 212 

233 232 231 230 229 228 227 226 225 224 223 222 

23 23 23 23 23 23 23 23 23 22 22 22 
47 46 46 46 46 46 45 45 45 45 45 44 
70 70 69 69 69 68 68 68 68 67 67 67 
93 93 92 92 92 91 91 90 90 90 89 89 

117 116 116 115 115 114 114 113 113 112 112 111 
140 139 139 138 137 137 136 136 135 134 134 133 
163 162 162 161 160 160 159 158 158 157 156 155 
186 186 185 184 183 182 182 181 180 179 178 178 
210 209 208 207 206 205 204 203 203 202 201 200 

220 219 218 217 216 215 214 213 212 211 210 209 

22 22 22 22 22 22 21 21 21 21 21 21 
44 44 44 43 43 43 43 43 42 42 42 42 
66 66 65 65 65 65 64 64 64 63 63 63 
88 88 87 87 86 86 86 85 85 84 84 84 

110 110 109 109 108 108 107 107 106 106 105 105 
132 131 131 130 130 129 128 128 127 127 126 125 
154 153 153 152 151 151 150 149 148 148 147 146 
176 175 174 174 173 172 171 170 170 169 168 167 
198 197 196 195 194 194 193 192 191 190 189 188 

207 206 205 204 203 202 201 200 199 198 197 196 

21 
41 
62 
83 

104 
124 
145 
166 
186 

21 
41 
62 
82 

103 
124 
144 
165 
185 

21 
41 
62 
82 

103 
123 
144 
164 
185 

20 
41 
61 
82 

102 
122 
143 
163 
184 

20 
41 
61' 

81 
102 
122 
142 
162 
183 

20 
40 
61 
81 

101 
121 
141 
162, 
182 

20 
40 
60 
80 

101 
121 
141 
161 
181 

20 
40 
60 
80 

100 
120 
140 
160 
180 

20 
40 
60 
80 

100 
119 
139 
159 
179 

20 
40 
59 
79 
99 

119 
139 
158 
178 

20 
39 
59 
79 
99 

118 
138 
158 
177 

20 
39 
59 
78 
98 

118 
137 
157 
176 

234 

23 
47 
70 
94 

117 
140 
164 
187 
211 

22 
44 
66 
88 

111 
133 
155 
177 
199 

208 

31 
42 
62 
83 

104 
125 
146 
166 
187 

195 

20 
39 
59 
78 
98 

117 
137 
156 
176 

191 193 192 191 190 189 188 187 186 185 184 183 182 

19 19 19 19 19 19 19 19 19 19 18 18 18 
39 39 38 38 38 38 38 37 37 37 37 37 36 
58 58 58 57 57 57 56 56 56 56 55 55 55 
78 77 77 76 76 76 75 75 74 74 74 73 73 
97 97 96 96 95 95 94 94 93 93 92 92 91 

116 116 115 115 114 113 113 112 112 111 110 110 109 
136 135 134 134 133 132 132 131 130 130 129 128 127 
155 154 154 153 152 151 150 150 149 148 147 146 140 
175 174 173 172 171 170 169 168 167 167 166 165 164 

181 180 179 178 177 176 175 174 173 172 171 170 

1 18 18 18 18 18 18 18 17 17 17 17 17 

2 36 36 36 36 35 35 35 35 35 34 34 34 
3 54 54 54 53 53 53 53 52 52 52 51 51 
4 72 72 72 71 71 70 70 70 69 69 68 68 
5 91 90 90 89 89 88 88 87 87 86 86 85 

6 109 108 107 107 106 106 105 104 104 103 103 102 
7 127 126 125 125 124 123 123 122 121 120 120 119 
8 145 144 143 142 142 141 140 139 138 138 137 136 
9 163 162 161 160 159 158 158 157 156 155 154 153 

168 167 166 165 164 163 162 161 160 159 158 157 

1 17 17 17 17 16 16 16 16 16 16 16 16 
2 34 33 33 33 33 33 32 32 32 32 32 31 
3 50 50 50 50 49 49 49 48 48 48 47 47 
4 67 67 66 66 66 65 65 64 64 64 63 63 
5 84 84 83 83 82 82 81 81 80 80 79 79 
6 101 100 100 99 98 98 97 97 96 95 95 94 
7 118 117 116 116 115 114 113 113 112 111 111 110 
8 134 134 133 132 131 130 130 129 128 127 126 126 
9 151 150 149 149 148 147 146 145 144 143 142 141 

169 

17 
34 
51 
68 
85 

101 
118 
135 
152 

156 

16 
31 
47 
62 
78 
94 

109 
125 
140 



TABLE IT. 
This gives the time T of describing a parabolic arc by a comet, the sum oi the extreme radii r -fi r' being found at the 

top, and the chord c at the left side of the page. 

s urn of the 1 adii r ?•" 

Chord 0,01 0,02 0,03 0,04 0,05 0,QG 0,07 0,08 0,09 0,10 0,11 
i v'.* Days [dif. Days (dif. Days [dif. Days [dif. Days idif. Days [dif. Days dif. Days | dif. Days [dif. Days [dif. Days | dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 

0,01 0,027 14 o,o4i 9 o,o5o 8 o,o58 7 o,o65 6 0,071 6 0,077 5 0,082 5 0,087 5 0,092 4 0,096 5 0,0001 

0,02 0,078 21 0,099 16 0,115 14 0,129 r 3 0,l42 ri 0,153 II 0,l64 10 0,174 10 0,184 9 0,193 8 0,000 4 

o,o3 0,142 28 0,170 22 0,192 19 0,211 18 0,229 16 0,245 15 0,260 i5 0,275 13 0,288 i3 0,0009 

0,0 4 0,219 33 0,282 27 0,279 24 o,3o3 22 0,325 21 0,346 l9 0,365 18 0,383 18 0,0016 

o,o5 o,3o6 38 0,344 3i 0,375 29 0,404 26 o,43o 25 o,455 23 0,478 22 0,0025 
0,06 o,4o3 41 o,444 36 0,480 33 o,5i3 3o o,543 28 0,571 27 o,oo36 
0,07 o,5o8 45 o,553 4o o,5g3 36 0,629 33 0,662 32 o,oo4g 

0,08 0,620 49 o,66g 44 0,713 3q 0,752 37 0,0064 

0,09 0,740 53 o,793 46 o,83g 43 0,0081 

0,10 0,867 56 0,923 4g 0,0100 

0,11 1,000 39 0,0121 

0,0001 0,0002 0,0004 0,0008 0,0012 0,0018 0,0024 0,0032 0,0040 0,0050 0,0061 c2 

r or r2 -f- r"2 nearly. 

TABLES FOR COMPUTING THE ORBIT OF A COMET. 

Table I. This is a table of square roots, adapted to the calculation of the orbit ot a Comet, by methods similar to that 

proposed by Dr. Gibers. We have by inspection, in this table, the root of any number, from 0,001 to 10,19; and by 

using the small tables of proportional parts, given in the margin, the root may be obtained from the number, or the 

number from the root, to five places of decimals. This requires no particular explanation, since the arrangement is the 

same as that of a common table of logarithms. We may also observe that when the quantity#, whose root is to be found, 

is less than 0,102, it is convenient to find the root of 100#, and then divide the result by 10 ; which is done by merely 

transposing the decimal point. Thus if #=0,0961, we may find the root of 9,61 =8,1, and transpose the point one figure, 

and we shall obtain fi 0,0961 = 0,81. In like manner, if we have c2 = 0,080087, we get by the table fi 8,0087 = 2,82996, 

whence c = 0,282996 ; by this means the proportional parts are more easily obtained. 

Table II. The argument at the top of the table is the sum of the two radii vectores of the comet r, r" ; the mean 

distance of the earth from the sun being taken for unity. On the left side column of the table, is the length c of the 

chord, connecting the extreme parts of these radii. The corresponding number represents the time T, given by 

Lambert’s formula [750, 750'] ; supposing the comet to move in a parabolic orbit, 

T = 9days,688724.{(r •+ r"+c)f — (r+r"— c)f }. 

Thus if r-f-r" = 2,20, and c = 0,20, we shall have T=. 8days,619. The proportional parts for the fractions of r -f r" 

beyond two places of decimals, are placed at the right hand side of the page, those for c, in the column at the bottom of 

the table, nearly below the corresponding tabular time T. In using Table II. we must enter it with the values of r-fir" 

and c ; taking them to two places of decimals ; and find, by inspection, the corresponding chief term of T. The variation 

of T, corresponding to the successive tabular values of r-fir", is given in the same horizontal line with the chief term 

of T\ and we must find also the variation, corresponding to the successive tabular values of c, in the vertical column, 

immediately below the chief term of T. The increments of T, corresponding to the fractional parts of r -f- r" and c, 

beyond the second decimal place, are to be found and added to the chief term T, to obtain the true value of T. 

In general it will be sufficiently accurate to use for the argument of the proportional parts in the table in the side 

column, the tabular number in the column of differences corresponding to the chief term of T j but when very great 

accuracy is required, we may find it for the exact value of c ; by taking a proportional part of the difference of the two 

nearest numbers in the table. 

To show, by an example, the use of this table, we shall suppose r -f-r"= 1,96280, c = 0,24573. Then we shall have for 

the chief term of T, corresponding to 1,96 and 0,24 the value 9days,760 ; the differences between this and the next 

numbers being 25, and 406, respectively. The proportional parts corresponding to the decimals ,00280 and ,00573 are 7 

and 233 ; the sum of these three quantities is 9,760 -j- 0,007 -j- 0,283 = 10day3, the value of T required. 

In the right hand column of the table is given the value of c2. At the bottom of the table is given the values of 

è . (r -j- r") 2, which maybe used, instead of r2 _j_ in the first approximation to the value of g. In this case the 

calculation is made merely by inspection ; using the nearest numbers in the table, and taking them to one or two places 

of decimals ; without using the tables of proportional parts, which are exclusively adapted to the values of r-j- r" and c. 

These two tables are designed to facilitate the computation of the value of §, from the three equations (A ), ( JB ), ( C), 

which are similar to these in the following system ; in which r, r" represent the radii vectores at the first and third 

observations; c the intercepted chord ; g the curtate distance of the comet from the earth; the interval between the 

observations, expressed in days, being given and represented by T. The equation (D) which is the sum of the 

equation (./?), (£), may be used in the first approximation to the value of g. It is not absolutely necessary, to use 

the equation ( D ), but it will frequently be found to have a tendency to abridge the calculations. 

3a 



TABLE IL 
This gives the time T of describing a parabolic arc by a comet, the sum of the extreme radii r -j- r" being found at the 

top, and the chord c at the left side of the page. 

Sum of the Radii r -r t". 

Chord 0,12 0,13 0,14 0,15 0,16 0,17 0,18 0,19 0,20 0,21 0,22 
C. Days |dif. Days | d if. Days |dif. Days |dif. Days |dit'. Days dif. Days dif. Days |dif. Days dif. Days ] dif. Days | dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 
0,01 0,101 4 o,io5 4 0,109 4 0,113 3 0,Il6 4 0,120 3 0,123 4 0,127 3 o,i3o 3 0,l33 3 0,136 3 0,0001 
0,02 0,201 8 0,20q 8 0,217 8 0,225 7 0,232 8 0,240 7 0,247 6 0,253 7 0,260 6 0,266 7 0,273 6 0,0004 
o,o3 o,3oi 13 o,3i4 12 0,326 11 0,337 I I 0,348 11 0,35g 11 0,370 10 o,38o 10 o,3go 9 OjSgg IO 0,409 9 0.0009 
0,04 o,4o t 17 o,4i8 16 0,434 i5 0,449 i5 o,464 i4 0,478 i4 0,492 i4 o,5o6 i3 o,5ig 13 0,532 13 0,545 12 0,0016 

o,o5 o,5oo 21 0,521 20 0,541 *9 o,56o 19 0,879 18 0,597 18 0,6x5 17 0,632 16 0,648 16 0,664 16 0,68o 16 0.0025 
0,06 0,598 25 0,623 24 0,647 24 0,671 22 0,693 22 0,7l5 21 0,736 21 0,757 20 o,777 19 0,796 19 0,815 19 o,oo36 
0,07 0,694 3o 0,724 2Q 0,753 28 0,781 26 0,807 26 0,833 25 o,858 24 0,882 23 o,go5 23 0,928 22 0,950 22 o,oo4g 
0,08 0,789 35 0,824 33 0,857 32 o,88q 3i 0,920 29 0,949 29 0,978 28 1,006 27 i,o33 26 i,o5q 25 1,084 25 0,0064 
o,og 0,882 4o 0,922 38 0,960 37 0,997 35 I,o32 33 i,o65 33 1,098 3i 1,129 3i 1,160 29 1,189 29 1,218 28 0,0081 

0,10 0,972 46 1,018 44 1,062 4i i,io3 39 1,142 38 1,180 36 1,216 35 1,25l 35 1,286 33 i,3ig 32 1,351 32 0,0100 
0,11 1,059 53 1,112 49 1,161 46 1,207 44 I,25i 42 1,293 4i i,334 39 1,373 38 i,4i i 36 i,447 36 i,483 35 0,0121 
0,12 1,139 62 1,201 56 1,257 5s i,3og 49 1,358 47 i,4o5 45 i,45o 43 i,4g3 42 i,535 4o 1,575 39 i,6x4 39 0,0144 
o,i3 1,284 66 x ,35o 58 i,4o8 55 i,463 52 i,5i5 49 x,564 47 1,611 46 1,657 45 1,702 43 i,745 41 0,0169 
0,14 i,435 68- i,5o3 62 i,565 87 1,622 54 1,676 52 1,728 5o 1,778 49 1,827 47 1,874 45 0,01 g6 

o,i5 1,592 71 i,663 64 1,727 89 1,786 57 i,843 55 1,898 52 i,q5o 5i 2,001 4q 0,0220 
0,16 1,754 73 1,827 66 i,8g3 63 1,986 5q 2,0l5 57 2,072 55 2,127 53 0,0266 
0,17 1,92! 75 i,996 6q 2,o65 65 2,13o 62 2,192 89 2,251 58 0,0289 
0,18 2,og3 78 2,171 7i 2,242 67 2,3og 65 2,374 61 o,o324 
0,19 2,270 80 2,35o 74 2,424 89 2,493 67 o,o36x 

0,20 2,451 83 2,534 76 2,6x0 72 o,o4oo 
0,21 2,637 85 2,722 78 0,0 441 
0,22 2,828 87 o,o484 

,0072 ,0085 ,0098 ,0113 ,0128 ,0145 ,0162 ,0181 ,0200 ,0221 ,0242 c2 

\ . ( r -j- r" )~ or rQ -)- r"2 nearly. 

Proportional parts for the Chord. 

80 83 86 89 92 95 93 101 104 107 no ii3 n6 “9 122 125 128 x3i i34 137 

I 8 8 9 9 9 10 10 10 10 11 11 11 12 12 12 i3 i3 x3 i3 i4 
2 16 17 17 18 18 19 20 20 21 21 22 23 23 24 24 25 26 26 27 27 
3 24 25 26 27 28 29 29 3o 3i 32 33 34 35 36 37 38 38 39 4o 4i 
4 32 33 34 36 37 38 39 4o 42 43 44 45 46 48 49 5o 5i 52 54 55 
5 4o 42 43 45 46 48 49 5i 52 54 55 57 58 60 61 63 64 66 67 69 
6 48 5o 52 53 55 57 59 61 62 64 66 68 70 71 73 75 77 79 80 82 

7 56 58 60 62 64 67 69 71 73 75 77 79 81 83 85 88 9° 92 94 96 
8 64 66 69 71 74 76 78 81 83 86 88 9° 93 95 98 100 102 io5 107 IIO 

9 72 75 77 80 83 86 88 91 94 96 99 102 104 107 110 ii3 ii5 118 121 I 23 

EXAMPLE I . 

To show the use of these tables we shall apply them to the determination of the value of g from the three following 
equations, corresponding to observations of the Comet of 1779 ; as in page xiii. of Dr. Gibers’ Abliandlung, &c. 

r2 = 0,98240 • 
r"2 = 0,98861 

r2 +1*2 = 1,97101 

■ 0,87368.§ -}- 2,33263.§2 5 
■ 2,11869.g -j- 2,88041.§2 ; 

c2 = 0,04188 + 0,006845.g -f 0,208501.g 
2,99232.g + 5,21304.§2 . 

Time T— lldays,834 

(•*) 
(B) 
(C) 

(D) 

COMPUTATION OF p FROM THE AEOVE EQUATIONS, 

(•*), (B), (C). 

r2. r" 2. C2. r, r", c. T, 

Hypothesis I. 

g = 0,3 

0.98940 
0,26209 
0,20994 

0,98861 
0,63560 
0,25924 

0,04188 
,00205 
,01876 

r =1,20599 
r"= 1,37239 

r+ r"=2,57838 
c =0,25038 

11,645 
19 
18 

1,45443 1,88345 0,06269 11,682 

Hypothesis II. 

Add -j-h- makes 

g =0,3075 

0,98240 
,26864 
,22057 

0,98861 
,65149 
,27236 

0.041880 
,002104 
,019716 

r =1,21311 
t"— 1,38291 

r-\- r" — 2,59602 

c =0,25239 

11,690 
13 

111 

1,47161 1,91246 0,063700 11,814 

Hypothesis III. 

Add or ,00123 

g = 0,30873 

0,98240 
0,20971 

,22233 

0,98861 
,65410 
,27454 

0,041880 
,002112 
,019874 

r =1,21427 
r" = 1,38465 

r-j-r"=2,59892 

c =0,25271 

11,690 
20 

127 

1,47444 1,91725 0,063866 11,837 

Hypothesis IV. 

^ess2‘tnnror ,00°^ 
g = 0,30858 

0,98240 
,26958 
,22211 

0,98861 
,65377 
,27427 

0,041880 
,002111 
,019854 

r =1,21412 

r" = 1,38443 
r-fr"=2,59855 

e =0,25267 

11,690 
19 

125 

1,47409 1,91665 0,063845 11,834 

Coefficients of P. 
0,87363 2,11869 0,006845 

, 0,26209 

1(T 655 

0,63560 
1589 

,002053 
51 

, 0,26864 
vLl 107 

0,65149 
261 

,002104 
8 

. 0,26971 

-2W0(J —13 

0,65410 
—33 

,002112 
—1 

0,26958 0,65377 ,002111 

Coefficiei 
2,33263 

ts of g2 
2,88041 0,208501 

0 0,20994 
4Ù 1050 

WO 13 

0,25924 
1295 

16 

0,018766 
938 

12 

0,22057 

S'fu 176 
1 

5 0(T 

0,27236 

218 

0,019716 

158 

, 0,22233 

-ToViT -SS 
0,27454 

—27 
0,019874 

—20 

0,22211 0,27427 ,019854 



TABLE IL 
This gives the time T of describing a parabolic arc by a comet, the sum of the extreme radii r -}-r" being found at the 

top, and the chord c at the left side of the page. 

Sum of the Radii r-j-r". 

Chord 

C. 

0,23 0,24 0,25 0,26 0,27 0,28 0,29 
Days [ dif. Days |diP. Days |dif. Days | dif. Days | dif. Days 1 dif. Days j dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 

0,01 0,1 3q 3 0,l42 3 0,l45 3 0,148 3 0,151 3 0,154 3 0,157 2 0,0001 

0,02 0,279 6 0,285 6 0,291 5 0,296 6 0,302 6 o,3o8 5 o,3i3 5 0,0004 

o,o3 0,418 9 0,427 9 0,436 8 o,444 9 0,453 8 0,461 8 0,469 8 0,0009 

0,0 4 0,557 12 0,56g 12 o,58i 11 0,592 12 0,604 11 0,615 11 0,626 10 0,0016 

o,o5 o,6q6 i5 0,711 14 0,725 i5 0,740 14 0,754 i4 0,768 14 0,782 i3 0,0025 
0,06 o,834 18 0,852 18 0,870 H 0,887 17 0,904 17 0,921 16 0,937 17 o,oo36 
0,07 0,972 21 0,993 21 1,014 20 x,o34 20 i,o54 20 1,074 19 1,093 *9 o,oo4g 
0,08 1,109 25 1,134 24 1,158 23 1,181 23 1,204 22 1,226 22 1,248 22 0,0064 
0,09 1,246 28 1,274 27 i,3oi 26 1,327 26 1,353 25 1,378 25 i,4o3 24 0,0081 

0,10 i,383 3o i,4i3 3o i,443 3o i,473 28 i,5oi 29 i,53o 27 1,557 27 0,0100 

0,1 I i,5i8 34 i,552 33 i,585 33 1,618 3i 1,649 32 1,681 3o 1,711 3o 0,0121 

0,12 i,653 37 1,690 36 1,726 36 1,762 35 1 >797 34 x,831 33 1,864 33 0,0144 
0,13 1,786 41 1,827 4o 1,867 39 1,906 38 i,944 37 1,981 36 2,017 36 0,0169 

0,14 D919 44 1,963 43 2,006 42 2,048 4i 2,089 4i 2,13o 39 2,169 39 0,0196 

0,15 2,o5o 48 2,098 47 2,x45 45 2,190 44 2,234 44 2,278 42 2,320 42 0,0225 

o,x 6 2,180 52 2,232 5o 2,282 4q 2,331 47 2,378 47 2,425 46 2,471 44 0,0256 
0,17 2,3og 55 2,364 54 2,418 52 2,470 5i 2,521 5o 2,571 4g 2,620 48 0,028g 

0,18 2,435 60 2,495 57 2,552 57 2,609 54 2,663 53 2,716 52 2,768 5i o,o324 
0,19 2,56o 64 2,624 61 2,685 60 2,745 59 2,804 56 2,860 56 2,916 54 o,o36i 

0,20 2,682 68 2,750 66 2,816 64 2,880 62 2,942 61 3,oo3 59 3,062 57 o,o4oo 

0,21 2,800 74 2,874 71 2,945 69 3,oi4 66 3,o8o 64 3,x 44 62 3,206 61 o,o441 

0,22 2,915 80 2,995 77 3,072 73 3,i45 70 3,2i5 68 3,283 66 3,34g 65 o,o484 
0,23 3,023 89 3,112 83 3,195 78 3,273 75 3,348 72 3,420 7i 3,49i 68 0,0529 

0,24 3,222 92 3,3i4 84 3,3g8 80 3,478 78 3,556 74 3,63o 72 0,0576 

0,25 3,4a5 94 3,5ig 87 3,6o6 82 3,688 79 3,767 77 0,0625 

0,26 3,633 96 3,72Q 88 3,817 85 3,902 81 0,0676 

0,27 3,845 97 3,942 91 4,o33 86 0,0729 

0,28 4,060 100 4,160 92 0,0784 

0,29 4,280 101 0,0841 

,0265 ,0288 ,0313 ,0338 ,0365 ,0392 ,0421 ca 

([r -f- r")2 or ra -f- r"2 nearly. 

Proportional parts for the Chord. 

112 116 120 124 128 i32 136 i4o i44 148 I 52 156 

I 11 12 12 12 i3 i3 i4 i4 i4 i5 i5 16 
2 22 23 24 25 26 26 27 28 29 3o 3o 3i 
3 34 35 36 37 38 4o 4i 42 43 44 46 47 
4 45 46 48 5o 5i 53 54 56 58 59 61 62 
5 56 58 60 62 64 66 68 70 72 74 76 78 
6 67 70 72 74 77 79 82 84 86 89 9i 94 
7 78 81 84 87 9° 92 95 98 IOl 104 106 109 
8 9° 93 96 99 102 106 109 112 n5 118 122 125 
9 101 104 108 112 n5 TI9 122 126 i3o 133 137 i4o 

In the first approximation we shall use the equations ( C) (-D), computing 
the numbers to one or two places of decimals. Now if we suppose g = 1, these 
equations become c3 = 0,26, r% -j- r''% —10,2. The first of these numbers is to be 
found on the right hand side of Table II., and the second at the bottom, the 
corresponding value of T is nearly SI days. This being nearly three times the 
actual value of T, we may take for g one third part of the value first assumed, or 
g = J ; then repeating the preceding calculation, with one more decimal in c2, 
we get c2 = 0,067 ; -j- r"2 = 3,55,and the corresponding value of T isabout!2^ 
days ; so that we must decrease g a little more. We shall therefore take for the first 
hypothesis of the preceding table g = 0,3, and use the equations ( A ), ( B ), ( C ), 
making the calculation to a greater degree of accuracy, and we get 11,632. 
This time being rather too small, the value of g is increased in Hypothesis 

II., and the resulting value of T becomes 11,814. Increasing g by 3-5 n, we obtain 
in a third hypothesis T= 11,837, which is rather too large. Finally decreasing 

this last value of g by 2GGG part, we obtain g = 0,30858, and T — ll<lay3,834, and 
this value of T agrees with that by observation. We may use the values obtained 
by this last operation, as being very near the true values so that we shall have 
g = 0,30858, r = 1,21412, r" = 1,38443, c = 0,25267 ; which are almost identically 
the same with those obtained in the above mentioned work of Dr. Olbers. 

Prop, parts for tho sum of the Radii. 

1 l2l3|4 |5|6|7|8 I 9 

1 0 0 0 0 1 I I I I 

2 0 0 1 1 1 1 I 2 2 
3 0 1 1 1 2 2 2 2 3 
4 0 1 1 2 2 2 3 3 4 

5 1 1 2 2 3 3 4 4 5 
6 1 1 2 2 3 4 4 5 5 
7 I 1 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 

9 1 2 3 4 5 5 6 7 8 

10 1 2 3 4 5 6 7 8 9 
11 1 2 3 4 6 7 8 9 10 

12 I 2 4 5 6 7 8 10 11 

i3 I 3 4 5 7 8 9 10 12 

i4 1 3 4 6 7 8 to 11 x3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 11 i3 x4 
17 2 3 5 7 9 10 12 x4 i5 
18 2 4 5 7 9 x 1 i3 i4 16 

19 2 4 6 8 10 1 1 13 i5 17 

20 2 4 6 8 10 12 i4 16 18 

21 2 4 6 8 I I i3 i5 17 *9 
22 2 4 7 9 I I i3 x5 l8 20 

23 2 5 7 9 12 i4 16 18 21 

24 2 5 7 xo 12 i4 17 iQ 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 11 i4 16 l9 22 24 

28 3 6 8 11 i4 17 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

3i 3 6 9 12 16 19 
22 25 28 

32 3 6 10 i3 16 !9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 

34 3 7 10 14 17 20 24 27 31 

35 4 7 11 14 18 21 25 28 32 
36 4 7 11 i4 18 22 25 2Q 32 
37 4 7 x 1 i5 19 22 26 3o 33 
38 4 8 11 i5 *9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 2 4 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4x 

46 5 9 i4 18 23 28 32 37 4x 

47 5 9 i4 19 24 28 33 38 42 

48 5 10 i4 J9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 I I 16 21 27 32 37 42 48 
54 5 I I 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 3q 44 5o 

56 6 11 17 22 28 34 3g 45 5o 

57 6 11 17 23 
29 34 4o 46 5x 

58 6 12 17 23 
29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
70 7 i4 21 28 35 42 49 56 63 
80 8 16 24 32 4o 48 56 64 72 

90 9 18 27 36 45 54 63 72 81 

100 10 20 3o 4o 5o 60 70 80 9° 



TABLE IL 
This gives the time T of describing a parabolic arc by a comet, the sum of the extreme radii r-\-r'' being found at the 

top, and the chord c at the left side of the page. 

Sum of tho Radii r -j- r". 

Chord 0,30 0,31 0,32 0,33 0,34 0,35 0,36 0,37 0,38 0,39 
C. Days |dif. Days dif. Days dif. Days dif. Days dif. Days dif. Days dif. Days j dif. Days |dif. Days dif. 

0.00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 

0,01 0,1 5q 3 0,162 2 0,164 3 0,167 2 0,169 3 0,172 2 0,174 3 0,177 2 0,179 3 0,182 2 0,000 T 
0,02 0,3l8 6 0,324 5 0,32g 5 0,334 5 o,33g 5 0,344 5 0,349 5 0,354 4 0,358 5 0,363 5 0,0004 
o,o3 0,477 8 0,485 8 0,493 8 o,5oi 7 o,5o8 8 o,5i6 7 0,523 7 o,53o 7 0,537 7 o,544 7 0,0009 

o,o4 0,636 11 0,647 10 0,657 10 0,667 11 0,678 9 0,687 10 0,697 IO 0,707 9 0,716 10 0,726 9 0,0016 

o,o5 0,795 i3 0,808 13 0,821 13 o,834 i3 0,847 12 o,85g 12 0,871 12 o,883 12 0,895 12 0,907 I 2 0,0025 
0,06 0^54 i5 0,969 16 0,985 i5 1,000 16 1,016 i4 i,o3o i5 1,045 i5 1,060 i4 1,074 14 1,088 14 o,oo36 
0,07 1,112 18 i,i3o 19 1,14g 18 1,167 17 1,184 18 1,202 17 1,219 17 i,236 16 1,202 17 1,26g 16 0,0049 
0,08 1,270 21 X.291 21 I,3l2 20 i,332 21 i,353 20 1,373 19 1,392 20 I,4l2 19 1,431 19 i,45o l8 0,0064 
0,09 1,427 24 1,451 2 4 i,475 23 1,498 23 1,521 22 i,543 22 1,565 22 1,587 22 1,609 21 i,63o 21 0,0081 

0,10 i,584 27 1,611 26 1,637 26 i,663 26 1,689 25 i,7i4 24 1,738 25 1,763 24 1,787 23 1,810 23 0,0100 

0,1 1 i ,741 3o 1,771 29 1,800 28 1,828 28 i,856 26 1,884 27 i,gn 27 1,938 26 1,964 26 i,99° 26 0,0121 

0,12 1,897 33 1,980 3i 1,961 3i 1,992 3i 2,023 3o 2,o53 3o 2,o83 29 2,1I 2 29 2,l4l 28 2,16g 29 0,0144 
0,13 2,o53 35 2,088 34 2,122 34 2,156 33 2,189 33 2,222 33 2,255 31 2,286 32 2,3i8 3i 2,349 3o 0,0169 

0,14 2,208 38 2,2 46 37 2,283 36 2,319 36 2,355 36 2,391 35 2,426 34 2,460 34 2,4g4 33 2,527 33 0,0196 

0,15 2,362 4i 2,4o3 4o 2,443 39 2,482 39 2,521 38 2,55g 37 2,596 37 2,633 37 2,670 35 2,705 36 0,0225 
0,16 2,5i5 44 2,55q 43 2,602 42 2,644 42 2,686 4o 2,726 4o 2,766 4o 2,806 39 2,845 38 2,883 38 0,0256 

0,17 2,668 46 2,7x4 46 2,760 45 2,8o5 45 2,85o 43 2,8g3 43 2,936 42 2,978 4 2 3,020 4o 3,o6o 4i 0,0289 

0,18 2,8lQ 5o 2,869 49 2,918 48 2,966 4? 3,oi 3 46 3,o5g 46 3,io5 45 3,i 5o 44 3,ig4 43 3,237 43 o,o32.4 
0,19 2,970 53 3,023 52 3,075 5i 3,126 49 3,175 5o 3,225 48 3,273 47 3,320 47 3,367 46 3,4i3 45 o,o36i 

0,29 3,119 56 3,175 55 3,23o 54 3,284 53 3,337 52 3,389 51 3,44o 5o 3,4go 5o 3,54o 48 3,588 48 o,o4oo 

0,21 3,267 60 3,327 58 3,385 57 3,44a 56 3,498 55 3,553 54 3,607 53 3,66o 52 3,712 5i 3,763 5i o,o441 
0,22 3,4i4 63 3,477 61 3,538 60 3,5q8 59 3,657 58 3,715 57 3,772 56 3,828 55 3,883 54 3,937 53 0,0484 

0,23 3,55g 66 3,62.5 65 3,6qo 64 3,754 62 3,8i6 61 3,877 60 3,937 58 3,995 58 4,o53 57 4,110 56 0,0529 

0,24 3,702 70 3,772 69 3,841 67 3,908 65 3,973 64 4,037 63 4,100 62 4,162 60 4,222 60 4,282 59 0,0576 

0,25 3,844 74 3,gi8 72 3,99° 70 4,o6o 69 4,i 29 68 4,197 66 4,263 64 4,327 64 4,3gi 62 4,453 61 0,0625 

0,26 3,q83 78 4,061 76 4,i 37 74 4,211 73 4,284 70 4,354 70 4,424 67 4,4gi 67 4,558 65 4,023 64 0,0676 

0,27 4,119 83 4,202 80 4,282 79 4,361 76 4,437 74 4,5i 1 72 4,583 71 4,654 70 4,724 68 4,792 67 0,0729 

0,28 4,202 88 4,34o 85 4,4s5 83 4,5o8 80 4,588 77 4,665 76 4,741 75 4,816 73 4,88q 71 4,960 70 0,0784 

0,29 4,381 95 4,476 9° 4,566 86 4,652 84 4,736 82 4,8i8 8*o 4,898 78 4,976 76 5,o52 75 5,127 73 0,0841 

o,3o 4,5o3 io3 4,606 97 4,7o3 91 4,794 89 4,883 86 4,969 84 5,o53 81 5,i 34 80 5,2i4 78 5,292 76 0,0900 

o,31 4,780 io5 4,835 98 4,933 9 4 5,027 9° 5,117 88 5,2o5 85 5,290 84 5,374 81 5,455 80 0,0961 

0,32 4,961 107 5,o68 100 5,i68 95 5,263 92 5,355 9° 5,445 87 5,532 85 5,617 83 0,1024 

o,33 5,ig5 109 5,3o4 102 5,4o6 97 5,5o3 94 5,597 91 5,688 89 5,777 87 0,1089 

o,34 5,433 no 5,543 104 5,647 99 5,746 96 5,842 93 5,g35 9° 0,1156 

o,35 5,674 n3 5,787 io5 5,892 101 5,993 97 6,ogo 95 0,1225 

o,36 5,9! 9 n 4 6,o33 107 6,i4o io3 6,243 99 0,1296 

0,37 6,168 ii5 6,283 109 6,392 104 0,136g 

o,38 6,419 118 6,537 no 0,1444 
o,39 6,674 I119 

0,1 52 I 

,0450 ,0481 ,0512 ,0545 ,0578 ,0613 ,0648 ,0685 ,0722 ,0761 1 c2 
| (r -j- r")3 or r3 r"a nearly. 

Proportional parts for the Chord. 

122 125 128 i3i 134 i37 i4o i43 146 149 i52 155 158 161 164 167 170 173 176 179 182 

I 12 i3 i3 i3 i3 14 14 i4 i5 i5 i5 16 16 16 16 17 17 17 18 18 18 

2 2 4 25 26 26 27 27 28 29 29 3o 3o 3i 32 32 33 33 34 35 35 36 36 

3 37 38 38 39 4o 41 42 43 44 45 46 47 47 48 49 5o 5i 52 53 54 55 

4 4g 5o 5i 52 54 55 56 57 58 60 61 62 63 64 66 67 68 69 70 72 73 
5 6r 63 64 66 67 69 70 72 73 75 76 78 79 81 82 84 85 87 88 9° 9i 
6 73 75 77 79 80 82 84 86 88 89 9J 93 93 97 98 100 102 104 106 107 I09 
7 85 88 9° 92 94 96 98 100 102 104 106 109 in ii3 n5 117 119 121 123 125 127 

8 08 100 102 io5 107 no 112 n4 117 119 122 I 2.4 126 129 i3i 134 136 138 i4i 143 146 

9 no ii3 ii5 118 121 123 126 129 i3i 134 137 i4o i42 145 1481 i5o 153 156 158 161 164 

In making these successive operations, it is convenient to vary g, by some aliquot part of its value, represented by ,’.g ; 
p being an integral number ; since by this means we are enabled to deduce any one of the coefficients of g, in the successive 
operations, from that which immediately precedes it; as in the small tables of the preceding example. Thus if we 
represent by Ax , Ag , As , A4 , the successive values of the term 0,87363.g of the equation (A), we shall, have, when 
§ =0,3, At = 0,87363.g= 0,26209, in the first operation. In the second hypothesis, this is to be increased by 

^,AX~ 0,00655 ; by which means it becomes Ag =0,26864. In the third hypothesis this is increased ^ . A2 — 0,00107 ; 

making A., — 0,26971. In the fourth hypothesis, it is decreased $ggg . Ag = 0,00013, making the final value Aa = 0,2695S > 

as in the preceding table. In like manner if the coefficient of g2, in any operation be represented by A, and we increase 
g in the next operation by the quantity jj.g, the value of A will become A . ( 1 -}-| -f- ,7» ) == A T ® ~h ap-B 5 using 
for brevity B — ^.A. From this formula we obtain the successive values of A, as in the third table of the preceding 
example. In this way we obtain the values, in the successive operations, with very little additional labor. 



TABLE II. 
This gives the time T of describing a parabolic arc by a comet, the sum of the extreme radii r *-{- r" being found at the top 

and the chord c at the left side of the page. 

Prop, parts for the sum of the Radii. 

Ï | 2 | 3 | 4 1 5 1 6 1 7 1 8 i 9 

I 0 c c O I I 1 T 1 

2 0 c I 1 1 I 2 2 

3 c X I 1 2 2 2 3 
4 0 X I 2 2 : 3 3 4 

5 I X 2 3 3 4 4 5 
6 1 I 2 3 l 4 £ 5 
7 I I 3 4 i £ £ 6 

8 1 2 2 3 4 £ 6 £ 7 
9 I 2 3 4 J £ f 7 8 

IO 1 2 3 4 5 f 7 £ 9 
11 1 2 3 4 e 7 £ c 10 

12 I 2 4 5 e 7 8 IC 11 

i3 1 3 4 5 7 3 c IC 12 
i4 1 3 4 6 7 £ IC 11 i3 

i5 2 3 5 6 8 c 11 12 i4 
16 2 3 5 6 8 IC 11 i3 i4 
17 2 3 5 7 9 IC 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 
i9 2 4 6 8 IO 1 i3 i5 17 

20 2 4 6 8 IO 12 i4 16 18 
21 2 4 e 8 I I i3 i5 17 !9 
22 2 4 7 9 I I 13 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 IO 12 14 17 19 22 

25 3 5 8 IO i3 i5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 11 i4 16 T9 22 24 
28 3 6 8 11 i4 17 20 22 25 
29 3 6 9 12 15 17 20 23 26 

3o 3 6 9 12 i5 18 21 2 4 27 
3x 3 6 9 12 16 19 22 25 28 
32 3 6 IO i3 16 19 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 IO i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 I I i4 18 22 25 29 32 
37 4 7 11 i5 19 22 26 3o 33 
38 4 8 I I i5 !9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 2 4 28 32 36 
41 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 2Q 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 13 18 22 26 3 j 35 40 

45 5 9 14 18 23 27 32 36 4i 
46 5 9 14 18 23 28 32 37 41 
47 5 9 i4 !9 24 28 33 38 42 
48 5 10 i4 19 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 I I l6 21 27 32 37 42 48 
54 5 I I 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 3q 44 5o 
56 6 11 17 22 28 34 39 45 5o 
57 6 I I 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
70 7 i4 21 28 35 42 4q 56 63 
80 8 16 2 4 32 4 0 48 56 64 72 
90 9 18 27 36 45 54 63 72 3i 

IOO 0 20 3o 4o 5o 60 7° 80 9° 

Sum of the Radii r -j- r' 

Chord 

C. 
0,40 0,41 0,42 0,43 0,44 0,45 0,46 

Hays |dif. Days | cl if. Days 1 <1 if. Days |dif. Days |dif. Days |dif. Days |dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 
0,01 0,l84 2 0,l86 2 0,l88 3 0,191 2 0,193 2 0,195 2 0,197 2 0,0001 
0,02 0,368 4 0,372 5 0,377 4 o,38i 5 0,386 4 °,3go 4 0,394 4 0,0004 
o,o3 o,55i 7 0,558 7 0,565 7 0,572 6 0,578 7 0,585 6 o,5qi 7 0,0009 

0,04 0,735 9 0,744 9 0,753 9 0,762 9 c.,771 9 0,780 8 0,788 9 0,0016 

o,o5 0,919 11 0,930 11 0,941 II 0,952 II o,g63 11 0,974 11 0,985 II 0,0025 
0,06 1,102 i4 1,116 i3 1,129 i4 i,x43 i3 i,i56 i3 1,169 i3 1,182 i3 o,oo36 
0,07 1,285 16 i,3oi 16 1,317 16 i,333 i5 i,348 i5 1,363 16 1,379 i5 o,oo4g 
0,08 i,468 19 1,487 18 i,5o5 18 i,523 17 i,54o 18 i,558 17 1,575 17 o,oo64 
0,09 1,651 21 1,672 20 1,692 20 1,712 20 1,732 20 1,752 J9 i,77i 20 0,0081 

0,10 i,833 23 i,856 23 1,879 23 1,902 22 1,924 22 1,946 21 1,967 22 0,0100 
0,11 2,016 25 2,041 25 2,o6Ô 25 2,091 24 2,Il5 24 2,i3g 24 2,i63 24 0,0121 
0,12 2,198 27 2,225 28 2,253 27 2,280 26 2,3o6 27 2,333 26 2,35g 26 o,oi44 
o,i3 2,379 3o 2,409 3o 2,439 29 2,468 29 2,497 29 2,526 28 2,554 28 0,0169 
0,14 2,56o 33 2,5g3 32 2,625 3i 2,656 32 2,688 3i 2,719 3o 2,74g 3o 0,0196 

o,i5 2,741 35 2,776 34 2,810 34 2,844 34 2,878 33 2,911 33 2,944 32 0,0225 
0,16 2,921 37 3,958 37 3,995 37 3,o32 35 3,067 36 3,io3 35 3,i38 35 0,0256 
0,17 3,ioi 39 3,i4o 4o 3,180 38 3,218 39 3,257 37 3,294 38 3,332 37 0,0289 
0,18 3,280 42 3,322 42 3,36 4 4i 3,4o5 4o 3,445 4i 3,486 39 3,525 39 o,o324 
0,19 3,458 45 3,5o3 44 3,547 44 3,5gi 43 3,6 34 42 3,676 42 3,718 4x o,o36i 

0,20 3,636 48 3,684 46 3,73o 46 3,776 45 3,821 45 3,866 44 3,910 44 o,o4oo 
0,21 3,8i4 49 3,863 49 3,912 49 3,961 48 4,009 47 4,o56 46 4,102 46 o,o44i 
0,22 3,990 52 4,042 52 4,094 5i 4,i45 5o 4,195 5o 4,245 49 4,294 48 o,o484 
0,23 4,166 55 4,221 54 4,276 53 4,328 53 4,38i 52 4,433 5i 4,484 5i o,o52g 
0,24 4,34i 57 4,398 57 4,455 56 4,5n 55 4,566 55 4,621 54 4,675 53 0,0576 

0,25 4,5i4 61 4,575 59 4,634 59 4,6g3 58 4,751 57 4,808 56 4,864 55 0,0625 
0,26 4,687 64 4,75i 62 4,813 61 4,874 60 4,934 60 4,994 5q 5,o53 58 0,0676 
0,27 4,85g 66 4,925 65 4,990 64 5,o5 4 63 5,117 62 5,179 62 5,241 60 0,0729 
0,28 5,o3o 69 5,099 68 5,167 66 5,233 66 5,299 65 5,364 64 5,428 63 0,0784 
0,29 5,200 72 5,272 70 5,342 70 5,4x2 68 5,48o 67 5,547 67 5,6i4 65 0,0841 

o,3o 5,368 75 5,443 73 5,5i6 73 5,58g 7i 5,66o 70 5,730 69 5,799 68 0,0900 
o,31 5,535 78 5,6i3 77 5,690 75 5,765 74 5,83g 73 5,912 72 5,984 70 0,0961 
0,32 5,700 81 5,781 80 5,86i 79 5,g4o 77 6,017 75 6,092 75 6,167 73 0,1024 
o,33 5,864 84 5,948 83 6,o3i 82 6,113 80 6,193 79 6,272 77 6,34g 76 0,1089 
o,34 6,025 89 6,114 86 6,200 85 6,285 83 6,368 82 6,45o 80 6,53o 79 o,n56 

o,35 6,i85 92 6,277 9° 6,367 88 6,455 87 6,542 84 6,626 84 6,710 82 0,1225 
o,36 6,342 96 6,438 94 6,532 92 6,624 89 6,7x3 88 6,801 87 6,888 85 0,1296 
0,37 6,496 loi 6,597 98 6,6g5 95 6,790 94 6,88 4 91 6,975 9° 7,o65 88 0,136g 
o,38 6,647 106 6,753 102 6,855 IOO 6,955 97 7,o52 93 7,i47 93 7,240 qx o,i444 
o,39 6,793 11 2 6,go5 108 7,013 104 7,1X7 101 7,218 99 7,3x7 96 7,413 95 0,l52I 

o,4o 6,g33 120 7,o53 n4 7,167 109 7,276 106 7,382 102 7,484 101 7,585 98 0,1600 
o,41 7,194 123 7,317 115 7,432 no 7,542 108 7,65o io4 7,754 102 0,1681 
0,42 7,459 124 7,583 117 7,700 112 7,812 109 7,921 106 0,1764 
o,43 7,727 126 7,853 118 7,97i n4 8,08 5 no 0,1849 
o,44 7,998 I27 8,125 120 8,245 u5 0,1936 

o,45 8,272 129 8,4oi I 21 0,2025 

,0800 ,0841 ,0882 ,0925 ,0968 ,1013 ,1058 c2 

| . (r -j- r")2 or r2 -f- r' 2 nearly. 

Proportional parts for the Chord. 
184 i85 186 187 188 189 190 I91 192 i93 194 ig5 196 197 

I 18 !9 19 19 !9 !9 19 19 19 !9 20 20 20 
2 37 371 37 38 38 38 38 38 39 39 39 39 ■3 9 
3 55 56 56 56 56 57 57 57 58 58 58 69 59 59 
4 74 74 74 75 75 76 76 76 77 77 78 78 78 79 
5 92 93 93 94 94 95 95 96 96 97 97 98 98 99 
6 no in 112 112 ii3 ii3 xi4 ii5 115 116 116 117 Il8 118 
7 129 i3o i3o i3i l32 l32 133 134 134 i35 136 137 137 i38 
8 147 148 149 i5o i5o i5i i52 153 154 154 155 156 i57 158 
Q 166 167 167 168 169 170 171 172 173 174 175 176 176 177 

a4 



TABLE [I. — To find the time T\ the sum of the radii r -f- r'f, and the chord c being given. 

Slim of tlin Radii r r". 

Chord 0,47 0,48 0,49 0,50 0,51 0,52 0,53 0,54 0,55 0,56 
C. Days |dif. Days |dif. Days |dif. Days |dif. Days | d if Days jdif. Days | lit*. Days |dif. Days |dif. Days 1 d if. 

0,00 0,000 0,000 o3ooo 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 
0,01 0,199 2 0,201 2 0,2o3 3 0,206 2 0,208 2 0,210 2 0,212 2 0,214 2 0,216 2 0,218 I 0,0001 
0,02 0,398 5 o,4o3 4 0,407 4 o,4n 4 o,4i5 4 0,419 4 0,423 4 0,427 4 0,431 4 0,435 4 0,0004 
o,o3 0,598 6 0,60 4 6 0,610 6 0,616 7 0,62.3 6 0,629 6 0,635 6 0,641 6 0,647 5 0,652 6 0,0009 
o,o4 0,797 8 o,8o5 9 0,814 8 0,822 8 o,83o 8 o,838 8 0,846 8 o,854 8 0,862 8 0,870 8 0,0016 

o,o5 0,996 10 1,006 II 1,017 10 1,027 10 1,037 II 1,048 10 i,o58 10 1,068 9 1,077 10 1,087 10 0,0025 
0,06 1,195 12 1,207 i3 1,220 12 1,232 i3 1,2.45 12 1,257 12 1,269 12 1,281 12 I,2g3 11 i,3o4 12 o,oo36 
0.07 i,3g4 i4 x,4o8 i5 i,423 15 i,438 14 i,452 i4 1,466 14 1,480 x4 i,4g4 i4 i,5o8 14 1,522 i3 0,0049 
0,08 1,592 17 1,609 17 1,626 16 1,642 17 1,659 16 1,675 16 1,691 16 1,707 16 1,723 i5 i,738 16 0,0064 
0,09 L791 19 1,810 19 1,829 18 t,847 19 1,866 18 1,884 18 1,902 18 1,920 18 i,g38 17 i,g55 18 0,0081 

0,10 L989 21 2,010 21 2,o3i 21 2,o52 20 2,072 21 2,og3 20 2,Il3 20 2,i33 20 2,i53 19 2,172 20 0,0100 
0,11 2,187 23 2,210 23 2,233 23 2,256 23 2,279 22 2,3oi 22 2,323 22 2,345 22 2,867 22 2,38g 21 0,0121 
0,12 2,385 25 2,4lO 25 2,435 25 2,460 25 2,485 25 2,5io 24 2,534 24 2,558 24 2,582 23 2,6o5 2 3 0,0144 
o,i3 2,582 28 2,610 27 2,637 27 2,66 4 27 2,691 27 2,718 26 2,744 26 2,770 26 2,796 25 2,821 26 0,0169 
0,14 2,779 3o 2,809 3o 2,839 29 2,868 29 2,897 28 2,925 29 2,954 28 2,982 28 3,oio 27 3,037 27 0,0196 

o,i5 2,976 32 3,008 32 3,o4o 3i 3,071 3i 3,102 3i 3,i33 3o 3,x63 3o 3,ig3 3o 3,223 3o 3,253 29 0,0225 
0,16 3,i73 34 3,207 34 3,24i 33 3,274 33 3,307 33 3,34o 33 3,373 32 3,4o5 32 3,437 3i 3,468 3i 0,0256 
0,17 3,36q 36 3,4o5 36 3,441 36 3,477 35 3,5i2 35 3,547 35 3,582 34 3,6x6 34 3,65o 33 3,683 33 0,0289 
0,18 3,564 39 3,60 3 38 3,641 38 3,679 37 3,716 38 3,754 36 3,790 36 3,826 36 3,862 36 3,898 37 o,o324 
0,19 3,759 4i 3,8oo 41 3,841 4o 3,88i 39 3,920 4o 3,960 38 3,998 39 4,o37 38 4,075 3? 4,112 38 o,o36i 

0,20 3,954 43 3,997 43 4,o4o 42 4,082 42 4,124 4i 4,i 65 4i 4,206 4i 4,247 4o 4,287 4o 4,327 39 o,o4oo 
0,21 4,148 46 4,i94 45 4,239 44 4,283 44 4,327 44 4,37i 43 4,4i4 42 4,456 42 4,498 42 4,54o 42 o,o44i 
0,22 4,34 a 48 4,390 47 4,437 47 4,484 46 4,53o 46 4,576 45 4,621 44 4,665 45 4,710 44 4,754 43 0,0484 
0,23 4,535 5o 4,585 5o 4,635 49 4,684 48 4,732 48 4,780 47 4,827 47 4,874 46 4,920 46 4,966 46 0,0529 
0,24 4,728 52 4,780 52 4,832 5i 4,883 5i 4,934 5o 4,984 49 5,o33 49 5,082 49 5,i3i 48 5,179 47 0,0576 

0,25 4,919 55 4,974 54 5,028 54 5,082 53 5,i35 52 5,187 52 5,23g 5i 5,290 5i 5,34i 5o 5,391 49 0,0625 
0,26 5,1 1 T 57 5,i68 56 5,224 56 5,280 55 5,335 55 5,390 54 5,444 53 5,497 53 5,55o 52 5,602 52 0,0676 
0,27 5,3oi 60 5,36i 59 5,420 58 5,478 57 5,535 57 5,592 56 5,648 56 5,704 55 5,75g 54 5,8i3 54 0,072.9 
0,28 5,491 62 5,553 61 5,6x4 61 5,675 5q 5,734 60 5,794 58 5,852 58 5,910 57 5,967 57 6,024 56 0,0784 
0,29 5,679 65 5,744 64 5,8o8 63 5,871 62 5,933 61 5,994 61 6,o55 60 6,n5 60 6,175 58 6,233 59 0,0841 

o,3o 5,867 67 5,934 67 6,001 65 6,066 65 6,i3x 64 6,ig5 63 6,258 62 6,320 62 6,382 61 6,443 60 0,0900 
o,3i 6,o54 70 6,124 69 6,ig3 68 6,261 67 6,328 66 6,394 65 6,45g 65 6,524 64 6,588 63 6,651 63 0,0961 
0,32 6,240 73 6,3i3 71 6,384 70 6,454 70 6,524 69 6,5g3 67 6,660 67 6,727 67 6,794 65 6,85g 65 0,1024 
o,33 6,425 75 6,5oo 74 6,574 73 6,647 72 6,719 71 6,790 70 6,860 70 6,g3o 68 6,998 68 7,066 67 0,108g 

o,34 6,609 78 6,687 76 6,763 76 6,83g 75 6,914 73 6,987 73 7,060 7 2 7,x32 7i 7,2o3 70 7,273 69 0,1156 

o,35 6,792 80 6,872 80 6,952 78 7,o3o 77 7,107 76 7,183 75 7,258 74 7,332 74 7,406 72 7,478 72 0,1225 
o,36 6,973 83 7,o56 83 7,i3g 81 7,220 79 7,299 79 7,378 78 7,456 76 7,532 76 7,608 75 7,683 74 0,1296 
0,37 7,ï53 86 7,23g 85 7,324 84 7,408 83 7,49i 81 7,572 80 7,652 80 7,732 78 7,810 77 7,887 76 0,136g 
o,38 7,331 9° 7,42i 88 7,5o9 86 7,595 86 7,681 84 7,765 83 7,848 82 7,g3o 80 8,010 80 8,090 79 0,1444 
0,39 7,5o8 93 7,601 91 7,692 89 7,781 89 7,870 87 7,957 85 8,042 85 8,127 83 8,210 82 8,292 81 0,1 52 1 

o,4o 7,683 96 7,779 94 7,873 q3 7,966 91 8,o57 9° 8,147 88 8,235 87 8,322 86 8,4o8 85 8,493 84 0,1600 

o,41 7,856 99 7,955 96 8,o53 96 8,149 94 8,243 98 8,336 91 8,427 9° 8,517 89 8,606 87 8,6g3 86 0,1681 

0,42 8,027 io3 8,i3o 101 8,23i 99 8,33o 98 8,428 96 8,524 94 8,618 93 8,711 91 8,802 90 8.892 89 0,1764 

o,43 8,iq5 107 8,3o2 io5 8,407 io3 8,5io 101 8,611 99 8,710 97 8,807 96 8,go3 94 8,997 93 9,09° 91 0,1849 

o,44 8,36o 112 8,472 109 8,58i 107 8,688 104 8,79s 102 8,894 100 8,994 99 9,°93 97 9 >'9° 96 9,286 94 0,1986 

o,45 8,522 1x7 8,639 n3 8,752 XII 8,863 108 8,971 106 9,°77 io3 9,18c 102 9,282 100 9,382 99 9,48i 97 0,2025 

o,5o 9,689 136 9,825 129 9,954 124 10,078 120 10,198 118 io,3i6 n5 io,43i 113 0,2500 

o,55 11,178 i43 11,321 i36 o,3o25 

,1105 ,1152 ,1201 ,1250 ,1301 ,1352 ,1405 ,1458 ,1513 ,1568 C? 

1 
2 . (r r")a or ra r 2 nearly. 

| 162 164 166 168 170 172 174 176 178 180 182 184 186 188 I go 192 194 196 198 200 202 

1 16 16 17 17 T7 17 17 18 18 18 18 18 *9 *9 19 19 19 20 20 20 20 

2 32 33 33 34 34 34 35 35 36 36 36 37 37 38 38 38 39 39 4o 4o 4o 

3 4g 49 5o 5o 5i 52 52 53 53 54 55 55 56 56 57 58 58 69 69 60 61 

4 65 66 66 67 68 69 70 70 71 72 73 74 ?4 75 76 77 78 78 79 80 81 

5 81 82 83 84 85 86 87 88 89 9° 91 92 93 94 95 96 97 98 99 100 IOI 

6 97 98 100 101 102 io3 104 106 107 108 109 no 112 xi3 ix4 ii5 116 118 Ir9 120 121 

7 n3 xx5 '116 118 119 120 122 123 125 126 127 129 i3o l32 i33 134 136 187 i3g i4° i4i 

8 i3o i3i 133 134 136 138 i3g i4i i42 144 146 i47 149 i5o IÔ2 154 x55 i57 158 160 162 

9 146 148 14g i5i [ 153 x55 x57 158 160 162 164 166 167 169 171 173 i75 176 178 180 182 



TABLE II. —To find the time T\ the sum of the radii r-\-r", and the chord c being given. 

Prop, parts for th 

I | 2 | 3 | 4 
3 sum of the Radii. 

1 5 | 6 | 7 | 8 | 9 

I 0 O 0 0 I I 1 1 I 

2 0 O 1 1 I I I 2 2 

3 0 I i i 2 2 2 2 3 

4 0 I i 2 2 2 3 3 4 

5 I I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 

7 I I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 

9 I 2 3 4 5 5 6 7 
8 

IO I 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 

12 I 2 4 5 6 7 8 10 II 

13 I 3 4 5 7 8 9 10 12 
i4 I 3 4 6 7 8 IO 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 II i3 i4 
17 2 3 5 7 9 IO 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 

i9 2 4 6 8 10 II i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 11 i3 i5 17 !9 
22 2 4 7 9 I I i3 i5 18 20 
23 2 5 7 9 12 14 16 18 21 
24 2 5 7 10 12 i4 17 l9 

22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 TO i3 16 18 21 23 
27 3 5 8 11 14 16 19 22 24 
28 3 6 8 II i4 17 20 22 25 

29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 !9 22 25 28 
32 3 6 IO l3 16 J9 22 26 29 
33 3 7 IO i3 17 20 23 26 3o 

34 3 7 10 i4 17 20 24 27 3i 

35 4 7 II i4 18 21 25 28 32 
36 4 7 11 14 18 22 25 29 32 

37 4 7 II i5 19 22 26 3o 33 
38 4 8 II i5 19 23 27 3o 34 

39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 

43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 14 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 

47 5 9 i4 19 24 28 33 38 42 

48 5 IO i4 !9 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 

54 5 I I 16 22 27 32 38 43 49 

55 6 I I 17 22 28 33 39 44 5o 
56 6 I I 17 22 28 34 39 45 5o 
57 6 11 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 2 4 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 l3 !9 25 32 38 44 5o 57 
64 . 6 i3 *9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 5q 
66 7 13 20 26 33 4o 46 53 5q 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
69 7 i4 21 28 35 4i 48 55 62 

70 7 14 21 28 35 42 49 56 63. 
80 8 16 24 32 4o 48 56 64 72l 

9° 9 18 27 36 45 54 63 72 81; 
too 10 20 3o 4o 5o 60 70 80 9« 

Sum of the Radii r -j-r". 

Chord 0,57 0,58 0,59 0,60 0,61 0,62 
C. Days dif. Days |dif. Days 1 <1 if. Days | d il'. Days |dif. Days |dif. 

0.00 0,000 0,000 0,000 0,000 

0,225 
0,000 0,000 0,0000 

0,01 0,219 2 0,221 2 0,22.3 2 2 0,2 2.7 2 0,229 2 0,0001 
0,02 0,439 4 0,443 4 0,447 3 o,45o 4 0,454 4 o,458 3 0,0004 
o,o3 0,658 6 0,664 6 0,670 5 0,675 6 0,68l 6 0,687 5 0,0009 

0,04 0,878 7 0,885 8 0,893 7 0,900 8 0,908 7 o,gi5 8 0,0016 

o,o5 1,097 9 1,106 10 1,116 9 1,125 IO I ,x35 9 i,i44 9 0,0025 
0,06 1,316 12 1,328 II i,33g II i,35o 12 I ,302 I I 1,373 II o,oo36 
0,07 i,535 i4 1,549 13 1,562 i3 1,575 i3 1,588 i3 1,601 i3 o,oo4g 
0,08 1,754 i5 1,769 16 i,785 i5 1,800 i5 1,815 i5 1,83c i4 0,0064 
0,09 1,973 17 i,99° 17 2,007 17 2,024 17 2,041 17 2,o58 17 0,0081 

0,10 2,IQ2 19 2,211 19 2,23o 19 2,249 *9 2,268 18 2,286 19 0,0100 
o,i I 2,4-10 21 2,431 21 2,452 21 2,473 21 2,494 20 2,5i4 21 0,0121 
0,12 2,628 24 2,652 22 2,674 23 2,697 23 2,720 22 2,742 22 o,oi44 
0,13 2,847 25 2,872 24 2,896 25 2,921 25 2,946 24 2,970 2 4 o,oi 6g 

o,i4 3,064 27 3,091 27 3,118 27 3,i45 26 3,171 26 3,197 26 0,0196 

0,15 3,282 2Q 3,311 2Q 3,34o 28 3,368 29 3,397 28 3,425 27 0,0225 
0,16 3,499 3i 3,53o 3i 3,56i 3i 3,592 3o 3,622 3o 3,652 29 0,0256 
0,17 3,7l6 33 3,74g 33 3,782 32 3,8i4 33 3,847 3i 3,878 32 0,0289 
0,18 3,q33 35 3,968 35 4,oo3 34 4,o37 34 4,071 34 4,io5 33 o,o324 
0,19 4,i5o 37 4,187 36 4,223 37 4,260 36 4,296 35 4,33i 36 o,o36i 

0,20 4,366 39 4,4o5 38 4,443 39 4,482 38 4,520 37 4,557 37 o,o4oo 
0,21 4,582 4i 4,623 4o 4,663 4o 4,7o3 4o 4,743 40 4,783 39 o,o44i 
0,22 4,797 43 4,84o 43 4,883 42 4,925 42 4,967 4i 5,oo8 41 0,0484 
0,23 5,012 45 5,057 45 5,102 44 5,i46 44 5, i go 43 5,2 33 43 0,0529 
0,24 5,226 47 5,273 47 5,320 46 5,366 46 5,412 46 5,458 44 0,0576 

0,25 5,44o 5o 5,4go 48 5,538 4g 5,587 47 5,634 48 5,682 47 0,0625 
0,26 5,654 5i 5,705 5i 5,756 5o 5,8o6 5o 5,856 4q 5,905 49 0,0676 
0,27 5,867 53 5,920 53 5,973 53 6,026 5i 6,077 52 6,129 5i 0,0729 
0,28 6,080 55 6,i35 55 6,iqo 54 6,244 54 6,298 54 6,352 52 0,0784 
0,29 6,292 57 6,34g 57 6,4o6 57 6,463 56 6,519 55 6,574 55 0,0841 

o,3o 6,5o3 60 6,563 59 6,622 58 6,680 58 6,738 58 6,796 57 0,0900 
o,31 6,714 62 6,776 61 6,837 61 6,898 60 6,g58 59 7,017 59 0,0961 
0,32 6,924 64 6,988 63 7,°5i 63 7,h4 62 7,176 62 7,238 61 0,1024 
o,33 7,i33 67 7,200 65 7,265 65 7,33o 64 7,394 64 7,458 63 0,1089 

o,34 7,342 68 7,4io 68 7,478 67 7,545 67 7,612 66 7,678 65 o,n56 

o,35 7,55o 7i 7,621 70 7,691 69 7,760 69 7,829 68 7,897 67 0,1225 
o,36 7,757 73 7,83o 73 7,9°3 71 7,974 71 8,o45 70 8,115 69 0,1296 
0,37 7,963 76 8,o3g 74 8,n3 74 8,187 73 8,260 73 8,333 71 0,1369 
o,38 8,169 78 8,247 77 8,324 76 8,4oo 75 8,475 75 8,55o 73 0,1444 
0,39 8,373 81 8,454 79 8,533 78 8,611 78 8,689 77 8,766 76 0,l52I 

o,4o 8,577 83 8,660 81 8,741 81 8,822 80 8,902 79 8,981 78 0,1600 

0,41 8,779 86 8,865 84 8,g4g 83 g,o32 82 9 ,n4 82 9A96 80 0,1681 
0,42 8,981 88 9,069 86 g,i55 86 9,241 85 9,826 83 9,409 83 0,1764 
o,43 9,181 QI 9,272 

89 g,36i 88 9,44g 87 9,536 86 9,622 85 0,1649 

o,44 g,38o 93 9,473 92 9,565 9i 9,656 89 9,745 89 9,834 87 0,1936 

o,45 9,578 96 9,674 94 9,768 94 9,862 92 9,954 91 io,o45 89 0,2025 
o,5o io,544 III jO,655 109 10,764 [07 10,871 106 10,977 io4 11,081 io3 o,25oo 
o,55 
0,60 

11,457 i3i xi,588 127 11,7*5 125 11,84o 

12,736 

I 22 
i5o 

11,962 

12,886 

120 

i43 
12,082 

i3,02g 
118 

137 
o,3o25 
o,36oo 

,1625 ,1682 ,1741 

O
 

O
 

0
0

 
r-H

 ,1861 ,1922 c2 
1 (?• + r ")~ or r2 -|~ r"a nearly. 

204 206 208 210 212 214 216 218 220 222 224 226 228 23o 

I 20 21 21 21 21 21 22 22 22 22 22 23 23 23 
2 4i 4i 4a 42 42 43 43 44 44 44 45 45 46 46 
3 6l 62 62 63 64 64 65 65 66 67 67 68 68 69 
4 82 82 83 84 85 86 86 87 88 89 9° qo 9i 92 
5 102 io3 104 io5 106 107 108 i°9 no in 112 113 ii4 n5 
6 122 124 125 126 127 128 i3o i3i i32 i33 134 i36 137 i38 

7 i43 144 146 i47 148 i5o i5i i53 154 155 157 158 160 161 
8 163 i65 166 168 170 171 173 174 176 178 179 181 182 184 
9 184 i85 187 189 !9i ig3 194 196 198 200 202 2o3 205 207 



TABLE II. — To find the time 5P; the sum of the radii r and the chord c being: given. 

Sum of the radii r-\~r". 

Chord 0,63 0,64 0,65 0,66 0,67 0,68 0,69 0,70 0,71 0,72 

C. Cays dif. Days |dif. Days |dif. Days [dif. Days | dif. Days dif. Dasy |dif. Days [dif. Days j dif'. Days [dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 o5ooo 0,0000 
0,01 0,23l 2 0,233 I 0,234 2 0,236 2 0,238 2 0,240 I 0,24l 2 0,243 2 0,245 2 0,247 I 0,0001 
0,02 0,46l 4 o,465 4 0,469 

•v 0 o,472 4 0,476 3 0,479 4 0,483 3 0,486 4 0,490 3 0,493 4 0,0004 
o,o3 0,602 6 0,698 5 0,703 5 0,708 6 0,714 5 0,719 5 0,724 6 0,73o 5 0,735 5 0,740 5 0,0009 
0,0 4 0,923 7 0,930 7 0,937 7 0,944 8 0,952 7 0,959 7 0,966 7 0,973 7 0,980 6 0,986 7 0,0016 

o,o5 i,i53 9 1,162 9 1,171 9 1,180 9 1,189 9 1,198 9 1,207 9 I,2l6 8 1,224 9 i,233 8 0,0025 
0,06 i,384 I I 1,395 11 i ,406 10 i,4i6 11 1,427 11 i,438 10 i,448 I I 1,45g 10 1,46g 10 1,479 II o,oo36 
0,07 i,6i4 i3 1,627 i3 i,64o 12 i,652 i3 1,665 12 1,677 12 1,689 i3 1,702 12 i,7i4 12 1,726 12 o,oo4g 
0,08 i,844 i5 i,85q i5 1,874 i4 1,888 14 1,902 i4 i,g!6 i4 1,93o i4 1,944 i4 i,958 i4 1,972 i4 0,0064 
0,09 2,075 16 2,091 16 2,107 17 2,124 16 2,140 16 2,i56 i5 2,171 16 2,187 16 2,203 i5 2,218 16 0,0081 

0,10 2,3o5 18 2,323 18 2,341 18 2,35q 18 2,377 18 2,3g5 17 2,4l2 l8 2,43o 17 2,447 17 2,464 17 0,0100 
0,11 2,535 20 2,555 20 2,575 !9 2,594 20 2,614 20 2,634 19 2,653 *9 2,672 J9 2,691 J9 2,710 19 0,0121 
0,12 2,764 22 2,786 22 2,808 22 2,83o 21 2,85i 21 2,872 22 2,894 21 2,gi5 20 2,Qo5 21 2,956 21 0,0144 
o,i3 2,994 24 3,oi8 23 3,o4i 2 4 3,o65 23 3,o88 23 3,in 23 3,i34 23 3,i57 22 3,179 23 3,202 22 0,0169 
o,i4 3,223 26 3,249 25 3,274 26 3,3oo 25 3,325 25 3,35o 24 3,374 25 3,3gg 24 3,423 24 3,447 24 0,0196 

| o,i5 3,452 28 3,48o 27 3,507 27 3,534 27 3,56i 27 3,588 26 3,6i4 27 3,64i 26 3,667 26 3,6g3 26 0,0225 
1 0,16 3,68i 3o 3,711 29 3,740 2Q 3,769 29 3,798 28 3,826 28 3,853 28 3,882 28 3,gio 28 3,g38 27 0,0256 

0,17 3,910 3i 3,941 3i 3,972 3i 4,oo3 3i 4,o34 3o 4,c64 3o 4,094 3o 4,124 3o 4,i 54 29 4,i83 29 0,0289 
0,18 4,i38 34 4,172 32 4,204 33 4,237 32 4,269 33 4,3o2 3i 4,333 32 4,365 32 4,397 3i 4,428 3i o,o324 
0,19 4,367 35 4,402 34 4,436 35 4,47i 34 4,5o5 34 4,539 34 4,573 33 4,606 33 4,63g 33 4,672 33 o,o36i 

0,20 4,5g4 37 4,631 37 4,668 36 4,704 36 4,74o 36 4,776 36 4,812 35 4,847 35 4,882 35 4,9i7 34 o,o4oo 
0,21 4,822 39 4,861 38 4,899 39 4,g38 37 4,975 38 5,oi3 37 5,o5o 37 5,087 37 5,124 37 5,i6i 36 0,0 441 
0,22 5,o4g 4i 5,090 4o 5,i3o 4o 5,170 4o 5,210 4o 5,25c 39 5,28g 39 5,328 38 5,366 38 5,4o4 38 0,0484 
0,23 5,276 43 5,319 42 5,36i 42 5,4o3 42 5,445 4i 5,486 4i 5,527 4i 5,568 4o 5,6o8 4o 5,648 4o o,o52g 

0,24 5,5o2 45 5,547 44 5,591 44 5,635 44 5,679 43 5,722 43 5,765 42 5,807 42 5,849 42 5,891 42 0,0576 

0,25 5,729 46 5,775 46 5,821 46 5,867 45 5,912 45 5,957 45 6,002 45 6,047 43 6,090 44 6,i34 44 0,0625 
0,26 5,954 49 6,oo3 48 6,o5i 48 6,099 47 6,146 47 6,ig3 46 6,23g 46 6,285 46 6,33i 46 6,377 45 0,0676 
0,27 6,180 5o 6,23o 5o 6,280 5o 6,33o 4q 6,379 4q 6,428 48 6,476 48 6,524 48 6,572 47 6,619 47 0,0729 
0,28 6,4o4 53 6,457 52 6,5og 5i 6,56o 5i 6,611 5i 6,662 5o 6,712 5o 6,762 5o 6,812 49 6,861 49 0,0784 
0,29 6,629 54 6,683 54 6,737 54 6,79! 53 6,844 52 6,896 52 6,948 52 7,000 52 7,o52 5o 7,102 5i 0,0841 

o,3o 6,853 56 6,909 56 6,g65 55 7,020 55 7,075 55 7,!3o 54 7,184 54 7,238 53 7,291 53 7,344 52 0,0900 
o,31 7,076 59 7,i35 57 7D92 58 7,25o 57 7,307 56 7,363 56 7,4i9 56 7,475 55 7,53o 54 7,584 55 0,0961 
0,32 7,299 60 7,35g 60 7,4i9 60 7,479 5q 7,538 58 7,596 58 7,654 5? 7,7H 57 7,768 57 7,825 56 0,1024 
o,33 7,521 63 7,584 62 7,646 61 7,707 61 7,768 60 7,828 60 7,888 59 7,947 59 8,006 59 8,o65 58 0,1089 

o,34 7,743 64 7,807 64 7,871 64 7,935 63 7,998 62 8,060 62 8,122 bi 8,i83 61 8,244 bo 8,3o4 60 o,n56 

o,35 7,96 4 67 8,o3i 66 8,097 65 8,162 65 8,227 64 8,291 64 8,355 63 8,4i8 63 8,481 62 8,543 62 0,1225 
o,36 8,184 69 8,253 68 8,32i 68 8,38g 67 8,456 66 8,522 66 8,588 65 8,653 64 8,717 65 8,782 63 0,1296 
0,37 8,4o4 71 8,475 70 8,545 70 8,6i5 69 8,684 68 8,752 68 8,820 67 8,887 67 8,954 66 9,020 65 0,136g 
o,38 8,623 73 8,696 73 8,769 71 8,84o 7i 8,911 71 8,982 69 9,°5i 69 9,120 69 9=i89 68 9,257 67 0,1444 
o,3g 8,842 75 8,917 74 8,991 74 9,o65 73 9,l38 73 9,211 71 9,282 71 9,353 7i 9,424 70 9,494 69 0,1021 

o,4o 9,059 78 9,i37 76 9,213 76 9,289 75 9,364 75 9,439 74 g,5i3 73 9,586 72 g,658 72 9,73o 71 0,1600 

o,41 9,276 80 9^356 79 9,435 78 g,5i3 77 9,590 76 9,666 76 9,742 75 9,817 75 9,892 74 9,966 73 0,1681 

0.42 9,492 82 9=57 4 81 9,655 80 9,735 80 9,815 78 9,893 78 9,97i 78 io,o4g 76 10,125 76 10,201 75 0,1764 
o,43 9>7°7 84 9,79l 84 9,875 82 9,957 82 10,039 80 10,119 81 10,200 79 10,279 78 10,357 78 10,435 78 0,1849 

o,44 9>921 87 10,008 85 10,093 85 10,178 84 10,262 83 10,345 82 10,427 82 10,509 80 10,589 80 10,669 79 0,1 g36 

o,45 io,i34 89 10,223 88 io,3ii 87 10,398 86 10,484 85 10,569 85 io,654 83 10,737 83 10,820 82 10,902 82 0,2025 
o,5o 11,184 101 11,285 101 n,386 99 n,485 97 11,582 97 11,679 96 11,775 95 11,870 93 11 ,g63 93 i2,o56 92 0,2500 
o,55 12,200 116 i2,3i6 n4 i2,43o 112 12,542 hi 12,653 no 12,763 108 12,871 107 12,978 io5 i3,o83 io5 i3,i88 io3 o,3o25 
0,60 i3,i66 i35 i3,3oi i3i i3,432 I2Q i3,56i 126 13,687 125 i3,8i2 122 13,934 121 i4,o55 I l8 i4,i73 118 14,291 116 o,36oo 

o,65 i4,36i i56 14,517 149 i4,666 i45 i4,8ii i4o i4,g5i i38 15,089 i35 15,224 i33 15,357 i3o 0,4225 

0,70 16,049 163 16,212 i55 16,367 i5i 0,4900 

,1985 ,2048 ,2113 ,2178 ,2245 ,2312 ,2381 ,2450 ,2521 ,2592 C2 

| . ( r -j- r" )2 or ?-2 r"2 nearly. 

2l3 2l5 217 219 221 223 225 227 229 231 232 233 234 235 236 237 238 239 240 241 242 243 

I 21 22 22 22 22 22 23 23 23 23 23 23 23 24 24 24 24 24 24 24 24 24 

2 43 43 43 44 44 45 45 45 46 46 46 47 47 47 47 47 48 48 48 48 48 49 

3 64 65 65 66 66 67 68 68 69 69 70 70 70 7-1 71 7i 71 72 72 72 73 73 

4 85 86 87 88 88 89 9° 91 92 92 93 93 94 94 94 95 95 96 96 96 97 97 

5 107 108 ioq no in 112 n3 n4 ii5 116 116 117 117 118 118 119 119 120 120 121 121 122 

6 128 129 i3o i3i i33 i34 i35 i36 137 i3g i3g i4o i4o i4i i4a 142 i43 i43 i44 i45 i45 146 

7 i4g i5i l52 153 i55 156 158 i5g 160 162 162 163 164 i65 165 166 167 167 168 169 169 170 

8 170 172 174 175 177 178 x8o 182 i83 i85 186 186 187 188 189 190 190 I91 192 ig3 194 194 

9' 192 194 ig5 I97 199 201 203 204 206 208 209 2t0 211 212 212 2l3 2i4 2l5 216 217 218 219 



TABLE II. — To find the time T; the sum of the radii r-j-r", and the chord c being given. 
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TABLE II. — To find the time T‘, the sum of the radii r-j-r", and the chord c being given. 

Sum of the radii r-j-r". 

Chord 0,79 0,80 0,81 0,82 0,83 0,84 0,85 0,86 0,87 0,88 

c. Days dif. Days [dif. Days | dir. Days | dif. Days |dif. Days |dif. Days [dif. Days ]dir. Days |dif. Days jdif- 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 
0,01 0,258 2 0,260 2 0,262 I 0,203 2 0,265 I 0,266 2 0,268 2 0,270 I 0,271 2 0,273 I 0,0001 

0.02 0,517 3 0,520 3 0,523 3 0,526 4 o,53o 3 0,533 3 0,536 3 0,539 3 0,542 3 0,545 3 o,ooo4 
o,o3 0,776 5 0,780 5 0,785 5 0,790 4 0,794 5 0,799 5 0,804 5 0,809 4 0,813 5 0,818 5 0,0009 

0,04 i,o33 7 i,o4o 6 1,046 7 i,o53 6 1,059 6 i,o65 7 1,072 6 1,078 6 1,084 7 1,091 6 0,0016 

o,o5 1,292 8 i,3oo 8 i,3o8 8 i,3i6 8 1,324 8 i,332 8 1,340 8 i,348 7 1,355 8 1,363 8 0,0025 
0,0 6 i,55o 9 i,55q 10 1,56g 10 1,579 9 i,588 IO i,5g8 10 1,608 9 1,617 9 1,626 10 i,636 9 o,oo36 
0,07 1,808 11 1,819 12 i,831 11 1,842 11 i,853 11 i,864 11 1,875 11 1,886 11 1,897 11 1,908 XI 0,0049 
0,08 2,066 x3 2,079 i3 2,092 i3 2,105 i3 2,118 12 2,l3o i3 2,143 i3 2,i56 12 2,lôè t3 2,181 12 0,0064 
0,09 2,324 i5 2,339 i4 2,353 i5 2,368 14 2,382 14 2,3g6 i5 2,411 i4 2,42 5 i4 2,439 i4 2,453 i4 0,0081 

0,10 2,582 16 2,598 16 2,614 16 2,63o 16 2,646 16 2,662 16 2,678 16 2,694 16 2,710 i5 2,725 16 0,0100 

o,x 1 2,840 17 2,867 18 2,875 18 2,8g3 18 2,911 !7 2,928 18 2,g46 17 2,963 17 2,980 17 2,997 17 0,01 2 I 

0,12 3,097 20 3,117 19 3,i36 20 3,i56 !9 3,175 *9 3,194 19 3,2i3 19 3,232 19 3,25i ié 3,269 19 0,0144 
o,i3 3.355 21 3,376 21 3,397 21 3,4i8 21 3,43q 21 3,46o 20 3,48o 21 3,5oi 20 3,52i 20 3,54i 21 0,0169 

o,i4 3,612 23 3,635 23 3,658 22 3,68o 23 3,708 22 3,725 22 3,747 23 3,770 21 3,79! 22 3,8i3 22 0,0196 

o,i5 3,869 25 3,894 24 3,918 25 3,g43 24 3,967 24 3,99j 23 4,o 14 24 4,o38 24 4,062 23 4,o85 23 0,0225 
0,16 4,126 27 4,i53 26 4,i79 26 4,2o5 25 4,23o 26 4,256 25 4,281 26 4,307 25 4,332 25 4,357 24 0,0256 

0,17 4,383 28 4,411 28 4,439 27 4,466 28 4,494 27 4,52i 27 4,548 27 4,575 27 4,602 26 4,628 26 0,0289 

0,18 4,64o 3o 4,670 29 4,699 29 4,728 29 4,757 2Q 4,786 28 4,8i4 29 4,843 28 4,871 28 4,899 28 o,o324 

0,19 4,897 3x 4,928 3i 4,959 3i 4,99° 3o 5,020 3i 5,o5i 3o 5,o8i 3o 5,hi 3o 5,i4i 29 5,170 3o o,o36i 

0,20 5,i53 33 5,i86 32 5,2x8 33 5,25i 32 5,283 32 5,3i5 32 5,347 32 5,379 3i 5,4io 3i 5,44i 32 o,o4oo 

0,21 5,409 35 5,444 34 5,478 34 5,5i2 34 5,546 34 5,58o 33 5,6i3 33 5,646 33 5,679 33 5,712 33 o,o44i 
0,22 5,665 36 5,701 36 5,737 36 5,773 35 5,8o8 36 5,844 35 5,879 35 5,gi4 34 5^48 35 5,g83 34 o,o484 
0,23 5,921 38 5,959 37 5,996 38 6,084 37 6,071 37 6,108 36 6,i44 37 6,181 36 6,217 36 6,253 36 o,o52g 

0,24 6,176 4o 6,216 39 6,255 39 6,294 39 6,333 38 6,371 39 6,4io 38 6,448 38 6,486 37 6,523 38 0,0576 

0,25 6,431 4i 6,472 4i 6,5x3 4i 6,554 4i 6,5g5 4o 6,635 4o 6,675 4o 6,7i5 39 6,754 39 6,793 39 0,0625 

0,26 6,686 43 6,729 43 6,772 42 6,814 42 6,856 42 6,898 42 6,940 4i 6,981 4i 7,022 4i 7,o63 4i 0,0676' 

0,27 6,941 44 6,985 45 7,o3o 44 7,074 44 7,118 43 7,161 43 7,20 4 43 7,247 43 7,290 43 7,333 42 0,0729 

0,28 7,195 46 7,241 46 7,287 46 7,333 46 7,379 45 7,424 45 7,46g 44 7,5i3 45 7,558 44 7,602 44 0,0784 

0,29 7,449 48 7,497 48 7,545 47 7,592 47 7,63g 47 7,686 47 7,733 46 7>779 46 7,825 46 7,871 45 0,0841 

o,3o 7,702 5o 7,752 5o 7,802 49 7,85i 4q 7,900 48 7,948 49 7,997 47 8,o44 48 8,092 47 8,i3g 47 0,0900 

o,31 7,956 5i 8,007 52 8,o5g 5o 8,109 5i 8,160 5o 8,210 5o 8,260 5o 8,3io 49 8,35g 49 8,408 49 0,0961 

0,32 8,200 53 8,262 53 8,3i5 53 8,368 52 8,420 52 8,472 5i 8,52.3 5i 8,574 5i 8,625 5i 8,676 5o 0,1024 

o,33 8,461 55 8,5i6 55 8,57i 54 8,625 54 8,679 54 8,733 53 8,786 53 8,83g 53 8,892 52 8,944 52 0,1089 

o,34 8,713 57 8,770 57 8,827 56 8,883 55 8,938 56 8,994 55 9,049 54 9,108 54 9>i57 54 9,211 54 0,1156 

o,35 8,g65 5g 9,024 58 9,082 58 9,ï4o 57 9,z97 57 9,254 57 9,311 56 9,367 56 9,423 55 9>478 56 0,1225 
o,36 9,2x7 60 9,277 60 9,337 5q 9,396 5g 9,455 59 9,5i4 58 9,572 58 g,63o 58 9,688 57 9>745 57 0,1296 

0,37 9,468 62 9,53o 61 9,59! 62 q,653 60 9,713 61 9,774 60 9,834 60 9^94 59 9,953 59 10,012 58 0,1369 

o,38 9,718 64 9,782 63 9,845 63 9,908 63 9,97i 62 io,o33 62 io,og5 61 io,i56 bi 10,217 61 10,278 60 0,1444 
0,39 9,968 66 io,o34 65 10,099 65 10,164 64 10,220 64 10,292 63 io,355 64 io,4ig 62 10,481 62 io,543 62 0,1521 

0,40 10,218 67 10,285 67 io,352 67 10,419 66 io,485 65 io,55o 66 10,616 64 10,680 65 10,745 64 10,809 63 0,1600 

0,41 10,467 69 io,536 69 io,6o5 68 10,678 68 10,741 67 10,808 67 10,875 67 10,942 66 11,008 66 11,07 4 65 0,1681 

6,42 10,715 71 10,786 71 10,857 70 10,927 70 10,997 69 11,066 69 n,i35 68 11,203 68 11,271 67 11,338 67 0,1764 

o,43 10,963 73 1 i,o36 73 11,109 72 11,181 7i 11,252 71 n,323 71 n,3g4 70 ii,464 69 n,533 69 11,602 69 0,1849 

o,44 11,2x1 74 11,285 75 n,36o 74 11,434 73 11,507 73 n,58o 72 ii,652 72 11,724 71 11,795 7i 11,866 70 o,ig36 

o,45 11,457 77 ii,534 76 11,610 76 11,686 75 II,76l 75 n,836 74 11,91c 73 11,983 73 I2,o55 73 12,12g 72 0,2025 

o,5o 12,682 87 12,769 86 12,855 85 12,940 84 13,02/ 84 i3,io8 83 13,191 83 13,27/ 82 13,356 8l i3,437 81 0,2000 

o,55 13,890 96 i3,g86 96 14,082 95 i4,i77 94 14,271 94 i4,365 92 i4,457 92 i4,54g 92 i4,64i 9° 14,731 9° o,3o25 

0,60 15,075 108 15,183 106 i5,28q 106 i5,3q5 104 15,499 104 i5,6o3 io3 15,706 102 15,8o8 101 15,90c 100 16,00c 100 o,36oo 

o,65 16,235 119 i6,354 Il8 16,472 117 16,589 116 16,705 114 16,81g n4 i6,g33 112 i7,°45 112 I7,i5l 110 17,267 no 0,4225 

0,70 17,360 i33 17,493 i3i 17,624 i3o 17,754 128 17,882 126 18,008 126 18,13/j 124 18,258 123 18,381 121 18,502 121 0,4900 

0,75 18,439 14g 18,588 148 18,736 144 18,880 143 19,023 i4o 19,163 i3q 19,302 137 19,43c 136 19,575 134 i9»70c i32 0,5625 

0,80 19,609 174 19,783 167 19,950 162 20,112 i5g 20,271 156 20,427 IÔ2 20,57c 15 x 20,73c i48 20,878 147 o,64oo 

o,85 21,475 180 21,655 x 73 21,82^ 168 2i,99e 164 0,7225 

,3121 ,8200 ,3281 ,3362 ,3445 ,3528 ,3613 ,3698 ,3785 ,3872 C2 

1 a * (r -f r ')2 or ,.2 _j_ r//2 nearly. 

246 247 248 249 25o 25i 2Ô2 253 25 4 255 256 257 

1 25 25 25 25 25 25 25 25 25 26 26 26 

2 4q 49 5o 5o 5o 5o 5o 5i 5i 5i 5i 5i 

3 7 4 74 74 75 75 75 76 76 76 77 77 77 
4 98 99 99 100 100 100 IOI IOI 102 102 102 io3 
5 123 124 124 125 125 126 126 127 127 128 128 129 

6 148 148 14g 149 i5o i5i i5i IÔ2 i52 153 154 154 
7 172 173 174 174 x75 176 176 177 178 179 179 180 

8 197 198 198 199 200 201 202 202 203 204 205 206 

9 221 222 323 224 325 226 227 228 229 230 23o 23i 

258 25g 260 261 262 263 264 265 266 267 268 

26 26 26 26 26 26 26 27 27 27 27 
52 52 52 52 52 53 53 53 53 53 54 
77 78 78 78 79 79 79 80 80 80 80 

108 104 104 104 io5 io5 106 106 106 107 107 

129 i3o i3o i3i i3i l32 i32 133 i33 134 134 
i55 i55 156 157 157 158 158 i5g 160 160 l6l 
181 181 182 i83 183 184 i85 186 186 187 l88 
206 207 208 209 210 210 211 212 2l3 2l4 214 
232 233 234 235 236 237 238 23g 23g 24o 24i 



TABLE II. — To find the time T\ the sum oF the radii r -f- rr/, and the chord c being given. 

Sum of the Radii r -[- f". 

Chord 0,89 0,90 0,91 0,92 0,93 0,94 

C. Days |dif. Days (dif. Days |dif. Days }dif. Days |dif. Days j dif. 
0,00 
0,01 

0,000 
0,274 2 

0,000 
0,276 r 

0,000 
0,277 2 

0,000 
0,279 I 

0,000 
0,280 2 

0,000 
0,282 i 

0,0000 
0,0001 

0,02 0,548 3 0,551 4 0,555 3 0,558 3 o,56i 3 o,564 3 0,0004 
o,o3 0,820 4 0,827 5 o,832 4 o,836 5 0,841 4 o,845 5 0,0009 
0,04 I >097 6 i,io3 6 1,109 6 i,ii5 6 1,121 6 1,127 6 0,0016 

o,o5 1,371 8 1,379 7 i,386 8 i,394 7 i,4oi 8 1,409 7 0,0025 
0,06 i,645 9 i,654 9 i,663 9 1,672 10 1,682 9 1,691 9 o,oo36 
0,07 L9!9 

2,193 
11 i,93o 10 1,g4o 11 1,g51 11 1,962 10 1,972] 11 o,oo4g 

0,08 12 2,205 12 2,217 i3 2,230 12 2,242 12 2,254 12 0,0064 
°,°9 2,467 i4 2,48l i3 2,494 14 2,5o8 i4 2,522 i3 2,535 i4 0,0081 

0,10 2,741 i5 2,756 i5 2,77i 16 2,787 i5 2,802 i5 2,817 i5 0,0100 
0,11 3,oi4 17 3,o3i 17 3,o48; 17 3,o65 17 3,o82 16 3,098 17 0,0121 
0,12 3,288 19 3,307 18 3,325 18 3,343 18 3.36i 18 3,379 18 0,0144 
o,i3 3,562 20 3,582 19 3,6oi 20 3,621 20 3,641 20 3,66i *9 0,0169 
o,i4 3,835 22 3,857 21 3,878 21 3,899 22 3,921 21 3,942 21 0,0196 

o,i5 4,108 23 4,i3i 23 4,i54 23 4,177 23 4,200 23 4,223 22 0,0225 
0,16 4,38i 25 4,4o6 25 4,431 24 4,455 24 4,479 24 4,5o3 24 0,0256 
0,17 4,654 27 4,681 26 4,707 26 4,733 25 4,758 26; 4,784 26 0,0289 
0,18 4,927 28 4,955 28 4,983 27 5,oio 28 5,o38 27 5,o65 27 o,o324 
0.19 5,200 29 5,229 3o 5,259 29 5,288 28 5,3i6 29 5,345 29 o,o36i 

0,20 5,473 3o 5,5o3 3i 5,534 3i 5,565 3o 5,5q5 3o 5,025 3o o,o4oo 
0,21 5,745 32 5,777 33 5,8io 32 5,842 32 5,874 32 5,906 3i o,o44i 
0,22 
0,23 

6,017 34 6,o5x 34 6,o85 34 6,119 33 6,i52 33 6,185 34 o,o484 
6,28q 36 6,325 35 6,36o 35 6,395 35 6,43o 35 6,465 35 o,o529 

0,24 6,56i 37 6,598 37 6,635 37 6,672 36 6,708 37 6,745 36 0,0576 

0,25 6,832 39 6,871 39 6,910 38 6,948 38 6,986 38 7,024 38 0,0625 
0,26 7,i«4 4o 7,i44 40 7,184 4o 7,224 4o 7,264 3g 7,3o3 4o 0,0676 
0,27 7,375 42 7,417 41 7,458 42 7,5oo 4i 7,54f 4i 7,582 4i 0,0729 
0,28 7,646 43 7,689 43 7,732 44 7,776 42 7,818 43 7,861 42 0,0784 
0,29 7,9x6 45 7,961 45 8,006 45 8,o5i 44 8,o95 44 8,i39 44 0,0841 

o,3o 8,186 47 8,233 47 8,280 46 8,326 46 8,372 46 8,4i8 45 0,0900 
0,0961 o,31 8,457 48 8,5o5 48 8,553 48 8,601 47 8,648 48 8,6q6 47 

0,32 8,726 5o 8,776 5o 8,826 49 8,875 49 8,924 49 8,973 49 0,1024 
o,33 8,996 5i 9,°47 52 9’°99 5i 9,i5o 5o 9,200 51 9,25i 5o 0,1089 
o,34 9,265 53 9,318 53 9>37i 53 9,424 52 9=476 52 9,528 52 o,n56 

o,35 9,534 54 9,588 55 9,643 54 9,697 54 9,751 54 9,8o5 53 0,1225 
o,36 9,802 57 9,85g 56 9=9*5 56 9,97i 55 10,026 55 10,081 55 0,1296 
0,37 10,070 58 10,128 58 10,186 58 10,244 57 io,3oi 56 10,357 57 0,1369 
o,38 io,338 60 io,3g8 59 10,457 69 io,5i6 59 10,575, 58 io,633 58 0,1444 
0,39 io,6o5 62 10,667 61 10,728 61 10,789 60 10,849 60 10,909 60 0,l52I 

o,4o 10,872 63 10,935 63 10,998 63 11,061 62 11,123 61 11,184 6l 0,1600 
o,41 11,139 65 11,204 64 11,268 64 ii,332 64 11,396 63 ii,45g 63 0,1681 
0,42 11,4o5 67 11,472 66 ii,538 65 11,6o3 66 11,669 64 ii,733 65 0,1764 
o,43 11,671 68 11,739 68 11,807 67 11,874 67 11,941 67 12,008 66 0,184g 
o,44 11,936 70 12,006 69 12,075 69 12,144 69 I2,2l3 68 12,281 68 0,1 g36 

o,45 12,201 
i3,5i8 

72 12,273 71 12,344 70 I2,4i4 71 12,485 70 12,555 69 0,2025 
o,5o 80 13,598 80 13,678 79 13,767 79 13,836 78 i3,gi4 78 0,2500 
o,55 14,821 9° 14,911 88 i4,999 88 15,087 88 15,175 87 15,262 86 o,3o25 
0,60 16,109 98 16,207 98 i6,3o5 98 i6,4o3 96 16,499 96 i6,5q5 q6 o,36oo 

0,4225 o,65 17,377 109 17,486 107 17,593 107 17,700 107 17,807 io5 17,912 io5 
0,70 18,628 119 18,742 118 18,860 118 18,978 116 19,094 n5 19,209 115 o,4goo 

0,75 19,841 i3i I9,972 i3o 20,102 
2I,3l2 

128 20,230 128 20,358 126 20,484 125 0,5625 
0,80 21,025 i44 21,169 i43 i4i 21,453 i39 21,592 i38 21,730 137 o,64oo 
o,85 22,160 161 22,321 i5q 22,480 156 22,636 154 22,790 

23,935 
IÔ2 22,942 149 0,7225 

0,90 23,398 i85 23,583 *79 23,762 173 170 24,Io5 166 0,8100 

,3961 ,4050 ,4141 ,4232 ,4325 ,4418 c2 

i . ( r -J- r" )2 or ra -f- r"2 nearly. 

269 270 271 272 273 274 275 276 277 278 279 280 28l 282 

27 27 27 27 27 27 28 28 28 28 28 28 28 28 
54 54 54 54 55 55 55 55 55 56 56 56 56 56 
81 8l 81 82 82 82 83 83 83 83 84 84 84 85 

108 108 108 ioq 109 no no no in in 112 112 112 n3 
i35 i35 136 136 i37 137 138 138 i3g i3g 140 i4o i4i i4i 
161 162 163 i63 164 164 165 166 166 167 167 168 169 16g 
188 189 190 1 go *9* 192 ig3 ig3 194 ig5 195 196 197 197 2l5 216 217 218 218 219 220 221 222 222 223 224 225 226 
242 243 244 245 2.46 247 248 248 24g 25o 25l 2Ô2 253 2 54 

Prop, parts for the sum of the Radii. 
1 I 2 1 3 4 1 5 j 6 | 7 | 8 | 9 

I 0 0 0 0 1 1 1 T I 
2 0 0 I 1 I 1 I 2 2 
3 0 1 1 .1 2 2 2 2 3 
4 0 1 1 2 2 2 3 3 4 

5 1 1 2 2 3 3 4 4 5 
6 1 I 2 2 3 4 4 5 5 
7 1 1 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 1 2 3 4 5 5 6 7 8 

10 : 1 2 3 4 5 6 7 8 9 
11 1 2 3 4 6 7 8 9 IO 
12 1 2 4 5 6 7 8 10 11 
i3 1 3 4 5 7 8 9 10 12 
i4 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 I I 12 i4 
16 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 
*9 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 I 2 i4 16 18 
21 2 4 6 8 11 i3 i5 17 *9 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 10 12 i4 17 19 22 

25 3 5 8 IO i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 11 i4 16 *9 22 24 
28 3 6 8 11 i4 17 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 *9 22 25 28 
32 3 6 10 i3 16 !9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 2 4 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 14 18 22 25 29 32 
37 4 7 11 i5 I9 22 26 3o 33 
38 4 8 11 i5 f 9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 *9 24 28 33 38 42 
48 5 10 i4 *9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 
54 5 n 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 11 17 22 28 34 39 45 5o 
57 6 11 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 
59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 *9 25 3i 37 43 5o 56 
63 6 i3 *9 25 32 38 44 5o 57 
64 6 i3 19 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 5g 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
<39 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 24 32 4o 48 56 64 72 
90 9 18 27 36 45 54 63 72 81 

100 10 20 3o 4o 5o 60 70 80 90 



TABLE II. — To find the time T\ the sum of the radii r -f- rrf, and the chord e being given. 

Sam of the Radii r -f- r". 

Chord 0,95 0,96 0,97 0,98 0,99 1,00 1,01 1,02 1,03 1,04 
0• Days |dif. Days | dif. Days |dif. Days |dif. Days | dif. Days |dif. Days |dif. Days |iiif. Days |dif. Days (dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0001 0,000 0,0000 
0,01 0,283 2 0,285 I 0,286 2 0,288 I 0,289 2 0,291 I 0,292 2 0,294 I 0,295 I 0,296' 2 0,0001 
0,02 0,567 3 0,570 3 0,573 2 0,575 3 0,578 3 o,58i 3 0,584 3. 0,587 3 o,5go 3 o,5g3 3 0,0004 
o,o3 o,85o 4 o,854 5 o,85q 4 0,863 5 0,868 4 0,872 4 0,876 5 0,88l 4 o,885 4 o,88g 4 0,0009 
0,04 i,i33 6 1,139 6 i,i45 6 i,i5i 6 1,157 6 i,i63 5 I,l68 6 1,174 6 1,180 6 1,186 5 0,0016 

o,o5 i,4i6 8 1,424 7 i,43i 8 1,439 7 i,446 7 i,453 7 I,46o 8 1,468 7 i,475 7 1,482 7 0,0025 
0,06 1,700 8 1,708 9 1,717 9 1,726 9 i,735 9 i,744 8 1,752 9 1,761 9 1,770 8 1,778 9 o,oo36 
0,07 1,983 10 i=993 xo 2,003 I I 2,oi4 10 2,024 10 2,034 10 2,044 10 2,o54 11 2,o65 10 2,075 9 0,0049 
0,08 2,266 12 2,278 12 2,290 I I 2,3oi 12 2,3i3 12 2,325 II 2,336 12 2,348 n 2,359 12 2,371 I I 0,0064 
0,09 2,549 i3 2,562 i3 2,575 i4 2,589 i3 2,602 i3 2,6i5 i3 2,628 i3 2,641 i3 2,654 i3 2,667 i3 0,0081 

0,10 2,832 i5 2,847 i4 2,861 i5 2,876 i5 2,891 14 2,905 i5 2,920 i4 2,934 i5 2=94g 14 2^63 i4 0,0100 
0,1 I 3,n5 16 3,i3i 16 3,147 16 3,i63 17 3,i8o 16 3,196 16 3,212 16 3,228 i5 3,243 16 3,25q 16 0,0121 
0,12 3,397 18 3,4i5 18 3,433 18 3,45i 17 3,468 18 3,486 17 3,5o3 18 3,52i 17 3,538 17 3,555 17 0,0144 
0,13 3,68o 19 3,699 20 3,719 19 3,738 !9 3,757 19 3,776 i9 3,79s *9 3,8i4 18 3,832 J9 3,85i 18 0,0169 
o,i4 3,g63 21 3,984 20 4,004 21 4,025 20 4,o45 21 4,066 20 4,086 21 4,107 20 4,12.7 20 4,i47 20 0,0196 

0,15 4,245 22 4,267 23 4,290 22 4,3i2 22 4,334 22 4,356 22 4,378 21 4,399 22 4,421 21 4,442 22 0,0225 
0,16 4,527 24 4,55i 24 4,575 24 4,599 23 4,622 24 4,646 23 4,669 23 4,692 23 4,715 23 4,73 8 23 0,0256 
0,17 4,810 25 4,835 25 4,860 25 4,885 25 4,910 25 4,q35 25 4,960 25 4,985 2 4 5,009 24 5,o33 25 0,0289 
0,18 5,092 27 5,119 26 5,i45 27 5,172 26 5,198 27 5,225 26 5,25i 26 5,277 26 5,3o3 26 5,32q 26 o,o324 
0,19 5,374 28 5,402 28 5,43o 28 5,458 28 5,486 28 5,5i4 28 5,542 27 5,569 28 5,597 27 5,624 27 o,o36i 

0,20 5,655 3o 5,685 3o 5,7i5 3o 5,745 29 5,774 29 5,8o3 3o 5,833 29 5,862 28 5,890 29 5,919 2Q o,o4oo 
0,21 5,937 32 5,969 3i 6,000 3i 6,o3i 3i 6,062 3i 6,og3 3o 6,123 3i 6,154 3o 6,184 3o 6,214 3o o,o44i 
0,22 6,219 33 6,252 32 6,284 33 6,317 32 6,34g 33 6,382 32 6,414 32 6,446 3i 6,477 32 6,5og 31 o,o484 
0,23 6,5oo 34 6,534 35 6,56g 34 6,6o3 34 6,637 33 6,670 34 6,704 33 6,737 34 6,771 33 6,804 33 0,0529 
0,24 6,781 36 6,817 36 6,853 35 6,888 36 6,924 35 6,g5g 35 6,994 35 7,029 35 7,064 34 7,°98 34 0,0576 

0,25 7,062 37 7,099 38 7=l37 37 7=i74 3? 7=211 36 7M7 37 7,284 36 7,320 36 7,356 36 7,392 36 0,0625 
0,26 7,343 39 7,382 38 7,420 39 7=459 38 7=497 39 7,536 38 7,574 37 7,611 38 7=649 38 7,687 37 0,0676 
0,27 7,623 4i 7,664 4o 7=704 4o 7,744 4o 7=784 4o 17,824 39 7,863 4o 7,9°3 39 7 =94 2 3g 7,QSl 38 0,072.9 
0,28 7=9°3 42 7,945 42 7=987 4-2 8,029 4i 8,070 42 8,112 41 8,i53 4o 8,193 4i 8,234 4o 8,274 4o 0,0784 
0,29 8,i83 44 8,227 43 8,270 44 8,3i4 42 8,356 43 8,399 43 8,442 42 8,484 42 8,526 42 8,568 42 0,0841 

o,3o 8,463 45 8,5o8 45 8,553 45 8,5q8 44 8,642 45 8,687 44 8,73i 43 8,774 44 8,818 43 8,861 43 0,0900 
o,31 8,743 46 8,789 47 8,836 46 8,882 46 8,928 46 8,974 45 9=OI9 46 g,o65 45 9,no 44 9,ï54 45 0,0961 
0,32 9,022 48 9,070 48 9,118 48 9,166 47 g,2i3 48 9,261 4? g,3o8 46 9,354 47 9,401 46 9,447 46 0,1024 
o,33 q,3oi 5o g,35i 49 q,4oo 5o g,45o 49 9=499 48 9,547 49 9,596 48 9=644 48 9,692 48 9=74o 47 0,1089 
o,34 9,58o 5x 9,63i 5i 9,682 5i 9,733 5i 9=784 5o 9,834 5o 9,884 5o 9,934 49 9,g83 49 10,032 49 o,n56 

o,35 9,858 53 9,9!1 53 9=954 52 10,016 52 10,068 52 10,120 52 10,172 5i 10,223 5i 10,27 4 5i io,325 5o 0,1225 
o,36 io,i36 55 10,191 54 10,245 54 10,299 54 to,353 53 10,406 53 10,409 53 IO,5l2 52 io,564 53 10,617 52 0,1296 
0,87 10,4i4 56 10,470 56 10,526 55 io,58i 56 10,687 54 10,691 55 10,746 54 10,800 54 io,854 54 10,908 54 0,136g 
o,38 10,691 58 10,749 58 10,807 57 10,864 56 10,920 57 io=977 56 n,o33 56 11,089 55 n,i44 56 11,200 55 0,1444 
0,39 10,969 59 11,028 59 11,087 58 11,i45 59 11,204 58 11,262 57 n,3iq 58 11,377 57 11,434 57 n,4gi 56 0,l52I 

o,4o 11,245 61 11,3o6 6l 11,367 60 11,427 60 11,487 59 11,546 60 11,606 5q n,665 58 n,723 58 11,781 58 0,1600 
o,4i 11,522 62 n,584 63 11,647 61 11,708 62 11,770 61 11,831 61 11,892 60 n,g52 60 12,012 60 12,072 59 0,1681 
0,42 11,798 64 11,862 64 11,926 63 11,98g 63 12,062 63 I2,Il5 62 12,177 62 12,239 62 I2,30I 61 12,362 61 0,1764 
o,43 12,074 65 I2,l3ç 66 I 2,2o5 65 12,27c 64 12,33c 65 12=399 63 12,462 64 12,526 63 12,589 63 12,652 63 0,1849 
o,44 12,349 67 12,416 67 12,483 67 i2,55c 66 12,616 65 12,682 65 12,747 65 12,812 65 12,877 65 12,942 64 0,1986 

o,45 12,624 69 12,69c 68 12,761 69 12,83c 67 12,897 68 12,96? 67 i3,o32 67 13,099 65 i3,i65 66 i3,23i 65 0,2025 
o,5o 13,992 77 14,o6c 77 i4,i46 77 i4,22c 75 14,298 76 i4,37C 75 i4,44c 74 i4,^23 75 i4,5g8 73 14,671 74 0,2000 

o,55 15,348 86 15,432 85 i5,5ig 85 15,60/ 84 15,688 84 [5,775 83 15,855 83 i5,g38 82 16,020 82 16,102 81 o,3o25 
0,60 16,691 9 4 16,78!: 94 16,87g 9 4 16,97! 92 17,060 93 17,158 91 i7=24c 91 17,340 91 i7=43i 90 17,621 89 o,36oo 
o,65 [8,017 io3 i8,I2C 104 18,22c 102 i8,32? 102 18,428 101 i8,52C 100 18,62c 100 i8,729 99 18,828 98 18,926 98 0,4225 
0,70 19,324 113 19=43: n3 ig,55c 112 19,66; in 19=773 no 19,88; no J9=99- 109 20,102 108 20,210 107 20,817 107 0,4900 

0,75 20,60c 124 20,73! 123 2o,85f 122 20,97! 121 21,09c 120 2I,2IC nq 2i,33t 118 2i,456 117 21,578 117 21,69c 116 0,562.5 

0,80 21,867 i35 22,00:; 134 22,l3t i33 22,26c l32 22,401 i3o 22,53] i3o 22,661 128 22,78c 127 22,916 127 23,043 125 o,64oo 
o,85 23.091 14g 23,24c 146 23,38! i45 23,53i 144 23,67? 142 23,8l- r4o 23,g5- i4o 24,097 i38 24,235 187 2.4,372 136 0,722.5 
0,90 24,27: 164 24,43! 161 24,5g? 160 24,75! i5~ 24,91? i55 2 5,o68 154 25,22; i5i 25,378 151 25,524 i48 2.5,672 148 0,8100 
0,95 2.5,37c 191 2.5,56: 184 25,74c 178 25,92- 175 26,102 172 26,27c 169 26,44? 167 26,61c i65 26,775 162 26,g37 160 0,9025 
1,00 27,4oc 196 27,60c u189 27,78c i83 27=972 181 28,i53 177 1,0000 

,4513 ,4608 ,4705 ,4802 ,4901 ,5000 ,5101 ,5202 ,5305 ,5408 C9 
1 
2 ' (r + r")2 or - - nearly. 

275 276 277 278 279 280 281 282 283 284 285 286 287 288 289 290 291 292 293 

I 28 28 28 28 28 28 28 28 28 28 29 29 29 29 29 29 29 29 29 
2 55 55 55 56 56 56 56 56 57 57 57 57 57 58 58 58 58 58 59 
3 83 83 83 83 84 84 84 85 85 85 86 86 86 86 87 87 87 88 88 
4 110 no in in 112 112 112 113 n3 n4 n4 ii4 ii5 ii5 116 116 116 117 117 

5 i38 138 i3q 13g i4o i4o i4i i4i i42 i42 i43 i43 144 144 i45 i45 146 146 14? 
6 165 166 166 167 167 168 169 169 170 170 171 172 172 173 173 17 4 175 175 176 
n 193 ig3 ig4 195 ig5 196 197 !97 198 199 200 200 201 202 202 203 204 2o4 205 
8 22.0 221 222 222 223 224 225 226 226 227 228 229 23o 23o 23l 232 233 234 234 

9 248 248 249 25o 25l 2Ô2 253 25 4 255 256 207 267 258 25g 260 261 262 263 264 



TABLE II. —To find the time T; the stun of the radii r -{-r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 
C. 

1,05 1,06 1,07 1,08 1,09 1,10 
Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. 

0,00 0,00C 0,00c 0,00c 0,00( o,ooc 0,00C 0,0000 
0,01 0,298 I °,299 2 o,3oi 1 o,3o; I o,3ot 2 o,3ot i 0,0001 
0,02 0,59t. 3 °,5gg 2 O.ÔOI 3 0,602 3 o,6o- 3 0,61 c 2 0,0004 
o,o3 0,898 5 0,898 4 °,9°2 4 0,90c 4 0,91c 5 o,gif 4 o,ooog 
0,04 6 I,I97 6 I,20C 5 1,20l 6 1,212 5 I>2IC 6 0,0016 

o,o5 i,48c 7 1,496 7 i,5oc 7 i ,5 tc 7 i ,517 7 I,52r1 7 0,0025 
0,06 1,787 8 L795 9 1,804 8 1,812 9 1,821 8 1,82c 8 o,oo36 
0,07 2,084 10 2,094 IO 2,104 10 2,114 10 2,124 10 2,i34 9 o,oo4g 
0,08 2,38p I I 2,3g3 12 2,4o5 11 2,4iC 11 2,427 I I 2,438 11 0,0064 
0,09 2,68c 12 2,692 i3 2,705 i3 2,718 12 2,73c i3 2,743 12 0,0081 

0,10 2;977 i4 2,99! i5 3,oo6 i4 3,02c i4 3,o 34 i3 3,047 i4 0,0100 
0,11 3,275 i5 3,290 16 3,3o6 i5 3,3pi 16 3,337 i5 3,352 i5 0,012 1 
0,12 3,572 17 3,589 17 3,6o6 17 3,623 17 3.64o 16 3,656 17 o,oi44 
o,i3 3,869 J9 3,888 18 3,906 18 -3,924 J9 3,943 18 3.961 18 0,0169 
o,i4 4,167 20 4,187 19 4,206 20 4,226 20 4,246 l9 4,265 19 0,0196 

o,i5 4,464 21 4,485 21 4,5o6 21 4,527 21 4.548 21 4,56g 21 0,0225 
0,16 4,761 23 4.784 22 4,806 23 4,829 22 4,85i 22 4,876 22 0,0256 
0,17 5,o58 24 5.082 2 4 5,io6 24 5,13 c. 24 5,154 23 5,i77 24 0,0289 
0,18 5,355 2.5 5,38o 26 5,4o6 25 5,431 25 5,456 25 5,481 25 o,o324 
0,19 5,651 27 5,678 27 5,7o5 27 5,732 26 5,758 27 5,785 26 o,o36i 

0,20 5,948 28 6,976 28 6,004 29 6.o33 28 6,061 28 6,089 27 o,o4oo 
0,21 6,244 3o 6,274 3o 6,3o4 29 6.333 3o 6.363 29 6,392 29 o,o441 
0,22 6,54o 32 6,572 3i 6,6o3 3r 6,634 3i 6.665 3o 6,69 5 3i 0,0484 
0,23 6,837 32 6,869 33 6.902 82 6,934 33 6,967 32 6-999 32 0,0529 
0,24 7;ï32 35 7,167 34 7,201 33 7,234 34 7,268 34 7,3o2 33 0,0576 

0,25 7,428 36 7,464 35 7,499 36 7,535 35 7,570 35 7,6o5 34 0,0625 
0,26 7,724 87 7,761 37 7,79^ 37 7,835 36 7,871 36 7,907 37 0,0676 
0,27 8,019 89 8.o58 38 8,096 38 8.i34 38 8,172 38 8,210 38 0,0729 
0,28 8,3i4 4o 8.354 4o 8,394 4o 8.434 39 8,473 39 8.5i2 39 0,0784 
0,29 8,610 4i 8,651 4i 8.692 4i 8,733 4i 8,77 4 4i 8,8i5 4o 0,0841 

o,3o 8,904 43 8,947 43 8,99° 42 Q,o32 43 9 ?°75 42 9,H7 42 0,0900 
o,31 9,199 44 9,243 44 9,287 44 9,33i 44 9>375 44 9,4i9 43 0,0961 
0,32 9,498 46 9,639 46 9,585 45 9,63o 45 9,675 45 9,720 45 0,1024 
o,33 9,787 48 9,835 47 9,882 47 9;929 46 9-975 47 10,022 46 0,108g 
o,34 10,081 49 io,i3o 49 10,179 48 10,227 48 10,275 48 io,323 47 o,n56 

o,35 10,375 5o 10,425 5o io,475 5o io,525 5o 10,575 49 10,624 49 0,1225 
o,36 10,669 5i 10,720 52 10,772 5i 10,823 5i 10,874 5i 10,925 5o 0,1296 
0,37 10.962 53 1 i,oi5 53 11,068 52 11,120 53 11,173 52 11,225 52 0,136g 
o,38 ii,255 54 11,3og 55 11,364 54 11,418 54 11,472 53 i i,525 54 0,1444 
o,3g h,547 56 11,600 56 11,65g 56 11,715 55 11,770 55 11,825 55 0,l52I 

o,4o 11 ,839 58 11,897 58 n.g55 57 12,012 56 12,068 57 12,125 56 0,1600 
0,41 I2,i3i 60 12,191 69 12,250 58 i2,3o8 58 12.366 58 12,424 58 0,1681 
0,42 12,423 61 12,484 60 12,544 60 12,604 60 12.664 60 12,72 4 59 0,1764 
o,43 12,715 62 12,777 62 i2,83g 61 12.900 62 12.962 60 13,022 61 0,1849 
o,44 13.oo6 63 13,069 64 i3,i33 63 i3,ig6 63 i3,25g 62 i3,32i 62 0,1936 

o,45 13,296 66 t3,362 65 13,427 64 i3,49i 64 i3,555 64 i3,6iq 64 0,2025 
o,5o i4,745 73 i4,8i8 72 14,890 72 14,962 72 i5,o34 72 i5,io6 71 0,2600 
o,55 16,183 81 16,26 4 80 i6,344 80 16,424 80 i.6,5o4 79 16,583 79 o,3o25 
0,60 17,610 89 17,699 89 17,788 87 17,875 88 17,963 87 i8,o5o 86 o,36oo 
o,65 19,024 98 19,122 96 19,218 96 19,3x4 96 19,410 95 ig,5o5 94 0,4225 
0,70 20.424 io5 20,529 106 20,635 104 20,739 104 20,843 104 20,947 io3 o,4goo 

0,75 21,806 n5 21,921 114 2 2,035 n4 22,149 112 22,261 112 22,373 [12 0,5625 
0,80 23,168 125 23,293 124 23,417 122 23,53g 122 23,661 121 23,782 [21 o,64oo 
o,85 24,5o8 135 24,643 i33 24,776 i33 24,909 i3p 2.5,o4i 131 25,172 29 0,7225 
0,90 25,820 i46 25,966 r44 26,110 144 26,254 142 26,396 t4i 26,537 4o 0,8100 
°,g5 

27,097 i59 27,256 i57 27,4i3 i56 27,569 154 27,723 [52 27,875 5i 0,9025 
1,00 28,33o 174 28,5o4 172 28,676 169 28,845 168 29,013 (65 29,178 64 1,0000 

,5513 ,5618 ,5725 ,5832 ,5941 ,6050 c2 

1 
2 * (?- -|- 2'/'2) Ol r2 -f" r"a noarly. 

294 295 296 297 298 299 3oo 3oi 302 3o3 3o4 3o5 

i 29 3o 3o 3o 3o 3o 3o 3o 3o 3o 3o 3i 
2 5q 59 59 59 60 60 60 60 60 6l 61 61 
3 88 89 89 89 s9 90 9° 90 91 91 9i 92 
4 118 118 118 119 ”9 120 120 120 I 2 I 121 122 122 
5 i47 148 148 149 14g i5o i5o i5i i5i i5p i52 153 
6 176 177 178 178 179 179 180 181 181 182 182 i83 
7 206 207 207 208 209 209 210 211 211 212 2l3 214 
8 235 236 237 238 238 23g 240 241 242 242 243 244 
9 265 266 266 267 268 269 270 271 272 273 274] 275 

a6 

Prop, parts for tlio sum 
I 1 2 I 3 1 4 | 5 

of the Radii. 

1 6 1 7.1 8 1 9 
1 c c c c I I 1 1 1 
2 c c I I I I 1 2 2 
3 0 I I I 2 2 2 2 3 
4 C I I 2 2 2 3 3 4 

5 I I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 .10 
12 I 2 4 5 6 7 8 10 I I 

i3 I 3 4 5 7 8 9 IO 12 
i4 I 3 4 6 7 8 10 II i3 

i5 2 3 5 6 8 9 I I 12 i4 
16 2 3 5 6 8 10 II i3 i4 
17 2 3 5 7 9 10 12 14 i5 
18 2 4 5 7 9 I 1 i3 i4 16 
19 2 4 6 8 IO 11 i3 i5 17 

20 2 4 6 8 IO 12 i4 16 18 
21 2 4 6 8 II i3 i5 17 *9 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 10 12 14 17 l9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 11 i4 16 19 22 2.4 
28 3 6 8 11 i4 T7 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 J9 22 25 28 
32 3 6 IO i3 16 l9 22 26 29 
33 3 7 IO i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 24 27 3i 

35 4 7 II i4 18 21 25 28 32 
36 4 7 II 14 18 22 25 29 32 
37 4 7 II i5 19 22 26 3o 33 
38 4 8 II i5 J9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 1 
47 5 9 i4 J9 24 28 33 38 42 
48 5 IO i4 !9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 4n 
53 5 II 16 21 27 32 37 42 48 
54 5 II 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 II 17 22 28 34 39 45 5o 
57 6 I 1 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 
69 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 2 4 3i 37 43 49 55 
62 6 12 *9 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64. 6 i3 T9 26 32 38 45 5i 58 

65 7 i3 20 26 33 3g 46 52 59 
66 7 i3 20 26 33 4o 46 53 3g 
67 7 i3 20 27 34 4o 4? 54 3o 
68 7 i4 20 27 34 ii 48 54 ( 3i 

69 7 i4 21 28 35 U 48 55 12 

70 7 i4 21 28 35 iz i9 56 ( 33 
80 8 16 2 4 32 4o i8 56 54 r 72 

90 9 18 27 36 45 34 53 72 £ L 
00 i 0 20 3o 4o 5o 5o 70 3o ç 



TABLE II. — To find the time T\ the sum of the radii r -f- r"■> and the chord c being giveii. 
atifc 

Sura of the Radii r -)- ?•". 

3hord 1,11 1,12 1,13 1,14 1,15 1,16 1,17 1,18 1,19 1,20 
C. Days | dit'. Days |tlif. Days |dif. Days |dif. Days | dif. Days |dif. Days |dif. Days j dif. Days |dif. Days |dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 ),0000 

o,or o,3o6 2 o,3o8 1 o,3og I o,3io 2 0,3l2 I o,3i3 I 0,314 2 o,3i6 I 0,317 I 0,3l8 2 1,0001 

0,02 0,6l2 3 0,615 3 0,618 3 0,621 2 0,623 3 0,626 3 0,629 2 0,631 3 o,634 3 0,637 2 3,0004 
o,o3 0)9! 9 4 0,923 4 0,927 4 0,931 4 0,935 4 0,939 4 0,943 4 0,947 4 o,g51 4 o,g55 4 1,0009 

0,04 1,225 5 I,23o 6 i,236 5 I,24l 6 1,247 5 1,252 6 i,258 5 i,263 5 1,268 6 1,274 5 l,OOl6 

o,o5 i ,531 7 i,538 7 1,545 7 i,552 6 1,558 7 1,565 7 1,572 7 i,579 6 i,585 7 i,5q2 7 1,0025 
0,06 i,837 8 i,845 9 i,854 8 1,862 8 1,870 8 1,878 8 1,886 8 1,894 8 1,902 8 1,910 8 i,oo36 
0,07 2,i43 10 2,i53 10 2,i63 9 2,172 10 2,182 9 2,19! 9 2,200 10 2,210 9 2,219 10 2,229 9 D,oo4g 

0,08 2,449 11 2,460 11 2,471 I I 2,482 11 2,4g3 II 2,5o4 11 2,5i5 10 2,525 11 2,536 11 .2,547 10 0,0064 

0,09 2,755 i3 2,768 12 2,780 12 2,792 i3 2,8o5 12 2,817 12 2,829 12 2,841 12 2,853' 12 2,865 12 0,0081 

0,10 3,o6i i4 3,075 14 3,089 i3 3,102 i4 3,ii6 i4 3,i3o i3 3,i43 i3 3,i56 14 3,170 i3 3,i83 i3 0,0100 

0,11 3,367 i5 3,382 i5 3,397 i5 3,4i2 i5 3,427 i5 3,442 i5 3,457 i5 3,472 i5 3,487 i4 3,5oi 15 0,0121 

0,12 3,673 17 3,6qo 16 3,706 16 3,722 17 3,739 16 3,755 16 3,771 j6 3,787 16 3,8o3 16 3,819 16 0,0144 
o,x 3 3,979 l8 3,997 17 4,oi4 18 4.o32 18 4,o5o 18 4,068 17 4,o85 18 4,io3 17 4,120 17 4,i37 17 0,0169 

o,i4 4,284 20 4,3o4 J9 4,3a3 *9 4,342 19 4,36i !9 4,38o i9 4,399 19 4,418 18 4,436 19 4,455 19 0,0196 

0,15 4,590 21 4,6ii 20 4,631 21 4,652 20 4,672 21 4,693 20 4,7i3 20 4,733 20 4,753 20 4,773 20 0,0225 
0,16 4,895 23 4,918 22 4,g4o 21 4,961 22 4,983 22 5,oo5 21 5,026 22 5,048 21 5,069 22 5,091 21 0,0256 
0,17 5,201 23 5,224 2 4 5,248 23 5,271 23 5,294 23 5,3i7 23 5,34o 23 5,363 23 5,386 22 5,4o8 23 0,0289 

o,i 8 5,5o6 25 5,53i 25 5.556 24 5.58o 25 5,6o5 24 5,629 25 5,654 24 5,678 24 5,702 2 4 5,726 24 o,o324 

0,19 5,8u 27 5,838 26 5,864 26 5,890 26 5,916 25 5,g4ï 26 5,967 26 5,993 25 6,018 25 6,o43 26 o,o36i 

0,20 6,116 28 6,144 27 6,171 28 6,199 27 6,226 27 6,253 27 6,280 2 7 6,307 27 6,334 27 6,36i 26 o,o4oo 

0,21 6,421 29 6,45o 29 6,479 29 6,5o8 29 6,537 28 6,565 28 6,5g3 29 6,622 28 6,65o 28 6,678 28 o,o44x 

0,22 6.726 3o 6.756 3i 6,787 3o 6.817 3o 6,847 3o 6,877 3o 6,907 29 6,936 3o 6,966 29 6,gg5 29 0,0484 

0,23 7,°3i 3i 7,062 32 7,094 32 7,126 3i 7,i 57 3ï 7,î88 3i 7,219 3i 7,25o 3i 7,281 3i 7,312 3i 0,062g 

0,24 7,335 33 7,368 33 7,401 33 7,434 33 7,467 33 7,5oo 32 7,532 33 7,565 32 7,597 32 7,629 32 0,0576 

0,25 7,63g 35 7,674 35 7,709 34 7,743 34 7,777 34 7,811 34 7,845 34 7,879 33 7,912 34 7,946 33 0,0625 

0,26 7,944 36 7.q8o 36 8,016 35 8.o5i 36 8,087 35 8,122 35 8,i57 35 8,192 35 8,227 35 8,262 35 0,0676 

0,27 8,248 37 8,285 37 8,322 37 8.35q 37 8,3q6 37 8,433 37 8,470 36 8,5o6 36 8,542 37 8,579 36 0,0729 

0,28 8,551 39 8.5qo 39 8,62g 38 8,667 39 8,706 38 8,744 38 8,782 38 8,820 37 8,857 38 8,8g5 37 0,0784 

0,29 8,855 40 8,895 4o 8,935 4o 8,975 4o 9,oi 5 4o g,o55 39 9,094 39 g,i33 39 9,172 39 9,211 39 0,0841 

o,3o 9,i59 4i 9,200 42 9.242 4i 9,283 4i 9,324 4i 9,365 4i 9,4o6 4o 9,446 4i 9,487 40 9,527 4o 0,0900 

o,31 9,462 43 g,5o5 43 9,548 43 9,59! 42 9,633 42 9,675 4 2 9,7i7 42 9,759 42 9,801 42 9,843 4-i 0,0961 

0,32 9)765 44 9,809 45 g.854 44 9,898 44 9;942 43 9,985 44 10,02g 43 10,072 4 3 10,115 43 io,i58 43 0,1024 

o,33 10,068 46 io,ii4 45 io,i5q 46 IO,2o5 45 IO,25o 45 10,295 4° io,34o 45 io,385 44 10,429 45 io,474 44 0,1089 

o,34 10,370 48 io,4i8 47 10,465 47 I0,5l2 47 10,559 46 io,6o5 46 io,651 46 10,697 46 10,743 46 10,789 45 0jii56 

o,35 10,673 49 10,722 48 10,770 49 io.8iq 48 10,867 48 10,915 47 10,962 48 n,010 47 11,057 47 n, 104 47 0,1225 

o,36 I10.Q75 5o 11,025 5o 11,075 5o 11,125 5o 11,175 49 n,224 49 11,273 49 11,322 48 11,370 49 n,4ig 48 0,1296 

0,37 In ,277 52 II.32Q 5i n,38o 5i 11,431 5i II,482 5i ii,533 5o n,583 61 11,634 5o 11,684 49 11,733 5o o,i36g 

o,38 [1,579 53 11.632 53 11,685 52 11,737 53 ii,79° 
52 11,842 52 11,894 5i 11,945 52 11,997 5i 12,048 5i 0,1444 

o,3g 11.880 55 ii,935 54 11*989 54 i2,o43 54 12,097 53 I2,l50 54 12,204 53 12,207 52 i2,3og 53 12,302 52 0,l52I 

o,4o 12,181 56 12,237 56 I2.2q3 55 12,348 56 I2,4o4 55 12,45g 54 i2,5i3 55 12,568 54 12,622 54 12,676 54 0,1600 

o,4i 12,482 58 12.540 57 12,597 57 12,654 56 12,710 57 12,767 56 12,823 56 12,879 55 I2,g34 56 12,990 55 0,1681 

0,42 12.783 59 12,842 58 12^00 69 12,95c 58 13,017 58 13,076 57 i3,i32 57 i3,i8g 57 13,246 57 i3,3o3 67 0,1764 

o,43 i3.o83 61 i3,i44 60 i3,2o4 59 i3,2Ô3 60 i3,323 59 i3,382 5g t3,44i 59 i3,5oo 58 i3,558 58 i3,6:6 58 0,1849 

o,44 13,38c 62 13,445 62 i3,5o7 61 i3,568 61 i3,62g 60 i3,68g 61 1 3,75o 60 i3,8io 60 13,870 59 13,92g 69 o,ig36 

o,45 13,683 63 13,746 63 i3.8oq 63 13,87; 62 i3.q34 62 13,996 62 i4,o58 62 14,120 61 14,181 61 14,242 61 0,2025 

o,5o 15,177 7° i5,24^ 71 i5,3i8 70 15,388 70 15,458 69 i5,527 69 15,5g6 69 15,665 68 i5,733 68 i5,8oi 68 0,2000 

o,55 16,66s 78 16,74c 78 16,818 77 16,896 77 16,972 77 i7,o4ç 77 17,126 75 17,201 76 17,277 75 17,35; 75 o,3o25 

0,60 18,136 86 18.22; 86 i8,3o8 85 18,396 85 18,478 84 18,56; 84 18,64e 83 18,72c 83 18,81; 87 18,89! 82 o,36oo 

o,65 19,59c 94 19,69' g4 19,787 93 19,88c 92 i9,972 92 20,06/ 92 20,15e 91 20,2 4", 9° 20,33^ 91 20,42! 89 0,4225 

0,70 2I,o5c 1 102 21,i5; 101 21,253 101 21,35/ 101 2i,456 100 21,556 99 2i,65z 99 21,7 5c 98 2i,85i 98 2i,94c 97 o,4goo 

0,75 22,48 5 no 22,5q( 3 110 22,706 no 22.816 3 108 22,926 109 23,o3; 107 23,i3ç 107 2.3,24e 106 23,35; 106 23,45! io5 0,562.5 

0,8c 23,9° 3 ng 24,02 2 ng 24,i4c 118 24,25< 3 117 24,376 117 24,4g’ 116 24,60c ill 24,72/ n5 24,83c n4 24,o5. n3 o,64oo 

o,85 25,3o 1 120 25,43< 3 128 25,556 127 25,68. 3 127 25,81; 125 25,93- 125 26,06; 124 26,186 123 26,3oc 123 26,43; 121 0,722.5 

0,9c 26,67 7 i3g 26,81 5 138 26,g5/ i37 27,og 136 27,22^ i35 27,36; x34 27,496 i33 27,62c l32 27,761 l32 27,89. i3o 0,8100 

o,g5 28,02 5 15c 28,17 5 i4ç 28,326 147 28,47 2 146 28,618 i45 28,766 i44 28,90- i43 2.g,o5c 142 29,19; i4i 29,33. i4o 0,9025 

1,0c > 29,34 2 165 29,50 4 161 29,666 i5g 29,82^ 4157 29,981 156 3o,i3r 155 30,29; 154 3o,446 l52 3o,5g! 1 5 T 3o,74c i5o 1,0000 

,6161 ,6272 ,6385 ,6498 ,6613 ,6728 ,6845 ,6962 ,7081 ,7200 c2 
| , ( r j r" )2 or ra + r"2 nearly. 

3oo 3oi 302 3o3 3o4 3o5 3o6 307 3o8 

! 
O

 
ro

 3io 3i 1 3l2 3i3 3i 4 3i5 

3o 3o 3o 3o 3o 3i 3i 3i 3i 3i 3i 3i 3i 3i 3i 32 

60 60 60 61 61 61 61 61 62 62 62 62 62 63 63 63 

9° 
120 

9° 
120 

91 
121 

91 
121 

91 
122 

92 
122 

92 
122 

92 
123 

92 
123 

93 
124 

93 
124 

93 
124 

9 4 
125 

94 
125 M ,?6 

i5o i5i i5i i52 162 153 153 154 154 155 155 156 i56 IÔ7 i5j i58 

180 181 181 182 182 i83 184 184 i85 i85 186 187 187 188 188 189 

210 211 211 212 2l3 214 2l4 2l5 216 216 217 218 218 219 220 221 

240 241 242 242 243 244 245 246 246 247 248 249 260 260 261 262 

270 271 372 273 274 275 275 276 277 278 279 280 281 282 283 284 

3a 

63 

,s 
158 
190 

221 

253 
284 



TABLE II. — To find the time ÎT; the sum of the radii r -J- rh, and the chord c being given. 

Sam of the Radii r-j-r". 

Chord 1,21 1,22 1,23 1,24 1,25 1,26 
c. Days |dif. Days | d if. Days |dif. Days |dif. Days |dif. Days | d if. 

0,00 
0,01 

0,000 
0,320 I 

0,000 
0,321 1 

0,000 
0,322 2 

0,000 
0,324 I 

0,000 
o,325 1 

0,000 
0,326 2 

0,0000 
0,0001 

0,02 o,63g 3 0,642 3 o,645 2 0,647 3 o,65o 3 0,653 2 0,0004 
o,o3 0,959 4 0,96! 4 0,967 4 0,971 4 0,975 4 0,979 4 0,0009 
o,o 4 1,279 5 1,284 5 1,289 6 1,295 5 i,3oo 5 i,3o5 5 0,0016 

o,o5 l599 6 i,6o5 7 1,612 6 1,618 7 1,625 6 i,631 7 0.0025 
0,06 1,918 8 1,926 8 1,934 8 1,942 8 i,95o 7 1,957 8 o,oo36 
0,07 2,238 9 2,247 9 2,256 9 2,265 9 2,274 10 2,284 9 0,0049 
0,08 2,557 II 2,568 10 2,578 11 2,589 IO 2,599 I I 2,610 10 0,0064 
0,09 2,877 12 - 2,889 12 2,901 11 2,912 12 2,924 12 2,g36 11 0,0081 

0,10 3,196 i4 3,210 i3 3,223 i3 3,236 i3 3,249 i3 3,262 i3 0,0100 
0,11 3,5x6 i4 3,53o i5 3,545 14 3,55g i5 3,574 i4 3,588 i4 0,0121 
0,12 3,835 16 3,85 ï 16 3,867 i5 3,882 16 3,898 16 3,914 i5 0,0144 
o,i3 4,i54 l8 4,172 17 4,189 17 4,206 17 4,223 17 4,240 16 0,016g 
0,14 4,474 18 4,492 19 4,5n 18 4,529 18 4,547 18 4,565 19 0,0196 

0,15 4,793 20 4,8i3 19 4,832 20 4,852 20 4,872 19 4,891 20 0,0225 
0,16 5,i 12 21 5,i33 21 5,i54 21 5,175 21 5,196 21 5,217 20 0,0256 
0,17 5,431 22 5,453 23 5,476 22 5,4g8 22 5,520 22 5,542 22 0,0289 
0,18 5,750 24 5,77 4 23 5,797 24 5,821 23 5,844 24 5,868 23 o,o324 
0,19 6,069 25 6,094 2Ô 6,119 25 6,144 24 6,168 2Ô 6,ig3 25 o,o36i 

0,20 6,387 27 6,414 26 6,44o 26 6,466 26 6,492 26 6,5i8 26 o,o4oo 
0,21 6,706 28 6,734 27 6,761 28 6,789 27 6,816 28 6,844 27 o,o441 
0,22 7,024 29 7,o53 29 7,082 29 7,1 n 29 7,i4o 29 7,169 28 0,0484 
0,23 7,343 3o 7,373 3o 7>4o3 3i 7,434 3o 7,46 4 3o 7,494 3o 0,0529 
0,24 7,661 32 7,693 3i 7,724 32 7,756 3i 7,787 3i 7,818 32 0,0576 

0,25 7,979 33 8,012 33 8,o45 33 8,078 33 8,hi 
8,434 

32 8,i43 33 0,0625 
0,26 8,297 34 8,33i 35 8,366 34 8,4oo 34 34 8,468 34 0,0676 
0,27 8,615 35 8,65o 36 8,686 36 8,722 35 8,757 35 8,792 35 0,0729 
0,28 8,g32 37 8,969 37 9,006 37 9,o43 37 9,080 37 9,117 36 0,0784 
°=29 9,25o 38 9,288 39 9>327 38 9,365 38 9,4o3 38 9,441 37 0,0841 

o,3o 9,567 4o 9,607 4o 9=647 39 9,686 39 9,725 4o 9,765 39 0,0900 
o,31 9,884 4i 9,925 4i 9,966 4i 10,007 4i 10,048 40 10,088 4i 0,0961 
0,32 10,201 43 10,244 42 10,286 42 10,328 42 10,370 42 10,4x2 42 0,1024 
o,33 io,5i8 44 10,562 44 10,606 43 10,649 43 10,692 44 10,736 43 0,108g 
o,34 io,834 46 10,880 45 10,925 45 10,970 44 11,014 45 n,o5g 44 o,ii56 

o,35 ii,x5i 46 11,197 47 11,244 46 11,290 46 n,336 46 11,382 46 0,1225 
o,36 11,467 48 1i,515 48 n,563 47 11,610 48 n,658 47 11,705 47 0,1296 
0,37 11,788 49 1 i,832 5o 11,882 48 n,g3o 4g 11,979 49 12,028 48 0,136g 
o,38 12,099 5i I2,l5o 5o 12,200 

i2,5i8 
5o I2,25o 5o 12,300 5o i2,35o 5o °,i 444 

0,39 12,414 52 12,466 52 52 12,570 5i 12,621 52 12,673 5i 0,1021 

o,4o 12,730 53 12,783 53 12,836 53 12,889 53 12,942 53 12,996 52 0,1600 
0,41 13,o45 55 i3,ioo 54 i3,i54 55 i3,2og 54 i3,263 54 i3,3i7 55 0,1681 
0,42 i3,36o 56 i3,4i6 56 13,472 56 i3,528 55 i3,583 55 13,638 55 0,1764 
o,43 13,674 58 13,732 57 i3,789 57 13,846 57 i3,go3 57 13,960 56 0,1849 
o,44 13,988 60 i4,o48 58 i4,ioô 59 i4,i65 58 14,223 58 14,281 58 0,1936 

o,45 t4,3o3 60 i4,363 60 i4,423 60 i4,483 60 i4,543 59 14,602 59 0,2025 
o,5o 15,869 67 i5,q36 67 i6,oo3 67 16,070 67 16,187 6b i6,2o3 66 0,2000 
o,55 17,427 75 17,502 74 17,576 74 17,680 74 17,724 73 17,797 73 o,3o25 
0,60 lg,977 82 19,059 81 19,1:40 8l iq,22i 81 19,802 80 19,382 80 o,36oo 
o,o5 20,517 89 20,606 89 2o,6g5 89 20,784 88 20,872 87 2o,q5q 87 0,4225 
0,70 22,046 97 2 2,143 96 22,289 96 22,335 96 22,481 95 22,826 94 0,4900 

0,75 23,563 io5 23,668 104 23,772 io3 23,875 io3 23,978 io3 24,081 102 0,5625 
0,00 25,066 113 25,179 112 25,291 hi 2 5,402 III 25,5i3 110 25,023 IIO o,64oo 
0,0 j 26,553 122 26,675 120 26,795 120 26,915 119 27,034 118 27,152 118 0,7225 
0,90 
0,95 

28,023 i3o 28,i53 129 28,282 128 28,410 128 28,538 126 28,664 127 0,8100 
29,473 13g 29,612 i38 29,750 137 29,887 i37 30,024 i35 3o,i5g i35 0,9025 1,00 30,899 14g 31,048 148 31,196 i47 3i,343 145 31,488 i45 31,633 i44 I ,oooo 

,7321 ,7442 ,7565 ,7688 ,7813 ,7938 c2 
5 . (r -j- r"2) or j-2 -J- r"2 nearly. 

3x7 3i8 3ig 320 321 322 323 324 325 326 327 

32 32 32 32 32 32 32 32 33 33 33 
63 64 64 64 64 64 65 65 65 65 65 
95 95 96 96 96 97 97 97 98 Q8 98 

127 127 128 128 128 129 129 i3o i3o i3o i3i 
i5g 15g 160 160 161 161 162 162 163 163 164 
190 

*9* *9i 192 ig3 ig3 ig4 194 19s 196 196 
222 223 223 224 225 225 226 227 228 228 22Q 
254 254 255 256 167 258 258 25g 260 261 262 
285 286 287 288 289 290 291 292 293 293 294 

Prop, parts for the sum of the Radii. 

i | a |3|4 |516|7|8|q 

I 0 O 0 0 I 1 1 T I 
2 O O I I I I 1 2 2 
3 0 I I I 2 2 2 2 3 
4 0 1 1 2 2 2 3 3 4 

5 I 1 2 2 3 3 4 4 5 
6 I X 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
I I 1 2 3 4 6 7 8 9 IO 
12 I 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 1 2 
i4 I 3 4 6 7 8 IO 11 i3 

i5 2 3 5 6 8 9 11 12 x4 
16 2 3 5 6 8 IO 11 i3 i4 
17 2 3 5 7 9 10 I 2 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 
*9 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 I 2 i4 16 18 
21 2 4 6 8 11 i3 i5 17 19 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 I 2 i4 iC 18 21 
2 4 2 5 7 10 I 2 i4 17 19 22 

25 3 5 8 10 l3 i5 l8 20 23 
26 3 5 8 10 i3 16 l8 2 I 23 
27 3 5 8 I I i4 16 19 22 24 
28 3 6 8 11 14 17 20 22 25 
29 3 6 9 I 2 15 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 I 2 16 19 22 25 28 
32 3 6 10 i3 16 J9 22 26 2q 

33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 24 27 3i 

35 4 ■7 11 i4 18 21 25 28 32 
36 4 7 11 x4 18 22 25 2q 32 
3? 4 7 I T i5 19 22 26 3o 33 
38 4 8 11 15 1 c 23 27 3o 34 
39 4 8 12 16 2C 23 27 3i 35 

4o 4 8 I 2 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 l i3 17 21 25 29 34 38 
43 4 c i3 17 22 26 3o 34 39 
44 4 c. i3 18 22 26 31 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 | 23 28 3q 3? 4i 
47 5 9 i4 19 24 28 33 38 42 
48 5 10 i4 19 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 31 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 
54 5 11 .16 22 27 32 38 43 49 

55 6 11 17 22 28 33 3q 44 5o 
56 6 11 17 22 28 34 39 45 5o 
57 6 11 X7 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 I 2 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 !9 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 *9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 l6 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
100 10 20 3o 4o 5o 60 70 80 9° 



TABLE IL — To find the time T\ the sum of the radii r and the chord c being: given. 

Sura of the radii r-\-r'. 

Chord 1,27 1,28 1,29 1,30 1,31 1,32 1,33 1,34 1,35 1,36 

C. Days ( <1 if. Days |dif. Days |dif. Days 1 di f. Days |dif. Days |dif. Days |dif. Days | d if. Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,328 I 

0,000 
0,32g i 

0,000 
o,33o I 

0,000 
0,33 t 2 

0,000 
0,333 I 

0,000 
0,334 I 

0,000 
0,335 1 

0,000 
0,336 2 

0,000 
0,338 I 

0,000 
0,339 1 

0,0000 
0,0001 

0.02 0,655 3 0,658 2 0,660 3 0,663 2 0,665 3 0,668 2 0,670 3 0,673 2 0,675 3 0,678 2 o,coo4 
o,o3 0,983 4 0,987 3 0,990 4 0,994 4 0,998 4 1,002 4 1,006 3 1,009 4 i,oi3 4 1,017 4 0,0009 
0,04 i,3io 5 i,3i5 5 1,320 6 1,326 5 1,331 5 i,336 5 i,34i 5 i,346 5 1,351 5 1,356 5 0,0016 

o,o5 i,638 6 i,644 7 r,651 6 i,657 6 i,663 7 1,670 6 1,676 6 1,682 7 i,68q 6 i,6g5 6 0,0025 
0,06 1,965 8 1,973 8 i,9Sl 7 1,988 8 i>996 8 2,004 7 2,011 

2,346 
8 2,019 7 2,026 8 2,o34 7 o,oo36 

0,07 2,293 9 2,302 9 2,311 9 2,820 8 2,328 9 2,337 9 9 2,355 9 2,364 9 2,373 8 o,oo4g 
0,08 2,620 10 2,63o 11 2,641 10 2,65i 10 2,661 10 2,671 10 2,681 10 2,691 10 2,701 TO 2,711 10 0,0064 
0,09 2,947 12 2,959 12 2,971 II 2,982 12 2,994 11 3,oo5 11 3,oi6 12 3,028 II 3,o39 II 3,o5o 1 1 0,0081 

0,10 3,275 i3 3,288 12 3,3oo i3 3,313 i3 3,326 i3 3,33g 12 3.35i i3 3,364 12 3,376 i3 3,38g 12 0,0100 
0,11 3,602 i4 3,6x6 i4 3,63o 14 3,644 i4 3,658 i4 3,672 i4 3,686 i4 3,700 r4 3,714 i4 3,728 i3 0,0121 
0,12 3,929 16 3,945 i5 3,960 i5 3,975 16 3,99i i5 4,006 i5 4,021 i5 4,o36 i5 4,o5i i5 4,066 i5 o,oi44 
o,i3 4,256 17 4,273 17 4,290 16 4,3o6 17 4,323 17 4,34o 16 4,356 16 4,372 17 4,38g 16 4,4o5 16 0,0169 

o,i4 4,584 18 4,602 18 4,620 17 4,637 18 4,655 18 4,673 18 4,691 17 4,7°8 18 4,726 17 4,743 18 0,0196 

o,i5 4,911 *9 4,g3o 19 4,949 19 4,968 19 4,987 19 5,oo6 19 5,025 !9 5,o44 19 5,o63 19 5,082 19 0,0225 
0,16 5,237 21 5,258 21 5,279 20 5,299 21 5,320 20 5,34o 20 5,36o 20 5,38o 20 5,4oo 20 5,420 20 0,0256 
0,17 5,564 22 5,586 22 5.608 22 5,63o 22 5,652 21 5,673 22 5,6g5 21 5,716 2 T 5,737 22 5,759 21 0,0289 
0,18 5,891 23 5,gi4 23 5,937 24 5,961 22 5,g83 2-3 6,006 23 6,029 23 6,o52 22 6,074 23 6,097 22 o,o324 

0,19 6,218 24 6,242 25 6,267 2-4 6,291 2 4 6,315 24 6,339 25 6,364 23 6,387 2 4 6,411 24 6,435 24 o,o36i 

0,20 6,544 26 6,570 26 6,596 26 6,622 25 6,647 25 6,672 26 6,698 2.5 6,723 25 6,748 25 6,773 25 0,0400 
0,21 6,871 27 6,898 27 6,925 27 6,952 27 6,979 26 7,oo5 27 7,o32 27 7,°5g 26 7,o85 26 7,111 26 o,o44i 
0,22 7,T97 29 7,226 28 7,254 28 7,282 28 7,3xo 28 7,338 28 7,366 28 7,3g4 28 7,422 27 7,449 28 0,0484 
0,23 7,524 29 7,553 3o 7,583 29 7,6x2 3o 7,642 29 7,671 29 7,700 29 7,729 29 7,758 29 7,787 29 0,0529 

0,24 7,85o 3i 7,881 3i 7,912 3o 7,942 3i 7,973 3i 8,oo4 3o 8,o34 3o 8,064 3i 8,og5 3o 8,125 3o 0,0576 

0,25 8,176 32 8,208 32 8,240 32 8,272 32 8,3o4 32 8,336 32 8,368 3i 8,399 32 8,431 3i 8,462 3i 0,0625 
0,26 8,5o2 33 8,535 34 8,56g 33 8,602 33 8,635 33 8,668 33 8,701 33 8,734 33 8,767 33 8,800 32 0,0676 
0,27 8,827 35 8,862 35 8,897 35 8,932 34 8,966 35 9,001 

9,333 
04 g,o35 34 9,069 34 9,i°3 34 9’i37 34 0,0729 

0,28 g,i53 36 9,189 36 9,225 36 9,261 36 9,297 36 35 9,368 36 9,404 35 9,43g 35 9^474 35 0,0784 
0,29 9=478 38 g,5i6 37 9,553 38 9,59T 37 9,628 37 9,665 87 9,702 36 9>738 37 9>775 36 9,811 37 0,084 X 

o,3o 9,804 3g 9,843 38 9,881 39 9,920 38 9,958 39 9,997 38 io,o35 38 10,073 38 10,111 37 10,148 38 0,0900 

o,31 10,129 4o 10,169 4o 10,209 4o 10,249 4o 10,289 39 10,328 4o io,368 89 10,407 39 10,446 39 io,485 39 0,0961 

0,32 ro,454 4i io,4q5 42 10,537 4i 10,578 4i 10,619 4i 10,660 4o 10,700 4i 10,741 4o 10,781 4i 10,822 4o 0,1024 
o,33 10,779 42 10,821 43 10,864 43 10,907 42 10,949 42 10,991 42 1 i,o33 4a 11,075 42 11,117 

ii,452 
4i ix,i58 42 0,1089 

o,34 ii,io3 44 11,i47 44 11,191 44 ii,235 44 11,279 43 11,322 44 11,366 43 11,409 43 42 11,494 43 0,1156 

o,35 11,428 45 ii,473 46 11,519 45 11,564 45 11,609 44 11,653 45 11,698 44 11,742 45 11,787 44 11,831 44 0,1225 
o,36 11,752 47 n,799 46 11,845 47 11,892 46 1 i,g38 46 11,984 46 12,o3o 46 12,076 45 12,121 

12,456 
46 12,167 45 0,1296 

0,37 12,076 48 12,124 48 12,172 48 12,220 48 12,268 47 I 2,3l5 47 12,362 47 12,409 47 47 I2,5o3 46 0,136g 

o,38 12,400 4g 12,449 5o 12,499 49 12,548 49 12,597 48 12,645 49 12,694 48 12,742 48 12,790 48 12,808 48 o,i444 
0,39 12,724 5i 12,775 5o 12,825 5o 12,875 5i 12,926 5o 12,976 49 i3,025 5o 13,075 49 13,124 5o 13,174 49 0,1 521 

o,4o 13,047 52 i3,ogg 52 i3,i5i 52 i3,qo3 5x i3,254 52 i3,3o6 5i i3,357 5i i3,4o8 5o 13,458 5i i3,5cg 5o 0,1600 

o,4i t3,370 54 13,424 53 13,477 53 i3,53o 53 x3,583 53 13,636 52 13,688 52 13,740 52 13,792 52 13,844 52 0,1681 

0,42 i3,6g3 55 13,748 55 i3,8o8 54 13,857 54 i3,gx 1 54 13,965 54 14,019 54 14,073 53 14,126 53 i4,i79 53 0,1764 

o,43 14,016 56 14,072 56 14,128 56 i4,x84 56 14,240 55 14,295 55 i4,35o 55 i4,4o5 54 i4,45g 55 i4,5x4 54 0,1849 

o,44 i4,33g 57 i4,3gG 58 i4,454 57 i4,5n 56 14,567 57 14,624 56 14,680 57 i4,737 55 14,792 56 14,848 56 0,1936 

o,45 r4,66i 59 14,72c 59 i4,779 58 i4,837 58 i4,8g5 58 i4,g53 58 r5,oi 1 57 15,o68 57 x5,i25 57 i5,i82 57 0,2025 

o,5o 16,26g 66 r6,335 65 16,400 65 16,465 65 i6,53o 65 x6,5g5 64 i6,65g 64 16,723 64 16,787 63 i6,85o 64 0,2500 

o,55 17,870 72 17,942 73 i8,oi5 71 18,086 72 i8,i58 71 18,229 72 i8,3oi 70 18,371 71 18,442 70 x8,5i2 70 o,3o25 

0,60 19,462 80 19,542 79 19,621 79 19,700 79 19,779 78 19,867 78 19,935 77 20,012 
21,645 

78 20,090 77 20,167 76 o,36oo 

o,65 21 ,o46 87 2i,i33 86 21,219 86 2i,3o5 86 21,391 85 21,476 85 2i,56i 84 85 21,730 83 2i,8i3 84 0,4225 

0,70 22,62c 94 22,714 94 22,808 93 22,901 93 22,994 92 23,086 92 28,178 91 23,269 92 23,36i 9° 23,45i 91 0,4900 

0,75 24,i83 101 24,284 101 24,385 101 2.4,486 100 24,586 100 24,686 99 24,785 98 24,883 99 24,982 98 25,080 97 o,5625 
0,80 25,733 109 25,842 109 25,g5i 108 26,o5g 108 26,167 107 26,27 4 106 26,38o 106 26,486 106 26,592 io5 26,697 io5 o,64oo 

o,85 27,27c 117 27,387 116 27,5o3 xi6 27,619 n5 27,734 n5 27,849 n4 27,963 xi4 28,077 n3 28,190 n3 28,3o3 112 0,7225 

0,90 
0,95 
1,00 

28,791 125 28.916 124 29,040 124 29,164 124 29,288 122 29,410 123 29,533 I 21 29,654 121 29,775 120 29,895 120 0,8100 

3o,2Q2 134 30,428 133 3o,56i i32 3o,6g3 l32 3o,825 i3i 3o,956 i3o 31,086 i3o 3x,2i6 128 31,344 129 31,473 127 0,9025 

31,777 143 31,92c 142 32,062 r4i 32,203 i4i 32,34^ i3g 32,483 i3g 32,622 i38 32,760 137 32,897 i37 33,o34 135 1,0000 

,8065 ,8192 ,8321 ,8450 ,8581 ,8712 ,8845 ,8978 ,9113 ,9248 â 
1 2 * {r -f- r> or r2 + r "2 nearly. 

322 323 324 325 326 327 328 329 33o 331 332 333 334 335 336 337 

I 32 32 32 33 33 33 33 33 33 33 33 33 33 34 34 34 
2 64 65 65 65 65 65 66 66 66 66 66 67 67 67 67 67 

3 97 97 97 98 98 98 98 99 99 99 100 100 100 101 101 IOI 

4 129 I 2Q i3o i3o i3o i3i i3i i32 l32 i32 i33 i33 134 i34 x34 i35 
5 161 IÔ2 162 163 i63 164 164 i65 i65 166 166 167 167 168 168 169 

6 ig3 194 194 x95 196 196 197 197 198 199 199 200 200 201 202 202 

7 225 226 227 228 228 229 23o 23o 23l 232 232 233 234 235 235 236 
8 258 258 25g 260 261 262 262 263 264 205 266 266 267 268 269 270 

9 290 291 292 293 293 2 94 295 296 297 298 299 3oo 3oi 302 3o2 3o3 



TABLE II. — To find the time T; the sum of the radii r-j-r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 1,37 1,38 1,39 1,40 1,41 1,42 
C. Days |dif. Days |dif. Days |dif. Days | diP. Days dif. Days |dif. 

0,00 
0,01 

0,000 
0,340 T 

0,000 
0,34l 

0,00C 
0,343 

! 

I 
0,00C 
0,344 I 

0,000 
0,345 I 

0,000 
0,346 2 

0,0000 
0,000 I 

0,02 0,680 3 0,68 8 , 2 0,685 3 0,688 2 0,690 3 0,693 2 0,0004 
o,o3 1,021 3 1,024 : i 1,028 4 1,032 a i,o35 4 I ,o3c 4 o,ooog 
0,04 I,36l 5 i,36€ , i 1,371 5 1,376 5 1,381 4 1,385 5 0,001 C 

o,o5 1,701 6 1,707 t L7i3 6 1,719 7 1,726 6 1,732 0,0025 
0,06 2,041 8 2,04g -j 2,o56 7 2,063 

2,407 
8 2,071 7 2,078 7 o,oo36 

0,07 2,38i 9 2,390 c 2,399 8 £ 2,416 8 2,424 £ 0,0049 
0,08 2,721 10 2,731 IC 2,741 10 2,751 IC 2,761 10 2,771 9 0,0064 
0,09 3,061 12 3,073 II 3,08.1 11 3,og5 II 3,io6 I I 3,117 11 o,oc81 

0,10 3,4oi i3 3,4i4 12 3,426 12 3,438 i3 3,451 12 3,463 12 0,0100 
0,11 3,741 i4 3,755 i4 3,769 i3 3,782 14 3,796 i3 3,809 i3 0,0121 
0,12 
o,i3 

4,081 i5 4,096 i5 4,in i5 4,126 14 4,i4o i5 4,155 i5 0,0144 
4,421 16 4,437 4,453 16 4,46g l6 4,485 16 4,5oi 16 0,0169 

o,i4 4,761 17 4,77s 18 4,796 17 4,813 17 4,83o 17 4,847 17 0,0196 

o,i5 5,101 18 5,119 J9 5,i38 l8 5,i56 *9 5,175 18 5,ig3 18 0,0225 
0,16 5,44» 20 5,46o 20 5,48o 20 5,5oo 19 5,5ig 20 5,53g iQ 0,0256 
0,17 5,780 2 J 5,8oi 21 5,822 21 5,843 21 5,864 21 5,885 20 0,0289 
0,18 6,119 23 6,142 22 6,164 22 6,186 22 6,208 22 6,23o 22 o,o324 
0,19 6,45g 23 6,482 2 4 6,5o6 23 6,529 2 4 6,553 23 6,576 23 o,o36i 

0,20 6,798 25 6,823 25 6,848 24 6,872 25 6,897 25 6,922 2 4 o,o4oo 
0,21 7,137 27 7,164 26 7,190 25 7,215 26 7,241 26 7,267 26 o,o441 
0,22 7,477 27 7,604 27 7,53i 27 7,558 27 7,585 27 7,612 27 0,0484 
0,23 7,816 28 7,844 29 7,873 28 7,901 28 7,929 28 7,957 29 0,0529 
0,24 8,i55 29 8,184 3o 8,214 3o 8,244 29 8,273 3o 8,3o3 29 0,0576 

0,25 8,4g3 32 8,525 3i 8,556 3o 8,586 3i 8,617 3i 8,648 3o 0,0625 
0,26 8,832 32 8,864 33 8,897 32 8,929 32 8,961 32 8,gg3 32 0,0676 
0,27 9>!7i 33 9,204 34 9,238 33 9,271 33 g,3o4 34 9,338 33 0,0729 
0,28 9,509 35 9,544 35 9,579 34 9,613 35 9,648 34 9,682 35 0,0784 

i °>29 9,848 36 9,884 36 9,920 36 9,956 35 9>99! 36 10,027 35 0,0841 

o,3o 10,186 37 10,223 37 10,260 38 10,298 37 io,335 36 10,371 37 0,0900 
o,31 10,524 38 10,562 3q 10,601 38 10,639 39 10,678 38 10,716 38 0,0961 
0,32 10,862 4o 10,902 39 10,941 4o 10,981 4o 11,021 3g 11,060 39 0,1024 
o,33 11,200 4i I I,24l 4i 11,282 4i 1 i,323 4o 11,363 4i 11,4o4 4o 0,1089 
o,34 11,537 43 i i,58o 42 11,622 4 2 11,664 42 11,706 42 11,748 42 o,n56 

o,35 11,875 43 11,918 44 11,962 43 12,005 44 12,049 43 12,092 43 0,1225 
o,36 12,212 45 12,257 45 12,802 44 12,346 45 i2,3gi 44 12,435 44 0,1296 
0,37 12,549 46 i2,5g5 46 12,641 46 12,687 46 12,733 46 12,779 45 0,136g 
o,38 12,886 48 12,934 47 12,981 47 13,028 47 13,075 47 l3,I22 47 0,1444 
0,39 l3,223 49 13,272 48 i3,320 49 13,369 48 i3,4i7 48 13,465 48 0,1021 

o,4o i3,55g 5o 13,609 5o i3,65g 5o 13,709 5o i3,75g 49 13,8o8 49 0,1600 
0,41 13,896 5i 13,947 5i 13,998 5i i4,o4g 5i i4,ioo 5i i4,i5i 5o 0,1681 
0,42 14,232 53 i4,285 52 i4,337 52 i4,38g 52 i4,44i 52 i4,4q3 52 0,1764 

0,1849 o,43 i4,568 54 14,622 54 14,676 53 i4,729 54 14,783 53 i4,836 53 
0,44 14,904 55 14,959 55 i5,oi4 55 15,069 54 i5,i23 55 15,178 54 o,ig36 

o,45 15,23g 57 15,296 56 i5,352 56 15,4o8 56 15,464 56 i5,52o 55 0,2025 
o,5o 16,914 63 16,977 63 17,040 62 17,102 62 17,164 63 17,227 61 0,2000 
o,55 18,582 70 18,652 69 18,721 69 18,790 6q i8,85g 68 18,927 69 o,3o25 
0,60 20,243 76 20,319 76 2o,3g5 76 20,471 76 20,547 75 20,622 74 o,36oo 
o,65 21,897 83 21,980 83 22,003 82 22,145 82 22,227 82 22,3oQ 81 0,4225 
0,70 23,542 90 23,632 89 23,721 89 23,810 89 23,899 89 23,g88 88 o,4goo 

0,75 25,177 97 25,27 4 96 25,370 97 25,467 95 25,562 96 25,658 96 0,5625 
0,80 26,802 104 26,906 io3 27,009 io4 27,113 102 27,2l5 io3 27,318 102 o,64oo 
o,85 28,415 hi 28,526 III 28,637 111 28,748 109 28,857 10 28,967 109 0,7225 
0,90 3o,oi5 “9 3o,i34 118 3o,l52 118 30,370 117 30,487 17 3o,6o4 116 0,8100 
0,95 31,600 127 31,727 126 3i,853 126 31,979 125 32,io4 124 32,228 124 0,9025 
1,00 33,169 135 33,3o4 r 35 33,43g i33 33,572 133 33,705 i32 33,837 l32 1,0000 

,9385 ,9522 ,9661 ,9800 ,9941 1,0082 c2 

1 
5 * (r + r" )* or r* -f- r '* nearly. 

338 33g 34o 34i 342 343 344 345 346 347 

34 34 34j 34 34 34 34 35 35 35 1 
68 68 68 68 68 69 69 69 69 69 2 

101 102 102 102 io3 io3 io3 104 104 104 3 
i35 136 136 136 i3? ï37 i38 138 138 i3g 4 
169 170 170 171 171 172 172 173 173 174 5 
203 203 204 205 2o5 206 206 207 2 08 208 6 
237 237 238 239 23g 240 241 242 242 243 7 
270 271 272 273 274 274 275 276 277 278 8 
3o4 3o5 3o6 307 3o8 3og 3io 311 3i i 3l2 9 

I’rop. parts lor tho sum of the Radii. 

i|2|3|4|5|6|7|8|9 

I 0 0 O 0 1 1 1 1 I 
2 0 O I I I 1 i 2 2 
3 O 1 I I 2 2 2 2 3 
4 O 1 I 2 2 2 3 3 4 

5 I 1 2 2 3 3 4 4 5 
6 I 1 2 2 3 4 4 5 5 
7 I 1 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

IO I 2 3 4 5 6 7 8 9 
II I 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 IO 11 
i3 I 3 4 5 7 8 9 IO 12 
i4 I 3 4 6 7 8 IO 11 i3 

i5 2 3 5 6 8 9 II 12 i4 
16 2 3 5 6 8 IO 11 i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 
l9 2 4 6 8 IO I I i3 i5 17 

20 2 4 6 8 IO 12 i4 16 18 
21 2 4 6 8 11 i3 i5 17 T9 
22 2 4 7 9 11 i3 i5 iS 20 
23 2 5 7 9 12 i4 16 18 21 
2 4 2 5 7 IO 12 14 17 *9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 II 14 16 !9 22 2 4 
28 3 6 8 11 i4 17 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 !9 22 25 28 
32 3 6 IO l3 16 *9 22 26 29 
33 3 7 IO i3 17 20 23 26 3o 
34 3 7 IO i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 

37 4 7 11 i5 !9 22 26 3o 33 
38 4 8 11 i5 l9 23 27 3o 34 
39 4 8 12 l6 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 3g 

44 4 9 i3 l8 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 14 18 23 28 32 37 4i 
47 5 9 i4 l9 24 28 33 38 42 
48 5 IO i4 l9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 4~ 
53 5 I I 16 21 27 32 37 42 48 
54 5 I I 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 I I 17 22 28 34 39 45 5o 
57 6 11 17 23 29 34 4 0 46 5i 
58 6 12 17 23 2 9 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 !9 25 3i 37 43 5o 56 
63 6 i3 J9 25 32 38 44 5o 67 
64 6 i3 !9 

26 32 38 45 5i 58 

65 7 i3 20 26 33 
39 46 52 69 

66 7 i3 20 26 33 4o 46 53 69 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
69 7 i4 21 28 35 4i 48 55 Ô2 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 2 4 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
IOO [O 20 3o 4o 5o 60 70 80 QO 



TABLE II. — To find the time T\ the sum of the radii r-j- r"■> and the chord c being given. 

Sum of the Radii r -j- r". 
* 

Chord 
C. 

1,43 1,44 1,45 1,46 1,47 

00 

i—H 1,49 1,50 1,51 1,52 
Days | dif. Days |dir. Days |dif. Days |dif. Days (dif. Days (dif. 1 >ays | dif. Days (dif. Days Idif. Days, (dif. ! 

0,00 
0,01 

0,000 
0,348 I 

0,000 
0,34g I 

0,000 
o,35o I 

0,000 
o,35i 1 

0,000 
0,352 2 

0,000 
0,354 I 

0,000 
0,355 I 

0,000 
0,356 I 

0,000 
o,357 T 

0,000 
0,358 2 

0,0000 
0,0001 

0,02 
o,o3 

0,695 3 0,69b 2 0,700 2 0,702 
i,o54 

3 0,705 2 0,707 3 0,710 2 0,712 2 0,714 3 0,717 2 0,0004 
1,043 3 1,046 4 i,o5o 4 3 i,o57 4 I,o6l 3 1,064 4 1,068 4 1,072 3 1,07 5 4 0,0009 

0,0016 0,04 i ,3go 5 i,3g5 5 1,4oo 5 i,4o5 5 i,4io 4 i,4i4 5 1,419 5 1,424 5 1,429 4 i,433 5 

o,o5 1,738 6 i,7 44 6 1,75o 6 i,756 6 1,762 6 1,768 6 i,774 6 1,780 6 1,786 6 1,792 6 o,ooa5 
0,06 2,o85 8 2,oq3 7 2,100 

2,45o 
7 2,107 7 2,ll4 7 2,121 8 2,120 

2,483 
7 2,i36 

2,49a 
7 2,143 7 2,i5o 7 o,oo36 

0,07 2,433 8 2,441 9 8 2,458 9 2,467 8 2,475 8 9 8 2,5oo 8 2,5o8 8 o,oo4q 
0,08 2,780 10 2,790 IO 2,800 9 2,809 10 2,819 10 2,82g 9 2,838 

3,ig3 
10 2,848 9 2,857 9 2,866 10 0,0064 

0,09 3,128 I I 3,i3g I I 3,i5o 10 3,i6o 11 3,171 II 3,182 II 10 3,ao3 I I 3,214 1 I 3,225 10 0,0081 

0,10 3,475 12 3,487 12 3,499 12 3,5ri 12 3,5a3 12 3,535 12 3,547 12 3,55g 12 3,571 12 3.583 12 0,0100 
0,1 I 3,822 i4 3,836 i3 3,84g i3 3,862 14 3,876 i3 3,88g i3 3,902 i3 3,915 i3 3,928 i3 3,941 j3 0,0121 
0,12 
0,13 

4,170 i4 4,184 i5 4,i99 i4 4,2i3 i5 4,228 14 4,242 14 4,256 i5 4,271 14 4,285 i4 4,299 i4 0,0144 
4,5i7 16 4,533 16 4,549 i5 4,564 16 4,58o i5 4,595 16 4,6n i5 4,626 16 4,642 i5 4,657 i5 0,0 i6q 

0,14 4,864 17 4,881 17 4,898 17 4,gi5 17 4,g32 17 4,949 16 4,g65 17 4,982 17 4,999 16 5,oi 5 17 0,0196 

0,15 5,211 *9 5,23o l8 5,248 18 5,266 18 5,284 18 5,3o2 l8 5,320 18 5,338 17 5,355 18 5,373 18 0,0225 
0,16 5,558 20 5,578 19 5,597 20 5,617 19 5,636 19 5,655 19 5,674 19 5,693 19 5,712 J9 5,7.31 19 o,oa56 
0,17 5,go5 21 5,926 21 5,947 20 5,967 21 5,988 20 6,008 20 6,028 21 6,049 20 6,069 20 6,089 20 0,0289 
0,18 6,252 22 6,274 22 6,296 22 6,3i8 21 6,33g 22 6,361 21 6,382 22 6,404 21 6,425 22 6,447 21 o,o324 
0,19 6,599 23 6,62a 23 6,645 23 6,668 23 6,691 23 6,714 23 6,737 22 6,769 23 6,782 22 6,804 23 o,o36i 

0,20 6,g46 24 6,970 24 6,994 25 7,019 24 7,o43 24 7,067 24 7,091 23 7,h4 24 7,i38 24 7,162 23 o,o4oo 
0,21 7,293 25 7,3i8 26 7,344 25 7,36g 25 7,3g4 25 7,4i9 26 7,445- 25 7,470 25 7,4g5 24 7,5i9 25 o,o44i 
0,22 7,63g 27 7,666 27 7,693 26 7,7i9 27 7,746 26 7,772 26 7,798 27 7,825 26 7,851 26 7,877 26 0,0484 
0,23 7,986 28 8,oi4 28 8,042 27 8,06g 28 8,097 28 8,125 27 8,l52 28 8,180 

8,535 
27 8,207 27 8,234 27 o,o52g 

0,24 8,332 29 8,36i 29 8,3go 29 8,419 29 8,448 29 8,477 29 8,5o6 29 28 8,563 28 8,591 2S o,o576 

0,25 8,678 3i 8,709 3o 8,739 3o 8,769 3i 8,800 3o 8,83o 29 8,85g 3o 8,889 3o 8,919 3o 8,94g 29 0,0625 
0,26 g.025 3i g,o56 32 9,088 3i 9»ii9 32 g,i5i 3i 9,182 3i 9,213 3i 9,244 3i 9,275 3i g,3o6 3o 0,0676 
0,27 9,37ï 33 9,404 32 9,436 33 9,469 33 g,5o2 32 9,534 32 9,566 33 9,599 32 g,631 32 9,663 32 0,0729 
0,28 9.7*7 34 9,751 34 9,785 34 9>8ig 33 9,852 34 9,886 34 9,920 33 9,953 33 9,986 34 10,020 33 0,0784 
0,29 10,062 36 10,098 35 io,i33 35 10,168 35 10,203 35 io,238 35 10,273 34 io,3o7 35 10,342 34 io,376 35 0,0841 

o,3o 10,408 37 io,445 36 10,481 37 io,5i8 36 io,554 36 io,5go 36 10,626 36 10,662 35 10,697 36 10,733 35 0,0900 
o,31 10,754 38 10,792 3? 10,829 38 10,867 37 10,904 38 10,942 37 10,979 37 11,016 37 1 i,o53 

11,4o8 
3? 11,090 36 0,0961 

0,32 11,099 39 1 i,i38 39 11,177 39 11,216 39 ii,255 38 11,293 3q ii,332 38 ii,37o 38 38 11,446 38 0,1024 
o,33 n,444 4i 11,485 4o ii,525 4o n,565 

11,914 
4o 1 i,6o5 4o ii,645 39 11,684 4o 11,724 39 11,763 35 11,802 3g 0,1089 

o,34 xi,79° 4i 11,831 42 11,873 4i 4i ii,955 4i 11,996 4i I2,o37 4o 12,077 4i 12,118 4o i2,i58 4i o,n56 

o,35 i2,i35 42 12,177 43 12,220 43 12,263 42 i2,3o5 42 12,347 42 i2,38q 42 ia,43i 42 12,473 4i ia,5i4 42 0,1225 
o,36 12,479 44 12,523 44 12,567 44 12,611 44 12,655 43 12,698 43 12 tI 41 43 12,784 43 12,827 43 12,870 43 0,1296 
0,37 12,824 45 12,869 46 12,918 44 12,969 45 i3,oo4 45 13,o4g 44 13,093 45 i3,i38 

13,491 
44 i3,i82 44 l3,226 44 0,1369 

o,38 13,169 46 i3,2i5 47 l3,2Ô2 46 i3,3o8 46 i3,354 At i3,4oo 45 i3,445 46 45 i3,536 45 i3,58i 46 0,1444 
0,39 i3,5i3 48 i3,56i 47 13,6o8 48 i3,656 47 13,703 47 i3,75o 47 13,797 47 13,844 46 13,890 47 i3,937 46 0,1521 

o,4o 13,857 4q 13,906 49 i3,955 49 i4,oo4 48 i4,o52 4q i4,ioi 48 i4,i4g 48 i4,i97 48 i4,245 47 14,292 48 0,1600 
0,41 l4,20I 5i 14,202 5o i4,3oa 49 x4,35i 5o i4,4oi 5o i4,45i 4q i4,5oo 49 14,54g 49 14,5g8 4q 14,647 49 0,1681 
0,42 14,545 52 14,597 5i 14,648 5i 14,699 5i i4,75o 5i 14,801 5o i4,85i 5i 14,902 5o 14,952 5o 15.002 5o 0,1764 
o,43 14,889 52 14,941 53 i4,994 52 i5,o46 53 15,ogo 52 15,151 52 i5,2o3 

15,553 
51 i5,254 52 i5,3o6 5i 15,357 5i 0,1849 

o,44 l5,232 54 18,286 54 15,34o 54 15,394 53 15,447 53 i5,5oo 53 53 15,6o6 53 i5,65g 53 l5,712 52 o,ig36 

o,45 15,575 56 p5,63i 55 15,686 55 i5,74t 54 15,795 55 i5,85o 54 15,904 54 i5,g58 54 16,012 54 16,066 54 0,2025 
o,5o 17,288 62 i7,35o 61 17,411 62 17,473 61 17,534 60 17,594 61 17,655 60 17,716 60 17,775 60 17,835 60 o,a5oo 
o,55 18,996 68 19,064 67 ig,i3i 68 19.199 67 19,266 67 19,333 67 19,400 67 19,467 66 19,533 66 19,599 66 o,3o25 
0,60 20,696 75 20,771 74 20,845 74 20,919 74 20,993 73 21,066 73 2i,i3g 73 21,212 73 21,285 72 2i,357 72 o,36oo 
o,65 22,390 81 22,471 81 22,552 80 22,632 81 22,713 79 22,792 80 22,872 79 22,g5i 79 23,o3o 

24,768 
79 23,109 

24,853 
78 0,4225 

0,70 24,076 87 24,163 88 24,25l 87 24,338 87 24,425 86 24,5ll 86 24,597 86 24,683 85 85 85 o,4goo 

0,75 25,753 94 25,847 94 25,g4i 94 26,o35 93 26,128 93 26,221 
27,923 

93 26,3i4 92 26,406 92 26,498 92 26.5go 91 0,562.5 
0,80 27,420 IOI 27,521 IOI 27,622 IOI 27,723 IOO 27,823 IOO 99 28,022 99 28,121 99 28,220 98 28,318 98 o,64oo 
o,85 29,076 108 29,18/ IOC 29,293 107 29,400 107 29,507 107 29,614 106 29,720 .106 29,826 106 29,932 xo5 3o,o37 104 0,7226 
0,90 30,72c 116 3o,836 11É 3o,g52 114 31,066 n5 3i,i8i 113 31,29/ 11 / 3i,4o8 11 2 31,5 20 113 31,633 112 31,745 in 0,8100 
0,95 32,352 I2C 32,475 I2C 32,5g8 122 32,720 121 32,84i 121 32,962 121 33.o83 I2C 33,qo3 

34,873 
”9 33,322 nq 33,44i 110 0,9025 

1,00 33,96c 131 34,ioc i3c 34,23c i3o 34,36o 129 34,48g 128 34,617 12b 34,745 128 126 34,999 126 35,ia5 126 1,0000 

1,0225 1,0368 1,0513 1,0658 1,0805 | 1,0952 1,1101 1,1250 1,1401 1,1552 c2 
1 2 • ( r -J- r' )2 ir r2 4- r n a nearly. 

343 344 345 346 347 348 34g 35o 351 352 353 354 355 356 357 358 359 

1 34 34 35 35 35 35 35 35 35 35 35 35 36 36 36 36 36 r 
2 69 69 69 69 69 70 70 70 70 70 7i 7i 71 71 71 72 72 2 

3 io3 io3 104 104 io4 104 io5 io5 io5 106 106 106 107 107 107 107 108 3 
4 i37 i38 138 i38 i3g i3g i4o i4o i4o i4i i4i 142 142 142 i43 143 i44 4 
5 172 172 173 i73 174 174 175 175 176 176 177 177 178 178 179 179 180 5 
6 206 206 207 208 208 209 209 210 211 211 212 212 2l3 214 2l4 215 2l5 6' 

7 240 241 242 242 243 244 244 245 246 2 46 247 248 249 249 25o 25l 25r 7 
8 27 4 275 276 277 278 278 279 280 281 282 282 283 284 285 286 286 287 8 

9 309 3io 311 3ii 312 3i3 3i4 3i5 3i6 3i7 3i8 3ig 3ao 3ao 321 322 3a3 9-' 



TABLE II. — To find the time T; the sum of the radii r -)- r'1, and the chord c being given; 

Sum of the Radii r-\-r". 

Chord 1,53 1,54 1,55 1,56 1,57 1,58 
C. Days |dif. Days |dif. Days [dif. Days |dif. Days |dif. Days j dif. 

0,00 
0,01 

0,000 
o,36o i 

0,000 
0,36l I 

0,000 
0,302 I 

0,000 
0,363 I 

0,000 
o,364 I 

0,000 
0,365 2 

0,0000 
0,0001 

0,02 
o,o3 

0,719 2 0,721 3 0,724 2 0,726 2 0,728 3 0,731 2 0,0004 
1,079 3 1,082 4 1,086 3 1,089 4 1,093 3 1,096 4 0,0009 

0,04 i,438 5 1,443 4 1,447 5 1,452 5 1,457 4 1,461 5 0,0016 

o,o5 1,798 5 i,8o3 6 i,8og 6 i,8i5 6 1,821 6 1,827 5 0,0025 
0,06 2,157 7 2,164 7 2,171 7 2,178 7 2,x85 7 2,192 7 o,oo36 
0,07 2,5x6 9 2,525 8 2,533 8 2,541 8 2,549 8 2,557 8 0,0049 
0,08 2,876 9 2,885 IO 2,895 9 2,904 9 2,gx3 10 2,923 9 0,0064 
0,09 3,235 I J 3,246 10 3,256 I I 3,267 xo 3,277 ii 3,288 10 0,0081 

0,10 3,595 11 3,6o6 12 3,6i8 12 3,63o I I 3,641 12 3,653 12 0,0100 
0,1 X 3.954 i3 3,967 i3 3,980 i3 3,993 12 4,oo5 i3 4,018 i3 0,0121 
0,1 2 4,313 i4 4,327 14 4,34i 14 4,355 i4 4,36g 14 4,383 i4 0,0144 
o,i3 4,672 l6 4,688 i5 4,703 i5 4,718 i5 4,733 x5 4,748 i5 0,0169 
0,14 5,082 16 5,o48 16 5,o64 17 5,o8i 16 5,097 16 5,ii3 16 0,0196 

o,i5 5,3gi 17 5,4o8 18 5,426 17 5,443 18 5,46i 17 5,478 18 0,0225 
0,16 5,75o r9 5,769 18 5,787 19 5,8o6 19 5,825 l8 5,843 19 0,0256 
0,17 6,109 20 6,129 20 6,i4g 20 6,169 !9 6,188 20 6,208 20 0,0289 
0,18 6,46b 21 6,489 21 6,5io 21 6,531 21 6,552 21 6,573 21 o,o324 
0,19 6,827 22 6,849 22 6,871 22 6,8g3 23 6,916 22 6,g38 22 o,o36i 

0,20 7,ï85 2 4 7,209 23 7,232 24 7,256 23 7,279 23 7,3o2 23 o,o4oo 
0,21 7,544 25 7,56g 24 7,5g3 25 7,6x8 24 7,642 25 7,667 2 4 o,o44i 
0,22 7,9°3 26 7,929 25 7,954 26 7,980 26 8,006 25 8,o3i 26 0,0484 
0,23 8,261 27 8,288 

8^648 
27 8,315 27 8,342 27 8,36g 27 8,3g6 26 o,o52g 

0,24 8,620 28 28 8,676 28 8,704 28 8,732 28 8,760 28 0,0576 

0,25 8,978 3o 9,008 29 9,o37 29 9,066 29 9,095 29 9,124 29 0,062.5 
0,26 9,886 3i 9,367 3i 9,398 3o 9,428 3o 9,458 3o 9,488 3i 0,0676 
0,27 9,695 3i 9,726 32 9,758 3q 9,79° 3i 9,821 32 9,853 3i 0,0729 
0,28 io,o53 33 10,086 33 10,119 32 io,i5i 33 xo,)84 33 10,217 32 0,0784 
0,29 10,4i 1 34 10,445 34 10,479 34 io,5i3 34 10,547 33 io,58o 34 0,0841 

o,3o 10,768 36 10,804 35 10,839 35 10,874 35 10,909 35 10,944 35 0,0900 
o,3i X i,I26 

11,484 
3? 1 x,i63 36 n,i99 36 ii,2.35 37 11,272 36 ix,3o8 36 0,0961 

0,32 38 11,522 37 1 i,55g 38 11,597 37 11,634 37 11,671 37 0,1024 
o,33 11,841 39 11,880 39 11,919 39 ii,958 38 11,996 39 12,085 38 0,1089 
o,34 12,i99 4o 12,239 4o 12,279 4o X2,3i9 39 12,358 40 12,398 39 o,ii56 

o,35 12,556 4i 12,597 4i 12,638 4i 12,679 4i 12,720 4i 12,761 4i 0,1225 
o,36 12,913 42 i2,g55 43 12,998 42 i3,o4o 42 13,082 42 x3,xa4 42 0,1296 
0,37 13,270 44 i3,3i4 43 13,357 44 i3,4oi 43 13,444 43 13,487 43 0,136g 
o,38 13,627 44 13,671 45 13,716 45 13,761 44 i3,8o5 45 x3,85o 44 o,x444 
o,3g x3,g88 46 14,029 46 14,075 46 14,121 46 14,167 45 X4,2I2 46 0,l52I 

o,4o 14,34o 47 14,387 4? i4,434 47 i4,48t 47 i4,528 47 i4,575 46 0,1600 
0,41 14,696 49 i4,745 48 i4,793 48 i4,84i 48 14,889 48 14,987 48 0,1681 
0,42 i5,o52 5o l5,I02 

15,459 
49 i5,x5i 5o l5,20I 49 i5,25o 49 i5,2gg 49 0,1764 

o,43 i5,4o8 51 5x i5,5io 5o i5,56o 5i 1 5,6xi 5o 15,661 5o 0,1849 
o,44 15,764 52 x5,8i6 5 2 15,868 52 15,920 5i i5,97i 52 16,023 5i o,ig36 

o,45 16,120 53 16,173 
17,954 

53 16,226 53 16,279 53 i6,3.32 53 16,385 52 0,2025 
o,5o 17,895 5g 60 18,014 5q 18,073 58 i8,i3i 5q 18,190 5g 0,2000 
o,55 19,665 66 19,731 65 i9,796 65 19,861 65 19,926 65 i9’99T 64 o,3o25 
0,60 21,42g 72 2X,5oi 72 21,573 71 21,644 71 21,715 71 21,786 70 o,36oo 
o,65 23,187 78 23,265 78 23,343 78 23,421 77 23,4g8 77 23,575 77 0,4225 
0,70 24,g38 85 26,023 84 25,107 84 25,191 83 25,274 83 2.5,357 83 0,4900 

0,75 26,681 91 26,772 91 26,863 9° 26,953 9° 27,043 9° 27,i33 89 0,5625 
0,80 28,416 97 2.8,513 

3o,245 
97 28,610 97 28,707 97 28,804 96 28,goo 9-5 o,64oo 

o,85 3o,x4i 104 to4 80,349 io3 3o,452 io3 3o,555 io3 3o,658 102 0,7225 
0,90 31,856 T II 31,967 III 32,078 no 32,188 10Q 32,297 no 32,407 108 0,8100 
o,g5 33,56o 118 33,678 lI7 33,795 117 33,912 117 34,029 116 34,x45 ix5 0,9025 
1,00 35,25i 125 35,876 I 25 35,5ox 124 35,625 128 35,748 123 35,871 123 10,000 

1,1705 1,1858 1,2013 1,2168 1,2325 1,2482 c2 
*•(»■+ r" )2 or r2 -j- r"2 nearly. 

356 357 358 359 36o 361 362 363 364 365 366 

36 36 36 36 36 36 36 36 36 37 37 
7i 7i 72 72 72 72 72 73 73 73 73 107 

142 
107 
i43 

107 
l43 

xo8 

i44 
108 
i44 

108 
144 

109 
i45 

109 
i45 

iog 
146 

110 
146 

110 
146 

I78 r79 179 180 t8o 181 181 182. 182 x83 i83 
2l4 2l4 2l5 2l5 216 217 217 2x8 218 219 220 
249 25o 25l 25i 252 253 253 254 255 256 256 
285 
320 

286 
321 

286 
322 

287 
323 

288 
324 

289 
325 

2 9° 
326 

290 
327 

291 
828 

292 
329 

293 
329 

Prop, parts for the sum of the Radii. 

I | 2 I 3 I 4 I 5 I 6 I 7 I 8 I 9 

1 0 0 0 0 I X 1 T I 
2 0 0 I 1 1 1 1 2 2 
3 0 I I 1 2 2 2 2 3 

4 0 I I 2 2 2 3 3 4 

5 I .[ 2 2 3 3 4 4 5 
6 I X 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 .1 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 10 
I 2 I 2 4 5 6 7 8 IC 11 
i3 I 3 4 5 7 8 g IC 12 

14 I 3 4 6 7 8 xo I I x3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 x 1 i3 i4 
17 2 3 5 7 9 IO I 2 14 i5 
18 2 4 5 7 9 11 i3 i4 16 

*9 2 4 6 8 IO 11 i3 i5 17 

20 2 4 6 8 10 I 2 14 if 18 
21 2 4 6 8 I I i3 i5 17 O 
22 2 4 7 9 I I i3 x5 l8 20 
23 2 5 7 9 12 i4 16 18 21 
2 4 2 5 7 xo I 2 i4 17 19 22 

25 3 5 8 IO i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 11 i4 16 !9 22 24 
28 3 6 8 11 14 17 20 22 25 

29 3 6 9 I 2 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 2 4 27 
31 3 6 9 12 16 19 22 25 28 
32 3 6 10 i3 16 19 22 26 29 
33 3 7 IO i3 17 20 23 26 3o 
34 3 7 IO i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 l8 22 25 29 32 

37 4 7 11 i5 J9 22 26 3o 33 
38 4 8 11 i5 *9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 I 2 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 x3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 14 18 23 27 32 36 4i 
46 5 9 14 18 23 28 32 37 4i 
47 5 9 14 !9 24 28 33 38 42 
48 5 10 i4 :9 24 29 34 38 43 

4g 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5x 5 IO x5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 I I 16 21 27 32 37 42 48 

54 5 I 1 .16 22 27 32 38 43 49 

55 6 I I 17 22 28 33 3q 44 5o 
56 6 I I 17 22 28 34 39 45 5o 
57 6 I I 17 23 29 34 40 46 5i 
58 6 I 2 17 23 29 35 4i 46 52 

59 6 I 2 18 2 4 3o 35 4i 47 53 

60 6 I 2 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 !9 25 3i 37 43 5o 56 
63 6 i3 !9 25 32 38 44 5o 57 
64 6 i3 19 26 32 38 45 5x 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 n / i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4g 56 63 
80 8 16 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
100 10 20 3o( 4o 5c 6c 7OI 80 90 



TABLE II. — To find the time T; the sum of the radii r and the chord c being given. 

Sum of the lladii r-\~r '. 

Chord 1,59 1,60 1,61 1,62 1,63 1,64 1,65 1,66 1,67 1,68 
C. Kays |dif. Days |dit'. Days j>i 1 f. Days |dit'. Days |dif. j Days | d il'. Days |dit'. Days |dif. Days |dif. Days |dii'. 

0,00 

0,01 

0,000 
0,367 X 

0,000 
0,368 
0,735 

I 
0,000 
0,369 I 

0,000 
0,370 1 

0,000 
0,371 I 

0,000 
0,372 I 

0,000 
0,373 2 

0,000 
0,375 I 

0,000 
0,376 I 

0,000 
0,377 1 

0,0000 
0,0001 

0.02 0,733 2 3 0,738 3 0,740 2 0,742 2 0,744 3 0,747 2 0,749 2 °,75i 2 o,753 3 o,ooo4 
o,o3 1,100 3 i,io3 

L471 

3 1,106 4 1,110 3 1,113 4 1,117 
1,48g 

3 1,120 3 1,123 
1,498 

4 1,127 3 i,i3o 4 o.oooq 
0,04 1,466 5 4 i,475 5 1,480 4 i,484 5 4 i,4g3 5 4 I,502 5 i,5o7 4 0,0016 

o,o5 i,832 6 i,838 6 i,844 6 i,85o 5 i,855 6 I,86l 6 1,867 5 1,872 6 1,878 6 1,884 5 0,0025 
0,06 2,199 7 2,206 

2,573 
7 2,213 7 2,220 6 2,226 7 2,233 7 2,240 7 2,247 7 2,264 6 2,260 7 o,oo36 

0,07 2,565 8 8 2,58i 8 2,589 8 2,597 8 2,6o5 8 2,6i3 8 2,621 
2,995 

8 2,629 8 2,637 8 o,oo4g 
0,08 2,932 9 2,941 9 2,95o 9 2,959 9 2,968 10 2,97s 9 2,987 9 9 3,oo5 9 3,oi4 9 0,0064 
0,09 3,298 11 3,3og 10 3,319 10 3,329 10 3,339 II 3,35o 10 3,36o 10 3,370 10 3,38o 10 3,3go 10 0,0081 

0,10 3,665 II 3,676 12 3,688 11 3,699 11 3,710 12 3,722 II 3,733 II 3,744 12 3,756 I I 3,767 11 0,0100 
0,11 4,o3i 12 4,o43 i3 4,o56 i3 4,069 12 4,081 i3 4,og4 12 4,106 i3 4,119 12 4,i3i 12 4,i43 i3 0,012 1 
0,12 4,397 i4 4,4n i4 4,425 i3 4,438 i4 4,452 i4 4,466 i3 4,479 i4 4,4q3 i3 4,5o6 i4 4,520 i3 0,0144 
o,i3 4,763 i5 4,77s i5 4,79 s i5 4,808 i5 4,823 i5 4,838 i4 4,852 i5 4,867 i5 4,882 i4 4,896 i5 0,0169 
0,14 5,129 17 5,i46 16 5,162 16 5,178 16 5,194 16 5,210 16 5,226 i5 5,24i 16 5,257 16 5,273 16 0,0196 

o,i5 5,496 17 5,513 17 5,53o 17 5,547 17 5,564 17 5,58i 17 5,5g8 17 5,6i5 17 5,632 X7 5,6 4g 17 0,0225 
0,16 5,862 18 5,88o 19 5,899 18 5,917 18 5,935 l8 5,g53 18 5,971 19 5,99° 18 6,008 18 6,026 18 0,0256 
0,17 6,228 

6,594 
l9 6,247 20 6,267 19 6,286 20 6,3o6 19 6,325 19 6,344 20 6.364 X9 6,383 

6,758 
X9 6,402 J9 0,0289 

0,18 20 6,614 21 6,635 21 6,656 20 6,676 21 6,697 20 6,717 21 6,738 20 20 6,778 20 o,o324 
0,19 6,960 21 6,981 22 7,00 3 22 7,025 22 iMl 21 7,068 22 7,090 21 7,111 22 7,x33 21 7,i54 22 o,o36i 

0,20 7,325 23 7,348 23 7,37i 23 7,394 23 7,4i7 23 7,44o 23 7,463 22 7,485 23 7,5o8 22 7,53o 23 o,o4oo 
0,21 7,691 24 7,7f6 24 7,73g 25 7,764 24 7,788 23 7,811 24 7,835 24 7,85g 24 7,883 23 7,906 24 o,o441 
0,22 8,057 25 8,082 25 8,107 26 8,i33 25 8,i58 25 8,i83 25 8,208 25 8,233 25 8,258 24 8,282 25 0,0484 
0,23 8,422 27 8,449 26 8,475 27 8,5o2 26 8,528 26 8,554 26 8,58o 26 8,606 26 8,632 26 8,658 26 0,0529 
0,24 8,788 28 8,816 27 8,843 28 8,871 27 8,898 27 8,925 28 8,g53 27 8,980 27 9;°°7 27 g,°34 27 o,o576 

0,25 9,r53 29 9,182 29 9,211 29 9,240 28 9,268 29 9>297 28 9,325 28 9,353 29 9,382 28 9,4x0 28 0,0625 
0,26 9;5i9 3o 9,549 3o 9,579 29 9,608 3o g,638 3o 9,668 29 9,^97 3o 9,727 29 9;756 29 9,785 3o 0,0676 
0,27 9,884 3i 9,915 3i 9,946 3i 9>977 3i 10,008 3i 10,039 3o 10,069 3i IO;IOO 

10,473 
3i io,i3i 3o 10,161 3o 0,0729 

0,0784 0,28 10,249 32 10,281 33 io,314 32 io,346 32 10,378 32 10,410 32 10,442 3i 32 io,5o5 
10,879 

3i io,536 32 
0,2g 10,614 34 10,648 33 10,681 33 10,714 33 10,747 33 10,780 33 io,8i3 33 10,846 33 ■' • 

33 10,912 32 0,0841 

o,3o 10,979 35 11,014 34 11 ,o48 35 1 i,o83 34 11,117 34 1 i,i5i 34 11,185 34 11,219 34 ii,253 34 11,287 34 0,0900 
o,31 n,344 36 1 i,38o 35 1 i,4i5 36 11,451 35 11,486 36 11,522 35 11,557 35 11,592 35 11,627 35 11,662 35 0,0961 
0,32 11,708 37 11,745 37 11,782 37 11,819 37 11,856 36 11,892 37 11 ?929 36 ii,g65 36 12,001 36 I2,o37 36 0,1024 
o,33 12,073 38 12.111 38 12,149 38 12,187 38 12,225 38 12,263 37 12,300 38 12,338 37 i2,375 3? I 2,41 2 3? 0,1089 

o,34 12,437 4o 12,477 39 I2,5l6 39 12,555 39 x 2.594 39 12,633 39 12,672 38 12,710 39 12,749 38 12,787 38 0,1156 

o,35 12,802 4o 12,842 4i 12,883 4o 12,923 4o 12,963 40 i3,oo3 4o 13,043 4o i3,o83 
i3,455 

39 i3,i 22 4o i3,I02 39 0,1225 

o,36 i3.i66 42 13,208 4i 13,249 42 13,291 4i i3,332 4i i3,373 41 i3,4i4 4i 4i 13,496 4o i3,536 4i 0,1296 

0,37 i3.53o 43 i3,573 43 i3,6i6 42 13,658 43 i3;7oi 42 13,743 42 10,785 42 13,827 42 13,869 42 13,9x1 42 0,136g 

o,38 E 3,894 44 i3,g38 44 13,982 44 14,026 43 14,069 44 i4,i i3 43 i4,i56 43 14,199 43 14,242 43 i4,285 43 0,1444 

0,39 i4,258 45 i4,3o3 45 i4,348 45 14,398 45 i4,438 44 14,482 45 14,527 44 i4,57i 44 i4,6i5 45 14,660 44 0,1021 

o,4o 14.621 47 14,668 46 i4,7t4 46 14,760 46 14,806 46 i4,852 46 14,898 45 i4,943 45 14.988 46 i5,o34 45 0,1600 

0,41 14.985 47 i5,o32 48 15,o8o 47 16,127 47 i5,i74 47 15,221 47 15,268 47 i5,3i5 46 i5,36i 47 i5,4o8 46 0,1681 

0,42 15,348 49 15,397 48 i5,445 49 i5,4g4 48 15,542 48 i5,5go 48 15,638 48 15,686 48 i5,734 47 15,781 48 0,1764 

o,43 15,711 5o 15,761 5o 15,811 5o 15,86i 49 i5,gio 49 15,959 5o 16,009 4q i6,o58 48 16,106 49 i6,i55 49 o,i84g 

o,44 16,074 5i 16,125 5i 16,176 5i 16,227 5i 16,278 5o 16,328 5i 16,379 5o 16,429 5o 16,479 5o 16,529 49 0,1 g36 

o,45 16,437 52 16,489 53 16,542 52 16,594 5i i6,645 52 16,697 5i 16,748 52 16,800 5i i6,85i 5i 16,902 5i 0,2025 

o,5o 18,249 58 18,307 58 18,365 58 18,423 58 18,481 57 18,538 5? 18,595 58 18,653 57 18,710 56 18,766 57 0,2500 

o,55 2o,o55 65 20,120 64 20,184 63 20,247 64 20,3i 1 64 2o,375 63 20,438 63 20,501 
22,344 

63 20,564 62 20,626 63 o,3o25 

0,60 21,856 71 21,927 70 21,997 70 22,067 69 22,l36 70 22,206 69 22,275 69 69 22,4l3 68 22,481 69 o,36oo 

o,65 23,652 76 23,728 76 23,8o4 76 23,880 76 23,g56 76 24,o32 76 24,107 73 24,182 74 24,256 75 24,33i 74 0,4220 

0,70 2.5,44o 83 25,523 82 25,6o5 83 25,688 81 25,769 82 25,85i 81 25,g32 81 26,013 81 26,094 80 26,174 81 o,4goo 

0,75 27,222 89 27,311 88 27,399 8q 27,488 88 27,576 88 27,664 87 27,751 87 27,838 87 27,925 86 28,011 87 o,5625 

0,80 28,qq5 96 29,091 95 29,186 94 29,280 95 2g,375 94 29,469 93 29,562 94 29,656 93 29,749 92 29,841 93 0,0400 
0,7225 

o,85 30,760 102 30,862 101 30,963 101 31,064 IO I 3i,i65 IOO 3i,265 IOO 3i,365 IOO 31,465 99 31,564 99 31,663 99 
0,Q0 32,5i5 roq 32,624 io£ 32,732 107 32,83g 108 32,947 106 33,o53 107 33,i6o 106 33,266 

35,o57 
io5 33,37i 106 33,477 io5 0,8100 

0,03 34,260 115 34,375 n5 34,490 n4 34,6o4 n4 34,718 ix4 34,832 112 34,944 113 112 35,169 112 35,281 in 0,9025 

1,00 35,993 122 36,i 16 121 36,287 121 36,358 I 2 I 36,47g 120 36,5gg 120 36,719 119 36,838 119 36,g57 118 37,075 118 1,0000 

1,2641 1,2800 1 1,2961 1,3122 1,3285 1,3448 1,3613 1,3778 1,3945 1,4112 ca 

i w (r j r » or r~ -(- r " 2 nearly. 

363 364 365 366 367 368 36g 37o 37i 372 373 374 375 376 377 

36 36 37 37 37 37 37 37 37 37 37 37 38 38 38 

73 
ioq 
i45 

73 
ioq 
146 

73 
110 
i46 

73 
110 
146 

73 
110 
147 

74 
no 
i47 

74 
in 
148 

74 
in 
148 

74 
in 
148 

74 
11 2 
149 

75 
112 
149 

75 
112 
x5o 

75 
x i3 
i5o 

75 
ii3 
i5o 

75 
ii3 
i5i 

182 182 i83 i83 184 184 i85 i85 186 l86 187 187 188 188 189 

218 218 2 IQ 220 220 221 221 222 223 223 224 224 225 226 226 

254 255 256 256 257 258 258 259 260 2ÔO 261 262 203 263 264 

29° 
327 

291 
328 

292 
329 

293 
329 

294 
33o 

294 
331 

295 
332 

296 
333 

297 
334 

298 
335 

298 
336 

299 
337 

3oo 
338 

3oi 
338 

302 
339 



TABLE II. —To find the time T; the sum of the radii r-\-r ", and the chord c being given. 

iSum of the Radii »■ +1 // 

Chord 1,69 1,70 1,71 1,72 1,73 1,74 
C. Days |dif. Days |dit’. Days | d i 1”. Days 1 dil\ Days |dif. Days |dif. 

0,00 

0,01 

0,000 

0,378 I 
0,000 

0,379 I 
0,00c 

o,38c I 
0,00c 

0,381 1 
0,00c 

0,382 I 
0,00c 

0,383 ; 
0,0000 

0,0001 

0,02 0,756 2 0,758 2 0,76c 2 0,762 3 0,765 2 0,767 S 0,0004 

o,o3 i, r 34 3 i,i37 3 i,i4c à 1,144 3 1,147 3 i,i5c / o,ooog 

0,0 4 i,5ii 5 i,5i6 4 1,52c £ i,525 4 1,521, 5 1,534 l 0,0016 

o,o5 1,889 6 i,8g5 5 1,90c t 1,906 5 I,9H 6 L917 £ 0,0025 
0,06 2,267 7 2,274 6 2,280 7 2,287 7 2,294 6 2,3oC 

2,68^ 
7 o,oo36 

0,07 2,645 8 2,653 7 2,660 8 2,668 

3,o4g 

8 2,676 8 7 o,oo4g 

0,08 3,023 9 3,o32 8 3,o4o 9 9 3,0 58 c 3,067 Ç 0,0064 

0,09 3,4oo 10 3,4io 10 3,420 1C 3,43c 10 3,44c ic 3,45o IC 0,0081 

0,10 3,778 11 3,789 ii 3,8oo II 3,8i i 12 3,82: 1 I 3,83 4 I I 0,0100 

0,11 4,i 56 12 4,168 12 4,180 12 4,192 i3 4,2o5 12 4,217 12 0,012 1 

0,12 4,533 14 4,547 i3 4,56o i3 4,573 i4 4,587 i3 4,600 i3 0,0144 
o,i3 4,911 i4 4,925 i5 4,g4o i4 4,954 i5 4,969 i4 4,g83 i A 0,0169 

0,14 5,289 i5 5,3o4 16 5,320 i5 5,335 16 5,351 i5 5,366 it 0,0196 

o,i5 5,666 17 5,683 17 5,700 16 5,716 17 5,733 16 5,74g 17 0,0225 

0,16 6,044 17 6,061 18 6,079 18 6,097 18 6,115 

6,497 
17 6,i32 ifc 0,0256 

0,17 6,421 19 6,44o l9 6,45g 19 6,478 *9 18 6,5i5 if 0,0289 

0,18 6,798 20 6,818 20 6,838 20 6,858 20 6,878 20 6,898 2C o,o324 

0,19 7,176 21 7A97 21 7,218 21 7,239 21 7,260 21 7,281 21 o,o36i 

0,20 7,553 22 7,575 22 7,597 23 7,620 22 7,642 22 7,664 22 o,o4oo 

0,21 7,93° 23 7,953 24 7,977 23 8,000 23 8,023 

8,4o5 
24 8,047 23 o,o441 

0,22 8,807 25 8,332 24 8,356 25 8,381 24 24 8,429 25 0,0481 

0,23 8,684 26 8,710 25 8,735 26 8,761 26 8,787 25 8,812 25 o,o52g 

0,24 9,061 27 9,088 27 9,ii5 26 9,141 27 9,168 27 9,19s 26 0,0576 

0,25 9,438 28 9,466 28 9,494 28 9,522 27 9;54g 28 9,577 28 0,0625 

0,26 9,815 2Q 9,844 29 9,873 29 9,902 29 9:931 28 9,959 29 0,0676 

0,27 IOjgi 3i 10,222 3o 10,252 3o 10,282 3o IO,3l2 3o 10,342 29 0,0729 

0,0784 0,28 io,568 3i 10,599 32 io,63i 31 10,662 3i io,6g3 3i 10,72 4 3i 

0,29 10,944 33 10,977 32 11,009 33 11,042 32 11,074 32 11,106 3a 0,0841 

o,3o 11,321 33 11,354 34 11,388 33 11,421 34 ii,455 33 11,488 33 0,0900 

o,3i 11,697 35 11,732 35 11,767 34 11,801 35 11,836 34 11,870 34 0,0961 

0,32 12,073 36 12,109 

12,486 

36 i2,i45 36 12,181 35 12,216 36 12,262 35 0,1024 

o,33 12,449 87 37 12,523 37 i2,56o 37 12,597 36 12,633 
i3,oi5 

37 0,108g 

o,34 12,825 39 12,864 38 12,902 38 12,940 37 12,977 38 38 o,ii56 

o,35 13,201 4o i3,24i 39 13,280 39 i3,3rg 39 i3,358 39 13,397 38 0,1225 
o,36 13,577 4o 13,617 4i 13,658 4o 13,698 40 i3,738 4o 13,778 4o 0,1296 

0,37 i3,953 4i 13,994 42 i4,o36 4i 14,077 4i i4,118 4i i4,i5g 4i 0,136g 

o,38 i4,328 43 i4,37i 42 i4,4i3 43 i4,456 42 i4,4q8 42 i4,54o 42 0,1444 
0,39 14,704 43 i4,747 44 14,79! 44 14,835 43 14,878 43 14,921 44 0,1021 

o,4o 15,079 45 l5,I24 45 i5,i6g 44 i5,2i3 45 i5,258 44 i5,3o2 45 0,1600 

0,41 15,454 46 i5,5oo 46 15,546 46 i5,5g2 45 15,63 7 46 15,683 45 0,1681 

0,42 15,829 47 15,876 47 i5,g23 47 15,970 47 16,017 47 16,064 46 0,1764 
0,43 16,204 48 16,252 48 i6,3oo 48 16,348 48 16,396 48 i6,444 48 0,1849 

o,44 16,578 5o 16,628 49 16,677 49 16,726 5o 16,776 49 16,825 48 o,ig36 

o,45 i6,ç53 5i 17,004 5o 17,054 5o 17,104 5i i7,i55 5o 17,205 5o 0,2025 
o,5o 18,823 56 18,879 57 i8,g36 56 18,992 56 ig,o48 55 ig,io3 56 o,2.5oo 
o,55 20,689 

22,55o 

6q 20,751 62 20,813 62 20,875 62 20.937 61 20,998 61 o,3o25 
0,60 68 22,618 68 22,686 67 22,753 68 22,821 

24,700 
67 22,888 

24,773 
67 o,36oo 

o,65 24,4o5 74 24,479 74 24,553 73 24,626 74 73 73 0,4225 

0,70 26,255 80 26,335 79 26,414 80 26,494 79 26,573 79 20,652 78 0,4900 

0,75 28,098 86 28,184 85 28,269 86 28,355 85 28,440 85 28,525 84 0,5625 
0,80 29,934 Q2 30,026 91 3o, 117 92 3o,2og 9r 3o,3oo 91 3o,3gr Qi o,64oo 

o,85 31,762 98 31,860 98 3i,g58 98 32,o56 97 32,i53 97 32,260 96 0,7225 
0,90 33,582 104 33,686 104 33,7go ro4 33,894 to4 33,998 co3 34,ioi [02 0,8100 

0,95 35,392 I I I 35,5o3 I I 35,6i4 [0 35,724 109 35,833 no 35,943 rog 0,9026 
1,00 37,193 117 37,3io 117 37,427 [17 37,544 ri6 87,660 16 37,776 i5 1,0000 

1,4281 1,4450 1,4621 1,4792 1,49651 1,5133 c2 

1 (r + r" )2 0 r3 -f- r "2 noarly. 

374 375 376 377 378 379 38o 381 382 383 384 

I 37 38 38 38 38 38 38 38 38 38 38 I 
2 75 75 75 75 76 76 76 76 76 77 77 2 
3 112 n3 113 113 113 n4 ri4 n4 115 11-5 n5 3 
4 i5o i5o i5o i5i 151 l52 IÔ2 l52 153 i53 154 4 
5 187 188 188 189 189 190 190 191 191 192 192 5 
6 224 225 226 226 227 2 27 228 229 229 23o a3o 6 

7 262 263 260 264 265 205 266 267 267 268 269 7 
8 299 3oo 3oi 302 302 3o3 3o4 3o5 3o6 3o6 3 07 8 

9 337 338 338 339 340 341 342 343 344 345 346 9 

Prop, parts lor tlto sum of the Radii. 
i|2|3|4|5|6|7|8|9 

1 0 O O « I 1 I 1 1 
2 0 O I 1 I 1 1 2 2 
3 0 1 I 1 2 2 2 2 3 
4 0 I I 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 1 I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 10 
12 1 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 

i4 r 3 4 6 7 8 IO 11 i3 

i5 2 3 5 6 8 9 II 12 i4 
l6 2 3 5 6 8 IO II i3 i4 
17 2 3 5 7 9 IO 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 

19 2 4 6 8 IO 11 i3 i5 17 

20 2 4 6 8 IO 12 i4 16 18 
21 2 4 6 8 11 i3 i5 17 19 
22 2 4 7 9 II i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 IO 12 i4 17 19 22 

25 3 5 8 IO i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 11 14 16 19 22 24 
28 3 6 8 11 i4 17 20 22 25 

29 3 6 9 12 i5 17 20* 23 26 

3o 3 6 9 12 i5 18 21 2 4 27 
3i 3 6 9 12 16 19 22 25 28 
32 3 6 IO 13 16 19 22 26 29 
33 3 7 IO i3 17 20 23 26 3o 

34 3 7 IO i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 II i4 18 22 25 2Q 32 

87 4 7 II i5 19 22 26 3o 33 
38 4 8 II 15 19 23 27 3o 34 

89 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 2 4 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 2Q 34 38 
43 4 9 i3 17 22 26 3o 34 89 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 19 24 28 33 38 4 2 
48 5 IO i4 19 24 29 34 38 43 

49 5 IO i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
51 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 4? 
53 5 I I 16 21 27 32 37 42 48 
54 5 II 16 22 27 32 38 43 49 

55 6 II 17 22 28 33 39 44 5o 

56 6 I I 17 22 28 34 39 45 5o 

5? 6 I I 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 T 2 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 2 4 3i 87 43 4g 55 
62 6 12 19 25 3i 87 43 5o 56 
63 6 l3 19 25 32 38 44 5o 57 
64. 6 i3 19 26 32 38 45 5i 58 

65 7 i3 20 26 33 89 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 5o 
68 7 i4 20 27 84 4i 48 54 3i 
69 7 i4 21 28 35 4i 48 55 22 

70 7 i4 21 28 35 42 49 56 53 
80 8 16 2 4 32 4o 48 56 54 72- 
9° 9 l8 37 36 45 54 53 72 3i 

100 1 O 20 3o 4o 5o 5o 70 [ 80 

a8 



TABLE II. — To find the time T\ the sum of the radii r 4- r", and the chord c being given. 

Sum of the Radii r r". 

Chord 

C. 
1,75 1,76 1,77 1,78 1,79 1,80 1,81 1,82 1,83 1,84 

Days | dif. Days [dif. Days [dif. Days |dif. Days [dif. Days | dif. Days | dif. Days | dif. Days [dif. Days [dif. 

0,00 
0,01 

0,000 
0,385 i 

0,000 
0,386 1 

0,000 
0,387 i 

0,000 
0,388 I 

0,000 
0,38g I 

0,000 
0,390 I 

0,000 
0,3gi i 

0,000 
0,392 1 

0,000 
°,3g3 I 

0,000 
°,3g4 I 

3,0000 
3,0001 

0,02 0,769 2 0,771 2 0,773 3 0,776 2 0,778 2 0,780 2 0,782 2 0,784 2 0,786 3 0,789 2 3,0004 
o,o3 I,i54 3 i,i57 3 I,l6o 3 i,i63 4 1,167 3 1,170 

i,56o 
3 1,173 3 1,176 4 1,180 3 i,i83 3 3,0009 

0,04 1,538 4 1,542 5 1,54? 4 1,551 4 1,555 5 4 i,564 4 1,568 5 1,573 4 1,577 4 3,00l6 

o,o5 1,922 6 1,928 5 1,933 6 L939 5 L944 6 i,g5o 5 i,955 6 1,961 5 1,966 5 i,97i 
2,366 

6 3,0025 
0,06 2,807 7 2,3x4 

2,699 

6 2,320 7 2,827 6 2,333 7 2,34o 
2,730 

6 2,346 7 2,353 6 2,35g 7 6 3,oo36 
0,07 2,691 8 8 2,707 7 2,714 8 2,722 8 7 2,787 8 2,745 7 2,752 8 2,760 7 o,oo4g 
0,08 3,076 9 3,o85 8 3,093 9 3.102 9 3,hi 8 3,119 9 3,128 9 3,i37 8 3,i45 9 3.i54 8 0,0064 
0,09 3,46o 10 3,47° 10 3,480 10 3,490 10 3,5oo 9 3,509 10 3,5ig 10 3,529 9 3,538 10 3,548 10 0,0081 

0,10 3,845 11 3,856 10 3,866 11 3,877 11 3,888 11 3,899 11 3,910 11 3,921 II 3,g32 10 3,942 II 0,0100 
0,1 1 4,229 12 4,24i 12 4,253 12 4,2(35 12 4,277 12 4,289 12 4,3oi 12 4,313 12 4,325 11 4,336 12 0,0121 
0,12 4,613 i3 4,626 i4 4,64o i3 4,653 i3 4,666 i3 4,679 i3 4,692 i3 4,7°6 i3 4,718 12 4,73o i3 0,0144 
o,x 3 4,997 i5 5,012 i4 5,026 i4 5,o4o i4 5,o54 14 5,o68 i4 5,082 i5 5,097 i4 5,iii i3 5,124 i4 0,0169 
0,14 5,382 i5 5,397 i5 5,4i2 16 5,428 15 5,443 i5 5,458 i5 5,473 i5 5,488 i5 5,5o3 16 5,5i9 i4 0,0196 

0,15 5,766 16 5,782 17 5,799 16 5,815 16 5,831 17 5,848 16 5,864 16 5,88o 16 5,8q6 16 5,912 17 0,0225 
0,16 6,i5o 18 6,168 17 6,i85 18 6,2o3 17 6,220 17 6,237 18 6,255 17 6,272 17 6,289 17 6,3o6 18 0,0256 
0,17 6,534 19 6,553 18 6,571 19 6,590 18 6,608 19 6,627 18 6,645 19 6,664 18 6,682 18 6,700 18 0,0289 
0,18 6,9x8 20 6,g38 20 6,958 !9 6,977 20 6,997 19 7,016 20 7,o36 19 7,o55 20 7,075 19 7,094 19 0,o324 
°A9 7,3o2 21 7,323 21 7,344 21 7,365 20 7,385 21 7,406 20 7,426 21 7,447 20 7,467 21 7,488 20 o,o36i 

0,20 7,686 22 7,708 22 7,730 22 7,752 22 7,77 4 21 7,796 22 7,817 22 7,83g 21 7,860 22 7,882 21 o,o4oo 
0,21 8,070 23 8,093 23 8.116 23 8,i3q 23 8,162 23 8,i85 22 8,207 23 8,23o 23 8,253 22 8,275 23 o,o44i 
0,22 8,454 24 8,478 24 8,5o2 24 8,526 24 8,55o 24 8,574 24 8,598 23 8,62 T 24 8,645 24 8,669 23 0,0484 
0,23 8,837 26 8,863 25 8,888 25 8,qi3 25 8,q38 25 8,963 25 8,988 25 g,oi3 25 g,°38 24 9,062 25 0,0529 
0,24 9,221 26 9,247 27 9,274 26 9,3oo 26 9,326 26 9,352 26 9,378 26 g,4o4 26 9,43o 26 9,456 26 0,0576 

0,25 9,60 5 27 9,632 27 9,65g 28 9,687 27 9,7i4 27 9,74i 27 9>768 27 9,795 27 9,822 27 9,849 27 0,0625 
0,26 9,988 29 10,017 28 io,o45 29 10,074 28 10,102 28 io,i3o 28 io,i58 29 10,187 28 IO,2l5 28 10,243 27 0,0676 
0,27 10,371 3o 10,401 3o io,431 29 10,460 3o io,4qo 2Q 10,519 29 io,548 3o 10,578 29 10,607 29 io,636 29 0,0729 
0,28 10,755 3i 10,786 3o 10,816 3i 10,847 3o 10,877 3i 10,908 3o io,g38 3i 10,969 3o IO>999 3o 11,029 3o 0,0784 
0,29 ii,i38 32 11,170 32 11,202 3i ii,233 32 11,205 32 11,297 3i 11,328 32 11,36o 3i n,3gi 3i 11,422 3i 0,0841 

o,3o 11,521 33 n,554 33 11,587 33 11,620 33 n,653 32 n,685 33 11,718 32 11,75o 33 11,783 32 n,8i5 32 0,0900 
o,31 11,904 34 11,938 34 n,972 34 12,006 34 12,040 34 12,074 34 12,108 33 I2,l4l 34 12,175 33 12,208 33 0,0961 
0,32 12,287 35 12,322 35 12.357 36 i2,3q3 34 12,427 35 12,462 35 12,497 35 12,532 34 12,566 

i2,g58 
35 12,601 34 0,1024 

o,33 12,670 36 12,706 37 12,743 36 12,779 36 I2,8l5 36 i2,85i 
i3,23g 

36 12,887 35 12,922 36 35 12,993 36 0,1089 
o,34 i3,o53 37 l3,090 37 13,127 38 i3,i65 37 l3,202 37 37 13,276 37 i3,3i3 36 13,34g 37 i3,386 37 0,1156 

o,35 i3,435 39 13,474 38 i3,5i2 39 i3,55i 38 i3,589 39 13,627 38 13,665 38 13,703 38 13,741 38 i3,779 37 0,1225 
o,36 i3,8i8 39 i3,85>7 4o 13,897 4o 13,937 39 13,976 39 i4,oi5 39 i4,o5/| 39 14,093 39 i4,i32 3q 14,171 39 0,1296 
0,37 l4,200 4i 14,241 4i 14,282 4o 14,3 2 2 4i i4,363 4o i4,4o3 4o i4,443 4o i4,483 4o i4,523 4o i4,563 4o 0,1369 
o,38 l4,582 42 14,624 4a 14,666 42 i4,7°8 4i i4,749 42 i 4,79j 4i i4,832 4i 14,873 42 i4,gi5 4i i4,g56 4o 0,1444 
0,39 l4,965 43 15,oo8 43 i5,o5i 42 15,093 43 i5,i36 43 i5,i79 42 l5,22I 42 i5,263 43 i5,3o6 42 15,348 42 0,1021 

0,40 15,347 44 i5,3qi 44 15,435 44 15,479 43 l5,522 44 i5,566 44 i5,6io 43 15,653 43 15,696 44 15,74o 43 0,1600 

o,41 l5,728 46 15,774 45 
46 

i5,8iq 45 15,864 45 15,909 45 15,g54 44 15,998 45 i6,o43 44 16,087 44 i6,i3i 45 0,1681 
0,42 l6,II0 47 

47 
16,167 16,208 46 16,249 46 16,295 46 i6,34i 46 16,387 45 i6,432 46 16,478 45 i6,523 45 0,1764 

o,43 l6,492 16,539 48 16,587 47 
49 

i6,634 47 16,681 47 16,728 47 16,775 47 16,822 46 16,868 47 i6,gi5 46 0,1849 

o,44 16,873 49 16,922 48 16,970 17,019 48 17,067 48 I7,ii5 48 17,163 48 17,211 48 17,259 47 17,306 48 o,ig36 

o,45 17,255 4q I7,3o4 5c 17,354 5o i7,4o 4 49 17,453 4q 17,502 4q i7,55i 4g 17,600 4g 17,649 4g 
54 

17,698 48 0,2025 
o,5o I9,ï5c 55 19,21/ 

21,12C 
23,022 

56 iQ,27c 55 19,328 55 19,38c 55 19,435 5/ ig,48g 55 19,544 54 19,598 ig,652 54 0,2000 

o,55 2I,o5c 61 61 21,181 61 21,24; 61 2i,3o5 6c 21,363 6c 21,423 60 21,483 60 21,543 60 2i,6o3 5g o,3o25 
0,60 22.955 67 66 23,088 67 23,i58 66 23,221 66 23,287 66 23,353 66 23,4ic 65 23,48/ 65 23,54g 65 o,36oo 
o,65 24,845 72 24,9l8 75 24,991 72 25,o68 7s 25,i35 73 25,206 72 25,278 71 25,34c 71 25,42c 71 25,491 71 0,4225 
0,70 26,73c 7Ç 26,80C 7^ 26,88^ 78 26,968 78 27,04c T 27,12c 78 27,198 77 27,278 7f 27,351 77 27,428 76 o,4goo 

0,75 28,60c ) 85 28,692 8, i 28,778 8/ 28,86: 
3o,75] 

88 28,945 85 29,028 83 29,111 88 29,19/ 85 29,275 8: 29,35c 82 o,5625 
0,80 30,48: 9C 1 3o,57; 9( 1 3o,66; 8c 9C 3o,84i 8c 3o,g3c 8c 3i,oic 8c 3i,io{ 88 31,198 88 31,28/ 88 o,64oo 

o,85 32,345 5 9' 7 32,445 9< 3 32,53c 9J 32,63/ i 9^ 32,73c 5 9' 32,82.:' 9' 32.92c 9Z 33,oi/ 9L 33,io8 9Z 33,2o; 9Z 0,7225 

0,90 34,20 3 10. 3 34,3of 10 2 34,4o8 10; 34,5k 1 IO] 34,6i 10 34,71: IO] 34,8i3 IOC 34,91. 101 35,oi/ 96 
1 of 

35,nc IOC 0,8100 

0,95 36,o5 2 ioî 3 36,i6c 1 I0< ■) 36,26c ) 108 3 36,37' 7 10' 36,48/ { 10" 7 36,5gi IOr 36,698 10- 36,8of ICjf 36,g i] 37,oi' 10 0,9025 

1,00 37,89 11 5 38,oof 3 11 5 38,12 11. 3 38,235[ii. 3 38,345 11/ \ 38,46: II. 38,57: 11. 38,688 11; 38,8oc )[n: 38,gi: >ii] 1,0000 

1,5313 1,5488 1,5665 1,5842 1,6021 1,6200 1,6381 1,6562 1,6745 1,6928 C2 

1 2 • (r + r // ^2 or r2 -f- c"2 nearly. 

381 382 383 384 385 386 387 388 38g 3go 3g 1 392 898 3g4 3g5 

1 38 38 38 38 39 ^9 39 39 39 39 39 39 39 89 4o 1 
2 76 76 77 77 77 77 77 78 78 78 78 78 79 79 79 2 
3 ii4 n5 115 115 116 116 n6 116 117 117 117 118 118 118 IT9 3 
4 l52 153 153 154 154 154 i55 155 156 156 156 157 157 158 i58 4 
5 I91 192 192 ig3 ig3 ig4 194 ig5 ig5 196 196 197 197 198 5 
6 229 22g 23o 23o 23l 232 232 233 233 234 235 235 236 236 237 6 

7 267 267 268 269 270 27O 271 272 272 273 274 274 275 276 277 7 
8 3o5 3o6 3o6 307 3o8 3 09 3io 3io 3n 3l2 3i3 3i4 3i4 3i5 3i6 8 

9 343 344 345 346 347 347 348 349 35o 35i 352 353 354 355 356 9 



TABLE II.— To find the time T\ the sum of the radii r -j— 7*and the chord c being given. 

Prop, parts fc 

I | 2 | 3 
r the sum of the Radii. 

4 1 5 | 6 | 7 | 8 | 9 

I 0 c 0 0 1 I 1 1 1 
2 0 c I I I I 1 2 
3 0 I X I 2 2 2 3 
4 0 I 1 2 2 2 3 4 

5 I I 2 2 3 3 4 i 5 
6 1 I 2 2 3 4 5 
7 I I 2 3 4 4 £ i 6 
8 X 2 3 4 5 t ( 7 
9 I 3 4 £ £ f 7 8 

10 X 2 3 4 £ t 7 8 9 
11 I 2 3 4 e 7 8 c 10 
12 I 2 4 5 t 7 8 IC > 11 
i3 I 3 4 5 7 8 c 11 12 

i4 I 3 4 6 7 8 IC 1 i3 

15 2 2 5 6 8 s ii 1: i4 
16 2 3 5 6 8 10 1 18 i4 
17 2 3 5 7 c IO 12 14 i5 
18 2 4 5 7 9 ii i3 i4 16 

i9 2 4 6 8 IC 11 I c i£ 17 

20 2 4 6 8 IC 12 i4 it l8 

21 2 4 6 8 11 i3 i5 17 19 
22 2 4 7 9 11 i3 i5 l8 20 

23 2 5 7 9 12 i4 l6 18 21 
24 2 5 7 IO 12 i4 17 19 22 

25 3 5 8 IO i3 i5 18 20 23 
26 3 5 8 IO i3 16 l8 21 23 
27 3 5 8 11 i4 16 19 22 24 
28 3 6 8 11 i4 17 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 2 4 27 

3i 3 6 9 12 16 19 22 25 28 
32 3 6 10 i3 16 19 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 

34 3 7 IO i4 17 20 24 27 31 

35 4 7 I I 14 18 21 25 28 32 
36 4 7 1 I 14 18 22 25 2Q 32 
37 4 7 11 i5 19 22 26 3o 33 
38 4 8 11 i5 19 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 r3 18 22 26 31 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 

47 5 9 14 19 24 28 33 38 42 

48 5 xo i4 J9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 IO i5 20 25 3o 35 4o 45 
5i 5 IO i5 20 26 3i 36 4i 46 
52 5 IO 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 
54 5 X I l6 22 27 32 38 43 49 

55 6 11 17 22 28 33 3q 44 5o 

56 6 II 17 22 28 34 39 45 5o 

57 6 11 17 23 29 34 4o 46 5i 

58 (> 12 17 23 39 35 4i 46 52 
59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 l3 19 25 32 38 44 5o 57 
64 6 i3 z9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 x4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 2 4 32 4o 48 56 64 72 

90 9 18 27 36 45 54 63 72 81 

IOO 0 20 3o 4° 50: 6o| 70I 80I 90 

Sum of the Radii 

Chord 1,85 1,86 1,87 

0
0

 
C

O
 

r—
1 1,89 1,90 

C. Days |dif. Days |dif. Days |dif. Days [dif. Days |dif. Days j dif. 
0,00 

0,01 

0,000 

o,3g5 I 

0,000 

o,3gG i 

0,000 

0,397 2 

0,000 

0,3gg 1 

0,000 

o,4oo I 

0,000 

0,401 I 

0,0000 

0,0001 

0,02 0,791 

1,186 

2 o,793 2 0,795 2 0,797 2 0,799 2 0,801 2 0,0004 

o,o3 3 1,18g 3 1,192 4 1,196 3 1,199 3 1,202 3 0,0009 

0,04 i,58i 5 i,586 4 l,5go 4 i,5g4 4 i,5g8 5 i,6o3 4 0,0016 

o,o5 i=977 5 1,982 5 I,937 6 
i,993 5 1,998 5 2,003 5 0,0025 

0,06 2,872 6 2,378 7 2,385 6 2,3gi 6 2,397 7 2,404 6 o,oo36 
0,07 2,767 8 2,775 7 2,782 8 2,790 7 2,797 7 2,80^ 8 o,oo4g 

0,08 3,162 9 3,171 

3,567 
9 3,i8o 8 3,i88 9 3,197 8 3,2o5 8 0,0064 

°j°9 3,558 9 10 3,577 9 3,586 10 3,596 10 3,606 9 0,0081 

0,10 3,g53 11 3,964 10 3,974 11 3,g85 10 3,995 11 4,006 

4,407 

II 0,0100 

0,11 4,348 12 4,36o 12 4,372 11 4,383 12 4,395 12 11 0,0121 

0,12 4=743 i3 4,756 i3 4,769 i3 4,782 12 4,794 IC 4,807 i3 0,0144 
o,i3 5,i38 i4 5,i52 i4 5,i66 i4 5,i8o i4 5,ig4 i3 5,207 i4 0,0169 

o,i 4. 5,533 15 5,548 i5 5,563 i5 5,578 i5 5,5g3 i5 5,608 i5 0,0196 

0,15 5,929 16 5,945 16 5,961 i5 5,976 16 5,992 16 6,008 16 0,0225 
0,16 6,324 17 6,341 17 6,358 17 6,375 17 6,392 17 6,409 16 0,0256 
0,17 6,718 19 6,737 18 6,755 18 6,773 18 6,791 18 6,809 18 0,0289 

0,18 7,h3 20 7,i33 *9 7,i52 x9 7A7I 19 7,190 
19 

7,209 :9 o,o324 
0,19 7,5o8 21 7,629 20 7,549 20 7,56g 20 7,58g 20 7,609 20 o,o36i 

0,20 7,9°3 21 7,924 22 7,946 21 7,967 21 7,988 21 8,009 21 o,o4oo 

0,21 8,298 22 8,320 23 8,343 22 8,365 22 8,387 22 8,409 23 o,o441 
0,22 8,692 2 4 8,716 23 8,739 24 8,763 23 8,786 23 8,809 24 0,0484 

0,23 9,087 25 9,112 

9,5o7 

24 9,136 25 9,!6i 2 4 9>i85 24 9,209 25 o,o52g 

0,24 9,482 25 26 9,533 25 9,558 26 9,584 25 9,609 26 0,0576 

0,25 9,876 27 9>9°3 26 9,929 27 9,956 27 9,983 26 10,009 26 0,0625 

0,26 10,270 28 10,298 28 10,326 28 io,354 27 io,38i 28 10,409 27 0,0676 

0,27 io,665 29 10,694 28 10,722 29 10,751 
29 10,780 28 T 0,808 29 0,0729 

0,28 iijo59 3o 11,08g 3o 11,119 

ii,5i5 
3o n,i4g 29 11,178 3o 11,208 3o 0,0784 

0,29 11,453 3i n,484 3i 3i 11,546 3i 11,577 3i 11,608 3o 0,0841 

o,3o 11,847 32 11,879 32 11,911 32 11,943 32 11,975 32 12,007 32 o,ogoo 

o,3i 12,241 33 12,274 34 i2,3o8 33 12,341 32 12,373 33 12,406 33 0,0961 

0,32 12,635 34 12,669 35 12,704 34 12,738 34 12,772 34 12,806 33 0,1024 

o,33 i3,02g 35 13,o64 36 i3,ioo 35 i3,i35 35 13,170 35 i3,2o5 35 0,1089 

0,1156 o,34 i3,423 36 i3,459 36 i3,4g5 87 i3,532 36 13,568 36 13,604 36 

o,35 i3,8i6 38 13,854 87 i3,8gi 37 13,928 38 13,966 37 i4,oo3 37 0,1225 

o,36 l4,2I0 38 14,248 3q 14,287 38 i4,325 38 i4,363 39 i4,4o2 38 0,1296 

0,37 i4,6o3 4o i4,643 39 14,682 4o i4,722 39 14,761 39 i4,8oo 4o 0,136g 

o,38 14,996 4i 15,037 4i 15,078 4o i5,ii8 4i i5,i5g 4o 15,199 4o 0,1444 
0,39 i5,3go 4i 15,431 42 15,473 42 i5,5i5 4i 15,556 42 i5,5g8 4i 0,1021 

o,4o i5,783 43 15,826 42 15,868 43 i5,gn 43 15,954 42 15,gg6 43 0,1600 

o,4i 16,176 44 16,220 43 16,263 44 16,307 44 i6,35i 43 i6,3q4 44 0,1681 

0,42 16,568 45 i6,6i3 45 16,658 
i7,o53 

45 16,703 45 16,748 45 16,793 44 0,1764 
o,43 16,961 46 17,007 46 46 17,099 46 I7,i45 46 17,191 45 0,1849 

o,44 17,354 47 i7,4oi 47 17,448 47 17,495 47 17,542 47 17,589 46 o,ig36 

o,45 17,746 48 17,794 4q 17,843 48 17,891 48 17,939 48 17,987 47 0,2025 
o,5o 19,706 54 19,760 54 19,814 53 19,867 54 19,921 53 19,974 53 0,2000 

o,55 21,662 60 21,722 5q 21,781 5q 21,840 59 21,899 59 2i,g58 58 o,3o25 
0,60 23,6i4 65 23,679 65 23,744 65 23,809 64 23,873 64 23,937 64 o,36oo 

o,65 25,562 70 25,632 71 25,703 70 25,773 70 25,843 69 25,912 70 0,4225 

0,70 27,5o 4 76 27,580 76 27,656 76 27,732 75 27,807 76 27,883 75 o,4goo 

0,75 29,441 82 29,523 8l 29,604 82 29,686 81 29,767 81 29,848 80 0,5625 
0,80 31,372 87 3i,45q 88 31,547 86 31,633 87 31,720 87 31,807 86 o,64oo 
o,85 33,296 98 33,38q 93 33,482 93 33,575 92 33,667 93 33,760 92 0,7225 
0,90 35,2i3 99 35,3i2 qq 35,4n 99 35,5io 

37,437 
98 35,6o8 98 35,706 98 0,8100 

°,g5 37,122 iob 37,227 io5 37,332 io5 104 37,54i 104 37,645 io3 0,9025 
1,00 3g,023 hi 3g,i34 III 39,245 in 3g,356 no 39,466 no 39,576 109 I ,0000 

1,7113 1,7298 1 1,7485 1,7672 1,7861 1,8050 C2 

h . ( r -J- r " ) 2 or j-2 -f- r " 2 near]}'. 

1 

2 

3 
4 
5 
6 
7 
8 

392 

39 
78 

118 
157 

196 
235 
274 
3i4 
353 

3g3 3g4 395 3g6 397 398 399 4oo 4oi 

39 39 4o 4o 4o 4o 4o 4o 4o 1 
79 79 79 79 79 80 80 80 80 2 

118 118 119 119 119 119 120 120 120 3 
157 158 i58 158 15g 159 160 160 160 4 
197 197 198 198 199 199 200 200 201 5 
236 236 237 238 238 239 239 240 241 6 
275 276 277 277 278 279 279 280 281 7 
3i4 3i5 3i6 3i7 3i8 3i8 3ig 320 321 8 
354 355 356 356 357 358 35g 36o 36i 9 



ei co 'st'O
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TABLE II.—'To find the time T\ the sum of the radii r and the chord c being given. 

Sura of the Radii r -j- r 

Chord 1,91 1,92 1,93 1,94 1,95 1,96 1,97 1,98 1,99 2,00 

C. Days |dif. Day3 |dif. Days |dif. Davs |.lit". Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,402 I 

0,000 
o,4o3 I 

0,000 
o,4o4 I 

0,000 
o,4o5 i 

0,000 
o;4o6 1 

0,000 
0,407 I 

0,000 
0,408 I 

0,000 
0,409 I O

 
O

 

w 
c

 
0 

0 

1 
0,000 
0,411 I 

0,0000 
0,0001 

0.02 o,8o3 2 o,8o5 3 0,808 2 0,810 2 0,812 2 0,814 2 0,8l6 2 0,818 2 0,820 2 0,822 2 0,0004 
o,o3 r,2o5 3 1,208 3 1,211 4 I,2l5 3 1,218 3 1,221 3 1,224 3 1,227 3 I,23o 3 i,233 3 0,0009 

0,04 1,607 4 i,6x 1 4 i,6i5 4 1,619 5 1,624 4 1,628 4 i,632 4 1,636 4 i,64o 4 i,644 4 0,0016 

o,o5 2,008 6 2,014 5 2,019 5 2,024 5 2,029 6 2,o35 
2,441 

5 2,040 5 2,o45 5 2,o5o 5 2,o55 5 0,0025 
0,06 2,410 6 2,416 7 2,423 6 2,429 6 2,435 6 7 2,448 6 2,454 6 2,460 6 2,466 6 o,oo36 
0,07 2,812 7 2,819 7 2,826 8 2,834 7 2,841 7 2,848 8 2,856 7 2,863 7 2,870 7 2,877 7 o,oo4g 

0,08 3,2i3 9 3,222 
3,624 

8 3,23o 
3,63 4 

9 3,239 8 3,247 8 3,255 8 3,263 9 3,272 8 3,280 
3,690 

8 3,288 8 0,0064 

0,09 3,6i5 9 10 9 3,643 10 3,653 9 3,662 9 3,671 10 3,68i 9 9 3,699 9 0,0081 

0,10 4,017 xo 4,027 11 4,o38 10 4,048 10 4,o58 I I 4,069 10 4,079 I I 4.090 10 4,ioo 10 4,110 10 0,0100 

0,11 4,4i8 12 4,43o II 4,441 12 4,453 I 1 4,464 12 4,476 11 4,487 11 4,498 12 4,5io I I 4,52i I I 0,0121 

0,12 4,820 12 4,832 i3 4,845 12 4,857 i3 4,870 12 4,882 i3 4,895 12 4,907 i3 4,920 12 4,932 12 0,0144 
o,i3 5,221 i4 5,235 i3 5,248 14 5,262 x4 5,276 i3 5,289 i4 5,3o3 i3 5,316 i3 5,329 i4 5,343 i3 0,0169 

o,i4 5,623 i4 5,637 i5 5,652 i5 5,667 i4 5,68i i5 5,696 i4 5,710 i5 5,725 i4 5,739 i5 5,754 i4 0,0196 

o,i5 6,024 16 6,o4o i5 6,o55 16 6,071 16 6,087 i5 6,102 16 6,118 i5 6,133 16 6,149 i5 6,164 16 0,0225 

0,16 6,425 17 6,442 17 6,45g 17 6,476 16 6,492 17 6,5og 17 6,526 16 6,542 17 6,559 16 6,575 17 0,0256 

0,17 6.827 18 6,845 17 6,862 
7,266 

18 6,880 18 6,898 18 6,916 17 6,g33 18 6,g5i 17 6,968 18 6,986 17 0,0289 

0,18 7,228 19 7,247 19 19 7,285 18 7,3o3 19 7,322 19 7,34i l8 7,35g *9 7,378 19 7,397 18 o,o324 

0,19 7;629 20 7,649 20 7,669 20 7,689 20 7,709 20 7,729 19 7,748 20 7,768 20 7,788 X9 7,807 20 o,o36i 

0,20 8,o3o 21 8,o5x 21 8,072 21 8,oq3 21 8,n4 21 8,i35 21 8,i56 20 8,176 21 8,197 
8,607 

21 8,218 20 o,o4oo 

0,21 8,432 22 8,454 22 8,476 22 8,498 22 8,520 21 8,541 22 8,563 22 8,585 22 21 8,628 22 0,0441 

0,22 8,833 23 8,856 
9,258 

23 8,879 23 8,902 23 8x)25 23 8,g48 23 8,97i 22 8,993 23 9,016 23 9,°39 22 0,0484 

0,23 9,234 24 24 9,282 24 9,3°6 24 g,33o 24 9,354 24 9,378 24 9,402 23 9,425 24 9,449 24 0,0529 

0,24 9,635 25 9,660 25 9,685 25 9,710 25 9,735 25 9,760 25 9,785 25 9,810 25 9,835 24 9,859 25 0,0576 

0,25 io,o35 27 10,062 26 10,088 26 io,n4 26 xo,i4o 26 10,166 26 10,192 26 10,218 26 10,244 26 10,270 25 0,0625 

0,26 io,436 28 10,464 27 10,491 27 io,5i8 27 io,545 27 10,572 
10,978 

27 10,599 27 10,626 27 io,653 27 10,680 27 0,0676 

0,27 10,837 28 io,865 29 io,8q4 28 10,922 28 10,950 28 28 11,006 28 11 ,o34 28 11,062 28 11 ,090 28 0,0729 

0,28 1 i,238 29 11,267 29 11,2qô 3o 11,326 29 11,355 29 11,384 29 11,4i 3 29 11,442 29 11,471 29 11,5oo 29 0,0784 

0,29 11,638 3i 11,669 3o 11,699 3i 11,730 3o 11,760 3o ii,79° 3o 11,820 3o n,85o 3o IT ,880 3o 11,910 3o 0,0841 

o,3o 12 ,o3q 3i 12,070 32 12,102 3i i2,i33 32 I2.i65 3i 12,196 3i 12,227 3i 12,258 31 12,289 3i 12,320 3i o,ogoo 

o,3i i2,43q 33 12,472 32 i2,5o4 33 12,537 32 12,569 33 12,602 
13,007 

32 12,634 32 12,666 32 12,698 32 12,730 32 0,0961 

0,32 i2,83q 34 12,873 34 12,907 33 i2.q4o 34 12,974 33 33 i3,o4o 34 13,074 33 13,107 33 i3,i4o 33 0,1024 

o,33 13,24o 34 13,274 35 x3,3og 35 i3,344 34 13,378 35 i3,4i3 34 i3,447 34 13,48i 34 i3,5i5 34 13,54g 34 0,1089 
0,1156 

o,34 i3,64o 36 13,676 35 i3,7ii 36 13,747 36 13,783 35 i3,8i8 35 i3,853 36 13,889 35 13,924 35 13,959 35 

o,35 i4,o4o 37 14,077 37 i4,i 14 36 i4-i5o 37 14,187 36 l4,22.3 37 14,260 36 14,296 36 i4,332 37 14,369 36 0,1225 

o,36 i4,44o 38 14,478 38 x4,5i6 37 i4,553 38 14,591 38 14,629 37 14,666 38 i4,7o4 37 14,741 37 14,778 37 0,1296 

0,37 i4,84o 39 14,879 39 14,918 38 i4,956 39 i4,995 39 i5,o34 38 15,072 39 t5,i i 1 38 i5,i4o 38 15,187 38 0,136g 

o,38 15,23g 4o 15,279 4o i5,3xg 4o 15,35g 4o 15,399 4o i5,439 39 15,478 4o i5,5i8 39 i5,557 4o 15,597 39 0,1444 

o,3g x5,639 4i 15,68o 4i 15,721 4i 16,762 4x i5,8o3 4i 15,844 4o 15,884 4t 15,925 4o i5,g65 4i 16,006 4o 0,l52I 

o,4o 16,039 42 16,081 4a 16,123 42 i6,i65 42 16,207 42 16,249 4i 16,290 4 2 i6,332 4i 16,373 42 i6,4i5 4i 0,1600 

o,4i 16,438 43 16,481 43 16,524 43 16,567 43 16,610 43 16,653 43 16,696 43 16,739 42 16,781 43 16,824 42 0,1681 

0,42 16.837 45 16,882 44 16,926 44 16,970 44 i7,°i4 44 i7,o58 44 17,102 
17,507 

43 i7,i45 44 17,189 43 17,232 44 0,176 4 

o,43 17,236 46 17,282 45 17,327 45 17,372 45 i7,4i7 45 17,462 45 45 17,552 45 17,597 44 17,641 45 o,i84g 

o,44 17,635 47 17,682 46 17,728 47 x 7,775 46 17,821 46 17,867 46 17,9l3 46 17,959 45 18,004 46 i8,o5o 45 0,I930 

o,45 i8,o34 48 18,082 47 18,12g 48 18,177 47 18,224 47 18,271 47 i8,3i8 47 i8,365 47 18,4i2 46 18,458 47 0,2025 

o,5o 20,027 53 20,080 53 20,x33 53 20,186 52 20,238 52 20?290 53 20,343 52 20,3g5 52 20,447 52 20,499 5i 0,2000 

o,55 22.016 58 22,074 5q 22,l33 58 22.1QI 58 22,249 57 22,3o6 58 2 2,364 57 22,421 58 22,479 57 22,536 57 o,3o25 

o,6o 24,001 64 24,065 64 24,12g 63 24,192 63 24,255 64 24,319 62 24,38i 63 24,444 63 24,507 62 24,569 63 o,36oo 

o,65 25.982 69 26,o51 69 26,120 6q 26,i8q 6q 26,258 68 26,326 69 26,3g5 68 26,463 68 26,531 68 26,599 67 0,4220 

0,70 27,958 74 28,o32 75 28,107 74 28,181 75 28,256 74 28,330 73 28,4o3 74 28,477 73 28,55o 74 28,62.4 73 0,4900 

0,75 29,928 81 3o,oog 80 3o,o8g 80 3o,i6g 79 3o,24S 80 30,328 79 30,407 79 3o,486 79 3o,565 
32,574 

79 3o,644 78 0,5625 

0,80 31,898 86 31,979 86 32,o65 85 32,i5o 86 32,236 85 32,3-21 

34,307 
84 32,4o5 85 32,490 84 84 32,658 84 0,0400 

o,85 33,852 91 33.943 02 34,o35 91 34,126 91 34,217 9° Qi 34,398 9° 34.488 90 34,578 89 34,667 9° 0,7225 

0,00 35,8ozj 97 35,goi 97 35,998 97 36,095 97 36,192 96 36,288 96 36.384 9h 36,48o 93 36,575 95 36,670 95 0,8100 

0,0 J 37.74S io3 37,85 x io5 37,954 xo3 38,o57 102 38,i5g 102 38,261 102 38,363 101 38,464 102 38,566 100 38,666 
4o,655 

roi 0,9020 

1,00 3g,688 roc 39,794 iog 39,903 108 4o,oi 1 IOC 4o,i 20 107 40,227 108 4o,335 107 40,442 107 4o,54g 106 107 i ,0000 

1,8241 1,8432 1,8625 1,8818 1,9013 1,9208 1,9405 1,9602 1,9801 2,0000 c? 
1 . (r + r")2 or r3 + r"z nearly. 

399 4oo 4oi 402 4o3 4o4 4o5 4o5 t 407 4o8 4og 4io 4n 

4o 40 4o 4o 4o 4o 4i 4x 4i 4i 41 4i 4i T 
80 80 80 80 81 81 81 81 81 82 82 82 82 2 

120 120 120 I 21 I 21 121 122 122 122 122 123 123 123 3 
160 160 160 i6t 161 162 162 162 163 163 164 164 164 4 
200 200 201 201 202 202 203 203 204 204 205 205 206 5 
23g 240 241 241 242 242 243 244 244 245 245 246 247 6 

279 280 281 281 282 283 284 284 285 286 286 287 288 7 
3iq 320 321 322 322 32.3 324 325 326 326 327 328 329 8 

35g 36o 36i 302 363 364 365 365 366 367 368 369 370 9 



TABLE II. — To find the time T; the sum of the radii r-f-r'', and the chord c being given. 

Prop, parts for the sum of the R 
I | 2 I 3 I 4 1 5 I 6 I 7 | 8 

adii. 

9 
i ( D C ) 0 I 
2 c 3 I 1 2 
3 c I I 3 
4 c I 2 ; : 4 

5 . 2 2 2 5 
6 2 2 2 2 £ 5 

7 2 3 l > 6 
8 3 2 3 L £ i £ 7 
9 i 3 4 c £ 8 

IO 1 3 4 ( £ 9 
11 I 3 4 X £ c 10 

1 12 1 A 5 ( £ IC 11 

1 i8 I A 5 £ c IC 12 
i4 1 A 6 £ IC I i3 

i5 2 1 5 6 £ c i IS i4 
16 2 1 5 6 IC 1 ii i4 
17 2 l 5 7 £ IC IS M i5 
18 2 1 5 7 Ç IJ i£ i4 16 

i9 2 i 6 8 IC I i3 i5 17 

20 2 i 6 8 IC 12 U 16 l8 

21 2 & 6 8 I i3 i5 17 *9 
22 2 7 9 I IC 15 18 20 
23 2 £ 7 9 I 2 lA 16 18 21 

24 2 £ 
7 10 12 iA 17 19 22 

25 3 £ 8 10 i3 i5 18 20 23 
26 3 £ 8 IO i3 16 18 21 23 
27 3 £ 8 11 i4 16 19 22 24 

28 3 e 8 11 i4 17 20 22 25 
29 3 e 9 I 2 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

3i 3 6 Q I 2 16 19 22 25 28 
32 3 6 IO i3 16 l9 22 26 2Q 

33 3 7 IO i3 17 20 23 26 3o 

34 3 7 IO 14 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 
37 4 7 11 i5 i9 22 26 3o 33 
38 4 8 11 i5 *9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 13 17 21 25 2Q 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 31 35 4o 

45 5 9 14 18 23 27 3 2 36 4i 
46 5 9 i4 18 23 28 32 37 4i 

47 5 9 i4 19 24 28 33 38 42 

48 5 10 i4 *9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 IO i5 20 25 3o 35 4o 45 
5i 5 IO i5 20 26 3i 36 4i 46 
52 5 IO 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 
54 5 11 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 11 17 22 28 34 39 45 5o 
57 6 11 17 23 29 34 4o 46 5i 

58 6 12 17 23 2 9 35 4i 46 52 
59 6 I 2 18 24 3o 35 4i 47 53 

60 6 I 2 18 24 3o 36 42 48 54 
61 6 12 18 24 3r 37 43 49 55 
62 6 12 19 25 31 37 43 5o 56 
63 6 i3 !9 25 32 38 44 5o 57 

64 6 i3 I9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 5q 

67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 14 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 53 
80 8 16 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 3i 
IOO 0 20 3o 4o 5o 60 [ 70 3o 

Sum of the Radii r-\-r". 

Chord 2,01 2,02 2,03 2,04 2,05 2,06 
C. Days dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. 

0,00 

0,01 
0,000 

0,412 : I 
0,00c 
0,413 I 

0,OOC 
o,414 I 

0,000 
0,415 I 

0,00C 
0,41 e i 

0,00C 
0,417 I 

0,0000 
0,0001 

0,02 0,82^ 2 0,826 2 0,828 2 o,83o 
i,245 

2 o,83s 2 o,834 2 o,ooo4 
o,o3 i,236 3 1,23c 3 1,242 3 3 1,248 4 1,202 5 0.0009 
0,04 i,648 4 i,652 4 i,656 5 1,661 4 i,665 4 i,66g 4 0,0016 

o,o5 2,060 5 2,o65 6 2,071 5 2,076 5 2,081 5 2,086 5 0,0025 
0,06 2,472 7 2,479 6 2,485 6 2,491 6 2,497 6 2,5o£ 6 o,oo36 
0,07 2,884 8 2,892 7 2,899 7 2,906 7 2,913 7 2,920 7 o,oo4g 
0,08 3,296 9 3,3o5 8 3,313 8 3,32i 8 3,32g 8 3,337 8 0,0064 
0,09 3,708 10 3,718 9 3,727 9 3,736 9 3,745 9 3,754 9 0,0081 

0,10 4,120 11 4,i3i 10 4,i4i 10 4,i5i 10 4,i6i 10 4,i7i IC 0,0100 
0,11 4,532 12 4,544 11 4,555 II 4,566 11 4,577 I I 4,588 12 0,0121 
0,12 
o,i3 
0,14 

4,944 i3 4,957 12 4,969 12 4,981 12 4,gg3 12 5,oo5 
5,422 

13 0,0144 
5,356 i3 5,36g i4 5,383 i3 5,396 i3 5,409 i3 i4 0,0169 
5,768 i4 5,782 i5 5,797 i4 5,8n i4 5,825 i4 5,83g i5 0,0196 

0,15 6,180 i5 6,195 16 6,211 i5 6,226 
6,641 

i5 6,241 i5 6,256 i5 0,0225 
0,16 6,592 16 6,608 16 6,624 17 16 6,657 16 6,673 16 0,0256 
0,17 7,oo3 18 7,021 17 7,o38 17 7,o55 18 7,073 17 7,090 17 0,0289 
0,18 7,415 l8 7,433 r9 7,452 18 7,470 *9 7,48g 18 7,507 l8 o,o324 
0,19 7,827 *9 7,846 20 7,866 l9 7,885 *9 7,9°4 20 7,924 19 o,o36i 

0,20 8,238 21 8,2.59 20 8,279 21 8,3oo 20 8,320 20 8,34o 21 o,o4oo 
0,21 8,65o 21 8,671 22 8,6g3 21 8,714 22 8,736 21 8,757 21 o,o44i 
0,22 9,°6i 23 9,084 22 9,106 23 9,I29 22 9,i5i 23 9,J74 22 0,0484 
0,23 9>473 23 9,496 24 9,520 23 9,543 24 9,567 23 g,5go 23 0,0529 
0,24 9,884 25 9,909 24 9,933 2.5 9=958 24 9,982 25 10,007 2.4 0,0576 

0,25 10,295 26 10,321, 26 10,347 25 10,372 26 io,3g8 25 io,423 25 0,062.5 
0,26 10,707 26 10,733 27 10,760 27 10,787 26 io,8i3 26 10,839 27 0,0676 
0,27 11,118 28 ii,i46 27 11,173 28 11,201 

1 i,6i5 
27 1 r,228 28 1 i,256 27 0,0729 

0,28 11,529 29 11,558 28 n,586 29 29 n,644 28 11,672 28 0,0784 
0,29 11,940 So 11,970 3o 12,000 29 12,029 3o 12,059 29 12,088 3o 0,0841 

o,3o i2,35i 3i 12,382 3i I2,4l3 3o 12,443 3i 12,474 3o i2,5o4 3i 0,0900 
o,3i 12,762 32 12,794 3i 12,825 32 12,857 32 12,889 3i 12,920 32 0,0961 
0,32 13,173 33 13,206 32 i3,238 33 13,271 33 i3,3o4 32 13,336 33 0,1024 
o,33 i3,583 34 13,617 34 i3,65i 34 i3,685 34 13,719 33 i3,752 34 0,1089 
o,34 13,994 35 14,02g 35 i4,o64 35 14,099 34 i4,i33 35 14,168 34 o,n56 

o,35 i4,4o5 36 14,441 35 14,476 36 l4,5l2 36 i4,548 36 i4,584 35 0,1225 
o,36 i4,8i5 37 i4,852 37 14,889 37 14,926 37 14,g63 36 14,999 3 7 o,i2g6 
0,37 l5,225 39 15,264 37 i5,3oi 38 i5,33g 38 15,377 38 i5,4i5 37 0,136g 
o,38 15,636 3g 15,675 39 i5,7i4 39 i5,753 38 15,791 3q i5,83o 39 0,1444 
0,39 16,046 4o 16,086 4o 16,126 4o 16,166 4o 16,206 89 16,245 4o 0,1021 

o,4o 16,456 4i 16,497 4i i6,538 4i 16,579 4i 16,620 4i 16,661 4o 0,1600 
0,41 16,866 42 16,908 42 i6,g5o 42 16,992 42 17,034 42 17,076 42 0,1681 
0,42 17,276 43 17,819 43 17,362 43 I7,4o5 43 17,448 43 i7,49i 43 0,1764 
o,43 17,686 44 17,730 44 17,774 44 17,818 44 17,862 44 17,906 44 0,1849 
o,44 18,095 45 18,140 46 18,186 45 i8,23i 45 18,276 45 18,321 44 o,ig36 

o,45 i8,5o5 46 i8,55i 46 18,597 46 i8,643 46 18,689 46 18,735 46 0,2025 
o,5o 2o,55o 52 20,602 52 20,654 5i 20,705 5i 20,756 5i 20,807 5i o,25oo 
o,55 22,5g3 57 22,650 56 22,706 07 22,763 56 22,819 57 22,876 56 o,3o25 
0,60 24,632 62 24,694 62 24,756 62 24,818 61 24,879 62 24,941 61 o,36oo 
o,65 26,666 68 26,734 67 26,801 67 26,868 67 26,935 67 27,002 67 0,4225 
0,70 28,697 72 28,76g 73 28,842 73 28,916 72 28,987 72 29,069 72 0,4900 

0,75 30,722 78 3o,8oo 78 30,878 78 3o,g56 78 31 ,o34 77 3i,iii 77 o,5625 
0,80 32,742 84 32,826 

34,846 
83 32,909 84 32,993 82 33,075 83 33,i58 83 o,64oo 

o,85 34,757 89 89 34,935 88 35,023 89 35,112 88 35,2oo 88 0,7225 
0,90 36,765 93 36,860 94 36,g54 94 37,048 94 37,142 94 37,236 93 0,8100 
o,95 33,767 IOO 88,867 IOO 38,967 IOO 39,067 99 39,166 99 39,265 99 o,go2 5 
1,00 40,762 106 4o,868 io5 40,973 106 41,079 io5 4i,i84 104 41,288 io5 I ,0000 

2,0201 2,0402 2,0605 2,0808 2,1013 2,1218 c2 

h ■ (.r + r " 1 2 or -)- r "2 nearly. 

1 1 
O

 
1 
O

 

410 4n 412 4i3 4i4 4i5 4i6 417 4i8 

I 4i 4i 4i 4i 4i 4i 42 42 42 42 I 
2 82 82 82 82 83 83 83 83 83 84 2 
3 123 123 123 124 124 124 125 125 125 125 3 
4 164 164 164 165 i65 166 166 166 167 167 4 
5 205 205 206 206 207 207 208 208 20Q 20Q 5 
6 245 246 247 247 248 248 249 25o 25o 25i 6 
7 286 287 288 288 289 290 291 291 292 293 7 
8 327 328 329 33o 33o 331 332 333 334 334 8 
9 368 36g 370 37i 372 373 37 4 374 375 376 9 

a9 



TABLE II. — To find the time T-, the sum of the fadii r-f r", and the chord c being given. 

Sum of the Radii r-\~r". 

Chord 2,01 2,08 2,09 2,10 2,11 2,12 2,13 2,14 2,15 2,16 
0. 

Days |tlif. Days |dif. Days |dif. Days | cl if. Days |tlif. Days |tlif. Days j c 1 if. Days |dif. Days |dif. Days | d 1 f. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 
0,01 0,418 I 0,4X9 I 0,420 I 0,421 1 0,422 1 0,42.3 1 0,424 I 0,425 J 0,426 I 0,427 I 0,0001 
0,02 0,836 2 0,838 2 o,84o 2 0,842 2 0,844 2 0,846 2 0,848 2 o,85o 2 0,852 2 o,854 2 0,0004 
o,o3 i,255 3 i,258 3 1,261 3 1,264 3 1,267 3 1,270 3 1,273 3 1,276 3 1,279 3 1,282 2 0,0009 
0,0 4 1,673 4 1,677 4 1,681 4 1,685 4 1,689 4 1,693 4 1,697 4 1,701 4 i,7°5 4 1,709 4 0,0016 

o,o5 2.091 5 2,096 5 2,101 5 2,106 5 2,111 5 2,116 5 2,121 5 2,126 5 2,i3i 5 2,i36 5 0,0025 
0,06 2,5og 6 2,5i5 6 2,521 6 2,527 6 2,533 6 2,53g 6 2,545 6 2,55i 6 2,557 6 2,563 6 o,oo36 
0,07 2,927 7 2,934 7 2,941 7 2,948 7 2,g55 7 2,962 7 2,969 7 2,976 7 2,983 7 2=99° 7 o,oo4g 
0,08 3,345 8 3,353 8 3,36i 8 3,36g 8 3,377 8 3,385 8 3,393 8 3,4oi 8 3,409 8 3,417 8 0,0064 
0,09 3,763 9 3,772 10 3,782 9 3,79! 9 3,8oo 9 3,809 9 3,8i8 9 3,827 8 3,835 9 3,844 9 0,0081 

0,10 4,181 I I 4,192 10 4,202 10 4,212 10 4,222 10 4,232 10 4,242 10 4,252 10 4,262 9 4,271 10 0,0100 

0,1 t 4,600 I I 4,6 Li I I 4,622 I I 4,633 11 4,644 T I 4,655 11 4,666 11 4,677 11 4,688 I I 4,699 10 0,0121 
0,12 5,or8 12 5,o3o 12 5,o42 12 5,o54 12 5,o66 12 5,078 12 5,090 12 5,102 12 5,n4 12 5,126 T 1 0,0144 
0,13 5,436 i3 5,44g i3 5,462 13 5,475 i3 5,488 i3 5,5oi t3 5,5i4 i3 5,527 i3 5,54o i3 5,553 12 0,0169 
0,14 5,854 14 5,868 i4 5,882 i4 5,896 14 5,910 i4 5,924 i4 5,g38 i4 5.952 i4 5,966 i4 5,980 i3 0,0196 

0,15 6,271 16 6,287 i5 6,3o2 i5 6,317 i5 6,332 i5 6,347 i5 6,362 i5 6,377 i5 6,39q i4 6./06 i5 0,0225 
0,16 6,68g 17 6,706 16 6,722 16 6.738 16 6,754 16 6,770 16 6,786 16 6,802 16 6,818 i5 6,833 16 0,0256 
0,17 7,107 17 7,124 18 7,142 17 7,i5g 17 7,176 17 7,193 17 7,210 17 7,227 16 7,243 17 7,260 17 0,0289 
0,18 7,525 18 7,543 18 7,561 18 7,579 18 7,597 18 7,615 18 7,633 18 7,651 18 7,669 ib 7=687 18 0,0324 
0,19 7,943 T9 7,962 *9 7,981 J9 8,000 r9 8,019 19 8,o38 J9 8,057 19 8,076 J9 8,og5 19 8,ii4 19 o,o36i 

0,20 8,36i 20 8,38i 20 8,4oi 20 8.421 20 8,441 20 8,461 20 8,48i 20 8,5oi 20 8,521 20 8,54i 19 o,o4oo 
0,21 8,778 21 8,799 22 8,821 21 8,842 21 8,863 21 8,884 21 8,go5 21 8,926 21 8,947 20 8,967 21 o,o44i 
0,22 9^96 22 9,218 22 9,240 22 9,262 22 9,284 22 g,3o6 22 0,328 22 g,35o 22 9=372 22 9=3g4 22 0,0484 
0,23 9,613 24 9,637 23 g,66o 23 9,683 23 9,706 23 9=729 23 9,752 23 9=775 23 9=798 23 9,821 22 o,o52g 
0,24 xo,o3i 24 io,o55 24 10,079 25 ro,io4 24 10,128 24 I0,l52 24 10,176 23 10,199 24 10,223 24 10,247 24 0,0576 

0,25 10,448 26 10,474 25 10,499 25 io,524 25 10,549 25 10,574 25 10,599 25 10,624 25 IO,649 25 10,674 24 0,0625 
0,26 10,866 26 10,892 26 10,918 26 10,944 27 10,971 26 10,997 26 11,023 25 11,048 26 11,074 26 11,100 26 0,0676 
0,27 1 i,283 27 11,310 28 n,338 27 11,365 27 11,392 27 n,4ig 27 n,446 27 h,473 27 n,5oo 26 11,526 27 0,0729 
0,28 11,700 29 11,729 28 11,757 28 11,785 28 11,813 28 1 i,84i 28 11,869 28 11,897 28 11,925 28 ii,953 27 0,0784 
0,29 12,118 29 12,147 29 12,176 29 I 2,2o5 29 12,234 29 12,263 29 12,292 29 12,321 29 i2,35o 29 12,379 29 0,0841 

o,3o 12,535 3o 12,565 3o 12,595 3o 12,025 3i 12,656 3o 12,686 3o 12,716 3o 12,746 29 12,775 3o i2,8o5 3o 0,0900 
o,3 r i2,g52 3i i2.g83 3i i3,oi4 32 i3,o46 3i 13,077 3i i3,io8 3i i3,i3g 3i 13,170 3i i3,20I 3o i3,23i 3i 0,0961 
0,32 i3,36g 32 i3,4oi 3a 13,433 33 13,466 32 i3,4g8 32 i3,53o 32 i3,562 32 i3,5g4 32 13,626 3i 13,657 32. 0,1024 
o,33 13,786 33 13,819 33 i3,85a 34 13,886 33 18,919 33 i3,ç52 33 i3,985 33 14,018 33 i4,o5i 32 i4,o83 33 0,1089 
o,34 14,202 35 14,237 34 14,271 34 i4,3o5 35 i4,34o 34 i4,37 4 34 14,4o8 34 14,442 33 i4,475 34 i4,5og 34 0,1156 

o,35 14,619 36 i4,655 35 14,690 35 i4,725 35 14,760 35 i4,795 35 i4,83o 35 i4,865 35 14,900 35 i4-g35 35 0,1225 
o,36 i5,o36 36 15,072 37 15,109 36 i5,i45 36 i5,i8i 36 15,217 36 i5,253 36 15,289 36 i5,325 36 i5,36i 35 0,1296 
0,37 15,452 38 15,4go 37 i5,527 37 15,564 38 15,602 37 i5,63g 37 15,676 37 i5,7i3 3" i5,75o 36 15,786 37 0,136g 
o,38 i5.86q 38 15,907 39 15,946 38 15,984 38 16,022 38 16,060 38 16,098 38 i6,i36 38 16,174 38 16,212 38 o,i444 
o,3g 16,285 4o i6,325 39 16,364 39 l6,4o3 4c i6,443 39 16,482 39 i6,52i 39 i6,56o 39 16,599 38 16,637 3g 0,l52I 

o,4o 16,701 4i 16,742 4o 16,782 4i 16,826 4c 16,863 4o 16,903 4c 16,943 4o 16,983 4o 17,02: 4o 17,063 39 0,1600 

o,4i 17,118 4i i7,i5g 42 17,201 4i i7,242 4i 17,283 4i 17,324 4r 17,365 4t 17,406 4i 17=447 4i 17=488 4i 0,1681 
0,42 17,534 42 17,576 43 17,619 42 17,661 4: 17,703 43 17,746 42 17,788 42 i7,83o 4i 17,871 42 17=913 42 0,1764 
o,43 17,90e 45 17,990 44 18,037 43 18,08c 45 18,123 44 18,167 43 18,21c 45 i8,253 43 18,296 42 18,3 38 43 0,1849 

o,44 18,365 45 18,41c 45 i8,455 44 18,49c 4^ i8,543 45 18,588 44 18,632 44 18,676 44 18,720 43 18,763 44 o,i936 

o,45 18,781 45 18,82’; 45 18,872 46 18,916 45 18,963 45 19,008 4e t9,°5z 45 i9=099 44 i9=I43 45 19=188 45 0,2025 
o,5o 20,855 5i 20,Q0C 5i 20,96c 5c 21 ,OIC 5 21,061 5c 21,in 5c 21,161 5c 21,211 5c 21,261 5c 2I,3lI 5c 0,2500 
o,55 22,93; 55 22,985 56 23,o48 55 23.oqc 5f i 23,i55 55 23,211 5t 23,268 55 23,321 55 23,37e 55 23,43i 55 o,3o25 
0,60 25,oo: 61 25,o6i 61 25,124 61 25,i8f 6 25,24f 61 25,3or 6c 25,367 6c 25,427 6c 25,487 6c 25,547 6c o,36oo 

o,65 27,06c t 65 2'7,i35 66 27,201 66 27,26" 6( 5 27,333 & 27,39c 6f 27,465 65 27,53c 65 27,595 65 27,660 65 0,4225 

0,70 29,13 7i 29,20; 72 29,274 71 29,345 7 2g,4if 7 29,48" 71 29,558 71 29,62c 7C 29=699 7c 29=769 7C o,4goo 

0,75 3i,i8f 3 r 31,26 3 71 31,34; 71 31,4 r ç 7( 5 3i,4g5 7( 31,57 7 3 31,64" 7f 31,72: 7 e 31,799 7 5 31,874 75 0,562.5 
0,80 33,24 8: 33,32 3 8; 33,4oJ 8; 33.48" 8 j 33,56c 8i 33,65c 3 8: 33,73; 8i 33,8i: 8c 33,89: 81 33,974 8) o,64oo 

o,85 35,28c 3 8i 3 35,37 5 8' 35,465 8- •35,55c 1 8 7 35,637 8^ 35,72^ i 8- 7 35,8i 8t 35,89" 8f 35,98: 8t 36,o6c 8( 0,722.5 

0,90 37,32< ? 9' 3 37,42 2 9. 37,5x5 90 37,606 9 2 37,70c 9; 37,79 9' 37,88: i 9: 37,978 9= 38,o6t 91 38,i5c 9 0,8100 

o,g5 3g,36c 4 g< 3 3g,46 3 9^ 3g,56: 9^ 3g,65t ) 9 3 39,75- 9^ 3g,85 3 9' 7 39,g5; 9" 4o,o4ç 91 40,14e 9" 4o,24: 9( 3 0,9025 

1,00 41,3g 3 io. i 4i,4g 7 10/ 4i,6oj 10,. 41,7°' i 10 4 41,806 10. 4i,9i 10 2 42,Ol3ll(X 42,1161101 42,218110: 42,32c IO: 1,0000 

2,1425 2,1632 2,1841 2,2050 2,2261 2,2472 2,2685 2,2898 2,3113 2,3328 C2 

§ . ( r r")2 or r2 -f- r//2 nearly. 

4i5 4i6 417 4i8 419 420 421 422 423 424 425 426 427 428 

X 42 42 42 42 42 42 42 42 42 42 43 43J 43 43 1 
2 83 83 83 84 84 84 84 84 85 85 85 85 85 86 2 
3 125 125 125 12.5 126 126 126 127 127 127 128 128 128 128 3 
4 166 166 167 167 168 168 168 169 169 170 170 170 171 171 4 
5 208 208 209 209 210 210 211 211 212 212 2l3 2l3 2l4 2l4 5 
6 249 25o 25o 25l 25l 2Ô2 253 253 254 254 255 256 256 257 6 

7 291 291 292 293 293 294 295 295 296 297 298 298 299 3oo 7 
8 332 333 334 334 335 336 337 338 338 33g 34o 34i 342 342 8 

9 374 37 4 375 376 377 378 379 38o 38i 38 a 383 383 384 385 9 



TABLE II. — To find the time T; the slim of the radii r-\-r", and the chord c being given. 

Prop, parts for tile sum of the Radii. 
I 1 2 I 3| 41 51 6| 7 1 8 I 9 

1 O 0 0 O 1 1 i I 1 
2 0 0 I I 1 1 I 2 2 
3 0 I I I 2 2 2 2 3 

4 0 I I 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 

7 I I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 

9 I 2 3 4 5 5 6 7 8 

IO I 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 

12 I 2 4 5 6 7 8 IO 11 

i3 1 3 4 5 7 8 9 IO 12 

14 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 II i3 i4 

17 2 3 5 7 9 10 12 i4 i5 

18 2 4 5 7 9 I 1 i3 14 16 

r9 2 4 6 8 10 11 i3 i5 n 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 11 i3 i5 17 x9 
22 2 4 7 9 1 I i3 i5 18 20 

23 2 5 7 9 12 i4 16 18 21 

2 4 2 5 7 10 12 i4 17 *9 22 

25 3 5 8 10 i3 i5 18 20 23 

2Ô 3 5 8 IO i3 16 18 21 2.3 

27 3 5 8 11 14 16 x9 22 24 
28 3 6 8 11 14 *7 20 22 25 

29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

3i 3 6 9 12 16 x9 22 25 28 

3a 3 6 IO i3 16 X9 22 26 2 9 
33 3 7 IO i3 17 20 23 26 3o 

34 3 7 IO 14 17 20 24 27 3i 

35 4 7 11 14 18 21 25 28 32 

36 4 7 II 14 18 22 25 2Q 32 

■37 4 7 II i5 x9 22 26 3o 33 

38 4 8 11 i5 x9 23 27 3o 34 

39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 

43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 

47 5 9 14 x9 2 4 28 33 38 42 

48 5 IO i4 x9 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 

51 5 10 i5 20 26 3i 36 4i 46 

52 5 10 16 21 26 3i 36 42 47 
53 5 I I 16 21 27 32 37 42 48 

54 5 11 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 

56 6 I I 17 22 28 34 39 45 5o 

57 6 I I 17 23 29 34 4o 46 5i 

58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 x9 25 3i 37 43 5o 56 

63 6 l3 x9 25 32 38 44 5o 57 
64 6 i3 x9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 5q 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

% 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 63 
80 8 16 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
too IO 20 3o 4o 5o 60 70 80 9° 

iHum of the Radii r-\-r". 

Chord 2,17 2,18 2,19 2,20 2,21 2,22 
C. Days |dif. Days | d if. Days |dif. Days dir. Days dif. Days |dif. 

0,00 
0,01 

0,000 
0,428 1 

0,000 
0,429 I 

0,000 
o,43o I 

0,000 
0,431 I 

0,000 
0,432 I 

0,000 
0,433 I 

0,0000 
0,0001 

0,02 
o,o3 

0,856 2 0,858 2 0,860 2 0,862 2 0,864 2 0,866 2 0,0004 
1,284 3 1,287 3 1,290 3 1,293 3 1,296 3 i,299 3 0,0009 

0,04 1,713 4 1,717 4 1,721 3 1,724 4 1,728 4 1,732 4 0,0016 

o,o5 2,i4i 5 2,146 5 2,i5i 5 2,i56 4 2,160 5 2,i65 5 0,0025 
0,06 2,569 6 2,575 6 2,58i 6 2,587 6 2,5g3 5 2,5q8 6 o,oo36 
0,07 2 >997 7 3,oo4 7 3,oi 1 7 3,oi8 7 3,025 6 3,o3i 7 o,oo4g 
0,08 3,425 8 3,433 b 3,441 8 3,44g 8 3,457 7 3,464 8 0,0064 
0,09 3,853 9 3,862 9 3,871 9 3,88o 9 3,889 8 3,897 9 0,0081 

0,10 4,281 IO 4,291 10 4,3oi 10 4,311 10 4,32i 9 4,33o IO 0,0100 
0,11 4,709 11 4,720 11 4,731 11 4,742 11 4,753 IO 4,763 11 0,0121 
0,12 5,i37 12 5,i49 12 5,i6i 12 5,173 12 5,i85 11 5,196 12 0,0144 
o,i3 5,565 i3 5,578 i3 5,5gi i3 5,6o4 i3 5,617 12 5,629 i3 0,0169 
0,14 5,993 14 6,007 i4 6,021 14 6,o35 i3 6,048 i4 6,062 i4 0,0196 

o,i5 6.421 i5 6,436 i5 6,45i i5 6,466 i4 6,480 i5 6,495 i5 0,0225 
0,16 6,849 16 6,865 16 6,881 i5 6,896 16 6,912 16 6,928 i5 0,0256 
0,17 7,277 17 7,294 17 7,311 16 7,327 17 7,344 16 7,36o 17 0,0289 
0,18 7,7°5 18 7,723 17 7,74o 18 7,758 18 7,776 J7 7,793 l8 o,o324 
0,19 8,133 18 8,i5i x9 8,170 *9 8,189 18 8,207 *9 8,226 18 o,o36i 

0,20 8,56o 20 CD
 

C
O

 
O

 

20 8,600 x9 8,619 20 8,63g 20 8,65g x9 0,0400 
0,21 8,988 21 9,009 20 9,°29 21 9,060 21 9,071 20 9,°9X 21 o,o441 
0,22 9,416 21 

9,437 22 9,45g 22 9,481 21 9,5°2 22 9,624 21 0,0484 
0,23 9,843 23 9,866 23 9,889 22 9,9i t 23 9,934 22 9,956 23 0,0529 
0,24 10,271 24 10,295 23 io,3ifc 24 10,342 23 io,365 24 10,389 23 0,0576 

0,25 10,698 25 10,723 25 10,748 24 10,772 25 10,797 24 10,821 
11,254 

25 0,0625 
0,26 11,126 25 1 i,i5i 26 u,i77 26 I I,2o3 25 11,228 26 25 0,0676 
0,27 ii,553 27 11,58o 26 11,606 27 11,633 26 11,65g 27 11,686 26 0,0729 
0,28 11,980 28 12,008 28 1 2,o36 27 i2,o63 28 12,091 27 12,118 27 0,0784 
0,29 12,408 28 12,436 29 12,465 28 I2,4g3 29 12,522 28 i2,55o 29 0,0841 

o,3o 12,835 3o 12,865 29 12,894 3o 12,92 4 29 I2,g53 29 12,982 3o 0,0900 
o,31 13,262 3t 13,293 3o 13,323 3i i3,354 3o i3,384 3o i3,4i4 3i 0,0961 
0,32 i3,68q 32 13,721 3i i3,752 32 13,784 3i i3,8i5 3i 13,846 32 0,1024 
o,33 i4,i 16 33 i4,i49 32 14,181 33 14,214 32 14,246 32 14,278 33 0,1089 

o,34 i4,543 33 14,576 34 i4,6io 33 i4,643 34 14,677 33 14,710 33 0,1156 

o,35 14,970 34 i5,oo4 35 i5,o3g 34 15,073 35 i5,io8 34 i5,i42 34 0,1225 
o,36 i5,3g6 36 i5,432 36 15,468 35 15,5o3 35 15,538 36 i5,574 33 0,1296 
0,37 i5,823 37 15,86o 36 i5,8q6 37 i5,g33 36 i5,g6g 36 i6,oo5 36 0,136g 
o,38 i6,25o 37 16,287 38 i6,325 

16,753 
3? 16,362 37 16,399 38 16,437 37 0,1444 

0,39 16,676 39 16,715 38 39 16,792 38 i6,83o 38 16,868 38 0,1021 

o,4o 17,102 4o 17,142 4o 17,182 39 17,221 39 17,260 39 x7,299 4o 0,1600 
o,4i 17,529 4o 17,569 4i 17,610 4o i7,65o 4i 17,691 4o 17,731 4o 0,1681 
0,42 17,955 42 17,997 4i i8,o38 4i 18,079 42 18,121 4i 18,162 4i 0,1764 
o,43 18,381 43 18,424 42 18,466 42 i8,5o8 43 i8,55i 

18,981 
42 18,593 42 0,1849 

o,44 18,807 44 i8,85i 43 18,894 43 18,937 44 43 19,024 43 0,1936 

o,45 ig,233 44 19,277 45 19,322 44 19,366 45 ig,4n 44 19,455 44 0,2025 
o,5o 2i,36i 4q 2I,4l0 5o 21,460 49 2i,5og 49 21,558 5o 21,608 

23,758 
4q 0,2000 

o,55 23,486 54 23,54o 55 23,595 54 23,649 54 23,703 55 54 o,3o25 
0,60 25,607 60 25,667 60 25,727 5q 25,786 5q 25,845 5q 25,904 5q o,36oo 
o,65 27,725 65 27,790 65 27,855 64 27,9i9 65 27,984 64 28,048 64 0,4225 
0,70 29,83g 70 29,909 70 29,979 70 3o,o49 69 3o,i 18 69 30,187 69 o,4goo 

o,75 31,949 75 32,024 75 32,099 75 32,174 74 32,248 75 32,323 74 o,5625 
0,80 34,o55 80 34,i35 80 34,215 80 34,295 79 34,374 80 34,454 79 0,6400 
o,85 36,i55 85 36,2.40 86 36,326 85 36,4i 1 84 36,495 85 36,58o 84 0,7225 
0,90 38,25o QO 38,34o 91 38,431 9° 38,521 qo 38,611 qo 38,701 qo 0,8100 
0,95 40,339 96 4o,435 96 4o,53i 95 40,626 96 40,722 96 40,817 96 o,go25 
1,00 42,422 IOI 42,523 IOI 42,624 101 42,725 IOI 42,826 100 42,926 101 I ,oooo 

2,3545 2,3762 2,3981 2,4200 2,4421 2,4642 c2 

1_ (r r' )2 or r2 -f ? " 2 nearly. 

426 427 428 429 43 0 431 432 433 434 

1 43 43 43 43 43 43 43 43 43 1 
2 85 85 86 86 86 86 86 87 87 2 
3 128 128 128 129 129 129 i3o i3o i3o 3 
4 170 171 171 172 172 172 173 173 17 4 4 
5 2t3 2l4 2l4 2l5 2l5 216 216 217 217 5 
6 256 256 257 2Ô7 258 25g 25g 260 260 6 

7 298 299 3 00 3oo 3oi 302 302 3o3 3o4 7 
8 34i 342 342 343 344 345 346 346 Mi 8 

9 383 384 385 386 387 388 38g 3go 3gi 9 



TABLE II* — To find the time T\ the sum of the radii r and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 2,23 2,24 2,25 2,26 2,27 2,28 2,29 2,30 2,31 2,32 
C. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,434 I 

0,000 
0,435 i 

0,000 
o,436 I 

0,000 
0,437 I 

0,000 
0,438 1 

0,000 
0,439 I 

0,000 
0,440 i 

0,000 
o,441 I 

0,000 
0,442 I 

0,000 
0,443 i 

0,0000 
0,0001 

0.02 0,868 2 0,870 2 0,872 2 0,874 2 0,876 2 0,878 2 0,880 2 0,882 2 0,884 I 0,885 2 0,0004 
o,o3 I,3o2 3 i,3o5 3 i,3o8 3 1,3 ii 3 i,3i4 3 i ,317 3 1,320 2 1,322 

1,763 
3 i,32.5 3 1,328 3 0,0009 

0,04 1,736 4 1,740 4 i,744 4 1,748 4 1,752 4 1,756 3 i,7s9 4 4 1,767 4 1,771 4 0,0016 

o,o5 2,170 5 2,175 5 2,180 5 2,i85 5 2,190 4 2,194 5 2,i99 5 2,204 5 2,209 5 2,2l4 4 0,0025 
0,06 2,604 6 2,610 6 2,616 6 2,622 5 2,627 6 2,633 6 2,63g 6 2,645 6 2,65i 5 2,656 6 o,oo36 
0,07 3,o38 7 3,o45 7 3,o52 7 3,o5g 6 3,o65 7 3,072 7 3,079 7 3,086 6 3,092 7 3,099 7 o,oo4g 
0,08 3,472 8 3,48o 8 3,488 8 3,4g6 7 3,5o3 

3,94i 
8 3,5 x 1 

3,g5o 
8 3,5ig 7 3,526 

3,967 
8 3,534 8 3,542 7 0,0064 

0,09 3,906 9 3,915 9 3,924 8 3,g32 9 9 8 3,9S8 9 9 3,976 8 3,984 9 0,0081 

0,10 4,34o 10 4,35o 10 4,36o 9 4,36g 10 4,379 IO 4,38g 9 4,3g8 10 4,408 9 4,417 10 4,4 27 9 0,0100 

0,11 4,774 I I 4,785 10 4,79s II 4,806 I 1 4,817 10 4,827 I I 4,838 10 4,848 11 4,85g 10 4,869 I 1 0,0121 
0,0144 0,12 5,208 12 5,220 I I 5,23i 12 5,243 11 5,254 12 5,266 12 5,278 11 5,289 12 5,3oi 11 5,3i2 12 

o,i3 5,642 i3 5,655 12 5,667 i3 5,68o 12 5,692 i3 5,7o5 12 5,717 i3 5,73o 12 5,742 i3 5,755 12 0,0169 

o,i4 6,076 i3 6,089 i4 6,io3 i3 6,116 i4 6,i3o i3 6,i43 i4 6,157 i3 6,170 i4 6,184 i3 6,197 i4 0,0196 

o,i5 6,5io i4 6,524 i5 6,539 x4 6,553 i5 6,568 i4 6,582 i5 6,597 14 6,611 i4 6,625 i5 6,64o i4 0,0225 

0,16 6,943 16 6,g5g i5 6,974 16 6,990 i5 7,oo5 16 7,021 i5 7,o36 16 7,o52 i5 7,067 i5 7,082 i5 0,0256 
0,17 7,377 17 7,394 16 7,410 17 7,427 16 7,443 16 7,45g 17 7,476 16 7,492 16 7,5o8 17 7,525 16 0,0289 

0,18 7,811 17 7,828 18 7,846 17 7,863 18 7,881 17 7,898 17 7,9!5 18 7,933 17 7,95o 17 7,967 17 o,o324 
0,19 8,244 *9 8,263 18 8,281 T9 8,3oo 18 8,318 19 8,337 18 8,355 18 8,373 18 8,3gi 18 8,409 l8 o,o36i 

0,20 8,678 20 8,698 19 8,717 T9 8,736 20 8,756 19 8,77s 19 8,794 19 8,8i3 20 8,833 19 8,852 19 o,o4oo 

0,21 9,112 
9,545 

20 g,i32 21 g,i53 20 9,x73 20 9,193 20 9,2l3 21 9,234 20 9,254 20 9,274 20 9,294 20 o,o441 
0,22 22 9,567 21 g,588 21 9,609 22 g,631 21 9,652 21 9,673 21 9,694 21 g,7i5 21 9,736 21 0,0484 
0,23 9,979 22 10,001 22 10,023 

io,45g 
23 io,o46 22 10,068 22 10,090 

10,528 
22 10,112 ; 22 10,184 22 io,i56 22 10,178 22 0,0529 

0,24 IO,4l2 2 4 io,436 23 23 10,482 23 io,5o5 23 24 io,552 23 10,575 23 io,5g8 23 10,621 23 0,0576 

0,25 t 0,846 24 10,870 24 10,894 24 10,918 25 1.0,943 24 10,967 24 10,991 2 4 ii,oi5 
n,455 

2 4 11,039 24 1 t ,o63 24 0,0625 

0,26 11,279 25 ii,3o4 25 11,32g 26 n,355 25 n,38o 25 n,4o5 25 1 i,43o 25 25 11,48o 25 11,5o5 25 0,0676 

0,27 11,712 26 1 i,738 27 11,765 26 11,79! 26 11,817 26 11,843 26 11,869 26 11,895 26 11,921 26 h,947 26 0,0729 
0,0784 0,28 i2,r45 28 12,173 27 12,200 

12,635 
27 12.227 27 12,254 27 12,2.81 27 ia,3o8 

12,747 
27 12,335 27 12,362 27 12,38g 26 

0,29 12,579 28 12,607 28 28 12,663 28 12,691 28 12,719 28 28 12,775 28 i2,8o3 28 i2,83i 27 0,0841 

o,3o l3,OI2 29 i3,o4i 29 13,070 29 i3,oqq 29 13,128 29 i3,i57 29 i3,i86 29 i3,2i5 29 13,244 28 13,272 29 o,ogoo 

o,3i 13,445 3o 13,475 35 i3,5o5 3o 13,535 
x3,97i 

3o i3,565 3o i3,5g5 80 i3,625 3o 13,655 29 i3,684 3o 13,714 3o 0,0961 

0,32 13,878 3i 13,909 3i 13,940 3i 3i 14,002 3i i4,o33 3i 14,064 3i 14,og5 3o i4,i25 3i i4,i56 3o 0,1024 

o'33 i4,3ii 32 i4,343 32 14,375 32 14,407 32 i4,43g 32 14,471 3i i4,5o2 32 i4,534 32 i4,566 32 i4,5g8 3i 0,1089 
0,1156 o,34 i4,743 34 i4,777 33 i4,8io 33 i4,843 33 14,876 32 i4,go8 33 i4,g4i 33 i4,974 33 15,007 32 15,o39 33 

o,35 15,176 34 l5,2I0 34 15,244 34 15,278 34 i5,3i2 34 15,346 34 i5,38o 
i5,Si8 

33 i5,4i3 34 15,447 34 15,481 33 0,1225 

o,36 i5,6oq 35 15,644 35 15,679 35 15,714 35 15,749 35 15,784 34 35 15,853 34 i5,887 35 i5.g22 34 0,1296 

0,37 16,041 36 16,077 36 i6,ii3 36 16,149 36 i6,i85 36 16,221 36 16,257 35 16,292 36 16,328 35 16,363 36 0,136g 

0,08 i6,474 37 i6,5ii 
16,944 

37 16,548 37 i6,585 37 16,622 36 16,65 8 37 i6,6g5 37 16,732 36 16,768 37 i6,8o5 36 0,1444 
o,3g 16,906 38 38 16,982 38 17,020 38 i7,o58 38 17,096 37 i7,i33 38 17,171 ' 37 17,208 38 17,246 37 0,1021 

o,4o 17,339 39 17,378 39 i7,4i7 38 17,455 39 17,494 39 17,533 39 17,572 38 17,610 38 17,648 3g 17,687 38 0,1600 

0,4 x i7,77i 4o 17,811 4o i7-85i 4o 17,891 39 17,980 4o 17,970 4o 18,010 39 18,049 : 40 18,089 39 18,128 39 0,1681 

0,42 i8,2o3 4x 18,244 4i i8,285 4i 18,326 4o 18,366 4x 18407 4x i8.448 4o 18,488 4r 18,629 40 i8,56g 4o 0,1764 

o,43 18,635 42 18,677 42 18,719 42 18,761 4i 18,802 
19,238 

42 i8,844 42 18,886 
19,323 

4i 18,927 4i 18,968 42 19,010 
i9,45o 

4i o,i84g 

o,44 19,067 43 19,110 43 i9>x53 43 !9,!96 42 43 19,281 42 43 19,366 42 19,408 42 43 o,ig36 

o,45 19,499 44 19,543 44 19,587 43 iq,63o 44 19,674 44 19,718 43 19,761 44 19,805 43 19,848 43 i9,89i 43 0,2025 

o,5o 21,667 49 21,706 48 21,754 49 2i,8o3 49 21,852 48 21,900 48 21 ,g48 4q 21,997 48 22,045 48 2 2,og3 48 o,25oo 

o,55 23.812 53 23,865 54 23,919 54 23,973 53 24,026 54 24,080 53 24,i33 53 24,186 53 24,239 53 24,292 53 o,3o25 

0,60 25,g63 59 26,022 59 26,081 s9 26,140 58 26,198 58 20.256 s9 26,315 58 26,373 58 26,43i 57 26,488 58 o,36oo 

o,65 28,112 64 28,176 63 28,239 64 28,3o3 63 28,366 64 28,430 63 28,4g3 63 28,556 63 28,619 62 28,681 63 0,4225 

0,70 3o,256 69 3o,325 69 3o,3g4 69 3o,463 68 3o,53i 68 30,599 69 3o,668 67 3o,735 68 3o,8o3 68 30,871 67 o,4goo 

o,75 32,397 74 32,471 74 32,545 73 32,6i8 74 32,692 73 32,765 73 32,838 73 32,911 73 32,984 73 33,o5-y 72 o,5625 

0,80 34,533 79 34,612 79 34,691 79 34,770 78 34,848 79 34,927 78 35,oo5 78 35,o83 78 35,i6i 77 35,238 78 o,64oo 

o,85 36,664 85 36,749 84 36,833 84 36,917 83 37,000 84 37,08^ 83 37,167 83 37,250 83 37,333 82 37,4i5 83 0,7226 

0,90 38,791 89 38,880 89 38,969 89 3g,o58 89 39,x47 89 3g, 236 88 39,324 88 3g,4i2 88 3g,5oo 88 39,588 87 0,8100 

0,95 40,912 94 41,006 95 4i,ioi 94 4i,i9s 94 41,289 93 4i,382 94 41,476 93 41,56g 93 41,662 93 4i,755 93 0,9026 

1,00 43,027 99 43,126 100 43,226 99 43,325 100 43,425 98 43,523 99 43,622 99 43,721 98 43,819 98 43,917 97 1,0000 

2,4865 2,5088 2,5313 2,5538 2,5765 2,5992 2,6221 2,6450 2,6681 2,6912 c2 

5 . (r -f- r")a or r~ -(- r"2 nearly. 

432 433 434 435 436 437 438 43g 44o 441 442 443 

I 43 43 43 44 44 44 44 44 44 44 44 44 1 

2 86 87 87 87 87 87 88 88 88 88 88 89 2 

3 i3o i3o i3o i3i i3i i3i i3i i32 i32 i32 i33 133 3 

4 173 173 174 174 174 175 i75 176 176 176 177 177 4 
5 216 217 217 218 218 219 219 22Ô 220 221 221 222 5 
6 25g 260 260 261 262 262 263 263 264 265 265 266 6 

7 3 02 3o3 3o4 3o5 3o5 3o6 307 307 3o8 309 3og 3io 7 
8 346 346 347 348 349 35o 35o 351 352 353 354 354 8 

9 38g 3go 3gi 392 392 393 3g4 395 396 397 398 399 9 



TABLE IL — To find the time T; the sum of the radii r-\-r ", and the chord c being given. 

Prop, parts for the sum of the Radii. 

r|2|3|4|5|6|7|8|9 
i c c C 0 I 1 1 i 1 

2 0 c I I 1 1 I 2 2 

3 0 X I I 2 2 2 2 3 
4 0 1 1 2 2 2 3 3 4 

5 I 1 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 

9 I 2 3 4 5 5 6 7 8 

IO I 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 
I 2 I 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 g 10 12 

14 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 x4 
16 2 3 5 6 8 10 i 1 i3 14 
17 2 3 5 7 9 IO 12 i4 i5 
18 2 4 5 7 9 11 13 14 16 

19 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 I 2 i4 16 18 

21 2 4 6 8 11 i3 i5 x? *9 
22 2 4 7 9 11 i3 i5 18 20 

23 2 5 7 9 12 i4 16 18 21 

24 2 5 7 IO 12 i4 17 19 22 

25 3 5 8 IO i3 i5 18 20 23 
26 3 5 8 10 i3 l6 18 21 23 
27 3 5 8 I I i4 16 19 22 24 

28 3 6 8 11 i4 17 20 22 25 
29 3 6 9 I 2 15 x 7 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

31 3 6 9 12 l6 IQ 22 25 28 

32 3 6 10 i3 16 J9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 
37 4 7 I I i5 19 22 26 3o 33 
38 4 8 11 i5 X9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 I 2 16 20 24 28 32 36 
41 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 *27 32 36 4x 

46 5 9 14 18 23 28 32 37 4i 

47 5 9 14 !9 2 4 28 33 38 42 

48 5 IO i4 J9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 IO i5 20 25 3o 35 4o 45 
5i 5 IO i5 20 26 3i 36 4i 46 
52 5 IO 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 
54 5 11 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 3q 44 5o 

56 6 11 17 22 28 34 39 45 5o 
57 6 11 T7 23 29 34 4o 46 5i 

58 6 12 17 2 3 2q 35 4i 46 52 
59 6 12 18 2 4 3o 35 4i 47 53 

60 6 I 2 18 24 3o 36 42 48 54 
6l 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 J9 26 32 38 45 5i 58 
65 7 i3 20 26 33 39 46 5s 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 

68 7 x 4 20 27 34 4x 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 24 32 4o 48 56 64 72 

90 9 18 27 36 45 54 63 72 81 

100 c 20 3o 4o 5o 60 70 80 90 

Sum of the Radii r-\-rh 

Chord 2,33 2,34 2,35 2,36 2,37 2,38 
C. Days dif. Days |dif. Days |dif. Days |dif. Days jdif. Days |dif. 

0,00 
0,01 

0,000 
o,444 1 

0,000 
0,445 I 

0,000 
o,446 I 

0,000 
0,447 0 

0,000 
0,447 I 

0,000 
0,448 i 

0,0000 
0,0001 

0,02 0,887 2 0,889 2 0,891 2 0,893 2 0,8g5 2 0,897 2 0,0004 
o,o3 i,331 3 1,334 3 1,337 3 1,340 2 1,342 3 1,345 3 o.oocg 
o,o4 I >775 4 1=779 3 1,782 4 1,786 4 1,79° 4 1,794 3 0,0016 

o,o5 2,218 5 2,223 5 2,228 5 2,233 
2,679 

4 2,237 5 2,242 5 0.0025 
0,06 2,662 6 2,668 5 2,673 6 6 2,685 5 2,690 6 o,oo36 
0,07 3,io6 6 3,1 12 7 3,119 7 3,126 6 3,i32 

3,58o 
7 3,i3g 6 o,oo4g 

0,08 3,549 8 3,557 7 3,564 8 3,572 8 7 3,587 8 0,0064 
0,09 3,993 8 4,001 9 4,010 8 4,018 9 4,027 8 4,o35 9 0,0081 

0,10 4,436 10 4,446 9 4,455 10 4,465 9 4,474 10 4,484 9 0,0100 
0,1 I 4,880 10 4,890 11 4,901 10 4,911 11 4,922 10 4;932 10 0,0121 
0,12 5,324 I I 5,335 II 5,346 12 5,358 11 5,36g 11 5,38o 12 0,0144 
o,i3 5,767 12 5=779 i3 5,792 12 5,8o4 J 2 5,8i6 i3 5,829 12 0,0169 
o,i4 6,211 i3 6,224 i3 6,237 i3 6,25o i4 6,264 i3 6,277 i3 0,0196 

0,15 6,654 i4 6,668 i5 6,683 x4 6,697 i4 6,711 i4 6,725 x4 0,0225 
0,16 7fi97 16 7=ii3 i5 7,128 i5 7,143 i5 7=158 i5 7,i73 i5 0,0256 
0,17 7,54i 16 7,557 16 7,573 16 7,58g 16 7,6o5 16 7,621 16 0,0289 
0,18 7,984 17 8,001 X7 8,018 X7 8,o35 18 8,o53 16 8,069 17 o,o324 
0,19 8,427 X9 8,446 18 8,464 18 8,482 18 8,5oo 18 8,518 17 o,o36i 

0,20 8,871 19 8,890 !9 8,909 J9 8,928 19 8,947 !9 8,966 18 o,o4oo 
0,21 9,3i4 20 9,334 20 9=354 20 9=374 20 9=3g4 20 9=414 19 o,o441 
0,22 9=757 21 9=778 21 9=799 21 9,829 21 9=841 21 9,862 20 o,o484 
0,23 10,200 22 10,222 22 10,244 22 10,266 22 10,288 

10,735 
21 io,3cg 22 o,o52g 

0,24 10,644 22 10,666 23 io,68g 23 10,712 20 22 10,757 23 0,0576 

0,25 11,087 23 I 1,no 24 ii,i34 24 1 i,i58 
11,604 

24 11,182 23 II,2o5 2 4 0,062.5 
0,26 n,53o 24 ii,554 25 11.579 25 24 11,628 25 11,653 24 0,0676 
0,27 h=973 25 h=998 26 12,02 4 26 I2,o5o 25 12,075 26 12,101 

12,548 
25 o,072q 

0,28 I2,4i5 27 12,442 27 12,469 26 12,495 27 12,522 
I2,g68 

26 27 0,0784 
0,29 12,858 28 12,886 27 12,913 28 12,941 27 28 12,996 27 0,0841 

o,3o i3,3oi 29 i3,33o 28 i3,358 29 13,387 28 i3,4i5 28 13,443 2 9 o,ogoo 
o,31 13,744 29 i3,773 3o i3,8o3 

14,247 
29 i3,832 

14,278 
3o 13,862 29 i3,8gi 29 0,0961 

0,32 i4,x86 j] 14,217 3o 3i 3o i4,3o8 3o i4,338 3o 0,1024 
o,33 14,629 32 i4,66i 3i 14,692 3i i4,723 3i i4,754 32 14,786 3i 0,108g 
o,34 15,072 32 i5,io4 32 i5,i36 33 15,169 32 i5,20I 32 i5,233 32 0,1156 

o,35 i5,5i4 33 15,547 34 i5,58i 33 i5,6i4 33 15,647 33 1 5,68o 33 0,1225 
o,36 15,956 35 15,991 34 16,025 34 i6,o5ç 34 16,093 34 16,127 34 0,1296 
0,37 16,399 35 i6,434 35 16,469 35 i6,5o4 35 i6,53g 35 16,574 35 0,1369 
o,38 16,841 36 16,877 36 i6,gx3 36 16,949 36 16,985 36 17,021 36 0,1444 
o,3g 17,283 37 17,320 37 17,357 37 17,394 37 I7=43i 37 17,468 37 0,1021 

o,4o i7=725 38 17,763 38 17,801 38 17,83g 38 17,877 38 17=9x5 38 0,1600 
0,41 18,167 39 18,206 39 18,245 39 18,284 39 18,323 

18,769 
39 18,362 3g 0,1681 

0,42 18,60g 4o i8,64g 4o 18,689 4o 18,729 4o 4o i8,8oq 39 0,1764 
o,43 ig,o5i 4i i9=°92 4i ig,i33 4i I9=x74 4i 19,215 4o 19,255 4i 0,1849 
o,44 19,493 42 19,535 42 19=577 4i 19,618 42 19,660 42 19,702 4i 0,1 g36 

o,45 19,934 43 19=977 43 20,020 
22,236 

43 20,063 43 20,106 42 20,148 43 0,2025 
o,5o 22,l4l 48 22,189 47 48 22,28 4 48 22,332 47 22,370 47 0,2000 
o,55 24,345 53 24,398 52 24,45o 53 24,5o3 52 24,555 52 24,607 52 o,3o25 
0,60 26,546 58 26,604 57 26,661 57 26,718 58 26,776 57 26,833 56 o,36oo 
o,65 28,744 62 28,806 63 28,869 62 28,931 62 28,993 62 2q,o55 62 0,4225 
0,70 3o,g38 68 31,006 67 31,073 67 3i,i4o 67 31,207 67 31,27 4 66 o,4goo 

0,75 33,129 71 33,2oi 
35,3g3 

73 33,274 72 33,346 71 33,4i7 72 33,489 7T o,5625 
0,80 35,316 77 77 35,470 77 35,547 77 35,624 76 35,700 77 o,64oo 
o,85 37,498 82 37,58o 82 37,662 82 87,744 82 37,826 81 87,907 82 0,7225 
0,90 39,675 88 39,763 87 3g,85o 87 39=937 86 4o,023 87 4o,i 10 86 0,8100 
0,95 41,848 92 4i,g4o 92 42,o32 92 42,124 92 4 2,216 91 42,307 92 0,9025 
1,00 44,oi4 98 44,112 97 44,209 97 44,3o6 97 44,4o3 97 44,5oo 96 1,0000 

2,7145 2,7378 2,7613 2,7848 2,8085 2,8322 C2 
1 2 . (r + r " ) a or r2 -j- » ,n 2 nearly. 

441 442 443 444 445 446 447 448 449 

1 44 44 44 44 45 45 45 45 45 I 
2 88 88 89 89 89 89 89 9° 9° 2 
3 i32 i33 i33 i33 134 134 134 i34 i35 3 
4 176 177 177 178 178 178 179 179 180 4 
5 221 221 222 222 223 223 224 224 225 5 
6 265 265 266 266 267 268 268 269 269 6 
7 3 °9 3 °9 3io 3ii 3l2 3l2 3i3 3i4 3i4 7 
8 353 354 354 355 356 357 358 358 35g 8 

9 397 3g8 399 4oo 4oi 401 402 4o3 4o4 9 

AlO 



TABLE II. — To find the time T; the sum of the radii r -f- r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 
C. 

2,39 2,40 2,41 2,42 2,43 2,44 2,45 2,46 2,47 2,48 
Days [ dir. Days dif. Days |dif. Days | dif. Days |dif. Days |dif. Days |dif. Days |dif. Days [dif. Days [dif. 

0,00 
0,01 

0,000 
0,449 I 

0,000 
o,45o I 

0,000 
o,45i I 

0,000 
0,452 1 

0,000 
0,453 I 

0,000 
0,454 i 

0,000 
0,455 I 

0,000 
o,456 I 

0,000 
0,457 I 

0,000 
0,458 I 

0,0000 
0,0001 

0,02 0,899 2 0,901 I 0,902 2 0,904 2 0,906 2 0,908 2 0,910 2 0,912 2 0,gi4 I o,gi5 2 0,0004 
o,o3 i,348 3 1,351 3 1,354 2 1,356 3 1,359 3 1,302 3 1,365 3 1,368 2 1,370 3 1,373 3 0,0009 
0,0 4 i >797 4 1,801 4 i,8o5 4 1,809 3 1,812 4 1,816 4 1,820 4 1,824 3 1,827 4 1,831 4 0,0016 

o,o5 2,247 4 2,25l 5 2,256 5 2,261 4 2,265 5 2,270 5 2,275 4 2,279 5 2,284 5 2,289 4 0,0025 
0,06 2,696 6 2,702 

3,i52 
5 2,707 6 2,713 6 2,719 5 2,724 6 2,730 5 2,735 6 2,74i 5 2,746 6 o,oo36 

0,07 3,i45 7 6 3,i58 7 3,i65 7 3,172 6 3,178 7 3,x 85 6 3,19! 7 3,198 6 3,204 6 o,oo4g 
0,08 3,595 7 3,602 8 3,6io 7 3,617 8 3,625 7 3,632 

4,086 
8 3,64o 7 3,647 7 3,654 8 3,662 

4,ii9 
7 0,0064 

0,09 4,o44 8 4,o52 9 4,061 8 4,069 9 4,078 8 8 4,og4 9 4,io3 8 4,111 8 9 0,0081 

0,10 4,4g3 10 4,5o3 9 4,5i2 9 4,52i 10 4,531 9 4,54o 9 4,54g 10 4,55g 9 4,568 9 4,577 9 0,0100 
0,1 X 4> 942 II 4,g53 10 4,g63 10 4,973 ii 4,984 10 4,994 10 5,oo4 10 5,oi4 I I 5,025 10 5,o35 10 0,0121 
0,12 5,392 I I 5,4o3 I I 5,4x4 II 5,425 12 5,437 II 5,448 XI 5,459 11 5,470 I I 5,48i I 1 5,492 II o,oi44 
o,i3 5,84i 12 5,853 12 5,865 IQ 5,877 i3 5,890 12 5,902 12 5,gi4 12 5,926 12 5,g38 12 5.g5o 12 0,0x69 

o,x4 6,290 i3 6,3o3 i3 6,3i6 i3 6,329 i3 6,342 i4 6,356 i3 6,369 i3 6,382 i3 6,395 12 6,407 id 0,0196 

0,15 6,739 i4 6,753 x4 6,767 14 6,781 i4 6,795 i4 6,809 i4 6,823 i4 6,837 i4 6,85i 
7,3o8 

i4 6,865 14 0,0225 
0,16 7,188 i5 7,2o3 x5 7,218 i5 7,233 i5 7,248 i5 7,263 i5 7,278 i5 7,293 i5 i4 7,322 i5 o,oq56 
0,17 7 >63 7 16 7,653 16 7,669 16 7,685 16 7,701 16 7,7i7 16 7,733 i5 7,748 

8,204 
16 7,764 16 7,780 16 0,0289 

0,18 8,086 17 8,io3 17 8,120 
8,671 

17 8,137 17 8,i54 17 8,171 16 8,187 17 17 8,221 
8,677 

16 8,237 17 o,o324 

0,19 8,535 18 8,553 18 18 8,58g 18 8,607 17 8,624 18 8,642 18 8,660 17 18 8,695 17 o,o36i 

0,20 8,984 19 9,oo3 19 9,022 J9 9,°4i 18 9,°5g x9 9,078 19 9,°97 18 9,h5 T9 9,134 18 g,i52 x9 o,o4oo 
0,21 9,433 20 9,453 20 9,473 x9 9,492 20 9,5x2 20 9,532 *9 9,551 20 9,571 19 9,5g° 20 9,610 x9 o,o44i 
0,22 9,882 21 9>9°3 21 9,924 20 9,944 21 9,965 20 9>985 21 10,006 20 10,026 21 10,047 20 10,067 20 0,0484 
0,23 io,33i 22 io,353 21 10,374 22 10,396 21 10,417 22 10,439 21 10,460 22 10,482 21 io,5o3 21 10,524 21 0,0529 
0,24 10,780 22 10,802 23 10,825 22 10,847 23 10,870 22 10,892 23 10,915 22 io,g37 22 10,959 22 10,981 22 0,0576 

0,25 11,229 23 11,252 2.4 11,276 23 11,299 23 11,322 24 11,346 23 ii,36g 23 11,392 23 ii,4i5 24 ii,43g q3 0,0625 
0,26 11,677 25 11,702 24 11,726 25 it,75t 24 11,775 24 n,799 24 11,823 25 11,848 24 11,872 24 11,8g6 24 0,0676 
0,27 12,126 25 I2,i5i 26 12,177 25 12,202 

12,654 
25 12,227 25 12,202 26 12,278 25 i2,3o3 25 12,328 25 12,353 25 0,0729 

0,28 12,575 26 12,601 26 12,627 27 26 I2,68o 26 12,706 26 12,732 26 12,758 26 12,784 26 12,810 26 0,0784 
0,29 i3,o23 27 x3,o5o 28 13,078 27 i3,io5 27 i3,i32 27 i3,i59 27 i3,i86 27 i3,2i3 27 13,240 27 13,267 27 0,0841 

o,3o 13,472 28 i3,5oo 28 i3,528 28 i3,556 28 i3,584 28 i3,6i2 28 i3,64o 28 13,668 28 13,696 28 13,724 27 0,0900 

o,31 13,920 29 i3>949 29 13,978 29 14,007 29 i4,o36 29 i4,o65 29 14,094 29 i4,i23 29 i4,i52 29 14,181 28 0,0961 

0,32 i4,368 3i 14,399 3o 14,429 3o 14,45g 3o 14,489 29 i4,5i8 3o i4,548 3o 14,578 3o 14,608 29 i4,637 3o 0,1024 

o,33 14,817 3i 14,848 3i 14,879 3i 14,910 3i i4,g4x 3o i4,97i 3i 15,002 3i i5.o33 3i 15,064 3o 15,094 3j 0,1089 
o,n56 o,34 i5,265 32 15,297 32 15,329 32 i5,36i 32 i5,393 31 15,424 32 15,456 32 15,488 3i i5,5ig 32 i5,55i 3i 

o,35 i5,7i3 33 15,746 33 15,779 33 i5,8x2 33 15,845 32 15,877 33 15,910 32 15,942 33 15,975 32 16,007 33 0,1225 

o,36 16,161 34 i6,ig5 34 16,229 34 16,263 34 16,297 33 i6,33o 34 16,364 33 16,397 34 i6.43i 33 16,464 33 0,1296 

0,37 16,609 35 i6,644 35 16,679 35 16,714 34 16,748 35 16,783 34 16,817 35 16,852 34 16,886 34 16,920 35 0,136g 

o,38 17,057 36 17,093 36 I7,x2g 35 17,164 36 17,200 36 17,236 35 17,271 35 17,306 36 17,342 35 17,377 35 0,1444 
0,39 i7,5o5 37 17,542 37 i 7,579 36 i7,6i5 37 17,652 36 17,688 37 17,725 36 17,761 36 17,797 36 17,833 36 0,l52I 

o,4o 17,953 38 r 7,991 87 18,028 38 18,066 37 x8,io3 38 i8,i4i 37 18,178 37 i8,2i5 
18,670 

37 18,252 37 18,28g 37 o,x6oo 

0,41 18,401 38 18,439 39 18,478 38 i8,5i6 3g i8,555 38 18,593 38 i8,63i 
ig,o85 

39 38 18,708 38 18,746 38 0,1681 

0,42 18,848 4o 18,888 39 18,927 4o 18,967 39 19,006 4o 19,046 39 39 19,124 39 i9,i63 39 19,202 
19,658 

39 0,1764 

o,43 19,296 4o ig,336 4x 19,377 4o i9,4i7 4i 19,458 4o 19,498 4o 19,538 4o 19,578 4o 19,618 4o 4o 0,1849 

o,44 19,743 42 19,785 4i 19,826 42 19,868 4i x9>9°9 4i 19,950 4i I9>991 4i 2o,o3q 4x 20,073 4x 20,1 i4 4o o,ig36 

o,45 20,191 42 20,233 .43 20,276 42 20,3x8 42 2o,36o 42 20,402 42 20,444 42 20,486 42 20,528 42 20,570 4i 0,2025 

o,5o 22,426 48 22,474 47 22,521 47 22,568 47 22,6l5 46 22,661 47 22,708 47 22,755 46 22,801 47 22,848 46 0,2000 

o,55 24,659 52 24,71 [ 52 24,763 52 24,8i5 52 24,867 5i 24,918 52 24,970 5i 25,021 5i 25,072 5i 25,123 
27,396 

5i o,3o25 
0,60 26,889 57 26,946 57 27,003 56 27,059 57 27,116 56 27,172 56 27,228 57 27,285 56 27,341 55 56 o,36oo 

o,65 29,117 61 29,178 62 29,240 6l 29,301 61 29,362 61 29,423 61 29,484 61 2g,545 61 29,606 60 29,666 61 0,4225 

0,70 31,34o 67 3x,4o7 66 31,473 66 3i,53g 66 3i,6o5 66 31,671 66 3i,737 66 3i,8o3 65 31,868 65 3i,933 66 o,4goo 

0,75 33,56o 72 33,632 71 33,7o3 71 33,774 71 33,845 71 33,916 70 33,986 7i 34,o57 70 34,127 70 34,197 70 0,562.5 

0,80 35,777 76 35,853 76 35,020 76 36,oo5 76 36,081 75 36,156 76 36,232 
38,473 

75 36,3o7 75 36,382 75 36,457 75 0,0400 

o,85 37,989 81 38,070 81 38,i5i 81 38,232 80 38,3i2 81 38,3g3 80 80 38,553 
40,795 

80 38,633 
4o,88o 

80 38,7x3 79 0,722.5 

o,qo 40,196 86 40,282 86 4o,368 86 4o,454 85 4o,539 86 40,625 85 40,710 85 85 84 40,964 85 0,8100 

o,q5 42,399 91 42,490 91 42,58i 9° 42,671 91 42,762 90 42,852 9° 42,942 9° 43,032 9° 43,122 89 43,2ii 89 0,9025 

1,00 44,5g6 96 44,692 96 44,788 96 44,884 95 44,979 95 45,074 95 45,169 93 45,264 95 45,35g 94 45,453 94 1,0000 

2,8561 2,8800 2,9041 2,9282 2,9525 2,9768 3,0013 3,0258 3,0505 3,0752 C2 

1 
2 • ( r + r") 2 or r2 -f- r// 2 nearly. 

447 448 44g 45o 45i 452 453 454 455 456 457 458 

1 45 45 45 45 45 45 45 45 46 46 46 46 
a 89 9° 9° 9° 9° 90 9i 91 91 91 91 92 
3 134 134 i35 x35 i35 i36 136 136 i37 137 i37 i37 

4 179 179 180 180 180 181 181 182 182 182 i83 i83 

5 224 224 225 225 226 226 227 227 228 228 229 229 

6 268 269 269 270 271 271 272 272 273 27 4 274 2j5 

7 313 3i4 3i4 3i5 3i6 3i6 3x7 3i8 3ig 3ig 320 321 

8 358 358 35g 36o 36i 362 362 363 364 365 366 366 

9 402 4o3 4o4 4o5 4o6 407 4o8 4og 4io 4io 4n 412 



TABLE II. — To find the time T; the sum of the radii r -f r ", and the chord c being given. 

Sum of the Radii r -\-r ". 

Chord 2,49 2,50 2,51 2,52 2,53 
C. Days |dif. Days |dif. Days |dif. Days ]dif. Days dif. 

0,00 

0,01 

0,000 

0,459 i 

0,000 

0,460 O O 'K
.'
c

 
0

^ 0
 

0
 

0
 

i 

I 
0,000 

0,461 l 
0,000 

0,462 I 
0,02 

o,o3 
0,917 2 °,9X9 2 0,921 2 0,923 2 0,925 I 
1,376 3 1,379 2 1,381 3 i,384 3 1,387 3 

0,04 1,835 3 1,838 4 1,842 4 i,846 3 I,84g 4 

o,o5 2,293 5 2,298 4 2,3o2 5 2,307 5 2,312 4 
0,06 2,752 5 2,757 6 2,763 5 2,768 6 2,77 4 5 

0,07 3,210 7 3,217 6 3,223 7 3,23o 6 3,236 7 
0,08 3,66q 7 3,676 8 3,684 7 3,691 7 3,6g8 8 

0,09 4,128 8 4,i36 8 4,i44 8 4,162 9 4,i6i 8 

0,10 4,586 9 4,5q5 lO 4,6o5 9 4,614 9 4,623 9 
0,11 5,o45 10 5,o55 IO 5,o65 10 5,075 10 5,o85 10 

0,12 5,5o3 11 5,5i4 I I 5,525 11 5,536 11 5,547 I I 
o,i3 5,962 12 5,974 12 5,986 12 5,998 12 6,010 I 1 
0,14 6,420 i3 6,433 i3 6,446 i3 6,45g i3 6,472 i3 

o,i5 6,879 i4 6,8g3 i3 6,906 14 6,920 i4 6,934 i4 
0,16 7,337 15 7,352 i5 7,367 14 7,38i i5 7,396 i5 

0,17 7>796 i5 7,8h 16 7,827 16 7,843 i5 7,858 16 

0,18 8,254 17 8,271 16 8,287 17 8,3o4 16 8,320 I" 
0,19 8,712 18 8,730 17 8,747 l8 8,765 17 8,782 lrt 

0,20 9>X7X 18 9>i89 l8 9,207 x9 9,226 18 9,244 18 

0,21 9,629 x9 9,648 20 9,668 19 9,687 19 9,706 19 

0,22 10,087 20 10,107 21 10,128 20 10,148 20 10,168 20 

0,23 io,545 22 T 0,567 21 io,588 21 io,6oq 21 io,63o 21 

0,24 n,oo3 23 11,026 22 11,048 22 11,070 22 11,092 22 

0,25 11,462 23 n,485 23 n,5o8 
11,968 

23 11,531 22 n,553 23 

0,26 11,920 24 11,944 24 23 xx>99x 2 4 12,0l5 

12,477 

2.4 

0,27 12,878 25 I2,4o3 24 12,427 25 12,452 25 25 

0,28 12,836 
13,294 

25 12,861 26 12,887 26 12,913 26 12,939 25 

0,29 26 i3,32o 27 13,347 27 13,374 26 i3,4oo 27 

o,3o i3,75i 28 13,779 28 13,807 27 i3,834 28 i3,862 27 

0,31 14,209 29 i4,a38 28 14,266 29 14,295 28 i4,323 28 

0,32 14,667 29 i4,6q6 3o 14,726 29 i4,755 3o i4,785 2S 
0,33 i5,i25 3o i5,i55 3o 15,i 85 

15,645 
3i i5,2i6 3o 15,246 3o 

0,34 i5,582 32 15,6i4 3i 3i 15,676 3i 15,707 3i 

0,35 i6,o4o 32 16,072 32 16,104 32 i6,i36 32 16,168 32 

0,36 16,497 33 i6,53o 34 16,564 33 16,597 33 i6,63o 33 
0,37 i6,g55 34 16,989 34 17,023 34 17,057 34 17,091 34 
0,38 17,412 35 17,447 35 17,482 35 17,517 35 17,562 35 
o,3g 17,869 36 i7,9°5 36 i7,94i 36 17,977 36 i8,oi3 55 

o,4o 18,326 37 18,363 37 18,400 37 18,437 37 18,474 36 
o,4i 18,784 37 18,821 38 i8,85g 38 18,897 38 i8,g35 37 
0,42 19,241 38 19,279 39 ig,3i8 39 19,357 38 19,395 39 
o,43 19,698 39 19,737 4o 19,777 39 19,816 4o ig,856 39 
0,44 20,154 4i 20,195 4i 20,236 4o 20,276 4i 20,317 4o 

o,45 20,611 42 20,653 4i 20,694 42 20,736 4i 20,777 4i 

o,5o 22,894 46 22,g4o 46 22,986 46 23,032 46 28,078 46 
o,55 25,174 5i 25,225 5i 25,276 

27,563 
5i 25,327 5o 25,377 5i 

0,60 27,452 56 27,508 55 56 27,619 55 27,67 4 55 
o,65 29,727 60 29,787 60 29,847 61 29,908 5q 29,967 60 

0,70 31,999 65 32,064 65 32,129 64 32,193 65 32,258 65 

0,75 34,267 70 34,337 69 34,4o6 70 34,476 69 34,545 70 

0,80 36,532 74 36,606 75 36,681 74 36,755 74 36,829 74 
o,85 38,792 80 38,872 79 38,g5i 79 3g,o3o 79 39,109 79 
0,90 4i,o4g 84 4i,i33 84 41.217 84 4i,3oi 83 41,384 84 
o,g5 43,3oo 90 43,390 88 43,478 89 43,567 89 43,656 88 

1,00 45,547 9 4 45,641 94 45,735 94 45,829 93 45,922 93 

3,1001 3,1250 3,1501 3,1752 3,2005 
1 
5 . (r + r" )2 or ra r // 2 nearly. 

2,54 
Days | dif. 
0,000 

0,463 
0,926 
i,3qo 
1,853 

2,3i6 

2,779 
3,2 43 
3,706 

4,169 

4,632 
5,og5 
5,558 
6,021 
6,485 

6,948 

7,411 
7,874 
8,33 

8,799 

9,262 
9,725 

10,188 
1 o,651 

n, ix4 

11,576 

12,039 
I2,5o2 

I2,g64 

13.427 

l3,889 
i4,35i 
i4,8i4 
15,276 

15,738 

16,200 
16,663 
17,125 
17,587 
18,048 

i8,5io 
18,972 
19,434 

19,895 

20,357 

20,818 
23,124 

25.428 

27,729 
30,027 
32,323 

34,615 
36,903 
3g,188 
4i,468 

43,744 
46,ot5 

10 
11 
12 

’12 

13 

14 
15 
16 
18 

x9 
x9 
20 
21 
21 

23 

24 

24 
26 
26 

27 
29 

29 
30 
31 

32 

32 

33 

34 
36 

37 
38 
38 
4o 
40 

41 
46 
5o 
55 
60 

64 

69 

74 
78 
83 
88 

93 

3,2258 

Prop, parts for tlio sum of the Radii. 

i|2|3|4|5|6| 71819 

0,0000 
0,0001 
0,0004 
o,ooog 

0,0016 

0,0025 

o,oo36 
0,0049 

0,0064 

0,0081 

0,0100 
0,0121 

0,0144 
0,0169 

0,01 g6 

0,0225 

0,0256 

0,0289 

o,o324 
o,o36i 

o,o4oo 

o,o44i 

0,0484 

o,o52g 

0,0576 

0,0625 

0,0676 

0,0729 

0,0784 

0,0841 

0,0900 

0,0961 

0,1024 

0,1089 

o,n56 

0,1225 

0,1296 

0,1369 

o,i444 
0,1521 

0,1600 
0,1681 

0,1764 

0,1849 

0,1936 

0,2025 

0,2000 

o,3o25 
o,36oo 

0,4225 

o,4goo 

0,5625 
o,64oo 

0,7225 

0,8100 

0,9025 

1,0000 

456 457 458 459 46o 461 462 463 464 

1 46 46 46 46 46 46 46 46 46 
2 91 91 92 92 92 92 92 93 93 
3 187 137 i37 138 138 i38 i3g i3g i3g 

4 182 i83 183 184 184 184 i85 i85 186 

5 228 229 229 23o 23o 23l 23l 232 232 

6 274 274 275 275 276 277 277 278 278 

7 3ig 320 321 321 322 323 323 324 325 
8 365 366 366 367 368 36q 370 370 371 

9 4io 4u 4l2 4i3 4i4 4i5 4i6 Ail 4i8 

1 

2 
3 

4 
5 
6 
7 
8 

1 O O O O 1 1 I 1 I 
2 0 O 1 I 1 1 I 2 2 
3 O 1 I I 2 2 2 2 3 
4 O 1 i 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 

7 I 1 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 1 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 

12 I 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 

i4 1 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 I I 12 i4 
16 2 3 5 6 8 10 11 i3 i4 

17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 

19 2 4 6 8 IO 11 i3 i5 x7 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 11 i3 i5 x7 x9 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 

2 4 2 5 7 IO 12 i4 17 x9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 I I i4 16 19 22 2 4 
28 3 6 8 I I i4 17 20 22 25 

29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

3i 3 6 9 12 16 x9 22 25 28 

32 3 6 10 i3 16 x9 22 26 29 

33 3 7 10 i3 17 20 23 26 3o 

34 3 7 10 i4 17 20 24 27 3i 

35 4 7 II i4 18 21 25 28 32 

36 4 7 11 i4 18 22 25 29 32 

37 4 7 11 i5 x9 22 26 3o 33 

38 4 8 11 15 x9 23 27 3o 34 

39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 2 4 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 

43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 

47 5 9 14 x9 24 28 33 38 42 

48 5 10 i4 x9 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 

5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 II 16 21 27 32 37 42 48 

54 5 I I 16 22 27 32 38 43 49 

55 6 II 17 22 28 33 39 44 5o 

56 6 11 17 22 28 34 39 45 5o 

57 6 I I 17 23 29 34 4o 46 5i 

58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 

63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 x9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 5q 
66 7 i3 20 26 33 4o 46 53 5q 

67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 2 4 32 4o 48 56 64 72 

90 9 18 27 36 45 54 63 72 81 
too 0 20 3o 4o 5o 60 70 80 90 



TABLE IL — To find the time T; the sum of the radii r-\-r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 2,55 2,56 2,57 2,58 2,59 2,60 2,61 2,62 2,63 2,64 
C. Days|dif. Days |dif. Day3 |dif. Days |dif. Days |dir. Daysjdif. Days |dif. Days |dif. Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,464 i 

0,000 
o,465 I 

0,000 
0,466 I 

0,000 
0,467 1 

0,000 
0,468 1 

0,000 
0,469 I 

0,000 
0,470 O 

0,000 
0,470 1 

0,000 
0,471 I 

0,000 
0,472 I 

0,0000 
0,0001 

0,02 0,928 2 0,980 2 0,932 2 0,934 2 o,g36 I 0,937 2 0,939 2 0,g4l 2 0,943 2 0,945 X 0,0004 
o,o3 1,392 3 1,395 3 I,3g8 3 i,4oi 2 i,4o3 3 i,4o6 3 1,409 2 i,4n 3 1,414 3 1,417 2 0,0009 
0,04 1,857 3 1,860 4 1,864 3 1,867 4 1,871 4 1,875 3 1,878 4 1,882 3 1,885 4 1,889 4 0,0016 

o,o5 2,3ai 4 2,325 5 2,33o 4 2,334 5 2,33g 4 2,343 5 2,348 4 2,352 5 2,357 4 2,36i 5 0,0025 
0,06 2,785 5 2,790 

3,255 
6 2,796 5 2,801 6 2,807 5 2,812 5 2,817 6 2,823 5 2,828 6 2,834 5 o,oo36 

0,07 3,249 6 7 3,262 6 3,268 
3,735 

6 3,274 7 3,281 
3,74g 

6 3,287 6 3,293 7 3,3oo 6 3,3o6 6 o,oo4g 
0,08 3,7i3 7 3,720 8 3,728 7 7 3,74a 7 7 3,756 8 3,764 7 3,77i 7 3,778 7 0,0064 
0,09 4-, 177 8 4,i85 8 4,ig3 9 4,202 8 4,210 8 4,218 8 4,226 8 4,234 8 4,242 8 4,25o 8 0,0081 

0,10 4,64 x 9 4,65o 9 4,65g 9 4,668 9 4,677 10 4,687 9 4,696 9 4,7°5 8 4,7i3 9 4,722 9 0,0100 
0,11 5,io5 10 5,i i5 10 5,125 10 5,i35 10 5,i45 10 5,i55 10 5,i65 10 5,175 IO 5,i85 IO 5,ig5 9 0,0121 
0,12 5,569 II 5,58o XI 6,691 11 5,602 11 5,613 11 5,624 IO 5,634 11 5,645 11 5,656 II 5,667 IO o,oi44 
0,13 6,o33 12 6,o45 12 6,o57 12 6,069 11 6,080 12 6,092 12 6,104 12 6,116 11 6,127 12 6,139 12 0,0169 

o*x4 6,497 13 6,5io i3 6,523 12 6,535 i3 6,548 i3 6,56i 12 6,573 i3 6,586 12 6,5g8 i3 6,611 i3 0,0196 

0,15 6,961 14 6,975 14 6,989 i3 7,002 i4 7,016 i3 7,029 i4 7,o43 i3 7,o56 i4 7,070 i3 7,o83 i4 0,0225 
0,16 7,425 i5 7,44o i4 7,454 i5 7,469 i4 7,483 i5 7,498 14 7,5x2 i4 7,526 i5 7,54i i4 7,555 i4 0,0256 
0,17 7,889 16 7,9°5 x5 7,920 i5 7,935 16 7,95i i5 7,966 i5 7,981 16 7,997 i5 8,012 

8,483 
i5 8,027 i5 0,0289 

0,18 8,353 16 8,369 17 8,386 16 8,4o2 16 8,4i8 17 8,435 16 8,45i 16 8,467 16 16 8,499 16 o,o324 

0,19 8,817 17 8,834 17 8,85i 18 8,869 17 8,886 17 8,go3 17 8,920 17 8,937 l7 8,954 17 8,971 17 o,o36i 

0,20 9,281 l8 9,299 18 9,317 18 9,335 18 9,353 18 9,371 18 9,38g 18 9,407 18 9,425 18 9,443 18 o,o4oo 
0,21 9-7 44 20 9,764 19 9,783 19 9,802 19 9,821 19 9,84o 18 9,858 !9 9,877 19 9,896 J9 9,93 5 19 0,0441 
0,22 10,208 20 10,228 

10,693 
20 10,248 20 10,268 20 10,288 20 io,3o8 20 10,328 IÇ 10,347 20 10,367 20 10,387 20 o,o484 

0,23 10,672 21 21 10,714 20 10,734 21 10,755 21 10,776 21 10,797 21 10,818 20 io,838 21 10,859 20 o,o52g 
0,24 ii,i35 22 11,167 22 11-179 22 11,201 22 11,223 21 11,244 22 11,266 21 11,287 22 11,3og 22 ii,33i 21 0,0576 

0,25 11,599 23 11,622 23 n,645 22 11,667 23 11,690 22 11,712 23 ii,735 22 11,757 23 11,780 22 11,802 23 0,0625 
0,26 12,063 23 12,086 24 12,110 23 12,i33 24 12,157 24 12,181 23 I2,2o4 2.3 12,227 24 12,261 23 12,27 4 23 0,0676 
0,27 12,526 25 i2,55i 24 12,575 25 12,600 24 12,624 25 12,649 24 12,673 24 12,697 25 12,722 24 12,746 24 0,0729 
0,28 I2,QQO 25 i3,oi5 26 i3,o4i 25 13,066 25 i3,ogi 26 i3,H7 25 l3,l42 25 13,167 25 i3,xg2 25 13,217 25 0,0784 
0,29 13,453 26 13,479 27 i3,5o6 26 i3,532 26 i3,558 27 i3,585 26 i3,6ii 26 13.637 26 13,663 26 13,689 26 0,0841 

o,3o i3,gi6 28 13,944 27 13,971 27 i3,gg8 27 14,025 28 i4,o53 27 14,080 27 14,107 27 i4,i34 26 14,160 27 0,0900 

o,3i i4,38o 28 i4,4o8 28 14,436 28 i4,464 28 14,492 28 i4,52o 28 14,548 28 14,576 28 14,604 28 14,632 28 0,0961 
0,32 14,843 29 14,872 29 14,901 29 i4,93o 29 i4,959 29 14,988 29 15,017 29 15,o46 29 15,075 28 i5,io3 29 0,1024 
o,33 i5,3o6 38 15,336 3o 15,366 3o i5,3g6 3o 15,426 3o 15,456 3o 15,486 29 i5,5i5 do 15,545 3o 16,575 29 0,1089 

0,1156 o,34 15,769 3i 15,8oo 3i i5,83i 3i 15,862 3i i5,8g3 3i 15,924 3o 15,954 3i 15,g85 3i 16,016 3o 16,046 3o 

o,35 16,232 32 16,264 32 i6,2q6 32 16,328 32 16,36o 3i i6,3gi 32 16,423 3i i6,454 32 16,486 3i 16,517 32 0,1225 

o,36 i6,6g5 33 16,728 33 16,761 33 16,794 32 16,826 33 i6,85ç 32 16,891 33 16,924 32 i6,g56 32 16,988 33 0,1296 

0,37 17,108 34 17,192 34 17,226 33 17,259 34 17,293 33 17,326 34 17,360 33 I7,3g3 33 17,426 34 17,460 33 0,136g 

o,38 17,621 35 17,656 35 17,691 34 17,725 34 17,759 35 17,794 34 17,828 34 17,862 35 17,897 34 17,981 34 0,1444 
0,39 18,084 36 18,120 35 i8,i55 36 18,191 35 18,226 35 18,261 35 18,296 36 i8,332 35 18,367 35 i8,4o2 35 0,l52I 

o,4o 18,547 36 18,583 37 18,620 36 18,656 36 18,692 37 18,729 36 18,765 36 18,801 36 18,837 36 18,873 35 0,1600 

o,4i 19,010 87 19,047 37 19,084 38 19,122 
19,587 

37 ig,i59 
19,626 

37 19-I96 37 19,233 37 19,270 87 19,307 36 19,343 37 0,1681 

0,42 19,472 38 I9,5io 89 19,549 38 38 38 19,663 38 19,701 38 19,789 38 19,777 87 19,814 38 0,1764 

o,43 iq,q35 89 19,974 
20,437 

3g 20,013 3g 20,052 39 20,091 39 2o,i3o 39 20,16g 39 20,208 38 20,246 39 20,285 39 0,1849 

o,44 20,397 48 4o 20,477 4c 20,517 4o 20,557 4o 20,597 4o 20,637 4o 20,677 39 20,716 4o 20,756 39 o,ig36 

o,45 20,85q 42 20,901 4i 20,942 4c 20,982 4i 21,02c 4i 21,06/ 4i 2I,Io5 4o 2I,i45 4i 21,186 4o 21,226 4i 0,2025 

o,5o 23,170 46 23,2l6 45 23,261 4G 23,307 45 23,352 46 23,3g8 45 23,44; 45 23,488 45 23,533 45 23,578 45 0,2000 

o,55 25,478 5i 25.52Ç, 5o 25,57c 5c 25,62g 5c 25,67g 5o 25,72g 5c 25,779 4q 25,828 5o 25,878 49 25,927 5o 0,0020 

0,60 27,784 55 27,83c 55 27,89/] 55 27,94s 54 28,003 55 28,o58 5/ 28,112 54 28,166 55 28,221 54 28,275 54 o,36oo 

o,65 3o,o87 60 3o,i47 5g 3o,2ot 5c 3o,265 6c 3o,325 5g 3o,384 5q 3o, 443 5q 3o,5o2 58 3o,56g 59 3o,6ic 59 0,4225 

0,70 32,387 61 32,45i 64 32,5ic 6/ 32,57g 64 32,643 64 32,707 6/ 32,771 63 32,834 63 32,897 64 32,961 63 0,4900 

0,75 34,68./ 6c 34,75; 68 34,821 6c 34,89c 6c 34,95c 68 35,027 68 35,095 68 35,i63 68 35,23i 68 35,29c 68 o,5625 
o,64oo 
0,7225 
0,8100 

0,80 36,977 7 c 37,o5c 7 A 37,12./ 7; 37,197 74 37,271 73 37,34; 73 37,4x7 72 37,48g 73 37,562 72 37,68; 73 
o,85 3g,26t 7Ç 

8/ 
3g,34^ 76 39,42; 78 39,501 78 39,57c 78 3g,657 77 39,73; 78 3g,8i2 77 3g,88c 77 39,966 77 

0,90 4i,55i 4i,63f 8c 41,718 8 c 4i,8oc 8c 41,888 82 41,96; 88 42,048 8q 42,i3o 82 4 2,212 82 42,29; 81 

0,95 43.83 c 86 
q: 

43,q2c 88 44,oo8 88 44,og( 87 44,i8c 87 
44,27c 87 44,357 87 44,444 87 44,531 86 44,617 87 0,9025 

1,00 46, iot 46,20] 9/ 46,29/ i 9- 46,388 9: 46,478 92 46,57c 92 46,662 92 46,754 9i 46,84; 92 46,937 91 I ,0000 

3,2513 3,2768 3,3025 3,3282 3,3541 3,3800 3,4061 3,4322 3,4585 3,4848 C2 

à • (r + r") 2 0 j-2 r " 2 nearly. 

462 463 464 465 466 46 7 

I 46 46 46 47 47 47 
2 92 93 93 93 93 93 
3 i3g 139 13g i4o i4o i4o 

4 185 x85 186 186 186 187 

5 23i 232 232 233 233 234 
6 277 278 278 279 280 280 

7 323 324 325 326 326 327 

8 370 370 371 372 373 374 

9 4i6 4x7 4x8 419 419 420 

468 469 470 471 472 473 

47 47 47 47 47 47 r 

94 94 94 94 94 96 2 
i4o i4i i4i i4i l42 l42 3 
187 188 188 188 189 189 4 
234 235 235 236 236 237 5 
281 281 282 283 283 284 6 
328 328 329 33o 33o 33i 7 
374 375 376 377 378 378 8 
421 422 423 424 425 4?6 9 



TABLE II. — To find the time T; the sum of the radii and the chord c being given. 

Sum of the Radii 

Chord 2,65 2,66 2,67 2,68 2,69 2,70 
C. Days | dif. Days |dif. Days | dif. Days |dif. Days |dif. Days 1 dif. 1 

0,00 
0,01 

0,000 
0,473 I 

0,000 
0,474 i 

0,000 
0,475 I 

0,000 
0,476 T 

0,000 

0,477 I 

0,000 
0,478 0 

0,0000 
0,0001 
o,ooo4 0,02 

o,o3 
0,946 2 0,948 2 o,g5o 2 o,q52 I 0,953 2 0,g55 2 

I,4l9 3 1,422 3 1,425 2 1,427 3 i,43o 3 1,433 2 0,0009 
0,04 1,893 3 1,896 4 1,900 3 i,go3 4 1,9°7 3 i,910 4 0,0016 

o,o5 2,366 4 2,370 5 2,375 4 2,379 5 2,384 4 2,388 4 0,0025 
, 0,06 2,83g 5 2,844 6 2,85o 5 2,855 5 2,860 6 2,866 5 o,oo36 

0,07 3,3i2 
3,785 

6 3,3i8 7 3,325 6 3,331 
3,807 

6 3,337 6 3,343 6 0,0049 
0,08 7 3,792 7 3,799 8 7 3,8i4 7 3,821 7 0,0064 
0,09 4,258 8 4,266 8 4,274 8 4,282 8 4,290 8 4,298 8 0,0081 

0,10 4,73i 9 4,74o 9 4,749 9 4,758 9 4,767 9 4,776 9 0,0100 
0,11 5,204 10 5,214 10 5,224 10 5,234 10 5,244 9 5,253 10 0,0121 
0,12 5,677 11 5,688 11 5,699 II 5,710 IO 5,720 11 5,73i 10 0,0144 
0,13 6,i5i I I 6,162 12 6,174 I I 6,i85 12 6,197 11 6,208 12 0,0169 
0,14 6,624 12 6,636 12 6,648 i3 6,661 12 6,673 i3 6,686 12 0,0196 

0,15 7>°97 i3 7,110 i3 7,123 14 7,i37 i3 7,i5o i3 7,i63 i3 0,0225 
0,16 7,56g i5 7,584 14 7,5g8 14 7,612 14 7,626 i5 7,641 14 0,0256 
0,17 8,042 16 8,o58 i5 8,073 i5 8,088 i5 8,io3 i5 8,118 i5 0,0289 
0,18 8,5i5 16 8,53i 16 8,547 16 8,563 16 8,579 16 8,595 l6 o,o324 
0,19 8,988 17 9,o°5 17 9,022 17 9,°39 17 9,°56 17 9,073 16 o,o36i 

0,20 9,461 18 9,479 18 9,497 17 9,5i4 18 9,532 18 9,55o 18 o,o4oo 
0,21 9^34 19 9,953 18 9,97i *9 9,990 19 io,oog 18 10,027 !9 o,o44-t 
0,22 
0,23 

10,407 19 10,426 20 10,446 !9 io,465 20 io,485 19 io,5o4 20 0,0484 
10,879 21 10,900 20 10,920 21 10,941 20 10,961 21 10,982 20 o,o52g 

0,2 4 ii,352 21 11,373 22 ii,3g5 21 ii,4i6 22 n,438 21 11,459 21 0,0576 

0,25 11,825 22 11,847 22 11,869 23 11,892 22 11,914 22 11 ,g36 22 0,0625 
0,26 12,297 24 12,321 

12,794 
23 12,344 23 T 2,307 23 12,890 23 i2,4i3 23 0,0676 

0,27 12,770 24 24 12,818 24 12,842 24 12,866 24 12,890 24 0,0729 
0,28 13,242 25 l3,267 25 13,292 25 i3,3i7 25 i3,342 25 13,367 25 0,0784 
0,29 i3,7i5 26 i3,74i 26 13,767 25 i3,792 26 i3,8i8 26 13,844 26 0,0841 

o,3o 14,187 27 14,214 27 l4,24l 27 14,268 26 14,294 27 l4,32I 26 0,0900 
o,31 14,660 27 14,687 28 14,715 28 i4,743 27 14,770 28 14,798 27 0,0961 
0,32 i5,i32 29 i5,i6i 28 i5,i8q 29 i5,2i8 28 15,246 28 15,274 29 0,1024 
o,33 15,6o4 3o x 5,634 29 15,663 3o 15,6g3 29 15,722 29 15,761 29 0,1089 
o,34 16,076 3i 16,107 3o 16,137 3o 16,167 3i 16,198 3o 16,228 3o o,n56 

o,35 16,549 3i i6,58o 3i 16,611 3i 16,642 3i 16,673 3i 16,704 3i 0,1225 
o,36 17,021 32 i7,o53 32 17,085 32 17,117 32 i7d49 32 17,181 32 0,1296 
0,37 17,493 33 17,526 33 17,559 33 17,592 33 17,626 33 17,658 32 o,i36g 
o,38 17,965 34 17,999 34 i8,o33 33 18,066 34 18,100 34 i8,i34 34 o,i444 
0,39 18,437 35 18,472 34 i8,5o6 35 i8,54i 35 18,676 34 18,610 35 0,l52I 

o,4o 18,908 36 18,944 36 18,980 36 19,016 35 ig,o5i 36 19,087 35 0,1600 
0,41 19,380 37 i9>4i7 37 19,454 36 19,490 3-7 19,527 36 19,563 36 0,1681 
0,42 19,852 38 19,890 37 i9,927 37 19,964 38 20,002 37 20,039 37 0,1764 
o,43 20,324 38 20,362 38 20,4oO 39 20,439 38 20,477 38 2o,5i5 38 0,1849 
o,44 20,795 4o 20,835 39 20,874 39 20,913 39 20,962 39 20,991 39 o,ig36 

o,45 21,267 4o 21,307 4o 21,347 4o 21,387 4o 21,427 4o 21,467 4o 0,2025 
o,5o 23,023 45 23,668 44 23,712 45 23,757 45 23,802 

26,17 4 
44 23,846 44 0,2000 

o,55 25,977 4q 26,026 49 26,075 5o 26,125 49 49 26,223 
28,597 

48 o,3o25 
0,60 28,829 53 28,382 54 28,436 54 28,490 53 28,543 54 53 o,36oo 

0,4225 o,65 30,678 58 3o,736 58 3o,7q4 59 3o,853 58 30,911 58 3o,q6q 57 
0,70 33,024 63 33,087 63 33,i5o 62 33,212 63 33,275 63 33,338 62 o,4goo 

0,75 35,367 68 35,435 67 35,5o2 67 35,56g 68 35,637 67 35,704 67 0,5625 
0,80 37,707 72 37,779 72 37,85i 72 37,923 72 37,995 71 3 8,066 72 o,64oo 

o,85 4o,o43 77 40,120 77 40,197 76 40,273 76 4o,349 77 40,426 76 0,7225 
0,90 42,375 82 42,457 81 42,538 81 42,619 81 42,700 81 42,781 81 0,8100 
0,95 44,704 86 44,79° 86 44,876 86 44,962 85 45,o47 86 45,i33 85 0,9025 
1,00 47,028 9i 4 7,119 90 47,209 9i 47,3oo 9° 47,390 9° 47,480 1 90 I ,0000 

3,5113 3,537s1 3,5645 3,5912 3,6181 3,6450 e2 
i . (r + r") 2 or ?*2 -|- r n 1 nearly. 

471 472 473 4i4 475 476 477 478 

1 47 47 47 4i 48 48 48 48 
2 94 94 95 95 95 95 95 96 
3 i4i i42 142 i4a i43 i43 i43 i43 

4 188 189 189 190 190 190 191 I9I 
5 236 236 237 237 238 238 ' 23g 23g 

6 283 283 284 284 2.85 286 286 287 

7 33o 33o 33i 332 333 333 334 335 
S 377 378 378 379 38o 38i 382 382 

9 424 425 426 427 428 428 429 43o 

Prop, parts for the sum of the Radii. 
i 1 a |3|4 |5|6|7|8)9 

1 O O 0 0 1 1 1 1 1 
2 O 0 I 1 1 1 1 2 2 
3 0 I I 1 2 2 2 2 3 
4 0 I I 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 1 I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 1 2 3 4 5 5 6 7 8 

10 1 2 3 4 5 6 7 8 9 
11 1 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 10 11 
i3 1 3 4 5 7 8 9 10 12 
14 1 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 14 
16 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 
19 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12 14 16 18 
21 2 4 6 8 11 i3 i5 17 *9 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 10 12 x4 17 19 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 11 i4 16 19 22 24 
28 3 6 8 11 i4 17 20 22 25 
29 3 6 9 12 i5 x 7 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 19 22 25 28 
32 3 6 10 i3 16 19 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 14 x7 20 24 27 3i 

35 4 7 11 14 18 21 25 28 32 
36 4 7 1 I x 4 18 22 25 2Q 32 
37 4 7 11 i5 19 22 26 3o 33 
38 4 8 11 15 19 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
41 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 2Q 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4x 
46 5 9 i4 18 23 28 32 87 4i 
47 5 9 i4 *9 24 28 33 38 4 2 
48 5 10 14 19 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 4 2 47 
53 5 11 16 21 27 32 37 42 48 
54 5 11 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 11 17 22 28 34 39 45 5o 
57 6 11 17 23 29 34 4o 46 5i 
58 6 12 17 23 2Q 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 2 4 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 !9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 5q 
66 7 i3 20 26 33 4o 46 53 5q 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4x 48 54 61 

69 7 14 21 28 35 4x 48 55 62 

70 7 14 21 28 35 42 49 56 63 
80 8 16 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
100 10 20 3o 4o 5o 60 70 80 9° 



TABLE II. — To find the time T', the sum of the radii r-\-r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 2,71 2,72 2,73 2,74 2,75 2,76 2,71 2,78 2,79 2,80 
C. Days |dif. Days |dif. Days [dif. Days |dif. Days (dif. Days |dif. Days |dif. Days [dif. Days |dif.- Daysjdif. 

0,00 

0,01 

0,000 

0,478 I 

0,000 

0,479 i 

0,000 

0,480 I 

0,000 

0,48l 1 

0,000 

0,482 I 

0,000 

0,483 I 

0,000 

0,484 I 

0,000 

o,485 I 

0,000 

0,486 O 
0,000 

0,486 I 

0,0000 

0,0001 

0,02 o,957 2 0,959 2 0,961 I C.,962 2 0,964 2 0,966 2 0,968 I 0,969 2 0,971 2 0,973 I 0,0004 

o,o3 i,435 3 i,438 3 l,44l 2 1,443 3 i,446 3 1,449 2 1,451 3 i,454 2 i,456 3 i,45g 3 0,0009 

0,04 1,914 3 L9Ï7 4 1,921 4 1,925 3 1,928 4 L932 3 i,g35 3 1,938 4 1,942 3 i,945 4 0,0016 

o,o5 2,392 5 2,397 4 2,401 5 2,406 4 2,4lO 4 2,414 5 2,419 4 2,423 4 2,427 5 2,432 4 0,0025 

0,06 2,871 5 2,876 5 2,88l 6 2,887 5 2,892 5 2,897 5 2,902 6 2,908 5 2,gi3 5 2,918 5 o,oo36 
0,07 3,349 7 3,356 6 3,302 6 3,368 

3,849 

6 3,374 6 3,38o 6 3,386 6 3,392 6 3,3g8 7 3,4o5 6 0,0049 

0,08 3,828 7 3,835 7 3,842 7 7 3,856 7 3,863 7 3,870 7 3,877 7 3,884 7 3,891 7 0,0064 

0,09 4,3o6 8 4,3i4 8 4,322 8 4,33 0 8 4,338 8 4,346 8 4,354 7 4,36i 8 4,369 8 4,377 8 0,0081 

0,10 4,785 8 4,793 9 4,802 9 4,811 9 4,820 9 4,829 8 4,837 9 4,846 9 4,855 8 4,863 9 0,0100 

0,11 5,263 
5,741 

10 5,273 9 5,282 10 5,292 10 5,3o2 9 5,3n 10 5,32i 10 5,33i 9 5,34o 10 5,35o 9 0,0121 

0,0144 0,12 11 5,752 ii 5,763 10 5,773 II 5,784 10 5,794 11 5,8o5 10 5,8i5 11 5,826 10 5,836 10 

o,i3 6,220 II 6,23i 

6,710 

12 6,243 I I 6,254 12 6,266 11 6,277 11 6,288 12 6,3oo 11 6,3n II 6,322 12 0,0169 

o,i4 6,698 12 i3 6,723 12 6,735 12 6,747 i3 6,760 12 6,772 12 6,784 12 6,796 12 6,808 i3 0,0196 

o,i5 7,176 i4 7,190 i3 7,2o3 i3 7,216 i3 7,229 i3 7,242 i3 7,255 i4 7,269 i3 7,282 i3 7,295 i3 0,0225 
0,16 7,655 i4 7,669 14 7,683 i4 7,697 i4 7,7n i4 7,725 i4 7,739 14 7,753 i4 7,767 i4 7,781 i4 0,0256 
0,17 8,i33 i5 8,i48 i5 8,i63 

8,643 
i5 8,178 i5 8,ig3 i5 8,208 

8,690 

i5 8,223 i4 8,237 i5 8,252 i5 8,267 i5 0,0289 

0,18 8,611 16 8,627 l6 16 8,659 16 8,675 i5 16 8,706 16 8,722 16 8,738 i5 8,753 l6 o,o324 

9>o89 17 9,106 17 9,123 17 9,140 16 9,156 17 9,173 17 g,^0 16 9,206 17 9,223 16 9,239 T7 o,o36i 

0,20 9,568 17 9,585 18 9,6o3 17 9,620 18 9,638 l8 9,656 17 9,673 18 9,6g1 17 9,708 17 9,725 18 o,o4oo 

0,21 10,046 18 10,064 19 io,o83 18 10,101 *9 10,120 

10,601 

18 io,i38 l8 io,i56 ^9 10,175 18 10,193 18 10,211 !9 o,o44i 

0,22 

0,23 
0,24 

10,524 T9 io,543 20 io,563 
11 ,o43 

!9 10,582 19 20 10,621 I9 io,64o *9 h,659 *9 10,678 *9 10,697 19 0,0484 

11,002 

11,480 

20 11,022 21 20 11 ,o63 20 n,o83 20 ii,io3 20 11,123 20 11,i43 20 ii,i63 20 ii,i83 20 o,o52g 

21 ii,5oi 21 11,522 21 11,543 22 n,565 21 ii,586 21 11,607 21 11,628 20 11,648 21 11,669 21 0,0576 

0,25 11,958 22 11,980 22 12,002 

12,482 

22 12,024 22 12,046 22 12,068 22 12,090 22 12,112 21 i2,i33 22 I2,i55 22 0,0625 

0,26 12,436 23 12,459 23 23 i2,5o5 23 12,528 

13,009 

22 i2,55o 23 12,573 23 12,596 22 12,618 23 12,641 23 0,0676 

0,27 12,914 24 12,938 2 4 12,962 23 12,985 24 24 i3,o33 23 i3,o56 24 13,o8o 23 i3,io3 
i3,588 

24 13,127 23 0,0729 

0,28 13,392 24 i3,4i6 25 i3,44i 25 13,466 24 i3,4go 25 i3,5i5 24 i3,53o 25 13,564 24 25 i3,6i3 2 4 0,0784 

0,29 13,870 25 i3,8g5 26 13,921 25 13,946 26 13,972 25 13,997 26 l4,023 25 14,048 25 14,073 25 14,098 26 0,0841 

o,3o i4,347 27 14,374 26 i4,4oo 27 14,427 26 i4,453 26 i4,479 27 i4,5o6 26 i4,532 26 i4,558 26 i4,58 4 26 0,0900 

o,31 14,825 27 i4,852 28 14,880 27 14,907 27 i4,934 28 14,962 27 14,989 27 i5,oi6 27 15,o43 27 15,070 27 0,0961 

0,32 i5,3o3 28 15,331 28 15,359 28 i5,387 29 i5,4i6 28 15,444 28 15,472 28 i5,5oo 27 15,527 28 15,555 28 0,1024 

o,33 15,780 3o i5,8io 29 i5,83g 29 15,868 
i6,348 

29 15,897 2Q 15,926 29 15,g55 28 15,g83 29 1-6,012 29 i6,o4i 2Q 0,1089 

0,1156 o,34 16,258 3o 16,288 3o i6,3i8 3o 3o 16,378 3o 16,408 29 16,437 3o 16,467 3o 16,497 29 16,526 3o 

o,35 16,735 3i 16,766 3i 16,797 3i 16,828 3i 16,859 3i 16,890 3o 16,920 3i 16,951 3o 16,981 3i 17,012 3o 0,1225 

o,36 17,213 32 17,245 32 17,277 3i 17,308 32 17,340 3i 17,371 32 i7,4o3 3i 17,434 32 17,466 3i 17,497 32 0,1296 

0,37 17,690 33 17,723 33 17,756 32 17,788 33 17,821 32 17,853 33 17,886 32 17,9l8 32 17,950 33 17,983 32 0,136g 

o,38 18,168 33 18,201 34 i8,235 33 18,268 34 i8,3o2 33 i8,335 33 18,368 34 18,402 33 18,435 33 18,468 33 0,1444 

0,39 i8,645 34 18,679 35 18,714 34 18,748 34 18,782 35 18,817 34 i8,85i 34 18,885 34 18,919 34 i8,g53 34 0,1521 

o,4o 19,122 36 19,158 35 W93 35 19,228 35 19,263 35 19,298 

19,780 

35 19,333 35 19,368 35 i9,4o3 35 19,438 35 0,1600 

o,4i i9’599 37 19,636 36 19,672 36 19,708 36 19,744 36 36 19,816 36 ig,852 36 19,888 35 19,923 36 0,1681 

0,42 20,076 38 20,114 37 20,i5i 37 20,188 37 20,225 36 20,261 37 20,298 37 20,335 37 20,372 36 20,408 37 0,1764 

o,43 20,553 38 20,591 38 20,629 38 20,667 38 20,705 38 20,743 38 20,781 37 20,818 38 20,856 37 20,893 38 0,184g 

o,44 2i,o3o 39 21,069 39 21,108 39 21,147 39 2I,l86 38 21,224 39 21,263 38 21,301 39 21,34o 38 21,378 38 o,ig36 

o,45 21,507 4o 21,547 4o 21,587 39 21,626 4o 2 t ,666 4o 21,706 39 21,745 39 21,78 4 4o 21,824 3g 21,863 
24,286 

39 
0,2025 

o,5o 23,890 45 23,935 44 2'3>979 44 24,023 44 24,067 44 24,111 44 24,i55 44 24,199 43 24,242 44 44 0,2500 

o,55 26,271 49 26,320 

28,703 
49 26,369 48 26,417 4g 26,466 48 26,5i4 49 26,563 48 26,611 48 26,659 48 26,707 48 o,3o25 

0,60 28,65o 53 54 28,757 53 28,810 53 28,863 52 28,915 53 28,968 53 29,021 52 29,073 53 29,126 52 o,36oo 

o,65 31,026 58 31,084 58 31,142 57 31,199 58 3i,257 57 3i,3i 4 57 31,371 57 3i,428 57 31,485 57 31,542 57 0,4225 

0,70 33,4oo 62 33,462 62 33,524 62 33,586 62 33,648 62 33,710 62 33,772 61 33,833 62 33,8g5 61 33,g56 61 o,49oo 

0,75 35,771 66 35,837 67 35,90^ 67 35,971 66 36,037 66 36,io3 66 36,169 66 36,235 66 36,3oi 66 36,367 66 0,5625 

0,80 38,i38 71 38,209 71 38,280 72 38,352 70 38,422 71 38,4g3 71 38,564 70 38.634 7i 38,7o5 70 38,775 70 o,64oo 

o,85 4o,5o2 76 40,578 75 4o,653 76 40,729 76 4o,8o5 75 4o,88o 75 4o,g55 75 4i,o3o 75 4i,to5 75 4i,i8o 75 0,7225 

0,90 42.862 80 42,942 81 43,023 80 43,io3 80 43,i83 80 43,263 80 43,343 7Q 43,422 80 43,502 79 43,58i 79 0,8100 

0,95 45,218 85 45,3o5 85 45,388 85 45,473 85 45,558 84 45,642 85 45,727 84 45,8n 84 45,8g5 84 45,979 83 0,9025 

1,00 47,570 9° 47,660 9° 47,75o 89 47,83g 89 47,928 89 48,017 89 48,106 89 48,195 89 48,284 88 48,372 88 1,0000 

3,6721 3,6992 3,7265 3,7538 3,7813 3,8088 3,8365 3,8642 3,8921 3,9200 c2 

^ . (r + r") 2 01 r2 + r ."2 nearly. 

All 478 479 48o 481 482 483 484 485 486 487 

I 48 48 48 48 48 48 48 48 49 49 49 
2 95 96 96 96 96 96 97 97 97 97 97 
3 i43 143 i44 i44 i44 145 i45 i45 146 146 146 
4 !9* 191 192 192 192 ig3 ig3 194 194 194 ig5 
5 23g 239 240 24o 24l 24l 242 242 243 243 2 44 
6 286 287 287 288 289 289 290 290 291 292 292 
7 334 335 335 336 337 337 338 33g 34o 34o 341 
8 382 382 383 384 385 386 386 387 388 38g 3go 

9 429 43o 431 432 433 434 435 436 437 437 438 <
0
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TABLE II. — To find the time T; the sum of the radii r -j-r ", and the chord c being given. 

i 

Sum of the Radii r-\-r 

Chord 
C. 

2,81 2,82 2,83 2,84 2,85 2,86 

Days | dif. Days | dif. Days |dif. Days | dif. Days |dif. Days |dif. 
0,00 0,00C 0,000 0,000 O,00C 0,00c 0,00c 0,0000 
0,01 0,487 i o,488 I o,48c i 0,49C I 0,491 1 0,495 O 0,0001 
0,02 0,97^ 2 0,976 2 0,978 2 0,98c 1 0,981 2 0,985 2 0,0004 
o,o3 1,462 2 i,464 3 1,467 3 1,47C 2 1,472 3 1,475 2 o,ooog 
0,0 4 3 i,g52 4 1,956 3 i>959 4 1,963 3 1,966 4 0,0016 

o,o5 2,436 4 2,440 5 2,445 4 2,44ç 4 2,453 5 2,458 4 0,0025 
0,06 2,923 6 2,929 5 2,934 5 2,g3g 5 2,944 5 2,949 5 o,oo36 
0,07 3,4x1 6 3,4i7 6 3,423 6 3,42g 6 3,435 t 3,441 6 o,oo4g 
0,08 3,898 7 3,go5 7 3,912 7 3,919 6 3,92.5 7 3,932 7 0,0064 
0,09 4,385 8 4,3g3 8 4,4ox 7 4,4o8 8 4,4x6 8 4,424 8 0,0081 

0,10 4,872 9 4,88i 8 4,88g 9 4,896 9 4,907 8 4,9x5 9 0,0100 
0,11 5,35g 10 5,36g 9 5,378 10 5,388 9 5,397 10 5,407 0,0121 
0,12 5,846 11 5,857 10 5,867 II 5,878 10 5,888 10 5,898 11 0,0144 
o,i3 6,334 I I 6,345 11 6,356 11 6,367 11 6,378 12 6,3go 11 0,0169 
0,14 6,821 12 6,833 12 6,845 12 6,857 12 6,869 12 6,881 12 0,0196 

o,i5 7,3o8 i3 7,321 i3 7,334 i3 7,347 i3 7,36o 12 7,372 i3 0,0225 
0,16 7>795 i4 7,809 i3 7,822 i4 7,836 i4 7,85o i4 7,864 i4 0,0256 
0,17 8,282 i5 8,297 i4 8,311 i5 8,326 i5 8,34i i4 8,355 i5 0,0289 
0,18 8,769 i5 8,784 16 8,800 x5 8,8i5 16 8,83i 16 8,847 i5 0,0324 
0,19 9,256 16 9,272 17 9,289 16 9>3o5 16 9,321 17 9,338 16 o,o36i 

0,20 9>743 17 9,76o 17 9>777 18 9,795 17 9,812 17 9,829 17 0,0400 
0,21 IO,23o 18 10,248 18 10,266 18 10,284 18 xo,3o2 18 10,320 18 0,0 441 
0,22 10,716 20 xo,736 X9 10,755 19 10,77 4 X9 10,793 19 10,812 18 0,0484 
0,23 II,2o3 20 11,223 20 11,243 20 11,263 20 11,283 20 n,3o3 19 0,0529 
0,24 11,690 21 11,711 21 11,732 20 11,752 21 ii,773 21 h,794 20 0,0576 

0,25 12,177 22 12,199 21 12,220 22 12,242 21 12,263 22 12,285 21 0,0625 
0,26 12,664 22 12,686 23 12,709 22 12,731 23 12,754 22 12,776 22 0,0676 
0,27 i3,i5o 24 i3,i74 23 13,197 23 13,220 2 4 13,24 4 23 13,267 23 0,0729 
0,28 13,637 24 i3,66i 25 13,686 24 13,710 2 4 x 3,734 24 i3,758 24 0,0784 
0,29 14,124 25 i4,i4g 25 i4,i74 25 14,199 25 14,224 25 14,249 25 0,0841 

o,3o i4,6xo 26 i4,636 26 14,662 26 i4,688 26 i4,7i4 26 i4,74o 26 0,0900 
o,3i x 5,097 27 15,124 26 i5,i5o 27 15,177 27 i5,2o4 27 i5,23i 26 0,0961 
0,32 15,583 28 i5,6ii 28 15,639 27 15,666 28 x 5,6g4 27 15,721 28 0,1024 
o,33 16,070 28 16,098 29 16,127 28 i6,i55 29 16,184 28 16,212 29 0,1089 
o,34 16,556 29 16,585 3o i6,6i5 29 i6,644 3o 16,674 29 16,703 29 o,n56 

o,35 17,042 3i 17,073 3o I7,io3 3o I7,i33 3o I7,i63 3i 17,194 3o 0,1225 
o,36 17,529 3i 17,560 3i 17,591 3i 17,622 3i 17,653 3i 17,684 3i 0,1296 
0,37 18, Ol5 32 18,047 32 18,079 32 18,111 32 i8,i43 32 18,175 32 0,136g 
o,38 i8,5oi 33 i8,534 33 18,567 33 18,600 32 18,632 33 18,665 33 o,i444 
o,39 18,987 34 19,021 34 ig,o55 33 19,088 34 19,122 34 ig,i56 33 0,l52I 

o,4o 19,473 35 ig,5o8 34 19,542 35 19,577 35 19,612 34 19,646 34 0,1600 
o,41 i9>959 36 x 9,995 35 2o,o3o 36 20,066 35 20,101 35 20,136 36 0,1681 
0,42 20,445 36 20,48 T 37 20,5i8 36 20,554 36 20,590 3? 20,627 36 0,1764 
o,43 20,g3i 3? 20,968 3v 21,005 38 2i,o43 37 21,080 37 21,117 37 0,184g 
o,44 21,416 39 21,455 38 2i,4g3 38 2i,53i 38 21,569 38 21,607 38 0,1 g36 

o,45 21,902 39 21,941 3q 21,980 39 22,019 39 22,058 39 22,097 39 0,2025 
o,5o 24,33o 43 24,373 43 24,416 44 24,460 43 24,5o3 43 24,546 43 0,2000 
o,55 26,755 48 26,803 48 26,85i 47 26,898 48 26,946 48 26,994 47 o,3o25 
0,00 29,178 bb 2g,23i 52 29,283 52 2g,335 52 20,387 52 29,439 5i o,36oo 
o,65 31,599 57 31,656 56 3i,7I2 57 31,769 56 3i,8a5 57 3i,882 56 0,4225 
0,70 34,017 62 34,079 61 34,i4o 60 34,200 61 34,261 61 34,322 60 o,4goo 

0,75 36,433 65 36,4g8 66 36,564 65 36,629 65 36,6g4 65 36,75g 65 o,5625 
0,80 38,845 70 38,915 70 38,985 70 39,o55 70 3g,i25 69 39,194 70 o,64oo 
o,85 4i,255 74 4i,329 74 4i,4o3 75 41,478 74 4i,552 74 41,626 73 0,7225 
0,90 43,66o 79 43,739 79 43,8i8 79 43,897 78 43,975 79 44,o54 78 0,8100 
o,g5 46,062 84 46, r 46 83 46,229 83 46,312 83 46,3g5 83 46,478 83 0,9025 
1,00 48,460 88 48,548 88 48,636 88 48,724 88 48,812 87 48,899 87 1,0000 

3,9481 3,9762| 4,0045 4,0328 4,0613 4,0898 c2 
(j- + r")2 or r24-r"2 nearly. 

485 486 487 488 48g 490 491 492 

49 49 49 49 49 49 49 49 X 
97 97 97 98 98 98 98 98 2 

146 146 146 146 147 147 147 148 3 
194 194 xg5 ig5 196 196 196 197 4 
243 243 244 244 245 245 246 246 5 
291 292 292 293 293 294 295 2g5 6 
34o 34o 341 342 342 343 344 344 7 
388 38g 3go 3go 3gi 892 3g3 3g4 8 
437 437 438 43g 44o 441 442 443 9 

Prop, parts for the sum of the Radii. 

I | 2 | 3 I 4 1 5 i 6 I 7 1 8 I 9 

1 0 O O 0 I 1 1 1 I 
2 0 0 I 1 I 1 I 2 2 
3 0 1 i I 2 2 2 2 3 
4 O 1 i 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
1 I I 2 3 4 6 7 8 9 10 
12 1 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 
i4 1 3 4 6 7 8 10 11 x3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 
J9 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 11 i3 i5 17 r9 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 10 12 i4 17 X9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 11 i4 16 19 22 24 
28 3 6 8 I I i4 17 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 19 22 25 28 
32 3 6 10 i3 16 *9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 
37 4 7 11 i5 T9 22 26 3o 33 
38 4 8 11 i5 *9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 19 24 28 33 38 42 
48 5 10 i4 *9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 41 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 I I 16 21 27 32 37 42 48 
54 5 II 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 11 17 22 28 34 39 45 5o 
57 6 11 17 23 29 34 40 46 5i 
58 6 12 17 23 29 35 41 46 52 
59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 2 4 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 *9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 4a 49 56 63 
80 8 16 24 32 4o 48 56 64 72 
9° 9 18 27 36 45 54 63 72 81 

100 0 20 3o 4o 5o 60 70 80 9° 



TABLE II. — To find the time T\ the sum of the radii r r", and the chord c being given. 

Sura of the Radii r 

Chord 

C. 

0,00 

0,01 

0,02 

o,o3 
0,04 

o,o5 
0,06 
0,07 
0,08 
0,09 

0,10 
0,1 X 

0,1 a 
0,13 
0,14 

0,15 
0,16 
0,17 
0,18 
0,19 

0,20 
0,21 
0,22 
0,23 
0,24 

0,25 
0,26 
0,27 
0,28 
0,29 

o,3o 
o,3 x 
0,32 
o,33 
o,34 

o,35 
o,36 
0,37 

o,38 

o,41 

2,87 2,88 2,89 2,90 2,91 2,92 2,93 2,94 2,95 2,96 

Days Idif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days | dif. Days Idif. Days |dif. Days |dif. 

0,000 

0,492 i 
0,000 

0,4g3 I 
0,000 

0,494 I 
0,000 

0,495 I 
0,000 

0,4g6 I 
0,000 

0,497 I 
0,000 

0,498 O 
0,000 

0,498 I 
0,000 

0,499 I 
0,000 

o,5oo I 
0,0000 

0,0001 

0,0004 0,985 2 0,987 I 0,988 2 0,990 2 °,99 2 I 0,993 2 0,995 2 0,997 I 0,998 2 1,000 2 

1,477 3 1,480 2 1,482 3 i,485 2 1,487 3 1,490 3 1,493 2 1,495 3 I,4g8 2 i,5oo 3 0,0009 

1,970 3 1,973 3 1,976 4 1,980 3 1,983 4 1,987 3 i,99° 4 1,994 3 !>997 3 2,000 4 0,0016 

2,462 4 2,466 5 2,471 4 2,475 4 2 >479 4 2,483 5 2,488 4 2,492 4 2,496 4 2,500 5 0,0025 
2,954 6 2,960 5 2,965 5 2,970 

3,465 
5 2,975 5 2,980 5 2,985 5 2,99° 5 2,995 5 3,ooo 

3,5oo 
5 o,oo36 

3,447 6 3,453 6 3,459 6 6 3,471 6 3,477 6 3,483 6 3,48g 5 3,494 6 6 o,oo4g 
3,989 7 3,946 7 3,g53 7 3,960 7 3,967 6 3,973 7 3,980 7 3,987 7 3,994 6 4,000 7 0,0064 

4,43a 7 4,439 8 4,447 8 4,455 7 4,462 8 4,4 70 8 4,47s 7 4,485 8 4,493 7 4,5oo 8 0,0081 

4,924 8 4,932 9 4,94l 9 4,95o 8 4,g58 9 4,967 8 4,975 9 4,984 8 4,992 8 5,ooo 9 0,0100 

5,416 10 5,426 9 5,435 9 5,444 10 5,454 9 5,463 10 5,473 9 5,482 9 5,491 9 5,5oo 10 0,0121 

5,909 10 5,919 10 5,929 10 5,939 11 5,g5o IO 5,960 10 5,970 10 5,980 10 5,990 IO 6,000 11 0,0144 
6,401 11 6,412 11 6,423 11 6,434 II 6,445 11 6,456 II 6,467 I I 6,478 11 6,489 I I 6,5oo 11 0,0169 

6,893 12 6,go5 12 6,917 12 6,929 12 6,941 12 6,g53 12 6,g65 12 6,977 12 6,989 11 7,000 12 0,0196 

7,385 x3 7,398 i3 7,4xi i3 7,424 i3 1,437 12 7,449 i3 7,462 i3 7,475 i3 7,488 12 7,5oo i3 0,0225 
7,878 i3 7>89[ i4 7,9° 5 i4 7,9J 9 i3 7,932 i4 7,946 x4 7,960 i3 7,973 i4 7,987 i3 8,000 i4 o,oa56 
8,370 14 8,384 x5 8,399 i4 8,4i3 i5 8,428 i4 8,442 i5 8,457 i4 8,471 i5 8,486 i4 8,5oo i4 0,028g 
8,862 i5 8,877 16 8,893 i5 8,908 16 8,92.4 i5 8,g3g i5 8,g54 i5 8,969 16 8,985 i5 9,000 i5 0,0324 

9,354 16 9,370 17 9,387 16 g,4o3 16 9>4ig 16 9,435 16 9,45i 17 9,468 16 9,484 16 g,5oo 16 o,o36i 

9,846 17 9,863 18 9,881 17 9,898 17 9>9i5 17 9>932 17 9,949 17 9,966 17 9,983 17 10,000 16 o,o4oo 
io,338 18 io,356 18 10,374 18 io,3g2 18 io,4io 18 10,428 18 10,446 18 10,464 18 10,482 17 10,499 l8 0,0441 

io,83o 19 10,849 19 10,868 19 10,887 19 10,906 18 10,924 !9 10,943 !9 10,962 18 10,980 *9 10,999 19 0,0484 

11,322 20 11,342 20 ii,362 20 11,382 19 ii,4oi 20 11,421 19 n,44o 20 11,460 19 h,479 20 11,499 19 0,0529 

n,8i4 21 ix,835 21 11,856 20 11,876 21 11,897 20 11,917 20 h,937 21 n,g58 20 h,978 20 11,998 21 0,0576 

12,306 22 12,328 21 12,349 22 12,371 21 12,392 21 i2,4i3 22 12,435 21 12,456 21 12,477 21 12,498 21 0,0625 

12,798 23 12,821 22 12,843 22 12,865 22 12,887 22 12,9°9 23 I2,g32 22 12,954 22 12,976 22 12,998 22 0,0676 

13,290 23 i3,3i3 24 i3,337 23 i3,36o 23 i3,383 
13,878 

23 i3,4o6 23 13,429 23 i3,452 22 13,474 23 13,497 23 0,0729 

13,782 24 13,8o6 24 i3,83o 24 13.854 24 24 13,902 24 13,926 23 13,949 24 13,973 24 13,997 24 0,0784 

14,274 25 14,2.99 25 i4,324 24 i4,348 25 i4,373 25 i4,3g8 25 i4,423 24 i4,447 25 i4,472 24 14,496 25 0,0841 

14,766 25 i4,79i 26 14,817 26 14,843 25 14,868 26 14,8g4 25 i4,9I9 26 i4,945 25 14,970 26 14,996 25 0,0900 

i5,257 27 15,284 27 15,311 26 i5,337 27 15,364 26 i5,3go 26 i5,4i6 27 15,443 26 15,469 26 i5,495 26 0,0961 

i5,74q 27 15,776 28 i5,8o4 27 15,831 28 i5,85g 27 15,886 27 i5,gi3 27 i5,g4o 27 15,967 28 15,995 27 0,1024 

16,241 28 16,269 28 16,297 28 i6,325 29 i6,354 28 16,382 28 16,410 28 16,438 28 16,466 28 16,494 28 0,1089 

o,n56 16,732 29 16,761 3o 16,791 29 16,820 29 16,849 29 16,878 29 16,907 28 i6,g35 29 16,964 29 16,993 29 

17,224 3o 17,254 3o 17,284 3o i7,3i4 3o 17,344 2Q 17,373 3o I7,4o3 3o 17,433 3o 17,463 29 17,492 3o 0,1225 
17,715 3x 17,746 3i 17,777 3i 17,808 3i i7,83g 3o 17,869 3i 17,900 3o i7,93o 3i 17,961 3i i7,992 3o 0,1296 

18,207 3t i8,238 32 18,270 32 i8,3o2 3i i8,333 32 18,365 3i 18,896 3a 18,428 3i i8,45g 32 18,491 3i 0,136g 
18,698 33 18,731 32 18,763 33 18,796 32 18,828 33 18,861 32 i8,8g3 32 18,925 33 18,958 32 18,990 32 o,i444 

I9;I89 34 19,223 33 ig,256 34 19,290 33 19,323 33 19,356 33 ig,38g 34 19,423 33 19,456 33 19,489 33 0,l52I 

O 
CO 
<

0
 

d
 35 19,715 34 19,749 34 19,783 35 19,818 34 19,852 34 19,886 34 19,920 34 19,954 34 19,988 34 0,1600 

20,172 35 20,207 35 20,242 35 20,277 35 20,3 12 35 20,347 35 20,382 33 20,417 3b 20,452 35 20,487 34 0,1681 

20.663 36 20,6qQ 36 20,735 36 20,771 36 20,807 36 20,843 35 20,878 36 20,914 36 20,950 35 20,988 36 0,1764 

2i,i54 3/ 2i,I9I 37 21,228 37 21,265 36 2I,3oi 37 21,338 37 21,375 36 21,411 37 21,448 36 21,484 37 0,1849 

21,645 38 21,683 37 21,720 38 21,758 38 21,796 37 21,833 38 21,871 37 21,908 38 21,946 37 21,983 07 0,1 g36 

22.l36 38 22,17 4 39 22,2IC 
24,675 

39 22,202 38 22,290 39 22,32Q 38 22,367 38 22,4o5 38 22,443 39 22,482 38 0,2025 
24,58c 43 24,632 43 43 24,7l8 43 24,761 43 24,80/ 42 24,846 43 24,889 42 24,g3i 43 24,974 42 0,2500 

27,041 4", 27,088 48 27,186 47 27,l83 47 27,23o 47 27,277 47 27,324 47 27,371 47 27,4x8 46 27,464 47 o,3o25 
2q,4qc 5: 29,542 52 29,594 5i 29,645 52 29,697 5i 29,748 5i 29,799 52 2g,85i 5i 29,902 5i 29,953 5t o,36oo 
3i,g38 56 31 .qq4 56 32,o5o 56 32,100 55 32,161 56 32,217 56 32,273 55 32,328 56 32,384 55 32,43g 55 0,4220 

34,382 6i 34,443 6c 34,5o: 60 34,563 61 34,62.4 60 34,684 60 34,744 5g 34,8o3 60 34,863 60 34,923 5g 0,4900 

36,82/ 6Î 36,88c 65 36,954 65 37,0x9 6d 37,083 65 37,148 64 37,212 6/ 37,276 6/ 37,340 64 37,404 64 o,56a5 
39,26/ 6c 39,338 6c 39,402 6g 39,471 6c 3g,54c 6g 3g,60c 68 39,677 6g 39,746 68 3g,8i4 68 39,882 69 o,64oo 

41,69c 7/ 4i,77c lA 4i,84- l3 41,92c 7/ 4i,99c 74 42,067 73 42,14c 72 42,212 73 42,285 73 42,030 72 0,722.5 

x 44,13s it 44,2ic 7e 
8: 

44,288 78 44,365 78 44,44/ 7" 44,521 78 44,59c T, 44,676 77 44,753 77 44,83o 77 o,8100 

> 46,56i 83 46,64/ 46,7 2t 82 46,808 8; 46,89c 83 46,97' 81 4i,o3A 82 47,i36 82 47,218 8l 47,29g 81 0,9025 

5 48,q8f 8- 49,07c 8- 49,i6c 8- 49,24^ 8- 49,33/ 85 49,42c i 85 4g,5of 85 49,592 86 49,678 86 49,764 86 T ,0000 

4,1185 4,1472 4,1761 4,2050 4,2341 4,2632 4,2925 1 4,3218 4,3513 4,3808 c2 

£ . (r + r")3 or r3 + r"3 nearly. 

491 492 493 

X 49 49 49 
a 98 98 99 
3 i47 148 148 
4 196 197 197 
5 246 246 247 
6 295 295 296 

7 344 344 345 
8 3g3 3g4 394 
9 442 443 444 

494 4g5 496 497 

49 5o 5o 5o 

99 99 99 99 
148 149 i4g 149 
198 198 198 199 
247 248 248 249 
296 297 298 298 
346 347 347 348 
3g5 3g6 397 3g8 
445 446 446 447 

4g8 499 5oo 

5o 5o 5o 1 
100 100 100 a 

14g i5o i5o 3 

X99 200 200 4 
249 250 a5o 5 

299 299 3oo 6 

34g 349 35o 7 
3g8 399 4oo 8 
448 449 45o 9 



TABLE II. — To find the time T; the sum of the radii and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 2,97 2,98 2,99 3,00 3,01 3,02 
C. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. 

0,00 
0,01 

O
 O
 

O
 

O
 

0 
d

 i 
0,000 
0,502 
1,004 

I 
0,000 
o,5o3 0 

0,000 
o,5o3 I 

0,000 
o,5o4 I 

0,000 
o,5o5 I 

0,0000 
0,0001 

0,02 1,002 
i,5o3 

2 1 i,oo5 2 1,007 2 x,ooq 
i,5i3 

1 1,010 2 0,0004 
o,o3 2 i,5o5 3 i,5o8 2 i,5io 3 2 i,5i5 3 0,0009 
o,o4 2,004 3 2,007 3 2,010 4 2,014 3 2,017 3 2,020 4 0,0016 

o,o5 2,5o5 4 2,5og 4 2,5i3 4 2,5x7 4 2,521 5 2,526 4 0,0025 
0,06 3,oo5 6 3,on 5 3,oi6 5 3,021 5 3,026 5 3,o3i 5 o,oo36 
0,07 3,5o6 6 3,5x2 6 3,5x8 6 3,524 6 3,53o 6 3,536 6 0,0049 
0,08 4,007 7 4,014 7 4,021 6 4,027 7 4,o34 7 4,o4i 7 0,0064 
0,09 4,5o8 8 4,5x6 7 4,523 8 4,53i 7 4,538 8 4,546 7 0,0081 

o,io 5,009 8 5,017 9 5,026 8 5,o34 9 5,o43 8 5,o5i 8 0,0100 
0,1 I 5,5io 9 5,5i9 9 5,528 10 5,538 9 5,547 9 5,556 9 0,0121 
0,12 6,011 10 6,021 10 6,o3x 10 6,o4i 10 6,o5i 10 6,061 10 0,0144 
o,i3 6,511 11 6,522 11 6,533 

7,o36 
11 6,544 ii 6,555 I I 6,566 ii 0,0169 

o,i4 7,012 12 7,024 12 12 7,°48 11 7,°5g 12 7,071 12 0,01 g6 

0,15 7,5i 3 i3 7,526 12 7,538 i3 7,55i 12 7,563 i3 7,576 12 0,0225 
0,16 8,oi4 i3 8,027 i4 8,o4i i3 8,o54 i4 8,068 i3 8,081 i3 0,0256 
0,17 8,5x4 i5 8,529 

g,o3o 
i4 8,543 i4 8,557 i5 8,572 i4 8,586 i4 0,0289 

0,18 9,oi5 i5 i5 9,045 16 9,061 i5 9:°76 i5 9>°9i i5 o,o324 
0,19 9,5x6 16 9,532 16 9,548 16 .9:564 16 9,58o 16 9,596 16 o,o36i 

0,20 10,016 17 io,o33 17 io,o5o 17 10,067 17 10,084 16 10,100 17 o,o4oo 
0,21 10,517 18 io,535 17 io,552 18 10,570 18 io,588 17 xo,6o5 18 0,0441 
0,22 11,018 18 11 ,o36 T9 1 i,o55 

11,557 
18 11,073 19 11,092 18 11,110 *9 0,0484 

0,23 ii,5i8 20 u,538 !9 11,576 20 ii,5g6 19 n,6i5 19 0,0529 
0,24 12,019 20 12,039 20 i2,o5g 20 12,079 21 I 2 j IOO 20 12,120 20 0,0676 

0,25 12,519 21 12,540 21 12,56: 21 12,582 21 i2,6o3 21 12,624 21 0,0625 
0,26 13,020 22 13,042 22 13,064 21 x3,o85 22 i3,io7 22 l3,I2Q 22 0,0676 
0,27 i3,52o 23 13,543 23 :3,566 22 i3,588 23 i3,6i 1 23 13,634 22 0,0729 
0,28 l4,02 I 23 i4,o44 24 14,068 23 14,091 24 i4,h5 23 14,i 38 24 0,0784 
0,29 i4,52I 24 i4,545 25 14,570 24 i4,5g4 24 i4,6i8 25 i4,643 24 o,o84i 

o,3o 15,021 25 i5.o46 26 15,072 25 15,097 25 15,122 25 i5,i4? 25 0,0900 
o,31 i5,52i 27 i5,548 26 X 5,574 26 15,6oo 26 15,626 26 15,652 26 0,0961 
0,32 16,022 27 i6,o4q 27 16,076 26 16,102 27 x6,i29 27 i6,i56 27 0,1024 
o,33 16,522 28 i6,55o 

i7,o5i 
27 16,577 28 i6,6o5 28 16,633 

i7,i36 
28 16,661 

17,165 
27 0,1089 

o,34 17,022 29 28 17,079 29 17,108 28 29 28 o,n56 

o,35 17,522 29 i7,55i 3o 17,581 29 17,610 3o 17,640 2-9 17,669 29 0,1225 
o,36 18,022 3o i8,o52 3i i8,o83 3o i8,n3 3o 18, i43 3o 18,173 3i 0,1296 
0,37 18,522 3i i8,553 3i 18,584 3i 18,615 32 18,647 3i 18,678 3i o,i36g 
o,38 19,022 32 ig,o54 32 19,086 32 19,118 32 ig,i5o 32 19,182 32 o,i444 
0,39 19,522 33 19,555 33 ig,588 32 19,620 33 19,653 33 19,686 32 0,1521 

o,4o 20,022 33 2o,o55 34 20,089 34 20,123 33 2o,i56 34 20,190 33 0,1600 
o,41 20,521 35 20,556 34 20,590 35 20,625 34 20,659 35 20,69 4 34 0,1681 
0,42 21,021 35 2i,o56 36 21,092 35 21,127 35 21,162 36 21,198 35 0,1764 
o,43 21,521 36 21,557 36 2i,5g3 36 21,629 37 21,666 36 21,702 36 0,1849 
o,44 22,020 37 22,057 37 22,094 37 22,l3l 37 22,168 37 22,2o5 37 o,ig36 

o,45 22,520 38 22,558 38 22,596 38 22,634 37 22,671 38 22,709 
25,227 

38 0,2025 
o,5o 25,0l6 42 25,o58 43 25,101 

27,604 
42 2.5,143 42 25,i85 42 42 0,2500 

o,55 27,5iI 46 27,557 47 46 2.7,650 47 27,697 46 27,743 46 o,3o25 
0,60 3o,oo4 5o 3o,o54 5i 3o,io5 

32,6o4 
5i 3o,x56 5o 3o,2o6 5x 3o,257 5o o,36oo 

0,4225 o,65 32,4g4 55 32,549 55 55 32,659 55 32,714 55 32,769 54 
0,70 34,982 60 35,o42 59 35,ioi 59 35,i6o 59 35,219 59 35,278 59 o,4goo 

0,75 37,468 63 37,53i 64 37,595 64 37,65g 63 37,722 63 37,785 63 o,5625 
0,80 39,951: 68 4o,oxg 68 40,087 67 4o,i54 68 40,222 68 40,290 67 o,64oo 
o,85 42,43o 73 42,5o3 72 42,575 72 42,647 72 42,7X9 72 42,791 72 0,7225 
0,90 44,907 77 44,984 76 45,o6o 77 45,i37 76 45,213 76 45,289 76 0,8100 
0,95 47,38o 81 47,46i 81 47,542 81 47,623 81 47:7°4 80 47,784 81 o,go25 
1,00 4g,85o 85 49,935 86 5o,02I 85 5o,io6 85 5o,I9I 85 50,276 85 1,0000 

4,4105 4,4402 4,4701 4,5000 4,5301 4,5602 c2 

1 5 • ( r +r") * or ?-2 -f- r n 2 nearly. 

499 5oo 5ox 502 5o3 5o4 5o5 5o6 

1 5o 5o 5o 5o 5o 5o 5x 5i 1 
2 100 100 100 100 101 101 IOI IOI 2 
3 i5o i5o i5o i5i i5i 151 i52 l52 3 
4 200 200 200 201 201 202 202 202 4 
5 200 250 25l 25l 252 252 253 253 5 
6 299 3 00 3ox 3oi 302 302 3o3 3o4 6 
7 34g 35o 35i 35i 352 353 354 354 7 
8 399 4oo 4oi 402 402 4o3 4o4 4o5 8 
9 44g 45o 45i 452 453 454 455 455 9 

Prop, parts for the sum of the Radii. 

i|a|3|4|5|6|7|8|9 

1 O 0 0 0 1 1 1 1 1 

2 0 0 I I 1 1 1 2 2 
3 0 1 I 1 2 2 2 2 3 

4 0 1 I 2 2 2 3 3 4 

5 I 1 2 2 3 3 4 4 5 
6 I 1 2 2 3 4 4 5 5 
7 I 1 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 10 

12 I 2 4 5 6 7 8 IO 11 

i3 I 3 4 5 7 8 9 10 12 

i4 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 IO 12 14 i5 
18 2 4 5 7 9 11 i3 i4 16 

19 
2 4 6 8 10 x 1 i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 

21 2 4 6 8 I I i3 i5 17 *9 
22 2 4 7 Q I I i3 x5 18 20 

23 2 5 7 9 12 i4 16 18 21 

24 2 5 7 10 12 i4 17 19 
22 

2,5 3 5 8 TO 13 i5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 I I i4 16 19 22 2.4 

28 3 6 8 I I i4 17 20 22 25 

29 3 6 9 12 15 17 20 23 26 

3o 3 6 9 12 15 18 21 2 4 27 

3i 3 6 9 12 16 19 
22 25 28 

32 3 6 10 i3 16 x9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 

34 3 7 IO i4 17 20 24 27 31 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 1 I i4 18 22 25 29 32 

37 4 7 I I i5 19 22 26 80 33 
38 4 8 11 i5 l9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 I 2 16 21 25 29 33 37 
42 4 8 i3 17 21 25 2 9 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3x 35 4o 

45 5 9 i4 18 23 27 32 36 4i 

46 5 9 14 18 23 28 32 37 4i 

47 5 9 i4 19 24 28 33 38 42 

48 5 10 i4 J9 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 

5i 5 10 15 20 26 3i 36 4i 46 
52 5 10 16 21 26 31 36 42 47 
53 5 I I 16 21 27 32 37 42 48 
54 5 11 16 22 27 3 s 38 43 49 

55 6 I I 17 22 28 33 3q 44 5o 

56 6 I I 17 22 28 34 39 45 5o 

57 6 11 17 23 29 34 4o 46 5i 

58 6 12 17 23 =q 35 4i 46 52 

59 6 12 18 2 4 3o 35 4i 47 53 

60 6 12 18 24 3o 36 4? 48 54 
61 6 12 18 2-4 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 19 26 32 38 45 5x 58 

65 7 i3 20 26 33 39 46 52 
Î9 

66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 

68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 24 32 4o 48 56 64 72 

9° 
100 

9 
10 

l8 

20 

27 

3o 
36 
4o 

45 
5c 

54 
60 

63 
70 80 

81 

9°l 

a12 



TABLE IL —To find the time T', the sum of the radii r-J-r", and the chord c being given. 

ühord 
C. 

3,03 

Days jdif. 
0,00 0,000 

0,01 o,5o6 I 
0.02 1,012 2 

o,o3 i,5i8 2 

0,04 2,024 3 

o,o5 2,53o 4 
0,06 3,o36 5 

0,07 3,542 5 

0,08 4,o48 6 
0=09 4,553 8 

0,10 5,o5g 9 
0,11 5,565 9 
0,12 6,071 TO 

o,i3 6,577 II 
0,14 7,o83 II 

o,i5 7,588 i3 

0,16 8,094 i4 
0,17 8,600 i4 
0,18 9,106 i5 
0,19 9,612 i5 

0,20 10,117 17 
0,21 10,623 17 
0,22 11,129 18 

0,23 n,634 *9 
0,24 12,140 20 

0,25 12,645 21 

0,26 i3,i5i 21 

0,27 13,656 23 

0,28 14,162 23 
0,29 14,667 24 

o,3o 15,172 25 
o,3i 15,678 26 

0,32 i6,i83 27 

o,33 16,688 28 

o,34 i7=i93 29 

o,35 17,698 3o 

o,36 18,204 3o 

0,37 18,709 3o 

o,38 19,214 3i 

o,39 19,718 33 

o,4o 20,223 34 
0,41 20,728 34 
0,42 21,233 35 
o,43 21,738 36 
o,44 22,242 37 

o,45 22,747 37 
o,5o 25,269 42 
o,55 27,789 46 
0,60 3o,3o7 5o 
o,65 32,823 55 
0,70 35,337 59 

0,75 37,84£ 63 
0,80 4o,357 67 

o,85 42,86: 7i 
0,90 45,36^ 76 

o,95 47=865 80 

1,00 5o,36i 84 

4,5905 

3,04 3,05 

Days jdif. I Days|dif. 
0,000 

0,507 

I,0i4 
1,520 
2,027 

2,534 
3,o4i 

3,547 
4,o54 
4,56i 

5,o68 

5,574 
6,081 

6,588 

7=094 

7,601 

8,108 

8,6i4 
9,J2i 

9=027 

io,i34 
10,640 

11,147 
1 x ,653 
12,160 

12,666 

13,172 

13,679 

i4,i85 
14,691 

16,197 
15,704 
16,210 

16,716 

17,222 

J28 

. 34 
18,739 

19,245 

i9=75i 

20,257 
20,762 

21,268 

21,774 
22,279 

22,784 

25,3i i 

27,835 
3o,357 

32,878 

35,396 

37,911 

4o,4a4 
42,934 
45,44i 

47=945 
5o,445 

1 

1 

3 
3 

4 
5 
6 
7 
7 

8 
10 

10 

11 

12 

13 
13 

14 
15 
16 

17 
18 

18 

r9 
20 

21 

22 
22 
23 

24 

25 
25 
26 

27 
28 

29 
30 

31 

32 
33: 

0,000 

o,5o8 
1,015 
i,523 
2,o3o 

2,538 
3,o46 
3,553 
4,061 

4,568 

5,076 

5,584 
6,091 

6,599 

7,106 

7,614 

8,121 

8,628 

9,t36 
9,643 

io,i5i 
io,658 
ii,i65 
11,672 

12,180 

12,687 

13,194 

13,701 

14,208 

i4,7i5 

15,222 

15,729 

16,236 

i6,743 
17,250 

17=757 
18,264 
18,770 

I9=277 
19,784 

33 
35 
35 
35 
37 

38 
4i 

46 
5i 
54 
59 

63 
68 
72 

76 

80 

85 

4,6208 

20,290 

20,797 
2i,3o3 

2T,8i 

22,3i6 

22,822 

25,352 
27,881 

3o,4o8 
82,932 

35,455 

37,974 

40,492 

43,oo6 

45,5i7 
48,025 
5o,53o 

o 

2 

2 

4 

4 
5 
6 
6 
8 

8 
9 

10 

10 

12 

12 

13 
i5 
15 
16 

16 

17 

19 
20 

20 

21 

22 

23 
24 

25 

25 
20| 

27! 

28 

28 

3,06 

Days Idif. 

0,000 

o,5o8 
1,017 

I, 52.5 
2,o34 

2,542 

3,o5i 

3,55g 

4,067 

4,576 

5,o84 
5,593 
6,101 

6,609 

7,118 

7,626 

8,i34 
8,643 
9,i5i 

9=659 

10,167 

10,675 

11,184 
II, 692 

12,200 

12,708 

i3,2i6 
13,724 

14,282 

14,74o 

15,2.47 
i5,755 
16,263 

16,771 

17,278 

29 17,786 

30 18,294 

18,801 

19,309 

i9=Sl6 

31 

32 
32 

34 
34 
35 
36 
36 

38 
42 

46 
5o 

55 
58 

63 
67 

•71 

20,324 

20,831 

21,338 
21,845 
22,352 

22,860 

25,394 
27,927 

3o,458 
32,987 
35,5i3 

38,o37 
4o-,559 
43,077 

76]45,593 
8oj 4S,io5 
84] 5o,6i4 

1 

2 

3 
3 

4 
5 
6 
7 
7 

9 
9 

10 

11 

11 

12 

i4 
14 
15 
16 

17 
18 

18 

19 
20 

21 

21 

22 

23! 

24 

25 
26 

27 

27 

29 

29 
30 

31 

3i 

33 

33 

34 
35 
36 
37 

37 
42 

4,65131 4,6818 

Sum of the Radii r -f r' 

3,07 3,08 3,09 3,10 3,11 3,12 

Days [dif. Days |dif. Days |dif. Days jdif. Days (dif. Days |dif. 
0,000 

o,5og I 

0,000 

o,5io I 

0,000 

o,5n i 

0,000 

0,512 I 

0,000 

o,5i3 O 

0,000 

o,5i3 I 

0,0000 

0,0001 

1=019 

1,528 

1 1,020 2 1,022 2 1,024 I 1,025 2 1,027 i 0,000 4 

2 i,53o 3 1,533 2 1,535 3 1,538 2 1,540 3 0,0009 

2,037 3 2,o4o 4 2,044 3 2,047 3 2,o5o 4 2,o54 3 0,0016 

2,546 5 2,55i 4 2,555 4 2,55g 4 a,563 4 2,567 4 0,0025 

3,o56 5 3,061 5 3,o66 5 3,071 4 3,075 5 3,o8o 5 o,oo36 

3,565 6 3,571 6 3=577 5 3,582 

4,og4 

6 3,588 6 3,594 6 o,oo4g 

4,074 7 4,081 6 4,087 7 7 4,ioi 6 4,107 7 0,0064 

4,583 8 4,591 7 4,598 8 4,606 7 4,6i3 8 4,621 7 0,0081 

5,og3 8 5,101 8 5,109 8 5,117 9 5,126 8 5,i34 8 0,0100 

5,602 9 5,6n 9 5,620 9 5,629 9 5,638 9 5,647 9 0,0121 

6,111 10 6,121 10 6,i3i 10 6,i4i 10 6,i5i 10 6,161 9 0,0144 

6,620 11 6,631 

7=i4i 

11 6,642 10 6,652 II 6,663 I I 6,674 11 0,0169 

7=I29 
12 12 7=153 11 7,164 12 7,176 I I 7=187 12 0,0196 

7,638 i3 7,651 12 7,663 i3 7=676 12 7,688 12 7,700 i3 0,0225 

8,148 13 8,161 l3 8,174 i3 8,187 i4 8,201 i3 8,214 i3 0,0256 

8,657 i4 8,671 14 8,685 i4 8,699 i4 8,713 i4 8,727 i4 0,0289 

9,166 i5 9=lSl i5 i4 9=210 i5 9=225 i5 9,240 15 o,o324 

9=675 16 9=69! i5 9,706 16 9=722 16 9=738 i5 9,753 16 o,o36i 

10,184 16 10,200 17 10,217 16 io,233 17 10,200 16 10,266 17 o,o4oo 

io,6g3 17 10,710 l8 10,728 17 10,745 17 10,762 18 10,780 17 o,o441 

11,202 18 11,220 18 1 i,238 l8 11,256 19 11,275 18 11,293 

11,806 

I2,3l9 

18 o,o484 

11=711 19 
11,780 19 h=749 19 11,768 19 11,787 19 !9 o,o52g 

12,220 20 12,240 19 12,259 20 12=279 20 12,299 20 20 0,0576 

12=729 

13,237 

20 12,749 21 12,770 21 12=79! 20 12,811 21 12,832 20 0,0625 

22 i3,25g 21 13,280 22 i3,3o2 2 T i3,32.3 22 10,345 21 0,0676 

13,746 23 13,769 22 i3,7gi 22 i3.8i3 23 i3,836 22 i3,858 22 0,0729 

i4,255 23 14,278 23 i4,3oi 23 i4,324 2 4 i4,348 23 i4,37i 23 0,0784 

14,764 2 4 14,788 24 14,812 24 i4,836 24 14,860 2 4 i4,884 23 0,0841 

15,272 25 15,297 25 l5,322 25 15,347 25 15,372 24 i5,3g6 25 0,0900 

15,781 26 15,807 25 i5,832 26 i5,858 26 t 5,884 25 15,909 26 0,0961 

16,290 26 i6,3i6 27 i6,343 26 i6,36g 27 i6,396 26 16,422 26 0,1024 

16,798 28 16,826 

17,335 
27 16,853 27 16,880 

17,39! 

27 16,907 28 i6,935 27 0,1089 

17,307 28 28 17,363 28 28 i7=4i9 28 17=447 28 0,1156 

i7,8i5 29 17,844 2Q i7=873 29 17,902 2Q i7=93i 29 17,960 29 0,1225 

18,324 29 i8,353 3o 18,383 3o i8,4i3 3o i8,443 3o 18,478 29 0,1296 

18,832 3i 18,863 3o i8,8g3 3i 18,924 31 i8,g55 3o i8,985 3i 0,1369 

19,340 32 i9=372 3i ig,4o3 32 19,435 3i 19,466 32 19=498 3i o,i444 

i9=849 32 19=881 32 19,913 33 19,946 32 19=978 32 20,010 32 0,1021 

20,357 33 2o,3go 33 20,423 33 20,456 33 20,489 33 20,522 33 0,1600 

20,865 34 20,899 

21,408 

34 20,g33 34 20,967 34 21,001 34 2i,o35 33 o,i6bi 

21,373 35 35 21,443 35 21,478 34 21,5i2 6b 21,547 6b 0,1764 

21,881 36 21,917 

22,426 

36 2i,g53 35 21,988 36 22,024 35 22,059 36 0,1849 

22,389 
O 
07 36 22,462 3? 22,499 36 22,535 36 22,571 37 o,ig36 

22.807 37 22,g34 38 22,972 37 23,009 37 23,046 37 23,o83 37 0,2025 

25.436 4i 25,477 42 25,5ig 4i 25,56o 42 25,602 4i 25,643 4i 0,2000 

o,3o25 
27.073 46 28,019 45 28,064 46 28,110 45 28,i55 46 28,201 45 

3o,5o8 5o 3o,558 5o 3o,6o8 49 3o,657 5o 30,707 5o 30,757 49 0,0000 

33,o4t 54 33,og5 54 33,i4q 54 33,2o3 

35,747 
54 33,257 54 33,3n 54 0.4220 

35,572 58 35,63o 58 35,688 59 58 35,8o5 58 35,863 58 0,4900 

38,too 63 38,i63 62 38,225 63 38,288 62 38,35o 62 38,4i 2 62 0,5625 

40,626 67 4o,693 66 40,759 67 40,826 67 4o,8g3 66 4o,95g 66 o,64oo 

0,7225 

0,8100 

0,9025 

43,i49 71 43,220 71 43,2QI 71 43,362 70 43,432 71 43,5o3 71 

45,668 76 45,744 75 45,8ig 75 45,894 75 45,969 75 46,o44 75 

1 48,i85 80 48,265 79 48,344 80 48,424 70 48,5o3 79 48,582 79 

5o,6g8 84 50,782 84 5o,866 84 5o,g5o 83 5i ,o33 84 5 r ,1X7 83 1,0000 

4,7125 4,7432 4,7741 4,8050 4,8361 4,8672 c? 

1 . (r r"yî or r~ + r"a nearly. 

1 

2 

3 

4 
5 
6 
7 
8 

5o4 5o5 5o6 507 5o8 5og 5io 5n 5l2 5i3 

5o 5i 5i 5i 5i 5i 5i 5i 5i 5i 

101 101 
l52 

101 
l52 

101 
l52 

102 
I 52. 

102 
153 

102 
i53 

102 
i53 

102 

154 

io3 
154 

202 202 202 203 203 2o4 204 20 4 205 205 

252 253 253 254 254 255 255 256 256 2A7 

302 3o3 3o4 3o4 3o5 3o5 3o6 307 307 3o8 

353 354 354 355 356 356 357 358 358 35g 

4o3 4o4 4o5 4o6 4o6 407 4o8 4og 4io 4io 

454 455 455 456 457 458 45g 46o 46i 462 

5i4 

5i 

io3 

154 
206 

3o8 
36o 

4n 

463 

7 
8 

CN (=
0
 

lO
 lO
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TABLE II. — To find the time T\ the sum of the radii r-fr and the chord c being given. 

Sum of the Radii 

Chord 3,13 3,14 3,15 3,16 3,17 CO
 

00
 

C. Days | dif. Days |dif. Days |dif. Days |dif". Days | tl if. Days |dif. 

0,00 
0,01 

0,000 
0,5l 4 1 

0,000 
o,5i5 I 

0,000 
o,5i6 I 

0,000 
0,517 0 

0,000 
0,5l7 I 

0,000 
0,5x8 I 

0,0000 
0,000 I 

0,02 1,028 2 i,o3o 2 1,032 
1,548 

I i,o33 2 i,o35 2 1,087 I 0,0004 
o,o3 1,543 2 i,545 3 2 i,55o 3 i,553 2 x,555 2 0,0009 
0,0 4 2,o57 3 2,060 3 2,o63 4 2,067 3 2,07c 3 2,073 4 o,coi 6 

o,o5 2,571 4 2,575 4 2,579 4 2,58c 5 2,588 4 2,592 4 0,0025 
0,06 3,o85 5 3,090 5 3,og5 5 3,ioo 5 3,io5 5 3,no 5 o,oo36 
0,07 3,6oo 5 3,6o5 6 3,6i 1 6 3,617 5 3,622 6 3,6q8 6 o,oo4g 
0,08 4,n4 6 4,120 7 4,127 6 4, i33 7 4,i4o 6 4,146 7 0,0064 
0,09 4,628 7 4,635 8 4,643 7 4,65o 7 4,657 8 4,665 7 0,0081 

0,10 5,142 8 5.i5o 9 5,x5g 8 5,167 8 5,175 8 5,i83 8 0,0100 
0,11 5,656 9 5,665 9 5,674 9 5,683 9 5,692 9 5,701 9 0,0121 
0,12 6,170 10 6,180 

6,695 
10 6,190 10 6,200 10 6,210 10 6,220 9 o,oi44 

o,i3 6,685 10 II 6,706 11 6,717 10 6,727 11 6,738 10 0,0x69 

o,x4 7,199 I X 7,210 12 7,222 I I 7,233 12 7,245 11 7,256 11 0,0196 

o,i5 7,7x3 12 7,725 12 7>737 i3 7,760 12 7,762 12 7,774 12 0,0225 
o,x6 8,227 i3 8,240 i3 8,253 i3 8,266 i3 8,279 i3 8,292 i3 0,02 56 
0,17 8,741 14 8,755 i4 8,769 i4 8,783 i4 8,797 i3 8,810 i4 0,0289 
0,18 9,255 i5 9,27° i4 9,284 i5 9,299 i5 9,314 i5 9,329 i4 0,0324 
0,19 9>769 16 9>785 i5 9,800 16 9,8l6 i5 g,83i 16 9î847 i5 o,o36i 

0,20 10,283 16 10,299 17 io,3i6 16 io,332 16 10,348 17 io,365 16 o,o4oo 
0,21 10,797 17 io,8x4 17 io,83i 18 10,849 17 10,866 17 io,883 17 o,o441 
0,22 11,311 18 n,32g 18 11,347 18 n,365 18 11,383 18 ii,4oi l8 0,0484 
0,23 11,825 19 11,844 18 11,862 

12,378 
x9 11,881 x9 11,goo x9 11,919 19 o,o52g 

0,24 12,33g 19 12,358 20 20 T2,3g8 19 12,417 20 12,437 x9 0,0576 

0,25 12,852 21 12,873 20 12,893 21 12,914 20 12,934 21 12,955 20 0,0625 
0,26 i3,366 22 i3,388 21 13,409 21 x3,43o 2 I i3,45i 22 x3,473 21 0,0676 
0,27 i3,88o 

i4,3g4 
22 13,902 22 13,924 22 13,946 22 13.968 23 x3,9gi 22 0,0729 

0,28 23 i4,4x7 23 x4,44o 23 x4,463 23 14,486 22 i4,5o8 23 0,0784 
0,29 14,907 24 1 4,93i 24 i4,g55 24 i4,979 24 i5,oo3 23 15,026 24 0,0841 

o,3o X 5,421 a5 15,446 24 15,470 25 i5,4g5 24 i5,5x9 25 15,544 24 0,0900 
o,3i i5,935 25 15,960 26 15,986 25 16,011 

16,527 
25 i6,o36 26 16,062 25 0,0961 

0,32 i6,448 27 16,475 26 i6,5oi 
17,016 

26 26 i6,553 26 16,579 26 0,1024 
o,33 16,962 27 16,989 27 27 17,043 27 17,07° 27 17,097 27 0,1089 
o,34 17,475 28 i7,5o3 28 i7,53i 28 17,559 28 17,587 28 i7,6i5 27 o,n56 

o,35 !7,989 29 18,018 28 18,046 2Q 18,075 29 18,104 28 i8,x32 29 0,1225 
o,36 i8,5o2 3o i8,532 

19,046 
29 i8,56i 3o 18,591 29 18,620 3o x8,65o 29 0,1296 

0,37 19,016 3o 3o 19,076 3i i9,I07 3o 19,137 3o i9>l67 3o 0,136g 
o,38 19,529 3i xg,56o 3j 19,591 3x 19,622 32 19,654 3i 19,685 3i o,i444 
0,39 20,042 32 20,074 32 20,106 32 2o,i38 32 20,170 32 20,202 32 0,l52I 

o,4o 20,555 33 20,588 33 20,621 33 20,654 33 20,687 32 20,719 33 0,1600 
0,41 21,068 34 21,102 

21,6x6 
34 2i,x36 33 21,169 34 21 ,2o3 34 21,237 33 0,1681 

0,42 21,582 34 35 2x,65i 34 21,685 34 21,719 35 21,754 34 0,1764 
o,43 22,095 35 22,l3o 35 22,l65 36 22,201 35 22,236 35 22,271 35 0,1849 
o,44 22,608 36 22,644 36 22,680 36 22,716 36 22,752 36 22,788 36 o,ig36 

o,45 23,120 
25,684 

38 23,i58 
25,725 

36 23,xg4 37 23,23i 37 23,268 37 23,3o5 3? 0,2025 
o,5o 4x 4x 2.5,766 42 25,808 4o 25,848 4i 25,88g 41 0,2000 
o,55 28,246 46 28,292 45 28,337 45 28,382 

3o,g55 
45 28,427 45 28,472 45 o,3o25 

0,60 3o,8o6 5o 3o,856 49 30,906 5o 49 3i,oo4 4q 3i,o53 49 o,36oo 
o,65 33,365 53 33,418 54 33,472 53 33,525 54 33,579 53 33,632 53 0,4225 
0,70 35,921 5? 35,978 58 36,o36 58 36,og4 57 36,i5i 58 36,209 57 o,4goo 

0,75 38,474 62 38,536 62 38,5g8 62 38,66o 62 38,722 61 38,783 62 0,5625 
0,80 4l,025 66 4i,ogi 67 4i,i58 66 41,224 65 41,289 66 4i,355 66 o,64oo 
o,85 43,574 70 43,644 70 43,714 71 43,785 70 43,855 70 43,925 69 0,7225 
0,90 46,119 75 46,1 g4 74 46,268 75 46,343 74 46,417 74 46,491 74 0,8100 
0,95 48,661 79 48,740 79 48,8xq 79 48,898 78 48,976 79 49,o55 78 0,9025 
1,00 5l,200 83 57,283 83 51,366 83 51,449 83 5i,532 83 51,615 82 1,0000 

4,8985 4,9298 4,9613 4,9928 5,0245 5,0562 c2 
1 2 . (r + r" y or r~ -f- r U 2 nearly. 

5l2 5i3 5i4 5i5 5i6 5x7 5i8 5ig 

5i 5i 5i 52 52 52 52 52 1 

102 io3 io3 io3 xo3 io3 104 10 4 2 

i54 154 154 i55 155 155 155 156 3 
ao5 2o5 206 206 206 207 207 208 4 
256 2Ô7 257 258 258 25g 25q 260 5 
307 3o8 3o8 3og 3io 3io 3i 1 3i r 6 
358 35g 36o 36i 361 36a 363 363 7 
4io 4io 4n 4l2 4i3 4i4 4i4 4i5 8 

461 462 463 464 464 465 466 46 7 9 

Prop, {tarts for the sum of the Radii. 
1 1 2 I 3 | 4 | 5 | 6 | 7 ! 8 | 9 

1 0 O O 0 1 1 I I 1 
2 0 O I I I I X 2 2 

3 0 I 1 I 2 2 2 2 3 
4 0 1 I 2 2 2 3 3 4 

5 1 1 2 2 3 3 4 4 5 
6 1 I 2 2 3 4 4 5 5 
7 1 I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 1 2 3 4 5 5 6 7 8 

10 1 2 3 4 5 6 7 8 9 
11 1 2 3 4 6 7 8 9 10 

12 1 2 4 5 6 7 8 10 11 

i3 1 3 4 5 7 8 9 10 12 

i4 1 3 4 6 7 8 10 11 i3 

x5 2 3 5 6 8 9 11 12 14 
16 2 3 5 6 8 IO 11 i3 i4 
17 2 3 5 7 9 10 12 x4 i5 
18 2 4 5 7 9 IX i3 i4 16 

19 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12 14 16 18 

21 2 4 6 8 11 i3 i5 17 x9 
22 2 4 7 9 11 i3 i5 18 20 

23 2 5 7 9 12 14 16 18 21 

24 2 5 7 10 12 i4 17 x9 22 

25 3 5 8 10 i3 x5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 II i4 16 19 22 24 
28 3 6 8 II i4 17 20 22 25 

29 3 6 9 12 x 5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

3i 3 6 9 12 16 19 22 25 28 

32 3 6 10 i3 16 I9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 

34 3 7 10 i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 

87 4 7 II i5 >9 22 26 3o 33 
38 4 8 I I i5 19 23 27 3o 34 

39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 

43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 

46 5 9 i4 18 23 28 32 37 4i 

47 5 9 i4 19 24 28 33 38 42 

48 5 IO i4 X9 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5x 5 10 i5 20 26 3i 36 4i 46 
52 5 10 l6 21 26 3i 36 42 4? 
53 5 I I 16 21 27 32 37 42 48 
54 5 II 16 22 27 32 38 43 49 

55 6 II 17 22 28 33 39 44 5o 

56 6 II 17 2 2 28 34 39 45 5o 

57 6 I I 17 23 29 34 4o 46 5i 

58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
6l 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 X9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 5q 
66 7 i3 20 26 33 4o 46 53 5q 

67 7 i3 20 27 34 4o 47 54 60 

68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21. 28 35 4i 48 55 62 

70 7 i4 2.1 28 35 42 49 56 63 
80 8 16 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 

roo to 20 3o 4o 5o 60 70 80 90 
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TABLE II. — To find the time T\ the sum of the radii r -f- r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 
C. 

3,19 3,20 3,21 3,22 3,23 3,24 3,25 3,26 3,27 3,28 
Days | d if. Days \ dif. Days |dif. Days |dif. Days |dif. Days |dif. Days | dif. Days |dif. Days |dif. Days [dif. 

0,00 
0,01 

0,000 
0,5ig I 

0,000 
0,520 1 

0,000 
0,521 I 

0,000 
0,522 0 

0,000 
0,522 1 

0,000 
0,523 I 

0,000 
0,524 I 

0,000 
0,525 1 

0,000 
0,526 0 

0,000 
0,526 1 

0,0000 
0,0001 

0,02 i,o38 2 i,o4o 2 i,o42 1 I,o43 2 1,045 1 1,046 2 I,o48 2 i,o5o I i,o5i 2 i,o53 I 0,0004 
o,o3 i,557 3 i,56o 2 1,562 3 1,565 2 1,567 3 i,5?o 2 1,572 2 1,574 3 1,577 2 ï,579 3 0,0009 
0,04 2,077 3 2,080 3 2,o83 3 2,086 4 2,090 3 2,093 3 2,096 3 2,099 3 2,102 4 2,106 3 0,0016 

o,o5 2,596 4 2,600 4 2,604 4 2,608 4 2,612 
3,i34 

4 2,616 
3,i39 

4 2,620 4 2,624 4 2,628 4 2,632 4 0,0025 
0,06 3,i i5 

3.634 
5 3,120 5 3,125 

3,645 
4 3,129 5 5 5 3,i44 5 3,149 5 3,i54 4 3,i58 5 o,oo36 

0,07 6 3,64o 5 6 3,651 6 3,657 5 3,662 6 3,668 
4,192 

6 3,674 5 3,679 6 3,685 5 0,0049 
0,08 4,i53 7 4,160 6 4,166 6 4,172 7 4,i79 6 4,i85 7 6 4,198 7 4,2o5 6 4,211 7 o,ooô4 
0,09 4,672 7 4,679 8 4,687 7 4,694 7 4,701 8 4,709 7 4,716 7 4,723 7 4,73o 8 4,738 7 0,0081 

0,10 5,191 8 5,199 8 5,207 9 5,216 8 5,22 4 8 5,232 8 5,2.40 8 5,248 8 5,256 8 5,264 8 0,0100 
0,1 1 5,710 9 5,719 9 5,728 9 5,737 9 5,746 9 5,755 9 5,764 9 5,773 8 5,781 9 5,79° 9 0,0121 
0,12 6,229 10 6,239 ro 6,249 10 6,25q 

6,780 
9 6,268 10 6,278 10 6,288 9 6,297 IO 6,807 10 6,317 9 o,oi44 

0,13 6,748 11 6,759 10 6,769 I I 11 6,79J 10 - 6,801 
7,324 

I J 6,812 10 6,822 

7,347 

10 6,832 II 6,843 10 0,0169 
o,i4 7,267 12 7,279 I I 7,29° 11 7,3oi 12 7,3i3 11 11 ' 7,335 12 II 7,358 11 7,36g II 0,0196 

0,15 7,786 i3 7,799 12 7,811 12 7,823 12 7,835 12 7,847 12 7,85g 12 7,871 12 7,883 12 7,895 i3 0,0225 
o,i 6 8,3o5 i3 8,3i8 i3 8,33i i3 8,344 i3 8,357 i3 8,370 i3 8,383 

8,907 
l3 8,3g6 i3 8,4og i3 8,422 i3 0,0256 

0,17 8,824 i4 8,838 i4 8,852 i4 8,866 i3 8,879 14 8,8g3 i4 i4 8,921 i3 8,934 i4 8,948 14 0,0289 
0,18 9,343 i5 9,358 i5 9,3?3 i4 9,387 i5 9,402 14 9,416 15 9,431 i4 9,445 i5 9,460 i4 9,474 i5 o,o324 
0,19 9,862 16 9,878 i5 9,893 i5 9,9°8 16 9,924 i5 9>939 16 9,955 i5 9,970 i5 9;935 i5 10,000 16 o,o36i 

0,20 io,38i 16 10,397 17 io,4i4 16 io,43o 16 io,446 16 T 0,462 16 10,478 16 10,494 17 io,5ii 16 10,527 16 o,o4oo 
0,21 10,900 17 10,917 17 io,g34 17 io,g5i 17 10,968 17 io,g85 17 11,002 17 11,019 17 1 i,o36 17 1 i,o53 17 o,o44i 
0,22 11,419 18 11,437 18 n,455 17 11,472 18 11,490 18 n,5o8 18 11,526 17 n,543 ié ii,56i 18 11,579 17 0,0484 
0,23 11 >938 18 11,956 19 h,975 !9 11,994 18 12,012 

12,534 
19 I2,03l 18 12,049 19 12,068 18 12,086 19 12,1 o5 18 0,0529 

0,24 12,456 20 12,476 19 12,495 20 i2,5i5 !9 20 12,554 19 12,573 19 12,592 20 12,612 T9 i2,63i 0,0576 

0,25 12,975 20 12,995 21 i3,oi6 20 i3,o36 20 i3,o56 2 T 13,077 20 13,097 20 i3,i 17 20 i3,i37 20 i3,i57 20 0,0625 
0,26 13,4g4 21 i3,5i5 21 i3,536 21 i3,557 21 i3,578 21 i3,5gg 21 13,620 21 i3,64i 21 13,662 21 i3,683 21 0,0676 
0,27 i4,oi3 22 i4,o35 21 i4,o56 22 14,078 22 14,100 22 l4,I22 22 i4d44 22 14,166 21 14,187 22 14,209 22 0,0729 
0,28 i4,53i 23 i4,554 23 14,577 22 14,599 23 14,622 2.3 i4,645 22 14,667 23 14,690 23 i4,7i3 22 i4,735 23 0,0784 
0,29 i5,o5o 23 16,073 24 15,097 24 l5,I2I 23 i5,i44 23 15,167 24 15,191 23 15,2x4 24 i5,238 23 l5,20l 23 0,0841 

o,3o i5,568 25 i5,593 24 15,617 2.5 15,642 24 15,666 24 15,690 24 15,714 25 .15,73g 24 15,763 24 15,787 24 0,0900 
o,31 16,087 25 16,112 25 16,137 26 i6,i63 25 16,188 

16,709 
25 i6,2i3 25 16,238 25 16,263 25 16,288 25 i6.3t3 25 0,0961 

0,32 i6,6o5 
I7,I24 

27 16,632 26 16,658 25 i6,683 26 26 16,735 26 16,761 26 16,787 26 i6,8i3 25 i6,838 26 0,1024 
o,33 27 i7,i5i 27 17,178 26 17,204 27 i7,23i 27 17,258 26 17,28 4 27 t7,3ii 27 17,338 26 17,364 27 0,1089 

0,1156 o,34 17,642 28 17,670 28 17,698 27 17,725 28 17,753 27 17,780 28 17,808 27 17,835 28 17,868 27 17,890 27 

o,35 18,161 28 18,189 29 18,218 28 18,246 28 18,274 29 i8.3o3 28 i8,33t 28 i8,35g 28 18,387 29 i8,4i6 28 0,1225 
o,36 18,679 29 18,708 3o 18,738 29 18,767 29 18,796 29 18,825 29 18,854 29 18,883 29 1:8,912 29 18,941 29 0,1296 
0,37 19Y97 36 19,227 3i 19,258 3o 19,288 3o 19,318 3o 19,348 29 i9,377 3° f9,4o7 3o 19,437 3o 19,467 3o 0,1369 
o,38 19,716 3i 19,747 3o 19/777 3i 19,808 3i 19,83g 3i 19,870 3i i9,901 3o 19,931 3i 19,962 3o !9>992 3i o,i444 
0,39 20,234 32 20,266 3i 20,297 32 20,329 32 20,361 3i 20,392 32 20,424 3i 20,455 32 20,487 3i 2o,5i8 3i 0,l521 

o,4o 20,752 32 20,784 33 20,817 33 2o,85o 32 20,882 
21,408 

32 20,914 33 20,947 32 20,979 32 21,011 32 2i,o43 33 0,1600 

o,4i 21,270 
21,788 

33 2i,3o3 34 21,337 33 21,370 33 34 21,437 33 21,470 33 2i,5o3 33 21,536 33 21,569 33 0,1681 
0,42 34 21,822 34 21,856 35 21,891 34 21,925 34 2i,g5g 34 21,993 33 22,026 34 22,060 34 22,094 34 0,1764 
o,43 22,3oÉ 35 22,341 35 22,376 35 22,4i 1 35 22,446 35 22,481 34 22,5i5 35 22,550 35 22,585 34 22,619 33 0,1849 

o,44 22,82/ 36 22,860 36 22,896 35 22,g3i 36 22,967 36 23,oo3 35 23,o38 36 23,074 35 23,109 36 23,i45 35 o,ig36 

o,45 23,34: 36 23,378 3" 23,4i5 37 23,452 36 23,488 37 23,525 36 23,56i 36 23,597 37 23,634 36 23,670 36 0,2025 
o,5o 25,q3c 4i 25,971 4i 26,012 4c 26,052 41 26,og3 4c 26,13c 4i 26,17 4 4o 26,214 4t 26,255 4c 26,295 4o 0,2500 
o,55 28.517 45 28,562 45 28,607 44 28.65i 45 28,696 45 28,741 44 28,785 45 28,83c 

31,443 
44 28,874 45 28,919 44 o,3o25 

0,60 3l,I02 4c 3i,i5i 4c 3l,20C 4c 31,249 4c 31,298 48 31,346 4c 3i,3g5 48 4q 31,492 48 31,54o 4g o,36oo 

o,65 33,685 5c 33,738 55 33,7Qi 5c 33,844 55 33,8q7 53 33.95c 58 34,oo3 52 34,o55 53 34,108 5s 34,i6o 53 0,4225 

0,70 36,266 57 36,323 58 36,38i 57 36,438 57 36,495 5? 36,552 56 36,608 57 36,665 57 36,722 56 36,778 57 o,4goo 

| 0,75 38,845 6l 38,906 6: 38,968 61 3q.o2c 61 39,09c 61 39,161 61 39.212 61 39,27c 6c 3g,333 61 39,394 61 o,5625 
0,80 4i,42i 66 41,487 65 4i ,55: 65 41,617 6f 41,683 65 4i,74£ 66 4i,8i3 65 41,878 65 4i,943 64 42,007 65 o,64oo 

o,85 43,994 7C 
7Z 

44,064 7C 44,i3z 6c 44,2o3 7C 44,273 6c 44,34: 6c 44,411 69 44,48c 6g 44,54g 6c 44,6i8 6g 0,722.5 

0,90 46,565 46,63g 7- 46,715 7/ 46,787 7c 46,86c 7/ 46 ,g3^ 7c 47,007 73 47,08c 73 47,i53 7C 47,226 73 0,8100 

0,95 4g,i33 78 49,211 78 49,28c 78 49,367 78 49,445 77 rj 4g,522 7? 4g,6oc 77 49,675 77 49,754 73 49,831 77 0,9026 

1,00 51,697 85 51,780 8: 5i,86: 8: 51,94/ 821 52,026 8: ] 52,108 8i 52,i 8g 82 52,271 81 52,3521 0: 52,434 81 1,0000 

5,0881 1 5,1200 5,1521 5,1842 \ 5,2165 ! 5,2488 5,2813 5,3138 5,3465 5,3792 

\ . (r -f- r"Y or ?-2 -f- r"2 nearly. 

5i8 5ig 520 521 522 523 524 525 526 527 

52 52 52 52 52 52 5i 53 53 53 

104 104 104 io4 10 4 io5 io5 , io5 io5 io5 
i55 i56 156 156 157 157 i57 158 158 158 
207 208 208 208 209 209 210 210 210 211 
i5g 260 260 261 261 262 262 263 263 264 
3n 3i i 3l2 3i3 3i3 3i4 3i4 3i5 3i6 3i6 
363 363 364 365 365 366 367 368 368 369 
4i4 4i5 4i6 417 4i8 4i8 419 420 421 422 
466 467 468 469 470 471 472 473 473 474 
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TABLE IL — To find the time T; the sum of the radii r-\-r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 3,29 3,30 3,31 3,32 3,33 | 3,34 

C. Days | d if. Days dif. Days (dif. Days dif. Days |dif. Days |dif 

0,00 
0,01 

0,000 
0,527 1 

0,000 
0.528 I 

0,000 
0,529 J 

0,000 
o,53o 0 

0,000 
o,53o I 

0,000 
o,53i 1 

0,0000 
0.0001 

0,02 i,o54 2 i,o56 2 i,o58 I 1,059 2 1,061 I 1,062 2 0,0004 
o,o3 1,582 2 i,584 2 i,586 3 1,58g 2 i,5gi 3 1,594 2 0,0009 
0,0 4 2,109 3 2,112 3 2,Il5 3 2,118 4 2,122 3 2,125 3 0,0016 

o,o5 2,636: 4 2,640 4 2,644 4 2,648 4 2,652 4 2,656 4 0,0025 
0,06 3,i63 

3,6go 
5 3,i68 5 3,173 5 3,178 3 3,182 5 3,187 5 o,oo36 

0,07 6 3,6g6 6 3,702 5 3,707 6 3,713 5 3,718 6 0,0049 
0,08 4,2x8 6 4,224 6 4,23o 7 4,237 6 4,243 7 4,25o 6 0,0064 
0,09 4,745 7 4,752 7 4,759 7 4,766 8 4,774 7 4,781 7 0,0081 

0,10 5,272 8 5,280 8 5,288 8 5,296 8 5,3o4 8 5,3i2 8 0,0100 
0,1 X 5,799 9 5,8o8 9 5,817 8 5,825 9 5,834 9 5,843 9 0,0121 
0,1 2 6,326 10 6.336 9 6,345 IO 6,355 IQ 6,365 9 6,374 10 o,oi44 
o,i3 6,853 I I 6,864 10 6,874 xo 6,884 I I 6,8g5 IO 6,go5 11 0,016g 
o,i4 7,38o 12 7,392 11 7,4o3 II 7,4i4 II 7,425 I I 7,436 I I 0,01 g6 

o,t5 7,9°8 12 7,920 1 2 7,932 X I 7,943 12 7,g55 x 2 7,967 12 0,0225 
0,16 8,435 12 8,447 i3 8,460 i3 8,473 i3 8,486 12 8,4g8 i3 0,0256 
0,17 8,962 i3 8,975 i4 8,989 i3 9,002 14 9,016 i3 9'°39 i4 0,0289 
0,18 9,489 14 g,5o3 i4 9,517 x5 g,532 i4 9,546 x5 9,56i i4 o,o324 
0,19 10,016 i5 io,o3x i5 10,046 i5 10,061 i5 10,076 16 10,092 i5 o,o36x 

0,20 io,543 16 io,55g 16 10,575 16 10,591 16 10,607 16 10,623 x5 o,o4oo 
0,21 11,070 16 11,086 17 I i,io3 17 11,120 17 11,137 16 11 ,t 53 17 o,o441 
0,22 11,5g6 18 11,6x4 x8 t 1,632 17 tr,649 18 11,667 17 11,684 x8 0,0484 
0,23 12,1 23 19 i2,r42 18 12,160 19 12,179 

12,708 
18 12,197 18 12,215 19 o,o5ag 

0,24 I 2,65o 20 12,670 19 12,689 !9 r9 12,727 19 12,746 19 0,0576 

0,25 13,177 20 13,197 20 i3,2x7 20 [3,237 20 i3,257 20 13,277 20 0,062.5 
0,26 13,704 21 i3,725 21 13,746 20 13,766 21 13,787 21 13,8o8 20 0,0676 
0,27 l4,23l 21 14,262 22 14,274 22 14,296 21 i4,3t7 22 i4,339 21 0,0729 
0,28 14,758 22 14,780 22 14,802 23 r4,82.5 22 14,847 22 14,869 23 0,0784 
0,29 15,284 23 i5,3o7 24 15,331 23 T 5,354 23 15,377 9.3 15,4oo 23 0,0841 

o,3o 15,811 24 r 5,835 2.4 i5,85g 24 15,883 24 15,907 24 15,g31 24 0,0900 
o,31 16,338 24 16,362 25 x 6,387 25 16,412 25 16,437 24 16,461 25 o,og6i 
0,32 16,864 26 x6,8qo 25 16,915 26 16,941 26 16,967 25 16,992 25 0,1024 
o,33 17,391 26 i7,4i7 27 17,444 26 17,470 26 17,496 27 17,523 26 0,1089 

o,n56 o,34 i7,9‘7 28 17,945 27 17,972 27 17,999 27 18,026 27 i8,o53 27 

o,35 i8,444 28 r8,472 28 x8,5oo 
19,028 

28 18,528 28 18,556 28 18,584 27 0,1225 
o,36 r 8,970 29 18,999 2Q 29 19,057 28 19,085 29 19,114 29 0,1296 
0,37 '9’497 2Q 19,526 3o 1 g,556 29 19,585 3o 19,615 29 19,644 3o 0,136g 
o,38 20,023 

20,549 
3o 2o,o53 3x 20,084 3o 20,1 x4 

20,643 
3x 2o,i45 3o 20,175 3o 0,1444 

0,39 32 20,581 3i 20,612 3i 3i 20,674 3i 20,705 3i 0,l52I 

o,4o 21,076 32 2i,108 32 2X,i4o 32 21,172 32 2I,204 3i 21,235 32 0,1600 
o,41 21,602 33 21,635 32 2 1,667 33 21,700 33 21,733 33 21,766 32 0,1681 
0,42 22,128 34 22,162 33 2i,ig5 34 22,2 9Ç 33 22,262 34 22,296 33 0,1764 
o,43 22,654 34 22,688 35 22,723 34 22,757 35 22,792 34 22,826 34 0,1849 
o,44 23,x8o 35 23,2l5 36 23,25i 35 23,286 35 23,321 35 23,356 35 0,1936 

o,45 23,706 36 23,742 36 23,778 36 23,8x4 36 23,85o 36 23,886 36 0,2025 
o,5o 26,335 

28:963 
4o 26,375 4o 26,4x5 4o 2.6,455 4o 26,4g5 4o 26,535 4o o,a5oo 

o,55 44 29,007 44 ?9,o5i 44 29,095 44 29,i39 44 29,183 44 o,3o25 
0,60 3i,58g 48 31,637 48 31,685 48 31.733 48 31,781 48 31,829 48 o,36oo 
o,65 34,213 5q 34,265 52 34,3x7 52 34,369 52 34,421 5 a 34,473 52 0,4225 
0,70 36,835 56 36,891 56 36,g47 57 37,004 56 37,060 56 37,116 56 0,4900 

0,75 39,455 60 3g,5i5 60 39.575 61 3g,636 60 39,696 60 39,756 60 0,5625 
0,80 42,072 64 42,x36 65 42,201 64 42,265 64 42,32Q 65 42,3g4 64 o,64oo 
o,85 44,687 68 44,755 69 44,824 68 44,892 69 44,961 68 45,029 68 0,7225 
0,90 47,299 73 47,372 73 47,445 72 47,5i7 72 47,589 73 47,662 72 0,8100 
o,95 49,9°8 77 49,985 77 5o,o62 77 5o,x 3g 76 5o,2 i5 77 50,292 76 0,9025 
1,00 52,5i5 81 52,5g6 8r 52,677 80 52,757 8( 52,838 81 52,919 80 1,0000 

5,4121 5,4450 5,4781 5,5112 5,5445 5,5778 

2 . ( r + r " 2 or ra -f- r n 2 nearly. 

526 527 528 529 53o 53i 53a 

I 53 53 53 53 53 53 53 I 
2 io5 io5 xo6 106 106 106 106 2 

3 158 158 158 i5g 159 i5g 160 3 
4 210 2X1 211 212 212 2X2 2l3 4 
5 263 264 264 265 265 266 266 5 
6 3x6 3x6 317 3i7 3i8 3xg 319 6 
7 368 36g 370 370 371 372 372 7 
8 421 422 422 4a3 424 4a5 426 8 
9 473 474 475 476 477 478 479 9 

Prop, parts for the sum of the Radii. 

i I 2 I 3 | 4 I 5 | 6 | 7 | 8 | 9 

j O O 0 0 I 1 11 I 1 
2 O 0 I 1 1 X I 2 2 
3 0 I I 1 2 2 2 2 3 
4 0 I I 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 xo 
I 2 I 2 4 5 6 7 8 10 11 
i3 1 3 4 5 7 8 9 10 12 
i4 1 3 4 6 7 8 IO 11 i3 

x5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 11 13 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 x3 i4 16 

19 2 4 6 8 IO 11 r 3 i5 '7 

20 2 4 6 8 IO 12 14 16 18 
21 2 4 6 8 11 i3 x5 17 19 
22 2 4 7 9 11 i3 x5 l8 20 
23 2 5 7 9 I 2 x4 16 l8 21 
24 2 5 7 xo 12 i4 17 '9 22 

2.5 3 5 8 ro i3 i5 18 20 23 
26 3 5 8 TO i3 x 6 18 21 23 
2.7 3 5 8 x 1 i4 16 19 22 24 
28 3 6 8 X I 14 17 20 22 25 

29 3 6 9 I 2 15 17 20 23 26 

3o 3 6 9 I 2 x 5 18 21 24 27 
3i 3 6 9 12 16 19 22 25 28 
32 3 6 10 i3 16 19 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 2 4 27 3i 

35 4 7 I I i4 18 21 25 28 32 
36 4 7 1 1 i4 18 22 25 29 3a 
37 4 7 I I x5 '9 22 26 3o 33 
38 4 8 I I i5 19 2.3 27 3o 34 
39 4 8 I 2 16 20 23 27 3i 35 

4o 4 8 I 2 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 2 9 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 x3 18 22 26 3x 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 3 a 37 4i 
47 5 9 i4 19 24 28 33 38 42 
48 5 ro i4 19 2.4 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 IO i5 20 25 3o 35 4o 45 
5i 5 10 15 20 26 3i 36 4i 46 
5a 5 10 16 21 26 3i 36 42 47 
53 5 I X 16 21 27 32 37 42 48 
54 5 11 16 2 2 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 I I 17 22 28 34 3g 45 5o 
57 6 I X 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 I 2 18 24 3o 35 4i 47 53 

60 6 I 2 18 2 4 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 19 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 5q 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4x 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 63 
80 8 16 2 4 3p 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
100 I ( 20 3o 4o 5c 60 70 8o| go 
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TABLE II. — To find the time T; the sum of the radii r-\-r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 3,35 3,36 3,37 3,38 3,39 3,40 3,41 3,42 3,43 3,44 
C. Days |dif. Days | dif. Days |dif. Days |dif. Days |dif. Days |dif. Days j<1 if. Days|dif. Days |dif. Days|dif. 

0,00 

0,01 

0,000 
0,532 
I,o64 

I 
0,000 
0,533 I 

0,000 
0,534 O 

0,000 
0,534 I 

0,000 
0,535 I 

0,000 
0,536 I 

0,000 
0,537 1 

0,000 
0,538 0 

0,000 
0,538 1 

0,000 
o,53g 1 

0,0000 
0,0001 

0.02 2 1,066 I 1,067 2 1,069 i 1,070 2 1,072 I 1,073 2 1=075 2 1,077 1 1,078 2 0,0004 
o,o3 I,5q6 2 1,598 3 I,6oi 2 1,6o3 2 i,6o5 3 1,608 2 I,6lO 3 i,6i3 2 1,615 2 1,617 3 0,0009 
0,0 4 2,128 3 2,l3l 3 2,i34 3 2,137 4 2,i4i 3 2,144 3 2,147 3 2,i5o 3 2,i53 3 2,156 4 0,0016 

o,o5 2,660 4 2,664 4 2,668 4 2,672 4 2,676 4 2,680 4 2,684 4 2,688 4 2,692 3 2,6g5 4 0,0025 
0,06 3,IQ2 5 3,i97 4 3,201 5 3,206 

3,741 
5 3,21 I 5 3,216 4 3,220 5 3,22.5 

3,763 
5 3,23o 5 3,235 4 o,oo36 

0,07 3,724 5 3,729 6 3,735 6 5 3,746 6 3,752 5 3,757 6 5 3,768 6 3,774 5 0,0049 
0,08 4,256 6 4,262 7 4,269 6 4,275 6 4,281 7 4,288 6 4,294 6 4,3oo 6 4,3o6 7 4,313 6 0,0064 
0,09 4,788 7 4,795 7 4,802 7 4,809 7 4,8i6 7 4,823 8 4,83i 7 4,838 7 4,845 7 4,852 7 0,0081 

0,10 5,320 8 5,328 8 5,336 8 5,344 7 5,351 
5,887 

8 5,35g 8 5,367 8 5,375 8 5,383 8 5,3gi 8 0,0100 
0,11 5,852 8 5,86o 9 5,86g 9 5,878 9 8 5,895 9 5.904 9 5,9l3 8 5,921 9 5,93o 8 0,0121 
0,12 6,384 9 6,3g3 10 6,4o3 9 6,412 10 6,422 9 6.431 IO 6,441 9 6,45o 9 6,45g IO 6,469 9 0,0144 
o,i3 6,916 10 6,926 TO 6,g36 10 6,946 11 6,957 IO 6,967 10 6,977 IO 6,987 11 6,998 10 7,008 10 0,0169 

0,14 1M1 12 7,459 I I 7=470 11 7,481 11 7=492 11 7,5o3 I I 7=514 II 7,525 II 7,53b I T 7=547 I I 0,0196 

o,i5 7,979 12 7,991 12 8,00 3 
8,537 

12 8,oi5 12 8,027 12 8,o3g I I 8,o5o 12 8,062 12 8,074 12 8.086 
8,625 

12 0,0225 
0,16 8,5i 1 

9,043 
i3 8,524 i3 12 8,54g i3 8,562 12 8,574 i3 8,587 i3 8,600 12 8.612 i3 12 0,0256 

0,17 i3 9,°56 i4 9,070 i3 g,o83 i4 9=°97 l3 9,no i4 9,124 i3 9=i37 i3 9,i5o 14 9=ï64 i3 0,0289 
0,18 9,575 i4 9,58g i4 9,6o3 i5 9,618 i4 9,632 14 9,646 i4 9,660 i4 9=674 i5 9=689 i4 9=7°3 i4 0,o324 
0,19 10,107 i5 10,122 i5 10,137 i5 I0,l52 i5 10,167 i5 10,182 i5 10,197 i5 10,212 i5 10,227 i5 10,242 i4 o,o36i 

0,20 io,638 16 io,654 16 10,670 16 10,686 l6 10,702 16 10,718 i5 10,733 16 10,749 16 10,765 i5 10,780 16 o,o4oo 
0,21 11,170 17 11,187 16 I 1,203 17 1 1,220 17 11,237 16 ii,253 

11,789 
17 11,270 16 11,286 17 1 i,3o3 l6 1 i,3ig 17 o,o44i 

0,22 11,702 17 11,719 18 11,737 17 11,754 18 11,772 17 17 11,806 18 11,824 17 11,841 17 11,858 17 0,0484 
0,23 12,234 18 1 2,252 18 12,270 18 12,288 18 12,3o6 

12,841 
19 12,325 l8 12,343 l8 12,361 18 12,379 !9 12,397 18 0,0529 

0,24 12,765 l9 12,784 l9 i2,8o3 19 12,822 *9 i9 12,860 !9 12,879 !9 12,898 !9 12,917 19 12,g36 T9 0,0576 

0,25 13,297 20 i3,3i7 20 13,337 !9 13,356 20 13,376 20 13,396 20 i3,4i6 r9 i3,435 20 i3,455 J9 13,474 20 0,0625 
0,26 t3,828 21 13,84g 

14,381 
i4,gi4 

2 I 13,870 20 r 3,890 21 13,911 20 i3,g3i 21 i3,g52 20 ^,972 21 13,gg3 20 i4,oi3 21 0,0676 
0,27 t4,36o 21 22 i4,4o3 21 14,424 22 14,446 21 14,467 21 i4,488 21 r4,5og 22 i4,53i 21 i4,552 21 0,0729 

0,28 14,892 22 22 i4,936 22 r4,g58 22 i4,q8o 22 15,002 23 i5.025 22 15,o47 22 15,069 22 15,091 21 0,0784 
0,29 15,423 23 15,446 23 15,469 23 15,492 23 i5,5i5 23 15,538 23 15,561 23 i5,584 22 15,6o6 23 15,629 23 0,0841 

o,3o i5,955 23 15,978 24 16,002 24 16,026 24 i6,o5o 23 16,073 24 16,097 24 16,121 23 i6,i44 24 16,168 23 0,0900 

o,3i 16,486 25 i6,511 24 i6,535 25 i6,56o 24 16,584 25 16,609 24 16,633 25 16,658 2 4 16,682 2 4 16,706 25 o,og6i 

0,32 
o,33 

17,017 26 i7,°43 25 17,068 26 17,094 25 I7=I T9 25 i7=i44 25 17=169 26 17=195 25 17,220 25 17=245 25 0,1024 

17,549 26 17,575 26 17,601 26 17,627 26 17,653 27 17,680 26 17,706 26 17,732 25 17=757 26 17,783 26 0,1089 

o,34 18,080 27 18,107 27 i8,i34 27 18,161 27 18,188 27 i8,2i5 27 18,242 26 18,268 27 18,295 27 18,322 26 0,1156 

o,35 18,6 £ 1 28 t8.63o 28 18,667 28 i8,6g5 27 18,722 28 18,750 28 18,778 27 i8,8o5 28 18,833 27 18,860 28 0,1225 
o,36 19,143 28 19,171 29 19,200 28 19,228 29 19,257 28 19,285 29 ig,3i4 28 19,342 28 19,370 29 19=399 28 0,1296 

0,37 19,674 29 19,703 3o 19,733 29 19,762 29 19=79! 29 19,820 3o i9,85o 29 i9=879 29 19=908 29 !9=937 29 o,ioog 

o,38 20,2o5 3o 20,235 3o 20,265 3i 20,296 3o 20,326 3o 20,356 3o 20,386 3o 20,416 29 20,445 3o 20,475 3o 0,1444 
0,39 20,736 3i 20,767 3i 20,798 3i 20,829 3i 20,860 3i 20,891 3i 20,922 3o 20,952 3i 20,983 3i 21,014 3o 0,i52I 

o,4o 21,267 32 21,200 32 2i,33i 32 21,363 3i 21 ,3q4 32 21,426 3i 21,457 32 21,489 3i 21,520 32 21,552 3i 0,1600 

o,41 21,798 33 2 r,831 32 21,863 33 21,8q6 32 21,928 33 2 i,q6i 32 21 =993 32 22,025 33 22,058 32 22,090 32 0,1001 

0,42 22,329 34 22,363 33 22,396 33 22,420 34 22,463 33 22,496 33 22,529 33 22,562 
23,098 

33 22,595 33 22,628 33 0,1764 

o,43 22,860 34 22,894 35 22,929 34 2 2,g63 34 22,997 34 23,o3i 34 23,o65 33 34 23,l32 34 23,166 34 0,1849 

o,44 23,3gi 35 23,426 35 23,46i 35 23,496 35 23,53i 34 23,565 35 23,6oo 35 23,635 34 23,669 33 23,704 35 o,ig3o 

o,45 23,922 36 23^58 35 23,993 36 24,029 36 24,o65 35 24,100 36 24,i36 35 24,171 36 24,207 35 24,242 35 0,2025 
0,2500 o,5o 26,575 4o 26,6i5 4o 26,655 39 26,694 4o 26,734 39 26,773 4o 2Ô,8i3 3g 20,852 4o 26,892 39 26,931 39 

o,55 29,227 44 29,271 43 2g,3i4 44 29,358 44 29,402 43 29,445 44 29,489 43 29,532 43 29,575 44 29=619 43 0,0020 
o,36oo 0,60 31,877 48 31,925 48 3i,973 47 32,020 48 32,068 47 32,i i5 48 32,i63 47 32,210 47 32,257 48 32,3o5 

34,989 
47 

o,65 34,525 52 34,§77 52 34,629 5i 34,680 52 34,732 52 34,784 5i 34,835 5i 34,886 52 34,g38 5i 5i 0,4220 

0,70 37,172 55 37,227 56 37,283 56 37,33g 55 37,394 56 37,450 55 37,5o5 56 37,561 55 37,616 55 37,671 55 0,4900 

0,75 39,816 60 3q,87É 59 3g^35 60 39=995 60 4o,o55 5q 4o,n4 60 40,17 4 59 40,233 59 40,292 Kr, ^9 4o,35i 60 0,5625 
o,64oo 
0,7225 
0,8100 
0,9025 

0,80 42,458 64 42,522 63 42,585 64 42,649 64 42,713 63 42,776 64 42,840 63 42,903 b3 42,966 64 43,o3o 63 
o,85 45,097 68 45,i65 68 45,233 68 45.,3oi 67 45,368 68 45,436 67 45,5o3 68 45,571 67 45,638 67 45,7o5 67 

0,90 47,734 72 47,806 72 47,878 72 47,95o 72 4 8,022 71 48,og3 72 48,i65 71 48,236 7i 48,307 72 48,379 71 
0,95 5o,368 76 5o,444 76 5o,52o 76 50,596 76 50,672 76 5o,748 75 50,828 76 50,899 75 50,974 75 51,049 75 
1,00 52,99Ç 80 53,07c 80 53,i5gl 8c 53,23g 80 53,3ig 80 53,399 8o| 53,479 79 53,558 80 53,638 79 53,717 79 1,0000 

5,6113 5,6448 5,6785 5,7122 5,7461 5,7800 5,8141 5,8482 5,8825 5,9168 C2 

^ . (r -f- r")'1 or r2 -f- r"2 nearly. 

53i 532 533 534 535 536 537 538 539 54o 

53 53 53 53 54 54 54 54 54 54 
106 106 107 107 107 107 107 108 108 108 

i5q 160 160 160 161 161 161 161 162 162 

212 2l3 2l3 2l4 2l4 214 2l5 2l5 216 216 

266 266 267 267 268 268 269 269 270 270 

319 3iq 320 320 321 322 322 3a3 323 324 

372 372 373 37 4 375 375 376 377 377 878 

425 426 426 427 428 4 29 43o 43 0 431 402 

478 479 480 481 482 482 483 484 485 486 

«
 o

o
'e

m
 to
 

co 
ov 



TABLE II. — To find the time T; the sum of the radii r-\~r ", and the chord c being given. 

Prop, parts fur tlio s 
I | 2 | 3 I 4 

uni of the Kadii. 
5 | 6 | 7 | 8 | 9 

1 0 O O 0 1 1 1 1 1 

2 0 O 1 i I 1 I 2 2 

3 0 I I I 2 2 2 2 3 
4 0 I i 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I 1 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 

8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

IO I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 10 

12 I 2 4 5 6 7 8 10 11 
j3 I 3 4 5 7 8 9 IO 12 

14 I 3 4 6 7 8 IO 11 i3 

i5 2 3 5 6 8 9 I I 12 i4 
i(3 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 IO 12 i4 i5 
18 2 4 5 7 9 I J i3 14 16 

i9 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12. i4 16 18 

21 2 4 6 8 11 i3 i5 17 '9 
22 2 4 7 9 1 I i3 i5 l8 20 

23 2 5 7 9 12 14 16 18 21 

24 2 5 7 10 12 14 17 19 
22 

25 3 5 8 IO i3 i5 18 20 23 
26 3 5 8 10 i3 16 t8 21 23 
27 3 5 8 11 14 16 !9 22 24 

28 3 6 8 11 i4 l7 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

3i 3 6 9 12 16 !9 22 25 28 

32 3 6 IO i3 16 19 22 26 29 
33 3 7 IO i3 17 20 23 26 3o 
34 3 7 IO i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 14 i& 22 25 29 32 
37 4 7 II i5 !9 22 26 3o 33 
38 4 8 II i5 !9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12. 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 40 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 19 24 28 33 38 42 
48 5 IO i4 19 2 4 29 34 38 43 
49 5 IO i5 20 q5 29 34 39 44 

5o 5 IO i5 20 25 3o 35 4o 45 
51 5 IO i5 20 26 3i 36 4i 46 
52 5 IO 16 21 26 3i 36 42 4-' 
53 5 11 l6 21 27 32 37 42 48 
54 5 11 16 22 27 32 38 43 49 

55 6 i i 17 22 28 33 39 44 5o 
56 6 11 17 22 28 34 39 45 5o 

57 6 11 17 23 29 34 4o 46 5i 
58 6 12 17 23 2Q 35 4i 46 52 
59 6 T 2 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 l3 19 25 32 38 44 5o 57 
64 6 i3 T9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 2 4 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
IOO 10 20 3o 4o 5o 60 70 80 9° 

Sum of the Kadii rr ". 

Chord 3,45 3,46 3,47 3,48 3,49 3,50 
C. Days dif. Days | tl if. Days |dif. Days |dif. Days dif. Days | dif. 

0,00 
0,01 

0,000 
0,54o I 

0,000 
0,54l O 

0,000 
0,54l I 

0,000 
0,542 I 

0,000 
0,543 i 

0,000 
0,544 i 

0,0000 
0,000 1 

0,02 1,080 i I,o8l 2 i,o83 I 1,084 2 I,086 2 I,o88 i 0,0004 
o,o3 1,620 2 1,62 2 2 1,624 3 1,627 2 1,629 2 i,63i D sj 0,0009 
0,04 2,160 3 2,l63 3 2,166 3 2,169 3 2,172 3 2,175 3 0,0016 

o,o5 2,699 4 2,703 4 2,707 4 2,711 4 2,7i5 4 2,719 4 0,0025 
0,06 3,289 5 3,244 5 3,249 4 3,253 5 3,2 58 5 3,263 4 o,oo36 
0,07 3,779 6 3,785 5 3,790 6 3,796 5 3,8oi 5 3,8o6 6 0,0049 
0,08 4,3i9 6 4,325 7 4,33 2 6 4,338 6 4,344 6 4,35o 6 0,0064 
0,09 4,859 7 4,866 7 4,873 7 4,880 7 4,887 7 4,894 7 0,0081 

0,10 5,399 7 5,4c6 8 5,4i4 8 5,422 8 5,43o 8 5,438 7 0,0100 
0,11 5,g38 9 5,947 9 5,956 8 5,964 9 5,973 8 5,981 9 0,0121 
0,12 6,478 10 6,488 9 6,497 9 6,5o6 10 6,5i6 9 6,525 9 0,0144 
o,i3 7,018 10 7,028 IO 7,° 38 10 7,°48 I I 7,069 10 7,069 10 0,0169 
0,14 7,558 11 7,56g II 7,58o 11 7,691 10 7,601 I 1 7,612 11 0,0196 

o,i5 8,098 I I 8,109 12 8,121 12 8,i33 II 8,i44 12 8,i56 12 0,0225 
0,16 8,637 i3 8,65o 12 8,662 i3 8,675 12 8,687 i3 8,700 I 2 0,0256 
0,17 9A77 i3 9,19° 14 9,204 i3 9,217 i3 9,23o i3 9,243 14 0,0289 
0,18 9,7i7 i4 9,731 14 9,745 14 9,759 i4 9,773 14 9>787 14 0,0324 

0,19 io,256 i5 10,271 i5 10,286 i5 io,3oi 16 io,3i6 i5 io,33i i4 o,o36i 

0,20 10,796 16 10,812 i5 10,827 16 io,843 16 io,85g 15 10,874 16 o,o4oo 
0,21 11,336 16 11 ,35q 17 1 i,36g l6 11,385 16 1 i,4oi 17 1i,4i8 16 o,o441 
0,22 11,875 18 1 i,8g3 17 11,910 17 11,927 17 11 ,g44 17 11,961 17 0,0484 
0,23 I2,4l5 18 12,433 18 I2,45l 18 12,469 18 12,487 18 i2,5o5 18 o,o52g 
0,24 I2,g55 18 12,973 19 12,992 19 i3,oi 1 18 13,029 19 13,o48 19 0,0576 

0,25 i3,4q4 20 i3,5i4 19 i3,533 20 i3,553 19 13,572 20 i3,5gp J9 0,0625 
0,26 i4,o34 20 i4,o54 20 14,074 21 i4,og5 20 i4,n5 20 i4,i35 20 0,0676 
0,27 i4,573 21 i4,5g4 21 i4,6i5 21 i4,636 21 14,657 21 14,678 21 0,0729 
0,28 i5,i 12 22 i5,i34 22 i5,i56 22 15,178 

15,720 
22 l5,200 22 15,222 21 0,0784 

0,29 15,652 23 15,675 22 15,697 23 22 15,74a 23 15,765 23 0,0841 

o,3o 16,191 24 i6,2i5 23 16,238 24 16,262 23 16,285 23 i6,3o8 24 0,0900 
o,3i 16,731 2 4 16,755 2 4 16,779 24 i6,8o3 25 16,828 2 4 i6,85p 2 4 0,0961 
0,32 17,270 25 17,295 

17,835 
25 17,320 25 17,345 25 17,370 25 i7,3g5 25 0,1024 

o,33 17,809 26 26 17,861 26 17,887 25 17,912 26 i7,g38 26 0,1089 
o,34 i8,348 27 18,375 27 18,402 26 18,428 27 i8,455 26 18,481 27 0,1156 

o,35 18,888 27 18,915 27 18,942 28 18,970 27 i8,997 27 19,024 27 0,1225 
o,36 19,427, 28 19,455 28 ig,483 28 i9,5n 28 ig,53g 28 19,567 28 0,1296 
0,37 19,966 29 19,995 2Q 20,024 29 2o,o53 29 20,082 28 20,110 

20,653 
2q o,i36g 

o,38 2o,5o5 3o 20,535 3o 20,565 29 20,59 4 3o 20,624 29 3o o,i444 
o,3g 21,044 3i 21,075 3o 21,105 3i 2i,i36 3o 21,166 3o 21,196 3i 0,1521 

o,4o 21,583 3i 21,614 32 21,646 3i 21,677 3i 21,708 3i 21,739 3r 0,1600 
0,41 22.122 3p 22,i54 32 22,186 32 22,218 32 22,25o 32 22,282 32 0,1681 
0,42 22,661 33 22,694 33 22,727 3q 22,759 33 22,792 

23,334 
33 22,825 33 0,1764 

0,43 23,200 33 23,233 34 23,267 34 23,3oi 33 34 23,368 33 0,1849 
o,44 23,73g 34 23,773 34 23,807 35 23,842 34 23,876 34 23,910 35 o,ig36 

o,45 24,277 36 24,313 35 24,348 35 24,383 35 24,418 35 24,453 35 0,2025 
o,5o 26,970 4o 27,010 3q 27,049 3q 27,088 39 27,127 39 27,166 3q 0,2500 
o,55 29,662 43 29,705 43 29,748 43 29,791 43 29,834 43 29,877 43 o,3o25 
0,60 32,352 47 32,3gg 47 32,446 47 32,4g3 47 32,540 47 32,587 46 o,36oo 
o,65 35,o4o 5i 35,091 5i 35,i42 5i 35,ig3 51 35,244 5o 35,2g4 5i 0,4225 
0,70 37,726 55 37,781 55 37,836 55 37,891 55 37,946 55 38,ooi 54 o,4goo 

0,75 4o,4ii 5q 40,470 58 40,528 59 40,587 5q 4o,646 59 4o,7o5 58 0,5625 
0,80 43,og3 63 43,i56 63 43,219 62 43,281 63 43,344 63 43,407 62 o,64oo 
o,85 45,772 67 45,83g 67 45,906 67 45,973 67 46,o4o 66 46,106 67 0,7225 
0,90 48,45o 71 48,521 71 48,592 70 48,662 71 48,733 71 48,804 70 0,8100 
0,95 5i,i24 75 5i,i99 75 51,274 75 5i,34q 75 5i,424 74 51,498 75 0,9025 
1,00 53,796 79 53,875 79 53,954 n9 54,o33 78 54,ii i 79 54,190 78 1,0000 

5,9513 5,9858 6,0205 6,0552 6,0901 6,1250 C2 

(r -f- r' )2 or r2 -)- r"2 nearly. 

538 53g 54o 54i 542 543 544 

I 54 54 54 54 54 54 54 1 
2 108 108 108 108 108 109 109 2 
3 161 162 162 162 i63 163 163 3 
4 2l5 216 216 216 217 217 218 4 
5 269 270 270 271 271 272 272 5 
6 323 323 324 3a5 3q5 326 326 6 
7 377 377 378 379 379 38o 38i 7 
8 43o 431 43a 433 434 434 435 8 
9 484 485 486 487 488 48q 490 9 



TABLE II. — To find the time T; the sum of the radii r -f- r", and the chord c being given. 

Sum of tlie Radii r -|- r // 

Chord 
C. 

3,51 3,52 3,53 3,54 3,55 3,56 3,57 3,58 3,51 1 3,60 
Days |dif. Days |dif. Days |dif. Days |<lif. Days |dif. Days 11111‘. Days |dif. Days |dif. Days |dif. Days |dif- 

0,00 
0,01 

0,000 
0,545 0 

0,000 
0,545 I 

0,000 
0,546 I 

0,000 
0,547 I 

0,000 
0,548 O 

0,000 
0,548 I 

0,000 
0,549 i O 

O
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i 
0,000 
0,55l I 

0,000 
0,552 0 

0,0000 
0,0001 

0,02 1,089 2 1,091 I 1,092 2 I ,Og4 
1,641 

I i,og5 2 1,097 I 1,098 2 1,100 
i,65o 

1 1,101 2 i,io3 2 0,0004 
o,o3 i,634 2 1,636 2 1,638 3 2 i,643 2 1,645 3 1,648 2 2 1,652 2 i,654 3 0,0009 
o,o4 2,178 3 2,181 3 2,184 3 2,187 4 2,191 3 2,ig4 3 2,197 3 2,200 3 2,2o3 3 2,206 3 0,0016 

o,o5 2,723 4 2,727 3 2,73° 4 2,734 4 2,738 4 2,742 4 2,746 4 2,760 4 2,754 3 2,757 4 0,0025 
0,06 3,267 5 3,2.72 5 3,277 4 3,281 5 3,286 5 3,291 4 3,295 5 3,3oo 4 3,3o4 5 3,309 4 o,oo36 
0,07 3,812 5 3,817 6 3,823 5 3.828 6 3,834 5 3,839 5 3,844 6 3,85o 5 3,855 5 3,86o 6 0,0049 
0,08 4,356 7 4,363 6 4,369 6 4,375 6 4,38i 6 4,387 6 4,3g3 7 4,4oo 6 4,4o6 6 4,412 6 0,0064 
0,09 4,9°1 7 4,908 7 4,9i5 7 4,922 7 4,929 7 4,936 7 4,943 6 4,949 7 4,g56 7 4,g63 7 0,0081 

0,10 5,445 8 5,453 8 5,46i 8 5,46g 7 5,476 8 5,484 8 5,492 7 5,499 8 5,5o7 8 5,515 7 0,0100 
0,11 5,990 8 5,99s 9 6,007 8 6,015 9 6,024 8 6,o32 9 6,041 8 6,049 9 6,o58 8 6,066 9 0,0121 
0,12 6,534 10 6,544 9 6,553 9 6,562 9 6,571 IO 6,58i 9 6,5go 9 6,5gg 9 6,608 10 6,618 9 0,0144 
0,13 7>°79 10 7,089 10 7,099 10 7,109 10 7,^9 IO 7,129 TO 7,i3g 10 7,i4g 10 7,15g 10 7,169 TO 0,0169 

0,14 7,623 11 7,634 11 7,645 11 7,656 11 7,667 10 7,677 11 7,688 11 7.699 II 7,710 IO 7,720 II 0,0196 

0,15 8,168 11 8,179 12 8,191 12 8,2o3 I I 8,214 12 8,226 
8,774 

II 8,237 12 8,249 II 8,260 I 2 8,272 11 0,0225 
0,16 8,712 i3 8,726 12 8,737 12 s,74g i3 8,762 12 12 8,786 i3 8,799 12 8,811 12 8,823 

9,375 
12 0,0256 

0,17 9,257 i3 9,270 i3 9,283 i3 9,296 i3 9,309 i3 9,3-22 i3 9,335 i3 9,348 i3 9,36i i4 i3 0,028g 

0,18 9,80 E i4 9?8 r 5 14 9>829 14 9,843 i4 9,857 14 9,871 i3 9,884 i4 9,898 14 9>912 i4 9,926 x4 o,o324 

0,19 10,345 i5 io,36o i5 10,376 i4 io,38g i5 10,404 i5 10,419 x4 io,433 i5 10,448 i5 io,463 i4 10,477 i5 o,o36i 

0,20 10,890 i5 10,905 16 10,92! i5 10,936 16 io,g52 i5 10,967 i5 10,982 16 10,998 i5 11,013 i5 11,028 16 o,o4oo 

0,21 I 1,434 16 ii,45o l6 11,466 17 11,483 16 11,4gg l6 11,5r5 16 11,53 x 16 ii,547 17 11,564 16 11,58o 16 o,o44i 
0,22 I I ,978 17 11,995 17 12,012 

12,558 
17 12,029 17 12,046 17 i2,o63 17 12,080 

12,629 
17 12,097 17 12,114 17 I2,l3l 17 0,0484 

0,23 12,523 17 12,540 18 18 12,576 18 i2,5g4 17 12,611 l8 18 12,647 18 12,665 17 12,682 18 o,o5ag 

0,24 13,067 18 i3,o85 *9 i3,io4 J9 i3,i23 18 i3,i4i !9 i3,i6o 18 13,178 19 18,197 18 i3,2i5 l8 i3,233 19 0,0576 

0,25 i3,6i 1 19 i3,63o 20 i3,65o !9 13,669 *9 13,688 20 13,708 !9 13,727 !9 13,746 *9 13,765 20 i3,785 19 0,0625 

0,26 i4,155 20 i4,i75 20 14,195 2 J 14,216 20 i4,a36 20 i4,256 20 14,276 20 14,296 20 i4,3i6 20 i4,336 20 0,0676 

0,27 i4,6g9 21 14,720 21 14,741 21 14,762 21 i4,783 21 i4,8o4 21 14,825 20 i4,845 21 14,866 21 14,887 20 0,0729 

0,28 i5,243 22 15,265 22 15,287 22 i5,3og 21 i5,33o 22 15,352 21 15,873 22 i5,3g5 21 i5,4i6 22 15,438 21 0,0784 

0,29 15,788 22 i5,8io 23 i5,833 22 15,855 22 15,877 23 15,900 22 15,922 22 15,g44 23 15,967 22 i5,g8g 22 0,0841 

o,3o i6,332 23 i6.355 23 16,378 23 16,401 24 16,425 23 i6,448 23 16,471 23 i6,4g4 23 16,517 23 i6,54o 23 0,0900 

o,31 16,876 24 16,900 24 16,924 24 16,948 24 16,972 24 16,996 24 17,020 
17,568 

23 i7,o43 24 17,067 24 17,091 24 0,0961 
0,1024 0,32 17,420 25 17,445 24 17,469 25 17,494 25 17,519 25 17,544 24 25 i7,5g3 24 17,617 25 17,642 24 

o,33 i "7,064 25 I7,g8Q 26 i8,oi5 25 i8,o4o 26 18,066 25 18,091 26 18,117 25 18,142 26 18,168 25 18,193 25 0,1089 

o,34 i8,5o8 26 i8,534 26 i8,56o 27 18,587 26 i8,6i3 26 i8,63g 26 18,665 27 18,692 26 18,718 26 18,744 26 0,1156 

o,35 i9,o5i 28 19,079 27 19,106 27 ig,i33 27 19,160 27 T9, i87 27 19,214 27 19,241 27 19,268 27 19,295 26 0,1225 

o,36 iq,5q5 28 19,623 28 ig,65i 28 19,679 28 19,707 28 19,735 27 19,762 28 19,790 28 19,818 27 19,845 28 0,1296 

0,37 20,139 29 20,168 29 20,197 28 20,225 29 20,2.54 28 20,282 29 20,311 
20,85g 

28 20,33g 29 20,368 28 20,396 29 0,136g 

o,38 20,683 29 20,712 35 20,742 29 20,771 3o 20,801 29 2o,83o 2Q 3o 20,889 29 20,918 29 20,947 29 0,1444 
0,39 21,227 3o 21,257 3o 21,287 3o 21,317 3i 21,348 3o 21,378 3o 21,4o8 3o 21,438 3o 21,468 3o 21,498 3o 0,l52I 

o,4o 21,770 3i 21,801 3i 21,832 3i 21,863 3i 21,894 3i 21,925 3i 2i,g56 3i 21,987 3i 22,018 3o 22,048 3i 0,1600 

o,4i 22,314 32 22,346 32 22,378 3i 22,409 32 22,44i 32 22,473 3i 22,5o4 32 22,536 3i 22,567 32 22,599 3i 0,1681 

0,42 22,858 32 22,890 
23,435 

33 22,923 32 22,g55 33 22^)88 32 23,020 33 23,o53 32 23,o85 32 23,117 
23,667 

33 23,i5o 32 0,1764 

o,43 23,4oi 34 33 23,468 33 23,5oi 33 23,534 34 23,568 33 23,6oi 33 23,634 33 33 23,700 33 o,i84g 

o,44 23,945 34 23,979 31 24,013 34 24,047 34 24,081 34 24,115 34 24,149 34 24,183 34 24,217 34 24,261 33 0,1936 

o,45 24,488 35 24,523 35 24,558 35 24,5g3 35 24,628 34 24,662 35 24,697 35 24,732 34 24,766 35 24,801 34 0,2025 

o,5o 27,205 3g 27,244 38 27,282 39 27,321 39 27,360 38 27,398 39 27,437 38 27,475 39 27,514 38 27,552 39 0,2500 

o',55 29,920 
32,633 

42 20,002 43 3o,oo5 43 3o,o48 42 3 0,090 43 3o,i33 42 30,175 43 3o,2i8 42 30,260 42 3o,3o2 43 0,0020 

0,60 47 32,68c 4"j 32,727 46 32,773 47 32,820 46 32,866 46 32,912 47 32,q5q 46 33,00 5 46 33,o5i 46 0,0000 

o,65 35,345 5i 35,396 5c 35,446 5i 35,497 5o 35,547 5o 35,597 5i 35,648 5o 35,698 5o 35,748 5o 35,798 5o 0,4220 

0,70 38,o55 55 38,i ic 38,i6/E 55 38,2ig 54 38,27c 54 38,327 54 38,381 54 38,435 54 38,48g 54 38,543 54 0,4900 

0,75 40,763 5c 40,82; 5É 4o,88o 58 4o,g38 59 40,997 58 4i,o55 58 4i,iic 58 41,171 58 41,22g 57 41,286 58 o,5625 
0,6400 
0,722.5 0,80 43,46c 6; 43,53; 6; 43,5g3 6q 43,656 62 43,718 62 43,780 62 43,842 62 43,904 62 43,966 62 44,02b OI 

o,85 46,173 6f 46,23c 6( j 46,3o5 67 46,372 66 46,438 66 46,5o4 66 46,57c 65 46,635 66 46,701 66 46,767 65 

0,90 
o,95 
1,00 

48,87^ 7C 48,94-^ 7 
n 

4q,oi5 7C 
7 3 

49,o85 7C 4g,i55 7C 4q,225 7C 49,295 6s 4g,364 7C 49,434 69 4g,5o3 70 0,0100 
0,9025 

51,57c 'll 51 64' i 51,721 51,79- 1A 51,86c 74 ■51,943 l4 52,017 7 4 52,091 73 52,164 74 52,238 73 

54,263 

6,1É 

7C )\ 54,347! 7f 3 54,42-5 78 54,5o; 78 54,581 78 54,65c 78i 54,737 77 54,8i4 78 54,892 1 77 54,969 78 T ,0000 

;oi i 6,1952 1 6,2305 6,2658 6,3013 6,3368 1 6,3725 6,4082 6,4441 6,4800 c2 

(r + r")2 r2 -j- r"a nearly. 

1 

2 

3 
4 
5 
6 
7 
8 

543 544 545 546 547 548 549 55o 55i 552 

54 54 55 55 55 55 55 55 55 55 

109 
i63 

109 
i63 

109 
164 

109 
164 

109 
164 

110 
164 

110 
165 

no 
i65 

no 
165 

no 
166 

217 218 218 218 219 219 220 220 220 221 

272 272 273 273 274 274 275 275 276 276 

326 3a6 327 328 328 329 329 33o 331 33i 

38o 381 382 382 383 384 384 385 386 386 

434 435 436 437 438 438 43g 44o 44i 442 

489 490 491 491 492 4g3 494 495 496 497 

1 

2 

3 
4 
5 
6 
7 
8 



TABLE IL — To find the time T; the sum of the radii and the chord c being givdn. 

Sum of the Radii 

Chord 3,61 3,62 3,63 3,64 

iO
 

CO 3,66 

c. Days |dif. Days |dif. Days | dif Days | dif. Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,552 i 

0,000 
0,553 i 

0,000 
0,554 i 

0,000 
0,555 0 

0,000 
0,555 i 

0,000 
0,556 i 

0,0000 
0,0001 

0,02 i ,io5 1 1,106 2 1,108 i 1,109 
1,664 

2 I,III 
1,666 

i 1,11 2 2 0,0004 
o,o3 i,657 2 1,65g 2 I,66l 3 2 2 1,668 2 0,0009 

o,o4 2,209 3 2,212 3 2,215 3 2,218 3 2,221 3 2,224 3 0,0016 

o,o5 2,761 4 2.765 4 2,769 4 2,773 4 2,777 3 2,780 4 0,0025 
0,06 3,3i3 5 3,3i8 5 3,323 4 3,327 5 3,332 4 3,336 5 o,oo36 
0,07 3,866 5 3,871 5 3,876 6 3,882 5 3,887 5 3,892 6 0,0049 
0,08 4,4x8 6 4,424 6 4,43 0 6 4,436 6 4,442 6 4,448 7 0,0064 
0,09 4,970 7 4,977 7 4,984 7 4,99i 7 4,998 7 5,oo5 6 0,0081 

0,10 5,522 8 5,53o 8 5,538 7 5,545 8 5,553 8 5,56i 7 0,0100 
0,11 6,075 8 6,o83 8 6,091 9 6,100 8 6,108 9 6,117 8 0,0121 
0,12 6,627 9 6,636 9 6,645 9 6,654 9 6,663 10 6,673 9 0,0144 
o,i3 7 A 79 10 7,189 10 7D99 10 7,209 10 7,219 10 7,229 9 0,0169 

o,i4 7,781 11 7>74s 11 7,753 10 7,763 11 7,77 4 11 7,785 10 0,0196 

0,15 8,283 12 8,295 11 8,3o6 12 8,318 11 8,329 11 8,34o 12 0,0225 
0,16 8,835 

9,388 
i3 8,848 12 8,860 12 8,872 12 8,884 12 8,896 i3 0,0256 

0,17 i3 9,401 i3 9,4x4 12 9,426 i3 9,43g i3 9,452 i3 0,0289 
0,18 9,940 i3 9,953 i4 9,967 i4 9,981 i4 9,995 i3 10,008 x4 0,0324 
0,19 10,492 14 io,5o6 i5 10,521 i4 io,535 i5 io,55o i4 io,564 15 o,o36i 

0,20 ii,o44 i5 11,059 i5 11,074 16 11,090 i5 ii,io5 i5 11,120 i5 o,o4oo 
0,21 n,5g6 16 11,612 16 11,628 16 n,644 16 11,660 16 11,676 16 o,o44 x 
0,22 
0,23 

12,148 17 i2,i65 16 12,181 17 12,198 17 12,215 17 12,232 
12,787 

16 o,o484 
12,700 17 12,717 18 12,735 17 12,762 l8 12,770 17 18 0,0529 

0,2 4 13,252 l8 13,270 18 13,288 19 i3,3o7 18 i3,325 18 13,343 !9 0,0576 

0,25 i3,8o4 19 i3,823 *9 i3,842 19 i3,86i 19 i3,88o *9 l3,8gg 19 0,0625 
0,26 x4,356 !9 i4,375 20 i4,3g5 20 i4,4i5 20 i4,435 20 i4,455 20 0,0676 
0,27 14,907 21 i4,928 21 i4,949 20 14,969 21 i4,99° 20 i5,oio 21 0,0729 
0,28 15,45g 22 15,48i 21 i5,5o2 22 i5,524 21 15,545 2 T 15,566 21 0,0784 
0,29 16,011 22 i6,o33 23 i6,o56 22 16,078 22 16,100 22 16,122 22 o,o84i 

o,3o 16,563 23 16,586 23 i6,6oq 23 16,632 23 16,655 22 16,677 23 0,0900 
0,31 17, ”5 23 i7,i38 24 17,162 24 17,186 23 17,209 24 17,233 24 0,0961 
0,32 17,666 25 17,691 24 17,715 25 17,740 24 17,764 25 17,789 24 0,1024 
o,33 18,218 25 18,243 26 18,269 25 18,294 25 i8,3ig 25 i8,344 25 0,1089 
o,34 18,77° 26 18,796 26 18,822 26 18,848 26 18,874 26 18,900 25 0,1156 

o,35 19,321 27 19,348 27 19,375 27 19,402 26 19,428 27 19,455 27 0,1225 
o,36 19,873 28 r9;901 27 19,928 28 19,956 27 19,983 27 20,010 28 0,1296 
0,37 20,425 28 20,453 28 20,481 28 20,5og 29 20,538 28 20,566 28 0,1369 
o,38 20,976 29 2.i,oo5 29 2i,o34 29 21 ,o63 29 21,092 29 21,121 

21,676 
29 o,i444 

0,89 21,528 29 21,557 3o 21,587 3o 21,617 3o 21,647 29 3o 0,l52I 

o,4o 22,079 3i 22,110 3o 22,140 3i 22,171 3o 22,201 3i 22,232 3o 0,1600 
0,41 22,63o 32 22,662 3i 22,693 3i 22,72 4 32 22,756 3i 22,787 3i 0,1681 
0,42 23,182 32 23,214 32 23,246 3q 23,278 32 23,3io 32 23,342 32 0,1764 
o,43 23,733 33 23,766 33 23,799 33 23,832 32 23,864 33 23,897 33 0,1849 
o,44 24,284 34 24,3i8 34 24,352 33 24,385 34 24,4x9 33 24,452 34 0,1936 

o,45 24,835 35 24,870 34 24,904 35 24,989 34 24,973 34 25,007 35 0,2025 
o,5o 27,591 38 27,629 38 27,667 38 27,705 39 2-7,744 38 27,782 38 0,2000 
o,55 3o,345 42 3o,387 42 30,429 42 3o,47i 42 3o,5i3 4a 3o,555 42 o,3o25 
0,60 33,097 46 33,143 46 33,189 46 33,235 

35,997 
46 33,281 46 33,327 45 o,36oo 

0,4225 o,65 35,848 5o 35,898 5o 35,948 49 5o 36,047 5o 36,097 49 
0,70 38,597 54 38,651 53 38,704 54 38,758 54 38,812 53 38,865 53 o,4goo 

0,75 4i,344 58 4i,4o2 57 4i,459 58 4i,5i7 57 4i,574 58 41,632 57 0,562.5 
0,80 44,o8q 62 44,i5i 61 44,212 62 44,274 61 44,335 61 44,3g6 61 o,64oo 
o,85 46,83a 66 46,898 65 46,963 65 47,028 65 47,093 66 47,i59 65 0,7225 
0,90 49,573 69 49,642 70 49,712 69 49,781 69 49,85o 69 49,919 68 0,8100 
0,95 52,3ii 73 52,384 73 52,457 74 52,53i 72 52,6o3 73 62,676 73 0,9025 
1,00 55,o47 77 55,124 77 55,201 77 55,278 77 55,355 76 55,431 77 1,0000 

6,5161 6,5522 6,5885 6,6248 6,6613 6,6978 82 

Prop, parts for the sum of the Radii. 
I 1 2 | 3 | 4 1 5 | 6 | 7 | 8 [ q 

è . ( r r" ) 2 or ?-2 -j- r"2 nearly. 

55i 552 553 55 4 555 556 557 

I 55 55 55 55 56 56 56 i 

2 110 no in in in in in 2 

3 i65 166 166 166 167 167 167 3 
4 220 221 221 222 222 222 223 4 
5 276 276 277 277 278 278 279 5 
6 33i 33i 332 33a 333 334 334 6 
7 386 386 387 388 38g 38g 3gO 7 
8 441 442 442 443 444 445 446 8 
9 4g6 497 498 499 5oo 5oo 5oi 9 

1 0 0 0 0 I 1 1 1 i 

2 0 0 I 1 1 1 1 2 2 

3 0 1 i 1 2 2 2 2 3 

4 0 1 i 2 2 2 3 3 4 

5 1 1 2 2 3 3 4 4 5 
6 1 1 2 2 3 4 4 5 5 
7 i 1 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 1 2 3 4 5 5 6 7 8 

10 1 2 3 4 5 6 7 8 9 
11 1 2 3 4 6 7 8 9 10 

12 1 2 4 5 6 7 8 10 11 

i3 1 3 4 5 7 8 9 10 12 

x4 1 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 x4 
16 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 10 12 i4 15 
18 2 4 5 7 9 11 i3 i4 16 

*9 2 4 6 8 IC 11 i3 i5 17 

20 2 4 6 8 TO 12 i4 16 18 

21 2 4 6 8 11 i3 i5 17 19 

22 2 4 7 9 11 i3 i5 18 20 

23 2 5 7 9 12 i4 16 18 21 

24 2 5 7 10 12 i4 17 xg 
22 

25 3 5 8 10 13 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 11 i4 16 xg 22 24 

28 3 6 8 11 i4 17 20 22 25 

29 
3 6 9 12 i5 17 20 23 26 

3o 3 6 Q 12 15 l8 21 24 27 

3i 3 6 9 12 16 !9 22 25 28 

32 3 6 10 i3 16 19 
22 26 29 

33 3 7 10 i3 17 20 23 26 3o 

34 3 7 10 i4 11 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 14 18 22 25 29 32 

37 4 7 11 i5 19 
22 26 3o 33 

38 4 8 11 i5 19 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 3b 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3 j 3b 4o 

45 5 9 i4 18 23 27 32 36 4x 

46 5 9 i4 18 23 28 32 37 4i 

47 5 9 i4 19 24 28 33 38 42 

48 5 10 i4 19 24 29 34 38 43 

49 5 .10 i5 20 25 29 
34 39 44 

5o 5 10 i5 20 25 3o 35 40 45 
51 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 

54 5 11 16 22 27 32 38 43 49 

55 6 11 X7 22 28 33 39 44 5o 

56 6 11 17 22 28 34 39 45 5o 

57 6 11 17 23 29 34 4o 46 5i 

58 6 12 17 23 29 35 4i 46 52 

59 6 12 l8 24 3o 35 4i 47 b3 

60 6 12 18 24 3o 36 42 48 54 

61 6 12 18 24 3i 37 43 49 55 

62 6 12 !9 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 r9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 $9 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 T 81 

IOO 10 20 3o 4o 5o 60 70I 80I 90 

a!4 



M
fO

 M
W

®
 

TABLE II. — To find the time T\ the sum of the radii r 4- r1', and the chord c being given. 

Sum of the Radii r -\-r II % 

Chord 
C. 

3,67 3,68 3,69 3,70 3,71 3,72 3,73 I 3,74 3,75 3,76 
Days |dif. Days | dif. Days | dif. Days jdif. Days jdif. Days jdif. Days jdif. | Days jdif. Days jdif. Days jdif. 

0,00 
0,01 

0,000 
0,557 I 

0,000 
0,558 0 

0,000 
0,558 i 

0,000 
0,559 I 

0,000 
o,56o 1 

0,000 
0,56l 0 

0,000 
0,56l 1 

0,000 
0,562 I 

0,000 
0,563 , 

0,000 
0,564 0 

0,0000 
0,000 T 

0,02 T,II 4 I i,n5 2 i,H7 I 1,118 2 1,120 1 1,121 2 1,123 1 1,124 2 1,126 1 1,127 2 0,000 4 
0,0009 
0,0016 

o,o3 1,670 3 1,673 2 1,675 2 1,677 3 I,68o 2 1,682 2 1,684 2 1,686 
2,248 

3 1,689 2 1,691 2 

0,0 4 2,227 3 2,260 3 2,263 3 2,266 3 2,23g 3 2,242 3 2,245 3 3 2,25l 3 2,254 3 

o,o5 2,784 4 2,788 4 2,792 3 2,795 4 2,799 4 2,8o3 4 2,807 4 2,811 3 2,814 4 2,818 4 0,0025 
0,06 3,341 4 3,345 5 3,35o 5 3,355 4 3,35g 5 3,364 4 3,368 5 3,373 4 3,377 5 3,382 4 o,oo36 
0,07 3,898 5 3,go3 5 3,908 6 3,gi4 5 3,9i9 5 3,924 5 3,929 6 3,935 5 3,g40 5 3,g45 5 o,oo4g 

0,0064 0,08 4,455 6 4,46i 6 4,407 6 4,473 6 4,479 6 4,485 6 4,4gi 6 4,497 6 4,5o3 6 4,5og 6 
0,09 5,oii 7 5,oi8 7 5,026 7 5,062 7 5,o3g 6 5,o45 7 5,o52 7 5,o59 7 5,o66 6 5,072 7 0,0081 

0,10 5,568 8 5,576 7 5,583 8 5,5gi 7 5,5g8 8 5,6o6 7 5,6i3 8 5,621 7 5,628 8 5,636 7 0,0100 
0,11 6,125 8 6,i33 9 6,142 8 6,i5o 8 6,i58 8 6,166 9 6,175 8 6,i83 8 6,191 9 6,200 8 0,0121 
0,12 
0,13 

6,682 9 6,691 9 6,700 9 6,709 9 6,718 9 6,727 9 6,736 9 6,745 9 6,754 9 6,763 9 o,oi44 7,2*38 10 7,248 10 7,258 10 7,268 10 7,278 10 7,288 9 7,297 10 7,307 10 7,3i7 10 7,327 9 0,016q 
0,14 7,79^ 11 7,806 10 7,816 11 7,827 10 7,837 11 7,848 11 7,85g 10 7,869 11 7,880 10 7,890 11 0,0196 

0,15 8,352 II 8,363 12 8,375 11 8,386 11 8,397 12 8,409 11 8,420 11 8,431 I I 8,44a 12 8,454 T I 0,0225 
o,t6 8,909 12 8,921 12 8,g33 12 8,945 12 8,957 12 8,969 12 8,981 12 8,993 12 g,oo5 12 9’OI7 12 0,0256 
0,17 9,465 i3 9'478 i3 9>4gi i3 g,5o4 i3 9,617 i3 g,53o 12 9,542 i3 9,555 i3 9,568 i3 g,58i 12 0,0289 
0,18 10,022 14 IO,o3ô i3 10,049 i4 io,o63 i3 10,076 14 10,090 i4 10,104 i3 10,117 i4 io,i3i 

10,693 
i3 io,i44 i4 o,o324 

0,19 10,579 14 io,5g3 i4 10,607 i5 10,622 i4 10,666 14 io,65o i5 io,665 i4 10,679 i4 i5 10,708 i4 o,o36i 

0,20 ii,i35 i5 ti,i5o 16 11,166 i5 11,181 i5 11,196 i5 11,211 i5 11,226 
11,787 

i5 11,241 i5 ii,256 i5 11,271 i5 o,o4oo 
0,21 11,692 16 11,708 16 11,724 16 ii,74o i5 ii,755 16 11,771 16 16 n,8o3 16 11,819 i5 n,834 16 o,o441 
0,22 
0,23 

12,248 17 12,265 17 12,282 16 12,298 17 I2,3l5 17 12,662 16 12,648 17 12,365 16 i2,38i 17 12,398 16 0,0484 
i2,8o5 17 12,822 18 12,840 17 12,867 18 12,875 17 12,892 17 12,909 18 12,927 17 12,944 17 12,961 17 0,0529 

0,24 i3,362 18 i3,38o 18 13,398 18 i3,4i6 18 13,434 18 i3,452 18 13,470 18 13,488 18 i3,5o6 18 i3,§24 l8 0,0576 

0,25 i3,gi8 *9 13,937 *9 i3,g56 19 13,975 *9 13,994 19 i4,oi3 18 i4,o3i 19 i4,o5o 19 14,069 *9 14,088 19 0,0625 
0,26 i4,475 !9 i4,4g4 20 i4,5i4 20 i4,534 *9 i4,553 20 i4,573 19 i4,5g2 20 14,612 20 14,63 2 19 i4,65i 20 0,0676 
0,27 i5,o3i 20 i5.o5i 21 15,072 20 15,092 21 i5,n3 20 i5,i33 20 i5,i53 21 i5,i74 20 i5,ig4 20 i5,2i4 21 0,0729 
0,28 i5,587 22 i5,6og 21 i5,63o 21 i5,65i 21 15,672 21 15,693 21 15,714 22 15,760 21 15,757 21 15,778 21 0,0784 
0,29 16,144 22 16,166 22 16,188 22 16,210 22 16,262 22 16,264 21 16,275 22 16,297 22 16,619 22 16,341 21 0,0841 

0,3 0 16,700 23 16,723 23 16,746 22 16,768 20 16,791 23 16,814 22 16,836 23 i6,85g 22 16,881 23 16,904 22 0,0900 
o,31 17,257 23 17,280 24 i7,3o4 23 17,327 23 17,660 2 4 17,87 4 23 J 7,397 24 17,421 23 17,444 23 17,467 23 0,0961 
0,32 17,813 2 4 17,837 24 17,861 25 17,886 2 4 17,910 24 17,934 24 i7,g58 24 17,982 24 18,006 

i8,56g 
24 i8,o3o 24 0,1024 

o,33 18,369 25 18,394 25 18,419 25 i8,444 25 18,469 25 18,494 25 i8,5ig 25 i8,544 25 24 i8,5g3 25 0,1089 
o,34 18,925 26 18,951 26 18,977 26 ig,oo3 25 19,028 26 ig,o54 26 19,080 25 ig,io5 26 i9,i3i 25 19^56 26 0,1156 

o,35 19,482 26 ig,5o8 27 19,535 26 ig,56i 27 19,588 26 19,614 26 ig,64o 27 19,667 26 19,693 26 i9>7i9 27 0,1225 
o,36 2o,o38 27 20,065 27 20,092 28 20,120 27 20,147 27 20,17 4 27 20,201 27 20,228 27 20,255 27 20,282 27 0,1296 
0,37 20,594 28 20,622 28 20,65o 28 20,678 28 20,706 28 20,734 28 20,762 28 20,790 28 20,818 27 20,845 28 0,136g 
o,38 2I,l5o 29 21,179 29 21,208 28 21,260 29 21,265 29 '21,294 28 21,622 29 2I,35i 29 2i,38o 28 21,408 29 0,1444 
o,39 21,706 3o 21,736 29 21,765 3o 21,795 29 21,824 3o 21,854 29 2i,883 29 21,912 3o 21,942 29 21,971 29 0,1021 

o,4o 22,262 3o 22,292 3i 22,323 3o 22,353 3o 22,383 3i 22,4l4 3o 22,444 3o 22,474 3o 22,5o4 3o 22,534 3o 0,1600 
o,41 22,8x8 3i 22,849 3i 22,880 3i 22,911 3i 22,942 3i 22,973 3i 23,004 3i 23,065 3i 23,066 3i 23,097 3o 0,1681 
0,42 23,374 32 23,4o6 32 23,438 32 23,470 3i 23,5oi 32 23,533 32 23,565 3i 23,596 32 23,628 3t 23,659 32 0,1764 
o,43 23,930 33 23,963 32 23,qq5 33 24,028 32 24,060 33 24,093 32 24,125 33 24,i58 32 24,190 32 24,222 32 o,i84g 
o,44 24,486 33 24,5ig 34 24,553 33 24,586 33 24,619 33 24,652 34 24,686 33 24,719 33 24,762 33 24,785 33 o,ig36 

o,45 26,042 34 25,076 34 25,110 34 25,i44 34 25,178 34 2.5,212 34 25,246 34 25,280 34 25,3i4 34 25,347 34 0,2025 
o,5o 27,820 38 27,858 38 27,806 38 27,934 37 27,971 38 28,009 38 28,047 38 28,085 37 28,122 38 28,160 

30,971 
37 0,2000 

o,55 30,597 42 3o,63g 4i 3o,68o 42 30,722 42 30,764 4i 3o,8o5 42 3o,847 4i 3o,888 42 3o,g3o 4i 4i o,3o25 
0,60 33,372 46 33,4i8 45 33,463 46 33,5og 45 33,554 46 33,600 45 33,645 45 33,690 46 33,736 45 33,781 45 o,36oo 
o,65 36,146 5o 36,196 4g 36,245 4g 36,294 5o 36,344 49 36,3g3 4q 36,442 4q 36,4gi 49 36,640 49 36,58g 

P 
0,4225 

0,70 38,918 54 88,972 53 3g,025 53 39,078 53 3g,i3i 53 3g,i84 53 39,237 53 39,290 53 39,343 b6 3g,3g6 52 o,4goo 

0,75 41,689 57 41,746 57 4i,8o3 57 41,860 57 4r,9i7 57 4i,974 57 42,o3i 56 42,087 57 42,144 56 42,200 57 o,5625 

0,80 44,457 6l 44.5i8 61 44,579 61 44,64o 61 44,701 60 44,761 61 44,822 61 44,883 60 44,943 60 45,oo3 61 o,64oo 
o,85 47,224 64 47,288 65 47,353 65 47,418 64 47,482 65 47,547 64 47,611 65 47,676 64 47,740 64 47,8o4 64 0,722.5 

o,go 49,987 69 5o,o56 69 5o,i25 68 5o,ig3 69 50,262 
53,o39 

68 5o,33o 69 5o,399 68 50,467 68 5o,535 68 5o,6o3 68 0,8100 

0,95 52,749 78 52,822 72 52,8g4 73 52,967 72 72 53,iii 7 2 53,i83 72 53,255 72 53,327 72 53,399 72 0,9025 

1,00 -55,5o8 77 55,585 76 55,66i 76 55,737 77 55,8i4 76 55,890 76 55,966 76 56,042 75 56,117 76 56,198 76 1,0000 

6,7345 6,7712 6,8081 6,8450 6,8821 6,9192 6,9565 6,9938 7,0313 7,0688 C2 

i • (r + r" )2 or r2 _j_ J.11 2 nearly. 

556 557 558 559 56o 561 562 563 564 

56 56 56 56 56 56 56 56 56 

in hi 112 112 112 112 112 n3 n3 

167 167 167 168 168 168 169 169 169 

222 223 223 224 224 224 225 225 226 
278 2 79 2 79 280 280 281 28l 282 282 

334 334 335 335 336 337 337 338 338 

38g 3go 391 3gi 392 3g3 3g3 3g4 3g5 

445 446 446 447 448 449 45o 45o 451 
5oo 5oi 5o2 5o3 5o4 5o5 5o6 507 5o8 
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ÏABLE II; To find the time T\ the sum of the radii r-\-r ", and the chord c being givèü. 

Sum of the Radii r-\-r'1 

Chord 3,77 3,78 3,79 3,80 3,81 3,82 
C. Days | dif. Days | dif. Days | dif. Days |dif. Days | dif. Days |dif. 

0,00 

0,01 

0,000 
o,564 i 

0,000 
0,565 1 

0,000 
0,566 1 

0,000 
0,567 0 

0,000 
0,567 I 

0,000 
0,568 1 

0,0000 
0,0001 

0,02 
o,o3 

1,129 ï t,i3o 2 I,l32 1 i,i33 2 l,l35 I i,i36 2 0,0004 
1,693 2 1,6g5 3 1,698 2 1,700 2 1,702 2 1,704 2 0,0009 

0,o4 2,267 3 2,260 3 2,263 3 2,266 3 2,269 3 2,272 3 0,0016 

o,o5 2,822 4 2,826 3 2,829 4 2,833 4 2,837 3 2,84o 4 0,0025 
0,06 3,386 5 3,391 4 3,3g5 5 3,4oo 4 3,4o4 5 3,409 4 o,oo36 
0,07 3,g5o 6 3,956 5 3,961 5 3,966 5 3,97i 6 3,977 5 o,oo4g 
0,08 4,5i5 6 4,521 6 4,527 6 4,533 6 4,53g 6 4,545 6 0,0064 
0,09 5=079 7 5,o86 7 5,093 6 6,099 7 6,106 7 5,n3 6 0,0081 

0,10 5,643 8 5,651 7 5,658 8 5,666 7 5,673 8 5,68i 7 0,0100 
0,11 6,208 8 6,216 8 6,224 8 6,232 9 6,241 8 6,249 8 0,0121 

0,0144 0,12 6,772 9 6,781 9 6,79° 9 6,799 9 6,808 9 6,817 9 
o,i3 7,336 10 7,346 10 7,356 10 7,366 9 7,375 10 7,385 10 0,0169 
o,t4 7,9°1 xo 7,911 11 7,922 10 7,982 10 7,942 II 7,963 10 0,0196 

o,i5 8,465 II 8,476 11 8,487 12 8,499 II 8,5io II 8,52i 11 0,0225 
0,16 9,029 12 g,°4i 12 9,o53 12 g,o65 12 9,077 12 9,089 12 0,0256 
0,17 9,593 i3 9,606 i3 9,619 12 g,631 i3 9,644 i3 9,657 12 0,0289 
0,18 io,i58 i3 10,171 i3 10,184 14 10,198 i3 10,211 14 10,225 i3 o,o324 
0,19 10,722 14 10,736 14 10,750 14 10,764 i5 IO,779 14 10,793 14 o,o36i 

0,20 11,286 i5 1 i,3oi i5 ii,3i6 i5 i.i,331 i5 n,346 i5 n,36i 14 o,o4oo 
0,21 ii,85o 16 1 t,866 16 11,882 i5 11,897 16 11,918 i5 11,928 16 o,o441 
0,22 12,414 17 12,43l 16 12,447 17 12,464 16 12,480 16 12,496 n o,o484 
0,23 12,978 18 12,996 17 i3,oi3 

13,578 
17 i3,o3o 17 13,047 17 13,o64 17 0,0529 

0,24 i3,542 18 i3,56o 18 18 13,596 18 i3,6i4 18 i3,632 18 0,0576 

0,25 14,107 18 i4,i25 19 i4,i44 19 i4,i63 18 14,181 19 14,200 18 0,0625 
0,26 14,671 T9 14,690 !9 14,709 20 14,729 *9 i4,748 20 14,768 *9 0,0676 
0,27 i5,255 20 i5,255 20 15,275 20 i5,2q5 20 i5,3i5 20 i5,335 20 0,0729 
0,28 15,799 20 i5,8ig 21 i5,84o 21 15,86i 21 15,882 

16,449 
21 i5,qo3 21 0,0784 

0,29 16,362 22 16,384 22 16,406 22 16,428 21 22 16,471 21 0,0841 

o,3o 16,926 23 16,949 22 16,971 23 16,994 22 17,016 22 i7,o38 23 0,0900 
o,3i 17,490 24 i7=5i4 23 17,537 23 i7,56o 23 17,583 23 17,606 23 0,0961 
0,32 i8,o54 24 18,078 2 4 18,102 24 18,126 24 i8,i5o 24 18,174 23 0,1024 
o,33 18,618 2.5 i8,643 24 18,667 25 18,692 25 18,717 24 18,741 25 0,1089 
o,34 19,182 25 19,207 26 19,233 25 19,258 25 19,288 26 19,309 25 o,n56 

o,35 19,746 26 19,772 26 i9,798 26 19,824 26 ig,85o 26 19,876 26 0,1225 
o,36 20,3og 27 20,336 27 20,363 27 2o,3go 27 20,417 27 20,444 27 0,1296 
0,37 20,873 28 20,901 

21,465 
27 20,928 28 2o,g56 28 20,984 27 21,011 

21,579 
28 0,136g 

0,1444 o,38 21,437 28 29 21,4g4 28 21,622 28 2i,55o 29 28 

o,39 22,000 3o 2 2,o3o 29 22,o5g 29 22,088 29 22,117 29 22,146 29 0,l52I 

o,4o 22,564 3o 22,5q4 3o 22,624 3o 22,654 3o 22,684 29 22,7l3 3o 0,1600 
0,41 23,127 3i 23,i58 3i 23,189 3o 23,219 3i 23,200 3i 23,281 3o 0,1681 
0,42 23,691 3i 23,722 32 23,754 3i 23,785 32 23,817 3i 23,848 3i 0,1764 
o,43 24,264 33 24,287 32 24,819 32 24,35i 32 24,383 32 24,415 32 0,1849 
o,44 24,818 33 24,85i 33 24,884 33 24,917 32 24,949 33 24,982 33 0,1936 

o,45 q5,38i 34 25,4i5 34 25,44g 33 25,482 34 25,5t6 33 25,54g 34 0,2025 
o,5o 28,197 38 28,235 

31 ,o54 
37 28,272 38 28,810 87 28,347 87 28,384 38 0,2000 

o,55 31,012 42 4i 3i,og5 41 3i,i36 4i 3i,i77 4j 3i,2i8 
34,o5o 

41 o,3o?5 
0,60 33,826 45 33,871 45 33,gi6 45 33,961 45 34,oo6 44 45 o,36oo 
o,65 36,638 

3g,448 
49 36,687 48 36,735 4q 36,784 49 36,833 48 36,881 49 0,4225 

0,70 53 3g,5oi 52 3g,553 53 39,606 52 3g,658 53 89,711 52 o,4goo 

0,75 42,257 56 42,3i3 57 42,370 56 42,426 56 42,482 56 42,538 56 o,5625 
0,80 45,o64 60 45,124 60 45,i84 60 45,244 60 45,3o4 60 45,364 60 o,64oo 
o,85 47,868 64 47=93a 64 47,996 64 48,060 64 48,124 63 48,187 64 0,7225 
0,90 50,671 68 5o,73g 67 5o,8o6 

53,6i4 
68 50,874 67 50,941 68 51,009 67 o,8100 

0,95 53,47i 72 53,543 71 72 53,686 71 53,757 71 53,828 71 0,9025 
1,00 56,26g 75 56,344 75 56,419 76 56,4g5 75 56,670 75 56,645 75 1,0000 

7,1065 7,1442 7,1821 7,2200 7,2581 7,2962 c2 

!•(’• + r") 2 or r2 -f- r n 2 nearly. 

563 564 565 566 567 568 56g 

I 56 56 57 57 57 67 57 I 
2 n3 n3 n3 n3 n3 n4 ix4 2 
3 169 169 170 170 170 170 171 3 
4 225 226 226 226 227 227 228 4 
5 282 282 283 283 284 284 285 5 
6 338 338 33g 34o 34o 341 34i 6 
7 394 3g5 3g6 3g6 897 3g8 398 7 
8 45o 451 452 453 454 454 455 8 
9 507 5o8 5og 5og 5io 5n 5l2 9 

Prop, parts for the sum of the Radii. 
ija|3|4|5|6|7l8lQ 

I 0 O 0 0 1 1 1 1 I 
2 0 0 I 1 I 1 1 2 2 
3 0 1 1 I 2 2 2 2 3 
4 0 1 1 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I 1 2 2 3 4 4 5 5 
7 1 I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 T 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 
i4 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 10 12 x4 i5 
18 2 4 5 7 9 11 i3 i4 16 
19 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12 x4 16 18 
21 2 4 6 8 11 i3 i5 17 !9 
22 2 4 7 9 II i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
2 4 2 5 7 10 12 i4 17 *9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 II i4 16 19 22 2 4 
28 3 6 8 11 i4 T7 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 19 22 25 28 
32 3 6 10 i3 16 19 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 2*5 28 32 
36 4 7 11 i4 18 22 25 29 32 

37 4 7 II i5 19 22 26 3o 33 
38 4 8 11 i5 19 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 19 24 28 33 38 42 
48 5 IO i4 19 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 31 36 42 47 
53 5 11 16 21 27 32 37 42 48 
54 5 II 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 3q 44 5o 
56 6 11 17 22 28 34 39 45 5o 

67 6 I I 17 23 29 34 40 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 2 4 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 3 a 38 44 5o 57 
64 6 i3 !9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 
66 7 i3 20 26 33 4.0 46 53 5q 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 2 4 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
100 lio 20 3o 4o 5o 60 70 8o 9° 



O
 c

n
-t

*
. 

C
o
 M

 

TABLE It. — To find the time Tj the sum of the radii r-f-frl, and the chord c being given. 

Sum of thé Radi! r -j~ r ' 

3,9/ i 

D:ays |d if. 

0,000 

0,575 1 

i,i5i I 

1,726 3 
2,3o2 3 

2,877 4 
3,453 4 
4,028 5 

4,604 6 

5,179 7 

5,755 7 
6,33o 8 

6,905 9 
7,481 9 
8,o56 11 

8,632 11 

9,207 12 

9,782 i3 
io,358 i3 
10,933 i4 

n,5o8 i5 
3 12,084 i5 
3 12,65g 16 

7 i3,234 17 
7 13,809 18 

i4,385 18 

1 14,96° 19 
) i5,535 20 

16,110 21 

16,685 21 

17,260 22 

17,835 23 
18,410 24 

i i8,g85 25 
ig,56o 25 

3 20,i35 26 

3 20,710 26 

7 21,285 27 

3 21,860 28 

) 22,435 28 

:> 23,009 3o 

3 23,584 3o 

24,i5g 3o 

24,733 32 
3 25,3o8 32 

3 25,882 33 
7 28,755 36 
0 3i,Ô25 4i 

4 34,4g5 44 
8 37,363 48 
2 4°,23o 5i 

6 43,095 55 
g 45,968 59 
3 48,8iq 63 
5 51,678 67 

0 54,535 7i 
4 57,390 74 

Chord 3,83 3,84 3,85 3,86 3,87 a,88 3,-89 3;90 I 3,9 1 
C. Days |dif. Days jdif. Days ! dif. Days (dif. Days jdif. Day s| dif. Days |difa Days[difj Days jdif.- 

0,00 
0,01 

0,000 
o,56g i 

0,000 
0,570 0 

0,000 
0,570 i 

0,000 
0,571 1 

0,000 
0,572 i 

0,000 
0,573 0 

0,000 
0,573 i 

0,000 
0,574 i 

0,000 
0,575 O 

0.02 i,i38 I I,l39 2 i,i4i i I,l42 2 i,i44 i I,l45 2 1,1'47 i 1,148 2 i,i5o 1 

o,o3 1,706 3 1,709 2 1,711 2 1,7*3 2 *,7*5 3 1,718 2 i,72° 2 1,722 2 1,724 2 

0,04 2,275 3 2,278 3 2,281 3 2,284 3 2,287 3 2,290 3 2,293 3 2,296 3 2,299 3 

o,o5 2,844 4 2,848 4 2,852 3 2,855 4 2,85g 4 2,863 3 2,866 4 2,870 4 2,874 3 

0,06 3,4i3 4 3,417 5 3,422 4 3,426 5 3,431 4 3,435 5 3,44° 4 3,444 4 3,448 5 

0,07 3,982 5 3,987 5 3,992 5 3,997 6 4,oo3 5 4,008 5 4,013 5 4,018 5 4,023 5 
0,08 4,55i 6 4,557 5 4,562 6 4,568 6 4,574 6 4,58o 6 4,586 6 4,592 6 4,598 6 

0,09 5,119 7 5,126 7 5,i33 6 5,139 7 5,i46 7 5,i53 6 5,i59 7 5,i66 7 5,173 6 

0,10 5,688 8 5,6q6 7 5,7o3 7 5,710 8 5,718 7 5,725 8 5,733 7 5,740 7 5,747 8 

0,11 6,257 8 6,265 8 6,273 8 6,281 9 6,290 8 6,298 8 6,3o6 8 6,3i4 8 6,322 8 
0,12 
o,i3 

6,826 9 6,835 9 6,844 8 6,852 9 6,861 9 6,870 9 6,879 9 6,888 9 6,897 8 
7,395 9 7,4°4 10 7,4i4 9 7,423 10 7,433 10 7,443 9 7,452 10 7,462 9 7,47* 10 

0,14 7,963 11 7,974 10 7,934 10 7,994 11 8,oo5 10 8,oi5 10 8,025 11 8,o36 10 8,o46 10 

o,i5 8,532 11 8,543 11 8,554 11 8,565 II 8,576 12 8,588 I I 8,599 11 8,610 11 8,621 II 
0,16 9'IQI 12 9,n3 I I 9,124 12 9,*36 12 9,148 12 9,160 12 9,172 12 9,184 II 9,*95 12 

0,17 9,669 i3 9,682 i3 9=695 12 9,7°7 i3 9,720 12 9,732 i3 9,745 12 9,757 i3 9,77° 12 

0,18 io,238 i3 IO,25l i4 10,265 i3 10,278 i3 10,291 i4 io,3o5 i3 io,3i8 i3 io,33i i4 io,345 i3 
0,19 10,807 i4 10,821 i4 io,835 i4 10,849 i4 io,863 i4 10,877 i4 10,891 i4 io,go5 i4 10,9*9 i4 

0.20 11,375 i5 11,390 i5 11,4o5 i5 11,420 i5 ii,435 i4 11,449 i5 11,464 i5 *1,479 i5 n,4g4 i4 
0,21 h,944 16 11,960 i5 11,975 16 11,99* i5 12,006 16 12,022 i5 12,037 16 i2,o53 i5 12,068 

12,643 
16 

0,22 i2,5i3 16 12,529 16 12,545 17 12,562 16 12,578 16 i2,5g4 16 12,610 *7 12,627 16 16 

0,23 i3,o8i 17 i3,oq8 17 i3,ii5 17 i3,i32 *7 i3,i4g 17 i3,i66 *7 i3,i83 17 l3,200 *7 13,217 I? 
0,24 i3,65o l8 13,668 17 i3,685 18 13,703 18 13,721 18 13,739 17 i3,756 18 *3,77 4 18 13,792 *7 

0,25 14,218 19 14,237 18 i4,255 19 14,274 18 14,292 *9 i4,3n 18 14,329 *9 i4,348 18 i4,366 *9 
0,26 14,787 19 14,806 19 14,825 20 i4,845 *9 14,864 *9 i4,883 *9 14,902 20 14,922 *9 *4,g4i *9 
0,27 i5,355 20 i5,375 20 i5,3q5 20 i5,4i5 20 15,435 20 i4,455 20 i4,475 20 i5,4g5 20 15,515 

16,089 
20 

0,28 15,924 21 i5,g45 20 15,965 21 15,986 21 16,007 21 16,028 20 16,048 21 16,069 20 21 

0,29 16,492 22 i6,5i4 21 i6,535 22 16,557 21 16,578 22 16,600 21 16,621 21 16,642 22 16,66 4 21 

o,3o 17,061 22 17,083 22 i7,io5 22 17,127 23 i7,i5o 22 17,172 22 i7,i94 22 17,216 22 17,238 22 

o,31 17,629 23 17,652 23 17,675 23 17,698 23 17,721 23 17,744 23 17,767 23 *7,79° 22 17,812 23 
0,32 18,197 24 18,221 24 i8,245 24 18,269 23 18,292 24 i8,3i6 24 i8,34o 23 18,363 24 18,387 23 
o,33 18,766 24 18,790 25 i8,8i5 24 i8,83q 25 18,864 24 18,888 

19,460 
24 18,912 25 18,937 24 18,961 24 

o,34 19,334 25 19,359 26 19,385 25 T9,4i° 25 19,435 25 25 19,485 25 ig,5io 25 19,535 25 

o,35 19,902 26 19,928 26 19,954 26 19,980 26 20,006 26 20,082 26 20,058 26 20,084 25 20,109 26 

o,36 20,471 26 20,497 27 20,524 27 2o,55i 26 20,577 27 20,604 27 20,631 26 20,667 27 20,684 26 

0,37 21,039 27 21,066 28 21,094 27 21,121 28 21,149 27 21,176 27 21,203 27 21,230 28 21,258 27 

o,38 21,607 28 21,635 28 21,663 29 21,692 28 21,720 28 21,748 28 21,776 28 2.1,8o4 28 21,832 28 

o,3g 22,176 29 22,204 29 22,233 29 22,262 29 22,291 29 22,620 28 22,348 29 22,377 29 22,406 2Q 

o,4° 22,743 3o 22,773 3o 22,8o3 29 22,832 3o 22,862 29 22,891 3o 22,921 29 22,950 3o 22,980 29 
o,4i 23,3ii 3i 23,342 3o 23,372 3o 23,402 3i 23,433 3o 23,463 3o 23,493 31 23,524 3o 23,554 3o 

0,42 23,870 3i 23,910 32 23,942 3i 23,973 3i 24,004 3i 24,o35 3i 24,066 3i 24,097 3i 24,128 3i 

o,43 24,447 32 24,479 32 24,5ii 32 24,543 32 24,575 3i 24,606 32 24,688 32 24,670 32 24,702 3i 

o,44 25,oi5 33 25,048 32 26,080 33 25,ii3 33 25,i46 32 25,178 33 25,211 32 25,243 32 25,275 33 

o,45 25,583 33 25,616 34 25,65o 33 25,683 33 25,716 34 25,75o 33 25,783 33 25,8i6 33 25,84g 33 

o,5o 28,422 37 28,459 37 28,4q6 37 28,533 37 28,670 37 28,607 37 28,644 37 28,681 37 28,718 37 

o,55 31,259 4i 3i,3oo 4i 31,34i 4i 3i,382 4° 31,422 4i 31,463 4i 3i,5o4 4° 31,544 4i 3 r ,585 4o 

0,60 34,095 45 34,i 4° 44 34,184 45 34,229 44 34,273 45 34,3i8 44 34,362 45 34,407 44 34,45i 44 
o,65 36,930 48 36,978 48 37,026 49 37,076 48 37,123 48 87,171 48 37,219 48 37,267 48 37,310 48 

52 0,70 39,763 52 39,815 52 39,867 52 39,9*9 52 39,971 52 40,023 52 40,075 5i 40,126 52 40,178 

0,75 42,5g4 56 42,65c 56 42,706 56 42,762 55 42,817 56 42,87c 56 42,929 55 42.98c 55 43,o3g 56 

0,80 45,424 5c 45,483 60 45.543 5g 45,602 60 45,662 5q 45,721 5q 45,780 60 45,84o 59 45,899 59 
63 

o,85 48.25r 6c 48,314 64 48.378 63 48,44i 63 48,5o4 63 48,667 63 48,63o 64 48,6g4 62 48,756 

°?9° 
o.q5 

51,076 67 51,143 68 5i,2II 67 51,278 67 51,345 67 5i,4i2 66 51,478 67 5i;545 67 5l,6l2 66 

53*8qc 71 53,97c 71 54,o4i 71 54,i 12 7i 54,i 83 7* 54,254 70 54,324 7* 54,395 70 54,465 70 

1,00 56,72c 7Î 56,796 76 56,87c 74 56,944 75 57,019 74 57,093 75 57,168 74 57,242 74 57,3i6 74 

7,3345 7,3728 7,4113 7,4498 7,4885 7,5272 7,5661 7,6050 7,6441 

,0049 
,0064 

0,0081 

0,0100 

0,0121 

0,0144 
0,016g 
0,0196 

0,0225 
0,0256 
0,0289 

o,o324 
o,o36i 

o,o4oo 

o,o44i 

0,0484 
0,0529 

0,0576 

0,0625 

0,0676 

0,0729 

0,0784 

o,o84i 

0,0900 

0,0961 

0,1024 
0,1089 

0,1156 

7,6832 

,1225 
,1296 

,i36g 

hi 444 
i,I 52 i 

0,1600 

0,1681 

0,1764 

0,1849 
0,1936 

0,2025 
0,2000 

o,3o25 
o,36oo 

0,4225 

o,4goo 

0,5625 
o,64oo 

0,7226 

0,8100 

0,9025 

1,0000 

i - (r + *■")* r2 -j~ r " 2 nearly. 

7 
8 

568 56g 570 571 672 573 5j4 575 

57 
114 

57 
114 

57 
n4 

57 
n4 

57 
ii4 

57 

n5 
57 

n5 

58 
n5 

170 

227 

171 

228 
i7* 
228 

171 

228 

172 

229 

172 
229 

I72 

230 
173 

230 

284 285 285 286 286 287 287 288 

34i 34i 342 343 343 344 344 345 

3q8 
454 

398 
455 

399 
456 

400 
457 

4oo 

458 

4oi 

458 

402 

459 
4o3 
46o 

5n 5l2 5i3 5i4 5i5 5i6 517 518 

576 

58 
n5 
173 

23o 
288 

346 
4o3 
461 
5i8 

1 

2 

3 

4 
5 
6 
7 
8 



TABLE IL — To find the time T; the sum of the fadii and the chord c being givêm 

Sum of the Radii r-\-rh 

Chord 3,93 8594 3,95 3,96 3,97 3,98 1 0 O 0 0 1 i 1 1 i 

C. Days |dif. Days (dif. Days |dif. Days | dif Days |dif. Days |dif. 2 

3 
0 0 I 1 1 1 1 2 2 

0,00 0,000 0,000 

0,577 

0,000 

0,578 
0,000 

0,578 

0,000 0,000 

o,58o 

0,0000 0 1 1 1 2 2 2 2 3 

4 
0,01 0,576 i I O I 0,579 1 I 0,0001 

4 O I 1 2 2 2 3 O 

0,02 I,l52 2 1,154 I i,i55 2 i,i57 I i,i58 2 1,160 I 0,0004 
I 4 

o,o3 I ,729 2 1,781 2 i,733 2 i,735 2 i,737 3 1,740 2 O ,0009 5 1 2 2 3 0 4 
4 
5 

5 

o,o4 2,3o5 3 2,608 3 2,3ll 3 2,3i4 3 2,317 2 2,319 3 0,0016 6 

7 

1 

1 

I 

1 
2 

2 

2 

3 

0 

4 
4 
4 

0 

6 

5 
6 

o,o5 2,881 4 2,885 3 2,888 4 2,892 4 2,896 3 2,899 4 0 ,0025 8 1 2 2 3 4 5 6 

6 

6 7 

0,06 3,457 5 3,462 4 3,466 4 3,470 5 3,475 4 3,479 5 o,oo36 9 1 2 3 4 5 5 7 8 

0,07 4, o33 6 4,o39 5 4,o44 5 4,049 5 4,o54 5 4,o5g 5 0 ,0049 
10 

9 6 7 
8 

8 n 

0,08 4,610 6 4,616 5 4,621 6 4,627 6 4,633 6 4,639 6 O ,0064 9 
4 

ft 
y 

0,09 5,i86 6 5,192 7 5,i99 7 5,206 6 5,212 7 5,219 6 0,008l 
I I 

12 I 2 4 
4 
5 6 

/ 

7 8 
y 

10 11 

0,10 5,762 7 5,769 8 5,777 7 5,784 7 5,791 8 5,799 7 0,0100 
13 

14 

1 3 

3 
4 
/. 

5 
ft 

7 8 

8 
9 

10 

10 

11 

12 

i3 
0,1 I 6,338 8 6,346 8 6,354 8 6,362 8 6,370 8 6,678 8 0,0121 

0,0144 

4 / 

0,12 6,gx4 9 6,923 9 6,932 9 6,941 8 6,g4g 9 6,968 9 T 5 2 3 5 6 8 Q 11 12 14 
o,i3 7À90 IO 7,5oo 9 7,5og 10 7,519 9 7,628 10 7,538 9 0 ,0169 

16 2 3 5 6 8 10 I I i3 i4 
o,i4 8,067 10 8,077 10 8,087 10 8,097 ii 8,108 10 8,118 10 0 ,0196 

17 2 3 5 7 9 10 12 i4 i5 

o,i5 8,643 11 8,654 11 8,665 11 8,676 II 8,687 11 8,698 10 0 ,0225 
18 

19 

2 

2 
4 
4 

5 

6 
7 
8 

9 
10 

11 

11 

i3 
i3 

14 
15 

16 

17 
0,16 9>2I9 12 9,23i II 9,242 12 9,25 4 12 9,266 11 9,277 12 O ,0256 

0,17 9>795 12 9,807 i3 9,820 12 g,832 i3 ■9=845 12 9,857 12 0 ,0289 
20 2 4 6 8 10 12 i4 16 18 

0,18 10,371 i3 io,384 i3 10,397 i3 io,4io 14 10,424 i3 10,437 l3 0,0824 21 2 4 6 8 I I i3 i5 17 19 

0,19 10,947 i4 10,961 i4 10,975 14 10,989 i4 n,oo3 i3 11,016 i4 0 ,o36i 
22 2 4 7 9 11 i3 i5 18 20 

11,696 i5 
23 2 5 7 9 

10 

12 i4 16 18 21 

0,20 1 i,523 i5 n,538 y 4 ii,552 i5 11,567 i5 11,582 i4 o,o4oo 
24 2 5 7 12 i4 17 19 22 

0,21 12,099 i5 I 2,114 16 I2,l3o i5 12,145 16 12,161 i5 12,176 i5 o,o441 

23 0,22 

0,23 
12,675 16 12,691 16 12,707 16 12,723 16 12,739 16 12,755 17 O ,o484 25 3 5 8 IO i3 i5 18 20 

i3,25i 17 13,268 17 i3,285 17 13,3o2 16 i3,3i8 
13,897 

17 i3,335 17 0 ,0529 26 3 5 8 10 i3 l6 18 21 ^3 

0,24 13,827 18 i3,845 17 
i3,862 18 13,88o 17 18 i3,gi5 17 0 ,0676 27 3 5 8 I I i4 16 19 22 2 4 

28 3 6 8 11 i4 17 20 22 25 

0,25 i4,4o3 18 14,421 19 i4,44o 18 i4,458 18 i4,476 18 i4,494 19 0,0625 
29 

3 6 9 I 2 i5 17 20 23 26 

0,26 >4,979 *9 14,998 19 15,017 19 i5,o36 19 i.5,o55 19 
15,074 19 0 ,0676 

i5 18 24 27 
0,27 15,555 20 i5,575 19 i5,5g4 20 i5,6i4 20 15,634 19 15,653 20 0,0729 3o 3 6 9 12 21 

0,28 i6,i3i 20 16,161 21 16,172 20 16,192 21 16,213 

i6,79j 

20 i6,233 20 0 ,0784 3i 3 6 9 12 16 19 
22 25 28 

0,29 16,706 22 16,728 21 16,749 21 16,770 21 21 16,812 22 0 ,0841 32 
33 

3 
3 

6 

7 
10 

10 

i3 
i3 

16 

17 

T9 
20 

22 

23 
26 

26 
29 
30 

o,3o 17,282 22 17,3o4 22 17,326 22 17,348 22 17,370 22 17,392 22 0,0900 34 3 7 10 i4 17 20 24 27 31 

o,3i 17,858 23 17,881 22 17,903 23 17,926 23 >7,949 22 i7,97i 23 0,0961 

35 i4 18 21 25 
25 
26 

27 

28 32 
32 
33 

34 

0,32 i8,434 23 18.457 24 18,481 23 i8,5o4 23 18,527 2 4 18,551 23 0,1024 4 7 11 

o,33 19,010 

19,585 
24 ig,o34 2 4 ig,o5S 2 4 19,082 2 4 19,106 2 4 ig,i3o 24 c ,1089 36 4 7 11 i4 18 22 29 

30 

3o 
o,34 25 19,610 25 19,635 25 19,660 25 ig,685 26 19,710 24 c ,n56 37 

38 
4 
4 

7 
8 

I I 

I I 

i5 
i5 

19 

19 

22 

23 

o,35 20,161 26 20,187 25 20,212 26 20,2,38 25 20,263 26 20,289 25 0,1225 39 4 8 12 16 20 23 27 3i 35 

o,36 
0,37 

20,736 

2i,312 

27 

27 

20,763 

2i,33g 

26 

27 

20,789 

21,366 
27 

27 

20,816 

21,893 

26 

27 

20,842 

21,420 

26 

27 

20,868 

21,447 

26 

27 

c 

c 

,1296 

,1369 40 

41 

42 

43 

4 8 

8 

8 

9 

12 l6 

l6 

20 24 

25 
28 

29 

32 
33 

36 

37 
38 o,38 21,888 27 21,915 28 21,943 28 21,971 28 21,999 28 22,027 27 0,1444 4 

4 
4 

12 

34 
34 

0,39 22,463 29 
22,492 28 22,520 29 22,549 28 22,577 29 22,606 28 0,l52I i3 

i3 
17 

17 

2 1 

22 

25 
26 

29 
30 39 

o,4o 23,o3g 29 23,068 29 23,097 3o 23,127 29 23,i56 
23,734 

29 2.3,185 29 0,1600 44 4 9 i3 18 22 26 3i 35 4o 

o,41 23,6i4 3o 23,644 3o 23,67 4 3o 23,704 3o 3o 23,764 3o 0,1681 
45 
46 

47 
48 

i4 
i4 
i4 
y 4 

18 23 27 

98 

32 36 4i 
0,42 24,189 3i 24,220 3j 24,251 3) 24,282 3o 2.4,312 3i 24,343 3i 0,1764 a 

y 
23 32 37 4i 

o,43 24,765 3i 24,796 32 24,828 3i 24,85g 32 24,891 3i 24,922 32 0,1849 
£ 

9 

9 
10 

19 

19 

24 

24 

28 33 38 42 

o,44 25,34o 3a 25,372 33 25,4oj 32 25,437 32 25,469 32 25,5oi 32 0,1936 
5 29 34 38 43 

o,45 25,qt5 33 25,948 33 25,98) 33 26,014 33 26,047 33 26,080 33 0,2025 49 5 10 i5 20 25 29 
34 39 44 

o,5o 28,791 37 28,828 87 28,865 36 28,901 37 2.8,938 36 28,974 37 0,2000 5f> 5 10 20 25 3o 35 4o 45 

o,55 31,666 4o 31,706 4i 31,747 4o 31,787 4o 31,827 4o 31,867 4o o,3o25 5 T 5 10 20 26 3i 36 4i 46 
0,60 34,53g 44 34,583 44 34,627 44 34,671 44 34,715 44 34,759 44 o,36oo 5o 5 10 16 21 26 3i 36 42 47 
o,65 37,411 48 37,45g 48 37,507 47 37,554 48 37,602 47 37,649 48 0,4225 

53 5 11 16 21 27 32 37 42 48 
0,70 40,281 52 4o,333 5i 4o,38^ 52 4o,436 5i 40,487 5i 4o,538 5i 0,4900 

54 5 11 16 22 32 38 43 49 

0,75 43,i5o 55 43,2o5 55 43,260 

46,135 
55 43,315 55 43,870 55 43,425 55 o,5625 55 6 11 17 22 28 33 39 44 5o 

0,80 46,017 5g 46,076 5g 58 46,iq3 5s 46,262 5q 46,311 58 o,64oo 56 6 11 17 
22 28 34 39 45 5o 

o,85 48,882 63 48,q45 62 49,007 63 49,070 62 4g,i32 62 4g,ig4 63 0,7225 57 6 11 17 23 29 34 40 46 5i 

0,90 51,745 66 51,811 67 51,878 66 5r,g44 66 5q.,oio 66 52,076 66 0,8100 58 6 12 17 23 29 35 4i 46 52 

o,g5 64,60b 70 54,676 70 54,746 7° 54,8i6 70 54,886 69 54,955 70 0,9025 
59 

60 

61 

6 12 18 2 4 3o 35 4i 47 53 
1,00 57,464 74 57,538 74 57,612 73 57,68 5 74 57,759 73 57,832 74 ,0000 

6 

6 

12 

12 

18 

18 

2.4 

2 4 

30 

31 

36 

37 

42 

43 
48 

49 

54 
55 
56 
57 

58 

7,7225 7,7618 7,8013 7,8408 7,8805 7,9202 c2 

\ . (r -f r" 2 or r2 -f- r U Q nearly. 62 6 
f. 

12 

T 0 
19 25 3i 37 

38 
38 

43 

44 
45 

5o 

50 

51 576 576 577 578 579 58o 

OO 

64 

O 

6 i3 
19 

19 

20 

26 

0 ^ 

32 

X 

2 

3 

4 
5 

58 
n5 
173 
23o 

288 

58 
n5 
173 
23o 

288 

58 
n5 
173 

23i 

289 

58 
116 

i73 
231 

289 

58 
Il6 

174 
262 

290 

58 
116 

174 
262 

290 

1 

2 

3 

4 
5 

65 
66 

67 

68 

69 

7 
7 
7 
7 
7 

i3 
i3 
13 

14 
14 

20 

20 

20 

20 

21 

26 

26 

27 

27 

28 

33 
33 

34 
34 
35 

39 
40 

40 

41 

4i 

46 
46 

47 
48 
48 

52 
53 

54 
54 
55 

59 

§ 

61 

62 

6 345 346 346 347 347 348 6 70 7 i4 21 28 35 42 49 3b 63 

7 4o3 4o3 4o4 4o5 4o5 406 7 80 8 16 24 3q 4o 48 56 64 72 

8 460 461 462 462 463 464 8 9° 9 18 27 36 45 54 63 72 81 

9 518 5i8 5ig 520 521 522 9 TOO 10 20 3o 4o 5o 60 70 80 90 

Prop, parts for the sum of the Radii. 
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TABLE II. — To find the time T\ the sum of the radii r and the chord c being given. 

Sum of the Radii r -}~ r 

Chord 3,99 4,00 4,01 4,02 4,03 4,04 4,05 4,06 4,07 4,08 
C. Days |dif. Days |dif. Days | dif. Days | dif. Daysjdif. Days |dif. Days | dif. Days |dif. Days |dif. Days |dif. 

0,00 

0,01 
0,000 
0,581 0 

0,000 
o,58i I 

0,000 
o7582 I 

0,000 
0,583 0 

0,000 
0,583 I 

0,000 
0,584 I 

0,000 
0,585 I 

0,000 
0,586 0 

0,000 
0,586 1 

0,000 
0,587 I 

0,0000 
0,0001 

0,02 1,161 2 i,i63 i 1,164 2 I,l66 I 1,167 I I,l68 2 1,170 I 1,171 2 1,173 1 LI 74 2 0,0004 
o,o3 1,742 2 i,744 2 1,746 2 1,748 2 1,750 3 1,753 2 1,755 2 1,757 2 1,759 2 1,761 2 0,0009 
0,0 4 2,322 3 2,325 3 2,328 3 2,33i 3 2,334 3 2,337 3 2,340 3 2,343 3 2,346 2 2,348 3 0,0016 

o,o5 2,9o3 4 2,907 3 2,910 4 2,914 3 2,9! 7 4 2,921 
3,5o5 

4 2,925 3 2,928 4 2,932 4 2,g36 3 0,0025 
0,06 3,484 4 3,488 4 3,492 5 3,497 4 3,5oi 4 5 3,5io 4 3,5i4 4 3,5i8 5 3,523 4 o,oo36 
0,07 4,064 5 4,069 5 4,074 5 4,079 5 4,o84 6 4,090 5 4,095 5 4,100 5 4,io5 5 4,no 5 0,0049 
0,08 4,645 6 4,651 5 4,656 6 4,662 6 4,668 6 4,674 6 4,68o 5 4,685 6 4,691 6 4,697 6 0,0064 
0,09 5,225 7 5,232 6 5,238 7 5,245 6 5,25i 7 5,258 6 5,264 7 5,271 6 5,277 7 6,284 6 0,0081 

0,10 5,8o6 7 5,813 7 5,820 8 5,828 7 5,835 7 5,842 7 5,84g 8 5,857 7 5,864 7 5,871 7 0,0100 
0,11 6,386 8 6,3g4 8 6,402 8 6,410 8 6,418 8 6,4 26 8 6,434 8 6,442 8 6,45o 8 6,458 8 0,0121 
0,12 
o,i3 

6,967 9 6,976 8 6,984 9 6,993 9 7,002 8 7,010 9 7,019 9 7,028 8 7,o36 9 7,°45 9 0,0144 
1M1 IO 7,557 9 7,566 10 7,576 9 7,585 10 7,5g5 9 7,604 9 7,613 10 7,623 9 7,632 9 0,0169 

0,14 8,128 xo 8,i38 10 8,i48 10 8,i58 II 8,169 10 8,179 10 8,189 10 8,199 10 8,209 10 8,219 10 0,0196 

o,i5 8,708 11 8,719 II 8,730 11 8,74i 11 8,752 11 8,763 11 8,774 II 8,785 10 8,795 11 8,806 II 0,0225 
0,16 9,289 12 9,3oi 11 9,312 12 9,324 11 9,335 12 9,347 12 9,359 11 9,370 12 9,382 11 g,3g3 12 0,0256 
0,17 9,869 i3 9,882 12 9,894 12 9,906 l3 9,9i9 12 9,93i 12 9,943 i3 9,956 12 9,968 12 9,980 12 0,0289 
0,18 io,45o i3 io,463 i3 10,476 i3 10,489 i3 IO,5o2 i3 io,5i5 i3 10,528 i3 io,54i i3 io,554 i3 10,567 i3 o,o324 
0,19 u,o3o i4 11,044 i4 n,o58 i4 11,072 i3 1 i,o85 14 11,099 14 ii,ii3 i4 11,127 i3 n,i4o i4 ii,i54 i4 o,o36i 

0,20 I I,6l T i4 11,625 i5 n,64o i4 n,654 i5 11,669 i4 11,683 
12,267 

i5 11,698 i4 11,712 i5 11,727 i4 ii,74i i4 o,o4oo 
0,21 12,191 i5 12,206 16 12,222 

12,804 
i5 12,237 i5 12,252 i5 16 12,283 

12,867 
i5 I2,2q8 i5 i2,3i3 

12,899 
i5 T2,328 i5 o,o44i 

0,22 12,772 16 12,788 16 i5 12,819 16 12,835 l6 i2,85i 
i3,435 

16 16 12,883 16 16 12,915 16 0,0484 
0,23 i3,352 i7 i3,36g 16 i3,385 17 i3,4o2 17 i3,4ig 16 17 13,452 17 13,469 16 13,485 17 i3,5o2 16 o,o52g 

0,24 13,932 18 i3,g5o 17 13,967 18 13,985 17 14,002 17 14,019 18 f 4,037 17 i4,o54 17 14,071 18 14,089 17 0,0576 

0,25 i4,5i3 18 i4,53i 18 14,54g 18 14,567 18 i4,585 18 i4,6o3 18 14,621 18 i4,63g 18 i4,657 18 14,675 18 0,0625 

0,26 15,og3 19 l5,II2 19 i5,i3i 
15,712 

19 i5,i5o 18 i5,i68 19 15,187 19 15,206 19 l5,225 18 i5,243 19 15,262 19 0,0676 

0,27 15,673 20 i5,6o3 T9 20 i5,732 20 i5,752 19 15,771 20 15,79! 19 i5,8io 20 i5,83o 
16,416 

l9 15,84g 19 0,0729 

0,28 i6,253 21 16,274 20 16,294 20 i6,3i4 21 i6,335 20 i6,355 20 16,375 20 i6,3g5 21 20 16,436 20 0,0784 

0,29 16,834 21 i6,855 21 16,876 21 16,897 21 16,918 21 16,939 21 16,960 21 16,981 21 17,002 21 17,023 20 o,o84i 

o,3o i7,4i4 22 17,436 21 17,457 22 17,479 22 I7,5oi 22 17,523 21 17,544 22 17,566 22 17,588 21 17,609 22 0,0900 

o,3i 17,994 23 18,017 22 18,039 23 18,062 22 18,084 22 18,106 23 18,129 22 i8,i5i 23 18,174 22 18,196 22 0,0961 

0,32 18,574 23 18,597 2 4 18,621 23 i8,644 23 18,667 23 18,690 23 18,716 24 18,737 23 18,760 23 18,783 23 0,1024 

o,33 19,154 24 19,178 24 19,202 2 4 19,226 2 4 ig,25o 24 19,274 24 19,298 24 19,322 24 19,346 23 19,869 2 4 0,1089 

o,34 19,734 25 19^59 25 19,784 24 19,808 25 19,833 25 i9,858 2 4 19,882 25 i9,907 24 19,931 25 19,956 24 0,1156 

o,35 2o.3i4 26 20,340 25 20,365 26 20,391 25 20,416 25 20,441 26 20,467 25 20,492 25 20,517 25 20,542 26 0,1225 
o,36 20,894 27 20,921 26 20,947 26 20,973 26 2°,999 26 21,025 26 2i,o5i 26 21,077 26 21,103 26 21,129 26 0,1296 

0,37 21,474 27 2I,5oi 27 21,628 27 21,555 27 21,582 27 21,609 26 2i,635 27 21,662 27 21,689 27 21,716 26 0,1369 

o,38 22,o54 28 22,082 28 22,110 27 22,137 28 22,i65 27 22,192 28 22,220 27 22,247 28 22,275 27 22,302 27 0,1444 
0,39 22,634 29 22,663 28 22,691 28 22,719 29 22,748 28 22,776 28 22,804 28 22,832 28 22,860 28 22,888 29 0,l52I 

o,4o 23,2i4 29 23,243 29 23,272 29 23,3oi 29 23,33o 29 23,359 2Q 23,388 29 23,417 29 23,446 29 23,475 29 0,1600 

0,41 23,794 3o 23,824 35 23,854 29 23,883 3o 23,gi3 3o 23,g43 3o 28,973 2Q 24,002 3o 24,082 29 24,061 3o 0,1681 

0,42 24,374 3o 24,404 3i 24.435 3o 24,465 3i 24,496 3o 24,526 3i 24,557 3o 24,587 3o 24,617 3i 24,648 3o 0,1764 

o,43 24,954 3i 24,985 3i 25,016 3i 25,047 32 25,079 3i 25,110 3i 25,i4i 3i 25,172 3i 25,2o3 3i 25,2 34 3i 0,1849 

o,44 25,533 32 25,565 32 25,597 32 25,629 32 25,66i 32 25,693 32 25,725 32 25,757 3i 25,788 32 25,820 32 0,1936 

o,45 2Ô,Il3 33 26,146 32 26,178 33 26,211 33 26,244 32 26,276 33 26,309 32 26,34l 33 26,374 32 26,4o6 33 0,2025 

o,5o 29,011 36 29,047 37 29,084 36 29,120 36 29,i56 36 29,192 37 29,229 36 29,265 36 29,301 36 29,337 36 0,2500 
o,3o25 
o,36oo 
0,4225 

o,55 31,907 4i 31,948 4o 3i.g88 4o 32,028 39 32,067 4o 32,107 
35,021 

4o 32,i47 4o 32,l87 4o 32,227 39 32,206 4o 

0,60 34,8o3 44 34,847 43 34,890 44 34,934 44 34,978 43 44 35,o65 43 35,108 43 35,i5i 44 35,ig5 43 

o,65 37,697 47 37,744 48 37,792 47 37,839 47 37,886 47 37,933 47 37,980 48 38,028 47 38,075 46 38,i2i 47 
0,70 4o,58g 5i 4o,64o 5i 40,691 5i 40,742 5i 40,793 5i 4o,844 5i 40,895 5i 4o,g46 5o 40,996 5i 41,047 5o 0,4900 

0,75 43,48o 55 43,535 55 43,5qo 54 43,644 55 43,699 54 43,753 55 43,8o8 54 43,862 54 43,916 55 43,971 54 o,5625 

o,64oo 
0,7225 

0,80 46,369 59 46,428 58 46,486 58 46,544 59 46,60 3 58 46,661 58 46,719 58 46,777 58 46,835 5B 46,8g3 58 

o,85 49,257 62 49,319 62 4q,38i 62 49,443 62 49,5o5 62 49,567 61 49,628 62 49,690 62 49,752 61 4g,8i3 62 

0,00 52,142 66 52,208 65 52,273 66 52,339 66 52,4o5 65 52,470 66 52,536 65 52,601 65 52,666 
55,579 

66 52,732 65 0,8100 

0,95 55,025 70 55,og5 69 55,i64 69 55,233 70 55,3o3 69 55,372 6q 55,44i 69 55,5io 69 69 55,648 69 
0,9025 

1,00 57,906 73 57,979 73 58,o52 73 58,125 73 58,198 73 58,271 73 58,344 73 58,417 7-3 58,4go 72 58,562 73 1,0000 

7,9601 8,0000 8,0401 8,0802 8,1205 8,1608 8,2013 8,2418 8,2825 8,3232 c? 

. • (r + r") 2 01 r® + 7 ."2 nearly. 

579 58o 581 582 583 584 585 586 587 588 

58 58 58 58 58 58 59 59 59 59 
116 116 116 116 117 117 117 117 117 118 

174 174 174 175 175 175 176 176 176 176 

262 232 232 233 233 234 234 234 235 235 

2QO 2QO 29I 291 292 292 293 293 294 294 

347 348 349 349 35o 35o 351 352 352 353 

4o5 4o6 407 407 4o8 4og 4io 4io 4n 4l2 

463 464 465 466 466 467 468 469 470 470 

521 522 523 524 525 526 527 527 528 529 

cs co **7*0 «o t>c©
 o> 



TABLE IL — To find the time T; the sum of the radii r-j-r ", and the chord c being given. 

Sum of the fiadii r~\~' r". 

Chord 4,09 4,10 4,11 4,12 4,13 4,14 
C. Days ]dif. Days | dif. Days ] dif. Days j dif. Days | dif. Days | dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 
0,01 0,588 I o,58q c 0,58q 1 o,5go I o,5gi 0 o,5gi 1 0,0001 
0,02 1,176 I 1,177 2 1,179 1 1,180 I 1,181 2 i,i83 1 0,0004 
o,o3 1.763 3 1,766 2 1,768 2 1,770 2 1,772 2 i,774 2 0,0009 
0,04 2,35i 3 2.354 3 2,357 

- 
2,36o 0 2,363 3 2,366 2 0,0016 

o,o5 2,939 4 2,943 3 2,946 4 2,960 3 2,g53 4 2,957 4 0,0025 
0,06 3,527 4 3,53i 5 3,536 4 3,540 4 3,544 4 3,548 5 o,oo36 
0,07 4,1x5 5 4,120 5 4,125 5 4,i3o 5 4,i35 5 4,i4o 5 0,0049 
0,08 4,703 5 4,708 6 4,7i4 e 4,720 5 4,725 6 4,731 6 0,0064 
o,og 5,290 7 5,297 6 5,3o3 7 5,3io 6 5,3i6 7 5,323 6 0,0081 

0,10 5,878 7 5,885 7 5,892 8 5,900 7 5,907 7 5,914 7 0,0100 
0,11 6,466 8 6,474 8 6,482 8 6,4qo 7 6,497 8 6,5o5 8 0,0121 
0,12 7,o54 8 7,062 9 7,071 8 7,079 9 7,088 9 7,097 8 0,0144 
o,i3 7,641 10 7,651 9 7,660 9 7,669 10 7,679 9 7,688 9 0,0169 
0,14 8,229 10 8,239 10 8,249 10 8,259 10 8,269 10 8,279 10 0,0196 

o,i5 8,817 11 8,828 10 8,838 11 8,849 II 8,860 11 8,871 10 0,0225 
0,16 9,4o5 11 94i6 12 9,428 I I 9,43g 12 9,451 11 9,462 11 0,0256 
0,17 9>992 i3 io,oo5 12 10,017 12 10,029 12 io,o4i 12 io,o53 12 0,0289 
0,18 io,58o i3 10,593 13 10,606 i3 10,619 i3 io,632 12 io,644 i3 o,o324 
0,19 it,168 13 11,181 14 n,ig5 i4 11,209 13 T T , 2 2 2 14 ii,236 i3 o,o36i 

0,20 1 i,755 i5 11,770 i4 11,784 i4 11,798 i5 n,8i3 14 11,827 i4 o,o4oo 
0,21 12,343 i5 12,358 i5 12,373 i5 12,888 i5 I2,4o3 i5 12,418 i5 o,o441 
0,22 I2,g3i i5 12,946 16 12,962 16 12,978 16 12,994 i5 i3,ooq 1.6 0,0484 
0,23 i3,5i8 17 13,535 l6 13,551 17 i3,568 16 i3,584 17 13,6o 1 16 0,0629 
0,24 14,106 17 i4,I23 17 i4,i4o 18 i4,i58 17 i4,i75 17 14,192 x7 0,0576 

0,25 i4,6g3 18 14,711 18 14,729 18 i4,747 18 i4,765 18 i4,783 18 0,0625 
0,26 15,281 19 i5,3oo 18 i5,3t§ 19 i5,337 19 i5,356 18 i5,374 19 0,0676 
0,27 15,868 20 15,888 19 15,907 20 15,927 X9 i5,g46 19 15,g65 20 0,0729 
0,28 16,456 20 16,476 20 16,496 20 i6,5i6 20 16,536 20 16,556 20 0,0784 
0,29 17,043 21 17,064 21 17,085 21 17,106 21 17,127 20 x7,t47 21 0,0841 

o,3o I7,63i 21 17,652 22 17,67 4 21 17,695 22 i7,7-t7 21 17,738 22 0,0900 
o,31 18,218 23 18,241 22 18,263 22 18,285 22 18,307 22 18,329 23 0,0961 
0,32 18,806 23 183829 23 18,852 23 18,875 22 18,897 23 18,920 23 0,1024 
o,33 19,398 24 i9»4i7 23 19,440 24 19,464 2 4 19,488 23 ig,5i i 24 0,1089 
o,34 19,980 25 20,005 2 4 20,029 25 20,054 24 20,078 24 20,102 25 o,n56 

o,35 20,568 25 20,593 25 20,618 25 20,643 25 20,668 25 20,693 25 0,1225 
o,36 2i,i55 26 21,181 26 21,207 25 21,232 26 21,258 26 21,28 4 26 0,1296 
0,37 21,742 27 21,769 26 21,795 27 21,822 26 21,848 27 21,875 26 0,136g 
o,38 22,329 28 22,357 27 22,384 27 2 2,411 27 22,438 28 22,466 27 o,i444 
0,39 22,917 28 22,945 28 22,973 28 23,001 28 23,029 27 23,o56 28 0,1521 

o,4o 23,5o4 28 23,532 2Q 23,56i 29 23,5go 29 23,619 28 23,647 29 0,1600 
0,41 24,091 2Q 24,120 3o 24,i5o 29 24,179 3o 24,209 29 24,238 29 0,1681 
0,42 24,678 3o 24,708 3 0 24,738 3o 24,768 3o 24,798 3i 24,829 3o 0,1764 
o,43 25,265 3i 25,296 3i 25,827 3i 25,358 3o 25,388 3i 25,419 3i 0,1849 
o,44 25,852 32 25,884 3i 25,915 32 25,947 3i 25,978 32 26,010 3i o,ig36 

o,45 26,43g 32 26,471 33 26,504 32 26,536 32 26,568 32 26,600 32 0,2025 
o,5o 29,373 36 29,409 36 29,445 36 29,481 36 29,517 35 29,552 36 0,2000 
o,55 32,3o6 4o 32,346 3g 32,385 4 0 32,425 3q 32,464 4o 32,5o4 39 o,3o25 
0,60 35,238 43 35,281 43 35,324 43 35,367 43 35,4io 43 35,453 43 o,36oo 
o,65 38,168 47 38,2i5 47 38,262 47 38,3og 46 38,355 47 38,4o2 46 0,4225 
0,70 41,097 5i 4i,i48 5o 41,198 5i 41,249 5o 41,299 5o 4i,349 5o 0,4900 

o,75 44,025 54 44,079 54 44,i33 54 44,187 54 44,24i 54 44,295 53 o,5625 
0,80 46,951 57 47,008 58 47,066 58 47,124 57 47,181 58 47,239 57 o,64oo 
o,85 49,875 61 49,q36 61 4g>997 62 5o,o59 61 5o,I20 61 5o,i8i 61 0,7225 
0,90 52,797 65 52,862 65 52,927 65 52,992 64 53,o56 65 53,i2i 65 0,8100 
0,9 5 55,717 68 55,785 69 55,854 69 55,g23 68 55,991 68 56,o5g 69 0,9025 
1,00 58,635 72 58,707 72 58,779' 72 58,851 73 58,924 72 58,996 71 1 ,0000 

8,3641 8,4050 8,4461 8,4872 8,5285 8,5698 C2 
1 2 . (r + r" )a or r2+ r // 2 nearly. 

587 588 58g 5go 5gi 592 

1 59 59 59 59 59 59 I 
2 117 118 118 Il8 Il8 118 2 
3 176 176 177 177 177 178 3 
4 235 235 236 236 236 287 4 
5 294 294 295 295 296 296 5 
6 352 353 353 354 355 355 6 
7 4ii 412 412 4i3 4i4 4i4 7 
8 470 470 471 47 2 473 474 8 
9 528 529 53o 531 532 533 9 

Prop, parts lor the sum of the Kadii. 

I | 2 I 3 I 4| 5 I 61 7 1 8 1 9 

1 O O O 0 1 I 1 1 I 
2 0 O I I 1 I 1 2 2 
3 0 I I I 2 2 2 2 3 
4 0 I I 2 2 2 3 3 4 

5 I 1 2 2 3 3 4 4 5 
6 I 1 2 2 3 4 4 5 5 
7 I 1 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 

i4 I 3 4 6 7 8 IO 1 I i3 

i5 2 3 5 6 8 9 I I 12 14 
16 2 3 5 6 8 IO II i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 I 1 i3 i4 16 

19 2 4 6 8 10 11 i3 i5 x7 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 II i3 i5 x7 T9 
22 2 4 7 9 II i3 i5 18 20 
23 2 5 7 9 12 14 16 18 21 
24 2 5 7 IO 12 i4 17 x9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 11 i4 16 x9 22 2 4 
28 3 6 8 11 i4 17 20 22 25 

29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 x9 22 25 28 
32 3 6 10 i3 16 x9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 x7 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 

37 4 7 II i5 x9 22 26 3o 33 
38 4 8 II i5 x9 23 27 3o 34 

39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 

47 5 9 i4 x9 24 28 33 38 42 
48 5 IO i4 x9 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 4a 4n 

53 5 11 16 21 27 32 37 4a 48 
54 5 II 16 22 27 32 38 43 49 

55 6 I I 17 22 28 33 39 44 5o 
56 6 I I 17 22 28 34 39 45 5o 

67 6 I I 17 23 29 34 4o 46 5i 
58 6 12 17 23 2Q 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 4q 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 x9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 5q 
66 7 i3 20 26 33 4o 46 53 5q 

67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 63 
80 8 16 24 32 4o 48 56 64 72 

90 9 18 27 36 45 54 63 72 81 

100 10 20 3o 4o 5o 60 701 80 9° 



TABLE II. — To find thé time T\ the sum of the radii r 4- r", and the chord c being given. 

Sum of the Radii r r". 

Chord 

C. 
4,15 4,16 4,17 4,18 4,19 4,20 4,21 4,22 4,23 4,24 

Days |dif. Days |dif. Days |dif. Days |dif. Days | dif. Days |dif. Days |dif. Days |dif. Days | dif. Days |dif. 

0,00 
0,01 

0,000 
0,592 I 

0,000 
o,5g3 I 

0,000 
0,594 O 

0,000 
°j5g4 1 

0,000 
o,5g5 1 

0,000 
0,5g6 0 

0,000 
0,596 I 

0,000 
0,597 1 

0,000 
0,5g8 0 

0,000 
0,598 I 

0,0000 
0,0001 

0,02 
o,o3 

I,l84 2 1,186 1 1,187 2 1,189 1 1,190 1 1,191 2 I,ig3 I I,ig4 2 1,196 1 1.197 I 0,0004 
1,776 2 1,778 3 1,781 2 1,783 2 i,785 2 1,787 2 1,789 2 I,79I 2 I,793 3 1,796 2 0,0009 

0,04 2,368 3 2,371 3 2,374 3 2,377 3 2,38o 3 2,383 3 2,386 2 2,388 3 2,3gi 3 2,3g4 3 0,0016 

o,o5 2,961 3 2,964 4 2,968 3 2,971 4 2,975 3 2,978 4 2,982 3 2,g85 4 2,989 4 2,993 3 0,0025 
0,06 3,553 4 3,557 4 3,561 5 3,566 4 3,570 4 3,574 4 3,578 5 3,583 4 3,587 4 3,591 4 o,oo36 
0,07 4,i45 5 4,i5o 5 4,i55 5 4,160 5 4,i65 5 4,170 5 4,175 5 4,180 5 4,i85 5 4,190 4 o,oo4g 
0,08 4,737 6 4,743 5 4,748 6 4,754 6 4,760 5 4,765 6 4,77i 6 4,777 5 4,782 6 4,788 6 0,0064 
0,09 5,329 6 5,335 7 5,342 6 5,348 7 5,355 6 5,36i 6 5,367 7 5^74 6 5,38o 6 5,386 7 0,0081 

0,10 5,921 7 5,928 7 5,935 8 5,q43 7 5,g5o 7 5,957 7 5,964 7 5,971 7 5,978 7 5,g85 7 0,0100 
0,11 6,5t3 8 6,52i 8 6,529 8 6,537 7 6,544 8 6,552 8 6,56o 8 6,568 

7,i65 
8 6,576 7 6,583 8 0,0121 

0,12 7,i°5 9 7,1x4 8 7,122 9 7,i3i 8 7,x3g 9 7,148 8 7,x 56 9 8 7,173 9 7,182 8 o,oi44 
0,13 7,697 10 7,707 9 7,716 9 7,725 9 7,734 10 7,744 9 7,753 9 7,762 9 7,77i 9 7,780 9 0,0169 

o,i4 8,289 10 8,299 10 8,3o9 10 8,819 10 8,329 10 8,339 10 8,349 10 8,359 10 8,36g 10 8,379 10 0,0196 

0,15 8,881 II 8,892 I I 8,go3 10 8,9 x3 11 8,924 II 8,g35 10 8,q45 11 8,g56 I 1 8,967 10 8,977 11 0,0225 
0,16 9*473 12 9*485 11 9j4g6 12 9,5o8 11 9,5i9 11 9,53o 12 9,542 11 9,553 II 9,564 12 9,576 11 0,0256 
0,17 io,o65 13 10,078 12 10,090 12 10,102 12 10,114 12 10,126 12 io,i38 12 io,i5o 12 10.162 12 10,174 12 0,0289 

0,18 10,657 i3 10,670 i3 io,683 i3 10,696 i3 10,709 12 10,721 i3 10,734 i3 10,747 i3 10,760 12 10,772 
11,371 

i3 o,o324 
0,19 11,249 i4 ii,263 i3 11,276 i4 11,290 i3 I i,3o3 i4 ii,3i7 i3; x x,33o i4 n,344 i3 ii,357 i4 13 o,o36i 

0,20 ii,84i i5 xi,856 
12,448 

x4 11,870 14 x i,884 14 11,898 i4 11,912 i5 11,927 i4 iT-4)4i i4 ii,955 i4 11,969 ' i4 0,0400 

0,21 12,433 i5 i5 12.463 i5 12,478 i5 i2,4g3 i5 I2,5o8 i5 12,523 i5 12,538 i5 12,553 i4 12,567 i5 o,o44i 
0,22 i3,o25 x6 i3,o4i 16 i3,o57 i5 13,072 16 13,o88 j5 x3,xo3 

!■3*699 
16 i3,i 19 16 i3,i35 i5 i3,i5o 16 i3,x66 i5 0,0484 

0,23 13,617 16 i3,633 17 i3,65o 16 t 3,666 17 13,683 l6 16 i3,7i5 17 13,782 16 13,748 16 13,764 16 0,0529 

0,24 14,209 17 14,226 17 i4,243 17 1/1,200 17 14,277 17 14,294 17 14,311 17 l4y328 17 i4,345 17 i4,362 17 0,0576 

0,25 i4,8oi l8 14,819 17 x3,836 18 i4,854 18 14,872 18 14,890 l8 14,908 17 14,9-25 18 i4,g43 18 14,961 17 0,0625 
0,26 i5,3g3 x8 x5,4x i ]9 i5,43o 18 15,448 19 16,467 18 15,485 19 i5,5o4 18 l5,522 18 15,54o 191 i5,55g : 18 0,0676 
0,27 15,985 iq 16,004 19 16.023 19 16,042 19 16,061 20 16,081 *9 16,100 *9 16,119 !9 i6,i38 !9 16,157 19 0,0729 

0,28 16,576 20 i6.5q6 20 16,6 j 6 20 16,636 
17,230 

20 16,656 20 16,676 20 16,696 20 16,716 19 16,735 20 16,755 20 0,0784 I 

0,29 17,168 21 17,189 20 17,209 21 21 17,261 20 17,271 21 17,292 20 17,312 ; 21 17,333 20 17,353 21 0,0841 

o,3o 17,760 21 17,781 22 i'7,8o3 21 17,824 21 17,845 22 17,867 21 17,888 21 17,909 21 i7,g3o 22 17,952 21 0,0900 

o,31 i8,352 22 18,374 22 i8,3q6 22 18,4x8 22 x8,44o 22 18,462 22 18,484 22 i8,5o6 22 i8,5q8 22 i8,55o 22 0,0961 

0,32 18,943 23 X 8,966 23 18,989 23 19,012 22 xg,o34 23 19,057 23 19,080 23 i9,io3 22 19,125 ’ 23 i9,ï48 22 0,1024 
o,33 19,535 23 ig,558 24 19,582 23 19,605 24 19,629 23 ig,652 24 19,676 23 19,699 23 19,722 ; 24 19,746 23 0,1089 

0,1i56 o,34 20,127 24 20,l5l 24 20,175 24 20,199 24 20,223 2D 20,248 24 20,272 24 20,296 24 20,320 24 20,344 24 

o,35 20,718 25 20,743 25 20,768 25 20,793 25 20,8x8 25 20,843 25 20,868 24 20,892 25 20,917 25 20,942 25 0,1225 
o,36 2I,3lO 25 21,335 26 2i,36i 26 21,387 25 2 1,41 2 26 21,438 20 21,463 26 21,489 2D 2i,5i4 26 2i,54o 25 0,1296 

0,37 21,901 27 21,928 26 21,954 26 21,980 27 22,007 
22,6oi 

26 22,033 26 22,o5g 26 22,o85 27 22,112 26 22,l38 26 0,1369 

o,38 22,493 27 22,520 27 22,547 27 22,574 27 27 22,628 27 2 2,655 27 22,682 27 22,709 27 22,736 27 0,1444 
0,39 23,084 28 23,112 28 23,i4o 28 23,168 27 23,ig5 28 23,223 28 23,25l 27 23,278 28 23,3o6 28 23,334 27 0,l52I 

0,40 23,676 28 23,704 29 23,733 28 23,761 29 23,790 28 28,818 29 23,847 28 23,875 28 23,go3 29 23,982 28 0,1600 

0,41 24,267 29 24,296 3o 24,326 29 24,355 29 24,384 29 24,4i 3 29 24,442 29 24,471 29 24,5oo 29 24,529 ?9 0,1681 

0,42 24,859 3o 24,88q 29 24,918 3o 24,948 3o 24,978 3o 25,008 3o 2D,o38 3o 25,068 29 26,097 3o 25,127 3o 0,1764 

o,43 25,45o 3i 2 5,48 X 3o 25,5i x 3i 25,542 3o 25,672 3x 25,6o3 3x 25,634 3o 25,664 3o 2 5,694 3i 25,726 3o 0,1849 

o,44 26,041 32 26,073 3i 26,10/ 3x 26,i35 32 26,167 3x 26,198 3x 26,229 3i 26,260 3i 26,291 32 26,823 3i o,ig36 

o,45 26,632 33 26,665 32 26,6q7 32 26,729 32 26,761 32 26,793 32 26,825 32 26,857 3i 26,888 . 32 26,920 32 0,2025 

o,5o 29,588 36 29,624 36 29,660 35 29,695 36 29,731 35 29,766 36 29,802 35 29,887 36 29,873 35 29,908 33 o,25oo 

o,55 32,543 3q 32,582 39 32,621 4o 32,661 39 32,700 39 32,739 39 32,778 39 32,817 3g 32,856 39 32,895 89 o,3o25 

0,60 35,496 
38,448 

43 35,53g 43 35,582 43 35,625 43 35,668 42 35,710 45 35,753 42 3d,795 43 3d,838 42 35,88o 43 o,36oo 

o,65 47 38,4g5 46 38,54i 47 38,588 46 38,634 46 38,680 47 38,727 46 38,773 46 38,819 46 38,865 46 0,4225 

0,70 41,399 5o 4i,44g 5o 41,499 5o 4i,54g 5o 4i,5gg 5o 4i,64g DO 41,69g 5o 4i,74g 4g 41,798 5c 41,848 - 4g 0,4900 

0,75 44,348 54 44,4o2 54 44,456 53 44,5og 54 44,563 53 44,6x6 54 44,67c 53 44,728 56 44,776 53 44,82c 53 o,5625 

0,80 47,296 
60,242 

57 47,353 58 47,4 n 57 47,468 5/ 47,525 57 47,582 57 47,63g 57 47,696 56 47,752 5; 47,80c 5" o,64oo 

o,85 
0,90 
0,95 
1,00 

6l 5o,3o3 61 5o,36/ 60 5o,424 61 5o,485 61 5o,546 60 5o,6o6 6l 50,667 6c 50,727 6c 50,787 61 0,7225 

53,186 64 53,25c 65 53,31 £ 64 53,37c 64 53,443 65 53,5o8 64 53,572 6 4 53,636 6/ 53,700 63 53,76/ 6/ 0,8100 

56, t 28 68 56,196 68 56,26/ 68 56,33: 68 56,4oc 66 56,468 68 56,536 
59,49; 

67 56,6oc 68 56,671 6; 56,738 66 0,9025 

5q,o6" 72 5q,x3c )l 72 59,211 72 59,28; 71 5g,35/ 7: 5g,42É 7* 71 5g,568 7: 5g,64c 71 59,711! 71 1,0000 

8,6113 8,6528 8,6945 8,7362 8,7781 8,8200 8.8621 8,9042 8,9465 8,9888 c2 1 

\ . (r + r")2 or r2 -f r"2 nearly. 

5gi 592 5g3 5g4 595 596 597 5g8 599 

5g 59 59 60 60 60 60 60 

118 118 119 119 119 119 ”9 120 120 

177 178 178 178 179 179 179 179 180 

236 267 267 238 238 238 239 239 240 

296 296 297 297 298 298 299 299 3oo 

355 355 356 356 357 358 358 35g 35g 

4i4 4x4 4i5 4i6 417 4i7 4i8 419 419 
473 474 474 475 476 477 478 478 - 479 
532 533 534 535 536 536 537 538 53g 
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TABLE IL — To find the time T ; the sum of the radii r-\-r", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 4,25 4,26 4,27 

00 4,29 4,30 
C. Days |dif. Days |dif. Days dif. Days |dif Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,599 I O 

O
 

c^
o

 
0
 

0
 

0 
c

 

i O 
O

 
O

ï 
0

 
0 

c
 

O O 
p

 
cT

o 
0 

0
 

^ 
0

 

I 
0,000 
0,602 I 

0,000 
o,6o3 0 

0,0000 
0,0001 

0,02 1,198 2 1,200 I 1,201 2 1,203 I 1,204 I 1,205 2 0,0004 
o,o3 L798 2 1,800 2 I,8o2 2 1,804 2 1,806 2 1,808 2 0,0009 
0,04 2,397 3 2,400 2 2,402 3 2,4o5 3 2,408 3 2,411 3 0,0016 

o,o5 2,996 4 3,000 3 3,oo3 4 3,007 3 3,010 4 3,oi4 3 0,0025 
0,06 3,595 4 3,599 5 3,6o4 4 3,6o8 4 3,612 

4,2l4 
4 3,616 

4,219 
5 o,oo36 

0,07 4,194 5 4,199 5 4,204 5 4,209 5 5 5 0,0049 
0,08 4,794 5 4,799 6 4,8o5 6 4,8n 5 4,816 6 4,822 5 0,0064 
0,09 5,393 6 5,399 7 5,4o6 6 5,4i2 6 5,4i8 6 5,424 7 0,0081 

0,10 5,992 7 5,999 7 6,006 7 6,oi3 
■6,614 

7 6,020 7 6,027 7 0,0100 
0,1 I 6,591 8 6,599 8 6,607 7 8 6,622 8 6,63o 8 0,0121 
0,12 7,190 9 7,199 8 7,207 9 7,216 8 7,224 9 7,233 8 0,0144 
o,i3 7>789 JO 7,799 9 7,808 9 7,817 9 7,826 9 7,835 9 0,0169 
o,i4 8,389 9 8,398 10 8,408 IO 8,418 10 8,428 10 8,438 10 0,0196 

o,i5 8,988 xo 8,998 I I 9,°°9 10 9:OI9 11 9,°3o 10 9,°4o 11 0,0225 
0,16 9,587 I I 9,598 11 9,609 12 9,621 11 9,63 a I I 9,643 I I 0,0256 
0,17 IO,l86 12 10,198 12 10,210 12 10,222 12 10,234 12 10,246 12 0,0289 
0,18 10,785 i3 10,798 12 10,810 i3 10,823 i3 io,836 12 10,848 i3 o,o324 
0,19 11,384 i4 11,398 i3 n,4n i3 11,424 14 11,438 i3 ii,45i i3 o,o36i 

0,20 11,983 i4 11,997 i4 12,011 i4 12,025 
I 2,627 

14 i2,o3g i4 i2,o53 i5 o,o4oo 
0,21 12,582 i5 12,597 i5 12,612 i5 14 12,641 i5 12,656 i5 o,o441 
0,22 r 3,i8i 16 13,197 i5 13,2I2 

i3,8i3 
16 l3,228 i5 i3,243 16 13,259 i5 0,0484 

0,23 13,780 16 13,796 17 16 l3,829 16 i3,845 l6 i3,86i 16 0,0529 
0,24 14,379 17 i4,396 17 i4,4i3 17 i4,43o 17 i4,447 17 i4,464 l6 0,0576 

0,25 i4,978! 18 14,996 17 i5,oi3 18 i5,o3i 18 15,049 17 15,o66 
15,669 

18 0,0625 
0,26 15,577 18 i5,595 !9 i5,6i4 18 i5,632 18 i5,65o 19 18 0,0676 
0,27 16,176 19 16,195 19 16,214 x9 i6,233 

i6,834 
19 16,252 

i6,85 4 
19 16,271 19 0,0729 

0,28 16,775 20 16,795 X9 16,814 20 20 x9 16,873 20 0,0784 
0,29 17,37 4 20 17,394 21 i7,4i5 20 17,435 20 17,455 21 17,476 20 0,0841 

o,3o 17,973 21 17,994 21 i8,oi5 21 i8,o36 21 18,057 21 18,078 21 0,0900 
o,31 18,572 21 i8,5g3 22 i8,6i5 

ig,2i5 
22 18,637 22 i8,659 22 18,681 

19,283 
21 0,0961 

0,32 i9,ï70 23 19>r93 22 23 19,238 22 19,260 23 22 0,1024 
o,33 19,769 23 r9,792 2 4 19,816 23 19,839 23 19,862 23 19,885 23 0,1089 
o,34 20,368 2 4 20,392 24 20,416 24 20,440 24 20,464 23 20,487 24 o,n56 

o,35 20,967 24 20,991 25 2r,oi6 25 21,041 24 2i,o65 
21,667 

25 21,090 24 0,1225 
o,36 2i,565 26 2I,59I 25 21,616 25 21,641 26 25 21,692 25 0,1296 
0,37 22,164 26 22,190 26 22,216 26 22,242 26 22,268 26 22,29 4 26 0,136g 
o,38 22,763 26 22,789 27 22,816 27 22,843 27 22,870 26 22,896 27 o,i444 
0,39 23,36i 28 23,38g 27 23,4i6 28 23,444 27 23,471 27 23,498 28 0,1521 

o,4o 23,960 28 23,988 28 24,016 28 24,044 28 24,072 28 24,100 28 0,1600 
0,41 24,558 29 24,587 29 24,616 29 24,645 29 24,674 29 24,7o3 28 0,1681 
0,42 25,i57 29 25,186 3o 25,216 3o 25,246 29 25,275 3o 25,3o5 29 0,1764 
o,43 25,755 3i 25,786 3o 25,816 3o 25,846 3o 25,876 3i 25,907 3o 0,1849 
o,44 26,354 3i 26,385 3i 26,416 3i 26,447 3i 26,478 3o 26,508 3i o,ig36 

o,45 26,952 32 26,984 3i 27,015 32 27,047 32 27,079 3i 27,110 32 0,2025 
o,5o 29,943 36 29,979 35 3o,oi4 35 30,049 35 3o,o84 35 3o,ii9 36 0,2500 
o,55 32,934 39 32,973 38 33,oii 39 33,o5o 39 33,o8q 38 33,127 39 o,3o25 
0,60 35,923 42 35,965 43 36,008 42 36,o5o 42 36,o92 42 36,i34 42 o,36oo 

0,4225 o,65 38,911 46 38,957 46 3g,oo3 45 3g,o48 46 39,094 46 3g,i4o 46 
0,70 41,897 5o 4i,g47 49 41,996 5o 42,046 49 42,095 49 42,i44 49 0,4900 

0,75 44,882 54 44,g36 52 44,988 53 45,o4i 53 45,094 53 45,i47 53 0,5625 
0,80 47,866 57 47,923 56 47,979 57 48,o36 56 48,092 56 48,i48 57 o,64oo 
o,85 5o,848 60 5o,go8 60 50,968 60 51,028 60 51,088 60 5i,i48 60 0,7225 
0,90 53,828 63 53,891 64 53,955 64 54,019 63 54,082 64 54,i46 63 0,8100 
o,95 56,806 67 56,873 67 56,940 68 57,008 67 57,075 67 57,142 67 0,9025 
1,00 59,782 71 5g,853 71 59,924 70 59>994 71 6o,o65 71 60,136 70 1,0000 

9,0313 9,0738 9,1165 9,1592 9,2021 9,2450 c2 
l 5 . ( r + r " 2 or r2 -f~ r U 2 nearly. 

I 

5g8 699 600 601 602 6o3 

60 60 60 60 60 60 I 
120 120 120 120 120 121 2 

179 180 180 180 181 181 3 
289 240 240 240 241 241 4 
299 3oo 3oo 3oi 3oi 302 5 
35g 35g 36o 361 36i 362 6 
419 4ig 4 20 421 421 422 7 
478 479 48o 481 482 482 8 
538 53g 54o 541 542 543 9 

Prop, parts for the sum of the Radii. 
i|2|3|41516|7|8j9 

I O O 0 0 I I 1 1 1 

2 0 0 I 1 I I I 2 2 
3 O I I 1 2 2 2 2 3 

4 0 I I 2 2 2 3 3 4 

5 I I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 

9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 I 2 3 4 6 7 8 9 10 

12 I 2 4 5 6 7 8 10 11 

i3 I 3 4 5 7 8 9 10 12 

i4 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 I I i3 i4 

17 2 3 5 7 9 10 I 2 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 

19 2 4 6 8 IO 11 i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 

21 2 4 6 8 11 i3 i5 17 19 

22 2 4 7 9 11 i3 i5 18 20 

23 2 5 7 9 12 i4 16 18 21 

24 2 5 7 10 I 2 i4 17 19 22 

25 3 5 8 10 i3 i5 18 20 23 

26 3 5 8 IO i3 16 18 21 23 

27 3 5 8 11 14 16 19 22 24 

28 3 6 8 11 i4 17 20 22 25 

29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 

3i 3 6 9 I 2 16 19 
22 25 28 

32 3 6 10 i3 16 19 
22 26 29 

33 3 7 10 i3 17 20 23 26 3o 

34 3 7 10 i4 17 20 24 27 3i 

35 4 7 I I i4 18 21 25 28 32 

36 4 7 1 I 14 18 22 25 29 32 

37 4 7 I T i5 19 22 26 3o 33 

38 4 8 I I i5 19 23 27 3o 34 

39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 

43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3 j 35 4o 

45 5 9 i4 18 23 27 32 36 4i 

46 5 9 i4 18 23 28 32 37 4i 

47 5 9 i4 19 24 28 33 38 42 

48 5 10 i4 19 24 2 9 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 IO 15 20 25 3o 35 4o 45 

5i 5 IO i5 20 26 3i 36 4i 46 

Ô2 5 10 16 21 26 3i 36 42 47 
53 5 I I 16 21 27 32 37 42 48 

54 5 I I 16 22 27 32 38 43 49 

55 6 I I 17 22 28 33 39 44 5o 

56 6 11 17 
22 28 34 89 45 5o 

57 6 I I 17 
23 29 34 4o 46 5i 

58 6 12 17 
23 2Q 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 I 2 18 24 3o 36 42 48 54 
6l 6 12 18 24 3i 37 43 49 55 

62 6 12 r9 25 3i 37 43 5o 56 

63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 19 

26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 

67 7 i3 20 27 34 4o 47 54 60 

68 n i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 63 

80 8 16 24 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 

100 10 20 3o 4o 5o 60 70 80 90 

aI 6 



TABLE II. — To find the time T; the sum of the radii r and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 4,31 4,32 4,33 4,34 4,35 4,36 4,37 4,38 4,39 4,40 
C. Days |dif. Days |dif. Days |dif. Days | dif. Days |dif. Days (dif. Days |dif. Days | dif. Days (dif. Days |dif. 

0,00 
0,01 

0,000 
o,6o3 i 

0,000 
0,604 1 

0,000 
o,6o5 I 

0,000 
0,606 0 

0,000 
0,606 1 

0,000 
0,607 1 

0,000 
0,608 0 O

 
O

 
0
^
0

 
0
 

0
 

co
 0

 

I 

0,000 
0,609 I 

0,000 
0,610 0 

0,0000 

0,000 T 

0.02 1,207 I I,208 2 1,210 

i,8i4 

I 1,211 1 1,212 2 I,2t4 I I,2.i5 2 1,217 1 I,2l8 I 1,219 

1,829 

2 0,000 4 

o,o3 I,8lO 2 1,812 2 3 I,8l7 2 I,8l9 2 1,821 2 1,823 2 1,825 2 1,827 2 2 0,0009 

0,04 2,4i4 2 2,4l6 3 2,419 3 2,422 3 2,425 3 2,428 2 2,43o 3 2,433 3 2,436 3 2,43g 3 0,0016 

o,o5 3,017 4 3,021 3 3,024 4 3,028 3 3,o3i 4 3,o35 3 3,o38 4 3,042 3 3,o45 3 3,o48 4 0,0025 

0,06 3,621 4 3,625 4 3,629 4 3,633 4 3,637 4 3,641 5 3,646 4 3,65o 4 3,654 4 3,658 4 o,oo36 

0,07 4,224 5 4,229 5 4,234 5 4,23g 5 4,244 4 4,248 5 4,253 5 4,a58 5 4,263 5 4,268 5 o,oo4g 

0,08 4,827 6 4,833 6 4,83q 5 4,844 6 4,85o 5 4,855 6 4,86i 5 4,866 6 4,872 6 4,878 5 0,0064 

0,09 5,431 6 5,437 6 5,443 7 5,45o 6 5,456 6 5,462 6 5,468 7 5,475 6 5,481 6 5,487 6 0,0081 

0,10 6,o34 7 6,o4i 7 6,o48 7 6,o55 7 6,062 7 6,069 7 6,076 7 6,o83 7 6,090 7 6,097 7 0,0100 

0,11 6,638 7 6,645 8 6,653 8 6,661 7 6,668 8 6,676 8 6,684 7 6,691 8 6,699 7 6,706 8 0,0121 

0,0144 0,12 7,241 8 7,24g 9 7,258 8 7,266 8 7,274 9 7,283 8 7,291 8 7,299 9 7,3o8 8 7,8i6 8 

o,i3 7,844 9 7,853 9 7,862 10 7,872 9 7,881 9 7,890 9 -7,899 9 7,908 9 7,917 9 7,926 9 0,0169 

0,14 8,448 9 8,457 10 8,467 10 8,477 10 8,487 9 8,496 10 8,5o6 10 8,5i6 10 8,526 9 8*535 10 0,0196 

o,i5 9,o5i 10 9,061 II 9j°72 10 9,082 11 9,093 10 9,io3 II 9,114 IO 9,1:24 II 9>i35 IO 9^45 IO 0,0225 

0,16 9,654 12 9,666 11 9>677 11 9,688 11 9.699 II 9,710 II 9.721 11 9,732 12 9.744 11 9,755 II 0,0256 

0,17 io,258 12 10,270 11 10,281 

10,886 

12 10,293 12 io,3o5 12 io,3i7 12 io,32q 12 TO,34l 11 io,352 12 io,364 12 0,0289 

0,18 10,861 i3 10,874 12 i3 10,899 12 io,911 i3 10,924 12 io^36 i3 10,949 12 10,961 i3 10,974 12 o,o324 

0,19 11,464 i4 11,478 i3 11,491 i3 n,5o4 i3 11,517 i4 11,531 i3 n,544 i3 11,557 i3 11,570 i3 n,583 i3 o,o36i 

0,20 12,068 i4 12,082 i3 i2,oq5 i4 12,109 14 12,123 14 12,137 i4 12,l5l i4 12,165 i4 12,179 i4 12,193 i4 o,o4oo 

0,21 12,671 i4 12,685 i5 12,700 i5 12,715 i4 12,729 
i3,335 

i5 12,744 i5 12,759 14 12,773 i5 12,788 i4 12,802 i5 o,o441 

0,22 13,274 i5 13,289 16 i3,3o5 i5 13,820 i5 16 i3,35i i5 i3,366 i5 i3,38i 16 i3,3g7 i5 i3,4i2 i5 0,0484 

0,23 13,877 16 i3,8g3 16 i3,gog 16 i3,g25 17 13.942 16 i3,q58 16 13,974 16 13,990 16 14,006 i5 14,021 16 0,0529 

0,24 14,480 17 i4,497 17 i4,5i4 17 i4,53i 17 i4,548 16 i4,564 17 i4,58i 17 14,5g8 16 14,614 17 i4,63i 17 0,057b 

0,25 15,084 17 i5,ioi 18 i5,ng 17 i5,i36 
i5,74i 

17 i5,i53 18 15,171 17 i5,i88 l8 15,206 17 i5,223 17 i5,24o 18 0,0625 

0,26 15,687 18 15,705 18 15,728 18 18 15,75g 19 15,778 18 15,796 18 i5,8i4 18 i5,832 18 i5,85o 18 0,0676 

0,27 16,290 19 i6,3og 19 16,828 19 16,347 18 16,865 19 16,884 19 i6,4o3 19 16,422 *9 16,441 18 i6,45g 19 0,0729 

0,28 i6,8g3 20 i6,gi3 19 16,932 20 16,952 19 16,971 20 16,991 19 17,010 20 i7,o3o 19 17,049 20 17,069 19 0,0784 

0,29 17,496 20 I7,5i6 21 17,537 20 17,557 20 17,577 20 17,597 21 17,618 20 17,688 20 17,658 20 17,678 20 0,0841 

o,3o i8,oqq 21 18,120 21 18,141 21 18.162 21 i8,i83 21 18,204 21 18,225 21 18,246 21 18,267 20 18,287 21 0,0900 

o,31 18,702 22 18,724 22 18,746 21 18,767 22 18,789 22 18,811 21 i8,832 22 18,854 21 18,875 22 18,897 21 0,0961 

0,32 i9,3o5 23 19,328 22 ig,85o 22 19,372 23 19,395 22 19.417 22 19,439 23 19,462 22 ig.484 22 19,506 22 0,1024 

o,33 iq,qo8 23 19,981 23 19,954 24 19,978 23 20,001 23 20,024 23 20,047 22 20,069 23 20,092 23 2Q,Il5 20 o,iobg 

o,34 20,5ll 24 20,535 24 20,559 24 20,583 23 20,606 24 2o,63o 24 20,654 23 20,677 24 20,701 24 20,725 20 o,n 56 

o,35 2I,Il4 25 2i,i3g 24 2i,i63 25 21,188 24 21,212 24 21,236 25 21,261 24 21,285 24 2i,3og 25 21,334 24 0,1225 

o,36 21,717 25 21,742 26 21,768 2.5 21,79.3 25 21,818 28 21,843 25 21,868 25 2i,8g3 25 21,918 25 21,943 25 0,1296 

0,37 22,320 26 22,346 26 22,372 26 22,398 25 22,423 26 22,449 26 22,475 26 22,5oi 25 22,526 26 22,552 26 0,136g 

o,38 22,923 27 22,950 26 22,976 27 23,oo3 26 23,029 27 23,o56 26 23,082 27 23,109 26 23,i35 26 23,l6l 27 0,1444 
0,1 521 

0,39 23,526 27 23,553 27 23,58o 28 23,608 27 23,635 27 23,662 27 23,689 27 23,716 27 23,743 27 23,770 27 

o,4o 24,128 29 
29 
29 
30 

24,157 27 24,184 28 24,212 28 24,240 28 24,268 28 24,296 28 24,324 28 24,352 27 24,379 28 0,1600 

o,41 24.73l 24,760 29 24,789 28 24,817 29 24,846 29 24,875 28 24,903 29 24,932 28 24,960 29 24,989 28 0,1001 

0,42 25,334 25.363 3o 25,3g3 29 25,422 29 25,45i 3o 25,481 29 25,5io 29 25,53g 29 25,568 3o 25,598 29 0,1764 

o,43 25,q37 25,967 3o 25,997 38 26,027 3o 26,057 3o 26,087 3o 26,117 3o 26,147 3o 26,177 3o 26,207 29 0,1849 

o,44 26,539 3i 26,670 3i 26,601 3i 26,632 3o 26,662 3i 26,698 3i 26,724 3o 26,754 3i 26,785 3o 20,8l5 3i o,ig36 

o,45 27,142 3i 27,173 32 27,205 3i 27,236 32 27,268 3i 27,299 32 27,331 3i 27,362 3i 27,393 3i 27,424 32 0,2025 

o,5o 3o,i55 35 3o,igo 35 30,225 35 30,260 34 30,294 35 3o,329 35 3o,364 35 3o,3gg 35 3o,434 34 3o,468 35 0,2000 

o,3o25 
o,55 33,i66 39 

43 

33,2o5 38 33,243 39 33,282 38 33,320 38 33,358 39 33,397 38 33,435 38 33,478 38 33,511 39 

0,60 36,176 

3q,i86 
36,2i9 42 36,261 42 36,3o3 4i 36,344 42 36,386 42 36,428 42 36,470 42 36,512 4i 36,553 42 o,36oo 

o,65 45 3g,23i 46 39,277 45 3g,322 46 39,368 45 3g,4i3 45 3g,458 46 3g,5o4 45 39,549 45 39-594 45 0,4220 

0,4900 
0,70 42,193 5o 42,243 49 42,292 49 42,341 49 42,390 49 42,439 48 42,487 49 42,536 49 42,585 49 42,684 48 

0,75 45,200 52 45,25p. 53 45,3o5 53 45,358 52 45,4io 53 45,463 52 45,5i5 52 45,567 52 45,619 53 45,672 52 o,5625 
o,64oo 

0,7225 

0,8100 

0,9025 

0,80 48,2.o5 56 48,261 56 48,317 56 48,873 56 48,429 56 48,485 56 48,54i 56 48,597 56 48,653 55 48,708 56 

o,85 51,208 60 51,268 5g 5i,327 60 5i,387 5g 5 i,446 60 5 r ,5o6 5g 51,565 60 51,625 59 51,684 59 5i,743 59 

0,9c. 

0,95 

54.209 

57.209 

60,206 

63 54,272 64 54,336 63 54,399 63 54,462 63 54,525 63 54,588 63 54,651 63 54,7i4 62 54,776 63 

67 57,276 66 57,342 67 57,409 67 57,476 66 57,542 67 57,609 66 57,675 67 57,742 66 57,808 66 

1,00 7 f &2?7 70 60,347 70 60,417 70 60,487 71 60,558 70 60,628 70 60,698 69 60,767 70 60,837 70 1,0000 

9,2881 9,3312 I 9,3745 9,4178 9,4613 9,50481 9,5485 9,5922 9,6361 9,6800 c? 

\ . (r -f- r")2 or r2 -f- r"2 nearly. 

602 6o3 6o4 6o5 606 607 608 609 610 

60 60 60 61 61 61 61 6l 61 

120 

l8l 

121 
181 

121 
181 

121 
182 

121 
182 

121 
182 

122 
182 

122 
i83 

122 
i83 

24l 241 242 242 242 243 243 244 244 

302 3o3 3o3 3o4 3o4 3o5 3o5 

36i 362 362 363 364 364 365 365 366 

421 422 423 424 424 425 4 26 426 427 

482 482 483 484 485 486 486 487 488 

542 543 544 545 545 546 547 548 54g 
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TA BLE II. — To find the time T; the sum of the radii r -j-r ", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 4,41 4,42 4,43 4,44 4,45 4,46 -• 

Ci Days |dif. Days |d if. Days 1 dif. Days |dif. Days |dif. Days | dif. 
0,00 
0,01 

0,000 
0,6l0 I 

0,000 
0,611 I 

0,000 
0,6l2 0 

0,000 
0,6l2 I 

0,000 
o,6i3 I 

0,000 
0,614 I 

0,0000 
0,0001 

0,02 1,221 I 1,222 
1,833 

2 1,221. I 1,225 I 1,226 2 1,228 1 0,0004 
o,o3 I,83l 

2,442 
2 2 1,835 2 1,837 2 i,83g 3 1,842 2 0,0009 

0,0 4 2 2,44/ 3 2,447 3 2,45c 3 2,453 2 2,455 3 0,0016 

o,o5 3,o52 3 3,o55 4 3,o5g 3 3,062 4 3,o66 3 3,o6g 4 0,0025 
0,06 3,662 4 3,666 5 3,671 4 3,675 4 3,679 4 3,683 4 o,oo36 
0,07 4,273 5 4,278 4 4,282 5 4,287 5 4,292 5 4,297 5 o,oo4g 
0,08 4,883 6 4,889 5 4,894 6 4,900 5 4^o5 6 4,9h 5 0,0064 
0,09 5,4g3 7 5,5oo 6 5,5o6 6 5,5i2 6 5,5i8 6 5,524 7 0,0081 

0,10 6,104 7 6,111 7 6,118 7 6,125 6 6,i3i 7 6,i38 7 0,0100 
0,11 6,714 8 6,722 7 6,729 8 6,737 7 6,744 8 6,752 8 0,0121 

0,0144 0,12 7,324 9 7,333 8 7,34i 8 7,34g 9 7,358 8 7,366 8 
o,i3 7,935 9 7,944 9 7,953 9 7,962 9 7,97i 9 7,980 9 0,016g 
0,14 8,545 10 8,555 9 8,564 10 8,574 10 8,584 9 8,5g3 10 0,0196 

o,i5 9»155 11 9,166 10 9^76 I I 9>i87 10 9>*97 10 9,207 1 I 0,0225 
0,16 9,766 I I 9,777 11 9»788 11 9,799 I I 9,810 II 9,821 11 0,0256 
0,17 10,376 12 io,388 II 10,399 12 10,411 12 10,423 12 io,435 11 0,0289 
0,18 10,986 i3 10,999 12 r 1,011 i3 11,024 12 1 i,o36 12 11,048 i3 o,o324 
0,19 11,596 i4 11,610 i3 11,623 i3 n,636 i3 11,64g i3 11,662 i3 o,o36i 

0,20 12,207 i4 12,221 i3 12,234 i4 12,2,48 i4 12,262 i4 12,276 i4 o,o4oo 

0,21 12,817 i5 12,832 14 12,846 i5 12,861 
i3,473 

i4 12,875 i4 12,889 i5 o,o441 
0,22 13,427 i5 i3,442 16 i3.458 i5 i5 13,488 i5 i3,5o3 i5 0,0484 
0,23 14,037 16 i4,o53 16 14,069 l6 i4,o85 16 14,101 16 14,117 16 0,0529 
0,24 14,648 16 14,664 17 14,681 16 14,697 17 i4,7i4 l6 i4,73o 17 0,0576 

0,25 i5,258 17 15,275 17 15,292 18 i5,3io 17 15,327 17 15,344 17 0,0625 
0,26 15,868 18 15,886 18 i5,go4 18 15,922 l8 i5,g4o 18 15,958 17 0,0676 
0,27 16,478 !9 16,497 18 i6,5i5 J9 i6,534 T9 i6,553 18 16,571 19 0,0729 
0,28 17,088 l9 17,107 20 17,127 *9 i7,i46 T9 17,165 20 17,185 !9 0,0784 
0,29 17,698 20 17,718 20 17,738 20 17,758 20 17,778 20 I7.798 20 0,0841 

o,3o i8,3o8 21 18,329 21 i8,35o 
18,961 

20 18,370 21 i8,3gi 21 18,412 20 0,0900 
o,31 18,918 22 18,940 21 2] 18,982 22 ig,oo4 21 19,025 22 0,0961 
0,32 19,528 22 i9,55o 22 I9,572 23 19,595 22 19,617 22 19,639 22 0,1024 
o,33 20,138 23 20,161 23 20,184 23 20,207 22 20,229 23 20,262 23 0,108g 
o,34 20,748 2 4 20,772 23 20,795 24 20,819 23 20,842 24 20,866 23 0,1156 

o,35 21,358 2 4 21,382 24 21,406 25 2i,43i 2 4 21,455 24 21,479 24 0,1225 
o,36 21,968 25 21,993 25 22,018 25 22,043 24 22,067 25 22,092 25 0,1296 
0,37 22,578 25 2 2,6o3 26 22,62g 26 22,655 25 22,680 26 22,706 25 0,1369 
o,38 23,188 26 23,214 26 23,240 26 23,266 27 23,293 26 23,319 26 o,i444 
0,3g 23,797 27 23,824 27 23,85i 27 23,878 27 23,go5 27 23,g32 27 0,l52I 

o,4o 24,407 28 24,435 28 24,463 27 24,490 28 24,5i8 27 24,545 28 0,1600 
o,4i 25,017 28 25,045 29 25,074 28 25,102 28 25,i3o 29 25,i5g 28 0,1681 
0,42 25,627 29 25,656 2Q 25,685 2Q 25,714 29 25,743 2Q 25,772 29 0,1764 
o,43 26,286 3o 26.266 3o 26,296 3o 26,326 29 26,355 3o 26,385 3o 0,1849 
o,44 26,846 3o 26,876 3i 26,907 3o 26,937 3i 26,968 3o 26,998 3o o,ig36 

o,45 27,456 3i 27,487 3i 27,518 3i 27,549 3i 27,580 3i 27,611 3i 0,2025 
0,2000 o,5o 3o,5o3 35 3o,538 34 30,572 35 30,607 34 3o,64i 35 30,676 34 

o,55 33,55o 38 33,588 38 33,626 38 33,664 38 33,702 38 33,74o 38 o,3o25 
0,60 36,5q5 42 36,637 4i 36,678 42 36,720 4i 36,761 42 36,8o3 

3g,864 
4i o,36oo 

o,65 3g,639 45 3g,684 45 39.729 45 39,774 45 3g,8ig 45 45 0,4225 
0,70 42,682 49 42,731 48 42,779 49 42,828 48 42,876 49 42,925 48 o,4goo 

0,75 45,724 52 45,776 52 45,828 52 45,88o 52 45,g32 5i 45,983 52 o,5625 
0,80 48,764 55 48,819 56 48,875 55 48,g3o 56 48,986 55 4g,o4i 55 o,64oo 
o,85 51,802 5q 51,861 59 51 ,Q20 5q 51,979 59 52,o38 5q 52,097 5q 0,7225 
0,90 84,889 63 54,902 62 54,964 63 55,027 62 55,089 62 55,i 51 62 0,8100 
0.95 57,874 66 57,940 66 58,oo6 66 58,072 66 58,i 38 66 58,2o4 65 0,9025 
1,00 60,907 70 60,977 69 61,046 70 61,116 69 6i,i85 69 61,254 69 I ,0000 

9,7241 9,7682 9,8125 9,8568 9,9013 9,9458 c2 

1 
2 . (r + r"y or r // 2 nearly. 

609 610 611 612 6i3 614 

61 61 6l 6l 61 61 1 
122 122 122 122 123 123 2 
i83 i83 i83 184 184 184 3 
244 244 244 245 245 246 4 
3o5 3o5 3o6 3o6 307 307 5 
365 366 367 367 368 368 6 
426 427 428 428 429 43o 7 
487 488 48g 4go 4go 491 8 
548 549 55o 551 552 563 9 

Prop, parts for the sum of the Radii, 

i I 2 I 3 I 4 I 5 | 6 | 7 | 8 | 9 

I 0 O 0 0 1 1 1 1 I 
2 0 O I 1 J 1 I 2 2 
3 0 I I I 2 2 2 2 3 
4 0 I I 2 2 2 3 3 4 

5 I I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 10 II 
i3 I 3 4 5 7 8 9 10 12 

i4 I 3 4 6 7 8 IO 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 I I i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 

J9 2 4 6 8 10 XI i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 I I i3 i5 17 r9 
22 2 4 7 9 I I i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 IO 12 i4 17 19 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 II i4 16 !9 22 24 
28 3 6 8 I I i4 17 20 22 25 

29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 19 22 25 28 
32 3 6 IO i3 16 19 22 26 29 
33 3 7 IO i3 17 20 23 26 3o 
34 3 7 IO i4 17 20 24 27 3i 

35 4 7 II i4 18 21 25 28 32 
36 4 7 II i4 18 22 25 2Q 32 

37 4 7 11 i5 J9 22 26 3o 33 
38 4 8 11 i5 l9 23 27 3o 34 

39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 

4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 l9 24 28 33 38 42 
48 5 IO i4 !9 24 29 34 38 43 

49 5 lO i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 IO 16 21 26 3i 36 42 
53 5 II 16 21 27 32 37 42 48 
54 5 I I 16 22 27 32 38 43 49 

55 6 I I 17 22 28 33 3q 44 5o 
56 6 I I 17 22 28 34 39 45 5o 

57 6 II 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 4a 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 l3 !9 25 32 38 44 5o 57 

.64 6 i3 J9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 5q 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 63 
80 8 16 2 4 32 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
100 TO 20 3o 4o 5o 60 70 80 9° 



TABLE II. — To find the time T; the sum of the radii r and the chord c being given. 

Sura of the Radii r -\- r". 

Chord 4,47 4,48 4,49 4,50 4,51 4,52 4,53 4,54 4,55 4,56 
c. 

Days |dif. Days |dif. Days jdif. Days [dif. Days |<1 if. Days |dif. Days [dif. Days | dif. Days | dif. Days |dif. 

0,00 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 

0,01 0,615 0 o,6i5 1 0,616 I 0,617 0 0,617 I 0,618 I 0,619 0 0,619 i 0,620 I 0,621 0 0,0001 

0,02 1,229 I 1,230 2 1,232 I 1,233 2 i,235 1 i,236 I 1,237 2 i ,s3g 1 I,24o I 1,241 2 0,0004 

o,o3 i,844 2 i,846 2 i,848 2 i,85o 2 i,852 2 i,854 2 1,856 2 i,858 2 I,86o 2 1,862 2 0,0009 

0,04 2,458 3 2,461 3 2,464 2 2,466 3 2,469 3 2,472 3 2,475 2 2,477 3 2,48o 3 2,483 2 0,0016 

o,o5 3,073 3 3,076 4 3,o8o 3 3,o83 3 3,o86 4 3,090 3 3,og3 4 3,097 3 3,100 3 3,io3 4 0,0025 
0,06 3,687 4 3,691 4 3,695 4 3,699 5 3,704 4 3,708 4 3,712 4 3,716 4 3,720 4 3,724 4 o,oo36 
0,07 4,3o2 4 4,3o6 5 4,311 5 4,3i6 5 4,32i 5 4,326 4 4,33o 5 4,335 5 4,340 5 4,345 5 0,0049 

0,08 4,916 6 4,922 5 4,927 6 4,g33 5 4,g38 6 4,g44 5 4,949 6 4,955 5 4,960 5 4,965 6 0,0064 

0,09 5,531 6 5,537 6 5,543 6 5,54g 6 5,555 7 5,562 6 5,568 6 5,574 6 5,58o 6 5,586 6 0,0081 

0,10 6,i45 7 6,i52 7 6,159 7 6,166 7 6,173 6 6,179 7 6,186 7 6,193 7 6,200 7 6,207 7 0,0100 

0,11 6,760 7 6,767 8 6,775 7 6,782 8 6,790 7 6,797 8 6,8o5 7 6,812 8 6,820 7 6,827 8 0,0121 

0,12 75874 8 7,382 9 7,39i 8 7,399 8 7,407 8 7,4i5 8 7,423 9 7,432 8 7,44o 8 7,448 8 0,0144 
o,i3 75989 9 7,998 8 8,006 9 8,015 9 8,024 9 8,o33 9 8,042 9 8,o5i 9 8,060 9 8,069 8 0,0169 

0,14 8,6o3 10 8,6i3 9 8,622 10 8,632 9 8,641 10 8,65i 10 8,661 9 8,670 IO 8,680 9 8,689 IO 0,0196 

o,i5 9,218 10 9,228 10 9,238 10 9,248 II 9,259 10 9,269 10 9,279 10 9,289 11 g,3oo 10 9,310 10 0,0225 

0,16 9,832 II 9,843 I I 9,854 I 1 g,865 II 9,876 1 1 9,887 I 1 9,898 11 9,909 II 9,920 10 9,93o II 0,0256 

0,17 10,446 12 io,458 12 10.470 11 10,481 12 io,4g3 12 io,5o5 11 io,5i6 12 10,528 11 io,53g 12 io,55i 12 0,0289 

0,18 11,061 12 11,073 12 n,o85 i3 11,098 12 11,110 12 11,122 i3 1 i,i35 12 ii,i47 12 11,159 i3 11,172 12 0,0324 

0,19 11,675 i3 11,688 i3 11,701 i3 11,714 i3 11,727 i3 11,740 i3 n,753 i3 11,766 i3 11,779 i3 n,792 i3 o,o36i 

0,20 I2,2Q0 i3 i 2,3o3 i4 12,317 14 i2,33i i3 12,344 i4 12,358 i4 12,372 i3 12,385 i4 12,399 i4 I2,4i3 i3 o,o4oo 

0,21 12 ,qo4 i4 12,918 i5 I2,g33 14 12,947 r5 12,962 x 4 12,976 i4 12,990 i5 i3,oo5 i4 i3,oig i4 i3,o33 i5 o,o44i 

0,22 i3,5i8 i5 13,533 i5 i3,548 16 13,564 i5 13,579 i5 i3,5g4 i5 i3,6oq i5 i3,624 i5 i3,63g i5 13,654 i5 0,0484 

0,23 i4,i33 i5 t4,i48 l6 14,164 l6 14,180 16 14,196 i5 l4,2I I 16 14,227 16 i4,243 16 i4,25q i5 14,274 16 0,0629 

0,24 i4,747 16 i4,763 17 14,780 16 14,796 17 i4,8i3 16 14,829 17 i4,846 16 14,862 l6 14,878 17 i4,8g5 16 0,057 6 

0,25 i5,36i 17 15,378 18 i5,3q6 17 i5,4i3 17 i5,43o 17 15,447 T7 15,464 17 15,481 17 i5,4g8 17 15,515 17 0,0625 

0,26 15,975 18 15,993 18 16,011 18 16,029 18 16,047 18 i6,o65 17 16,082 18 16,100 18 16,118 l8 i6,i36 17 0,0676 

0,27 i6,5qo 18 16,608 x9 16,627 18 i6,645 19 16,664 18 16,682 X9 16,701 18 16,719 19 
16,738 18 16,756 18 0,0729 

0,28 17,204 x9 17,223 x9 17,242 20 17,262 19 17,281 x9 17,300 X9 17,319 J9 17,338 x9 17,357 x9 17,376 x9 0,0784 

0,29 17,818 20 17,838 20 17,858 20 17,878 20 17,898 20 17,9l8 X9 i7,937 20 i7,957 20 17,977 20 17,997 20 o,o84i 

o,3o i8,432 21 i8,453 21 i8,474 20 i8,4g4 21 i8,5i5 20 i8,535 21 18,556 20 18,576 21 18,597 20 18,617 21 0,0900 

o,31 19,047 21 19,068 21 19,089 21 19,110 22 ig,i32 21 ig,i53 21 xg,x74 21 
19,T95 2 T 19,216 22 19,238 21 0,0961 

0,32 19,661 22 19,683 22 19,705 22 19,727 22 19,749 21 19,770 22 i9,792 22 19,814 22 19,836 22 19,858 22 0,1024 

o,33 20,275 23 20,2q8 22 20,320 23 20,343 22 20,365 23 20,388 23 20,411 22 20,433 23 20,456 22 20,478 23 0,1089 

o,34 20,889 23 21,912 24 20,936 23 20,959 23 20,982 24 21,006 23 21,029 23 21,062 23 21,075 23 21,098 23 0,1156 

o,35 2i,5o3 24 21,527 24 2i,55i 24 21,575 24 21,599 24 21,623 24 21,647 24 21,671 24 2i,6g5 24 21,719 23 0,1225 

o,36 22,117 25 22,142 24 22,166 25 22,191 25 22j2l6 25 22,241 24 22,265 25 22,290 24 22,3l4 25 22,33g 24 0,1296 

0,37 22,73i 25 22,756 26 22,782 25 22,807 26 22,833 25 22,858 25 22,883 26 22,909 25 22,g34 25 22,959 25 o,i36g 

o,38 23,345 26 23,371 26 23,397 26 23,423 26 23,44g 26 23,475 26 23,5oi 26 23,527 26 23,553 26 23,579 26 0,1444 

0,39 23,959 27 23,986 27 24,013 26 24,o3g 27 24,066 27 24,093 26 24,119 27 24,146 27 24,173 26 24,199 27 0,1521 

o,4o 24,573 27 24,600 28 24,628 27 24,655 28 24,683 27 24,710 27 24,737 28 2.4,765 27 24,792 27 24,819 28 0,1600 

o,4i 25,187 28 25,2l5 28 25,243 28 25,271 28 25,299 28 25,327 29 25,356 28 25,384 28 2 5,412 27 25,439 28 0,1681 

0,42 25,801 29 25,83o 28 25,858 29 25,887 29 25,916 29 25,945 29 25,974 28 26,002 29 2Ô,o3l 29 26,060 28 0,1764 

o,43 26,4i5 29 26,444 3o 26,474 29 26,5o3 3o 26,533 29 26,562 29 26,591 3o 26,621 29 26,65o 29 26,679 3o 0,1849 

o,44 27,028 3i 27,059 3o 27,089 3o 27,ii9 3o 27,149 3o 27,i79 do 27,209 3o 27,239 3o 27,269 3o 27,299 
3o o,ig36 

o,45 27,642 3i 27,673 3i 27,7°4 3r 27,735 3i 27,766 3i 27,797 3o 27,827 3i 27,858 3i 27,889 3o 27,919 3i 0,2025 

o,5o 30,710 35 3o,745 34 3o,779 34 3o,8i5 35 3o,848 34 30,882 34 3o,gi6 34 3o,g5o 35 3o,985 34 3i,oig 34 0,2000 

o,55 33,778 38 33,8i6 37 33,853 38 33.891 38 33,929 38 33,967 37 34,004 38 34,o42 37 34,079 38 34,h7 37 o,3o25 

0,60 36,844 4i 36,885 4i 36,926 42 36,968 4i 37,000 4i 37,o5o 4i 37,091 4i 37,i32 4i 37,173 4i 37,214 4i o,36oo 

o,65 39,909 45 39,954 45 39>999 44 4o,o43 45 4o,o88 44 4o,i32 45 40,177 44 40,221 45 40,266 44 4o,3io 44 0,4225 

0,70 42,973 48 43,021 48 43,069 48 43,ii7 48 43,i65 48 43,2i3 48 43.261 48 43,dog 48 43,357 48 43,4o5 48 o,49°° 

0,75 46,o35 52 46,087 52 46,i3g 5i 46,iqo 52 46,242 5i 46,293 52 46,345 5i 46,3g6 5i 46,447 52 46,4gg 5i 0,5625 

0,80 49,096 55 49,i5i 56 49,207 55 49,262 55 4g,3i7 55 49,372 54 49,426 55 4g,48i 55 4g,536 bb 4g,5gi 54 o,64oo 

o,85 52,i56 58 52,214 5c 52,273 58 52,33i 5ç 52,3go 58 52,448 be 52,507 58 52,565 58 52,623 58 5q,68i 58 0,7225 

0,00 55,2i 3 63 55,276 62 55,338 62 55,4oc 62 55,462 6l 55,523 62 55,585 62 55,647 62 55,709 61 55,770 62 0,8100 

o«q5 58,26c 66 58,335 66 58,4oi 65 58,46f 65 58,531 65 58,597 65 58,662 65 58,727 65 58,792 65 58,857 65 0,9025 

1,00 6i,32.: 7C 6i,3q3 6c 61,462 6S 6i,53i 6c 61,60c 68 61,668 6c 61,737! 6g 61,806 68 61,874 6c 61,943 68 1,0000 

9,9905 10,0352 10,0801 10,1250 10,1701 10,2152 10,26051 10,3055 10,3513 10,3968 
i . ( r -\- r" )2 or r2 -f- r"2 nearly. 

6i3 6i4 6i5 616 617 618 619 620 621 

6l 6l 62 62 62 62 62 62 62 i 

I 23 123 123 123 123 124 124 124 124 2 

184 184 i85 185 i85 i85 186 186 186 3 

245 2 46 246 246 247 247 248 248 248 4 
307 307 3o8 3o8 3og 3og 3io 3io 3n 5 

368 368 36g 370 370 371 371 372 373 6 

429 43o 431 431 432 433 433 434 435 7 

490 4qi 492 4q3 4g4 4g4 495 4g6 497 8 

552 553 554 554 . 555 556 557 558 559 9 



es crj 
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TABLE IL — To find the time T; the sum of the radii r-j-r", and the chord c being given. 

Sum of the Radii r-f-r". 

Chord 4,57 4,58 4,59 4,60 4,61 4,62 
C. Days | dif. Days |dif. Days |dif. Days |dif, Days |dif. Days | dif. 

0,00 
0,01 

0,000 
0,621 I 

0,000 
0,622 I 

0,000 
0,62c O 

0,000 
0,623 I 

0,000 
0,62/ I 

0,000 
0,625 O 

0,0000 
0.0001 

0,02 1,243 I 1,244 i 1,245 2 1,247 I 1,248 2 1,25o I 0,0004 
o,o3 T ,864 2 1,866 2 1,868 2 1,870 2 1,872 2 1,874 2 0,0009 
0,04 2,485 3 2,488 3 2,491 3 2,494 2 2,496 3 2,499 3 0,0016 

o,o5 3,107 3 3,i 10 4 3,u4 3 3,117 3 3,120 
3,744 

4 3,124 3 0,0025 
0,06 3,728 4 3,732 4 3,736 4 3,740 4 5 3,749 4 o,oo36 
0,07 4,35o 4 4,354 5 4,35g 5 4,364 4 4,368 5 4,3?3 5 o,oo4g 
0,08 4,97i 5 4,976 6 4,982 5 4,987 6 4,993 5 4,998 5 0,0064 
0,09 5,5g2 6 5,598 6 5,6o4 7 5,6ii 6 5,617 6 5,623 6 0,0081 

0,10 6,214 6 6,220 7 6,227 7 6,234 7 6,241 6 6,247 7 0,0x00 
0,1 I 6,835 7 6,842 8 6,85o 7 6,857 8 6,865 7 6,872 8 0,0121 
0,12 7,456 8 7,46 4 8 7,472 9 7,481 8 7,48g 8 7,497 8 0,0144 
o,i3 8,077 9 8,086 9 8,095 9 8,104 9 8,113 9 8,122 8 0,0169 
0,14 8,699 9 8,708 10 8,718 9 8,727 10 8,737 9 8,746 10 0,0196 

o,t5 9,320 xo 9>33o JO 9,340 I I g,351 10 g,361 10 9,37i IO 0,0225 
0,16 9,94i I I 9,962 I 1 9,963 11 9 >974 I I 9,985 I I 9>998 10 0,0256 
0,17 io,563 T I 10,574 12 io,586 I I 10,597 12 10,609 I I 10,620 12 0,0289 
0,18 11,184 12 11,196 12 11,208 12 11,220 

11,844 
i3 1 i,233 12 11,245 12 o,o324 

0,19 n,8o5 i3 T 1,818 i3 ii,83i i3 i3 11,857 i3 11,870 12 o,o36i 

0,20 12,426 14 12,440 i3 12,453 i4 12,467 i4 r 2,481 i3 12,494 i4 o,o4oo 
0,21 i3,o48 14 13,062 

13,684 
i4 13,076 i4 13,090 i4 i3,io4 i5 i3,i 19 

i3,743 
i4 o,o44i 

0,22 13,669 i5 i5 13,699 14 13,713 i5 13,728 i5 i5 0,0484 
0,23 14,290 i5 i4,3o5 l6 14,3 21 16 i4,337 i5 i4,352 16 i4,368 i5 o,o52g 
0,24 14,911 16 14,927 17 14,944 16 14,960 16 14,976 16 i4,992 17 0,0576 

0,23 i5,532 17 15,549 T7 15,566 
16,189 

17 15,583 17 r 5,6oo 17 15,617 17 0,0625 
0,26 i6,i53 18 16,171 18 17 16,206 18 16,224 17 16,241 18 0,0676 
0,27 16,774 *9 16,793 18 16,811 l8 16,829 19 16,848 18 16,866 18 0,0729 
0,28 17,395 20 17,415 19 17,434 *9 17,453 18 I7471 19 17,490 19 0,0784 
0,29 18,017 J9 i8,o36 20 i8,o56 20 18,076 *9 i8,og5 20 18,115 20 0,0841 

o,3o 18,638 20 18,658 20 18,678 21 18,699 20 18,719 20 18,739 21 0,0900 
o,31 19,259 21 19,280 21 ig,3oi 

19,923 
21 19,322 21 19,843 21 19,364 21 0,0961 

0,32 19,880 21 i9>9°i 22 22 19,945 21 19,966 22 19,988 22 0,1024 
o,33 20,501 22 20,523 22 20,545 23 20,568 22 2o,5qo 22 20,612 23 0,108g 

0,1156 o,34 21,121 24 2i,i45 23 21,168 23 21,191 23 21,2 l4 23 21,237 23 

o,35 21,742 24 21,766 2 4 21,790 q4 21,814 23 21,837 2 4 21,861 2 4 0,1225 
o,36 22,363 

22,984 
25 22,388 24 22,412 20 22,437 24 22,461 24 22,485 25 0,1296 

0,37 25 23,009 25 23,o34 26 23,060 25 2 3,08 5 25 23,1 10 25 0,136g 
0,38 23,6o5 26 23,631 26 23,657 25 23,682 26 23,708 26 23,734 26 o,i444 
0,39 24,226 26 24,252 27 24,279 26 24,3o5 27 24,332 26 24,358 27 0,l52I 

o,4o 24,847 27 24,874 27 24,901 27 24,928 27 24,955 27 24,982 27 0,1600 
0,41 25,467 28 25,4g5 28 25,523 28 2.5,551 28 25,57g 27 25,606 28 0,1681 
0,42 26,088 

26,709 
29 26,117 

26,738 
28 26,i45 29 26,17 4 28 26,202 29 26,231 28 0,1764 

o,43 2Q 29 26,767 29 26,796 3o 26,826 29 26,855 29 0,1849 
o,44 27,329 3o 27,359 3o 27,389 3o 27,419 3o 27,449 3o 27,479 3o 0,1 g36 

o,45 27,950 31 27,981 3o 28,011 3x 28,042 3o 28,072 3i 28,103 3o 0,2025 
o,5o 3i,o53 34 31,087 34 3i,I21 

34,229 
34 31,155 34 31,189 33 31,222 34 o,25oo 

o,55 34,154 38 34,192 37 38 34,267 37 34,3o4 37 34,34i 37 o,3o25 
0,60 37,255 41 37,296 4i 37,337 4o 37,377 4i 37,418 4i 37,459 4o o,36oo 

0,4225 o,65 4o,354 45 40,399 44 40,443 44 40,487 44 4o,531 44 40,578 44 
0,70 43,453 47 43,5oo 48 43,548 48 43,596 47 43,643 48 43,691 47 o,4goo 

0,75 46,55o 5i 46,6oi 5i 46,652 5i 46,703 5i 46,754 5i 46,8o5 5i o,5625 
0,80 49,645 55 49,700 54 49,754 55 49,809 54 4g,863 55 49,918 54 0,6400 
o,85 52,739 58 52,797 58 52,855 58 52,gi3 58 52,971 58 53,02g 57 0,7225 
0,90 55,83a 61 55,893 62 55,955 61 56,o 16 6l 56,077 61 56,138 61 0,8100 
0,95 58,922 65 58,987 65 59,052 65 59,117 65 5g,i82 64 59,2.46 65 0,9025 
1,00 62,011 69 62,080 68 62,148 68 62,216 68 62,284 68 62,352 68 I ,oooo 

10,4425 10,4882 10,5341 10,5800 10,6261 10,6722 c2 
1 5 . (r +r« ) 2 or r2 ,."2 nearly. 

620 621 622 623 624 625 

62 62 62 62 62 63 
124 124 124 125 125 125 
186 186 187 187 187 188 
248 248 249 249 25o 25o 
3io 3i 1 3i 1 3l2 3l2 313 
372 373 373 374 374 375 
434 435 435 436 43 7 438 
4g6 497 4g8 498 499 5oo 
558 55g 56o 561 562 563 

Prop, parts for the sum of 
I | 2 I 3 I 4 1 5 I 6 

the Radii. 
7 1 8 | 9 

I c 0 0 0 I I I I 1 
2 0 0 I 1 I I I 2 2 
3 0 I I 1 2 2 2 2 3 
4 0 I I 2 2 2 3 3 4 

5 I I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 
i4 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 r 1 i3 i4 
17 2 3 5 • 7 9 IO 12 i4 15 
18 2 4 5 7 9 11 i3 i4 16 

19 2 4 6 8 IO r 1 i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 I I i3 i5 17 !9 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 10 12 i4 17 !9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 11 i4 l6 19 22 24 
28 3 6 8 11 i4 17 20 22 25 

29 3 6 9 I 2 i5 !7 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 !9 22 25 28 
32 3 6 10 i3 16 19 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 IO i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 

37 4 7 11 i5 T9 22 26 3o 33 
38 4 8 11 i5 !9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 2 4 28 32 36 
4i 4 8 I 2 16 21 25 29 33 37 
42 4 8 i3 17 21 25 2Q 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4j 
46 5 9 i4 l8 23 28 32 37 4i 
47 5 9 i4 !9 24 28 33 38 42 
48 5 10 14 !9 2 4 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 IO 15 20 25 3o 35 4o 45 
51 5 10 i5 20 26 3 j 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 I I 16 2 I 27 32 37 42 48 

54 5 I I 16 22 27 32 38 43 49 

55 6 I I 17 22 28 33 39 44 5o 
56 6 I I 17 22 28 34 39 45 5o 

67 6 I I J 7 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 31 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 !9 25 32 38 44 5o 57 
64 6 i3 !9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 5q 

67 7 i3 20 27 34 4o 4? 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 49 56 63 
80 8 16 2 4 3? 4o 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
100 10 20 3o 4o 5o 60 70 80 90 

All 



TABLE II. — To find the time T; the sum of the radii r and the chord c being given. 

Sum of the Radii 

Chord 4,63 4,64 4,65 4,66 4,67 4,68 4,69 4,70 4,71 4,72 

C. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days [dif. Days | dif. Days |dif. Days |dif. Days Jdif. 

0,00 
0,01 

0,000 
0,625 i 

0,000 
0,626 i 

0,000 
0,627 0 

0,000 
0,627 i 

0,000 
0,628 i 

0,000 
0,629 0 

0,000 
0,629 I 

0,000 
o,63o i 

OjOOO 

o,631 O 

0,000 
0,631 1 

0,0000 
0,0001 
0,0004 0.02 T,25i i 1,252 2 1,254 I 1,255 i i,256 2 i,258 i 1,209 i 1,260 2 1,262 I 1,263 I 

o,o3 1,876 2 1,878 2 1,880 2 1,882 2 1,884 2 1,886 2 1,888 2 1,890 2 1,892 2 1,894 2 0,0009 
0,04 2,502 2 2,5o4 3 2,507 3 2,5l0 2 2,5l2 3 2,5i5 3 2,5i8 3 2,521 2 2,523 3 2,526 3 0,0016 

o,o5 3,127 3 3,i3o 4 3,i34 3 3,i37 4 3,x4i 3 3,i44 3 3,147 A 3,i5i 3 3,i54 3 3,i57 4 0,0025 
0,06 3,753 4 3,757 4 3,761 4 3,765 4 3,769 4 3,773 4 3,777 4 3,781 4 3,785 4 3,789 4 o,oo36 
0,07 4,378 5 4,383 4 4,387 5 4,392 5 4,397 5 4,402 4 4,4o6 5 4,4xi 5 4,4x6 4 4,420 5 o,oo4g 
0,08 5,oo3 6 5,009 5 5,oi4 6 5,020 5 5,025 5 5,o3o 

5,659 
6 5,o36 5 5,o4i 5 5,o46 6 5,o52 5 0,0064 

0,09 5,629 6 5,635 6 5,641 6 5,647 6 5,653 6 6 5,665 6 5,671 6 5,677 6 5,683 6 0,0081 

0,10 6,254 7 6,261 7 6,268 6 6,274 7 6,281 
6,909 

7 6,288 7 6,2g5 6 6,3oi 7 6,3o8 7 6,315 6 0,0100 
0,11 6,880 7 6,887 7 6,894 8 6,902 7 8 6,917 7 6,924 7 6,931 8 6,93g 7 6,946 7 0,0121 
0,12 7,5o5 8 7,513 8 7,521 8 7,529 8 7,537 8 7,645 8 7,553 8 7,561 9 7,570 8 7,578 8 0,0144 
o,i3 8,i3o 9 8,x3g 9 8,148 9 8,i57 8 8,i65 9 8,174 9 8,i83 9 8,192 8 8,200 9 8,209 9 0,0169 

o,i4 8,756 9 8,765 10 8,775 9 8,784 9 8,793 10 8,8o3 9 8,812 10 8,822 9 8,831 9 8,840 10 0,0196 

o,i5 9,381 10 9>3gï 10 9,401 xo 9,4ii 10 9,421 11 9,432 10 9,442 10 9,452 10 9,462 10 9,472 10 0,0225 
0,16 10,006 I I 10,017 I I 10,028 IX io,o3q ii io,o5o 10 10,060 11 10,071 I I 10,082 IO 10,092 11 io,io3 11 0,0256 
0,17 io,632 11 io,643 12 io,655 II 10,666 12 10,678 11 io,68q 11 10,700 12 10,712 11 10,723 12 10,735 11 0,0289 
0,18 11,267 12 11,269 12 11,281 12 11,293 i3 11,3o6 12 ii,3i8 12 n,33o 12 11,342 12 ti,354 12 11,366 12 0,0324 

0,19 11,882 i3 11,895 i3 11,908 i3 11,921 i3 11,934 12 n,g46 i3 ic,959 i3 11,972 i3 11,985 12 n,997 i3 o,o36i 

0,20 i2,5o8 i3 12,521 14 12,535 i3 12,548 i4 12,562 i3 12,575 i3 12,588 i4 12,602 i3 i2,6i5 i4 12,629 i3 0,0400 
0,21 i3,i33 x4 i3,i47 i4 i3,i6i i4 13,175 i5 i3,igo 14 13,204 x4 i3,2i8 x4 l3,232 x4 i3,246 i4 13,260 i4 o,o44i 
0,22 i3,758 i5 13,773 15 13,788 i5 i3,8o3 i4 13,817 i5 i3,832 i5 13,847 i5 13,862 i5 13,877 i4 x3,8gi i5 0,0484 
0,23 i4,383 16 14,399 i5 14,414 16 i4,43o i5 x4,445 16 i4,46i i5 14,476 16 14,492 15 i4,5o7 16 i4,523 i5 0,0529 
0,24 15,009 16 i5,025 16 i5,o4i 16 i5,o57 16 15,073 l6 15,089 77 15,106 16 15,i 22 16 i5,i38 16 i5,i54 16 0,0576 

0,25 15,634 X7 15,651 17 15,668 16 15,684 17 15,701 17 15,718 17 i5,735 17 15,752 16 15,768 17 i5,785 17 0,0625 
0,26 16,259 18 16,277 T7 16,294 18 16,3x2 17 16,32g 18 i6,347 17 16,364 18 16,382 17 i6,3gg 17 16,4x6 l8 0,0676 
0,27 16,884 18 16,902 19 16,921 18 16,939 18 16,957 18 16,975 18 16,993 18 I7.Oï I *9 I7,o3o 18 17,048 l8 0,0729 
0,28 17,509 19 17,528 T9 17,547 19 17,566 !9 17,585 J9 17,604 19 17,623 18 17,641 !9 17,660 19 17,679 !9 0,0784 
0,29 i8,i35 19 i8,i54 20 18,174 19 18,193 20 i8,2i3 19 18,232 20 18,252 19 18,271 20 18,291 19 i8,3io 19 0,0841 

o,3o 18,760 20 18,780 20 18,800 20 18,820 21 18,841 20 18,861 
19,489 

20 18,881 20 18,901 20 18.921 20 18,941 20 0,0900 
o,31 19,385 21 19,406 21 19.427 20 19,447 21 19,468 21 21 19.5x0 21 i9,53i 21 19,552 20 19,572 21 0,0961 
0,32 20,010 21 20,03l 

20.657 
22 2o,o53 22 20,075 21 20,096 

20,72 4 
22 20,118 21 2C,i3g 22 20,161 21 20,182 21 20,203 22 0,1024 

o,33 20,635 22 22 20,679 23 20,702 22 22 20,746 22 20,768 22 20,790 22 20,812 23 20,835 22 0,1089 
0,1156 o,34 21,260 23 21,283 23 21,3o6 23 21,329 23 21,352 22 21,37 4 23 21,397 23 21,420 23 21,443 23 21,466 22 

o,35 21,885 23 21,908 2 4 2i,g32 24 2 1 ,956 23 2i,979 24 22,003 23 22,026 24 2 2,o5o 
22,679 

23 22,073 24 22,097 23 0,1226 
o,36 22,5lO 24 22,534 24 22,558 25 22,583 2 4 22,607 24 22,63i 24 22,655 24 25 22,704 24 22,728 24 0,1296 
0,37 23,i35 25 23,160 25 23,i85 25 23,210 

23,887 
25 23,235 24 23,259 25 23,284 25 23,3og 25 23,334 25 23,35g 24 0,136g 

o,38 23,760 25 23,785 26 23,8ii 26 25 23,862 26 23,888 25 23,913 26 23,989 25 23,964 26 23,990 25 0,1444 
o,3g 24,385 26 24,411 26 24,437 27 24,464 26 24,490 26 24,5x6 26 24,542 26 24,568 27 24,5g5 26 24,621 26 0,1021 

o,4o 25,OOQ 27 25,o36 27 25,o63 27 26,090 27 25,117 27 25,i44 27 25,171 27 25,198 27 25,225 27 25,262 26 0,1600 

o,41 25,634 28 25,662 28 25,690 27 25,717 28 2.5,745 27 25,772 28 25,800 
26,429 

28 25,828 27 25,855 27 25,882 28 0,1681 

0,42 26,259 28 26,287 29 26,3i6 28 26,34/ 28 26,372 29 26,401 28 28 26,457 28 26,485 28 26,5i3 28 0,1764 

o,43 26,884 29 26,913 29 26,942 2Q 26,971 29 27,000 2Q 27,02g 29 27,o58 29 27,087 28 27,11.5 29 27,144 29 0,1849 

o,44 27,509 29 27,538 3o 27,568 3o 27,598 29 27,627 3o 27,657 29 27,686 3o 27,716 3o 27,746 29 27,775 29 o,ig36 

o,45 28,t33 3i 28,164 3o 28,194 3c 28,224 3x 28,255 3o 28,285 3c 28,3i5 
3i,45g 

3c 28,345 3i 28,376 3c 28,406 3o 0,2025 

o,5o 3i,256 34 3i,2QO 34 31,324 34 3x,35£ 33 3i,3gx 34 3i,42£ 3/ 33 31,492 34 3i,526 33 3i,55g 34 0,2500 

o,55 34,378 38 34,416 37 34,453 37 34,49c 37 34,627 37 34,564 37 34,6oi 37 34,638 37 34,675 37 34,712 36 o,3o25 

0,60 37>49g 4i 37,540 4i 37,58i 4c 37,621 4i 37,662 4c 37,702 4c 37,742 4i 37,783 4c 37,82c 4c 37,863 4o o,36oo 

o,65 4o,6ic 44 4o,668 44 40,707 44 4o,75i 44 40,796 44 4o,83c 44 4o,883 43 40,926 44 40,97c 44 4i,ox4 43 0,4225 

0,70 43,738 48 43,786 4/ 43,833 47 43,88c 47 43,927 48 43,97£ 47 44,022 47 44,o6g 47 44;i 16 47 44,163 47 o,4goo 

0,75 46,85f 5c 46,906 5i 46,957 5i 4 7,008 5i 47,o5ç 5c 47,10c 5i 47,16c 5c 47,210 5c 47,26c 5i 47,3h 5c o,5625 

0,80 49.97 s 54 50,026 54 5o,o8c 54 5o,i3/ 54 5o,i88 54 5o,2 4s 5/ 50,296 5/ 5o,35o 54 5o,4o/ 54 5o,458 53 o,64oo 

o,85 53,o8f 58 53,i44 58 53,202 5" 53,25c 57 53,3i6 58 53,37/ 57 53,431 57 53,488 5£ 53,546 57 53,6o3 
56,746 

5? 0,7225 

0,90 56,19c 61 56,26c 6l 56,321 61 56,38: 61 56,443 6l 56,5oz 61 56,565 6c 56,625 6l 56,68€ 6c 6t 0,8100 

0,95 59,3ii 64 59,378 65 59,44c 64 5g,5o/ 64 5g,568 64 5g,63Q 65 59,697 6/ 59,761 64 69,825 63 59,888 64 0,9025 

1,00 62,42c 68 62,488 68 62,556 6f 62,62/ i 6- 62,691 68 62,75 c 68 62,827 67 62,894 67 62,961 68 63,02g 67 1,0000 

10,7185 10,7645 10,8113 10,8578 10,9045 10,951S 10,9981 11,045C 11,0921111,1392 c2 

\ . (r ~\- r " Y or r2 -f- r" 2 nearly. 

624 625 626 627 62.8 629 63o 631 632 

62 63 63 63 63 63 63 63 63 1 
125 125 125 125 126 126 126 126 126 a 
187 188 188 188 188 189 189 189 190 3 
25o 25o 260 25i 25i 252 2Ô2 252 253 4 
3l2 3i3 3i3 3i4 3i4 3i5 315 3i6 3i6 5 
374 375 376 376 377 377 378 379 379 6 
437 438 438 43g 44o 44o 441 44a 442 7 
499 5oo 5oi 502 502 5o3 5o4 5o5 5o6 8 
562 563 563 564 565 566 567 568 56g 9 



TABLE IL — To find the time T; the sum of the radii r-\-r ", and the chord c being given. 

Sum of the Radii r~\-r 

Chord 4,73 4,74 4,75 4,76 4,77 4,78 
C. Days | d if. Days Jdif. Days |dif. Days |dif. Days | d if. Days | dif. 

0,00 
0,01 

0,000 
o,632 I 

0,000 
0.633 1 

0,000 
o,634 0 

0,000 
o,634 I 

0,000 
0,635 O 

0,000 
0,635 1 

0,0000 
0,0001 

0,02 1,264 2 1,266 I 1,267 I 1,268 2 1,270 I 1,271 1 0,0004 
o,o3 1,896 2 1,898 

2,53i 
2 1,900 2 1,902 2 i,9°4 2 1,906 2 o,ooog 

0,0 4 2.529 2 3 2,534 3 2,537 2 2,53g 3 2,542 3 0,0016 

o,o5 3,161 3 3,i64 3 3,167 4 3,171 3 3,174 3 3,177 4 0,0025 
0,06 3,793 4 3,797 4 3,8oi 4 3,8o5 4 3,809 4 3,8i3 4 o,oo36 
0,07 4,425 5 4,43o 4 4,434 5 4,439 5 4,444 4 4,448 5 o,oo4g 
0,08 5,o57 5 5,062 

5,695 
6 5,o68 5 5,078 5 5,078 6 5,o84 5 0,0064 

0,09 5,689 6 6 5,701 6 5,707 6 5,7i3 6 5,719 6 0,0081 

0,10 6,32i 
6,953 

7 6,328 7 6,335 6 6,34i 7 6,348 7 6,355 6 0,0100 
0,11 8 6,961 7 6,968 7 6,975 8 6,983 7 6,990 7 0,0121 
0,12 7,586 8 7,5q4 8 7,602 8 7,610 8 7,618 8 7,626 8 0,0144 
o,i3 8,218 8 8,226 9 8,235 9 8,244 8 8,252 9 8,261 9 0,0169 
0,14 8,85o 9 8,859 9 8,868 10 8,878 9 8,887 9 8,896 10 0,0196 

o,i5 9,482 10 9Â92 10 9,502 10 9,5i2 10 9,522 10 9,532 10 0,0225 
0,16 io,ii4 I 1 10,125 10 io,i35 11 10 ,i46 11 10,157 10 10,167 I I 0,0256 
0,17 10,746 I I 10,757 12 10,769 II 10,780 11 10,791 12 io,8o3 11 0,0289 
0,18 11,378 12 11,390 12 11,402 12 n,4i4 12 11,426 12 ii,438 12 0,0324 
0,19 12,010 i3 12,023 12 i2,o35 i3 12,048 i3 12,061 12 12,073 i3 o,o36i 

0,20 12,642 i3 12,655 i4 12,669 i3 12,682 i3 12,695 i4 12,709 
13,344 

i3 0,0400 
0,21 13,27 4 i4 i3,288 14 i3,3o2 14 i3,3i6 i4 i3,33o i4 i4 o,o441 
0,22 13,906 i5 13,921 i4 i3,g35 i5 i3,g5o i5 i3,g65 i4 13,979 i5 o,o484 
0,23 i4,538 i5 i4,553 16 i4,56q i5 14,584 i5 i4,599 l6 i4,6i5 i5 0,0529 
0,24 15,170 16 i5,i86 l6 15,202 16 i5,2i8 16 15,234 16 i5,25o 16 0,0576 

0,25 15,802 17 ï 5,819 16 i5,835 17 i5,852 17 15,869 16 15,885 17 0,0625 
0,26 16,434 17 i6,45i 18 16,469 17 16,486 17 i6,5o3 17 16,520 18 0,0676 
0,27 17,066 18 17,084 18 17,102 

17,735 
18 17,120 18 i7,i38 18 i7,i56 18 0,0729 

0,28 17,698 l8 17,716 *9 l9 17,754 18 i7,772 19 *9 0,0784 
0,29 18,329 20 18,349 X9 18,368 20 18,388 19 18,407 X9 18,426 *9 0,0841 

o,3o 18,961 20 18,981 20 19,001 20 19,021 20 ig,o4i 20 19,061 20 o,ogoo 
o,31 19,593 21 19,614 20 19,634 21 19,655 21 19,676 20 19,696 21 0,0961 
0,32 20,225 21 20,246 22 20,268 21 20,289 21 20,310 22 20,332 21 0,1024 
o,33 20,857 22 20,879 22 20,go 1 22 20,928 22 20,945 22 20,967 22 0,1089 
o,34 21,488 23 2r,5xx 23 21,534 22 21,556 23 21,579 23 21,602 22 0,1156 

o,35 22,120 24 22,l44 23 22,167 23 22,190 24 22,214 23 22,237 23 0,1225 
o,36 22,752 24 22,776 2 4 22,800 2 4 22,824 24 22,848 24 22,872 24 0,1296 
0,37 23,383 25 23,4o8 25 23,433 25 23,458 24 23,482 25 23,507 24 0,1369 
o,38 24,015 26 24,04l 25 24,066 25 24,091 26 24,117 25 24,142 25 0,1444 
0,39 24,647 26 24,673 26 24,699 26 24,725 26 24,751 26 24,777 26 0,1521 

o,4o 25,278 27 25,3o5 27 25,332 27 25,35g 26 25,385 27 25,4l2 26 0,1600 
o,41 25,910 27 25,937 28 25,g65 27 25,992 27 26,019 

26,654 
28 26,047 27 0,1681 

0,42 26,541 29 26,570 28 26,598 28 26,626 28 28 26,682 27 0,1764 
o,43 27,i73' 29 27,202 28 27,280 29 27,259 29 27,288 28 27,316 29 0,1849 
o,44 27,804 3o 27,834 29 27,863 3o 27,893 29 27,922 29 27,951 3o 0,1986 

o,45 28,436 3o 28,466 3o 28,496 3o 28,526 
31,693 

3o 28,556 3o 28,586 3o 0,2025 
o,5o 3i,5g3 33 31,626 33 3i,65g 34 33 81,726 33 31,759 34 0,2500 
o,55 34,748 37 34,785 37 34,822 37 34,85g 36 34,895 37 34,932 37 o,3o25 
0,60 37,903 4i 37,944 40 37,984 4o 38,024 4o 38,064 4o 38,io4 4o o,36oo 
o,65 4i,o57 44 41,101 43 4i,i44 44 4i,i 88 43 4i,23i 43 41,274 44 0,4225 
0,70 44,210 47 44,257 46 44,3o3 47 44,35o 47 44,397 47 44,444 46 0,4900 

0,75 47,36i 5o 47,4h 5i 47,462 5o 47,512 5o 47,562 5o 47,612 5o 0,5625 
0,80 5o,5ii 54 5o,565 53 5o,6i8 54 50,672 53 50,725 54 50,779 53 o,64oo 
o,85 53,66o 57 53,717 57 53,774 57 53,831 56 53,887 57 53,944 57 0,7225 
0,90 56,807 60 56,867 61 56,928 60 56,988 60 57,048 60 57,108 60 0,8100 
o,95 59,962 64 60,016 64 60,080 63 6o,i43 64 60,207 63 60,270 64 o,go25 
1,00 63,096 67 63,i63 67 63,23o 67 63,297 67 63,364 67 63,431 67 I ,0000 

11,1865 11,2338 11,2813 11,3288 11,3765 11,4242 C2 

k • (r + r") 2 0 r2 -j- r // a nearly. 

631 632 633 634 635 636 

I 63 63 63 63 64 64 1 
2 126 126 127 127 127 127 2 
3 189 190 190 190 191 I91 3 
4 252 253 253 254 25 4 254 4 
5 3i6 3i6 317 317 318 318 5 
6 379 379 38o 38o 381 382 6 
7 442 442 443 444 445 445 7 
8 5o5 5oer 5o6 5o7 5o8 5og 8 
9 568 56g 570 571 572 672 9 

Prop, parts for the sum of the .Radii. 
1 1 2 I 3 | 4 i 5 | 6 | 7 I 8 1 Q 

1 O O 0 0 1 1 1 1 I 
2 0 O 1 1 1 1 1 2 2 
3 0 I 1 1 2 2 2 2 3 
4 0 I I 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 1 1 2 2 3 4 4 5 5 
7 I I 2 3 4 4 5 6 6 
8 I 2 2 3 4 5 6 6 7 
9 I 2 3 4 5 5 6 7 8 

10 1 2 3 4 5 6 7 8 9 
11 1 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 
i4 I 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 II i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 I 1 i3 i4 16 
19 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 I I i3 i5 17 r9 
22 2 4 7 9 II i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
24 2 5 7 10 12 i4 17 *9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 10 i3 l6 18 21 23 
27 3 5 8 I I i4 l6 x9 22 24 
28 3 6 8 I I i4 T7 20 22 2.5 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
3i 3 6 9 12 16 x9 22 25 28 
32 3 6 10 i3 16 *9 22 26 2Q 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 24 27 3i 

35 4 7 II i4 18 21 25 28 32 
36 4 7 11 i4 18 22 25 29 32 
37 4 7 II i5 x9 22 26 3o 33 
38 4 8 11 i5 J9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 X9 2 4 28 33 38 42 
48 5 IO i4 X9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 IO i5 20 25 3o 35 4o 45 
5i 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 4? 
53 5 11 16 21 27 32 37 42 48 
54 5 11 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 39 44 5o 
56 6 I I 17 22 28 34 39 45 5o 

57 6 I I 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 62 

59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 
64 6 i3 x9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 5g 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
69 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 63 
80 8 16 2 4 32 4o 48 56 64 72 
90 9 18 27 36 45 54 63 72 81 

IOO 10 20 3o 4o 5o 60 70 80 9° 



TABLE II. — To find the time T; the sum of the radii r -f r", and the chord c being given. 

Sum of the Radii r -\-r ". 

Chord 
c. 

0,00 

0,01 

0,02 

o,o3 
0,04 

o,o5 
0,06 

0,07 

0,08 

0,09 

0,10 

o,x 1 
0,12 

0,13 

o,i4 

0,15 
0,16 

0,17 

0,18 

o,i 9 

0,20 

0,21 

0,22 

0,23 
0,24 

0,25 
0,26 

0,27 

0,28 

0,29 

o,3o 
o,31 
0,32 
o,33 

o,34 

o,35 
o,36 
0,37 
o,38 
o,3g 

o,4o 
o,4i 
0,42 
o,43 

o,44 

o,45 
o,5o 
o,55 
0,60 

o,65 
0,70 

0,75 
0,80 

o,85 
0,90 

o,g5 
1,00 

4,79 4,80 4,81 4,82 4,83 4,84 4,85 4,86 4,87 
Days Id if. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |dif. Days |d 

0,000 

o,636 X 

0,000 

0,637 0 

0,000 

0,637 I 

0,000 

0,638 I 

0,000 

o,63g 0 

0,000 

0,639 I 

0,000 

0,640 I 

0,000 

0,641 O 

0,000 

o,641 

1,272 2 1,274 I 1,275 I 1,276 2 1,278 I I,279 T 1,280 2 1,282 I 1,283 

1,908 2 1,910 2 1,9x2 

2,55o 

2 1,914 2 1,916 2 1,918 2 I,g20 
2,56o 

2 1,922 2 1,924 

2,545 2 2,547 3 3 2,553 2 2,555 3 2,558 2 3 2,563 3 2,566 

3,i8i 3 3,i84 3 3,187 4 3,191 3 3,194 3 3,197 4 3,201 3 3,204 3 3,207 

3,817 4 3,821 4 3,825 4 3,829 4 3,833 4 3,837 4 3,84i 4 3,845 4 3,84g 

4,453 5 4,458 4 4,462 5 4,467 5 4,472 4 4,476 5 4,481 4 4,485 5 4,49° 

5,089 5 5,094 6 5,100 5 5,io6 5 5,i 10 6 5,ii6 
5,755 

5 5,121 

5,761 

5 5,126 

5,767 

5 5,i3i 

5,725 6 5,78x 6 5,737 6 5,743 6 5,749 6 6 6 6 5,773 

6,361 7 6,368 7 6,375 6 6,381 7 6,388 6 6,3g4 7 6,401 7 6,4o8 6 6,414 

6,997 8 7,oo5 7 7,012 7 7,019 8 7,027 7 7,°34 7 7,°4i 7 7,°48 8 7,o56 

7,634 7 7,641 8 7,649 8 7,657 8 7,665 8 7,673 8 7,681 8 7,689 8 7,697 

8,270 8 8,278 9 8,287 9 8,296 8 8,3o4 9 8,3i3 8 8,321 9 8,33o 8 8,338 

8,906 9 8,gi5 9 8,924 10 8,g34 9 8,943 9 8,g52 9 8,961 10 8,971 9 8,980 

9,542 10 9,552 10 9,562 xo 9,572 10 9,582 9 9,59i 10 9,601 10 9,611 10 9,621 

10.178 10 io.x88 I I 10,199 
10,836 

11 10,210 10 10,220 11 10,281 

10,870 

ro 10,241 11 10,252 I I 10,203 . 

10,814 11 10,825 ï I 12 10,848 11 io,85q I I 11 10,881 12 io,8g3 11 10,904 

1 i,45o 12 11,462 12 11,474 12 11,486 12 n,4g8 12 ii,5io 11 11,521 12 11,533 12 11,545 

12,086 i3 12,099 12 12,1X1 i3 12,124 12 12,136 r3 12,149 12 12,161 18 12,174 12 12,186 

12,722 i3 12,735 i4 12,74g t3 12,762 i3 12,775 13 12,788 i3 12,801 i4 i2,8i5 i3 12,828 

i3,358 i4 13,372 i4 i3,386 i4 13,400 14 13,4x4 i4 13,428 r3 i3,44i i4 13,455 i4 13,469 

i3.gg4 i5 14,009 i4 14,023 x5 x4,o38 i4 i4,o52 i5 14,067 i4 14,081 i5 14,096 i4 i4,i 10 

i4,63o i5 i4,645 i5 14,66o 16 14,676 i5 i4,6gi i5 14,706 i5 14,721 i5 i4,736 16 14,752 

15,266 16 16,282 16 16,298 16 i5,3i4 16 i5,33o i5 15,345 16 x5,36i 16 15,377 16 15,593 

15,902 l6 i5,gi8 17 i5.g35 17 i5,g52 16 15,968 17 i5,g85 16 16,001 17 16,018 16 i6,o34 

16,538 17 i6,555 17 x6,572 17 i6,58g 18 16,607 17 16,624 17 16,641 17 16,658 17 16,675 

17,174 18 I7A92 17 17,209 18 17,227 18 17,245 18 17,263 x8 17,281 18 i7,299 18 17,317 

17,810 18 17,828 rg 17,847 18 17,865 19 
17,884 18 i7,9°2 19 i7,92i 18 17,989 19 17,958 

i8,445 20 18,465 19 18,484 !9 x8,5o3 19 
18,522 19 i8,54i 20 i8,56i 19 i8,58o 19 18,599 

19,081 20 19,101 

19,788 

20 19,121 

19,758 

20 I9,i4i 20 19,161 20 19,181 19 19,200 20 19,220 20 19,240 

19,717 21 20 21 19,779 20 19,799 21 19,820 20 ig,84o 21 19,861 20 ig,88i 

20,353 21 20,374 21 20,3q5 22 20,417 21 20,438 21 20,459 21 20,480 21 20,50I 21 20,522 

20,989 22 21,011 21 21,062 22 2i,o54 22 21,076 22 21,098 22 21,120 22 21,142 21 2i,i63 

21,624 23 21,647 23 21,670 22 21,692 23 21,715 22 21,737 23 21,760 22 21,782 22 21,804 

22,260 23 22,283 2 4 22.307 23 22,33o 23 22,353 23 22,376 23 22,399 23 22,422 23 22,445 

22,896 24 22,920 

23,556 
24 22,944 23 22,967 24 22,991 24 23,oi5 24 23,o3g 24 23,o63 23 23,086 

23,53i 25 25 23,58i 24 23,606 25 23,63o 24 23,654 25 23,679 24 23,703 24 23,727 

24,167 25 24.192 26 24,218 2.5 24,243 25 24,268 25 24,293 25 24,318 25 24,343 25 24,368 

24,8o3 26 24,829 26 24,855 25 24,880 26 24,906 26 24,932 26 24,968 26 24,984 25 25,009 

2 5,438 27 25,465 26 25,491 27 25,5i8 27 25,545 26 25,571 26 25,597 27 25,624 26 25,65o' 

26,074 27 26,101 27 26,128 28 26,156 27 26,183 27 26,210 

26,849 

27 26,237 27 26,264 27 26,291 

26,709 28 26,737 28 26,765 28 2.6,793 28 26,821 

27,459 
28 27 26,876 28 26,904 28 26,932 

27,345 29 27,37 4 28 27,402 29 27,43i 28 29 27,488 28 27,516 28 27,544 29 27,573 

27,98t 29 28,010 29 28,o3g 29 28,068 29 28,097 29 28,126 29 28,i55 29 28,184 3o 28,214 

28,616 3c 28,646 3o 28,676 3o 28c, 06 29 28,735 3c 28,765 3o 28,795 3o 28,825 29 28,854 

3r,7g3 33 31,826 33 3x,85q 33 31,892 33 31,925 34 31,959 33 31,992 33 32,025 33 32,o58 

34,969 36 35,oo5 37 35,o42 36 35,078 3? 35,ii5 36 35,x 51 36 35,187 37 35,224 36 35,260 

38,i44 4c 38,i84 3c 

43 

38,223 4c 38.263 4o 38,3o3 4c 38,343 39 38,382 40 38,422 4o 38,462 

4i,3i8 43 4i,36i 4i,4o4 43 4i,44" 43 41,490 45 4i,533 43 4i,576 43 4i,6ig 43 41,6362 

44,490 4- 44,537 46 44,583 4", 44,63c 46 44,676 4- 44,723 46 44,76g 46 44,815 47 44,862 

47,662 5c 47,712 5c 47,762 5c 47,8n 4c 47,861 5c 47,9n 5c 47,961 4s 

53 
48,01c 5c 48,060 

5o,832 58 5o,885 51 5o,q3c 5: 50,99; 53 51,o45 53 5x,og£ 53 5i.i5i 5l,204 5/ 5x,257 

54,ooi 5- 54,o58 56 54,nr: 5r 54,171 56 54,227 5' 54,28/ 56 54,34c 56 54,396 56 54,452 

57,168 6c 57,228 6c 57,286 6c i 57,348 6c 57U08 6c 57,463 5c 57,52' 6c 57,58- 5c 57,646 

6o,334 6: 60,3g" 6/ 6o,46i 6. 3 60,52/ il 63 60,587 63 60,65c 6. 60,71. 6/ 60,776 6. 6o,83g 

63,498 6r 7 63,568 1 « 63,63j 6- 7 63,6g8f 66 63,76/ 6- 63,83 6( 3 63,89' 6- 63,96/ 66 64,o3o 

11,4721 11,520C 11,5681 L 11,6165 11,664:1 ) ll,im 5 11,7613111,8096 5 11,8c 

!9 

21 

23 

2Ô 

4,88 
Days ) d if. 
0,000 

0,642 ï 
0,0000 

0,0001 

1,284 2 0,0004 
1,926 2 0,0009 
2,568 3 0,0016 

3,210 4 0,0025 
3,853 3 o-,oo36 
4,4g5 4 0,0049 
5,i37' 5 0,0064 

5,779 6 0,0081 

6,421 6 0,0100 

7,o63 7 0,0121 

7,705 8 0,0144 
8,347 9 0,0169 

8,989 9 0,0196 

9,631 10 0,0225 
10,273 1 r 0,0256 

io,9i5 I I 0,0289 

1 i,557 12 o,o324 

iV99 12 o,o36i 

12.841 i3 o,o4oo 

13,483 i4 o,o44i 
14,125 i4 0,0484 

14,767 i5 o,o52g 

15,409 i5 0,0576 

x6,o5i 16 0,0625 

!6,6g2 18 0,0676 

17,334 18 0,0729 

17^976 19 0,0784 

18,618- 19 0,0841 

19,260 19 o,ogoo 

19,902 20 0,0961 

20,543 21 0,1024 

2i,x85 22 0,1089 

21,827 2-2 0,1156 

22,468 23 0,1225 
23,110 24 0,1296 

23,752 24 0,136g 

0,1444 24,393 25 
25,o35 26 0,l52I 

25,677 2 6 0,1600 

26,3i8 27 0,1681 

26,960 27 0,1764 

27,601 28 0,1849 

) 28,243 28 0,1 g36 

x 28,884 3o 0,2025 
3 32,OQI 33 o,25oo 

5 35,296 37 o,3o25 
X 38,5ox 4o o,36oo 

3 4i,7o5 43 0,4225 

5 44,908 46 0,4900 

X 48,iog 5c 0,5625 
3 5i,3ic 52 o,64oo 

7 54,5oc 56 0,722.5 

o 57,706 5c 0,8100 

3 60,902 6i 0,9025 

6 64,096 66 1,0000 

7] 11,907$ Ç2 

. (r 4- r")2 -f- r"3 nearly. 

1 

2 

3 

4 
5 
6 
7 
8 

635 

64 
127 

254 
3i8 
38i 

445 
5o8 
572 

636 

64 
127 

191 

254 
3i8 
382 
445 
5og 

672 

637 

64 
127 

191 
255 
3iq 

382 
446 
5io 

5?3 

638 63g 640 641 

64 64 64 64 

128 128 128 128 

191 192 192 192 

255 256 256 256 

3ig 320 320 321 

383 383 384 385 

447 447 448 449 
5io 5ii 5l2 5i3 

574 575 576 577 

642 

64 
128 

ig3 
267 

321 

385 

449 
5i4 
578 

643 

64 
129 

ig3 
a5j 
322 
386 
45o 
5i4 
579 

T 

2 

3 

4 
5 
6 
7 
8 



CN 
C

O
 

O
 

TABLE II. — To find the time T; the sum of the radii r-\-r'', and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 4,89 4,90 4,91 4,92 4,93 4,94 
C. Days |dif. Days |dif. Days jdif. Days | di f Days |dif. Days |dif. 

0,00 

0,01 

0,000 

0,643 0 

0,000 

0,643 i 
0,000 

o,644 1 

0,000 

0,645 0 

0,000 

0,645 I 
0,000 

o,646 i 
0,0000 

0,0001 

0,02 1,286 I 1,287 I 1,288 I 1,28g 2 1,291 1 1,292 X 0,000 4 

o,o3 1,928 2 1,930 2 1,932 2 1,934 2 i,g36 2 i,g38 2 0,0009 

o,o4 2,571 3 2,574 2 2,576 3 2,579 2 2,58i 3 2,58 4 3 0,0016 

o,o5 3,214 3 3,217 3 3,220 4 3,2 24 3 3,227 3 3,23o 

3,876 

3 0,0025 

0,06 3,856 4 3,860 4 3,864 4 3,868 4 3,872 4 4 o,oo36 

0,07 4,499 5 4,5o4 4 4,5o8 5 4,5i3 5 4,5i8 4 4,522 5 o,oo4g 

0,08 5,i4a 5 5,i47 5 5,i52 6 5,i 58 5 5,i63 5 5,168 5 0,0064 

0,09 5,785 6 5,79! 5 5,796 6 5,802 6 5,8o8 6 5,8x4 6 0,0081 

0,10 6,427 7 6,434 7 6,441 6 6,447 7 6,454 6 6,460 7 0,0100 

0,1 I 7,070 7 7,°77 8 7,o85 7 7,092 7 7=099 7 7,106 7 0,0121 

0,12 7,7*3 8 7,721 8 7,729 7 7,736 8 7=7 44 8 7,752 8 0,0144 

o,i3 8,356 8 8,364 9 8,373 8 8,381 9 8,3go 8 8,398 9 0,0169 

o,i4 8,99s 9 9;007 10 9>OI7 9 9,026 9 9,°35 9 9,044 9 0,0196 

0,15 9,641 IO 9,651 10 9,661 9 9,670 10 9,680 10 9,690 10 0,0225 

0,16 10,284 10 10,294 II io,3o5 10 io,3i5 I I 10,326 10 io,336 10 0,0256 

0,17 10,926 11 10,937 12 10,949 11 10,960 I I 10,971 II 10,982 II 0,0289 

0,18 11,569 12 1 i,58i 12 n,5g3 11 11,604 12 11,616 12 11,628 12 o,o324 

0,19 
12,211 i3 12,224 12 12,236 i3 12,249 12 12,261 i3 12,274 12 o,o36i 

0,20 12,854 i3 12,867 i3 12,880 i4 12,894 i3 12,907 i3 12,920 i3 o,o4oo 

0,2 1 13,497 i4 i3,5i 1 i3 i3,524 i4 i3,538 i4 i3,552 i4 i3,566 t3 0,0 441 

0,22 i4,i3g i5 i4,i54 i4 i4,i68 i5 i4,i83 i4 i4,i97 i4 l4,2II i5 0,0484 

0,23 14,782 i5 i4,797 j5 14,812 i5 14,827 i5 14,842 i5 i4,857 i5 o,o52g 

0,24 i5,424 16 i5,44o 16 15,456 16 15,472 16 15,488 i5 i5,5o3 16 0,0576 

0,25 16,067 16 i6,o83 17 16,100 16 16,116 17 i6,i33 16 16,149 16 0,0625 

0,26 16,710 17 16,727 17 16,744 17 16,761 17 16,778 17 16,795 17 0,0676 

0,27 17,352 18 17,370 18 17,388 17 i7,4o5 18 17,423 l8 i7,44i 17 0,0729 

0,28 17,99^ 18 i8,ox3 18 i8,o3i *9 i8,o5o 18 18,068 18 18,086 19 0,0784 

0,29 18,637 *9 18,656 *9 18,675 *9 18,694 19 18,713 *9 18,732 *9 0,0841 

o,3o I9;279 20 r9>299 20 19,319 20 ig,33g *9 19,358 20 19,378 *9 0,0900 

o,31 19,922 20 i9>942 21 19,963 20 19,983 20 20,003 
20,648 

21 20,024 20 0,0961 

0,32 20,564 21 20,585 21 20,606 21 20,627 21 21 20,66g 21 0,1024 

o,33 21,207 21 21,228 22 21,200 22 21,272 2r 2T,2q3 22 2i,3i5 22 0,1089 

o,34 21,849 22 21,871 23 21,894 22 21,916 22 21 ,g38 23 21,961 22 o,ii56 

o,35 22,491 23 22,5l4 23 22,537 23 22,56o 23 22,583 23 22,606 23 0,1225 

o,36 23,i34 23 23,i57 24 23,l8l 24 23,205 23 23,228 24 23,202 
23,897 

23 0,1296 

0,37 23,776 24 23,8oo 25 23,825 24 23,849 24 23,873 24 25 0,136g 

o,38 24,418 25 24,443 25 24,468 25 24,493 25 24,5i8 25 24,543 25 0,1444 
0,39 25,061 25 25,086 26 25,112 25 25,i37 26 25,163 26 25,189 25 0,l52I 

o,4o 25,703 26 25,729 26 25,755 27 25,782 26 25,808 26 25,834 26 0,1600 

0,41 26,345 27 26,372 27 26,399 27 26,426 27 26,453 27 26,480 26 0,1681 

0,42 26,987 28 27,015 27 27,042 28 27,070 28 27,098 27 27,125 27 0,1764 

o,43 27,629 29 27,658 28 27,686 28 27,714 28 27,742 28 27,770 29 0,1849 

o,44 28,271 29 28,3oo 29 28,32g 29 28,358 29 28,387 29 28,416 29 0,1936 

o,45 28,914 29 28^43 3o 28,973 2Q 29,002 3o 2.g,o32 29 29,061 3o 0,2025 

o,5o 32,124 32 32,i56 
35,369 

33 32,i8g 33 32,222 33 32,255 33 32,288 32 0,2500 

o,55 35,333 
38,54i 

36 36 35,4o5 36 35,44l 36 35,477 36 35,5i3 36 o,3o25 

0,60 3q 38,58o 4o 38,620 89 38,65g 89 38,6g8 4o 38,738 3q o,36oo 

0,4225 o,65 41,748 43 4i,79x 42 41,833 43 41,876 43 4i,9i9 42 41,961 43 
0,70 44,954 46 45,ooo 46 45,o46 46 45,092 46 45,x38 46 45,i84 46 0,4900 

0,75 48,159 49 48,208 5o 48,258 49 48,307 49 48,356 4q 48,4o5 5o o,5625 
0,80 51,362 

54,565 
53 5i,4i5 53 51,468 52 5i,520 

54,733 
53 5i,573 53 51,626 52 o,64oo 

o,85 56 54,621 56 54,677 56 55 54,788 56 54,844 56 0,7225 

0,90 57,765 60 57,825 5q 57,884 5q 57,943 5q 58,002 60 58,062 5q 0,8100 

0,95 60,965 62 61,027 63 61,090 62 6i,i52 63 6i,2i5 62 61,277 63 0,9025 

1,00 64,162 66 64,228 66 64,294 66 64,36o 66 64.426 66 64,492 65 I ,0000 

11,9561 12,0050 12,0541 12,1032 12,1525 12,2018 t2 

1 
2 . ( r -f - r" ) 2 or r2 -f r II 2 nearly. 

642 643 644 645 646 

64 64 64 65 65 1 
128 129 129 129 129 2 
ig3 i93 ig3 19 4 i94 3 
267 257 258 258 258 4 
321 322 322 323 323 5 
385 386 386 387 388 6 
44g 45o 451 452 452 7 
5i4 5i 4 515 516 517 8 
578 579 58o 58i 58i 9 

a18 

Prop, parts for the sun 
I | 2 | 3 | 4 1 5 

of 
6 

the Raci 

7 1 s 
11. 

9 

I O 0 O 0 1 i 1 I 1 
2 0 0 I I 1 i 1 2 2 
3 0 I 1 I 2 2 2 2 3 
4 0 I i 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I I 2 2 3 4 4 5 5 

7 1 I 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 1 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
I I I 2 3 4 6 7 8 9 10 
12 I 2 4 5 6 7 8 xo 11 
i3 1 3 4 5 7 8 9 10 12 

i4 I 3 4 6 7 8 10 I 1 i3 

i5 2 3 5 6 8 9 11 12 x4 
16 2 3 5 6 8 10 j 1 i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 n i3 i4 16 
19 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 11 i3 i5 17 *9 
22 2 4 7 9 I I i3 i5 18 20 
23 2 5 7 9 12 i4 l6 18 21 
24 2 5 7 IO 12 i4 17 *9 22 

25 3 5 8 10 i3 x5 18 20 23 
26 3 5 8 IO i3 16 18 21 23 
27 3 5 8 11 i4 16 *9 22 24 
28 3 6 8 11 i4 17 20 22 25 

29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 2 4 27 
3i 3 6 9 12 16 *9 22 25 28 
32 3 6 10 i3 16 *9 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 14 17 20 24 27 3i 

35 4 7 I I i4 l8 21 25 28 32 
36 4 7 1 I i4 18 22 25 29 32 

37 4 7 I I i5 19 22 26 3o 33 
38 4 8 I I i5 *9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 24 28 32 36 
4i 4 8 I 2 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 *9 2 4 28 33 38 42 
48 5 10 i4 *9 24 29 34 38 43 

49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5i 5 10 15 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 47 
53 5 11 16 21 27 32 37 42 48 

54 5 11 16 22 27 32 38 43 49 

55 6 11 17 22 28 33 3q 44 5o 
56 6 11 17 22 28 34 39 45 5o 

57 6 11 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 

59 6 12 l8 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 4q 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 19 25 32 38 44 5o 57 

64 6 i3 *9 26 32 38 45 5x 58 

65 7 i3 20 26 33 39 46 52 5q 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 

69 7 i4 21 28 35, 4i 48 55 62 

70 7 14 21 28 35 42 4q 56 63 
80 8 16 2 4 32 4o; 48 56 64 72 

9° 9 18 27 36 45 54 63 72 81 
IOO 0 20 3o 4o 5o 60 70 80 90 i 



TABLE II. — To find the time T\ the sum of the radii r -j-r11, and the chord c being given. 

Sum of the Radii 

Ch ord 4,95 4,96 4,97 4,98 4,99 5,00 5,01 5,02 5,03 5,04 
C. Days | dif. Days |dif. Days | dif. Days |dif. Days (dif. Days [dif. Days ] dif. Daysjdif. Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,647 0 

0,000 
0,647 I 

0,000 
0,648 i 

0,000 
0,649 O 

0,000 
0,64g 1 

o?ooo 
o,65o 1 

0,000 
0,651 0 

0,000 
0,651 1 

0,000 
0,652 I 

0,000 
0,653 0 

0,0000 
0,0001 

0,02 
o,o3 

1,293 2 1,295 I 1,296 I 1=297 2 1=299 1 i,3oo 1 i,3oi 1 1,302 2 i,3o4 I i,3o5 1 0,0004 
1,940 2 1,942 2 1=944 2 I,g46 2 1=948 2 i,g5o 2 1,952 2 1,954 2 i=956 2 i,958 2 0,0009 

0,04 2,587 2 2,58g 3 2,692 3 2,595 2 2,597 3 2,600 2 2,602 3 2,6o5 3 2,608 2 2,610 3 0,0016 

o,o5 3,233 4 3,237 3 3,24o 3 3,243 3 3,246 4 3,25o 3 3,253 3 3,256 3 3,25g 4 3,263 3 0,0025 
0,06 3,88o 4 3,884 4 3,888 4 3,892 4 3,896 4 3,900 4 3,go4 3 3,907 4 3,911 4 3,gi5 4 o,oo36 
0,07 4,527 4 4,53x 5 4,536 4 4,54o 5 4,545 5 4,55o 4 4,554 5 4,55g 4 4,563 5 4,568 4 0,0049 
0,08 5,173 6 5,179 5 5,i84 5 5,189 5 5,ig4 5 5=199 6 5,2o5 5 5,210 5 5,2i5 5 5,220 5 0,0064 
0,09 5,820 6 5,826 6 5,832 6 5,838 6 5,844 5 5,849 6 5,855 6 5,86i 6 5,867 6 5,873 6 0,0081 

0,10 6,46 7 6 6,473 7 6,480 6 6,486 7 6,493 6 6,499 7 6,5o6 6 6,5i2 
7,i63 

7 6,5ig 6 6,525 7 0,0100 
0,1 X 7,ii3 8 7,121 7 7,128 7 7=i35 7 7,l42 7 7=i4g 7 7,i56 7 8 7=171 7 7,178 7 0,0121 
0,12 7=760 8 7,768 8 7=776 7 7,783 8 7=791 8 7=799 8 7,807 8 7=8i5 7 7,822 8 7,83o 8 0,0144 
o,i3 8,407 8 8,4i5 9 8,42.4 8 8,432 9 8,441 8 8,449 8 8,457 9 8,466 8 8,474 9 8,483 8 0,0169 
0,14 9,o53 9 9,062 10 9=°72 9 9=081 9 9=°9° 9 9=°99 9 9,108 9 9=XI7 9 9,126 9 9=i35 9 0,0196 

o,i5 9=700 10 9=710 9 9=7i9 10 9=729 
10,878 

10 9=739 10 9=749 9 9=758 10 9=768 10 9=778 10 9=788 9 0,0225 
0,16 io,346 II 10,357 10 10,367 11 10 10,888 11 10=399 10 io,4oq 10 10,419 II io,43o 10 io,44o 10 0,0256 
0,17 10,993 11 11,004 II ii,oi5 11 11,026 II 11,037 II 11,048 II 11,059 12 11,071 II 11,082 11 11,093 II 0,0289 
0,18 ir,64o II ir,65i 12 11,663 12 11,675 12 11,687 I I 11,698 12 11,710 12 11,722 11 ii,733 12 ii,745 12 o,o324 
0,19 12,286 i3 12,299 12 12,3i 1 12 12,323 i3 12,336 12 12,348 12 i2,36o i3 12,373 12 12,385 12 12=397 i3 o,o36i 

0,20 12,933 i3 I2,g46 i3 12=959 i3 12,972 i3 i2,g85 i3 12,998 i3 i3,oii i3 i3,024 i3 i3,o37 i3 i3,o5o i3 o,o4oo 
0,21 i3,579 14 i3,593 i4 13,607 i3 t3,020 i4 13,634 i4 13,648 i3 i3,66i i4 13,675 i4 i3,68g i3 13,702 i4 0,0441 
0,22 14,226 i4 14,240 i5 i4,255 i4 14,269 x4 i4,283 i5 14,298 i4 i4,3i2 i4 i4,326 i4 i4,34o i5 i4,355 i4 0,0484 
0,23 14,872 i5 14,887 i5 14,902 i5 14,917 i5 14,g3 2 i5 14=947 i5 14,962 i5 i4=977 i5 14,992 i5 15,007 i5 o,o52g 
0,24 15,519 16 15,535 i5 i5,55o 16 15,566 i5 i5,58i 16 15,597 16 15,6i 3 i5 15,628 16 15,644 i5 i5,659 16 0,0576 

0,25 i6,i65 17 16,182 16 16,198 16 i6,2l4 17 i6,23i 16 16,247 16 16,263 
i6,gi3 

16 16,279 16 16,295 17 i6,3i2 
16,964 

16 0,0625 
0,26 16,812 17 16,829 17 16,846 17 16,863 

17,5i 1 
17 16,880 17 16,897 16 17 16,930 17 16,947 17 17 0,0676 

0,27 17=458 18 17,476 17 t7=4g3 18 18 17=529 17 17=546 18 17=564 17 17,581 18 x7=599 17 17,616 18 0,0729 
0,28 i8,io5 18 i8,I23 18 i8,i4i 18 18,159 x9 18,178 18 18,196 18 18,214 18 18,232 18 18,260 J9 18,269 18 0,0784 
0,29 18,751 *9 18,770 X9 18,789 X9 18,808 19 18,827 19 18,846 18 18,864 X9 18,883 x9 18,902 x9 18,921 x9 0,0841 

o,3o x9=397 20 19=417 20 19,437 x9 19,456 20 19,476 19 ig=4g5 20 ig,5i5 19 T9,534 20 19,554 x9 19,573 20 0,0900 
o,3i 20,0 44 20 20,064 20 20,084 21 20,Io5 20 20,125 20 20,145 20 20,165 20 2o,i85 20 20,2o5 20 20,225 20 0,0961 
0,32 20,690 21 20,711 21 20,732 21 20,753 21 20,77 4 21 20,795 20 20,815 21 20,836 21 20,857 21 20,878 20 0,1024 
o,33 21,337 21 21,358 22 2i,38o 21 2I,4oi 22 21,423 21 21,444 22 21,466 21 21,487 21 2i,5o8 22 2i,53o 21 0,1089 
o,34 21,983 22 22,005 22 22,027 22 22,049 23 22,072 22 22,094 22 22,116 22 22,l38 22 22,160 22 22,182 22 0,1156 

o,35 22,629 23 22,652 23 22,675 23 22,6q8 22 22,720 23 22,743 23 22,766 23 22,789 22 22,8T I 23 22,834 23 0,1225 
o,36 23,276 24 23,299 23 23,322 2 4 23,346 23 23,869 24 23,8g3 23 23,4i6 24 23,440 23 23,463 23 23,486 24 0,1296 
0,37 23,922 24 23,946 24 23,970 24 23=994 24 24,018 24 2.4,042 24 24,066 24 24,090 2 4 24,114 2 4 24,i38 24 0,1369 
o,38 24,568 25 24,5g3 25 24,618 24 24,642 25 24,667 25 24,692 24 24,716 25 24,741 25 24,766 24 24,79° 25 0,1444 
0,39 25,2i4 26 25,240 25 25,205 25 25,290 26 25,3i6 25 25,34i 26 26,367 25 25,392 25 25,417 25 25,442 26 0,l52I 

o,4o 25,860 26 25,886 26 25,912 27 25,939 26 25,965 26 25,991 26 26,017 26 26,043 26 26,069 26 26,095 25 0,1600 
o,4i 26,506 27 26,533 27 26,560 27 26,587 26 26,6i3 27 26,640 27 26,667 2 6 26,693 27 26,720 27 26,747 26 0,1681 
0,42 27,x52 28 27,180 27 27,207 28 27,235 27 27,262 27 27,289 28 27,317 27 27=344 27 27,371 27 27,398 28 0,1764 
o,43 27,799 28 27,827 28 27,855 28 27,883 28 27=911 28 27,939 28 27=967 28 27=995 28 28,023 27 28,060 28 0,1849 
o,44 28,445 28 28,473 29 28,502 29 28,53i 28 28,559 29 28,588 29 28,617 28 28,645 29 28,674 28 28,702 29 0,1936 

o,45 29,091 29 29,120 2Q 29=i49 3o 29=I79 2Ç 29,208 29 29,237 3o 29,267 2C 29,296 
32,548 

29 29,325 29 2q,35cj 29 0,2025 
o,5o 32,32C 33 32,353 33 32,386 32 32,4i8 33 3 2,451 32 32,483 33 32,5i6 3s 33 32,58i 32 32,6i3 33 o,25oo 
o,55 35,54c 36 35,585 36 35,621 36 35,657 36 35,6g3 36 35,729 35 35,764 3e 35,8oo 36 35,836 36 35,872 35 o,3o25 
0,60 38,777 39 38,8x6 4o 38,856 3g 38,898 3c 38sg34 39 38,978 3q 3g,oi2 3c 3g,o5i 3c 39=09° 39 39,129 3g o,36oo 
o,65 42,00c 43 42,o4^ 42 42,08g 42 42,i3i 45 42,174 42 42,216 43 42,25g 4s 42,301 42 42,343 42 42,385 42 0,4225 
0,70 45,23c 46 45,276 45 45,32i 46 45,367 46 45,4i3 45 45,458 46 45,5o^ 4f 45,55c 45 45,5g5 46 45,64i 45 o,4goo 

0,75 48,455 4c 48,5orj 4c 48,553 4c 48,602 4c 48,651 4q 48,700 48 48,748 4c 48,797 4c 48,846 4q 48,8g5 48 o,5625 
0,80 51,67^ 52 51,73c 56 51,786 52 5i,835 5s 5i,887 52 51,g3g 53 51,992 5s 52,04C 52 52,096 62 52,148 52 o,64oo 
o,85 54^)oc 56 54,g56 55 55,oii 56 55,067 56 55,128 55 55,178 55 55,233 5( 55,28c 55 55,344 55 55,399 56 0,7225 
0,90 58,12] 5c 58,x8c 5c 58,23c 5c 58,298 58 58,356 

61,589 
5q 58,4i5 5q 58,474 58 58,53s 5c 58,5gi 59 58,65o 58 0,8100 

0,95 61,34c 3 62 61,402 6s 6i,46c 66 61,527 6s 62 61,651 
64,885 

62 61,713 6s 61,775 62 61,837 6l 61,898 62 0,9025 
1,00 64=55r 7 66 64,626 66 64,68c 66 64,75c 66 64,81 g 66 65 64,95o 6: 65,oi5 65 65,08c 66 65,i46 65 1,0000 

12,2512 12,3006 12,3505 12,400S 12,4501 12,5000 12,5501 12,6002 12,6505 12,7008 c2 

i . (r -j- r " )2 or r® r " 2 nearly. 

646 647 648 649 65o 65i 652 653 
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65 65 65 65 65 65 65 
2 129 12g i3o i3o i3o i3o i3o i3i 

3 ig4 194 194 ig5 ig5 ig5 196 196 

4 258 25g 2 5g 260 260 260 261 261 

5 323 3 2.4 324 325 325 326 326 327 

6 388 388 389 38g 3 9° 3gi 3gi 392 
7 452 453 454 454 455 456 456 457 
8 5i7 5i8 5i8 5ig 5qo 521 522 622 

9 581 582 583 584 585 586 587 588 tO
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TABLE IL — To find the time T\ the sum of the radii r-\-r ", and the chord c being given. 

Sum of the Radii 

Chord 5,05 5,06 5,07 5,08 5,09 5,10 
C. Days | d if. Days |dif. Days |dif. Days |dif. Days |dif. ' Days | dif. 

0,00 

0,01 

0,000 

0,653 I 

0,000 

o,654 0 

0,000 

o,654 I 

0,000 

0,655 I 

0,000 

0,656 O 

0,000 

0,656 1 

0,0000 

0,0001 

0,02 i,3o6 2 x,3o8 I 1,309 I x,3ro 

I,g65 
2 I,3l2 I i,3i3 I 0,0004 

o,o3 1,960 I 1,961 2 i,g63 2 2 1,967 2 1=969 2 0,0009 

0,04 2,6i3 2 2,6i5 3 2,618 2 2,620 3 2,623 3 2,626 2 0,0016 

o,o5 3,266 3 3,269 3 3,272 4 3,276 3 3,279 3 3,282 3 0,0025 
0,06 3,9!9 4 3,923 4 3,927 4 3,g3i 4 3,935 3 3,g38 4 o,oo36 
0,07 4,572 5 4,577 4 4,581 5 4,586 4 4,590 5 4,5g5 4 o,oo4g 

0,08 5,225 6 5,231 5 5,236 5 5,24i 5 5,246 5 5,25i 5 0,0064 

0,09 5,879 5 5,88 4 6 5,890 6 5,896 6 5,902 6 5,908 5 0,0081 

0,10 6,532 6 6,538 7 6,545 6 6,551 7 6,558 6 6,564 6 0,0100 

0,11 7,ï85 7 7,192 7 7A99 7 7,206 7 7=2i3 7 7,220 7 0,0121 

0,12 7,838 8 7,846 8 7,854 7 7,861 8 7,869 8 7=877 7 0,0144 
o,i3 8,491 9 8,5oo 8 8,5o8 8 8,5i6 9 8,525 8 8,533 8 0,0169 

o,i4 9M4 9 9,i53 9 9,162 9 9A7i 9 9,180 9 9=i89 9 0,0196 

o,i5 9=797 10 9,807 10 9,817 9 9,826 10 9,836 10 9=846 9 0,0225 
0,16 io,45o 11 io,461 xo 10,471 10 10,481 II 10,492 10 IO,502 10 0,0256 

0,17 11,104 I I ti,ii5 XI 11,126 IO 1 i,i36 11 11,i47 11 ii,i58 11 o,028q 

0,18 11,757 I I 11,768 12 11,780 12 ri=792 11 xi,8o3 12 n,8i5 
12,471 

11 o,o324 
0,19 I2,4lO 12 12,422 12 12,434 i3 12,447 12 12,45g 12 12 o,o36i 

0,20 i3,o63 i3 13,076 i3 13,089 x3 x3,102 12 i3,ii4 i3 13,127 i3 o,o4oo 

0,21 13,716 i3 13,729 14 i3,743 i4 13,757 i3 13,770 i4 13,784 i3 o,o441 
0)22 14,36g i4 i4,383 14 i4,397 14 i4,4n i5 14,426 i4 i4,44o i4 0,0484 

0,23 15,022 x5 15,037 i5 i5,o52 
15,706 

i4 15,o66 
15,721 

i5 x5,o8x i5 15,096 i5 0,0529 

0,24 15,675 i5 15,690 l6 x5 16 15,737 i5 15,762 16 0,0576 

0,25 16,328 16 i6,344 16 x6,36o 16 16,376 16 16,392 17 16,409 16 0,0625 

0,26 16,981 17 16,998 16 17,014 17 i7,o3i 17 17,048 17 17,065 16 0,0676 

0,27 17,634 17 17,65i 18 I7,66g 17 17,686 18 17,704 17 17,721 17 0,0729 

0,28 18,287 18 x8,3o5 18 18,323 18 i8,34i 18 i8,35g 18 18,377 18 0,0784 

0,29 18,940 18 i8,g58 T9 18,977 !9 18,996 19 i9,oi5 18 ig,o33 *9 0,0841 

o,3o 19,593 19 19,612 *9 19,631 20 ig,65i 19 19,670 19 
19,689 20 0,0900 

o,3i 20,245 20 20,265 21 20,286 

20,940 

20 20,306 

20,960 

20 20,326 !9 20,345 20 0,0961 

0,32 20,898 21 20,919 21 20 21 20,981 21 21,002 

21,658 
22,3l4 

20 0,1024 

o,33 2x,55i 

22,20 4 

22 21,573 21 21,594 21 2i,6i5 21 2i,636 22 21 0,1089 

o,34 22 22,226 22 22,248 22 22)270 22 22)292 22 22 o,ii56 

o,35 22,857 22 22,879 23 22,902 23 22,925 22 22,947 23 22,970 22 0,1225 
o,36 23,5io 23 23,533 23 23,556 

24,210 

23 23,579 24 23,6o3 23 23,626 23 0,1296 

0,37 24,162 24 24,186 2 4 24 24,234 2 4 24,258 24 24,282 24 0,136g 

o,38 24,815 25 24,840 24 24,864 25 24,889 24 24,qi3 25 24,q38 24 o,i444 
o,3g 25,468 25 25,493 25 25,5i8 25 25,543 25 25,568 26 25,5g4 25 0,1521 

0,40 26,120 26 26,146 26 26,172 26 26,xq8 26 26,224 26 26,250 25 0,1600 

o,4x 26,773 27 26,800 26 26,826 27 26,853 26 26,879 26 26,qo5 27 0,1681 

0,42 27,426 27 27,453 27 27,480 27 27,507 27 27,534 27 27,661 27 0,176 4 

o,43 28,078 28 28,106 28 28,134 28 28,162 27 28,189 28 28,217 28 0,1849 

o,44 28,731 28 28,759 29 28,788 28 28,816 29 28,845 28 28,873 28 0,1936 

o,45 29,383 3o 29,413 29 29,442 29 29,471 29 2g,5oo 29 29,529 29 0,2025 
o,5o 32,646 32 32,678 32 32,710 33 32,743 32 32,775 32 32,807 32 0,2500 
o,55 35,907 36 35,943 35 35,978 36 36,oi4 35 36,o4q 36 36,o85 35 o,3o25 
0,60 39,168 39 39,207 38 39,245 39 39,284 39 3g,323 39 3g,362 38 o,36oo 

o,65 42,427 42 42,469 43 42,5x2 42 42,554 42 4a,5g6 4i 42,637 42 0,4225 

0,70 45,686 45 45,73i 46 45,777 45 45,822 45 45,867 45 45,912 45 0,4900 

0,75 48,943 4q 48,992 4q 4g,o4i 48 49,089 4q 4g,i38 48 4g,i86 48 0,5625 
0,80 52,200 

55,455 
5i 52,25i 52 52,3o3 52 52,355 52 52,407 5i 52,458 52 o,64oo 

o,85 55 55,5io 55 55,565 55 55,620 55 55,675 55 55,73o 55 0,7225 

0,90 58,7o8 58 58,766 69 58,825 58 58,883 58 58,g4i 5g 5q,ooo 58 0,8100 

°>95 61,960 62 62,022 61 62,083 62 62,145 61 62,206 62 62,268 61 0,9025 

1,00 65,211 1 65 65,276 64 65,34o 65 65,4o5 65 65,470 65 65,535 64 1,0000 

12,7513 12,8018 12,8525 12,9032 12,9541 13,0050 c2 

1 • (r + r") 2 01 r3 + » n 2 nearly. 

652 653 654 655 656 657 

I 65 65 65 66 66 66 1 
2 i3o i3i i3i i3i i3i i3i 2 
3 196 196 196 197 197 197 3 
4 261 261 262 262 262 263 4 
5 326 327 327 328 328 329 5 
6 3qi 392 3g2 3g3 3g4 3g4 6 
7 456 457 458 45g 45g 46o 7 
8 522 522 523 524 525 526 8 
9 587 588 58g 5qo 5go 5gi 9 

Prop, parts for the sum of the Radii. 

1 I 2 i 3 | 4 1 5 1 6 | 7 | 8 | g 
I 0 O 0 0 1 I 1 1 I 
2 O 0 1 I 1 1 1 2 2 
3 0 I I 1 2 2 2 2 3 
4 0 I 1 2 2 2 3 3 4 

5 1 I 2 2 3 3 4 4 5 
6 I 1 2 2 3 4 4 5 5 
7 1 1 2 3 4 4 5 6 6 
8 1 2 2 3 4 5 6 6 7 
9 1 2 3 4 5 5 6 7 8 

10 I 2 3 4 5 6 7 8 9 
11 1 2 3 4 6 7 8 9 10 
12 1 2 4 5 6 7 8 10 11 
i3 I 3 4 5 7 8 9 10 12 
i4 1 3 4 6 7 8 10 11 i3 

i5 2 3 5 6 8 9 11 12 i4 
16 2 3 5 6 8 10 11 i3 i4 
17 2 3 5 7 9 10 12 i4 i5 
18 2 4 5 7 9 11 i3 i4 16 
19 2 4 6 8 10 11 i3 i5 17 

20 2 4 6 8 10 12 i4 16 18 
21 2 4 6 8 11 i3 i5 17 *9 
22 2 4 7 9 11 i3 i5 18 20 
23 2 5 7 9 12 i4 16 18 21 
2 4 2 5 7 10 12 i4 17 *9 22 

25 3 5 8 10 i3 i5 18 20 23 
26 3 5 8 10 i3 16 18 21 23 
27 3 5 8 11 i4 16 !9 22 24 
28 3 6 8 II i4 17 20 22 25 
29 3 6 9 12 i5 17 20 23 26 

3o 3 6 9 12 i5 18 21 24 27 
31 3 6 9 12 16 !9 22 25 28 
32 3 6 IO i3 16 19 22 26 29 
33 3 7 10 i3 17 20 23 26 3o 
34 3 7 10 i4 17 20 24 27 3i 

35 4 7 11 i4 18 21 2.5 28 32 
36 4 7 II i4 18 22 25 29 32 
37 4 7 II i5 19 22 26 3o 33 
38 4 8 II i5 J9 23 27 3o 34 
39 4 8 12 16 20 23 27 3i 35 

4o 4 8 12 16 20 2 4 28 32 36 
4i 4 8 12 16 21 25 29 33 37 
42 4 8 i3 17 21 25 29 34 38 
43 4 9 i3 17 22 26 3o 34 39 
44 4 9 i3 18 22 26 3i 35 4o 

45 5 9 i4 18 23 27 32 36 4i 
46 5 9 i4 18 23 28 32 37 4i 
47 5 9 i4 l9 24 28 33 38 42 
48 5 10 i4 *9 24 29 34 38 43 
49 5 10 i5 20 25 29 34 39 44 

5o 5 10 i5 20 25 3o 35 4o 45 
5x 5 10 i5 20 26 3i 36 4i 46 
52 5 10 16 21 26 3i 36 42 4? 
53 5 II 16 21 27 32 37 42 48 
54 5 11 16 22 27 32 38 43 49 

55 6 II 17 22 28 33 39 44 5o 
56 6 11 17 2 2 28 34 39 45 5o 
67 6 11 17 23 29 34 4o 46 5i 
58 6 12 17 23 29 35 4i 46 52 
59 6 12 18 24 3o 35 4i 47 53 

60 6 12 18 24 3o 36 42 48 54 
61 6 12 18 24 3i 37 43 49 55 
62 6 12 19 25 3i 37 43 5o 56 
63 6 i3 !9 25 32 38 44 5o 57 
64 6 i3 *9 26 32 38 45 5i 58 

65 7 i3 20 26 33 39 46 52 59 
66 7 i3 20 26 33 4o 46 53 59 
67 7 i3 20 27 34 4o 47 54 60 
68 7 i4 20 27 34 4i 48 54 61 
89 7 i4 21 28 35 4i 48 55 62 

70 7 i4 21 28 35 42 4q 56 63 
80 8 16 24 32 4o 48 56 64 72 
9° 9 18 27 36 45 54 63 72 81 

100 10 20 3o 4o 5o 60 70 80 90 
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TABLE II. — To find the time T; the sum of the radii r-\-rf/, and the chord c being given. 

Sum of the Radii r -J- r". 

Chord 5,11 5,12 5,13 5,14 5,15 | 5,16 5,17 5,18 5,141 5,20 
Oe Days |dif. Days | dif. Days | dif. Days |dif. Days | dif. | Days |di'f. Days |dif. Days id if. Days [dif. Days. 

0,00 
0,01 

0,000 
0,657 I 

0,000 
0,658 O 

0,000 
0,658 I 

0,000 
0,659 i 

0,000 
0,660 0 

0-000 
0,660 Ï 

0,000 
0,661 I 

0,000 
0,662 0 

0,000 
0,602 r 

0,000- 
o,663- 

0,0000 
0*0001 

0,02 i,3x4 I 1,315 2 1,317 I i,3i8 I i,3ig 2 1,321 1 1,322 I 1,323 X 1,324 2 1,326 
1,988 

0,000 4 
o,o3 i >971 2 1,973 2 1,975 2 T ,977 2 i >979 2 1,981 2 1,98 3 2 i>985 2 1,987 1 0,0009 
0,04 2,628 3 2,631 2 2,633 3 2,636 2 2,686 3 2,641 3 2,644 2 2,646 3 2,649 2 a,65-i 0,0016 

o,o5 3,285 3 3,288 4 3,292 3 3,295 3 3,298 3 3,3oi 3 3,3o4 4 3,3o8 3 3,311 3 3,314 0,0025 
0,06 3,942 4 3,g46 4 3,g5o 4 3,g54 4 3,g58 4 3,962 3 3,g65 4 3,969 4 3,973 4 3,977 o,oo36 
0,07 4,599 5 4,6o4 4 4,6o8 5 4,6i 3 4 4,617 5 4,622 

5,282 
4 4,626 5 4,631 4 4,635 5 4,64 o' 0,0049 

0,08 5,256 5 5,26i 6 5,267 5 5,272 5 5,277 5 5 5,287 5 5,292 5 5,297 5 5,3o2 0,0064 
0,09 5,9i3 6 5>9T9 6 5,925 6 5,g31 5 5,g36 6 5,942 6 5,948 6 5,954 . 5 5,959 6 5,g65 0,0081 

0,10 6,570 7 6,677 6 6,583 7 6,5go 6 6,5g6 6 6,602 7 6,609 6 6,615 7 6,622 
7,284 

6 6,628 0,0100 
0,11 7,227 7 7,234 8 7,242 7 7,249 7 7,256 7 7,263 7 7,270 7 7>277 • 7 - 7 7,291 0,0121 
0,12 7,884 8 7,892 8 7,900 8 7,908 7 7,gi5 8 7,923 8 7,93i ' 7 7,938 ■ 8 7,946 8 7,954 0,0144 
0,13 8,54t 9 8,55o 8 8,558 8 8,566 9 8,575 8 8,583 8 8,5gi 9 8,600 8 8,608 8 8,616 0,0169 

0,14 9,x98 9 9,207 9 9,216 9 9,225 9 9,234 9 9,243 9 9,252 9 9,261 9 9,27° 9 9,279 0,0196 

o,x 5 9,855 10 9,865 10 9,875 9 9,884 10 9,894 10 9,904 9 9>9t3 10 9)923 9 9,932 10 9,942 0,0225 
o,t6 I0,5l2 11 io,523 10 io,533 10 io,543 10 io,553 11 io,564 IO 10,574 10 io,584 10 10,594 II ■ io,6o5 

11,267- 
0,0256 

0,17 11,169 I I 11,180 II 11,1g1 11 11,202 11 II,2l3 IT 11,224 11 11,285 II 11,246 10 ii,256 11 0,0289 

0,18 11,826 12 n,838 11 ii,849 12 11,861 11 11,872 12 11,884 12 11,896 II 11,907 12 II,919 11 ii,93° o,o324 

0,19 12,483 12 i2,4g5 i3 i2,5o8 12 12,520 12 12,582 12 12,544 12 12,556 ’ 12 12,568 ' i3 i2,58i 12 12,598 o,o36i 

0,20 i3,i4o i3 i3,i53 i3 i3,i66 i3 i3,I79 i3 13,192 12 i3,2o4 i3 13,217 i3 i3,23o i3 i3,243 : 12 i3,255 o,o4oo 

0,21 13,797 t4 13,811 i3 13,824 i4 13,838 
14,4g6 

i3 i3,85i i3 13,864 i4 13,878 • i3 13,891 i4 13,905 i3 i3,gi8 o,o44i 
0,22 i4,454 i4 14,468 i4 14,482 14 i4 i4,5io i5 i4,525 14 14,589 i4 i4,553 t4 14,567 . 14 i4,58r 0,0484 
0,23 i5,iii 15 i5,I2Ô i4 i5,t4o i5 15,155 i5 15,170 i5 i5,i85 i4 15,199 i5 i5,2i4 i5 i5,22g • i4 ' i5,243 0,0529 

0,24 15,768 i5 15,783 16 15,799 i5 i5,8i4 i5 15,829 t6 15,845 i5 15,86o i5 15,875 16 15,891 i5 : i-'5,go6 0,0576 

0,25 x6,425 16 16,441 16 16,457 16 i6,473 16 16,489 16 i6,5o5 16 16,521 16 16,537 16 i6,553 16 i6,56g 0,0625 

0,26 17,081 17 17,098 17 I7,ii5 17 17,182 16 17,148 17 17,165 16 17,181 17 17,198 17 17,215 16 17,231 0,0676 

0,27 17,738 18 17,756 17 17,773 17 17,79° 18 17,808 17 17,825 17 17,842 17 17,85g 18 17,877 17 17,894 0,0729 

0,28 18,395 18 i8,4i3 18 i8,43i 18 i8,44g 18 18,467 18 18,485 18 i8,5o3 18 18,521 18 18,589 17 18,556' 0,0784 

0,29 19,052 19 i9>°7i 18 19,089 *9 19,108 18 19,126 !9 i9,t-45 18 i9,i63 J9 19,182 19 19,201 18 i9,2I9 0,0841 

o,3o 19,709 19 19,728 *9 19,747 !9 19,766 20 19,786 !9 ig,8o5 ig 19,824 !9 ig,843 19 19,862 20 19,882 0,0900 

o,31 20,365 20 20,385 20 20,4o5 20 2o?425 20 20,443 20 20,465 20 20,485 20 20,5o5 19 20,524 20 20,544 0,0961 

0,32 21,022 21 21 ,o43 20 21 ,o63 21 21,084 20 21,104 2 ï 21,125 20 2i,i45 21 21,166 20 21,186- 21 • 21,207 0,1024 

o,33 21,67g 21 21,700 21 21,721 21 21,742 22 21,764 21 21,785 21 21,806 
22,466 

21 21,827 2 X 21,848 2T 21,86g 0,1089 

o,34 22,336 21 22,357 22 22,379 22 22,401 22 22,423 22 22,445 21 22 22,488 22 22,5l0 22 22,532 0,1156 

o,35 22,992 
23,649 

23 23,oi 5 22 23,o37 23 23,060 22 23,082 23 23,io5 22 28,127 22 28,149 23 23,172 22 23,194 0,1225 

o,36 23 23,672 23 23,6q5 23 23,718 23 23,741 23 23,764 23 23,787 23 23,810 23 23,833 23 23,856 0,1296 

0,37 24,3o6 23 24,329 24 24,353 24 24,377 24 24,401 23 24,424 24 24,448 24 24,472 23 24,4g5 24 24,5rg 0,136g 

o,38 24,962 25 24,987 24 25,011 24 25,086 25 25,060 24 25,o84 24 25,108 25 25,i33 24 25,i§7 24 26,181 0,144-4 

0,39 25,6x9 25 25,644 25 25,669 25 25,694 25 25,719 25 25,7 44 26 25,769 25 25,794 25 25,819 25 25,844 0,l52I 

o,4o 26,275 26 26,301 26 26,327 25 26,352 26 26,378 26 26,404 25 26,429 26 26,455 25 26,480 26 26,5o6 0,1600 

0,41 26,982 26 26,958 27 26,q85 26 27,011 
27,669 

26 27,037 26 27,063 27 27,090 26 27,116 26 27,142 26 27,168 0,1681 

0,42 27,588 27 27,615 27 27,642 27 27 27,696 27 27,723 27 27,750 27 27,777 27 27,80 4 26 27,83o 0,1764 

o,43 28,245 27 28,272 28 28,3oo 28 28,328 27 28,355 28 28,383 27 28,410 28 28,488 27 28,465 28 28,498 0,1849 

o,44 28,901 29 28,960 28 28,958 28 28,986 28 29,014 28 29,042 29 29,071 28 29>°99 28 29,127 28 2g,i55 o,ig36 

o,45 29,558 29 20,587 29 29,616 28 29,644 29 29,673 29 29,702 29 29,731 29 29,760 28 29,788 29 29,817 0,2025 

o,5o 32,83g 33 32,872 32 32,904 32 32,936 32 32,968 32 33,ooo 32 33,o32 32 33,o6 4 32 33,096 32 38,128 0?2000 

o,55 36,i2o 36 36,i56 35 36,191 35 36,226 36 36,262 35 36,297 35 36,332 35 36,367 35 36,402 36 36,438 0,3020 

0,60 39,400 3g 39,439 3g 39,478 38 3g,5i6 39 39,555 38 39,563 38 3g,63i 3g 39,670 38 39,708 39 39,747 o,36oo 

o,65 42,679 42 42,721 42 42,763 42 42,8o5 42 42,847 4i 42,888 42 42,g3o 41 42,971 42 43,oi3 42 43,o55 0?4'220 

0,70 45,957 45 46,002 46 46,o48 45 46,093 45 46,i38 44 46,182 45 46,227 45 46,272 45 46,317 45 46,36a 0,4900 

0,75 49,234 49 49,283 48 4g,33i 48 49,379 48 49,427 48 49,475 49 49,524 48 49,572 48 49,620 48 4g,668 0,5625 
o,64oo 

0,80 52,5io 52 52,562 5i 62,613 52 52,665 5i 52,716 5i 52,767 62 52,819 5i 52,870 5i 52,921 5i 52,972 

o,85 55,785 54 55,83g 55 55,894 55 55,g4g 54 56,oo3 55 56,o58 55 56,i 18 54 56,167 53 56,222 54 56,276 
59,578 

0,7220 

0,00 5g,o58 58 5g,n6 58 59,174 58 5g,232 58 59,290 57 59,347 58 5g,4o5 58 59,463 38 59,521 57 0,8100 
,yr 0,95 

1,00 
62,329 
65,5qg 

62 62,391 61 62,462 6l Ô2,5i3 61 62,57 4 61 62,635 61 62,696 61 62,757 61 62,818 61 62,879 0,9020 

65 65,664 64 65,728 65 65,793 64 65,857 65 65,922 64 65,g86 64 66,o5o 64 66,n4 64 66,178 1,0000 

13,0561 13,1072 13,1585 13,2098 13,2613 13,3128 13,3645 13,4162 13,4681 13,5200 c2 

1 
2 • (r + r«) 2 or r2 -j- r// 2 nearly. 

656 657 658 65g 660 661 662 663 

66 66 66 66 66 66 66 66 

i3i i3i i32 i32 132 i32 l32 i33 

IQ7 I97 197 198 198 198 199 199 

262 263 263 264 264 2 64 265 265 

328 
3g4 

329 
3g4 

329 
3g5 

33o 
3g5 

33o 
3g6 

33i 
397 

33i 
397 

332 
3g8 

45g 46o 461 46i 462 463 463 464 

525 526 , 826 527 528 529 53o 53o 

5go 5g 1 592 593 5g4 5g5 5g6 597 



TABLE II. — To find the time T) the sum of the radii r-\-r", and the chord c being given. 

Sum of the Radii r -j- r ". 

Chord 5,20 | 5,30 I 5,40 5,50 5,60 5,70 5,80 5,90 6,00 6,10 
C. Days. Idif.j Days jdif. Days [dif. Days | dir. Days |dif. Days | dif. Days (dif. Days |dif. Days j dif. Days |dif. 

0,00 
0,01 

0,000 
0,663 6 

0,000 
0,669 6 

0,000 
0,675 7 

0,000 
0,682 6 

0,000 
0,688 6 

0,000 
o,6g4 6 

0,000 
0,700 6 

0,000 
0,706 6 

0,000 
0,712 6 

0,000 
0,718 6 

0,0000 
0,000 T 

0.02 1,326 12 i,338 i3 I,35l 12 1,363 i3 1,376 12 i,388 12 i,4oo 12 1,412 12 1,424 12 i,436 XI 0,0004 

o,o3 1,988 IQ 2,007 19 2,026 19 2,045 18 2,063 xq 2,082 18 2,100 18 2,118 18 2,t36 18 2,i54 17 0,0009 

o,o4 2,651 26 2,677 26 2,702 25 2,727 24 2,75 [ 25 2,776 24 2,800 24 2,824 24 2,848 24 2,872 23 0,0016 

o,o5 3,314 32 3,346 3i 3,377 3i 3,4o8 3i 3,439 3i 3,470 3o 3,5oo 3o 3,53o 3o 3,56o 29 3,589 3o 0,0025 

0,06 3,977 38 4,oi 5 38 4,o53 37 4,090 ■37 4,127 37 4,i64 36 4,200 36 4,236 36 4,272 35 4,307 35 o,oo36 

0,07 4,640 44 4,684 44 4,728 44 4,772 43 4,8i5 43 4,858 42 4,900 4 2 4,g4a 42 4,984 4x 5,026 4i o,oo4g 

0,08 5,3o2 5i 5,353 5o 5,4o3 5o 5,453 5o 5,5o3 49 5,552 48 5,600 48 5,648 48 5,696 47 5,743 47 0,0064 

0,09 5,g65 57 6,022 57 6,079 56 6,i35 55 6,190 55 6,245 55 6,3oo 54 6,354 54 6,4o8 53 6,461 53 0,0081 

0,10 6,628 63 6,691 63 6,754 63 6,817 61 6,878 61 6,939 61 7,000 60 7,060 60 70 20 59 7079 58 0,0100 

0,11 7,2QI 70 7,36i 69 7,43o 68 7,498 68 7,566 67 7,633 67 7,700 66 7,766 66 7,832 65 7,897 64 0,0121 

0,12 7 >9 54 76 8,o3o 75 8,io5 75 8,180 74 8,25 4 73 8,327 ?3 8,400 72 8,472 72 8,544 70 8,6i4 71 0,0144 

o,i3 8,616 83 8,6qq 81 8,780 81 8,861 81 8,942 79 9,021 79 9,100 78 9A78 77 9,255 77 9,332 76 0,0169 

o,i4 9.279 89 9,368 88 9,456 87 9,543 86 9,629 86 9,7x5 85 9,800 84 9,884 83 9=9*87 83 io,o5o 82 0,01 g6 

o,i5 9=942 95 T 0,037 94 io,i3i 
10,807 

9 4 10,225 92 10,317 92 10,409 91 io,5oo 9° 10,590 89 io,679 89 10,768 88 0,0225 

0,16 io,6o5 IOI 10,706 101 99 10,906 99 11,006 98 ii,io3 97 11,200 96 11,296 98 1 x,3gi 98 11,486 94 0,0256 

0,17 11,267 108 11,375 107 11,482 106 11,588 xo5 11,6g3 104 11,797 io3 X I ,900 102 12,002 XOI I2,I03 IOI 12,204 99 0,0289 

0,18 1 i,g3o n4 12,0 44 n3 12,157 112 12,269 III i2,38o in 12,491 109 12,600 108 12,708 107 I2,8i5 106 12,921 
i3,639 

106 o,o324 

0,19 i2,5g3 120 12,713 120 12,833 118 12,951 117 i3,o68 116 i3,i84 116 i3,3oo 114 i3,4i4 ii3 i3,527 112 112 o,o36i 

0,20 i3,255 127 i3,382 126 x3,5o8 125 13,633 123 13,756 122. 13,878 I 21 13,999 121 14,120 ”9 14,239 Il8 i4,357 X17 o,o4oo 

0,21 ï3,gi8 i33 i4,o5i 132 i4,i83 i3i i4,3i4 i3o x4,444 128 14,572 127 14,699 127 14,826 125 i4,95i 124 15,075 123 o,o441 
0,22 i4>58i i39 14,720 i3g i4,85g 137 i4,qq6 i35 i5,i3x 135 15,266 133 15,399 l32 x5,53i 132 t 5,663 

16,374 
i3o 15,793 129 0,0484 

0,23 i5,243 i46 i5,38g i45 x5,534 143 15,677 142 15,819 i4x 15,960 139 T 6,099 x38 16,237 i37 i36 i6,5io 135 0,0529 

0,24 15,906 l52 i6,o58 i5i 16,209 x5o 16,369 148 16,507 146 x6,653 146 16,799 144 i6,g43 i43 17,086 142 17,228 141 0,0576 

0,25 16,569 x58 16,727 157 16,884 156 17,040 154 i7>194 153 17,347 IÔ2 17,499 i5o 17,649 i4q 17,798 148 17,946 146 0,0625 

0,26 17,231 165 17,396 164 17,560 162 17,722 160 17,882 i5g 18,041 158 18,199 i56 i8,355 155 i8,5io 154 18,664 l52 0,0676 

0,27 17,894 171 i8,o65 170 18,235 168 t8,4o3 167 18,570 165 18,735 163 18,898 i63 19,061 161 19,222 i5g 19,381 158 0,0729 
0,0784 0,28 18,556 178 18,734 176 18,910 174 19,084 178 19,257 I72 19,429 169 19,598 169 19,767 166 19,933 166 20,099 164 

0,29 i9.2I9 184 i9,4o3 182 19,585 181 19,766 179 19,945 177 20,122 17b 20,298 174 20,472 i73 20,645 172 20,817 170 o,o84x 

o,3o 19,882 19° 20,072 i8q 20,261 186 20,447 185 20,632 184 20,816 182 20,998 180 21,178 179 21,357 177 21,534 176 o,ogoo 

o,31 20,544 197 20,741 ig5 2o,g36 ig3 21,129 191 21,320 190 21,510 188 21,698 186 21,884 i85 22,069 i83 22,262 182 0,0961 
0,32 
o,33 

21,207 203 21,410 201 21,611 199 21,810 198 22,008 xg5 22.,2o3 194 22,397 19,3 22,590 190 22,780 190 22,970 187 0,102 4 

21,869 210 22,070 207 22,286 205 22,491 204 22,695 202 22,897 200 23,097 198 23,295 197 23,492 196 23,687 194 0,1089 

o,34 22,532 2l5 22,747 2x4 22,961 212 23,173 210 23,383 208 23,5gi 206 23,797 204 24,001 203 24,204 201 24,4o5 T99 0,1156 

o,35 23,194 222 23,4x6 220 23,636 218 23,854 2x6 24,070 2l4 24,284 2l3 24,497 210 24,707 209 24,9x6 206 25,122 206 0,1 225 

o,36 23.856 22Q 24,085 226 24,3x 1 224 [24,535 223 24,768 220 24,978 218 25,196 217 25,4x3 214 25,627 2l3 25,840 211 0,1296 
0,37 24,5 rg 235 24,754 232 24,986 23l 25,217 228 25,445 2 26 25,671 225 25,896 222 26,118 221 26,33g 219 26,558 216 0,1369 
o.38 25,181 241 25,422 23q 25,661 237s 25,8q8 235 26,i33 232 26,365 23o 26,5g5 229 26,824 226 27,o5o 225 27,275 223 0,1444 
0,39 25,844 247 26,091 245 26,336 243 26,579 241 26,820 23g 27,059 236 27,295 235 27,530 232 27,762 23i 27,993 228 0,l52I 

o,4o 2Ô,5o6 254 26,760 25l 27,011 24q| 27,260 247 27,507 245 27.752 243 27,995 240 28,235 239 2.8,474 236 28,710 235 0,1600 

o,41 27,168 260 27,428 258 27,686 266 27,942 253 28,ig5 25i 28,446 248 28,694 247 28,941 244 29,185 243 29,428 2.40 0,1681 

0,42 27,83o 267 28,097 264 28,361 262 28,623 2 5g 28,882 257 29,139 255 29,394 2Ô2 29,646 25l 29,897 248 3o,i45 246 0,1764 
o,43 28,498 273 28,766 270 2g,o36 268 2g,3o4 265 29,569 264 29,833 260 3o,og3 25g 3o,352 256 3o,6o8 255 3o,863 252 0,1849 

o,44 29,155 279 29,434 277 29.711 274 29,985 272 3o,257 269 3o,526 267 3o,7g3 264 3i,o57 263 3i,32o 260 3i,58o 258 0,1936 

o,45 29,817 286 3o,io3 2.83 3o,386 280 3o,666 278 3o,944 275 3i,2ig 273 31,492 271 3i,763 268 32,o3i 266 32,297 264 0,2025 
o,5o 33,128 317 33,445 315 33,760 3i i 34,071 3og 34,38o 3o6 34,686 3o3 34,989 3oi 35,290 298 35,588 296 35,884 293 0,2500 
o,55 36,438 34g 36,787 346 37,i33 343 37,476 339 37,815 337 38,i52 334 38,486 331 38,817 328 3g,i45 325 39,470 323 o,3o25 
0,60 39,747 381 40,128 377 4o,5o5 374 40,879 371 4x,25o 367 41,617 365 41,982 36i 42,343 358 42,701 355 43,o56 352 o,36oo 

o,65 43,o55 4i3 43,468 4og 43,877 4o5 44,282 402 44,684 3g8 45,082 3q5 45,477 3gi 45,868 388 46,256 38 4 46,640 382 0,4225 
0,70 46,362 445 46,807 44o 47,2-47 437 47,684 433 48,117 429 48,546 4 2Ô 48,971 421 49,392 4x8 49,810 4x4 50,224 4xi 0,4900 

0,75 4g,668 476 5o,i44 473 50,617 468 5i,o85 464 51,54g 45g 52,008 
55,470 

456 52,464 45i 52.gi5 448 53,363 
56,916 

444 53,807 44o 0,5625 
0,80 52,972 5og 53,481 5o4 53,985 5oo 54,485 4g5 54,g8o 4go 486 55,g56 482 56,438 478 473 57,389 470 o,64oo 
o,85 56,276 541 56,817 536 57,353 53o 57,883 52.6 58,4og 521 58,q3o 5x7 59,447 5l2 59.959 5o8 60,467 5o3 60,970 5oo 0,7225 
0,90 59,578 573 6o,i5i 568 60,7x9 562 61,281 557 61,838 55.2 62.690 547 62,937 542 63,479 538 64,017 534 64,551 528 0,8100 
0,95 62,879 6o5 63,484 599 64,o83 5g4 64,677 

68,072 
588 
619 

65,265 
68,691 

583 65,848 578 66,426 573 66,999 567 67,566 564 68,i3o 558 0,9025 
1,00 66,178 637 66,815 632 67,447 625 6i4 6g,3o5 608 69,913 604 70,517 397 7i,n4 5g3 71,707 588 1,0000 

13,5200 14,0450 14,5800 15,1250515,6800 16,2450 16,8200 17,4050 18,0000 18,6050 c? 

^ . (r -f- r")a or r2 ueariy. 

662 665 668 671 674 677 680 683 686 689 692 6g5 698 701- 704 707 710 7i3 716 719 

I 66 67 67 67 67 68 68 68 69 6q 6q 70 70 70 70 71 7i 7i 72 72 I 
2 l32 i33 i34 134 i35 i35 136 137 !?7 138 i38 139 i4o i4o i4i i4i 142 i43 i43 144 2 
0 
0 '99 200 200 201 202 203 204 2o5 206 207 208 209 209 210 211 212 2l3 2l4 2l5 216 3 

4 205 266 267 268 270 271 272 273 274 276 277 278 279 280 282 283 284 285 286 288 4 
5 33i 333 334 336 337 33g 34o 342 343 345 346 348 349 35i 352 354 355 357 358 36o 5 
6 397 399 4oi 4o3 4o4 4o6 4o8 4io 4x2 4i3 4x5 417 4iq 421 422 4a4 426 428 43o 431 6 

7 463 466 468 470 472 474 476 478 480 482 484 487 48g 4qi 4q3 4q5 497 499 5oi 5o3 7 
8 53o 532 534 537 53g 542 544 546 549 55i 554 556 558 561 563 566 568 570 578 575 8 

9 5g6 599 601 6o4 607 609 612 

a19 
6x5 617 620 623 626 628 631 634 636 63g 642 644 647 9 



, 
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TABLE II. — To find the time T\ the sum of the radii r -f- t", and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 
C. 

6,20 6,30 6,40 6,50 6,60 6,70 6,80 6,90 7,00 7,10 

Days !dif. Days | dif. Days ] dif. Days dif. Days (dif. Days |dif. Days |dif. Days | dif. Days |tlif. Days |dif. 

0,00 
0,01 

0,000 
0,724 6 

0,000 
o,73o 5 

0,000 
0,735 6 

0,000 
0,741 6 

0,000 
0,747 5 

0,000 
0,752 6 

0,000 
0,758 6 

0,000 
0,764 5 

0,000 
0,769 5 

0,000 
0,774 6 

0,0000 
0,0001 

0,02 1,447 12 1,459 12 1,471 II 1,482 II 1,493 12 i,5o5 II i,5i6 II 1,527 II i,53S I I 1,549 11 o,ooo4 
o,o3 2,171 18 2,189 17 2,206 17 2,223 17 2,24o 17 2,257 17 2,274 17 2,291 16 2,307 16 2,3a3 17 0,0009 
o,o 4 2,895 23 2,918 23 2,94l 23 2,964 23 2,987 22 3,009 23 3,o32 22 3,o54 22 3,076 22 3,098 22 0,0016 

o,o5 3,619 29 3,648 2q 3,677 28 3,7o5 29 3,7 34 28 3,762 28 3,790 28 3,8i8 27 3,845 27 3,872 28 0,0025 
0,06 4,342 35 4,3 77 35 4,4i2 34 4,446 34 4,48o 34 4,5i4 34 4,548 33 4,58i 33 4,6i4 33 4,647 33 o,oo36 
0,07 5,066 4i 5,107 4c 5,147 4o 5,187 4o 5,227 4o 5,267 3q 5,3o6 39 5,345 38 5,383 38 5,421 38 o,oo4g 
0,08 5,79° 46 5,836 4 7 5,883 45 5,928 46 5,974 45 6,01 g 45 6,064 44 6,108 44 6,i52 44 6,196 43 0,0064 
0,09 6,514 52 6,566 52 6,618 5i 6,669 5i 6,720 5i 6,771 5i 6,822 5o 6,872 49 6,921 49 6,970 49 0,0081 

0,10 7,237 58 7,295 58 7,353 57 7,4io 57 7,467 57 7,5a 4 55 7,579 56 7,635 55 7.690 55 7,745 54 0,0100 
0,11 7,9®1 64 8,02.5 63 8,088 63 8,i5i 63 8,214 62 8,276 61 8,337 61 8,3g8 61 8,45g 60 8,5ig 60 0,0121 
0,12 8,685 

9,408 
70 8,755 ®9 8,824 68 8,892 ®9 8,g6i 67 9,028 67 9,°95 67 9,162 66 9,228 66 9=294 65 o,oi44 

0,13 76 9,484 75 g,55g 74 g,633 74 9,707 74 9,781 72 9,853 72 9.925 72 9=997 71 10,068 71 0,0169 
o,i4 IO,l32 82 10,214 80 10,294 80 10,374 80 io,454 79 io,533 78 10,611 78 10,689 77 10,766 77 io,843 76 0,0196 

o,i5 io,856 87 10,943 87 n,o3o 85 ii,ii5 86 11,201 84 11,285 84 n,36g 83 ii,452 83 n,535 82 11,617 82 0,0225 
0,16 n,58o 93 11,673 92 11,765 91 11,856 9i h,947 90 12,037 9° 12,127 89 12,216 88 i2,3o4 88 12,392 87 0,0256 
0,17 i2,3o3 99 12,402 98 12,500 Q7 12,597 97 12,694 9® 12,790 9® 12,885 94 12=979 94 13,073 93 13,166 92 0,0289 
0,18 13,027 io5 i3,r32 io3 i3,235 io3 13,338 io3 i3,44i 101 i3,542 101 13,643 100 13,743 Q9 i3,842 9« i3,g4o 98 o,o324 
0,19 i3,75i 110 13,86i 110 18,971 108 14,079 108 14,187 107 14,294 107 i4,4oi io5 i4,5o6 io5 i4,6ii io4 x4,7i5 io3 o,o36i 

0,20 i4,474 116 14,590 116 14,706 n4 14,820 n4 i4,g34 n3 15,047 11 2 i5,i59 I I I 15,270 110 i5,38o I09 15,48g 109 o,o4oo 
0,21 i5,ig8 122 i5,32o 121 15,441 120 i5,56i 120 15,68i 118 15,799 117 i5,gi6 117 i6,o33 

16,796 
116 16,149 nb 16,264 114 o,o44i 

0,22 15,922 I27 i6,o4g 127 16,176 126 i6,3o2 125 16,427 124 i6,55i 123 16,674 122 122 16,918 120 i7,o38 120 o,o484 
0,23 i6,645 134 16,779 133 16,912 i3i i7,043 131 i7,i74 129 i7,3o3 129 17,432 128 17,560 127 17,687 126 17,813 125 0,0529 
0,24 17,369 i3g 17,508 i3g 17,647 13? 17,784 i36 17,920 136 i8,o56 134 18,190 i33 i8,323 133 18,456 i3i i8,587 i3o 0,0576 

0,25 18,092 146 18,238 144 18,382 r43 i8,525 142 18,667 i4i 18.808 i4o 18,948 i3g 19,087 i3? 19,224 i37 ig,36i 136 0,0625 
0,26 18,816 i5i 18,967 i5o 19,117 i4q 19,266 t48 ig,4i4 146 19,560 146 19,706 144 ig,85o i43 !9.993 i43 2o,i36 i4i 0,0676 
0,27 iq,53q 157 19,696 156 19,852 i55 20,007 153 20,160 IÔ2 20,31 2 i5i 20,463 i5o 2o,6i3 14g 20,762 148 20,910 147 0,0729 
0,28 20,263 163 20,426 161 20,587 T 61 20,748 i5g 20,907 158 2i,o65 156 21,221 156 21,377 154 2I,53i 153 21,684 153 0,0784 
0,29 20,987 168 2i,i55 168 21,323 166 21,489 164 21,653 164 21,817 162 21 >979 161 22,14o 160 22,300 15g 22,459 157 0,0841 

o,3o 21,710 175 21,885 173 22.,o58 
22,7q3 

171 22,22g 171 22,400 i6q 22,569 168 22,737 166 2 2,go3 166 23,069 164 23,233 163 0,0900 

o,31 22,434 180 22,6i4 179 177 22,970 176 23,146 175 23,321 174 23,4g5 172 23,667 171 23,838 169 24,007 169 0,0961 
0,32 23,i57 186 23,343 t 85 23,528 183 23,711 182 23,893 180 24,073 179 24,25a 178 24,43o 176 24,606 17b 24.782 174 0,102 4 

o,33 23,881 192 24,073 190 24,263 i8q 24,452 187 24,639 i85 24,825 i85 25,010 i83 25,ig3 182 25,375 l8l 25,556 !79 0,1089 

o,34 24,604 198 24,802 196 24,998 ig5 25,ig3 ig3 25,386 191 25,577 I9I 25,768 189 25,967 187 26,144 186 2Ô,33o i85 0,1156 

o,35 25,328 203 25,531 202 25,733 200 25,g33 199 26,132 iq8 26,330 ig5 26,525 
27,283 

195 26,720 ig3 26,913 i9J 27,10 4 t9! 0,1225 
o,36 2Ô,o5i 209 26,260 208 26,468 206 26,67 4 205 26,879 203 27,082 201 200 27,483 !99 27,682 I97 27,879 ig5 0,1296 

0,37 26,77 4 216 26,990 2l3 27,203 212 27,415 210 27,625 209 27,834 207 28,041 205 28,246 204 28,45o 203 28,653 201 0,136g 

o,38 27,498 221 27,71:9 2 IQ 27,q38 218 28,i56 216 28,372 2l4 28,586 212 28,798 212 29,010 209 29=2I9 208 29,427 207 o,i444 
0,39 28,221 227 28,448 225 28,673 223 28,896 222 29,118 220 29,338 218 29,556 217 29,773 2l5 29.988 2l3 3o,20I 212 0,l52I 

o,4o 28,945 23a 29,177 23l 29,408 229 29,637 227 29,864 226 3o,ogo 224 3o,3i4 222 3o,536 221 3o,757 219 30,976 217 0,1600 

o,4i 29,668 238 2q,qo6 237 3o,i43 235 30,378 233 3o,6ri 23l 3o,842 22Q 31,071 228 31,299 226 31,525 225 3i,75o 223 0,1681 

0,42 3o,3gi 245 3o,636 242 30,878 240 3i,ii8 23g 3i,357 237 3i,5g4 235 31,829 233 32,062 232 32,294 280 32,524 228 0,1764 

o,43 31,1 r 5 25o 31,365 248 3i,6i3 246 3i,85g 244 32,io3 243 32,346 240 32,586 239 32,82.5 
33,58g 

238 33,o63 235 33,298 234 0,1849 

o,44 31,838 a56 32,094 254 32,348 2Ô2 32,600 25o 32,85o 248 33,098 246 33,344 2.45 242 33,83i 241 34,072 23g o,ig36 

o,45 32,56i 262 32,823 260 33,o83 2Ô7 33.340 256 33,596 254 33,85o 252 34,102 250 34,352 248 34,6oo 246 34,846 245 0,2025 
o,5o 36,177 2.qi 36,468 289 36,757 286 37,043 284 37,327 282 37,609 280 37,88g 278 38,167 276 38,443 274 38,717 272 0,2000 

o,55 39,793 320 4o,i 13 3i7 4o,43o 3 r 5 40.745 3i3 4 i,o58 3io 41,368 3o8 41,676 3o6 41,982 3o3 42,285 3oi 42,586 3oo 0,8026 

0,60 43,4o8 34g 43,757 346 44,io3 344 44,447 34i 44,788 338 45,126 336 45,462 334 45,796 331 46,127 329 46,456 326 o,36oo 

o,65 47,022 378 47,4oo 375 47,775 373 48,i48 36q 48,517 367 48,884 364 49,248 362 49,610 358 49,968 356 5o,324 354 0,4225 

0,70 5o,635 4o8 51 ,o43 4o4 51,447 4oi 5 t,848 3g8 52,246 3g5 52,64i 392 53,o33 38g 53,422 387 53,809 383 54,192 381 0,4900 

0,75 54,247 437 54-684 434 55,n8 420 55,547 427 55,974 4a3 56,3g7 421 56,818 417 57,235 4i 4 57,649 4ii 58,o6o 4o8 o,5625 

0,80 57,859 466 58,325 462 58,787 45g 59,246 455 59,701 452 60,153 448 60,601 445 61,046 442 61,488 43g 61,927 435 o,64oo 

o,85 61,470 4g5 61,965 491 62,456 488 62,944 484 63,428 48o 63,908 476 64,384 473 64,857 469 65,326 46Ô 65,792 463 0,722.5 

0,90 
0,95 
1,00 

65,070 525 65,6o4 520 66,124 5i7 66,641 5l2 67,153 5o8 67,661 5o5 68,166 5oi 68,667 497 69,164 4g4 69,658 490 0,8100 

68,688 554 69,242 549 69,791 545 70,336 541 70,877 537 7l4i4 533 71.947 5aq 72,476 626 73,001 521 73,522 5i7 0,9025 

72,2q5 584 72,879 578 78,457 574 74,o3i 570 74,601 565 75,166 56i 75,727 557 7b5204 662 76,886 549 77,385 545 i ,0000 

19,2200 19,8450 20,4800 21,1250 21,7800 22,4450 23,1200 23,8050 24,5000 25,2050] <r 

i . ( r -J- r"y or r2 -f- r"2 nearly. 

723 726 729 732 735 788 741 744 747 75o 753 756 759 762 765 768 771 77 4 777 

I 72 73 73 73 74 74 74 7 4 75 75 75 76 76 76 77 77 77 77 78 I 

2 i45 i45 146 146 147 148 148 149 149 i5o i5i 151 i5p. i5a 153 154 154 155 155 2 
3 217 218 2I9 220 221 221 222 223 224 225 226 227 228 229 23o 230 23l 232 233 3 

4 289 290 202 2q3 294 295 296 298 299 3oo 3oi 302 3o4 3o5 3 06 307 3o8 3io 3n 4 
5 362 363 365 366 368 369 37i 372 374 375 377 878 38o 381 383 384 386 387 38g 5 
6 434 436 437 43g 441 443 445 446 448 45o 452 454 455 457 45g 46i 463 464 466 6 

7 5 06 5o8 5io 5l2 515 5i7 519 521 5a3 5a5 527 52g 531 533 536 538 54o 542 544 7 
8 578 58 t 583 586 588 5go 5g3 5g5 598 600 602 6o5 607 610 612 6i4 617 619 622 8 

9 65i 653 656 659 662 66 4 667 670 672 675 678 680 683 686 689 691 694 697 699 9 



TABLE II. — To find the time T; the sum of the radii and the chord c being given. 

Sum of the Radii r-\-r". 

Chord 7,20 7,30 1 7,40 7,50 7,60 7,70 7,80 7,90 8,00 8,10 
C. Days | dif. Days |d'if. Days .[dif. Days | dif Days ]dif. Days |dif. Days (dif. Days |dir. Days |dif. Days |dif. 

0,00 
0,01 

0,000 
0,780 5 

0,000 
0,785 6 

0,000 
0,791 5 

0,000. 
0,796 5 

0,000 
0,801 6 

0,000 
0,807 5 

0,000 
0,8l2 5 

0,000 
0,817 5 

0,000 
0,822 5 

0,000 
0,827 5 

0,0000 
0,0001 
o,ooo4 ■0,02 i,56o n 1,571 10 i ,581 11 I,5q2 11 i,6o3 IO i ,613 11 1,624 IO i,634 10 1,644 IO 1,654 11 

o,o3 2,34o 16 2,356 16 2,372 16 2,388 16 2,404 1.6 2,420 i5 2,435 16 2,45i i5 2,466 16 2,482 i5 0,0009 
o,o4 3,120 21 3,i4i 22 3,i63 21 3,i84 21 3,2o5 21 3,226 21 3,247 21 3,268 20 3,288 21 3,3og 20 0,0016 

o,o5 3,900 27 3,927 26 3,g53. 27 3,980 27 4,007 26 4,o33 26 4,o5g 26 4,o85 26 4,111 25 4,136 26 0,0025 
o,o6 4,680 32 4,712 32 4,744 32 4,776 32 4,808 3i 4,83g 32 4,871 3i 4,902 3i 4,933 3o 4,g63 3i o,oo36 
0,07 5,459 38 5,497 38 5,535 37 5,572 37 5,609 37 5,646 36 5,682 37 5,719 36 5,755 36 5,79! 35 0,0049 
q,o8 6,23g 44 6,283j 42 6,325 43 6,368 42 6.410 42 6,452 42 6,494 42 6,536 4i 6,577 4i 6,618 4i 0,0064 
0,09 7,019 49 7,068 48 7,116 48 7,164 48 7,212 47 7,259 47 7,3o6 47 7,353 46 7,399 46 7>445 46 0,0081 

0,10 7,799 54 7,853 54 7,907 53 7,960 53 8,oi3 52 8,o65 53 8,118 
8,929 

52 8,170 5i 8,221 
9,043 

5i 8,272 5i 0,0100 
0,1 I 8,579 5g 8,638 59 8,697 5q 8,756 58 8,814 58 8,872 57 58 8,987 56 57 9,100 56 0,0121 
0,12 
o,i3 

9,35g 65 9,424 64 9,488 64 9,552 63 g,6i5 64 9>679 62. 9,74i 62 g,8o3 62 9,865 62 9>927 61 0,0144 
io,i3g 70 I0,20Q 70 10,279 69 io,348 69 10,417 68 io,485 68 io,553 67 10,620 67 10,687 67 10,754 66 0,0169 

o,i4 10,919 75 10,994 75 11,069 75 ii,i44 74 11,218 7 4 11,292 73 11,365 72 11,437 72 n,5og 72 ii,58i 71 0,0196 

o,i5 ”>699 81 11,780 80 11,860 80 11,940 79 12,019 79 12,098 78 12,176 78 12,254 78 12,332 
13,154 

76 12,408 77 0,0225 
0,16 12,47g 86 12,565 86 12,651 85 12,736 85 12,821 84 12,905 83 12,988 83 13,071 83 82 i3,236 81 0,0256 
0,17 i3,258 92 i3,35o 91 i3,44i 91 t3,532 9° 13,622 89 i3,7h 89 13,8oo 88 i3,888 88 13,976 87 i4,o63 86 0,0289 
0,18 i4,o38 98 i4,i36 95 14,232 93 i4,328 96 i4,423 96 i4,5i8 94 14,612 93 i4,7°5 q3 !4,798 92 14,890 92 0,0324 
0,19 14,818 io3 14,921 102 15,023 101 i5,i24 100 15,224 100 i5,324 99 i5,423 99 l5,522 98 15,620 97 i5,7i7 97 o,o36i 

0,20 i5,5g8 108 15,706 107 i5,8i3 107 l5^20 ic6 16,026 io5 i6,i3i 104 i6,235 104 i6,33g io3 16,442 102 i6,544 102 o,o4oo 
0,21 i6,378 n3 16,491 ii3 16,604 112 16,716 III 16,827 110 i6,g37 no 17,047 ioq i7,i56 108 17,264 108 17,372 106 0,0 441 
0,22 I7,i58 118 17,276 118 17,394 118 17,512 116 17,628 r 16 17,744 ii4 17,858 ii5 17,973 n3 18,086 

18,908 
n3 18,199 11 2 o,o484 

0,23 i7,g38 124 18,062 123 i8,i85 123 i8,3o8 I 2 I 18,429 I 2 I i8,55o 120 18,670 119 18,789 119 n8 19,026 n7 o,o52g 
0,24 18,717 i3o 18,847 129 18,976 127 ig,io3 I27 19,230 127 19,357 125 19,482 124 19,606 124 19,730 123 19,853 122 o,o576 

0,25 19,497 r 35 19,632 134 19,766 i33 !9>899 i33 20,o32 131 2o,i63 i3o 2o,Qg3 i3o 20,423 129 20,552 128 20,680 
21,507 

127 0,0625 
0,26 20,277 i4o 20,417 r4o 20,557 138 20,695 138 20,833 136 20,969 136 2i,io5 135 21,240 134 21,374 i33 133 0,0676 
0,27 21,057 146 2 I ,2o3 144 21,347 144 21,491 i43 21,634 142 21,776 i4i 2I,9!7 i4o 22,o5 7 i3g 22,196 i38 22,334 138 0,0729 
0,28 21,837 i5i 2 1,988 i5o 22,l38 

22,928 
i4g 22,287 148 2 2,435 147 22,582 i46 22,728 146 22,874 144 23,018 i44 23,162 142 0,0784 

0,29 22,616 157 22,773 i55 i55 23,o83 153 23,236 153 23,38g 151 23,54c i5i 23,691 149 23,840 149 23,989 147 o,o84i 

o,3o 23,3g6 162 23,558 161 23,719 160 23,87g 158 24,087 158 24,195 157 24,352 155 24,5o7 155 24,662 154 24,816 IÔ2 0,0900 
o,31 24,176 167 2 4,343 166 24,5cg 166 24,675 164 24,839 162 25,001 162 25,i63 161 25,324 160 25,484 15g 25,643 158 0,0961 
0,32 24,g56 172 25,128 

25,914 
172 25,3oo 170 26,470 170 25,64o 168 25,808 167 25.975 166 26,141 i65 26,306 164 26,470 163 0,1024 

o,33 25,735 179 T76 26,090 176 26,266 i75 26,441 i73 26,614 173 26,787 171 26,g58 170 27,128 169 27,297 168 0,1089 
o,34 26,5i5 184 26,699 182 26.881 181 27,062 180 27,242 179 27,421 177 27,598 177 27,775 i75 27,950 174 28,12 4 178 o,ii56 

o,35 27,295 189 27,484 187 27,671 187 27,858 i85 28,043 184 28,227 i83 28,410 181 28,591 l8l 28,772 179 28,951 178 0,1225 
o,36 28,074 195 28,26g ig3 28,462 192 28,654 xqo 28,844 189 2g,o33 188 29,221 

3o,o33 
187 29,408 186 29,594 184 29,778 i83 0,1296 

0,37 28,854 200 29,054 198 29,252 197 29,449 196 2g,645 ig5 29,840 ig3 192 30,225 191 3o,4i6 189 3o,6o5 189 o,i36g 
o,38 2g,634 2o5 29,83g 20 4 3o,o43 202 3o,245 201 3oJ446 200 3o,646 198 3o,844 198 3i,o42 ig5 3i,237 i95 3i,43q, 194 o,i444 
0,39 3o,4i3 211 30,624 209 3o,833 208 3i,o4i 206 3i,247 205 31,452 204 31,656 202 31,858 201 32,059 200 32,25g r99 0,1021 

o,4o 3i,jg3 216 31,4og 2l5 31,624 2l3 3i,837 211 32,048 211 32,25g 208 32,467 208 32,675 2CÔ 32,881 2o5 33,o86 
33,9i3 

204 0,1600 
0,41 31,973 221 32,ig4 220 32,4i4 218 32,632 217 32,84g 2l6 33,c65 214 33,279 2l3 33,4q2 211 33,7o3 210 209 0,1681 
0,42 32,752 227 32,979 225 33,2o4 224 33,428 222 33,65o 221 33,871 219 34,090 218 34,3o8 217 34,525 2i5 34,74o 214 0,1764 
o,43 33,532 232 33,764 23l 33,995 229 34,224 227 34,45i 226 34,677 225 34,902 223 35,125 222 35,347 220 35,567 219 0,1849 
o,44 34,3i 1 238 34,549 236 34,785 234 35,019 233 35,202 232 35,484 229 35,7i3 229 35,g42 227 36,169 225 36,394 22 4 0,1936 

o,45 35,091 243 35,334 24l 35,575 24o 35,8i5 238 36,o53 2.37 36,2go 235 36,525 233 36,758 232 36,990 23i 37,221 2QQ 0,2025 
o,5o 38,g8g 270 3g,25g 268 3.9,527 266 39,793 265 4o,o58 263 4o,32i 261 40,582 25q 4o,84i 2.58 41,099 256 4i,355 255 0,2000 
o,55 42,886 297 43,i83 295 43,478 293 43,771 291 44,062 28q 44,35i 287 44,638 286 44,924 283 45,207 282 45,48g 280 o,3o25 
0,60 46,782 824 47,106 322 47,428 320 47,748 317 48,o65 3i6 48,381 313 48,6g4 3l2 4g,oo6 309 49,315 3o8 49,623 3o6 o,36oo 
o,65 50,678 351 51,02g 349 61,378 346 51,724 345 52,069 341 52,4l0 34o 52,75o 337 53,087 336 53,423 333 53,756 331 0,4225 
0,70 54,573 379 54,g52 876 55,327 373 55,700 371 56,071 368 56,43g 366 56,8o5 364 57,169 36i 57,53o 35g 57,889 356 o,4goo 

0,75 58,468 4o5 58,873 4o3 59,276 4oo 5q,676 397 60,073 395 60,468 392 60,860 38g 61,249 387 61,636 385 62,021 382 0,562.5 
0,80 62,362 432 62,79 4 43o 63,224 427 63,651 423 64,074 421 64,4g5 4i8 64,913 4i6 65,32g 4i3 65,742 4io 66,1 52 4o8 o,64oo 
o,85 66,2.55 460 66,7 T 5 456 67,171 454 67,625 45o 68,075 447 68,522 445 68,967 441 6g,4o8 43g 69,847 436 70,283 433 0,7225 
0,90 70,148 486 70,634 484 71,118 4 80 7i,5g8 477 72,075 478 72,548 471 73,oig 468 73,487 464 73,95T 462 74,413 45q 0,8100 
0,95 74,o3g 5i4 74,553 5io 75,o63 507 75,570 5o4 76,074 5oo 76,574 497 77,071 493 77,564 491 78,o55 487 78,542 485 0,9025 
1,00 77,93o 54i 78,471 537 79,008 534 79,542 53o 80,072 527 8°,5g9 5a3 81,122 5ig 81,641 5i7 82,i58 513 82,671 5io 1,0000 

25,9200 26,6450 27,3800 28,1250 28,8800 ‘29,6450 30,4200! 31,2050 32,0000 32,8050 
1 . ( r + r " ) 2 Ol + p // 2 nearly. 

779 782 785 788 791 794 797 8co 8o3 806 809 812 ' 815 818 82.1 824 827 83o 

1 78 78 79 79 79 79 80 80 80 81 81 81 82 82 82 82 83 83 
2 156 156 i57 i58 158 i5g i5g 160 161 161 162 162 163 164 164 i65 i65 166 
3 234 235 236 236 237 238 23g 240 241 242 243 244 245 245 246 247 q48 24q 
4 3l2 3i3 3i4 3i5 3i6 318 3ig 320 321 322 324 325 326 327 328 33o 331 33 2 
5 3go 3gi 898 3p4 3g6 397 3Ç9 4oo 4 02 4o3 4o5 4c6 4o8 4og 4n 412 4j4 415 
6 467 46g 471 473 475 476 478 480 482 484 485 487 48g 491 4g3 4g4 496 4g8 
7 545 547 55o 552 554 556 558 56o 562 564 566 568 57i 573 575 577 579 58i 
8 623 626 628 63o 633 635 638 64o 642 645 647 65o 652 654 657 65g 662 664 
9 701 704 707 709 712 7i5 717 720 723 725 728 73i 734 736 739 742 744 747 



TABLE II. — To find the time T; the sum of the radii and the chord c being given. 

Chord 8,20 
C. Days |dif. 

0,00 

0,01 

0,000 
o,832 5 

0,02 1,665 10 
o,o3 2>497 i5 
0,04 3,329 21 

o,o5 4,162 25 
0,06 4,994 3o 
0,07 5,826 36 
0,08 6,659 40 
0,09 7,49i 45 

0,10 8,323 5i 
0,11 g,i56 55 
0,12 9,988 61 
o,i3 10,820 66 
o,i4 ii,652 71 

o,i5 12,485 76 
0,16 r3,3i7 81 
0,17 i4,i4g 86 
0,18 14,98 2 9i 
0,19 i5,8i4 96 

0,20 16,646 101 
0,21 17,478 IO7 
0,22 iS,3ii in 
0,23 19,143 116 
0,24 ^9>975 122 

0,25 20,807 127 
0,26 21,640 i3i 
0,27 22,472 136 
0,28 23,3o4 r42 
0,29 24,i36 147 

o,3o 24,968 i52 
0,31 25,801 157 
0,32 26,633 162 
0,33 27,465 167 
0,34 28,297 172 

0,35 29,129 177 
0,36 29,961 i83 
0,37 3o,794 187 
o,38 31,626 

32,458 
192 

o,39 197 

o,4o 33,290 202 
0,41 34,122 207 
0,42 34,954 2l3 
o,43 35,786 218 
o,44 36,618 223 

o,45 37,45o 228 
o,5o 4x,6io 253 
o,55 45,769 279 
0,60 49;929 3o3 
o,65 54,087 32g 
0,70 58,245 355 

0,75 62,4o3 38o 
0,80 66,56o 4o5 
o,85 70,716 431 
0,90 74,872 456 
o,95 79,027 481 
1,00 83,i8i 507 

33,6200 

Sum of the Radii r-\-r". 

8,30 8,40 8,50 8,60 8,70 8,80 8,90 9,00 9,10 
Days dif. Days [dif. Days | dif. Days 1 dif. Days | dif. Days Jdif. Days |dif. Days | dif. Days 
0,000 
0,837 5 

0,000 
0,842 .5 

0,000 
0,847 5 

0,000 
o,852 5 

0,000 
0,857 5 

0,000 
0,862 
1,724 

5 
0,000 
0,867 5 

0,000 
0,872 5 

0,000 
0,877 

0,0000 
0,0001 

1,675 10 1,685 10 1,695 10 i,7°5 10 i,7i5 9 10 1,734 10 1,7 44 10 1,754 0,0004 
2,512 i5 2,527 i5 2,542 i5 2,557 i5 2,672 i5 2,687 i4 2,601 i5 2,616 i4 2,03o o,oooq 
3,35o 20 3,370 20 3,39o 20 3,4io 19 3,429 20 3,44g 20 3,469 19 3,488 X9 3,507 0,0016 

4,187 25 4,212 25 4,237 25 4,262 25 4,287 24 4,311 25 4,336 24 4,36o 24 4,384 0,0025 
5,024 3o 5,o54 3o 5,o84 3o 5,i i4 3o 5,i44 29 5,173 3o 5,2o3 

6,070 
29 5,232 29 5,261 o,oo36 

5,862 35 5,897 35 5,g32 35 5;967 34 6,001 
6,859 

35 6,o36 34 34 6,104 34 6,i38 0,0049 
6,699 4o 6,789 4o 6,779 4o 6,819 4o 39 6,898 39 6,987 39 6,976 39 7,oi5 0,0064 
7,536 46 7,582 45 7,627 44 7,671 45 7,716 44 7,760 44 7,804 44 7,848 43 7,891 0,0081 ! 

8,374 5o 8,424 5o 8,474 5o 8,524 4q 8,573 49 8,622 49 8,671 49 8,720 48 8,768 0,0100 1 
9,2 n 56 9,267 55 9,322 54 9,376 55 9,431 54 9,485 53 9,538 54 9,592 53 9,645 0,0121 1 

io,o4g 60 10,109 60 10,169 60 10,229 5q 10,288 
ii,i45 

59 10,347 58 io,4o5 59 10,464 5 b 10,522 0,0144 
10,886 65 10,951 65 11,016 65 11,081 64 64 11,209 64 11,273 63 n,33é 63 11,399 0,0169 
11,723 71 11,794 70 11,864 69 11,933 69 12,002 69 12,071 69 12,140 68 12,208 67 I 2,276 0,0196 

12,561 75 12,636 75 12,711 75 12,786 74 I2,860 
13,717 

73 I2,g33 74 x 3,007 73 13,o8o 72 i3,i52 0,0225 
i3,3g8 80 13,478 80 i3,558 80 13,638 79 79 x 3,796 78 13,874 78 i3,952 77 14,029 0,0256 
i4,235 86 i4,32i 85 i4,4o6 84 14,4go 84 l4,574 84 i4,658 83 14,741 83 14,824 62 14,906 0,0289 

15,073 9° i5,i63 9° x5,253 9° i5,343 89 i5,432 88 i5,520 88 15,6o8 87 15,6g5 87 15,782 o,o324 
i5,9io 96 16,006 95 16,101 94 x6,x95 94 16,289 93 16,382 93 i6,475 92 16,567 92 i6,65g o,o36i 

16,747 101 16,848 100 16,948 99 17,047 99 17,146 98 17,244 98 17,342 97 17,439 97 17,536 o,o4oo 

17,585 io5 17,690 io5 17,79s io5 17,900 106 i8,oo3 104 18,107 102 18,209 102 18,3i 1 102 i8,4i3 o,o44i 
18,422 111 i8,533 110 i8,643 109 18,752 109 18,861 108 18,969 IO7 19,076 107 ig,i83 106 19,289 0,0484 
iq,25g 116 19,375 n5 19,490 ii4 19,604 n4 19,718 113 i9,83i 112 19,943 112 2o,o55 hi 20,166 o,o529 
20,097 120 20,217 120 20,337 120 20,457 118 20,575 118 2o,693 117 20,810 117 20,927 116 2i,o43 0,0576 

20.934 126 21,060 125 2x,i85 124 2i,3o9 124 21,433 122 21,555 122 21,677 T 22 2i,799 121 21,920 0,0625 

21,771 i3i 21,902 i3o 22,o32 129 22,161 I2Q 22,290 127 22,417 128 22,545 126 22,671 125 22,796 0,0676 

22,608 136 22,744 i35 22,879 i35 23,oi4 133 23,x47 i33 23,280 
24,142 

i32 23,412 i3i 23,543 i3o 23,673 0,0729 

23.446 i4i 23,587 i4o 23,727 139 23,866 i38 24,004 i38 137 24,279 136 24,4x5 i35 24,55o 0,0784 
24,283 146 24,429 145 24,574 144 24,718 143 24,861 x43 25,oo4 142 26,146 x4o 26,286 i4i 25,427 0,0641 

2.5,1 20 i5i 25,271 i5o 25,421 149 25,570 x4g 25,719 147 25,866 147 26,013 145 26,i58 145 26,3o3 0,0900 

25,95S 155 26,113 155 26,268 x55 26,423 i53 26,576 IÔ2 26,728 l52 26,880 15o 27,o3o i5o 27,180 0,0961 

26,7q5 161 26,956 160 27,116 i5g 27,275 158 27,433 157 27,690 157 27,747 155 27,902 155 26,057 0,1024 

27,632 166 27,798 i65 27,963 164 28,127 163 28,290 162 28,462 162 28,614 160 28,774 x5g 28,933 0,1089 
o,ii56 28,469 171 28,640 170 28,810 169 28,979 168 29,147 167 29,3i4 167 29,481 165 29,646 164 29,810 

29,806 176 29,482 176 29,658 174 2g,832 172 3o,oo4 172 30,176 172 3o,348 170 3o,5i8 
3i,38g 

169 30,687 0,1225 

3o,i44 181 3o,325 180 3o,5o5 X79 3o,684 178 30,862 177 3x,o3g i75 3l,2l4 i75 174 31,563 0,1296 

3o,98i 
31,818 

186 3i ,167 i85 3i,352 184 31,536 x83 31,719 182 3i,9oi 180 32,081 180 32,261 179 32,44o 0,1369 

I91 
196 

32,009 iqo 32,IQQ i8q 32,388 188 32,576 187 32,763 i85 32,948 i85 33,i33 184 33,3x7 0,1444 
32,655 32,85i ig5 33,o46 194 33,24o i93 33,433 192 33,025 1 go 33,8i5 190 34,oo5 188 34,196 0,l52I 

33.492 202 33,694 200 33,894 198 34,092 198 34,290 197 34,487 i95 34,682 i95 34,877 i93 35,070 0,1600 

34,329 2O7 34,536 205 34,74i 204 34,945 202 35,i47 202 35,349 200 35,54g 199 35,748 198 35,g46 0,1681 

35,167 211 35,378 210 35,588 209 35,797 207 36,oo4 207 36,2ii 205 36,416 204 36,620 203 36,823 0,1764 1 
36,oo4 2x6 36,220 2l5 36,435 214 36,64g 212 36,861 212 37,073 210 37,283 209 37,492 208 37,700 0,1849 

36,841 221 37,062 220 37,282 219 37,501 217 37,718 217 37,935 2l5 38,x5o 2l4 38,364 212 36,576 0,1936 

37,678 226 37,904 225 38,x29 224 38,353 223 38,576 221 38,797 220 39,0x7 2l8 39,235 2l8 39,453 0,2025 

41,863 2Ô2 4 2,ii5 250 42,365 248 42,613 248 42,861 2.45 43,io6 245 43,35i 243 43,594 24l 43,835 0,2500 

46,o48 277 46,325 275 46,600 273 46,873 272 47,i45 271 47,4i6 268 47,684 268 47,95s 266 48,218 o,3o25 

50,232 302 5o.534 3oo 5o,834 299 5i,i33 297 5x,43o 295 51,726 2q3 52,018 291 52,3og 29O 52,599 o,36oo 

54,4x6 327 54,743 326 55,069 323 55,392 321 55,7i3 320 56,o33 3i8 56,35i 3x6 56,667 3i 4 56,981 0,4226 

58,600 352 58,952 35o 59,3o2 349 59,65i 346 59,997 344 6o,34i 342 60,683 341 61,024 338 61,362 o,4goo 

62,783 377 63.160 376 63,536 373 68,909 371 64,280 36q 64,649 366 65,oi 5 365 65,38o 363 65,743 o,5625 

66,965 4o3 67,368 4oo 67,768 3g8 68,166 3g6 68,562 3q4 68,956 3gi 69,347 38g 69,736 887 70,123 o,64oo 

7I,t47 
75,328 

79,5o8 
83,688 

428 71,576 425 72,000 423 72,423 421 72,844 4i8 73,262 4ib 73,678 41-3 74,091 4ii 74,5o2 0,7225 

453 75,781 45i 76,232 448 76,680 445 77,125 443 77,568 44o 78,008 488 78,446 435 78,881 0,6100 

479 
5o4 

70,087 476 80,463 4?3 8o,q36 470 61,406 467 81,873 465 82,338 
86,667 

462 
487 

62,800 46o 63,260 0,9026 

84,192 5oi 84,693 498 85,i9i 4g5 85,686 492 86,178 489 87,154 483 87,637 1,0000 

34,4450 «35,2800 36,1250 36,9800 37,8450 38,7200 39,6050 40,5000 41,4050 c2 

| . (r + r " ). 2 01 r~ -f- r"~ nearly. 

1 
2 

3 
4 
5 
6 
7 
8 

832 

83 
166 
25o 
333 
4i6 
499 
582 
666 
749 

835 

84 
167 
25i 
334 
4i8 
5oi 
585 
668 
762 

838 

84 
168 
25i 
335 
419 
5o3 
587 
670 

754 

841 

84 
168 
252 
336 
421 
5o5 
589 
673 

757 

844 

84 
160 

253 
338 
422 

5o6 
5gi 
675 
760 

847 

85 
169 
254 
33g 
424 

5o8 
598 

678 
762 

85o 

85 
170 
255 
34o 
4a5 
5io 
5g5 
680 
765 

853 

85 
171 

256 
341 
427 
5l2 
597 
682 
768 

856 

86 
171 

257 
342 
428 
5i4 
599 
635 
770 

85g 

86 
172 

258 
344 
43o 
5i5 
601 
6S7 

773 

862 

86 
172 

269 

345 
431 
517 

6o3 
690 
776 

865 

87 
173 

260 
346 
433 
5ig 
606 
692 

779 

868 

87 
174 

260 
347 
434 
521 
608 
694 
781 

871 

87 
174 
261 
348 
436 
523 
610 
697 
784 

874 

87 
i75 
262 
35o 
437 

52 4 
612 

699 
787 

877 

88 
i75 
203 
35i 
439 
526 

6i4 
702 

789 

1 
2 
3 
4 
5 
6 
7 
8 



TABLE III. 
This table gives the true anomaly TJ of a comet, moving in a parabolic orbit, whose perihelion distance is equal to 

the mean distance of the sun from the earth or unity ; the time from the perihelion being t' days. It was computed 

by Burckhardt, by means of the formula in book ii. § 23, Mécanique Céleste, [693 &c.], namely, 

f ==27day3,4038 ... X ^3 tang. £I7-|-tang.3 ^U\. 
o 

If the perihelion distance be D, and the time from the perihelion t days, we must put t — D2 t' [693a]. If £7 be 

given, we must find, in this table, the corresponding value of log. V, and then the value of t from the formula, 

log1, t ~ log. if -j- § log. D. 
But if t be given, we must first find 

log. V — log. t — § log. D ; 

and then from this table the value of TJ, corresponding to this value of log. I'. 
When f is less than 5 days, the differences of log. V vary so rapidly, that it is found convenient to vary the form of this 

part of the fable. This is done by two different methods ; the one proposed by Burckhardt, the other by Carlini; by 

means of the first six columns of the first page of Table III. Burckhardt’s method consists in finding f, from log. t' ; 

and then, with the argument tJ, we obtain the corresponding value of U, as in the first three columns of the table. In 

the next three columns, which contain the table of Carlini, the argument is log. t', as in all the rest of the table, and the 

corresponding number is log. or log. Z7 — log. V; TJ being expressed in sexagesimal minutes, and t', in days. This 

method of Carlini is very convenient, in the case which most frequently occurs; namely, where t is given to find TJ ; 

for we have, 

log. V — log. t — f log. D ; 
log. TJ in minutes —log. i'-j-tab. number corresponding to log. if. 

In the determination of the constant factor 27days,4038, in the above value of t', we have neglected, as in [692'], the 

mass of the earth in comparison with that of the sun ; as is usually done in computing tables of this kind. This omission 

may be rectified, by adding 0,0000006 to the argument log. f in the table ; or by subtracting 0,0000006 from the logarithm 

of t, in finding the log. t'. 
Tables of this kind have been given by several authors, as Halley, La Caille, Zach, Pingré, &c. ; but above all, by 

Delambre, who improved and extended this table very much, giving the values of TJ, corresponding to the argument t', 

taken at convenient intervals from f' = 0 to t'= 200,000 days. Burckhardt made an important improvement in Table 

III. ; by taking for the argument log. t', which is given by a previous calculation, and by this means he saves the labor 

of finding t' from log. t'. 
Barker published a general table of the parabolic motion of a comet, in which the argument is the true anomaly TJ, 

taken at intervals of 5™; the corresponding numbers are what he calls the logarithms of the mean motion represented by 

log. mean motion = log. t' — 0,0398716, 

and the numbers in Barker’s table may be deduced from those of Burckhardt’s in Table III., by putting 

Barker’s log. = Burckhardt’s log. (Table III.) — 0,0398716 ; 

so that Table III., may be considered as an improvement on Barker’s table, and may be used for the same purposes ; the 

arguments, however, are in an inverted order. The argument in Barker’s table being the true anomaly TJ ; and in 

Burckhardt’s table, the argument is the logarithm of the time if. 

EXAMPLES OF THE USE OF TABLE III. 

EXAMPLE I . 

Given the log. of perihelion distance, or log. JD. = g,76565oo 
days 

Time from perihelion 

To find the true anomaly TJ. 
3 
2 

t =49 3 ,25281 

§ X log. D, 
log. t, 

log. f = log. t—• §■ log. JD, 

In Table III. god i6wl 29^,3 corresponds to 

5 or ,g = 3i5s,8 X°)956i 

9,648475o 
1,6924310 

2,o43g56o 

2,o43 

U—go 21 3i ,2 

EXAMPLE III. 

Given the log. of perihelion distance, or log. JD = 0,125oooo 

Time from perihelion, t = 2 days. 

To find the true anomaly TJ, by Burckhardt’s method. 

§ X log. JD, 0,1875000 
log. t, o,3oio3oo 

log. t' — log. t — 2. log. JD, =o,n353oo 

f=iday,2987633 

In Table III. iday,2 corresponds to i^4o 20s,6 

Tab. diff. 5ois,6 X 0,987633 = 4g5s,4 = 8 i5 ,4 
Sum is 77= 1 48 36 ,0 

EXAMPLE II. 

Given the log. of perihelion distance, or log. D — g,76565oo 
m •> ^ 771 n 5 
True anomaly, U = 90 21 3i ,2 

To find t. 

Log. 2,o43 Table III., corresponds to 90 16 29 ,3 

Difference, 3ois,g = 5 01 ,9 

Tabular difference, 3i5s,8 : 3oiS,9 : : 0,001 : 0,0009560 

Hence log. t', = 2,0439560 

Add § log. JD, = 9,648475o 

Sum is log. t = log. 49t1ayb>2528 = 1,6924310 

EXAM PLE IV. 

Given JD, V as in example iii., to find TJ, by Carlini’s 

method. 

Table III., Carlini, log. U—log. t', 

Sum is log. TJ = io8m,6oo = id 48™ 36s,o 

o,n353o 

1,922298 

2,o35828. 

a20 



TABLE III. 
To find the true anomaly U, corresponding to the time t' from the perihelion in days, in a parabolic orbit, whose 

perihelion distance is the same as the mean distance of the sun fiom the earth. 

Log. Log. U in 
Days 

t'. 
True 

Diff. 
of minutes, Diff. 

Log. of True 
Diff. 

Log. of True 
Diff. 

Log. of True 
Diff. Anom. U. f minus log. t days. Anom. XI. 1' days. Anom. U. f days. Anom. U. 

(lays. f in days. 

days. d m s 
1,922370 

d m s d m s d m s 
0,0 0,00,00,0 

5ox,8 
5oi,8 
5oi,8 
5or,8 

9)00 0,700 6,58,07,1 s 

57,5 

57.7 

57.8 

67.9 

0,760 7,5g,4i,3 
65,9 
66,x 

66,2 

66,4 

0,820 9,10,11,4 
75,4 
75,6 
75,8 
76,0 

0,1 0,08,21,8 9)!° 1,922370 0,701 6,59,04,6 0,761 8,00,47,2 0,821 9,11,26,8 

0,2 0,10,43,6 9,20 1,922370 0,702 7,00,02,3 0,762 8,01,53,3 0,822 9,12,42,4 
0,3 0,25, o5,4 9,3° I,92236g 0,703 7,01,00,1 0,763 8,02,59,5 

8,04,05,9 

0,823 g,i3,58,2 

0,4/ 0,33,27,2 9,4° 1,922368 0,704 7,01,58,0 0,764 0,824 9,i5,i4,2 
5oi,7 2 58,1 66,5 76,1 

o,5 0,41,48,9 5oi,8 
5ox,7 
5oi,7 

5oi,7 

9,5° 1,922366 0,705 7,02,56,1 

7,o3,54,3 
58,2 

58,4 
58,4 
58,6 

0,765 8,o5,i2,4 
66.7 

66.8 

66,9 

67,1 

0,825 9,i6,3o,3 
o,6 0,50,10,7 9,60 1,922364 A 0,706 0,766 8,06,19,1 

8,07,25,9 

0,826 9=i7)46,6 
/O.J 

o,7 0,58,32,4 9,70 1,92.2360 
6 

0,707 

0,708 

7,04,52,7 0,767 0,827 9)19,°3,i 
70,0 

76,6 

76,9 
o,8 i,o6,54,i 9,80 1,922354 

10 
7,o5,5i,i 0,768 8,08,32,8 0,828 9=2°)i9)7 

0,9 i,i5,i5,8 9,9° 1,922344 0,709 7,06,49,7 0,769 8,09,39,9 0,829 9=21,36,6 
5oi,6 16 58,8 67,3 76,9 

1,0 1,23,37,4 5oi,6 
0,00 1,922328 25 0,710 7,07,48,5 

58,8 
59=0 

59,2 

5g=3 

0,770 8,10,47,2 
67,4 

67,6 

67,8 

67=8 

o,83o 9,22,53,5 
i,i 1,31,59,0 0,10 i,g223o3 

39 
63 

0,711 7,08,47,3 0,771 8,11,54.6 o,831 9=24,10,7 77,2 

77=3 
77,5 

1,2 1,40,20,6 
5ot,6 
5oi,5 

0,20 1,922264 0,712 7,09,46,3 0,772 8,13,02,2 o,832 9,25,28,0 

i,3 1,48,42,2 o,3o 1,922201 
99 

0,713 7,10,45,5 0,773 8,14,10,0 o,833 

o'834 

9,26,45,5 

i,4 1,57,03,7 o,4o 1,922102 0,714 7,11,44,8 o,77 4 8,15,17,8 9=28,03,2 77=7 

i,5 2,05,25,2 
5oi,5 5g,4 68,1 77=9 
5nr.X 

0,7l5 7,12,44,2 
5g,5 

59,7 
5g,8 
60,0 

0,775 8,16,25,9 
68,1 

68.4 

68.5 
68.6 

o,835 9)29=2X)i 
78,0 

78,2 

78,4 
78,6 

i,6 2,i3,46,6 
5ot./( 

0,716 7,i3,43,7 0,776 8,17,34,0 o,836 9,3o,3g,i 

i,7 2,22,08,0 

2,30,29,4 
5oi,4 
5oi,3 

0,717 7,i4,43,4 o,777 8,18,42,4 0,837 9,31,57,3 
i,8 0,718 7,i5,43,2 0,778 8,19,50.9 o,838 9>335i 5,7 

T»9 2,38,5o,7 
5oi,2 

0,719 7,i6,43,2 o,779 8,20,59,5 o,83g 9,34,34,3 

60,0 68,8 78,7 
2,0 

2,1 

2,47,11,9 

2,55,33,1 
5ot,2 
5oi,i 

5oi,o 

5oi,o 

0,40 

0,41 

1,922102 

1,922089 
x3 
13 

14 
i4 

0,720 

0,721 

7,17,43,2 

7,i8,43,4 
60.2 

60.3 
60.5 
60.6 

0,780 

0,781 

8,22,08,3 

8,23,17,3 
69,0 

69=1 
69,3 

69)4 

o,84o 

0,841 

9,35,53,0 

9=37,11,9 
78,9 

2,2 3,o3,54,2 0,42 1,922076 0,722 7,19)43,7 0,782 8,24,26,4 0,842 g,38,3i,o 

9,3g,5o,3 

79)1 

79=3 
79=4 

2,3 3,I2,l5,2 o,43 1,922062 0,723 7,20,44,2 0,783 8,25,35,7 o,843 
2,4 3,20,36,2 o,44 1,922048 0,724 7,21,44,8 0,784 8,26,45,1 o,844 9)4i,C9,7 

3,28,57,1 

5oo,9 l6 60,8 69,6 79=6 
2,5 o,45 1,922032 

l6 
0,725 7,22,45,6 

60,9 

61,0 

61.2 

61.3 

0,785 8,27,54,7 
69=7 

69=9 

o,845 9,42,29,3 
79>8 
80,0 

80.2 

80.3 

2,6 3,37,17,9 
5oo,7 
5oo,7 
5oo,6 

0,46 1,922016 0,726 7,23,46,5 0,786 8,29,04,4 0,846 9=43,49,1 

2,7 3,45,38,6 o,47 T>921999 
17 

18 

18 

0,727 7,24,47,5 0,787 8,3o,i4,3 0,847 9,45,09,1 

2,8 3,53,39,3 o,48 1,921981 

1,921963 

0,728 7,25,48,7 0,788 8,3i,24,4 
70=1 

70,2 
0,848 9=46,29,3 

2,9 4,02,19,9 0,49 0,729 7,26,50,0 0,789 8,32,34,6 0,849 9)47=49=6 
5oo,5 

*9 6i,5 70,3 8o,5 
3,0 4,io,4o,4 o,5o 1,921944 0,730 7,27,5i,5 

61,6 0,79° 8,33,44,9 
7°=6 

7°=7 
70,8 

71,0 

o,85o 9,49,10,1 

9,5o,3o,8 
80,7 

80,9 

81,0 

8x,3 

3,i 4,19,00,8 5oo,3 o,51 I,Q2IQ24 20 
0,731 7,28,53,1 o,79! 8,34,55,5 o,85i 

3,2 4,27,21,1 0,52 I,92I903 2 I 
0,732 7,29,54,8 

ulJ/ 

61,9 o,792 8,36,06,2 0,852 9=5i,5i,7 
3,3 4,35,4i,3 

5oo,i 
o,53 I,92l88l 

22 

23 
0,733 7,3o,56,7 05793 8,37,17,0 o,853 q,53,i 2,7 

3,4 4,443oi,4 o,54 1,g2l858 0,734 7,3i,58,7 0,794 8,38,28,0 o,854 9,54,34,0 

5oo,i 
24 62,2 71,2 8x,4 

3,5 4,52,21,5 
499)9 
499,8 

499,7 
499,7 

o,55 I,92l834 
26 

26 

28 

0,735 7,33,00,9 
62.3 

62.4 

62.6 

62.7 

0,796 8,39,39,2 
71,3 

71=5 
71=6 

71=9 

o,855 9=55,55,4 
81.6 

81.7 
3,6 5,oo,4i,4 o,56 l,g2l8o8 0,736 7,34,o3,2 0=796 8,4o,5o,5 o,856 9,57=17=0 

3,7 5,09,01,2 o,5y 1,921782 0,737 7,35,o5,6 0,797 8,42,02,0 0,857 9,58,38,7 

3,8 5,17,20,9 o,58 1,921754 0,738 7,36,08,2 o,798 8,43,i3,6 o,858 10,00,00,7 
82,2 

3,9 5,25,40,6 0,59 1,921725 29 0,739 7,37,IO)9 0,799 8,44,25,5 o,85g 10,01,22,9 

499,5 3o 62,9 7L9 
10,02,45,2 

82,3 

4,o 5,34,00,1 
499,4 
499,2 

499 A 

499,0 

0,60 I,92l695 
32 
33 
35 

37 

0,740 7,38,i3,8 
63,o 

63,x 

63.3 

63.4 

0,800 8,45,37,4 
72.2 

72.3 

72)4 
72,6 

0,860 
82,5 

82,7 

82,9 

83,i 

4,i 5,42,19,5 0,61 I,92l663 0,741 7=39,16,8 0,801 8,46,4g,6 0.861 10,04,07,7 

4,2 5,5o,38,7 0,62 1,92l630 0,742 7)4o,I9,9 0,802 8,48,01,9 0,862 io,o5,3o,4 

4,3 5,58,57,8 o,63 I,92l595 0,743 7,4i,23,2 o,8o3 

o,8o4 

8,4g,i4,3 o,863 io,o6,53,3 

4,4 6,07,16,8 o,64 I,92l558 0,744 7,42,26,6 8,5o,2Ô,q 0,864 10,08,16,4 

498,9 38 63,6 72,8 

10,09,39,6 

83,2 

4,5 6,i5,35,7 
498,7 

498,6 

498,5 

498,3 

o,65 I,g2l520 
4o 

43 

0,745 7,43,3o,2 
63,7 
63,9 
64,o 

64,i 

o,8o5 8,5i,3g,7 73,0 
73,1 
73.3 

73.4 

o,865 83 5 
4.6 

4.7 

6,23,54,4 
6,32,i3,o 

0,66 

0,67 

I.921480 

1,921437 
0,746 

0,747 

7,44,33,9 
7,45,37,8 

0,806 

0,807 

8,52,52,7 

8,54,o5,8 
0,866 

0,867 

io,ii,o3,i 

10,12,26,7 

io,i3,5o,5 

83'6 
83,8 
84,0 

84,2 

4,8 6,4o,3i,5 0,68 i,92i3q3 44 
46 

0,748 7,46,41,8 0,808 8,55,19,1 0,868 

4,9 6,48,49,8 0,69 1,921347 0,749 7,47,45,9 0,809 8,56,32,5 0,869 io,i5,i4,5 
498,2 47 64,3 73,6 

10,16,38,7 5,o 6,57,08,0 
498,0 

497,9 
497,8 
497,6 

0,70 i,g2i3oo 

49 
0,750 7,48,5o,2 

64.5 
64.6 

64,7 
64,9 

0,810 8,57,46,1 73,8 
73)9 
74, T 

0,870 

5,i 7,06,26,0 0,71 1,921251 0,751 7,49,54,7 0,811 8,58,5g,9 0,871 io,i8,o3,i 
843 

5,2 7,i3,43,9 0,752 7,5o,5g,3 0,812 9,00, i3,8 0,872 10,19,27,6 
848 

5.3 

5.4 

7,22,01,7 

7,30,19,3 

0,753 

0,754 
7,5-2,o4,o 
7,53,08,9 

o,8i3 

o,8i4 

9=01,27,9 

9,02,42,2 
74=3 

0,873 

0,874 

10,20,52,4 
10,22,17,3 

84,9 

497,4 65,o 74,5 
10,23,42,5 

85,2 

5,5 7,38,36,7 
497,2 
497,1 

496,9 
496,8 

496,6 

0,755 7,54,i3,9 
65.2 
65.3 
65.5 
65.6 
65.8 
65.9 

o,8i5 9,o3,56,7 74,6 
0,875 

85,3 
5.6 

5.7 

7,46,53,9 0,756 7,55,19,1 0,816 9,o5,n,3 
74,7 
75,0 

0,876 10.25,07,8 
85,5 

7,55,i 1,0 0,757 7,56,24,4 0,817 9,06,26,0 0,877 io,26,33,3 
85,7 

5,8 8,03,27,9 0,758 7,57)29)9 0818 9,07,41,0 75,1 
0,878 10,27,59,0 

8s;9 
86,1 5,9 8,11,44,7 o,75g 7,58,35,5 0,819 9,08,56,1 75,3 

0,879 10,29,24,9 

6,o 8,20,01,3 0,760 7,59,4i,3 0,820 9,10,11,4 
75,4 

0,880 io,3o,5i,o i 86,3 



TABLE III. 
To find the true anomaly U, corresponding to the time V from the perihelion in 

distance is the same as the mean distance of the sun from the earth. 
days, in a parabolic orbit, whose perihelion 

Log. of 
t' days. 

0,880 
0,881 
0,882 
0,883 
0,884 

o,885 
0,886 
0,887 
0,888 
0,889 

0,890 
0,891 
0,892 
0,893 

0,894 

o,895 
0,896 
0,897 
0,898 

0,899 

0,900 
0,901 
0,902 
°,9°3 
0,904 

o,9°5 
o,qo6 
0,907 
0,908 
0,909 

0,910 
0,9m 
0,912 
0,913 

0,914 

o,g 15 
o,qi6 

0,9! 7 
o,qi8 

0,919 

0,920 
0,921 
0,922 
0,Q23 
0,924 

0,925 
0,926 
0,927 
0,928 

o,929 

o,g3o 
0,981 
0,932 
o,g33 
0,934 

o,g35 
0,936 
0,937 
o,g38 
0,989 
o,g4o 

True 
Anom. U. 

d m s 

IO,3o,5l,0 
10.32.17.3 
ro,33,43,7 
10.35.10.4 
10,36,37,2 

io,38,o4,3 
10.39.31.5 
io,4o,5g,o 
10.42.26.6 
10.43.54.4 

10.45.22.4 
10.46.50.7 
10.48.19.1 
io,4g,47>7 
10.51.16.5 

ro,52,45,5 
10.54.14.7 
10.55.44.1 
10.57.13.7 
10.58.43.5 

11,00,13,5 
11,01,43,7 
ii,o3,i4,i 

ii,o4,44,7 
11,06,15,5 

it,07,46,5 
11,09,17,7 
11.10.49.1 

11.12.20.7 

I i,i3,52,5 

11.15.24.6 
11.16.56.8 
11.18.29.2 

11,20,01,9 

11.21.34.7 

11,23,07,7 

II ,24,4i ,0 

11,26,14,4 

11.27.48.1 

11,29,22,0 

11,3o,56,o 
11.32.30.3 
r i,34,o4,8 
11,35,3g,5 
11.37.14.4 

n,38,4g,5 
11.40.24.8 
x 1,42,00,4 
1 i,43,36,i 
11.45.12.1 

11.46.48.3 
11,48,24,6 
II,5o,OI,2 
11.51.38.1 

11.53.15.1 

11.54.52.3 
1 i,56,2g,8 
11,58,07,5 
11.59.45.3 
I 2,01,23,5 
i2,o3,ox,8 

Diff. 

86.3 
86.4 
86.7 
86.8 

87.1 

87.2 
87.5 
87.6 
87.8 

88,0 

88.3 
88.4 
88.6 
88.8 

89,0 

89.2 
89.4 
89.6 
89.8 

90,0 

go, 2 
go,4 
go,6 
90.8 

91,0 

91.2 
91 ,4 
91.6 
91.8 

92.1 

92.2 
92.4 
92.7 
92.8 

g3,o 

93.3 
93.4 
93.7 
93.9 
94,0 

94,3 
94.5 
94.7 
94.9 

95.1 

g5,3 
g5,6 
95.7 
96,0 

96.2 

96.3 
96.6 

96.9 
97,o 

97.2 

97.5 
97.7 
97.8 
98.2 
98.3 
98.5 

Log of| 
t' days 

0,g4o 
0,941 
0,942 
0,943 
0,944 

0,945 
0,946 

0,947 
0,948 
0,949 

o,g5o 
o,g5i 
0,952 
0,953 
0,954 

0.955 
o,g56 
0,957 
o,g58 
o,g5g 

0,960 
0,961 
0,962 
o,g63 
0,964 

o,g65 
0,966 
0,967 
0,968 
0,969 

0,970 
0,971 
0,972 
0,973 

0,974 

0,975 
0,976 
0,977 
0,978 

0,979 

0,980 
0,981 
0,982 
0,983 

0,984 

o,g85 
0,986 
0,987 
0,988 
0,989 

0,990 
o,99i 
0,992 
o,993 
0,994 

0,995 
0,996 
o,997 
0,998 

o,999 
1,000 

True 
Anom. U. 

d m s 

i2,o3,oi,8 
12,04,40,3 
12,06,19,0 
12,07,58,0 
12,09,37,2 

12.11.16.6 
12.12.56.3 
12.14.36.1 
12.16.16.2 
12.17.56.4 

12,19,37,0 
12.21.17.7 

12.22.58.6 
12.24.39.8 
12.26.21.2 

12,28,02,. 
12.29.44.7 
12.31.26.7 
12,33,09,0 
12.34.51.5 

12.36.34.3 
12.38.17.2 

12,40,00,4 
12.41.43.8 
12.43.27.5 

i2,45,ti,3 

12.46.55.4 
12,48,3g,8 
12.50.24.3 
12,52,09,1 

12.53.54.1 
i2,55,3g,3 
12.57.24.8 
12,5g,io,5 
i3,oo,56,4 

l3,02,42,6 
i3,04,29,0 

i3,o6,i5,6 
i3,o8,02,5 
13,09,49,6 

13.1 r,36,g 
13.13.24.5 
13.15.12.3 
i3, 17,00,3 
13.18.48.6 

13.20.37.1 
l3,22,25,g 
13.24.14.8 
i3,26,o4,t 
i3,27,53,5 

13.29.43.2 
13.31.33.2 
13.33.23.3 
13.35.13.7 
i3,37,04,4 

13.38.55.3 
13.40.46.4 
13.42.37.8 
13.44.29.4 
13.46.21.3 
13.48.13.4 

Diff. 

98,5 

98,7 
99,° 
99=2 

99)4 

99)7 
99)8 

100.1 

100.2 

100.6 

100.7 

100.9 

101.2 

IOI 

101.6 

101.9 
102,0 

102.3 
102,5 

102.8 

102.9 

1o3,2 

to3,4 
103.7 

103.8 

104.1 

104.4 
104.5 
104.8 

io5,o 

105.2 
105.5 
105.7 
105.9 

106.2 

106.4 
106.6 

106.9 

107.1 

107.3 

107.6 

107.8 

108,0 

108.3 

108.5 

108.8 

108.9 

109.3 

109.4 

109.7 

110,0 

110.1 

110.4 
110.7 

110.9 

hi,1 

111.4 
111.6 

111.9 

112.1 

112,3 

Log. of 
t' days. 

1,000 

1,001 

1,002 

i,oo3 
1,004 

i,oo5 
1,006 
1,007 
1,008 
1,009 

1,010 
1,011 
1,012 
1,013 

i,ot4 

1,015 
1,016 
1,017 
1,018 
1,019 

1,020 
1,021 
1,022 
1,023 
1,024 

1,025 
1,026 

1,027 
1,028 
1,029 

i,o3o 
i,o3i 
i,o32 
i,o33 
i,o34 

i,o35 
i,o36 
1,037 

i,o38 
i,o3g 

i,o4o 
i,o4i 
1,042 

1 ,o43 
1,044 

i,o45 
1,046 

1,047 

1,048 
1,049 

i,o5o 
i,o5i 
i,o52 
1 ,o53 

i,o54 

i,o55 
i,o56 
i,°57 
i,o58 
i)o59 
1,060 

True 
Anom. U. 

d in s 

i3,48,i3,4 
i3,5o,o5,7 
i3,5i,58,3 
13.53.51.2 
13.55.44.3 

13.57.37.6 
i3,5g,3i,2 
i4,01,25,0 
i4,o3,ig,r 
i4,o5,i3,4 

14,07,07,9 
14,09,02,7 
14.10.57.8 
14.12.53.1 
14.14.48.6 

14.16.44.4 
14.18.40.5 
14.20.36.8 
14.22.33.4 
14.24.30.2 

14.26.27.3 
14.28.2.4.6 
i4,3o,22,2 
r4,32,20,0 
i4’,34,i8,i 

14.36.16.5 
i4,38,i5,t 
i4,4o,i3,g 
i4,42,i3,o 
14.44.12.4 

i4,46,ip.,o 

14.48.11.9 
i4,5o,i2,o 
14.52.12.4 
14.54.13.1 

i4,56,i4,o 

14.58.15.2 
15,00,16,7 
i5,o2,i8,4 
1 5,o4,2o,4 

15,06,22,6 
i5,o8,25,i 
15,10,27,8 
15.12.30.7 
i5, i4,34,o 

15.16.37.5 
15.18.41.3 
15.20.45.4 
15.22.49.7 
15.24.54.3 

15.26.59.1 
15,29,04,2 
15,31,09,6 
15.33.15.3 
15.35.21.2 

15.37.27.4 
i5,3g,33,9 
15.41.40.7 
15.43.47.7 
i5,45,55,o 
15,48,02,6 

Diff. 

5 
112.3 
112.6 
112,9 
n3,i 

113.3 

113.6 
n3,8 

n4,i 
n4,3 

n4,5 

114.8 
115.1 
115.3 
n5,5 

n5,8 

116.1 
n6,3 
116.6 
116.8 

117.1 

117.3 
117.6 
117.8 
118.1 

118.4 

118.6 
118.8 
119.1 
h9,4 

119.6 

”9,9 
120.1 
120.4 
120.7 

120.9 

121,2 

121.5 
121.7 
122,0 

122,2 

122.5 
122.7 

122.9 
123.3 

123.5 

123.8 
124,1 
124.3 
124.6 

124.8 

125.1 
125.4 
125.7 
125.9 

126.2 

126.5 
126.8 
127,0 
127.3 
127.6 
127.8 

Log. 0: True Diff. l.og. 0 f True 
t' days. Anum. U. t' days . Anom. U, 

d ni s d m s 
1,06c i5,48,02,f 5 

127,8 

128,1 

128,4 

128,6 

I,I2C 18,04,u,5 
1,061 i5,5o,io,/ 1,121 18.06,36,5 
1,062 i5,52,i8,f 

15,54,26.1 

1,12; 18,09,01 ,q 
1,068 1,12c 18,11,27,5 

1,064 15,56,35,5 1,12/ i8,i3,53,5 
128,9 

i,o6S 15,58,44,/ p,iaf 18,16,19,7 

1,066 16,00,53, ( 129,2 
1,126 18,18,46,3 

1,067 i6,o3,o3,c , 129,4 

129,8 

i3o,o 

1,12- i8,2i,i3,i 
1,068 i6,o5,i2,f 1,128 i8,23,4o,3 
1,069 16,07,22, 8 1,121 18,26,07,8 

i3o,3 
1,070 16,09,33,1 i3o,6 

i3o,g 

i3i,4 

i,i3c i8,28,35,5 
1,071 16,11,43,7 

i6,i3,5 4,f 
i,i3i i8,3i,o3,6 

1,072 i,i3q i8,33,32,o 
1,073 16,16,05,7 i,i33 18,36,00,7 

1,074 16,18,17,1 i,i34 18,38,29,7 

i3i,7 
1,075 16,20,28,8 132,0 

i32,3 

1, 35 i8,4o.5g,o 
1,076 16,22,40,8 i,i36 18,43,28,6 

1,077 

1,078 

i6,24,53,i i,i37 i8,45,58,5 
16,27,05,6 i32,g 1,138 18,48,28,8 

1=079 16,29,18,5 i,i3g i8,5o,5g,3 
i33,i 

1,080 i6,3i,3i,6 i33,3 
i33,7 
i33,g 
i34,2 

i,i4o i8,53,3o,2 

1,081 16,33,44,g i,i4i 18,56,01,4 
1,082 

i,o83 
16,35,58,6 

16,38,12,5 
1.142 

1.143 
18,58,32,8 
19,01,04,6 

1,084 16,40,26,7 i,i44 ig,o3,36,7 
134,5 

1,08 5 l6,42,4l,2 
134,7 
i35,2 
t35,4 
i35,6 

1,i45 19,06,09,1 

1,086 i6,44,55,9 1,146 19,08,41,8 

1,087 16,47,11,1 
1,i47 ig,n,i4,8 

t,o88 16,49,26,5 1,148 19,13,48,2 

1,089 16,51,42,1 1,149 19,16,21,9 

16,53,58,0 
i35,g 

1,090 
i36,3 
136,5 
i36,8 
137,0 

i,i5o 19,18,55,9 

1,091 i6,56,i4,3 1,151 19,21,30,2 

1,092 i6,58,3o,8 I,i52 19,24,04,8 

1,093 17,00,47,6 i,i53 19,26,39,8 

1,094 17,03,04,6 i,i54 

i,og5 17,05,22,0 

137,4 

i37,7 
i38,o 

i,i55 ig,3i,5o,6 
1,096 17,07,39,7 1,156 19,34,26,5 

11,097 17,09,57,7 i,i57 i9,37,o2,7 
1,098 17,12,15,9 i38,5 i,i58 T9,39,J9,2 
1,099 17,14,34,4 i,i5g 19,42,16,0 

i38,8 
1,100 17,16,53,2 i3g,i 

i3g,4 
i3g,7 
140,0 

1,160 19,44,53,2 
1,101 17,19,12,3 

17,21,31,7 

1,161 ig,47,3o,8 

1.102 

1.103 
1,162 19,50,08,7 

i7,23,5i,4 i,i63 19,52,46,g 
1,104 17,26,11,4 1,164 19,55,25,3 

i4o,3 
i,io5 17,28,31,7 

i4o,6 

i4o,8 

i4 1,2 

i4i,5 

i,i65 ig,58,o4,i 
1,106 i7,3o,52,3 1,166 20,00,43,2 

1.107 

1.108 

i7,33,i3,i 
17,35,34,3 

1.167 

1.168 

20,o3,22.6 

20,06,02,3 

1,109 17,37,55,8 1,169 20,08,42,4 

i4i,8 
1,no i7,4o,T7,6 

142,0 

i42,3 
142,7 

142,9 

1,170 20,11,22,8 

I,III 17,42,39,6 1,171 2o,i4,o3,5 
1,112 17,45,01,9 1,172 20.i6,44,5 
i,ii3 17,47,24,6 1,173 20,IQ,25,g 
1,114 17,49,47,5 i,i74 20,22,07,6 

i43,3 
i,ii5 17,52,TO,8 

i43,5 
i43,8 
i44,2 

1,175 20,24,49,6 

1,116 17,54,34,3 1,176 20,27,32,0 
1,117 17,56,58,1 i,i77 20,3o, 14,7 
1,118 17,59,22,3 1,178 20,32,57,7 
1,119 18,01,46,7 

144,8 
i45,o 

i,i79 20,35,4i,o 
1,120 i8,o4,ii,5 1,180 20,38,24,7 

Diff. 

s 
145,0 
145.4 
145.6 
146,0 

146.2 

146.6 
146.8 
147.2 
147.5 

147.7 
148.1 
148.4 
148.7 
i49,o 

149.3 

149.6 
149.9 
150.3 
150.5 

i5o,g 

151.2 
151.4 
151.8 
152.1 

152.4 

152.7 
i53,o 
153.4 
t53,7 

1 54,o 

154.3 
154.6 
155,o 
155.2 

155.6 

155.9 
156.2 
156.5 
156.8 

107.2 

157.6 
1^7,9 
i58,2 
158.4 

158.8 

159.1 
i5g,4 
159.7 
160.1 

160.4 

160.7 
161,0 



To find the true 

distance is the same 

TABLE III. 
anomaly U, corresponding to the time t' from the perihelion in days, in a parabolic orbit, whose perihelion 

as the mean distance of the sun from the earth. 

Log. of True Diff. Log. of True 
£' days. Anora. U. £' days. Anom. U. 

d m s dm s 

1,180 20,38,24,7 
164,0 
164,3 
164,6 
i65,o 

I,24o 23,32,24,9 

1,181 20,41,08,7 l,24l 23,35,29,5 

1,182 20,43,53,0 1,242 23,38,34,5 

I,l83 20,46,37,6 1,243 23,4i,3g,8 

l,l84 20,49,22,6 1,244 23,44,45,4 
i65,3 

i,i85 20,52,07,9 
165',7 
166,0 
i66,3 
166,7 

1,245 23,47>5i,4 

1,186 20,54,53,6 1,246 23,50,57,8 

1,187 20,57,39,6 1,247 23,54,o4,5 

1.188 
1.189 

21,00,25,9 1,248 23,57,11,6 
21, o3,12,6 1,249 24,00,19,0 

167,0 

1,190 21,05,59,6 
167,3 

167,7 

I,25o 24,03,26,8 

1,191 21,08,46,9 I,25l 24,06,35,0 

1,192 21,1 i,34,6 1,252 24,09,43,5 

1,193 21,14,22,6 
i68,3 

i,253 24,12,52,4 

i,i94 21,17,10,9 1,254 24,16,01,6 
168,7 

i,ig5 21,19,59,6 
169,0 
169,3 
169,7 

1,255 24,19,11,2 

1,196 21,22,48,6 
21,25,37,9 

i,256 24,22,21,2 
24,25,3i,5 i,i97 1,257 

1,198 21,28,27,6 i,258 24,28,42,2 

*=*99 21,31,17,6 1,259 24,3i,53,3 
170,4 

1,200 21,34,08,0 
170,7 

1,260 24,35,04,7 

1,201 21,36,58,7 1,261 24-,38-,i6,5 

1.202 
1.203 
1.204 

21,39,49,7 
171,0 

i7i,4 
1,262 24,41,28,6 

21,42,41,1 1,263 24,44,4i,i 
21,45,32,8 171,7 1,264 24,47,54,0 

172,0 

1,20.5 21,48,24,8 172.4 
172,8 
173,1 
173.5 

1,265 24,51,07,3 

1,206 21,51,17,2 1.266 
1.267 

24,54,20,9 

1,207 21,54,10,0 24,57,34,9 
1,208 2i,57,o3,i 1,268 25,00,49,2 

1,209 21,59,56,6 1,269 25,o4,o3,9 
173,8 

1,210 22,02,5o,4 
22,o5,44,5 

174.1 
174,5 
174,8 
175.2 

1,270 25,07,19,0 

1,211 1,271 25,io,34,4 

1,212 
1.213 

1.214 

22,08,39,0 
22,11,33,8 
22,14,29,0 

1.272 
1.273 
1.274 

25,i3,5o,2 

25,17,06,4 
25,20,23,0 

175,5 

1.215 
1.216 

22,17,24,5 
22,20,20,3 

175.8 
176,2 
176,5 
176.9 

1.275 
1.276 

2.5,23,39,9 
25,26,57,2 

1,217 22,23,16,5 1,277 25,3o,i4,9 

I,2l8 22,26,13,0 1,278 25,33,32,9 

1,219 22,29,09,9 1,279 25,36,5i,3 
177,2 

25,4o,io,i 
25,43,29,3 

1,220 
1,221 

22,32,07,1 
22,35,04,7 

177,6 
1.280 
1.281 

1,222 22,38,02,6 177,9 
178,3 
178,6 

1,282 25,46,48,8 

1,223 22,4l ,OO.Q 1,283 25,5o,o8,7 

1,224 22,43,59,5 1,284 25,53,29,0 

179=0 
25,56,49,6 1,225 22,46,58,5 

179.3 
179,6 
180,0 
180.4 

i,285 

1,2 26 
1,227 

22,49,57,8 

22,52,57,4 

1.286 
1.287 

26,00,10,6 
26,03,32,0 

1,228 
1,229 

22,55,57,4 
22,58,57,8 

1.288 
1.289 

26,06,53,8 
26,10,15,9 

180,7 

I,23o 23,oi,58,5 
181.1 
181,4 
181,7 
182.1 

1,290 26,i3,38,5 

I,23l 23,04,59,6 1,291 26,17,01,4 
26,20,24,7 1,232 23,08,01,0 1,292 

i,233 2.3,11,02,7 1,293 26,23,48,4 

I,23z 23,i4,o4,8 1,294 26,27,12,4 

182,5 

i,235 23,17,07,3 
182,8 
183.2 

183.5 
i83,g 
184.2 
184.6 

1,290 
1,296 

2Ô,3o,36,8 

i,236 23,20,10,1 26,34,01,6 

1,237 23,23,i3,3 1,297 26,37,26,7 

i,238 23,26,16,8 1,298 26,4o,52,3 

1 i ,23g 23,29,20,7 1,299 26,44,18,2 

1 1,24c 28,32,24,9 i,3oc 26,47,44,5 

Log. of 
£' days. 

True 
Anom. U. 

I,36o 
dm s 

3o,25,38,7 

i,36i 30,29,28,4 
1,362 3o,33,i8,5 

i,363 30,37,08,9 

i,364 3o,40,59,8 

i,365 3o,44,5i,o 

i,366 30,48,42,7 
1,367 3o,52,34,7 
i,368 3o,56,27,i 

1,36g 31,00,19,9 

1,370 3i,o4,i3,i 
1,371 31,08,06,7 
1,372 3i,i2,oo,7 

1,373 3i,i5,55,i 

1,374 31,19,49,8 

1,375 31,23,45,o 

1,376 3i,27,40,5 

i,377 3i,3i,36,5 
1,378 3i,35,32,8 

i>379 31,39,29,5 

i,38o 3 r,43,26,6 
i,38i 3i,47,24,i 
1,382 3l,5l,22,0 

i,383 3i,55,2o,3 

i,384 3i,5g,i9,o 

i,385 32,o3,18,0 
32,07,17,5 i,386 

1,387 32,11,17,3 
i,388 32,i5,i7,5 
i,38g 32,19,18,2 

i,3go 32,23,19,2 
32,27,20,6 i,3gi 

1,392 32,3l,22,4 
32,35,24,6 1,3g3 

i,394 32,39,27,2 

i,3g5 32,43,3o,i 

i,3g6 32,47,33,5 

1,397 32,5i,37,3 

1,898 32,55,4i,4 
1,399 32,59,46,0 

i,4oo 33,o3,5o,9 

1,4o i 33,07,56,2 
1,402 33,12,02,0 

i,4o3 33,16,08, r 
1,404 33,20,14,6 

i,4o5 33,24,21,5 

i,4o6 33,28,28,7 

1,407 33,32,36,4 
1,408 33,36,44,5 

1,409 33,4o,52,9 

i,4io 33,45,oi,8 

i,4t I 33,4g,n,o 

i ,412 33,53,20,7 

i,4i3 33,57,3o,7 

i,4i4 34,oi,4i,i 

1,4 if) 34,o5,5i,9 
1,416 34,io,o3,i 

i,4i7 34,i4,i4,7 
1,418 34,18,26,6 

1,419 34,22,39,0 

1,420 34,26,5i,8 

Log. of 
£' days. 

True 
Anom. U. 

1,420 
d m s 

34,26,51,8 

1,421 34,31,04,9 

1,422 34,35,i8,5 
1,423 34,39,32,4 

1,424 34,43,46,7 

1,425 34,48,oi,4 
1,426 34,52,i6,5 
1,427 34,56,32,0 
1,428 35,oo,47,8 
1,429 35,o5,o4,i 

i ,43o 35,09,20,7 
35,i3,37,7 i,43i 

i,432 35,17,55,2 

i,433 35,22,i3,o 

i,434 35,26,3i,2 

i,435 35,3o,4g,7 

i,436 35,35,o8,7 

1,437 35,39,28,1 

i,438 35,43,47,8 
1,439 35,48,o8,o 

i,44o 35,52,28,5 

1,441 35,56,49,4 
1,442 36,oi,io,7 

i,443 36,o5,32,4 

i,444 36,09,54,4 

i,445 36,14,16,9 
i,446 36,18,39,8 

i,447 36,23,o3,o 
36,27,26,6 i,448 

i,449 36,3i,5o,6 

i,45o 36,36,i5,o 

1,451 36,40,39,8 
i,452 36,45,o4,9 
i,453 36,4g,3o,5 

i,454 36,53,56,4 

i,455 36,58,22,7 

i,456 37,02,49,4 
i,457 37,07,16,5 
i,458 37,11,43,9 

1,45g 37,16,11,8 

1,460 37,20,40,0 

1,461 37,25,08,6 
1,462 87,29,37,6 
i,463 37,34,07,0 

i,464 37,38,36,7 

i,465 37,43,06,9 

i,466 37,47,37,4 
1,467 37,62,08,3 

i,468 37,56,39,6 

1,469 38,oi,ii,3 

1,470 38,o5,43,3 

1,471 38,io,i5,7 
1,472 38,i4,48,5 

i,473 38,19,21,7 

1,474 38,23,55,3 

i,475 38,28,29,2 

1,476 38,33,o3,5 

i,477 38,37,38,2 

1,478 38,42,i3,2 

1,479 38,46,48,7 
1,480 38,51,24,5 

Diff. Log. of 
£' days 

184.6 
i85,o 

185.3 
185.6 

186,0 

186.4 
186.7 

187.1 

187.4 

187.8 

188.2 

188.5 
188.9 

189.2 

189.6 

190,0 

190.3 

190.7 

191.1 

191.4 

191.8 
192.1 

192.5 

i92=9 

193.3 S 

193.6 
194,0 

194.3 

194=7 

t95,i 

195.4 
195.8 

196.2 

196.6 

i96=9 

197.3 

197.7 
108,0 

i9834 

198.8 

!99 = 2 

*99,6 
*99,9 
200.3 

200.6 

201,0 

201.4 

201.8 

202.1 

202.6 

202,g 

203.3 
203.7 
204,0 

204.4 

204.8 

205.1 
205.6 
2o5,g 

206,3 

206.6 

True 
Anora. U. 

1.300 
1.301 
1.302 
1.303 
1.304 

1.305 
1.306 
1.307 
1.308 
1,3og 

i,3io 
i,3i 1 
1.312 
1.313 

1.314 

1.315 

1.316 
1.317 
1.318 
i,3ig 

1.320 
1.321 
1.322 
1.323 

1.324 

1.325 
i,3 26 

1.327 
1.328 
1.329 

1.330 
1.331 
1.332 

1.333 

1.334 

1.335 
1.336 
1.337 
1.338 
1.339 

1.340 
1.341 
1.342 
1.343 

1.344 

1.345 
1.346 

1.347 
1.348 
1.349 

1.350 
1.351 
1.352 

1.353 
1.354 

1.355 
1.356 
1.357 

1.358 
i,35g 
i,36o 

d m s 

26.47.44.5 
26.5.1.11.1 
26.54.38.1 
2Ô,58,o5,5 
27,01,33,3 

27,05,01,4 
27,08,29,9 

27.11.58.8 
27.15.28.1 
27.18.57.8 

27.22.27.8 

27.25.58.2 

27,29’29>° 
27,33,00,2 
27,36,3i,g 

27,40,03,8 
27.43.36.1 
27.47,08,8 
27.50.41.9 

27,54,i5,4 

27.57.49.3 

.28,01.,23,5 
28,o4,58,i 
28,08,33,1 
28,12,08,5 

28.15.44.2 
28. TQ. 20,3 
28.22.56.9 

28,26,33,8 

28.30.1 I,I 

28.33.48.7 
28.37.26.8 

28,41, o5,3 

28.44.44.1 
28.48.23.3 

28,52,02,9 
28.55.42.9 
28.59.23.3 
29,03,04,0 
29,06,45,2 

29,10,26,7 

29,14,08,6 
29.17.50.9 
29.21.33.6 
29.25.16.7 

29,29,00,2 
29,32,44,0 
29.36.28.3 
29.40.12.9 
29.43.57.9 

29.47.43.3 
29.51.29.1 
29.55.15.3 
29,59,01,8 
30,02,48,8 

3o,o6,36,i 
30.10.23.9 
3o,i4,i2,o 
3o,i8,oo,5 

3o,2i,4g,4 
30.25.38.7 

Diff. 

206.6 
207,0 

207.4 

207.8 

208.1 

208.5 
208.9 
209.3 

209.7 

210,0 

210.4 
210.8 

211.2 

211.7 

211.9 

212.3 
212.7 

213.1 
213.5 

2*3,9 

214.2 
214.6 
2l5,0 

215.4 

215.7 

216.1 

216.6 
216,9 
217.3 

217.6 

218.1 
218.5 

218.8 
219.2 

219.6 

220,0 

220.4 
220.7 

221.2 

221.5 

221.9 

222,3 
222.7 
223,1 

Diff. 

228,1 

•s 
229.7 

230.1 

230.4 
230,9 

281.2 

231.7 

232,0 
232.4 
232.8 

233.2 

2-33,6 
234,0 
234.4 

234.7 

235.2 

235.5 
236,0 
236.3 
236.7 

237.1 

237.5 
237.9 
238.3 
238.7 

289,0 

23g,5 
239.8 
240.2 

242,2 

244, i 

246,1 

Diff. 

253.1 
253.6 
253,q 
254.3 

254.7 

255.1 
255.5 
255.8 
256.3 

256.6 

257,0 

257.5 
257.8 
258,2. 

258.5 

259,0 

25g,4 

269.7 

260.2 

260.5 

260.9 

261.3 

261.7 

262,0 

262.5 

262.9 

263.2 
263.6 
264,0 

264.4 

264.8 
265.1 
265.6 
265.9 

266.3 

266.7 

267.1 

267.4 
267.9 

268.2 

268.6 

269,0 

269.4 

269.7 

270.2 

270.5 

270.9 

271.3 
271.7 

272,0 

272.4 

272.8 

273.2 

273.6 

273.9 

274.3 

274.7 
275,0 
275.5 

275.8 
276,1 



TABLE III. 
To find the true anomaly U, corresponding to the time t' from the perihelion in days, in a parabolic orbit, whose perihelion 

distance is the same as the mean distance of the sun from the earth. 

Log. of 
t' days. 

r,4So 
1.481 

1.482 

1.483 

1.484 

1.485 
1.486 
1.487 

1.488 
1.489 

1.490 

1.491 

1.492 

1,4g3 
i,4g4 

1.495 
1.496 

M971 
1.498 

1.499 

r,5oo 
1.501 
1.502 
1.503 

1.504 

1.505 
1.506 
1.507 
1.508 
1.509 

1.510 
x,5n 
1.512 
1.513 

1.514 

1.515 
r,5i6 
1.517 

1.518 
1,5ig 

1.520 
1.521 
1.522 
1.523 
1.524 

1.525 
1.526 

1.527 

1.528 

1.529 

1.530 
1.531 
1.532 
1.533 
1.534 

1.535 
1.536 
1.537 

1.538 
1.539 
1.540 

True 
Anora. U. Diff. 

d m s 

38.5 i,24,5 
38,56,oo,6 
39,00,37,2 

3g,o5,t4,i 

89,'°9,5J >4 

39.14.29.1 

39,19,07,1 

39.23.45.5 
39.28.24.3 

3g,33,o3,5 

39,37,43,0 
39,42,22,9 

3g,47,o3,2 
39.51.43.8 
3g,56,24,8 

40,01,06,2 

4o,o5,48,o 
40.10.30.1 
40.15.12.6 

40.19.55.4 

40.24.38.6 
40.29.22.2 

4o,34,o6,2 
40.38.50.5 
40.43.35.2 

40.48.20.2 

4o,53,o5,6 
40.57.51.4 
41,02,37,6 
41,07,24,1 

4l,I2,T0,g 

4i,x6,58,i 

41.21.45.7 
41.2.6.33.6 
41.31.21.9 

41.36.10.6 
41.40.59.6 
4i,45,49,o 
4i ,5o,38,7 
41.55.28.8 

42,00,19,2 
42,o5,xo,o 
42,10,01,1 
42.14.52.6 
42.19.44.4 

42.24.36.6 
42.29.29.2 

42.34.22.1 
42,3g,j5,3 
42,44,08,9 

42,49,02,9 

42.53.57.2 
42,58,5i-9 
43,03,46,9, 
43,08,42,8 

43,i3,38,o 
43,i8,34,o 
43.23.30.4 
43.28.27.1 

43.33.24.2 
43.38.21.7 

276.1 

276.6 

276,9 

277.3 

277.7 

278,0 

278.4 

278.8 

279= 2 

279.5 

279=9 
280.3 

280.6 

281,0 

281.4 

281.8 

282.1 

282.5 

282.8 

283.2 

283.6 

284,0 

284.3 

284.7 

285,0 

285.4 
285.8 
286.2 

286.5 

286.8 

287.2 

287.6 

287.9 

288.3 

288.7 

289,0 

289.4 

289.7 

290.1 

290.4 

290.8 

291.1 

291.5 

291.8 

292.2 

292.6 

292.9 
293.2 

293.6 

294,0 

294.3 

294.7 
295,0 

295.4 

295.7 

296,0 

296.4 

296.7 
297,1 

297.5 
297.8 

Log. of 
V days. 

True 
Anom. U. 

1,54o 
d m s 

43,3 8,21,7 

I,54l 43,43,19,5 

1,542 43,48,17,5 
1,543 43,53,x5,8 

1,544 43,58,i4,5 

1,545 44,o3,13,6 
1,546 44,o8,i3,o 

1,547 44,i3,i2,7 
1,548 44,18,12,8 

44,23,i3,2 I,54g 

x,55o 44,28,14,1 
i,55i 4:4,33,i5,2 
1,552 44,38,16,6 
i,553 44,43,i8,4 
i,554 44,48,20,5 

i,555 44,53,22,9 
i,556 44,58,q5,7 
1,557 45,o3,28,8 
i,558 45,o8,32,2 
1,55g 45,i3,36,o 

i,56o 45,t8,4o,2 
i,56i 45,23,44,6 
1,562 45,28,49,4 
1.563 
1.564 

45,33,54,5 
45,38,5g,9 

i,565 45,44,o5,6 
x,566 45,49,11,7 
1,567 45,54,i8,o 
i,568 45,59,24,7 
i,56g 46,o4,3i,7 

1,570 46,og,3g,o 
1,571 46,i 4,46,6 
1,572 46,19,54,6 
1,573 46,25,02,9 

1,574 46,3o,ii,5 

1,575 46,35,20,3 
1,576 46,40,29,5 
1,577 46,45,3g,o 
1,578 46,5o,48,8 
1,579 46,55,59,0 

i,58o 47,01,09,4 
1,581 47,06,20,1 
1,582 47,11,31,2 

47,16,42,6 i,583 
i,584 47,21,54,3 

Diff. 

1.585 
1.586 
1.587 

1.588 
1,58g 

i,5go 

1,591 
x,5g2 
i,5g3 

1,594 

x,5g5 
1.596 

1.597 

x,5g8 

1.599 
1.600 

47,27,06,3 
47.32.18.6 
47,37,31,2 

47.42.44.1 
47.47.57.2 

47.53.10.7 
47.58.24.5 
48,o3.38,6 
48,08,52,9 
48, x 4,07,6 

48.19.22.6 

48,24,37,9 

4:8,29,53,4 

48,35,09,3 

48.40.25.4 
48.4 5,4 t, 9 

297,8 
298,0 

298.3 

298.7 

299.1 

299.4 

299.7 
300.1 
300.4 

3oo,g 

301.1 

301.4 
301.8 
302.1 

302.4 

302.8 
303.1 

303.4 
303.8 

304.2 

304.4 
304.8 
3o5,x 
305.4 

305.7 

306.1 
306.3 
306.7 
307,0 

307.3 

307.6 
3o8,o 
308.3 
308.6 

308.8 

3og,2 
309.5 
3og,8 
3x0,2 

310.4 

310.7 
311.1 

31 x,4 
8h,7 

3X2,0 

3i2,3 

3x3,i 

3i4,i 

3i6,i 

Log. of 
f days. 

True 

Anom. U. 

I,6oo 

d m s 

48,45,41,9 
I,6oi 48,5o,58,6 
1,602 48,56,i5,6 
i,6o3 49,01,32,9 

1,604 4g,o6,5o,4 

i,6g5 49,12,08,3 

1,606 49,17,26,5 

1,607 49,22,44,9 

1,608 49,28,03,6 

1,609 4g,33,22,6 

1,6x0 49,38,4i,8 
1,611 49,44,01,4 

1,612 49,49,21,2 

i,6i3 4g,54,4i,3 

1,6x4 5o,oo,oi,7 

1,615 5o,o5,22,3 
1,6x6 5o,io,43,2. 

1,617 5o, 16,04,4 

1,618 5o,2i,25,9 
1,6x9 50,26,47,6 

1,620 5o,32,og,6 
1,621 5o,37,3i,8 
1,622 5o,42,54,3 

1,623 5o,48,17,1 

1,624 5o,53,40,2 

1,625 5o,5g,o3,5 
1,626 5i, 04,27, i 

1,627 5i ,09,50,9 

1,628 5i,i5,i5,o 

1,629 5i, 20,39,4 

x ,63o 5x,26,04,0 

1,631 5i,31,28,9 

1,632 51,36,54,o 

1.633 

1.634 

51,42,19,4 

5i, 47,45,o 

i,635 5i,53,io,9 
5i ,58,37,0 i,636 

1,637 52,o4,o3,4 
i,638 52,09,30,0 

i,63g 52,i4,56,g 

1,640 52,20,24,0 

1,641 52,25,5i,3 
1,642 52,3i,i8,9 
i,643 52,36,46,7 
1,644 52,42,14,8 

i,645 52,47,43,1 

1,646 52,53,ii,6 
1,647 52,58,4o,4 
i,648 53,04,09,4 

1,649 53,09,38,7 

i,65o 53,i5,o8,2 

1,651 53,20,37,9 

1,65a 53,26,07,9 

i,653 53,3i,38,i 

i,654 53,37,o8,5 

i,655 53,42,39,1 

i,656 53,48,09,9 

1,657 53,53,4i,o 

i,658 
i,65q 

53,5g.i2,3 

54,o4,43,9 
1,66c 54,io, x5,6 

Diff. 

316.7 
3i7,o 

817.8 

317.5 

817.9 

318.2 

3x8,4 
318.7 
3i9,o 

319.2 

3xg,6 
819.8 
320.1 

320.4 

320.6 

820.9 
321.2 
321.5 
32 T,7 

322,0 

322.2 
322.5 
322,8 
323.1 

323.3 

323.6 
3a3,8 
32.4.1 

325,1 

326,1 

327,1 

328,1 

328,3 

33i. 

Log. of 
V days. 

Truo 
Anom. U. 

1,660 
d m s 

54,io,i5,6 
I,66l 54,i 5,47,5 
1,662 54,21,19,7 
1,663 54,26,52,1 

1,664 54,32,24,7 

1,665 54,37,57,5 
1,666 54,43,3o,5 
1,667 54,4g,o3,7 
1.668 
1.669 

54,54,37,1 
55,oo,io,8 

1,670 55,o5,44,7 
1,671 55,ii,i8,8 
1,672 55,i6,53,o 

55,22,27,5 1,673 

hM 55,28,02,2 

1.675 
1.676 

55,33,37,1 
55,3g,i2,2 

55,44,47,4 1,677 
1,678 55,5o,22,g 

1,679 55,55,58,6 

1,680 56,oi,34,4 
1,681 56,07,10,4 
1,682 56,12,46,7 
x,683 56,18,23,i 

56,23,59,7 1,684 

i,685 56,2q,36.5 
1,686 56,35,i3,5 
1,687 56,4o,5o,6 
1.688 
1.689 

56,46,27,9 

56,52,o5,4 

1,690 56,57,43,2 
1,691 57,03,21,1 

57,08,59,1 1,692 
1,693 57,i4,37,3 
1,694 57,20,15,7 

1,695 57,25,54,3 
1,696 57,3 t , 33,0 

1,697 57,37,h,9 
1,698 57,42,5o,9 

1,699 57,48,3o,i 

i,7°o 57,54,09,5 
1,701 57,59,49,2 
1,702 58,05,29,0 

1,7°3 58,i 1,08,9 

1,704 58,16,49,0 

i,705 58,22,29,2 
1,706 58,28,09,6 
1.707 
1.708 

58,33,5o,i 
58,3g,3o,8 

1,709 58,45,ii,6 

1,710 58,5o.52.5 

i,7H 58,56,33,6 
1,712 59,02,14,9 
1,7J 3 59,07,56,3 

i,7 M 59,i3,37,9 

i,7i5 59,i9,i9,7 
1,716 59,25,01,6 

5q,3o,43,6 i,7i7 
3 1,718 5g,36,25,7 

7 h7iÇ 59,42,08,0 

3 ^ 
5g,47,5o.4 

Diff. 

331,9 
332.2 

332.4 
332.6 

332.8 

333,o 

333.2 

333.4 
333.7 

333.9 

334.1 

334.2 
334.5 
334.7 

334.9 

335.1 

335.2 
335.5 
335.7 

335.8 

336.0 
336.3 

887,1 

338: 

338, 

338, 

34i, 

342, 

Log. of 
t' days. 

True 
Anom. U. 

1,720 

d m s 

5g,47,5o,4 

1,721 59,53,32,9 

1,722 59,59,15,6 

1,723 6o,o4,58,4 
1,724 6o,io,4i ,3 

1,725 60,16,24,4 

1,726 60,22,07,6 

1,727 60,27,50,9 

1,728 6o,33,34,3 

1,729 60,39,17,8 

1,730 6o,45,oi ,5 
1,731 6o,5o,45,3 
1,732 60,56,29,2 

1,733 6l,02,l3,2 

61,07,57,4 1,734 

1,735 61 ,i3,4i,7 
1,736 61,19,26,1 

i,737 61,26,10,6 

i,738 61 ,3o,55,2 
61,36,39,9 i,739 

1.740 61,42,2.4,8 

1,741 61,48,09,8 

1,742 6i,53,54,9 
1,743 6i,5g,4o,i 

1,744 62,o5,25,3 

1,745 62.11,10,6 

i,746 62,16,56,0 

62,22,41,5 

62,28,27,1 
i ,747 
x,748 

i,7 49 62,34,12,8 

i,75o 62,39,58,6 

i,75i 62,45,44,5 
1,75a 62,51,3o,5 

i,753 62,57,16,6 

i,754 63;o3,o2,8 

i,755 63,o8,4g,o 

i,756 63,i4,35,3 

i,757 63,20,21,7 

i,758 63,26,08,2 

i,759 63,31,54,8 

1,760 63,37,4i,4 
1 ,75 T 63,43,28,1 
1,762 63,49,14,9 

1,763 63,55,oi,8 
64,00,48,7 1,764 

1,765 64,o6,35,7 
1,766 64,12,22,8 

64,18,09,9 1,767 
1,768 64,23,57,1 

1,769 64,29,44,4 

i >77° 64,35,31,8 

i-771 64,41,19,2 

i,772 
i ,773 

64,47,06,7 

64,52,54,2 

h77 4 64,58,4i,7 

1,775 65,04,29,3 

1,776 65,10,16,9 

65,i6,o4,6 i,777 
1,778 65,21,52,4 

6779 65,27,40,2 

1,780 65,33,28,1 

Diff. 

342,5 
342.7 
342.8 
342.9 

343.1 

343.2 
343.3 

343.4 
343.5 

343.7 

343.8 
343^ 

344,0 

344.2 

344.3 

344.4 
344.5 
344.6 

344.7 

344.9 

345,0 
345.1 
345.2 
345.2 

345.3 

345.4 
345.5 
345.6 
345.7 

345.8 

345.9 
346,o 

346,x 

346,2 

346.2 

346.3 

346.4 
346.5 
346.6 

346.6 

346.7 

346.8 
346.9 

346,9 

347,0 

347d 

347.1 

347.2 

347.3 

347.4 

347.4 
347.5 
347,5 

347.5 

347.6 

347.6 

347.7 
347.8 
347.8 

347.9 
347,9 

a21 



To find the true 

distance is the same 

anomaly U, corresponding to the time tl from the 

as the mean distance of the sun from the earth. 

TABLE III. 
perihelion in days, in a parabolic orbit, whose perihelion 

Log. of True Diff. 
Log. of 
t' days. 

True 
Diff. 

Log. of True 
Diff. Log. of True 

Diff. Log. of True 
t‘ days. Anom. XJ. Anom. XJ. t' days. Anom. XJ. t' days. Anom. XJ. t' days. Anom. XJ. 

1,780 

d 771 S 

65,33,28,1 
347=9 
347,9 
348,0 

348,o 

i,84o 

dm s 
71,21,49,8 

7X,27,37,8 

71,33,25,7 

348,0 

347,9 
347,9 
347,8 

x,9°° 

d m s 
77,07,43,8 

343,0 
342,9 
342,8 
342,7 

1,960 

dm s 
82,46,30,5 

333*,8 

333,6 
333,4 
333,2 

2,020 

d 771 S 

88,14,20,9 

1.781 

1.782 

65,3g,16,0 

65,45,o3 ,g 

1.841 

1.842 

1.901 

1.902 

77,13,26,8 

77,19,09,7 

1.961 

1.962 

82,52,04,3 

82,57,37,9 

2,021 

2,022 

88,19,42,1 

88,25,o3,i 

1.783 

1.784 

65,5o,5i,g 

65,56,39,9 
1.843 
1.844 

71,39,13,6 

7i,45,oi,4 
i,go3 

1,904 

77,24,52,5 

77,3o,35,2 

1.963 

1.964 

83,o3,ii,3 
83,o8,44,5 

2,023 
2,024 

88,3o,23,g 

88,35,44=4 
348,i 347,7 342,6 333,o 

1,785 66,02,28,0 
348.1 

348.2 
348,2 

348,2 

i,845 7i,5o,4g,i 
347,7 
347,7 
347,6 
347,6 

i,go5 77,36,17,8 
342,4 
342,3 
342,1 
342,0 

1,965 83,i4,i7=5 332,8 
332,7 
332,5 
332,3 

2,025 88,41,04,7 

1,786 66,08,16,1 

66,i4,o4,3 
1,846 71,56,36,8 1,906 77,42,00,2 1,966 83,i9,5o,3 2,026 88,46,24,8 

1,787 1,847 72,02,24,5 x>9°7 77,47,42,5 1,967 83,25,23,o 2,027 88,5i,44,6 
1,788 66,19,52,5 1,848 72,08,12,1 

72,13,59,7 

x,qo8 77,53,24,6 I,g68 83,3o,55,5 2,028 88,57,04,2 

1,789 66,25,40,7 1,849 i=9°9 77,59,06,6 ï>969 83,36,27,8 2,029 89,02,23,6 

348,3 
x,85o 

347,5 34 x,9 332,i 

1,790 66,01,29,0 
348,3 
348,3 
348.3 

348.4 

72,19,47,2 
347,5 
347,4 
347,3 
347,3 

1,9x0 78,04,48,5 
34i,7 
34x,5 

34i,4 
34i,3 

i=970 83,41,59,9 
331,8 
331,7 

33i,5 
33i,3 

2,o3o 89=07,42,7 

i,79! 66,3 7,17,3 i,85i 72,25,34,7 ij911 
78,10,30,2 i=97i 83,47,31,7 2,o3i 8g,i3,oi,6 

1,792 66,43,o5,6 1,862 72,3l ,22,1 i,912 78,16,11,7 !>972 
1,973 

83,53,o3,4 2,032 89,18,20,2 

1,798 66,48,53,9 1.853 

1.854 
72,37,09,4 1,913 78,21,53,1 83,58,34,9 2,033 

2,o34 

89,23,38,6 

1,794 66,54,42,3 72,42,56,7 i,9i4 78,27,3 4,4 i=974 84,04,06,2 89,28,56,7 

348,4 347,2 34i,i 33i,i 

!,795 67,00,30,7 
348,5 
348,5 

348,4 
348,4 

i,855 72,48,43,9 
347,1 
347,0 

347,0 
347,0 

1,915 78,33,i5,5 
34i,o 

34o,9 

34o,8 
340,7 

1,975 84,09,37,3 
33o,9 
33o,7 
33o,5 
33o,4 

2,o35 89,34,14,6 

1,796 67,06,19,2 x,856 72,54,31,0 i,9î6 78,38,56,5 i;976 84,i5,o8,2 2,o36 89,39,32,3 

1.797 
1.798 

67,12,07,7 1,857 73,00,l8,0 i,9t7 78,44,37,4 x=977 84,20,38,9 2,037 89,44,49,8 

67,17,56,1 i,858 73,06,05,0 
i=9l8 78,50,18,2 i=978 84,26,09,4 2,o38 89,50,07,0 

i,799 67,23,44,5 1,859 73,11,52,0 
I=9I9 78,55,58,q I=979 84,31,39,8 2,039 89,55,23,9 

348,4 346,9 34o,5 33o,i 

1,800 67,29,32,9 
348,5 
348 5 

1,860 73,17,38,9 
346,8 
346,8 
346,7 
346,6 

1,920 79,01,39,4 
34o,4 
34o,2 
34o,o 

339,9 

1,980 84=37,09,9 
329,9 

329,7 

329,5 
329,3 

2,o4o 90,00,40,6 

1,801 67,35,21,4 1,861 73,23,25,7 1,921 79,07,19,8 1,981 84,42,39,8 2,o4i 90,05,57,1 

1.802 

1.803 
67,41,09,9 

67,46,58,4 
348*5 
348,6 

1,862 

x ,863 
73,29,12,5 

73,34,59,2 

1.922 

1.923 

79,13,oo,o 

79,18,40,0 

1,982 

i,g83 
84,48,09,5 

84,53,39,0 

2,042 

2,043 

90,11, t 3,3 
90,16,29,3 

1,804 67,52,47,0 1,864 73,40,45,8 1,924 79,24,19,9 1=984 84,59,08,3 2,044 90,21,45,1 

348,6 346,5 339,7 329,1 

i,8o5 67,58,35,6 348 5 i,865 73,46,32,3 
346,4 
346,4 
346,3 
346,2 

1,925 79,29,59,6 
33g,6 
33g,5 
339,3 
339,2 

1,985 85,o4,37,4 
328,9 

328,7 

3a8,5 
328,3 

2,045 90,27,00,6 

90,32,15,8 r,8o6 68,04,24,1 348,6 
348 6 

1,866 73,52,18,7 1,926 79,35,39,2 x,g86 85,io,o6,3 2,046 

1,807 68,10,12,7 1,867 73,58,o5,i I,927 79,41,18,7 i,987 85,i5,35,o 2,047 90,37,30,8 

1,808 68,16,01,3 
348,6 

i,868 74,o3,5i,4 1,928 79,46,58,0 1,988 85,2i,o3,5 2,048 99,42,45,6 
1,809 68,21,49,9 1,869 74,09,37,6 1,929 79,52,37,2 

i =989 85,26,3x,8 2,049 qo, 48,oo,x 

348,6 346,i 339,0 328,1 

1,810 68,27,38,5 348,6 
1,870 74,i5,23,7 

346,o 

345,9 
345,9 
345,8 

i,93o 79,58,x6,2 
338,9 
338,7 
338 5 

i=99° 
85,31,5g,9 

827,8 

327,7 

327,4 

327,2 

2,o5o 90,53,14,4 
r,811 68,33,27,1 348,6 

348 5 

1,871 74,21,09,7 i,93i 8o,o3,55,i I=99I 
85,37,27,7 2,o5i go,58,28,4 

1,812 68,3g,i5,7 1,872 74,26,55,6 1,932 80,09,33,8 i=992 85,42,55,4 2,o52 91,03,42,1 

1,813 

i,8x4 

68,45,o4,2 348,6 
1,873 74,32,4i,5 i,933 8o,i5,i2,3 

338,4 i=993 85,48,22,8 2,o53 9i,o8,55,6 
68,5o,52,8 1,874 74,38,27,3 x,g34 80,20,50,7 i=994 85,53,5o,o 2,o54 91,14,08,9 

348,6 345,7 338,2 327,0 

1,815 68,56,4i,4 348,5 1,875 74,44,13,o 
345,6 
345,5 
345,5 

345,4 

i,935 80,26,28,9 
338 0 i=995 85,59,17,0 

326,8 

326,6 

326,4 

326,1 

2,o55 91,19,22,0 

91,24,34,8 1,816 6q,02,2Q,Q 

69,08,18,4 
348,5 1,876 74,49,58,6 1,936 80,32,06,9 

337,9 
337,7 
337,6 

i=996 86,04,43,8 2,o56 
2,o5j 1,817 348,6 1,877 74,55,44,1 1,937 80,37,44,8 ï=997 86,10,10,4 91,29,47,3 

1,818 69,14,07,0 348,5 
1,878 75,01,29,6 i,g38 8o,43,22,5 i=998 86,i5,36,8 2,o58 91,34,59,6 

1,8x9 69,19,55,5 1,879 75,07,15,0 
i,939 80,49,00,1 *=999 86,21,02,9 2,o5 9 91,40,11,6 

348,5 345,3 337,5 325,9 

t,820 69,25,44,0 348,5 1,880 75,i3,oo,3 
345,2 
345,i 

344,9 
344,9 

1,940 80,54,37,6 337,3 
337,1 

336,9 
336 8 

2,000 86,26,28,8 
325,7 
325,5 
325,3 

2,060 91,45,23,4 
1,821 6g,3i,32,5 348 5 1,881 75,i8,45,5 1,941 81,00,14,9 2,001 86,31,54,5 2,061 9i,5o,34,9 

1.822 69,37,21,0 348 5 1.882 75,24,30,6 1,942 81,o5,52,o 2,002 86,37,20,0 

86,42,45,3 
2,062 91,55,46,1 

1,823 69,43,09,5 348'5 i,883 75,3o,i5,5 i,943 81,11,28,9 2,003 2,o63 92,00,57,1 

1,824 69,48,58,0 i,884 75,36,oo,4 i,944 81,17,05,7 

336,6 
2,004 86,48,10,4 2,064 92=06=07,8 

348,5 344,8 324,8 

1,825 69,54,46,5 
348.4 
348.4 
348.4 
348,3 

r ,885 75,4i,45,2 
344,7 
344 5 

1,945 81,22,42,3 
336 5 2,005 86,53,35,2 

324,6 

324,4 
324,2 

323,9 

2,o65 92,1 i,i8,3 
92,16,28,5 x,826 

1,827 

70,00,34,9 1,886 75,47,29,9 1,946 81,28,18,8 336,3 2,006 86,58,5g,8 2,066 

70,06,23,3 1,887 75,53,i4,4 344,5 

344,4 

i,947 8i,33,55,i 

8i,3g,3i,2 
2,007 87,04,24,2 2,067 g2,2i,38,5 

1,828 70,12,11,7 

70,18,00,0 

1,888 75,58,58,9 1,948 335*g 
2,008 87,09,48,4 2,068 92,26,48,2 

1,829 1,889 76,o4,43,3 1,949 81,45,07,1 2,009 87,15,12,3 2,069 92,31,57,7 

348,3 344,2 335,7 323,7 
92,37,06,9 i,83o 70,23,48,3 348 3 

1,890 76,10,27,5 
344,i 

344,o 

343,9. 

343,8 

i,95o 8i,5o,42,8 335,6 

335,4 
335 2 

2,010 87,20,36,0 
323 5 

2,070 

1,831 70,29,36,6 348*3 
348,2 
348,2 

i,8gx 76,16,1 T,6 i,95i 81,56,x8,4 2,011 87,25,59,5 
323 3 

2,071 92,42,15,8 

i,832 70,35,24,9 1,892 76,21,55,6 i,g52 82,01,53,8 2,012 87,31,22,8 
323 1 

2,072 92,47=24,5 

i,833 70,4i,i3,i 1,893 76,27,39,5 i,g53 82,07,29,0 
335,’ 1 

2,Ol3 87,36,45,9 322,8 
2,073 92,52,32,9 

x,834 7°,47,01 >3 1,894 76,33,23,3 1,954 82,x3,o4?i 2,014 87,42,08,7 2,074 92,57,41,1 

348,2 343,7 334,9 322,6 

i,835 70,52,49,5 348,i 

348,i 

348,i 

348,o 

348,0 

348,o 

1,895 76,39,07,0 
343,6 
343,5 

343,4 
343,2 
343,X 

343,o 

i,g55 82,18,3g,o 
334,7 
334 5 

2,Ol5 87,47=3i,3 
322,4 
3 2 2, T 

2,075 93,02,49,0 

i,836 70,58,37,6 1,896 76,44,5o,6 i,956 82,24,13,7 2,016 87,52,53,7 2,076 93,07,56,7 

1,887 71,04,25,7 1,897 76,5o,34,i 1,957 82,29,48,2 
334,3 

334,i 

333,9 
333,8 

2,017 87,58,i5,8 
321,9 

321,7 

2,077 93,i3,o4=i 

i,838 7i,io,i3,8 1,898 76,56,17,5 i,958 82.35.22.5 
82.40.56.6 

2,018 88,03,37,7 2,078 g3,18,1 x,2 

x,839 71,16,01,8 1,899 77,02,00,7 1,989 2,019 88,08,59,4 2=079 g3,23,18,0 

i,84o 7x,2i,4g,8 1,goo 77,07,43,8 1,960 82,46,3o,5 2,020 88,14,20,9 
321,2 

2,080 93,28,24,5 

Diff. 

321.2 
321,0 
320.8 

320.5 

320.3 

320.1 

3ig,8 
3ag,6 
31 g,4 

3ig,i 

3i8,g 
318.6 

318.4 
3i8,t 

317=9 

317=7 
3i?,5 
3i?,2 
316.9 

316.7 

316.5 
3r6,2 

3i6,o 
315.8 

315.5 

315.2 
3i5,o 
314.8 
3x4,5 

3x4,3 

3i4,o 
3x3,7 
313.5 
313.3 

313.1 

312.8 
312.5 
3x2,3 
3l2,0 

31 i,8 

3xi,5 
311.2 

3ii,o 
310.7 

310.5 

310.2 

3io,o 
3og,7 
3og,5 

3og,2 

3o8,g 
308.7 

308.4 
308.2 

307.9 

307.7 
307.4 
3o7,i 

306.8 
306.5 
306.3 



TABLE III. 
To find the true anomaly U, 

distance is the same as the mean 

corresponding to the time V from the perihelion in clays, in a parabolic orbit, whose perihelion 

distance of the sun from the earth. 

Log. of True Diff. 
Log. of True 

Diff. 
Log. ot True Diff. 

j Log. of True Log. oi 
t' days. 

True 

t‘ days. Anom. U, t' days. Anom. U. V days. Anom. U. V days. Anom. U. Anom. U. 

d m s d m s d m s d m s d m s 

2,oSo 93,28,24,5 
3o6,3 
3o6,r 
3o5,8 
3o5,6 

2,l4o 98,26,49,4 
S 2,200 103,08,34,9 

S 

273,1 
272,9 
272,6 
272,3 

2,260 107,33,22,7 5 
256,2 
255,q 
255,7 

255,4 

2,320 11 i,4l ,25,5 

2,081 
2,082 

93,33,80,8 
g3,38,36,9 

2.141 
2.142 

98,31,39,5 
98,36,29,3 

^ QO j I 
289,8 
289,5 
289,2 

2,201 
2,202 

io3,i3,o8,o 
103,17,40,9 

2.261 
2.262 

107,37,38,9 
X07,4l,54,8 

2.321 
2.322 

111,45,25,2 
111,49,24,6 

2,o83 
2,o84 

93,43,42,7 
93,48,48,3 

2.143 

2.144 

98,41,18,8 
98,46,08,0 

2.203 
2.204 

io3,22,i3,5 
xo3,26,45,8 

2,26c 

2,26/ 
107,46,10,5 
107,50,25,9 

2,323 
2,32/ 

111,53,23,8 
111,57,22,7 

3o5,3 288,9 272,0 255,i 
2,326 112,01,21,3 2,o85 93,53,53,6 

3o5,o 
3o4,8 
3o4,5 
3o4,2 

2,l45 98,50,56,9 
288,6 
288,4 
288,1 
287,8 

2,2o5 io3,3r,i7,8 2,265 107,54,41,0 
254.8 
254,5 
254,3 
253.9 

2,086 g3,58,58,6 2,146 98,55,45,5 2,206 io3,35,49,5 
271,7 
271,4 

2.266 
2.267 

107,58,55,8 2,626 112,o5,19,7 

2,087 g4,o4,o3,4 2,147 99,00,33,9 2,207 1 o3,40,20,9 108,o3,10,3 2,327 112,09,17,8 

2,088 94,09,07,9 2,148 99,o5,22,0 2,208 io3,44,52,i 
271,2 

2.268 
2.269 

108,07,24,6 2.328 
2.329 

ii2,i3,i5,6 

2,089 94,14,12,1 2,149 99,10,09,8 2,209 io3, 49,23,0 27°>9 108,11,38,5 112,17,13,1 

3o4,o 
99,14,57,3 

287,5 270,6 253,7 
2,33o 112,21,10,4 

112,25,07,4 
2,090 94,19,16,1 

3o3,7 

3o3,4 
3o3,2 
3o2,g 

2,i5o 
287,3 
286,9 
286,7 
286,5 

2,210 io3,53,53,6 
270,3 

2,270 I08,I 5,52,2 
253,4 
253,i 
252,9 
262,6 

2,OQ l 94,24,19,8 2,i5i , 99,19,44,6 2,211 io3,58,23,9 2,271 108,20, o5,6 2,33i 

2,092 94,29,23,2 2,l52 99,24,3i,5 2,212 104,02,53,9 
269,7 
269,5 

2,272 108,24,18,7 2,332 112,29,04,2 

2,093 g4,34,26,4 2,i53 99,29,18,2 2,2 l3 

2,2 l4 

104,07,2.3,6 2,273 108,28,31,6 2,333 112,33,00,7 
112,36,56,9 2,094 94,39,29,3 2,i54 99,34,04,7 io'4, ii,53,i 2,274 108,32,44,2 2,334 

3o2,7 286,1 269,2 252,3 
112,40,52,8 2,09 5 94,44,32,0 

302.4 
302,1 
3oi,8 
301.5 

2,i55 99,38,5o,8 
285,8 
285,6 
285,3 
285,0 

2,2 15 104,16,22,3 
268,9 
268,6 
068 3 

2,275 108,36,56,5 
262,0 

25i,8 

25i,4 
25i,2 

260,Ç) 

2,335 

2,096 94,49,34,4 2,i56 99,43,36,6 2,2l6 I04,20,5l,2 2,276 108,41,08,5 2,336 112,44,48,5 

2,097 94,54,36,5 2,i57 99,48,22,2 2,217 104,25,19,8 2.277 
2.278 

108,45,20,3 2,337 112,48,43,9 

2,098 94,5g,38,3 2,i58 99,53,07,5 2,2l6 104,29,48,1 
268,0 

io8,4g,3i,7 2,338 ii2,52,3g,i 

2,099 95,04,39,8 2,159 99,57,52,5 2,219 io4,34,i6,i 2,279 108,53,42,9 2,33g 112,56,34,0 

3oi,3 284,7 267,8 
2.340 
2.341 

ii 3,00,28,6 
116,04,26,0 

2,100 
2,101 

95,09,41,1 

95,14,42,1 
3or,o 
3oo,8 
3oo,5 
300,2 

2.160 
2.161 

100,02,37,2 
100,07,21,7 284.5 

284,2 
283,9 
283.6 

2,220 
2,221 

io4,38,43,9 
io4,43,ii,3 

267,4 
267,2 
266,9 
266,7 

2.280 
2.281 

io8,57,53,8 

109,02,04,4 
25o,6 

25o,4 
25o,I 
249,8 

2,102 95,19,42,9 2,162 100,12,o5,9 
100,16,49,8 
ioo,2i,33,4 

2,222 io4,47>88,5 2,282 109,06,14,8 2,342 113,08,17,0 

2.103 
2.104 

95,24,43,4 
95,29,43,6 

2.163 
2.164 

2.223 
2.224 

io4,52,o5,4 
io4,56,32,x 

2.283 
2.284 

109,10,2.4,9 

109,14,34,7 

2.343 
2.344 

ii3,i2,io,8 

ii3,i6,o4,4 

299>9 2.83,3 266,3 2.49,5 
113,19,57,7 2,105 95,34,43,5 2,i65 100,26,16,7 

283,0 
282,8 

2,225 io5,oo,58,4 266.1 
265,7 
265,5 
265.2 

2,285 109,18,44,2 249,3 
248,9 
248,7 
248,5 

2,345 
2.106 
2.107 

95,39,43,2 
95,44,42,6 

299>7 
299,4 

2.166 
2.167 

ioo,3o,5g,7 
ioo,35,42,5 

2,226 
2,227 

io5,o5,24,5 
105,09,50,2 

2.286 
2.287 

109,22,53,5 
109,27,02,4 

2.346 
2.347 

ii3,2.3,5o,7 
ii3,27,43,4 

2,I08 95,49>4r,7 299,I 
298,9 

2,168 ioo,4o,25,o 
^ U ^ y D 
282,2 2,228 io5,i4;i5,7 2,288 iog,3i,n,i 2,348 ii3,3i,35,9 

2,109 95,54,4o,6 2,169 100,45,07,2 2,229 io5,18,40,9 2,289 109,35,19,6 2,349 ii3,35,28,i 

298,6 281,9 265,o 248,1 
2,35o 2,T 10 95,59,39,2 

298,3 
208.I 

297,8 
297,5 

2,170 100,49,49,1 281,6 
28l,3 

2,23o io5,23,o5,9 
264,6 

264,4 
264,1 
263,8 

2,290 109,39,27,7 
247,9 
247,6 

247,4 
247,0 

n3,3g,2o.i 

2,III 96,04,37,5 2,171 1 oo,54,3o,7 2,23 I io5,27,30,5 2,291 109,43,35,6 2,35i 113,43,1 r,8 
2,112 96,09,35,6 2,172 100,59,12,0 2,232 io5,3i,54,9 2,292 109,47,43,2 2,662 ii3,47,o3,3 

2,1 l3 96,i4,33,4 2,173 ioi,o3,53,i 
^ W i ^ 1 

280,8 2,233 io5,36,ig,o 2,293 109.51.50.6 
109.55.57.6 

2,353 ii3,5o,54,5 
2,Il4 96,19,30,9 2,174 101,08,33,9 2,234 io5,4o,42,8 2,294 2,354 ii3,54,45,4 

297,2 280,5 263,5 246,8 
2,h5 96,24,28,1 2,175 ioi,i3,i4,4 280,2 

280,0 
279,6 

279^4 

2,235 io5,45,o6,3 
263,2 
263,0 
262,6 
262,4 

2,295 110,00,04,4 246.6 
246,2 
246,0 
245.7 

2,355 113,58,36,1 

2,116: 96,29,25,1 
297,0 
296,7 
296,4 
296,1 

2,176 101,17,54,6 2,236 105,49,29,5 2,296 110,04,11,0 2,356 114,02,26,5 

2,117 96,34,21,8 2.177 
2.178 

2.179 

101,22,34,6 2,237 io5,53,52,5 2,297 110,08,17,2 2,357 114,06,16,6 

2.118 
2.119 

96.39.18.2 
96.44.14.3 

101,27,14,2 
ioi,3i,53,6 

2,238 
2,289 

io5,58,i5,i 
106,02,37,5 

2.298 

2.299 

110,12,23,2 
110,16,28,9 

2,358 
2,35g 

1 i4,io,o6,5 
1 i4,i3,56,i 

295,9 279,1 262,1 245,5 
ii4,17^5,5 2,120 96,49,10,2 

96,54,05,8 
96,59,01,1 
97,o3,56,i 

295,6 
295,3 
2g5,o 
294,8 

2,180 ioi,36,32,7 
278,8 
278,5 
278,2 
278,0 

2,240 106,06,5g,6 
261,9 
261,5 
261,3 
261,0 

2,3oo 110.20.34.4 
110.24.39.5 

110,28,44,4 

245,1 

244,9 
244,6 
244j3 

2,36o 
2,121 
2,122 

2.181 
2.182 

ioi,4i,i i,5 
ior,45,5o,o 

2.241 
2.242 

106,11,21,5 
io6,i5,43,o 

2.301 
2.302 

2.361 
2.362 

114,21,34,6 
ii4,25,23,4 

2,123 2,i83 101,50,28,2 2,243 106,20,04,3 2,3o3 110,32,4g,o 2,363 114,29,11,9 

2,124 97,08,50,9 2,184 ioi,55,o6,2 2,244 io6s24,25,3 2,3o4 no,36,53,3 2,364 114,33,00,2 

294,5 277,7 260,7 244,1 
1 i4,36,48,3 
1 i4,4o,36,i 

2.125 
2.126 

97,i3,45,4 
97,18,39,6 

294,2 
293,9 
293,7 

293,4 

2.185 
2.186 

101,59,43,9 
102,04,21,3 
102,08,58,4 

277,4 
2.245 
2.246 

106,28,46,0: 

io6,33,o6,4 
260,4 
260,1 
25g,8 
25g,6 

2.305 
2.306 

t 10,40,57,4 
iio,45,oi,i 
110,49,04,6 

243,7 
2.43,5 
243,3 
242,9 

2.365 
2.366 

2,127 97,23,33,5 
97,28,27,2 

2,187 
277,1 
276,8 
276,5 

2,247 106,37,26,5 2,3o7 2,367 1 i4,44,a3,6 

2,128 2,188 102,i3,35,2 2,248 io6,4i,46,3 2,3o8 110,53,07,9 2,368 114,48,10,9 

2,129 97,33,20,6 2,189 102,18,11,7 2,249 106,46,05,9 2,309 110,57,10,8 2,36g xi4,5i,57,9 

293,1 27673 25g,3 242,7 
114,55,44,6 2,i3o 97,3S,i3,7 

292,8 
292,6 

2,190 102,22,48,0 
276,0 
275,6 

275,4 
276,1 

2,260 106,5o,25,2 
25q,0 
258,7 
258,5 
258,2 

2,3l0 hi,01,43,5 242,4 
242,2 
241,8 
241,6 

2,370 
2,l3l 97,43,o6,5 2,191 102,27,24,0 2,261 106,54,44,2 2,3i I 111 ,o5,i 5,9 2,37i n4,5g,3i,i 

2,l32 97,47,5g,T 2,192 102,31,59,6 2,202 106,59,02,9 2,312 111,09,18,1 2,372 ii5,o3,i7,3 

2,i33 97,52,5i,3 2,193 io2,36,35,o 2,253 107,03,21,4 2,313 111,13,19,9 2,373 1 i5,07,08,3 

2,i34 97,57,43,3 2,194 102,41,10,1 2,254 107,07,39,6 2,3i4 111,17,21,5 2,374 ix5,io,49,o 

291,7 274,9 257,8 241,4 
2,375 n5,i4,34.4i 2,i35 98,02,35,0 

98,07,26,5 
291,5 

2,195 io2,45,45,o 2,255 107,11,57,4 
257,6 
257.4 
257,0 
256,8 
256.5 
256,2 

2,3i5 111,21,22,9 
111,25,23,9 

241,0 
240,8 
240,5 
24o,3 
240,0 
239,7 

2,i36 2,196 102,5o, 19,6 
274,2 
274,0 
273,7 
273,4 
273,1 

2,256 107,16,15,0 2,3i6 2,376 115,i 8,19,6 

2,i37 98,12,17,6 
2QI5I 

2,197 102,54,53,8 2,257 107,20,32,4 2,317 111,29,24,7 2,377 116,22,04,6 

2,i38 98,17,08,5 290,9 
290,6 
290,3 
290,1 

2,198 102,59,27,8 2,258 107,24,49,4 2,3i8 iii,33,25,2 2,378 n5,25,4g,3 

2,1 3g 98,21,59,1 2,199 io3,o4,oi,5 2,25g 107,29,06,2 2,3iq 111,37,25,5 2,379 n5,2g,33,7 

2,i4o 98,26,49,4 2,200 io3,o8,34,9 2,260 107,33,22,7 2,320 ixi,4i,25,5 2,38o ii5,33,i7,g 

Diff. 

239.7 
239.4 
239.2 
238,9 

238.6 

238.4 
238.1 
237.8 

237.5 

237.3 

237,0 
236.8 
236.5 
236.2 

235.9 

235.7 
235.4 
235.2 

234.9 

234.6 

234.4 
234,0 
233.8 
233.6 

233.3 

233,o 
232.7 
232.5 
232.2 

232,0 

231.7 
231.5 
23 1,2 

280.9 

230.7 

230.4 
230.1 
229.9 
229.6 

229.4 

229.1 

228.8 

228.5 
228.3 

228.1 

227.8 

227.5 

227.3 

227,0 

226.7 

226.5 
226.2 

226,0 

225.7 

225.4 

225.2 
225,0 

224.7 
224.4 
224.2 
223.9 



TABLE III. 
To find the true anomaly U, corresponding to the time t' from the perihelion in days, in a parabolic orbit, whose perihelion 

distance is the same as the mean distance of the sun from the earth. 

Log. of 
t' days. 

True 
Anom. U. 

Diff. Log. of 
t' days. 

True 
Anom. XJ. 

Diff. Log. of 
t' days. 

True 
Anom. U. 

Diff. Log. of 
t1 days. 

True 
Anom. U. 

Diff. Log. of 
t' days. 

True 
Anom. U. 

Diff. 1 

2.380 
2.381 
2.382 
2.383 
2.384 

2.385 
2.386 
2.387 
2.388 
2.389 

2,3qo 
2.391 
2.392 
2,3q3 
2.394 

2.395 
2.396 
2.397 
2,3g8 
2.399 

2.400 
2.401 
2.402 
2.403 
2.404 

2.405 
2.406 
2.407 
2.408 
2.409 

2.410 
2.411 
2,41 2 
2.413 
2.414 

2.415 
2.416 
2.417 
2,4x8 
2.419 

2.420 
2.421 
2.422 
2,42c 
2.424 

2.425 
2.426 
2.427 
2.428 
2,42g 

2,43c 
2.431 
2.432 
2.433 
2,43^ 

a,43£ 
2,43f 
2,43- 
2,43c 
2,43c 
2,44c 

d m s 
115.33.17.9 
115,37,01,8 
115.40.45.5 
115.44.28.9 
115,48,12,0 

115.51.54.9 
115.55.37.6 
115,5g,2o,o 
ii6,o3,o2,i 
116,06,43,9 

116.10.25.5 
116,14,06,9 
116,17,48,0 
116,21,28,8 
116,25,09,4 

116.28.49.7 
116.32.29.8 
116,36,09,6 
116.39.49.2 
116.43.28.5 

116,47,07,7 
116.50.46.5 
116.54.25.2 
1 i6,58,o3,5 
117,01,41,6 

117,05,19,5 
117,08,57,2 
117.12.34.5 
117.16.11.6 
117.19.48.5 

117.23.25.2 
117,27,01,5 
117.30.37.7 
117.34.13.6 
117.37.49.1 

117.41.24.4 
117.44.59.5 
117.48.34.3 
117,52,08,9 
1X7,55,43,3 

117.59.17.3 
118,02,5i, 2 
118,06,24,8 
118,09,58,1 
118.13.31.2 

118,17,04,0 
118,20,36,- 
118,24,09,1 
118.27.41.2 
118.31.13.1 

n8,34,44,S 
118.38.16.2 
118.41.47.4 
1 i8,45,i8,: 
118,48,4g,c 

118.52.19, £ 
118,55,49,' 
118.59.19, - 
119,02,4g,: 

) 119,06,18, 
' 119,09,48,] 

s 
223.9 
223.7 
223.4 
223.1 

222.9 

222.7 
222.4 
222.1 
221,8 

221,6 

221.4 
221,1 
220,8 
2 20,6 

220.3 

220,1 
219.8 
219,6 
219.3 

219.2 

218.8 
218.7 
218.3 
218.1 

217.9 

217.7 
217.3 
217.1 
216.9 

216.7 

216.3 
216.2 
2x3,9 
215.5 

215.3 

215.1 
214.8 
214.6 
214.4 

214,o 

213.9 
213.6 
213.3 
213.1 

212.8 

212.7 
212.4 
212.1 
211.9 

211.7 

211.4 
211.2 
210.9 
210.7 

210.5 

210.2 
210,0 
209.7 
209.5 

X 209,2 
209,0 

2.440 
2.441 
2.442 
2.443 
2.444 

2.445 
2.446 
2.447 
2.448 
2.449 

2.450 
2.451 
2.452 
2.453 
2.454 

2.455 
2.456 
2.457 
2.458 
2.459 

2.460 
2.461 
2.462 
2.463 
2.464 

2.465 
2.466 
2.467 
2.468 
2.469 

2.470 
2.471 
2.472 
2.473 
2.474 

2.475 
2.476 
2.477 
2.478 

2.479 

2.480 
2.481 
2.482 
2.483 
2.484 

2.485 
2.486 
2.487 
2.488 
2,48c 

2,49c 
2.491 
2.492 
2,49: 
2,49^ 

2,4gf 
2,4gf 
2,49' 
2,49^ 
2,49c 
2,5oc 

d to s 
119,09,48,1 
119.13.17.1 
119.16.45.9 
119.20.14.4 
119.23.42.7 

119.27.10.7 
119.30.38.5 
119,34,06,1 
119,37,33,4 
ng,4i,oo,5 

119.44.27.3 
119.47.53.9 
119.51.20.3 
119.54.46.4 
1 ig,58,i2,3 

120,01,38,0 
i2o,o5,o3,4 
120,08,28,6 
120.11.53.5 
120.15.18.2 

120.18.42.7 
120,22,07,0 
I20,25,3l,0 
120.28.54.8 
120.32.18.3 

120.35.41.6 
120,39,04,7 
120.42.27.5 
120.45.50.1 
120.49.12.5 

120.52.34.7 
120.55.56.6 
120.59.18.3 
121,02,39,7 
121,06,00,9 

121,09,21,9 
121.12.42.7 
I2I,l6,o3,2 
121.19.23.5 
121.22.43.6 

121,26,03,4 
121,29,23,0 
121,32,42, 
121,36,01,5 
121,39,20,/ 

121.42.39.1 
121.45.57.6 
121.49.15.8 
121.52.33.8 
121.55.51.6 

121,59,09,1 
122,02,26,4 
i22,o5,43,5 
122,09,00,4 
122,12,17,c 

I22,i5,33,z 
122.18.49.6 
122,22,o5,5 
122,25,21,5 

) 122,28,36,8 
) I 22,31,52,C 

s 
209,0 
208.8 
208.5 
208.3 

208,0 

207.8 
207.6 
207.3 
207.1 

206.8 

206.6 
206.4 
206.1 
205.9 

205.7 

205.4 
205.2 
2°4,q 
204.7 

204.5 

204.3 
qo4,o 
203.8 
203.5 

203.3 

203.1 
202.8 
202.6 
202.4 

202.2 

201,0 
201.7 
201.4 
201,2 

201,0 

200.8 
200.5 
200.3 
200,1 

199.8 

199.6 
199.4 
199.1 
j98=9 

t98,7 

198.5 
198.2 
198,0 
197.8 

197.5 

197.3 

19V 196.9 
196.6 

196.4 

196.2 
195.9 
195,8 
195.5 
195.2 
195,1 

2.500 
2.501 
2.502 
2.503 
2.504 

2.505 
2.506 
2.507 
2.508 
2.509 

2.510 
2.511 
2,5l 2 
2.513 
2.514 

2.515 
2.516 
2.517 
2.518 
2,5ig 

2.520 
2.521 
2.522 
2.523 
2.524 

2.525 
2.526 
2.527 
2.528 
2.529 

2.530 
2.531 
2.532 
2.533 
2.534 

2.535 
2^36 
2.537 
2.538 
2,5oc 

2,54o 
2,544 
2.542 
2.543 
2.544 

2.545 
2.546 
2.547 
2.548 
2,54c 

2,55c 
2,55i 
2,55q 
2,55: 
2.554 

2.555 
2.556 
2.557 
2.558 
2,55c 
2,56c 

d m s 
122,3l,52,0 
122,35,07,1 
122,38,22,0 
122.41.36.6 
12 2,44,51,0 

122,48,o5,2 
122,5l,ig,2 
122,54,33,0 
122.57.46.6 
123,00,59.9 

i23,o4,i3,o 
123,07,25,8 
123.10.38.4 
123.13.50.7 
123,17,02,9 

123.20.14.8 
123.23.26.5 
123,26,38,0 
123.29.49.2 
i23,33,oo,3 

123.36.1 1,1 
123.39.21.7 
123.42.32.1 
123.45.42.3 
123.48.52.3 

123,52,02,0 
123.55.1 i,5 
123.58.20.8 
124,01,29,9 
124,04,38,8 

124,07,47,5 
124.10.55.9 
124,14,04,2 
124.17.12.2 
124,20,20,0 

124.23.27.6 
124,26,35,0 
124.29.42.2 
124.32.49.1 
124.35.55.9 

124,39,02,4 
124,42,08,7 
124,45,14,8 
124.48.20.7 
124.51.26.4 

124.54.31.8 
124.57.37.1 
125,00,42,1 
i25,o3,47,c 
12 5,06,51,6 

125,09,56,c 
125,13,00,2 
125,16,04,2 
125,19,08,0 
125.22.11.5 

125.25.14.9 
125,28,18,c 
I25,3i,2I,C 
125,34,23,7 
125.37.26.2 
12.5.40.28.5 

s 
195.1 
194,9 
194.6 
194.4 

194.2 

194,0 
193.8 
193.6 
193.3 

ig3,i 

192.8 
192.6 
192.3 
192.2 

i9T,9 

i9T,7 
191.5 
X91,2 
19L1 

190.8 

190.6 
190.4 
190.2 
190,0 

189.7 

189.5 
189.3 

i89,x 
188.9 

188.7 

188.4 
188.3 
188,0 
187.8 

187.6 

187.4 
187.2 
186.9 
186.8 

186.5 

186.3 
186.1 
i85,g 
185.7 

185.4 

185.3 
i85,o 
184.9 
184.6 

184.4 

184.2 
184,0 
183.8 
183.5 

183.4 

183.1 
i83,o 
182.7 
182.5 
182.3 
182.1 

2.560 
2.561 
2.562 
2.563 
2.564 

2.565 
2.566 
2.567 
2.568 
2.569 

2.570 
2.571 
2.572 
2.573 
2.574 

2.575 
2.576 
2.577 
2.578 
2.579 

2.580 
2.581 
2.582 
2.583 
2,58 4 

2.585 
2.586 
2.587 
2.588 
2.589 

2.590 
2.591 
2.592 
2,5g3 
2,594 

2,5g5 
2,5g6 
2,597 
2,5g8 
2.599 

2.600 
2.601 
2.602 
2,60: 
2,604 

2,608 
2,6o(: 

2.607 
2.608 
2,60c 

2,61c 
2,611 
2;6i: 

2,61c 

2,61/ 

2,6i5 
2,6lf 
2.617 
2.618 
2,61c 
2,62 c 

d m s 
125.40.28.5 
125.43.30.6 
125,46,32,5 
125.49.34.2 
125.52.35.7 

125,55,37,0 
125.58.38.1 
126,01,38,9 
126,04,39,6 
126,07,40,1 

126.10.40.3 
126.13.40.4 
126.16.40.2 
126.19.39.8 
126.22.39.3 

126.25.38.5 
126.28.37.5 
126.31.36.3 
126,34,35,0 
126.37.33.4 

126.40.31.6 
126.43.29.6 
126.46.27.4 
126,49,2.5,0 
126.52.22.4 

126.55.19.6 
126.58.16.6 
127,01,13,4 
127,04,10,0 
127,07,06,4 

127,10,02,6 
127.12.58.6 
127.15.54.4 
127,18,50,0 
127.21.45.4 

127.24.40.5 
127.27.35.5 
127.30.30.3 
127.33.24.9 
127.36.19.3 

127.39.13.5 
127,42,07,5 
127.45,01,: 
127.47.54.9 
127.50.48.3 

127.53.41.6 
127.56.34.6 
127.59.27.4 
128,02,20,1 
128,05,12,5 

128,08,04,7 
128,10,56,8 
128.13.48.7 
128,16,40,: 
128.19.31.8 

128.22.23.1 
128.25.14.2 
128,28,05,1 
128.30.55.6 
128.33.46.3 
128.36.36.7 

S 

182.1 
181,9 
181.7 
181.5 

181.3 

181.1 
180.8 
180.7 
180.5 

180.2 

180.1 
179.8 
179.6 

X79,5 

179.2 

179,0 
178.8 
178.7 
178.4 

178.2 

178,0 
177.8 
177.6 
177.4 

177.2 

177,0 
176.8 
176.6 
176.4 

176.2 

176,0 
175.8 
175.6 
175.4 

175.1 

175,0 
174.8 
174.6 
17 4,4 

174.2 

i74,o 
173.8 
173.6 
173.4 

173.3 

173,0 
172.8 
172.7 
172.4 

172,2 

172.1 

171.9 
171.6 
171.5 

171,0 

171.1 
x7o,9 
170.7 
170.5 
170,4 
170.2 

2.620 
2.621 
2.622 
2.623 
2.624 

2.625 
2.626 
2.627 
2.628 
2.629 

2.630 
2.631 
2.632 
2.633 
2.634 

2.635 
2.636 
2.637 
2.638 
2.639 

2.640 
2.641 
2.642 
2.643 
2^644 

2.645 
2.646 
2.647 
2.648 
2.649 

2.650 
2,65 r 
2.652 
2.653 
2.654 

2.655 
2.656 
2.657 
2.658 
2,65g 

2.660 
2.661 
2.662 
2.663 
2.664 

2.665 
2,668 
2.667 
2.668 
2,66c 

2,67c 
2.671 
2.672 
2.67 : 
2,67/ 

2,675 
2,67f 
2,67- 
2,678 
2,67c 
2.68 c 

d m s 
128.36.36.7 
128,39,26,9 
128.42.16.8 
128,45,06,5 
128,47,56,o 

128.50.45.4 
128.53.34.5 
128.56.23.5 
128.59.12.3 
129,02,00,9 

129,04,49,3 
129,07,37,5 
129.10.25.5 
129.13.13.3 
129,16,01,0 

129.18.48.4 
129.21.35.7 
129.24.22.8 
129,27,09,7 
129.29.56.4 

129,32,43,0 
129,35,29.3 
129.38.15.5 
129,41,01,4 
129.43.47.2 

129.46.32.8 
129.49.18.3 
129,52,03,5 
129.54.48.6 
129.57.33.4 

i3o,oo,i8,i 
i3o,o3,o2,6 
i3o,o5,46,8 
i3o,o8,3o,g 
130.1 i,i4,8 

130.13.58.6 
130.16.42.1 
130.19.25.5 
i3o,22,o8,7 
i3o,24,5t,7 

1 3o,27,34,5 
130.30.17.2 
i3o,32,5g,6 
130.35.41.9 
13o,38,24,0 

i3o,4i,o6,o 
130.43.47.7 
13o,46,2g,3 
i3o ^49,10,7 
i3o,5i,52,o 

x3o,54,33,o 
130.57.13.8 
130.59.54.5 
i3i,o2,35,o 
i3i,o5,i5,3 

i3i,07,55,5 
131.10.35.5 
131.13.15.3 
i3r,i5,54,g 
131, i8,34,: 
131.21.13.6 

S 
170,2 

169,9 
169.7 
169.5 

169.4 

169.1 
169,0 
168.8 
168.6 

168.4 

168.2 
168,0 
167.8 
167.7 

167.4 

167.3 
167.1 
166.9 
166.7 

166.6 

166.3 
166.2 
165.9 
165.8 

165.6 

165.5 
165.2 
165.1 
164.8 

164.7 

164.5 
164.2 
164, i 
163.9 

163.8 

163.5 
163.4 
163.2 
i63,o 

162.8 

162.7 
162.4 
162.3 
162.1 

162,0 

161.7 
161.6 
161.4 
161.3 

161,0 

160.8 
160.7 
160.5 
160.3 

160.2 

160,0 
i5g,8 
i5g,6 
159.4 
i5g,3 
i59,o 



To find the true 

distance is the same 

Log. of True 
t' days. Ai)oin. U. 

dm s 

2.680 l3l,2I,l3,6 
2.681 i3i,23,52,6 
2.682 i3i,26,3i,5 
2.683 i3i ,29,10,2 

2.684 i3i ,31,48,8 

2.685 i3i,34,27,i 

2.686 131,37,o5,3 
2.687 131,39,43,4 
2.688 131,42,2r,2 

2.689 i3i,44,58,8 

2.690 131,47,36,3 

2,6gr i3r,5o,i3,6 
2,692 i3i,5q,5o,8 
2,6g3 i3i,55,27,7 
2.694 131,58,04,5 

2.695 i32,oo,4i,i 

2.696 i32,o3,17,6 

2.697 i32,o5,53,8 
2.698 132,08,29,9 

2.699 i32,u,o5,8 

2.700 i32,i3,4r,6 
2,70 r t32,16,17,2 

2.702 i32,i8,52,6 
2.703 132,21,27,8 

2.704 132,24,02,9 

2.705 132,26,37,8 

2.706 132,29,12,5 

2.707 i32,3i,47,i 

2.708 i32,34,2i,5 
2.709 i32,36,55,7 

2.710 132,39,29,7 

2.711 i32,42,o3,6 
2.712 132,44,37,3 

2.713 i32,47,io,8 
2.714 1.32,49,44,2 

2.715 132,52,17,4 

2.716 i32,54,5o,5 
2.717 i32,57,23,3 
2.718 132,59,56,o 

2.719 133,02,28,5 

2.720 i33,o5,oo,g 

2.721 i33,07,33,i 

2.722 i33,io,o5,i 

2.723 i33,i2,36,g 

2.724 i33.i5,o8,6 

2.725 133,17,40,1 

2.726 i33,2o,ii,4 
2.727 133,22,42,6 

2.728 i33,25,i3,6 

2.729 i33,27'44,4 

2.730 i33,3o,i5,i 

2.731 i33.32,45,6 
2.732 i33,35,l6,o 

2.733 133,37,46,2 
2.734 i33,4o,i6,2 

2.735 i33,42,46,i 

2.736 133,45,15,8 
2.737 i33,47,45,3 

2.738 i33,5o,i4,7 
2,709 i33,52,43,g 

2,740 i33,55,i2,g 

TABLE III. 
anomaly U, corresponding to the dine t' from the perihelion in 

as (he mean distance of the sun hom the earth. 

days, in a parabolic orbit, whose perihelion 

Diff, 

i5g,o 

i58,g 

158.7 
158.6 

158,3 

158.2 
158.1 

157.8 

157.6 

157.5 

157.3 
157.2 
156.9 
156.8 

156.6 

156.5 
156.2 
156.1 

155.9 

155.8 

155.6 
155.4 
155.2 
155.1 

154.9 

154.7 
154.6 

154.4 
154.2 

154,o 

153.9 
153.7 
153.5 
153.4 

153.2 

153.1 

162.8 

152.7 

152.5 

152.4 

152.2 

i52,Q 

151.8 

i5r,7 

i5i ,5 

151.3 
151.2 
151,0 

150.8 

i5o,7 

150.5 
150.4 
150.2 
i5o,o 

J4g,g 

i4g,7 
i4g,5 

14g/t 

149.2 

14g,o 

148.9 

Log. of 
t‘ days 

2.740 

2.741 

2.742 

2.743 

2.744 

2.745 
2.746 

2.747 
2.748 

2.749 

2.750 

2.751 

2.752 

2.753 

2.754 

2.755 
2.756 

2.757 

2.758 

2.759 

2.760 

2.761 

2.762 

2.763 

2.764 

2.765 

2.766 

2.767 

2.768 

2.769 

2.770 

2.771 
2.772 

2.773 

2.774 

2.775 

2.776 

2.777 
2.778 

2.779 

2.780 

2.781 

2.782 

2.783 

2.784 

2.785 
2.786 

2.787 

2.788 

2.789 

2.790 

2.791 

2.792 

2,79.3 

2.794 

2.795 
2.796 

2.797 
2.798 

2.799 
2.800 

True 
Anom. U. 

d m s 

l33,55,I2,g 

133.57.41.8 
i34,oo,io,6 
134,02,39,2 
134,05,07,6 

134,07,35,8 
i34,io,o3,9 
134.12.31.8 
134.14.59.6 

134.17.27.2 

134.19.54.7 
134,22,22,0 
i34,24,4g,i 
134,27,16,0 
134.29.42.8 

134,32,09,4 
134.34.35.9 
134,37,02,2 
134.39.28.4 

134.41.54.4 

134.44.20.2 
134.46.45.9 
134,4g, 11,4 
134,5i, 36,8 
X 34,54,02,0 

134,56,27,0 
i34,58,5ï,g 
i35,ox,i6,6 
i35,o3,4i,2 
i35,o6,o5,6 

i35,o8,2g,8 
i35,io,53,g 
135,i 3,17,g 
135.15.4 r ,7 
i35,i8,o5,3 

135.20.28.8 
l35,22.,52,I 
135.25.15.2 
t35,27,38,2 
x35,3o,oi,i 

135.32.23.8 
135.34.46.3 
135,37,08,7 
i35,3g,3o,g 
x35,4i,53,o 

135.44.14.9 
135,46,36,7 
135.48.58.3 
i35,5i,ig,8 
135.53.41.2 

i35,56,02,3 
135.58.23.3 
1 36,oo,44,2 
i36,o3,o4,g 
i36,o5,25,5 

136,07,45,9 

136,10,06,2 
136.12.20.3 
136.14.46.3 
i36,ï7,o6,i 
i36,ig,25,8 

Tiff. 

148,9 

148.8 
148.6 

148.4 

148.2 

148.1 

147.9 
147.8 
147.6 

f47,5 

147.3 

147.1 

146.9 

146.8 

146.6 

146.5 
146.3 
146.2 
146,0 

145.8 

145.7 
145.5 
145.4 
145.2 

i45,o 

144.9 
144.7 
144.6 
144.4 

144.2 

144.1 

i44,o 
143.8 
143.6 

x43,5 

143.3 
143.1 

i43,o 

142.9 

142.7 

142.5 

142.4 
142.2 

142.1 

141.9 

t 41 ?8 

141.6 

141.5 

141.4 

141.1 

i4r,o 

140.9 

i4°,7 
140.6 

140.4 

140.3 
140.1 

i4o,o 

i3g,8 

139.7 
i3g,5 

Log. ol 
t da vs 

2.800 

2.801 

2.802 

2,8ü3 
2.804 

2.805 
2.806 

2.807 

2.808 

2.809 

2.810 

2.811 

2.812 

2.813 

2.814 

2.815 
2.816 

2.817 

2.818 

2.819 

2.820 

2.821 

2.822 

2.823 

2.824 

2,8q5 
2.826 

2.827 

2.828 

2.829 

2.830 

2.831 
2.832 
2.833 
2.834 

2.835 
2.836 
2.837 

2.838 
2,83g 

2.840 

2.841 

2.842 

2.843 

2.844 

2.845 
2.846 

2.847 

2.848 

2.849 

2.850 

2.851 

2 ^852 
2.853 
2.854 

2.855 
2.856 
2.857 

2.858 
2.859 

2.860 

True 
Anom. U. 

d m s 

i36,tg,2.5,8 
136.21.45.3 
136,24,04,7 

136, q6,23,9 
136,28,42,9 

136,31,01,8 
136.33.20.6 
i36,35,3g,2 
136.37.57.7 

i36,4o,i6,o 

136.42.34.2 
136.44.52.2 
136.47.10.1 

136.49.27.8 

136.51.45.4 

i36,54,02,8 
136.56.20.1 

136.58.37.2 
137,00,54,2 

i37,o3,ii,i 

137,05,27,8 

137,07,44,4 

137,10,00,8 

137,12,17,0 

137.14.33.1 

137.16.49.1 

137,19,04,9 

137.21.20.6 

137, p.3,36,2 
137.25.51.6 

137,28,06,8 

137.30.21.9 

137.32.36.9 

137,34,5 r ,7 

137,37,06,4 

i37,3g,20,9 
137.41.35.3 
i37,43,4g,6 
137,46,o3,7 

137.48.17.6 

137.50.31.4 

T 37,52,45,1 
137.54.58.7 
137.57.12.1 

i37,5g,25,3 

i38,oi ,38,4 
i38,o3,5i,4 
138,06,04,2 

i38,o8,1.6,9 

i38,io,2g,4 

i38,i2,4r,8 
138.14.54.1 

138,17,06,2 

138.1 g, 18,2 

i38,2i,3o,o 

138.23.41.7 
i38,25,53,3 

T 38,28,04,7 
i38,3o,i6,o 

138.32.27.2 

138.34.38.2 

Diff. 

s 

i3g,5 

139.4 
139.2 
139,0 

138,9 

138,8 
138.6 
138.5 
138.3 

138.2 

i38,o 
187=9 
x37,7 
137.6 

137.4 

137.3 
137.1 

137,0 
i36,g 

136.7 

136.6 
136.4 
136.2 
136.1 

136,o 

135.8 
135.7 
135.6 

135.4 

135.2 

135.1 
i35,o 
134.8 

134.7 

134.5 

134.4 
134.3 

134.1 
i33,g 

133.8 

133.7 
133.6 
133.4 
133.2 

133.1 

i33,o 
132.8 
132.7 
132.5 

132.4 

1 3p.,3 
i3a,i 
i32,o 

131.8 

i3t,7 

t3i,6 
131.4 
131.3 
131.2 
131,0 

i3o,g 

Log. ol 
t days. 

2.860 

2.861 

2.862 

2.863 

2.865 
2.866 

2.867 

2.868 

2,86g 

2.870 

2.871 

2.872 

2.873 

2.874 

2.875 

2.876 

2.877 

2.878 

2.879 

2.880 

2.881 

2.882 

2.883 

2.884 

2.885 
2.886 

2.887 

2.888 

2,890 

2,8gi 

2,892 

2,8g3 
2,894 

2,8g5 
2.896 

2.897 

2.898 

2.899 

2.900 

2,9° r 
2.902 

2.903 

2.904 

2,9°5 
2.906 

2.907 

2.908 

2.909 

2,QI0 

2.911 
2.912 

2913 

2,gi4 

2.915 
2.916 

2,9x7 

2.918 

2.919 

2.920 

True 
Anom. U. 

d m s 

138,34,38,2 

i38,36,49, 

138,38,5g,8 

138.41.10.4 

i38,43,2.o,9 

138,45,31 ,a 

138.47.41.4 
138.49.51.4 
i38,52,oi,3 

138.54.11.1 

i38,56,2o,8 
t 38,58,3o,3 
139,00,39,6 

13g,02,48.g 

i3g,o4,58,o 

139,07,06,9 

i3g,og,i5,7 

i3g,11,24.4 

i3g,i3,33,o 

i3g,i5,4x,4 

139.17.49.7 

139.19.57.8 

139,22,05,8 

i3g,24,i3,7 
i3g,26,2i,5 

139.28.29.1 

i3g,3o,36,6 
i3g,32,43,9 
139.34.51.1 

139.36.58.2 

139,39,05,1 

i3g,4i,i 1.9 

139,43,18,6 

i3g,45,25,2 
13g,47,31,6 

139.49.37.9 

i3g.5i,44jO 
139,53,5o,o 

i3g,55,55,g 

13g,58,oi,7 

140,00,07,3 

i4o,02,I2.8 
i4o,04,18,2 

i4o,o6,23,4 
140,08,28,5 

i4o,to,33,5 
140.12.38.3 
i4o, i4,43,o 

i4o,i6,47;6 
i4o,18,52,0 

140.20.56.4 
1 4o,2.3,oo,6 
i4o,25,o4,6 
140,27,08,6 

140.29.12.4 

i4o,3i,t6,i 

i4o,33,ig,6 
i4o,35,23,i 

140.37.26.4 

i4o.3g,2g,6 
i4o,4i,3p.,6 

Diff. 

S 

i3o,g 

130.7 
130.6 
130.5 

i3o,3 

130.2 
i3o,o 
129,9 

129.8 

129.7 

129.5 

129.3 

129.3 

129.1 

128.9 

rp.8,8 
128.7 

128.6 

128.4 

128.3 

128.1 

128,0 

127.9 

127.8 

127.6 

127.5 
127.3 
127.2 

127.1 

126.9 

126.8 

126.7 

126.6 

126.4 

126.3 

126.1 

126,0 

125.9 

125.8 

125.6 

125.5 
125.4 
125.2 
125.1 

125,0 

124.8 

124.7 

124.6 
124.4 

124.4 

124.2 
124,0 
124,0 
123.8 

123.7 

123.5 
123,5 
123.3 
123,2 
123,0 
122.9 

Log. of 
t1 days 

2.920 

2.921 

2.922 

2.923 

2.924 

2.925 

2.926 

2.927 

2.928 

2.929 

2.930 

2,g31 
2,g3 2 

2.933 
2.934 

2.935 

2.936 
2.937 

2,g38 

2.939 

2.940 

2,g41 

2.942 

2.943 
2.944 

2.945 

2.946 

2.947 
2.948 

2.949 

2.950 

2,g5i 

2,952 
2.q53 

2.954 

2.955 

2,q56 
2.g57 

2.968 

2.969 

2.960 

2.961 

2.962 

2,g63 
2.964 

2.965 
2.966 

2.967 

2.968 

2.969 

2.970 

2.971 

2.972 

2.973 

2.974 

2.975 

2.976 

2.977 
2.978 

2.979 
2.980 

True 
Anom. U. 

d 111 s 

140.41.3 2,6 

140.43.35.5 
140.45.38.3 
i4o,47,4i,o 

140.49.43.5 

14o,51,45,9 

140.53.48.2 
140.55.50.3 
140.57.52.4 

i4o,5g,54,3 

i4i,oi,56,o 

141,03,57,7 

i4r,o5,5g,2 
141,08,00,6 

i4i,io,oi,g 

i4i,i2,o3,o 

i4i,i4,o4,i 

i4i,i6,o5,o 

i4i,i8,o5,7 
i4x,20,o6,4 

141,22,06,9 

141,24,07,3 

141,26,07,6 

141,28,07,8 

i41,30,07,8 

141,32,07,7 

141,34,07,5 

x4i,36,07,t 

i4i,38,o6,7 
i4i,4o,o6,i 

i4i,42,o5,4 
i4i,44,o4,6 
14i,46,o3,6 

141,48,02,5 

i4i,5o,oi,3 

i4'i,52,oo,o 

i4r,53,58,6 
i4i,55,57,o 

141.57.55.3 
141.59.53.5 

142,01,51,6 

i42,o3,4g,6 

142,05,47,4 

142.07,45,1 

142,09,42,7 

142,it,40,2 

142.13.37.5 
142.15.34.8 
142.17.31.9 

142.19.28.9 

142.21.25.7 

142.23.22.5 

142.25.19.1 

142.27.15.6 

142,29,12,0 

142,3i,08,3 

i42,33,o4,4 
i42.,35,oo,4 
142.36.56.4 
142.38.52.2 

142.40.47.8 

Diff. 

122,9 

122.8 

122.7 

122,5 

122.4 

122.3 
122,1 
122,1 
121.9 

121.7 

121,7 

121.5 
121.4 

121.3 

I 21,1 
120,9 

120.7 

120,7 

120.5 

120,4 
120.3 
120,2 

120,0 

”9=9 

119.8 

119.6 

119.6 

119.4 

”9)3 

119.2 

119,0 

118.9 

118.8 

118.7 

T l8,6 
118.4 
118.3 
118,2 

118.1 

1 l8,0 

117.8 
117=7 
117,6 

117.5 

117.3 

H7>3 
117=1 
117,0 

116.8 

116.8 

116.6 

n6,5 

116.4 

ii6,3 

116.1 

116,0 

116,0 

115.8 
115.6 
115,6 

a22 



TABLE III. 
To find the true anomaly U, corresponding to the time i' from the perihelion in days, in a parabolic orbit, whose perihelion 

distance is the same as the mean distance of the sun from the earth. 

Log. of 
£' days. 

True 
Anom. U. 

Diff. 
Log. of 
t' days. 

True 
Anom. U. 

Diff. 
Log. ol 
£' days. 

True 
Anom. U. 

Diff. 
Log. of 
V days. 

True 
Anom. U. 

Diff. Log. of 
V days. 

True 
Anom. U. 

Diff. 

2.980 
2.981 
2.982 
2.983 
2.984 

2.985 
2.986 
2.987 
2.988 
2.989 

2.990 

2.991 
2.992 

2 >99 3 
2 >994 

2.995 
2.996 
2.997 
2.998 
2.999 
3,ooo 

d m s 

142.40.47.8 
142.42.43.4 
142.44.38.8 
142.46.34.2 
142.48.29.4 

142,5o, 24,5 
142.52.19.4 
142.54.14.3 
142,56,09,1 
142,58,o3,7 

142.59.58.2 
i43,oi,52,6 
143,o3,46,9 
i43,o5,4i,i 
143,07,35,2 

143,09,29,1 
i43,i 1,28,0 
i43,r3,i6,7 
i43,i5,iq,3 
i43,i7,o3,8 
143.18.57.3 

115.6 
115,4 
115.4 
II 5,2 

115,1 

114,9 
”4,9 
1 t4,8 
”4,6 

”4,5 

”4,4 
”4,3 
”4,2 
”4,i 

”3,9 

”3,9 
”3,7 
113.6 
113.5 
113,5 

3,00 
3,01 
3,02 
3,o3 
3,04 

3,o5 
3,o6 
3,07 
3,o8 
3,09 

3,io 
3,i 1 
3,12 
3,r3 
3.14 

3.15 
3,r6 
3.17 
3.18 

3.19 

3.20 
3.21 
3.22 
3.23 
3.24 
3.25 

cl 711 s 

[43,18,57,3 
143.37.44.7 
143.56.20.8 
144,14,45,6 
144.32.59.4 

i44,5i,o2,5 
i45,o8,54,8 
145.26.36.5 
145,44,07,7 
146,01,28,6 

146,18,39,3 
i46,35,3g,9 
146.52.30.5 
i47,09,”,3 
147.25.42.5 

i47,42,o4,i 
147.5.8.16.2 
148,14,19,0 
148.30.12.5 
148.45.56.9 

i4g,oi,32,3 
i4g,i6,58,g 
149.32.16.6 
149:47,25,7 
150,02,26,2 
150.17.18.2 

S 

”27,4 
1116.1 
1104.8 
iog3,8 

1083.1 

1072,3 
1061.7 
[o5l,2 
1040.9 

1030.7 

[020,6 
[010,6 
[000,8 
991 >2 

981.6 

972,1 
962,8 
g53,5 
944.4 

935.4 

926.6 
9r7,7 
9°9>r 
9°°,5 
892,0 
883.7 

3.25 
3.26 
3.27 
3.28 
3.29 

3.30 
3.31 
3.32 
3.33 
3.34 

3.35 
3.36 
3.37 
3.38 
3,3y 

3.40 
3.41 
3.42 
3.43 
3.44 

3.45 
3.46 
3.47 
3.48 
3,4g 
3,5o 

d m S 

150,17,18,2 
i5o,3.2,oi ,g 
1 5o,46,37,3 
151,01 ,o4,5 
151.15.23.5 

151.29.34.7 
15i,43,38,o 
i5r ,57,33,5 
I 52,1 1,21,2 
152,25,01,3 

i52,38,34,o 
i52,5[,5g,i 
153, o5,16,g 
153.18.27.5 
153.31.30.8 

153.44.27.1 
T 53,57,16,3 
154,09,58,5 
i54,22,33,g 
154,35,02,6 

154.47.24.4 
154.59.39.6 
155.11.48.4 
155.23.50.5 
155.35.46.2 
155.47.35.6 

883S,7 
875.4 
867.2 
859,0 

851.2 

843.3 
835.5 
827.6 
820.2 

812.7 

805.1 
797.8 
790.6 
783.3 

776.3 

769.2 
762.2 
755.4 
748.7 

741.8 

735.2 
728.8 
722.1 
7i5,7 
709.4 
703.1 

3.50 
3.51 

3.52 
3.53 
3.54 

3.55 
3.56 
3.57 
3.58 
3,5g 

3.60 
3.61 
3.62 
3.63 
3.64 

3.65 
3.66 
3.67 
3.68 
3.69 

3.70 
3.71 
3.72 
3.73 
3.74 
3.75 

d m s 

I 55,47,35,6 
i55,5g,i8,7 
i56,io,55,5 
156,22,26,2 
156,33,5o,8 

i56,45,og,4 
156.56.22.1 
157,07,28,8 
157.18.29.7 
157.29.24.8 

1 57,4o,i4,3 
i57,5o,58,o 
1 58,oi ,36,2 
158,12,08,8 
158,22,36,0 

i58,32,57,7 
1 58,43,i 4,1 
i58,53,25,q 
i5g,o3,3i,o 
i5g,i3,3i,6 

159.23.27.1 
15g,33,17,5 
159,43,02,8 
169.52.43.2 
160,02,18,6 
160,11,4g,i 

5 
7°3,i 
696.8 
690,7 
684,6 

678.6 

672.7 
666.7 
660.9 
655.1 

64g,5 

643.7 
638.2 
632.6 
627.2 

621.7 

616.4 
611,1 
605.8 
600,6 

5g5,5 

590.4 
585.3 
580.4 
575.4 
570.5 
565.6 

3.75 
3.76 
3.77 
3.78 
3.79 

3.80 
3'8 [ 
3.82 
3.83 
3.84 

3.85 
3.86 
3.87 
3.88 
3.89 

3.90 
3.91 
3.92 
3,g3 
3.94 

3.95 
3.96 
3.97 
3.98 
3.99 
4,00 

5,oo 

d m s 

160,11,4g,i 
160.21.14.7 
160.30.35.6 
160,3g,51,7 
i6o,4g,o3,o 

160,58,09,7 
161,07,11,9 
161,16,09,5 
i6f ,25,02,0 
161.33.51.1 

161.42.35.2 
i6i,5i,i5,o 
i6i,5g,5o,4 
162,08,21,5 
162.16.48.3 

162,25,11,0 
162.33.29.4 
162.41.43.6 
162.49.53.8 
162,58,00,0 

163,06,02,0 
i63,i4,oo,i 
i63,2i,54,2 
163.29.44.5 
163.37.30.8 
i63,45,t3,4 

172,32,09,2 

565*6 
56o,g 
556.1 
55i ,3 

546.7 

542.2 
537,6‘ 
533,o 
528.6 

524.1 

5ig,8 
5i5,4 
5n,i 
506.8 

502.7 

4g8,4 
4g4,a 
490.2 
486.2 

482,0 

478.1 
474.1 
470.3 
466.3 
462,6 

TABLE IV. 
This table is given for the purpose of computing the true anomaly v, from the time t from the perihelion ; in a very excentricai 

orbit, whether it be an ellipsis or hyperbola. The excentricity is represented by e, and the perihelion distance by D. In using 

this table we must first compute, by means of Table III., the anomaly U, corresponding to the time t from the perihelion, in a parabola, 

whose perihelion distance is D. To this value of U, we must apply a correction, of the first order, S. (1 e) ; first proposed by 

Simpson, and which corresponds to the function [697]. When 1 — e is somewhat large, and great accuracy is required, we must apply 

a correction of the second order B. (1 — e)3 ; first computed by Bessel. The logarithms of the values of S, B, in sexagesimal seconds, 

are given in Table IV., for every degree of the anomaly U, with their differences; and when any one of these values is negative, the 
letter n is annexed to its logarithm. For intermediate values of U, we must use the common rules ot interpolation. The logarithms 

of are given to seven places of decimals, and those of B to five places; but in most cases it will be sufficiently accurate, if we i eject 

the two last of these figures. The logarithm of S, added to the log. (1 — e), gives the logarithm of Simpson’s correction ; and the 

logarithm of B, added to 2 log. (I — e), gives the logarithm of Bessel’s correction. In symbols we have, 

v= U+S.(l — e) + B.(l — e)8; [In an ellipsis], 

v = U— S. (e — 1) + B • (e — 1)2 5 tIn a hyperbola]. 

EXAMPLE. 

We shall suppose that with the time t from passing the perihelion, and the perihelion distance D, the anomaly in a parabola is found, 

by means of Table III., to be Z7— 50Æ. Then it is required to find the true anomaly v ; in an ellipsis, whose excentricity is e = 0,99 ; 

and in a hyperbola, whose excentricity is e— 1, 01. 

Given £ = 0,99 

S log. 

1—e log. 

— 241s,6 log. 

In an ellipsis. 

and U— 5od to find v. 

4,38317 n 

8,00000 

2,383i7n 

B log. 3,824i7n 

(x — e) log. 8,00000 

same 8,00000 

— os,7 log. 9,8241711 

r d m s 
U— 5o 00 00 ,0 

Simpson’s correction, — 4 01 ,6 

Bessel’s correction, — o ,7 

In a hyperbola. 

Given e — r, 01 and U = 5od to find v. 

The calculation of the corrections of Simpson and Bessel, is the 

same as in the ellipsis ; the only difference is in the sign of Simpson’s 

correction. 

U = 5od ooOT 00s ,0 

Simpson’s correction, -|- 4 01 ,6 

Bessel’s correction, — o ,7 

True anomaly v = 5o 04 00 ,9 

True anomaly v = 4g 55 5y ,7 



TABLE IV. 
To find the true anomaly t>, in a very eccentric ellipsis or hyperbola,, from the corresponding anomaly Z7in a parabola ; according 

to Simpson’s method, improved by Bessel. 

u. 
Log. of & 

sex. seconds. First Diff. Second Diff. Log. of B. Diff. U. 
Log. of S. 

sex. seconds First Diff. Second Diff. 
Log. of B. 

sex. seconds. Diff. 

d 

O 
Î 
2 
3 

4 

5 
6 

7 
8 

9 

10 
11 
12 
13 

14 

15 
16 

17 
18 

19 

20 
21 
22 
23 

2 4 

25 
26 
27 
28 

29 

30 
31 
32 
33 

34 

35 
36 

37 
38 

39 

40 

41 
42 
43 
44 

45 
46 

47 
48 

49 

50 
51 
52 
53 

54 

55 
56 

57 
58 

59 
60 

Infin. neg. 
2,95425,35n 

3,25491,94» 
3,43o56,98M 
3,55489,o5% 

3,651 oo,44» 
3,7294 r, 16% 
3,795oo,56» 
3,85i66,48» 
3,90x30,39» 

3,94536,62» 
3,98488,07» 

4,02060,54» 
4,o53i 1,81» 
4,08285,95» 

4,11019,93» 
4,13540,67» 
4,15871,98» 
4,i8o32,g5?j 
4,20039,68» 

4,2x905,61» 
4,23642,12» 
4,2525g,06%, 
4,26764,78» 
4,28166,46» 

4,29470,54» 
4,3o682,33„ 
4,31806,61» 
4,32847 5o» 
4,33808,67» 

4,34693.22» 
4,355o3,8i» 
4,36242,83» 
4,36912,32» 
4,375x3,93» 

4,38o4g,i4» 
4,385 ig,o3» 
4,38924,52» 
4,3 9266,32» 

4,39544,73» 

4,39760,06» 
4,39912,26» 
4,4oooi,i8» 
4,40026,01» 
4,39986,32» 

4,39881,03» 
4,39708,93» 
4,3g468,4o» 
4,39157,90» 
4,38774,94» 

4,383i7,o6» 
4,37781,32» 
4,37164,40». 
4,36462,xg» 
4,35670,24» 

4,34783,17» 
4,33795,o3„ 
4,32698,74» 
4,31486,08» 
4,3o 147,45» 
4,28671,76» 

Infinite. 
3oo66,5g 
17565,04 
12432,07 

9611,39 

7840.72 
655g,4o 
5665,92 
4963,91 

44o6,23 

3g5 x,45 
3572,47 
3-251,27 

2974,i4 

2733,98 

2520,74 
233x,3x 
2160,97 
2006.78 

x865,g3 

1736,5x 
1616,g4 
1505.72 
14o 1,68 

x3o4,o8 

1211.79 
x 124,28 
xo4o,8g 
961,17 

884,55 

810,59 
739,02 

669,49 
601,61 

535,21 

469,89 

4o5,4g 
34i,8o 
278,41 

2i5,33 

1 52,20 
88,92 
24,83 

— 3g,6g 

— 105,29 

— 172,10 
— 24o,53 
— 3io,5o 
— 382,96 

— 457,88 

— 535,74 
— 616,92 
— 702,21 

— 79 ^e5 

— 887,07 

— 988,14 
— 1096,29 
— 1212,66 
— i338,63 
— 1475,69 
— 1626,06 

Infin. neg. 
— i25oi,55 
— 5i32,97 

— 2820,68 

— 1770,67 

— 1281,32 
— 893,48 
— 702,01 

— 557,68 

— 454,78 

— 378,98 
- 321,20 
— 277,13 

- 24o,l6 

— 2i3,a4 

—■ i8g,43 
— 170,34 
— 154,24 

— i4o,8o 

— 129,42 

— 119,57 
— 111,22 
— io4,o4 

— 97,6o 

— 92’29 

— 87,51 
— 83,3g 

— 79»72 
—• 76,62 

— 73,96 

— 7i,57 
— 69,53 
— 67,88 

— 66,4o 

— 65,32 

— 64,4o 
— 63,6g 
— 63,39 

— 63,08 

— 63,i3 

— 63,28 
— 64,09 
— 64,52 
—• 65,60 

— 66,81 

— 68,43 
— 69,97 
— 72,46 

— 74,02 

— 77,86 

— 81,18 
— 85,29 

— 89,74 

— 95,12 

— 101,07 

— 108,15 
— 116,37 
— 125,97 
— x 37,06 
— i5o,37 

Infin. neg 

2,o5ig4» 
2,35333» 
2,53oog» 
2,65610» 

2,7545o» 
2,8356i» 
2,90473» 
2,g6513» 
3,orgo3» 

3,06777» 
3,i 1240» 

3,i 5364» 
3,i92o5» 
3,228o5» 

3,26198» 
3,29409» 
3,32458» 
3,35365» 
3,38i42» 

3,4o8oo» 
3,43348» 
3,45794» 
3,48i46» 
3,5o4o7» 

3,5258i» 
3,54672» 

3,56684» 
3,586iq» 

3,60479» 

3,62264» 
3,63976» 
3,65617» 
8,67187» 
3,68685» 

3,70113» 
3,7i472» 
3,72758» 
3,73971» 
3,75no» 

3,7617 4n 
3.77165» 
3,78080» 
3,78919» 
3,79679» 

3.8o356„ 
3.80 g4g» 

3,8i454» 
3,81870» 
3,82194» 

3,82417» 
3,82538» 
3,82548» 
3,82445» 
3,82220» 

3.81 863» 
3,8i 365» 
3,80713» 
3,79897» 
3,78897 » 
3,77695» 

Infin. 
3or 3g 
17676 
12601 

9840 

8111 
6912 
6o4o 
53go 

4874 

4463 
4124 
384i 
36oo 

33g3 

3211 

3o4g 
2907 
2777 

2658 

2548 
2446 
2352 
2261 

2174 

2°9Ï 
2012 
ig35 
i860 

1785 

1712 

1641 
1570 
1498 

1428 

135g 
1286 
I2]3 
n3g 

xo64 

991 
gi5 
83g 
760 

677 

5g3 
5o5 
4i6 
324 

223 

12 I 
10 

— xo3 
— 225 

— 357 

— 498 
— 652 
— 816 
—1000 
— X 202 
—1428 

d 

60 
61 
62 
63 

64 

65 
66 
67 
68 

69 

70 

71 
72 

73 
74 

75 
76 
77 
78 

79 

80 
81 
82 
83 

84 

85 
86 
87 
88 

89 

9° 
9' 
92 
93 
94 

95 
96 
97 
98 
99 

TOO 
101 
102 
103 

104 

105 
106 
107 
108 
109 

ITO 
1 11 
112 
113 

n4 

n5 
116 
n7 
118 

”9 
120 

4,28671,76» 
4,27045,70n 
4,20253,40» 
4,23275,93b 
4,21090,35.» 

4,18668,38» 

4,15974,94» 
4,12965,58» 
4,09682,96» 
4,o575i,66» 

4,oi 368,88» 
3,96291 ,T I» 
3, go3o7,52„ 
3,83ogi, 43» 

3,74og4,99" 

3,62292,66» 
3,45382,45» 
3,16757,67» 
0,87017,73» 
3,16902,43 

3,4771^,74 
3,65g78,86 
3,79098,67 
3,8g4oo,55 
3,97917,62 

4,06201,79 
4,i i582,oi 
4,17270,58 
4,22412,29 
4,27111,80 

4.31442.51 
4,35465,5g 
4,39225,26 
4,42767,53 
4,46090,95 

4,4g25o,5r 
4,52254,88 
4,55i2o,g2 
4,57862,82 
4,60492,71 

4,63020,78 
4.65456.52 
4,67807,55 
4.70080.97 
4.72283.19 

4,744i9,74 
4,764g5,65 
4,78515,45 
4,80483,28 
4.82402.87 

4,84277,69 
4.86110.88 
4,87905,38 
4.89663.98 
4,9i38g,i3 

4, g3o83,26 
4,g4748,58 
4.96387.20 
4,98001,11 
4,99592,2.3 

5,oi 162,34 

— 1626,06 
— 1792,30 

— 1977=47 
— 2i85,58 

— 2421,97 

— 2693,44 
— 3oog,36 
— 3382,62 
_ 383i,3o 

— 4382,78 

— 5077,77 
— 5983,69 
— 7216,09 
— 8996,44 

— ii8o2,33 

— 16910,21 
— 28624,88 
—2,29739,84 

3o8i4,3i 

18262,12 
i3i 19,81 
io3oi,88 
8517,07 

7284,17 

638o,2 2 
5688,57 

5i4r,7i 
4699,51 

433o,7i 

4o23,o8 
3759,67 
3532,27 
3333.42 

3i 59,56 

3oo4,37 

2866,04 
2741.90 
2629,89 

2528,07 

2435,74 
235i,o3 
2273.42 
2202,22 

2i36,55 

2075.91 
2019,80 
1967,83 

i919>59 

1874,82 

i833,ig 
i794,5o 
1758,60 
1725,15 

i6g4,i3 

x665,32 
1638,62 
1613.91 
i5gi,i 2 
1570,11 
i55o,gi 

— 15o,37 
— 166,24 
— 185,17 
— 208,11 

— 236,3g 

— 271,47 

— 3i5,g2 
— 373,26 
— 448,68 

— 551,48 

— 694,99 

— 905,82 
-1232,5o 
—1780,35 

—2805,89 

—5i42,3i 
— 2817,93 
—1784,81 

—12.32,90 

— 903,95 

— 691,65 
— 546,86 
— 442,20 

— 368,80 

— 307,63 

— 263,41 
— 227,40 
— 198,85 

— 173,86 

— 155,19 

— 138,33 
— 124,14 
— 112,01 

— 101,82 

— 92,33 

— 84,71 
— 77,61 
— 71,20 

— 65,67 

-— 60,64 

— 56,n 
— 51,97 
— 48,24 

— 44,77 

— 4 t ,63 

— 38,6g 
— 35,9° 
— 33,45 

—■ 3l,02 

— 28,81 

— 26,70 

— 24,71 
— 22,79 
- 21,01 

— 19=20 

3,77695» 
3,76267» 
3,7458l» 
3,72602» 
3,70282» 

3,6756l » 

3,64354» 
3,6o555» 
3,56007» 
3,5o47i» 

3,43579» 
3,347o5» 
3,22612» 
3 ,o4351» 

2,68954» 

2,21860 

2,93417 
3,20257 
3,37492 
3,5o38o 

3,60770 
3,69533 

3,77i54 
3,83928 
3,90042 

3, g563o 
4,00782 
4,o558o 
4,10078 

4,i43i4 

4,i8325 
4,22129 
4,25765 
4,29244 
4,32585 

4,35799 
4,38892 
4,41887 
4,44786 

4,47599 

4,5o333 
4,52992 
4,55585 
4,58i 16 
4,60591 

4,63oi2 
4,65383 
4,67711 
4,69999 
4,72248 

4,74463 

4,76647 
4,78802 
4,8og3o 
4,83o36 

4,85i2i 
4,87189 
4,89242 
4,91281 
4, g33o8 
4,95329 

— 1428 
— 1686 

— 1979 
- 2320 

— 2721 

— 3207 

— 3799 
— 4548 
— 5536 

— 6892 

— 8874 
—12093 
—18261 
—35397 

4-71557 
26840 
17235 
12888 

io3go 

8763 
7621 

6774 
6n4 

5588 

5i52 

4798 
4498 
4236 

4on 

38o4 
3636 

3479 
334i 

3214 

3093 

2995 
2899 
2813 

2734 

265g 
2593 
253i 
2475 

2421 

2371 
2328 
2288 
2249 

22l5 

2l84 
2x55 
2128 
2106 

ao85 

2068 
2o53 
2039 
2027 
2021 
20l5 



TABLE IV. 
To find the true anomaly v, in a very eccentric ellipsis or hyperbola, from the corresponding anomaly U in a parabola • 

according to Simpson’s method, improved by Bessel. 

u. 

d 

120 

121 

122 

123 

124 

125 
12Ô 
127 
128 
I29 

i3g 
13 r 

132 
133 
134 

135 
136 
137 
138 
13g 

140 
141 
x4a 
143 

144 

145 
146 

147 
148 

x4g 

150 

151 
162 

1.53 
x54 

155 
156 
157 
158 
15g 

x6o 
161 

162 

163 

164 

165 
166 

167 

168 

169 

170 

171 

172 

173 

174 

175 
176 

X77 

178 

179 
180 

Log. of S. 
sex. seconds. 

5,01162,34 
5,02713,25 

5,04246.44 
5,o5763,87 
5,07266,81 

5,08757,06 
5,10235,87: 
5,r 1705,01 
5,i3i65,35 
5,14618,91 

5,16066,94 
5,17510,76 

5,18952,15 

5,2o3q2,32 
5,2i832,5o 

5.23274.66 
5,24719,89 
5,26170,05 
5,27626,64 
5,29091,30 

5,3o565,78 
5.32051.87 
5,33551 43 
5.35066.42 
5.36598.87 

5,38151,17 
5.39725.43 
5,4x324,24 
5,42950,27 

5.44606.4 ( 

5 46295,75 
5.48021.66 

5,49787,97 
5,51598,58 
5,53458,o3 

5,55371,25 
5,57343,74 
5,5g38i,6g 
5,61492,02 
5.63682.66 

5,65962,52 
5,68341,99 
5,70833,00 

5,7.3449,49 
5,76207,92 

5,79! 27,92 
5.82233.12 
5,85552,33 
5.89121.30 
5,92985,02 

5.97201.42 
6,oi846,63 
6,07023,80 
6.12877.42 

6.19619.12 

6,27576,94 
6.37300.2.4 
6.49819.30 
6.67546.42 
6,97560,18 

Infinite. 

First IXiff. 

i55o,gx 
1533.19 
x5i7,43 
i5o2,g4 

1490.25 

1478.81 

1469.14 
1460.34 
1453.56 

1448 ,o3 

1443.82 

i44i,3g 
1440.17 
1440.18 

1442.16 

i445,23 
i45o,x6 
i456,59 
1464,66 

1474.48 

i486,09 
1499.56 
1514,99 
i532,45 

1552.30 

1574.26 
1598.81 
1626,03 

1656.14 

1689.34 

1725,91 
1766.31 
1810.61 
x85g,45 

1913,22 

1972.49 

2087,95 
21 io,33 

2190,64 

2279,86 

2379,47 
2491,01 
2616.49 
2758,43 

2920,00 

3105.20 
33ig,2i 
3568,97 
3863,72 

4216,40 

4645.21 
5177.17 
5853.62 

6741,70 

7957.82 

9723,3o 
12519,06 
17727,12 
3ooi3,76 
Infinite 

Second 
DifF. 

Log. of B. 
sex. seconds. 

— 19,20 4,95329 

— 17;72 4,97344 
— 15,76 4,99355 

— 14,49 5,01367 

— I2,6g 
5,03379 

— 11,44 5,o53g5 

— 9=67 5,07419 
— 8,80 5,09451 
- 6,78 5,i 1496 

— 5,53 5,i3556 

— 4,21 
5,i 5634 

— 2,43 5,17734 
— 1,22 5,19855 
-j- 0,01 5,22004 

L98 
5,24182 

3,07 
5,263g5 

4,93 5,2864g 
6,43 5,3oq4i 
8,07 5,33278 

9,82 5,35664 

11,61 5,38106 

i3,47 5,4o6i 1 
15,43 5,43180 
17,46 5,45&2i 

ig,85 5,48539 

21,96 
5,5i34i 

24,55 5,54236 
27,22 5,57230 
3o,i 1 5.6o33i 

33,20 5,63547 

36.57 

4o,4o 
44.30 

48,84 

53,77 

59,27 

65,46 
72,38 
80.31 

89,22 

99.6-1 

XI i,54 
125,48 

14i,g4 

161.57 

185,20 

214,01 
249,76 
294,75 

352,68 

428,81 

53i,96 
676,45 
888,08 

1216,12 

1765,48 

2795,76 
5208,06 

12286,64 
Infinite. 

JDiff. 

5,66893 
5,70375 
5,74010 
5,77806 
5,81781 

5,85g48 
5.go332 
5,94g46 
5,99816 
6,o4g65 

6,10426 
6,16232 

6,224x4 
6,29016 

6,36iii 

6,43737 
6,51976 

6,60914 

6,70666 

6,81364 

6,93190 
7,06871 

7,2x220 

7,38173 
7,57867 

7.81288 
8,ioo85 
8,4735o 
9,00022 

2015 
201 I 

2012 

2012 

2016 

2024 

2032 
2o45 
'2060 

2078 

2100 

2 12 X 

2149 
2178 

22l3 

2254 
2292 
2337 
2386 

2442 

25o5 
256g 
2641 
2718 

2802 

2895 

2994 
3ioi 
3216 

3346 

3482 
3635 
3796 
3975 

4167 

4384 
46i4 
4870 

5x4g 

5461 

58o6 
6182 

6602 

7095 

7626 

8289 
8g38 
9752 

10698 

11826 

i3i8i 
1484g 
i6g53 

19694 

23421 

28797 

37265 
52672 

In the extreme and middle parts of the table, 
the first differences vary rapidly, in which case 
we may use the values of S, B, instead of their 
logai’ithms, as in the following auxiliary table. 

AUXILIARY TABLE IV. 

u. s. 
sex. seconds. 

Diff. B. 
sex. seconds. 

Diff. 

d s s 
O — 0,0 — 0,0 

1 

2 

3 

4 

— 900,0 

— 1798,5 
— 2695,0 

— 3588,3 

— 900,0 

— 8g8,5 

— 896.5 

— 8g3,3 

— 112,7 

- 225,6 

— 338,9 

— 453,o 

— 112,7 

— 112,9 

— n3.3 

— n4,i 

— 888,9 - Il5,2 

5 — 4477,2 — 568,2 

70 — 2727,7 
504.1 
54o,5 

577,7 
616.1 

71 
72 

73 

- 2223,6 

— i683,i 

— no5,4 
74 — 5507,4 — 489,3 

i3xo,5 654,7 
75 
76 

77 
78 

79 

— 4196,9 
— 2843,3 

— 1470,9 
— 7,4 

i475,8 

1353,6 

x 372,4 

i463,5 

i483,2 

i65,4 
85g,3 

i594,3 

2370,9 

693,9 

735,o 
776,6 

i524,5 

80 

81 

82 

3ooo,3 

4568,7 

6180,0 

1568,4 
i6ii,3 



TABLE V.—For an Ellipsis. 

This table is to be used in finding the true anomaly v, corresponding to the time t from the perihelion, in a very 

excentrical ellipsis ; the excentricity e and the perihelion distance D being given. In point of accuracy, it is not restricted to 

the first and second powers of 1 — e, like Table IV., but includes all the powers of thàt quantity. This table is nearly in the 

same form as it was first given by Professor Gauss. 

Rule. From e find a = 1 — e, a/2 = 0,1 -f- 0,9 . e, and then find the approximate value of log. V, by the following formula ; 

Approx, log. t' — log. t -f- log. 0/ — 3-. log. D. 

With this value of i! find the corresponding value of U in Table III. ; also, 

log. J3 = log. a + arith. log. co. ü>3 -f 9,6989700 — 10,0000000 ; 

Approx, log. A = log. j8-|-2 log. tang. ^ U. 

Enter Table V., with the natural number corresponding to this value of log. A, and find the corresponding log. B, which is to 

be subtracted from the approximate log. t' to obtain the corrected value of log.!'. With this corrected value find, in Table 

III., the corrected value of U, and for the sake of distinction, we shall represent it by w; then the corrected value of log. A 

is found by the following formula, which is similar to the preceding one, changing U into w ; 

Correct, log. A = log. /3-j-2 log. tang.J w. 

It will very rarely be necessary to repeat again this operation to get a more accurate value of A ; we may therefore, with this 

value of A, find the correct value of C, in Table V., and then, 

‘“S-2 4 ” = C-0,8 .A ' T~e ; [ADOraaly 

r =-1—i— . D . sec.2 A v. [Radius vector r]. 
C + 0,2 .A 2 1 

We may observe that in computing a large number of observations, it will frequently happen that the value of B is very nearly 

known, at the commencement of the operation ; in this case the correction B, may be applied to the first process, in finding the 

approximate value of t', 

EXAMPLE. 

Given the excentricity e = 0,96764567 ; log. perihelion distance D = g,76565oo ; t=63days,544 ; to find v and r. 

From the value of e we get, o. = i— e —o,o3235433 ; a/2 ~ 0,1 -j- o,g 6 = 0,970881 io3. 

Approximate Operation. Corrected Operation. 

a/2=o,i -J-o.g. e log. 9,9871661 

a' log. 9,gg3583o 

D log. co. 0,23435oo 

its half 0,1171750 

t = 63days,544 log. 1,8o3o745 

Approx, log. t' 2,1481825 Subtract log. B = 0,0000040 gives correct log. V 2,1481785 

Hence Ur=qqd6m, in Table III. Hence U or 10 = 99^ 6m i3s, 4 in Table III. 

O. = 1 — e log- , 8,5099325 • 

a/2 log. co. 0,0x28339 • 

Constant log. 9,698970° a , 
Sum gives ft log. 8,2217364 • • • • ♦ • . same 8,2217364 

è Of = 4gd 33m tang. 0,06927 i-to = 49*33” 6s, 7 tang. 0,0692972 

same 0,06927 same 0,0692972 

Approx. A = 0,022923 log. 8,36027 Corrected A = 0,0229261 log. 8,36o33o8 

Corresponding log. B— 0,ooooo4o, Table V. 0,8 A = 0,0183409 • 

C = 1,0000242 • 

C — 0,8 A — 0,9816833 log. co. 0,0080286 

1 -f-e —1 >96764547 log. 0,2939469 

I —e = a log. co. 1,4900675 

Sum is 2 log. tang. J v 0,1523738 
. r d m s 
$V= DO O 0,1 tang. 0,0761869 

d m $ 
V= TOO O 0,2 

C 0,2 A — 1,0046094 log. co. 9,9980028 

C — 0,8 A = 0,98x6833 log. 9,99x9714 

D log. 9,76565oo 

iv = 5od om o\ 1 sec. 0,1919327 

same 0,1919327 

r log. 0,1394896 

a23 



TABLE V. — For. an Ellipsis. 

In the inverse problem, we have given, the true anomaly v, the perihelion distance D, and the excentricity e, to find the time 
t from the perihelion in days. This is obtained by the following rule. 

Rule. With e and v find T = -—j— . tang.2 J v, and then by Table V., the corresponding value of C. Also, 

Log. A — log. T -j- log. C -j- arith. comp. log. (1 -j- 0,8 . T) ; 

from which we find log. B, by means of Table V. Then we find, 

log. t1 = 2,0654486 -f § log. JO -f | log. A + log. B — £ log. (1 — e) ; 

log. t2 — log. 11 8,8239087 -j- log. A -f- log. (1 9 e) —log. (1 — e) ; 

t:==tl + t2‘ 

EXAMPLE 
Given as before e = 0,96764567 ; log. perihelion distance 10 = 

time t from the perihelion in days. 

1 — e log. 8,5099325 

j -j— e log. CO. 9,7o6o53r 
« £*■ d 771/ S 
g v = 5o 0 0,1 tang. 0,0761869 

same tang. 0,0761869 

T = o,023353g log. 8,36835g4 
Hence C= 1,0000242 Table V. log. 0,00001o5 
1 -f- 0,8 T = i,oi8683i log. CO. g>ggxg6o9 

A = 0,0229261 log. 8,36o33o8 

Corresponding log. B in Table V. 0,0000040 

9,7Ô565oo ; and the true anomaly v = iood om os, 2 ; to find the 

Constant log. 2,o654486 
A log. D 9,648475o 

à log. A 9,i8oi654 
log. B 0,0000040 

£ log. (1 — e) arith. co. o,745o337 

fj = 43days,564 log- 1,6391267 

• Constant 8,8239087 

. A log. 8,36o33o8 

. . 1 + 9 6 = 9,7088110 log. 0,9871661 

• a (1 — e) log. co. 1,4900675 

t2= 19^,980 log- 1,3005998 

+ h — 63days> 544 = t. 

A Log. B c T A Log. B c T A Log. B c T 

0,000 0,0000000 1,0000000 0,00000 o,o4o 0,0000120 1,0000741 o,o4x3i9 0,080 0,oooo485 i,ooo3oo6 0,085443 

001 000 1,0000000 0,00100 o4i 126 1,0000779 0,042387 081 498 i,ooo3o83 o,o86584 
002 000 1,0000002 0,00200 042 i3 3 1,0000818 0,043457 082 5io i,ooo3i6o 0,087727 

oo3 001 1,0000004 o,oo3oi o43 13g 1,oooo858 o,o44528 o83 023 1 ,ooo323g 0,088872 

oo4 001 1,0000007 o,oo4oi o44 146 1,0000898 o,o456oi 084 535 i,ooo33i9 0,090019 

o,oo5 0,0000002 1,0000011 o,oo5o2 o,o45 0,0000152 1,0000940 0,046676 o,o85 o,oooo548 1,0003399 o,ogx 168 

006 oo3 1,00000x6 o,oo6o3 o46 159 1,0000982 0,047763 086 561 i,ooo348i o,og23ig 

007 004 1,0000022 0,00704 0A1 166 1,0001026 o,o4883i 087 575 1,ooo3564 0,093472 

008 oo5 1,0000029 o,oo8o5 048 173 1,0001070 0,049911 088 588 1 ,ooo3647 0,094627 

009 006 1,0000037 0,00907 °4g l8l 1,000x116 0,050993 089 602 1,0003732 0,095784 

0,010 0,0000007 X ,0000046 0,01008 o,o5o 0,0000188 1,0001162 0,052077 0,090 0,0000615 i,ooo38i8 0,096943 

011 009 i ,ooooo56 0,01110 o5i xg6 1,0001210 o,o53i63 °gi 629 i,ooo3go4 0,098104 

012 OIX 1,0000066 0,01212 OÔ2 204 i,oooi258 o,o5425o °g2 643 1,0003992 0,099266 

ox3 oi3 1,0000078 o,oi3i4 o53 2x2 i,oooi3o7 o,o5533g og3 658 i,ooo4o8i 0,1 oo431 

014 oi5 1,0000090 0,01416 o54 220 1,0001358 o,o5643o 09 4 672 .1,0004170 o,ioi5g8 

o,oi5 0,0000017 i,00001o3 0,01518 o,o55 0,0000228 1,0001409 o,o57523 0,095 0,0000687 1,0004261 0,102766 

016 oxg 1,0000118 0,01621 o56 236 1,ooo[461 o,o586i8 096 701 i,ooo4353 o,io3g37 

017 022 1,0000133 0,01723 o5j 245 i,ooox5i4 0,059714 °g7 716 i,ooo4446 o,io5iio 
018 02 4 i, 000014g 0,01826 o58 254 1,0001568 0,060812 098 731 1 ,ooo453g 0,106284 

°ig 027 1,0000166 0,01929 o59 263 1,0001623 0,061912 °gg 746 1 ,ooo4634 0,107461 

0,020 o,ooooo3o 1,0000184 0,02032 0,060 0,0000272 1,000x679 o,o63oi4 0,100 0,0000762 1 ,ooo473o 0,108640 

021 o33 1,0000203 0,02 i36 061 281 1,0001766 0,064118 [ IOX 777 1,0004826 0,109820 

022 o36 1,0000223 0,02239 062 ago 1,0001794 0,005223 102 7g3 1,0004924 o,iiioo3 

023 o4o X ,0000244 0,02343 o63 3oo i,oooi853 o,o6633i io3 809 i,ooo5o23 0,1x2x88 

024 o43 1,0000265 0,02447 064 3og 1,0001913 0,067440 104 825 i,ooo5i23 0,1 i3375 

0,025 

r- 
0

 
0

 
0

 
0

 
q

 
6

 1,0000288 o,o255i o,o65 o,oooo3xg 1,0001974 o,o6855x o,xo5 0,0000841 1,0000224 o,xi4563 

026 o5i 1,0000312 0,02655 066 329 1,ooo2o36 0,069664 106 857 i,ooo5325 o,ii5754 

027 o55 i,oooo336 0,02760 067 339 1,000209g 0,070779 107 873 1,0005428 0,X16947 

028 °5g 1,0000302 0,02864 068 35o 1,0002163 0,071896 108 890 i,ooo5532 0,1 18142 

029 o63 i,oooo388 0,02969 069 36o 1,0002228 0,073014 109 go7 1,ooo5637 0,119339 

o,o3o 0,0000067 1,0000416 0,03074 0,070 0,0000371 1,0002294 o,074i35 0,110 0,000092.4 i,ooo5743 o,i2o538 

o3x 072 1 ,oooo444 0,03179 071 38i I,0002300 0,075257 III g4i i,ooo585o 0,121739 

032 077 X ,0000473 0,03284 072 392 1,0002428 0,076381 112 g58 1,ooo5g58 0,122942 

o33 082 1 ,oooo5o3 o,o338q 073 4o3 r ,0002497 0,077507 xi3 g75 1,0006067 0,124x48 

o34 087 x,oooo535 o,o3495 07 4 4i5 1,0002567 0,078635 n4 gg3 1,0006x77 o,i25355 

o,o35 0,0000092 1,0000567 o,o36oi 0,075 0,0000426 1,0002638 0,079765 o,n5 0,0001011 1,0006288 o,x26564 

o36 °97 1,0000600 0.03707 076 43 7 1,0002709 0,080897 116 102g 1,0006400 0,127776 

o37 io3 1 ,oooo634 o,o38x3 077 44g 1,0002782 0,082030 xi7 1047 i,ooo65i3 0,128989 

o38 108 1,0000669 o,o3oxq 078 461 1,0002856 o.o83i66 118 io65 1,0006627 o,i3o2o5 

°3g i x4 1,0000704 o,o4o25 °79 4?3 1,0002930 o,o843o3 ixg io83 1,0006742 o,x3i423 

o,o4o 0,0000120 1,0000741 o,o4i32 0,080 0,000048 5 i,ooo3oo6 o,o85443 0,120 0,0001102 1 ,ooo6858 o,i32643 



TABLE V. — For an Ellipsis. 

To find the true anomaly in a very excentric ellipsis, by the method of Gauss. 

A Log. B c T A Log. B c T A Log. B c T 

0,120 0,0001102 x,ooo6858 0,132643 0,180 0,0002515 1,0015764 0,209894 0,240 0,0004537 1,002864^ 0,295980 

121 1121 1,0006976 0,i33865 181 2543 i,ooi5g45 0,211 253 241 4576 1,0028894 0,297498 

122 n3g 1,0007094 o,x35o8g 182 2572 1,0016128 0,212614 242 46i5 1,0029145 0,299018 

123 1158 1,0007213 o,i363i5 i83 2601 i,ooi63ii 0,213977 243 4654 1,0029397 o,3oo542 

124 1178 1,0007334 o,i37543 184 2Ô3o 1,0016496 0,215343 244 4694 1,0029651 0,302068 

0,125 0,0001197 1,0007455 0,138774 o,i85 0,0002660 1,0016682 0,216712 0,245 o,ooo4734 1,0029905 o,3o35q7 
I2Ô 1217 1,0007577 0,140007 186 2689 1,0016868 0,218083 246 4774 i,oo3oi6i o,3o5i29 
127 1236 1,0007701 0,l4l24l 187 2719 1,0017057 o,2ig456 247 48i4 i,oo3o4i8 o,3o6664 
128 1256 1.0007825 0,142478 188 • 2749 1,0017246 0,220832 248 4854 1,0030676 0,308202 

129 1276 1,0007951 0,143717 189 2779 1,0017436 0,222211 249 48g4 i,oo3og35 0,309743 

o,i3o 0,0001206 1,0008077 o,i44g59 0,190 0,000280g 1,0017627 0,223592 0,250 o,ooo4g35 i,oo3ng6 0,311286 

i3i x3i7 1,0008205 0,146202 191 283g 1,0017820 0,22.4975 25i 4976 i,oo3i458 0,3i2833 
l32 i337 1 ,ooo8334 0,147448 192 2870 i,ooi8oi3 0,226361 2Ô2 5017 1,0031721 o,3i4382 
i33 i358 1,0008463 o,i486g5 ig3 2900 1,0018208 0,227750 253 5o58 1,oo3ig85 o,3i5g35 
134 i378 1,0008594 0,149945 194 2g3i 1,0018404 0,229141 254 5099 1,0032250 o,3 r 7490 

o,i35 0,000 i3qq 1,0008726 o,i5i 197 0,195 0,0002962 1,0018601 o,23o535 o,255 o,ooo5i4i i,oo325i7 o,319048 

136 1421 x,ooo885g 0,152452 196 2993 1,0018799 0,23ig3i 256 5182 1,0032784 0,320610 

137 1442 1 ,ooo8qq3 0,153708 197 3o25 1,0018998 0,233829 257 5224 i,oo33o53 0,322174 
138 1463 1,0009128 0,154967 198 3o56 1,0019198 o,23473i 258 5266 i,oo33323 0,323741 

i3g x485 1,0009264 0,156228 199 3o88 1,0019400 o,236i35 25g 53og i,oo335g5 o,3253i2 

o,i4o 0,0001507 i,ooog4oi 0,157491 0,200 0,0003120 1,0019602 0,237541 0,260 o,ooo535i 1,0033867 o,326885 
i4i x52g i,oooq53q 0,158756 201 3i52 1,0019806 o,238g5o 261 5394 i,oo34i4i 0,328461 
142 i55x 1,0009678 0,160024 202 3i84 1,0020011 0,240861 262 5436 i,oo344i6 o,33oo4i 
143 i5y3 i,oooq8iq 0,161294 203 3216 1,0020217 0,241776 263 5479 1,0034692 0,33i623 
i44 15g6 1,0009960 0,162566 204 3249 1,0020424 0,243192 264 5522 1,0034970 o,3332o8 

o,i45 0,00016x8 1,0010102 o,i6384o 0,2o5 0,0003282 1,0020632 0,2.44612 0,265 o,ooo5566 i,oo35248 0,334797 
146 1641 1,0010246 o,i65i 16 206 33i5 1,0020842 0,246034 266 5609 i,oo35528 o,336388 
1-47 1664 i,ooio3go o,i663ç5 207 3348 1,002 xo52 0,247458 267 5653 i,oo358og 0,337983 
148 1687 1, ooio536 0,167676 208 338i 1,0021264 0,248885 268 5697 1,0036091 0,339580 

149 1710 1,00x0683 0,168959 209 34i4 1,0021477 o,25o3i5 269 5741 i,oo36375 o,34ii8i 

o,i5o 0,0001734 i,ooio83o 0,170245 0,210 0,ooo3448 1,0021690 0,251748 0,270 0,0005785 i,oo3665g 0,342785 
i5i 1757 1,0010979 o,i7i533 211 3482 1,0021905 o,253i83 271 5829 1 ,oo36g45 0,344392 
IÔ2 1781 1,0011129 0,172823 212 35i6 1,0022122 0,254620 272 5874 1,0037232 0,346002 
153 i8o5 1,0011280 0,174115 2l3 355o 1,0022339 o,256o6i 273 5919 1,0037521 0,347615 
154 1829 i,ooii432 0,175410 214 3584 1,0022557 o,2575o 4 27 4 5g64 1,0037810 0,349231 

o,i55 o,oooi854 1,0011585 0,176707 0,2l5 o,ooo36i8 1,0022777 0,258950 0,275 0,0006009 i,oo38ioi o,35o85o 
x56 1878 1,001173g 0,178006 2l6 3653 1,0022998 0,260898 276 6o54 i,oo383g3 o,352473 
i57 i9°3 1,0011894 0,179308 217 3688 1,0023220 0,261849 277 6100 i,oo38686 o,354og8 
158 1927 1,0012.0,51 0,180612 2l8 3723 1,0023443 o,2633o3 278 6i45 i,oo38g8i 0,355727 
15g 1952 1,0012208 0,181918 2ig 3758 1,0023667 0,264759 279 6191 1,0039277 0,357359 

0,160 0,0001977 1,0012366 0,183226 0,220 0,0003793 1,0023892 0,266218 0,280 0,0006237 1,0039573 o,358gg4 
161 2003 1,0012526 0,184537 221 3829 I,0024lI9 0,267680 281 6283 1,0039872 o,36o632 
162 2028 1 *,oo 12686 o,i8585o 222 3865 1,0024347 0,269145 282 633o 1,0040171 0,362274 
163 2o54 1,0012848 0,187166 223 3goo 1,0024576 0,270612 283 6376 1,0040472 o,363gi8 
164 2080 x,ooi3oi1 0,188484 22 4 3g36 l,00248o6 0,272082 284 6423 1,0040774 0,365566 

o,i65 0,0002106 i,ooi3x75 0,189804 0,225 0,0003973 i,oo25o37 0,273555 0,285 0,0006470 1,0041077 0,367217 
166 2 I 32 1,00t334o 0,191127 226 4009 1,0025269 0,275031 286 6517 i,oo4i38i 0,368871 
167 2i58 i,ooi35o6 0,192452 227 4o46 1,0025502 0,276509 287 6564 1,0041687 0,370529 
168 2184 1,0013673 0,193779 228 4082 1,0025737 0,277990 288 6612 r,oo4iqq4 0,372189 
169 2211 1,0013841 0,195109 229 4ng 1,0025978 0,279474 289 6660 1,0042802 0,373853 

0,170 0,0002238 i,ooi4oio 0,196441 0,230 o,ooo4i56 1,0026210 0,280960 0,290 0,0006708 1,0042611 0,375521 

171 2265 i,oox4i8i 0,197775 23i 4i 94 1,0026448 0,282450 291 6756 1,0042922 0,377191 
172 2292 i,ooi4352 0,199112 232 4281 1,0026687 0,283942 292 6804 i,oo43233 o,378865 
173 2319 i,oox4525 0,200451 233 4269 1,0026928 0,285487 293 6852 i,oo43547 o,38o542 
174 2347 1,0014699 0,2^1793 234 43o6 1,0027169 0,286935 294 6901 i,oo4386i 0,382222 

0,175 0,0002374 1,0014873 o,2o3i37 0,235 o,ooo4344 1,0027412 0,288435 0,295 o,ooo6g5o i,oo44i77 o,383qo6 
176 2402 1,0015o4g o,2o4484 236 4382 1,0027656 0,289939 296 6999 1 ,oo44493 o,3855g3 
177 243o 1,0015226 o,qo5832 237 4421 1,0027901 0,291445 297 7048 1,oo448i2 0,387283 
178 2458 x ,00154o4 0,207184 238 445g 1,0028148 0,292954 298 7097 i,oo45i3i 0,388977 

T79 2486 1,0015583 o,2o8538 23g 44g8 i,oo283g5 0,294466 2 99 7147 i,oo45452 0,390678 
0,180 o,ooo25i5 1,0015764 0,209894 0,240 0,0004537 1,0028644 0,2g5g8o o,3oo 0,0007196 1,0045774 0,392374 



TABLE VI. —For an Hyperbola. 

This table is used in finding the true anomaly v of a comet, moving in a hyperbolic orbit, which approaches very nearly to 

the form of a parabola ; the excentricity e, the perihelion distance D, and the time t from passing the perihelion being 

given. Like the preceding table, it is not restricted to the first and second powers of e — 1, but includes all the powers of that 

quantity. 

Rule. From e find a'2 = 0,1 -}- 0,9 . e ; and then the approximate value of log. t' from the formula, 

Approx, log. f'r^log. £ -j- log. a/ — |-log. D. 

With this value of t', find the corresponding value of U, in Table III., also, 

log. ,8:= log. (e — 1) +arith. co. log. a'2 _j_ 9,69S9700—10,0000000; 

Approx, log. .3 = log. /S —[— 2 log. tang.£ U. 

Enter Table VI., with the natural number, corresponding to this value of log. A, and find in it the corresponding log. B ; which 

is to be subtracted from the approximate log. t', to obtain the corrected value of log. t'. With this corrected value, find in Table 

III., the corrected value of log. U; and for distinction, we shall call it w ; then the corrected value of log. A is found by the 

following formula, which is similar to the preceding; 

Correct, log. A = log. 0 -j- 2 log. tang4 w. 

It will very rarely be necessary to repeat the operation, to get a more accurate value of A ; we shall therefore use it, in 

finding the correct value of C, in Table VI., and then, 

tang.2 £ v 
A 

C -f- 0,8 . A 
« + * ■ 
e —1 ’ 

C 4- 0,8 . A 

C —0,2 .A 
D. sec.2 J v. 

[Anomaly »]. 

[Radius vector r]. 

In computing a large number of observations, it will frequently happen that the value of B is very nearly known, at the 
commencement of the operation; in this case, the correction B, may be applied in the first process, for finding the approximate 
value of r. 

EXAM 

Given the excentricity e— 1,261882; log. perihelion distance: 

Approximate Operation. 

a'2 = o,i-f 0,9. e=i ,2356g38 log. o,ogigio8 

a/ log. o,o45g554 
D log. CO. 9>9798343 

its half 9,9899171 

f = 65days,4i236 log. 1,8156598 

Approx, log. t' x,8313666 

Hence Z7=70d32W, nearly, in Table III. 

e — 1 =0,261882 log. g,4i8io56 

o/2 log. CO. 9,9080892 

Constant log. 9.6989700 

Sum gives /3 log. g,0251648 

è 17 = 35*16”* tang. 9,84952 

same 9,84952 

Approx. A — o,o52gg log. 8,72420 

Corresponding log. B = 0,0000207, Table VI. 

PLE. 

= 0,0201657; t=65days,4i236 ; to find v and r. 

Corrected Operation. 

Subtract log. B = 0,0000207 gives correct log. t' — i,83i345g 

Hence U or w— 70 3im 37^,0 in Table III. 

• • * 

• » • • • • . same 9,0251648 

i w = 35di5m48V5 tang. 9,8494702 

same 9,8494702 

Corrected A = 0,0529792 log. 8,7241052 

0,8 A = 0,0423834 • 

C = 1,000x261 • 

C o,8 A = i,o425og5 log. co. 9,981920° 

e -|- 1 = 2,261882 log. 0,3544699 

e — 1 = 0,261882 log. CO. o,5818944 

Sum is 2 log. tang. £ v 9,64238g5 

£ v = 33d 3iw 3os tang. 9,82x1947 

v = 6jd o3m 00s 

C — 0,2 A = 0,9895303 log. co. 0,0045709 

C-j-°)8 1,0425095 log. 0,0180800 

D log. 0,0201657 

i« = 33d3:m3o® sec. 0,0790189 

same 0,0790189 

r log. 0,2008544 



TABLE VI. — For an Hyperbola. 

In the inverse problem, we have given, the true anomaly v, the perihelion distance D, and the excentricity e, to find the time 
t from the perihelion in days. This is obtained by the following rule, which is similar to that for an ellipsis, in the last table. 

e_i 

Rule. With e and v find T =—-— . tang.2 | v, and then by Table VI., the corresponding value of C. Also, 
e -\-l 

Log. A = log. T -j- log. C -j- arith. co. log. (1 — 0,8 . T) ; 

and the corresponding log. B, in Table VI. Then find, 

log. fj = 2,0654486f log. D -j- & log. A-{-log. B — | log. (e — 1) ; 

log. =:log. ty -j- 8,8239087 + log. A -f- log. (1 -j- 9 0 —log. (e — 1) ; 

t = tlJTt2- 

EXAMPLE. 
Given as before e = 1,261882; log. perihelion distance D— 0,0201657 ; and the true anomaly v = 67^ 03” o* ; 

time from the perihelion t. 

e— 1 = a = 0,261882 log. 9,4i8io56 

e-\-i =2,261882 log. co. 9,64553oi 
» r\d Wf s 
% V = 00 01 00 tang. 9,8211946 

same tang. 9,8211946 

T — 0,0508189 log. 8,7060249 

Hence C= 1,0001261 Table VI. log. o,oooo548 

1 — 0,8 T = 0,9593449 log. co. 0,0180252 

A = 0,0529791 log. 8,7241049 

to find the 

Constant log. 2,o654486 

J- log. D o,o3o2485 
£ log. A 9,3620624 

log. B 0,0000207 

- è log. (e— 1 ) arith. co. 0,2909472 

= 56days,o683o log. 1,7487174 

. . Constant 8,8239087 

. . A log. 8,7241049 

. . i 9 e = 12,356938 log. 1,09x9108 

. . (e — 1) log. co. 0,5818944 

Corresponding log. B in Table VI. 0,0000207 
9days, 34407 

65days, 41237 = f. 

log. 0,9705362 

TABLE VI. 

A Log. B c T A Log. B C T A Log. jB c T 

o5ooo 0,0000000 IjOOOOOOO 0,00000 o,o4o 0,0000118 1,0000722 0,038757 0,080 0,0000468 i,ooo285c 0,076168 

OOI 000 1,0000000 0,00100 o4i 124 1,0000758 0,039695 081 480 1,0002921 0,076050 

002 000 1,0000002 0,00200 042 i3o 1,0000759 o,o4o632 082 492 1,0002992 0,076930 

oo3 001 1,0000004 0,00299 o43 i36 1,0000633 o,o4i567 o83 5o4 1 ,ooo3o65 0,077810 

oo4 001 1,0000007 0,00399 o44 i43 i ,0000872 o,o425oo 084 5t6 i,ooo3i38 0,078688 

o,oo5 0,0000002 1,0000011 0,00498 o,o45 0,000014g 1,0000912 0,043432 o,o85 0,0000528 I,00032T2 0,079504 

006 oo3 i,0000016 0,00597 o46 156 i,oooog53 o,o44363 086 54o 1,0003287 o,o8o43g 

007 004 1,0000022 0,00696 047 i63 1,0000994 0,045292 087 553 i,ooo3363 0,0813i3 
008 00 5 1,0000029 0,00795 046 170 1,0001067 0,046220 088 566 1 ,ooo344o 0,082186 

009 006 1,0000037 0,00894 049 177 1,0001080 0,047147 089 578 i,ooo35i7 o,o83o57 

0,010 0,0000007 1,0000046 0,000Q2 o,o5o 0,0000184 1,0001124 0,048072 0,090 o,oooo5gi i,ooo35g5 0,083927 

Oil 009 i,ooooo55 0,01090 o5i I91 1,0001169 o,o48gg5 091 6o4 1,0003674 0,084796 

012 on 1,0000066 0,01189 052 199 I,OOOI2l5 0,049917 092 618 1,0003764 o,o85663 
ox3 oi3 1,0000077 0,01287 o53 207 1,0001262 o,o5o838 og3 631 1, ooo3é35 0,o8652g 

ot4 ox5 1,0000069 0,01384 o54 2l5 i,oooi3io 0,051757 094 645 i,ooo3gi7 0,087394 

0,015 0,0000017 1,0000102 0,01482 o,o55 0,0000223 1,0001338 0,052675 o,og5 0,oooo658 1,0003999 0,088257 

016 OTQ 1,0000116 o,oi5So o56 281 1,0001407 0,053592 096 672 i,ooo4o83 0,08911g 

017 021 i ,0000131 0,01677 057 23g i,oooi456 o,o545o7 097 686 1,0004167 0,089980 

018 02 4 1,0000147 0,01774 o58 247 i,oooi5og o,o5542o 098 700 1,0004262 0,090840 

019 027 1,0000164 0,01672 o5g 256 1,0001561 o,o56332 °99 714 1,ooo4338 0,091698 

0,020 o,ooooo3o 1,0000182 0,01968 0,060 0,0000265 1,0001614 0,057243 0,100 0,0000728 1,0004424 0,092555 

021 o33 1,0000200 0,02065 061 273 1,0001667 o,o56i52 IOT 7 43 1,ooo4512 0,0934.10 

022 o36 1,0000220 0,02162 062 282 1,0001722 o,o5go6o 102 758 1,0004600 0,094265 

023 o3g T ,0000240 0,02258 o63 291 1,0001777 0,059967 io3 772 1,0004689 0,096118 

024 o43 1,0000261 0,02355 064 3oi 1,0001836 0,060872 104 787 1,0004779 0,095969 

0,025 0,0000046 1,0000283 0,02451 o,o65 o,oooo3io 1,0001891 0,061776 o,io5 0,0000802 1,0004820 0,096820 

026 o5o i,oooo3o6 0,02547 066 320 1,0001949 0,062678 106 817 1,0004962 0,097669 

027 o5 4 i,oooo33o 0,02646 067 329 I ,0002007 0,063579 107 833 i,ooo5o54 0,098517 

028 o58 i,oooo355 0,02739 068 33g 1,0002067 0,064479 106 848 i,ooo5i48 o,ogg364 
029 062 i,oooo38i 0,02834 069 34g 1,0002126 0,065377 109 864 1,0005242 0,100209 

o,o3o 0,0000067 1,0000407 o,o2g3o 0,070 o,oooo35g 1,0002189 0,066274 0,110 0,0000880 i,ooo5337 o,ioio53 
o3i 071 1,0000435 o,o3o25 O7I 370 I,000225l 0,067170 Il I 8g5 1,ooo5432 0,101896 

032 076 i ,oooo463 0,o3l20 072 382 1,00023x4 0,068064 112 911 i,ooo552g 0,102738 

o33 080 1,0000492 o,o32i5 073 3go 1,0002378 0,068957 n3 928 1,ooo5626 0,103678 

o34 o85 1,oooo523 o,o33io 074 401 1,0002443 0,069846 ii4 944 1,0005724 o,io44i7 

o,o35 0,0000091 i,oooo554 o,o34o4 0,075 0,0000412 1,0002509 0,070738 o,n5 0,0000960 1,ooo5823 o,io5255 
o36 096 i,oooo585 o=o3499 076 423 1,0002675 0,071627 116 °977 i,ooo5g23 0,106092 

037 101 1,0000618 o,o35g3 077 434 1,0002643 0,072514 117 °994 1,0006024 0,106927 

o38 107 1,0000652 o,o3688 076 445 1,0002711 0.073400 116 1010 1,0006125 0,107761 

o3g 112 1,0000686 0,03782 079 457 1,0002780 0,074285 I T9 1027 1,0006228 0,108694 
o,o4o 0,0000118 1,0000722 0,03876 0,080 0,0000468 1,0002650 0,075168 0,120 o,oooio45 1,ooo6331 0,109426 

a24 



TABLE VI. — For an Hyperbola. 

To find the true anomaly in a hyperbolic orbit, which is nearly of a parabolic form, by the method of Gauss. 

A Log. B c T A Log. B c T u A Log. B c T 

0,120 0,0001045 i,ooo633i 0,109426 0,180 0,0002321 1,0013978 o,i57i5i 0,240 0,0004076 1,0024396 0,200931 
121 1062 i,ooo6435 o,iio256 181 2346 1,0014129 0,157911 241 4no 1,0024592 o,2oi63o 
122 1079 1,0006539 o,ino85 182 z3j2 1,0014281 0,158671 242 4x43 1,002478g 0,202328 
123 1097 i,ooo6645 0,111913 i83 2398 1,0014434 0,159429 243 4176 1,0024987 0,203o25 
124 ni4 1,0006751 0,112740 184 2423 1,0014588 0,160187 244 42x0 1,0025x85 0,203721 

0,125 0,0001I32 1 ,ooo6858 0,113566 o,i85 0,0002449 1,0014742 0,160943 0,245 0,0004244 1,0025384 o,2o44i6 
126 ix5o 1,0006966 0,114390 186 2475 1,0014898 0,161698 246 4277 i,oo25584 0,2o5i 10 
127 xi68 1,0007075 o,ii52i3 187 2002 1,0015o54 0,162453 247 43n 1,0025785 o,2o58o3 
128 1186 1,0007185 o,ii6o35 188 2028 I,00l52I0 o,x632o6 248 4346 1,0026986 o,2o64g5 
129 1205 1,0007295 o,n6855 189 2554 i,ooi5368 o,i63g58 249 438o 1,0026188 0,207186 

o,i3o 0,0001223 1,0007406 0,117675 0,190 0,0002581 i,ooi5526 0,16470g 0,200 o,ooo44i4 1,0026391 0,20*7876 
i3i 1242 1,0007518 0,118493 191 2608 i,oox5685 o,x65458 25i 4449 i,oo265g4 0,208565 
I 32 1261 1,0007631 0,119310 192 2634 1,0015845 0,166207 252 4483 1,002679g 0,209254 
i33 1280 1,0007745 0,120126 ig3 2661 i,ooi6oo5 0,166g55 253 45i8 1,0027004 o,2ogg4i 
i34 1299 1,0007859 0,120940 194 2688 1,0016167 0,167702 254 4553 1,0027209 0,210627 

o,i35 o,oooi3i8 1,0007974 0,121754 0,195 0,0002716 1,0016329 0,168447 o,255 0,ooo4588 100,27416 0,211313 
136 1337 1,0008090 0,122566 196 2743 1,0016491 0,169192 256 4623 1,0027623 0,2x1997 
137 i357 1,0008207 0,123377 197 2771 i,ooi6655 o,i6gQ35 257 4658 1,0027830 0,212681 
i38 1376 1,0008325 0,124186 198 2798 1,0016819 0,170678 258 4644 i,oo28o3g o,2i3364 
139 13g6 1 ,ooo8443 0,124995 199 2826 1,0016984 0,171419 259 4729 1,0028248 o,2i4o45 

0,14o o,oooi4i6 1,0008562 0,125802 0,200 0,0002854 1,0017150 0,172159 0,260 0,9004765 1,002.8458 0,214726 
i41 x436 1,0008682 0,126609 201 2882 1,0017317 0,172899 261 4801 1,0028669 0,2154o6 
142 i456 i,ooo88o3 0,127414 202 2910 1,0017484 0,173637 262 4838 1,0028880 0,216085 
i43 1476 1,0008925 0,128217 203 2g38 1,0017652 0,174374 263 4873 1,0029092 0,216763 
144 1497 1,0009047 0,129020 204 2967 1,0017821 0,175110 264 4909 I,oo2g3o5 0,217440 

o,i45 o,oooi5i7 1,0009170 0,129822 0,205 0,0002995 1,0017991 o,i75845 0,265 0,0004945 I,002Q5l9 0,2x8116 
146 i538 1,0009294 0,i3o622 206 3024 1,0018161 0,176579 266 4981 1,0029733 0,218791 
i4 7 155g 1,0009419 0,i3i42I 207 3o53 i,oox8332 0,177312 267 5oi8 1,0029948 o,2ig465 
148 i58o 1,0009545 o,i322ig 208 3082 i,ooi85o4 0,178044 268 5o55 i,oo3ox64 0,220138 
149 1601 1,0009671 o,i33oi6 209 3iii 1,0018677 0,178775 269 5og X i,oo3o38o 0,2208x1 

o,i5o 0,0001622 1,0009798 o,i338i2 0,2X0 o,ooo3i4o i,ooi885o o,i7g5o5 0,270 o,ooo5i28 i,oo3o5g7 0,221482 
i5r i643 1,0009926 0,1346o6 21 X 8169 1,0019024 0,180234 271 5x65 i,oo3o8i5 0,222153 
l52 1665 1,ooioo55 0,135399 212 3i99 1,00x9199 0,180962 272 5202 1 ,oo3io33 0,222822 
153 1686 i,ooioi85 0,136191 2l3 3228 1,00x9375 0,181688 273 524o x,oo3i253 0,223491 
154 1708 i,ooio3i5 0,136982 2X4 3258 1,1019551 0,182414 27 4 5277 i,oo3i473 0,224159 

o,i55 0,0001730 i,ooio446 cv37772 0,2l5 0,ooo3288 1,0019728 o,i83i3g 0,275 o,ooo53i5 i,oo3i6g3 0,224826 
156 1752 1,0010578 o,i3856i 2l6 33i8 1,0019906 o,i83863 276 5352 i,oo3igi5 0,225492 
157 1774 1,0010711 0,139349 217 3348 1,0020084 o,i84585 277 53go i,oo32i37 0,226157 
x58 1797 1,0010844 o,i4oi35 2l8 3378 1,0020264 o,i853o7 278 5428 i,oo3235g 0,226821 
15g x8i9 1,0010978 0,140920 219 3409 1,0020444 0,186028 279 5466 1,oo32583 0,227484 

0,160 0,0001842 1,0011113 0,141704 0,220 o,ooo343g 1,0020625 0,186747 0,280 o,ooo55o4 1,0032807 9,228147 
161 1864 x,0011249 0,142487 221 3470 1,0020806 0,187466 281 5542 i,oo33o32 0,228808 
162 1887 i,ooix386 0,143269 222 35oo 1,0020988 0,188184 282 558i 1,oo33257 0,229469 
163 1910 1,001 i523 o,i44o5o 223 3531 1,0021172 0,188900 283 56ig 1,oo33484 0,230128 
164 1933 i,ooix66i 0,144829 224 3562 1,oo2i355 0,189616 284 5658 x,oo337i 1 0,230787 

o,i65 0,0001956 1,00ix800 o,i456o8 0,225 o,ooo35g4 1,002154o 0,190331 0,285 0,0005697 1,oo33g38 o,23i445 
166 1980 x,0011940 o,i46385 226 3625 1,0021725 0,191044 286 5736 1,0034167 0,232102 
167 2003 1,0012081 0,147161 227 3656 x,0021911 0,191757 287 5775 1 ,oo343g6 0,232758 
168 2027 1,0012222 o,i47937 228 3688 1,0022098 0,192468 288 58x4 1,0034626 o,2334i3 
169 2o5i 1,0012364 0,148710 229 3719 1,0022285 0,193179 289 5853 1 ,oo34856 0,234068 

0,170 0,0002075 1,0012507 o,i49483 o,23o o,ooo375i 1,0022473 0,193889 0,290 o,ooo58g3 1,0035087 0,234721 
171 2°99 I,OO X 205 X o,i5o255 23l 3783 1,0022662 0,194597 291 5g32 i,oo353ig 0,235874 
T72 2123 1,0012795 0,l5l02Ô 232 38i5 1,0022852 o,ig53o5 292 5972 x,oo35552 0,236025 
173 2147 1,0012940 0,151795 233 3847 1,0023042 0,196012 293 6012 1,0035785 0,236676 

17 4 2172 i,ooi3o86 o,i52564 234 388o 1,0023234 0,1967x7 294 6o52 i,oo36oig 0,237326 

0,175 0,0002196 1,0013233 o,i5333i 0,235 o,ooo3gi2 1,0023425 0,197422 0,295 0,0006092 1,oo36253 0,237975 
176 222 X i,ooi338o 0,154097 236 3g45 1,0023618 0,198126 296 6182 i,oo3648g 0,238623 
177 2246 1,0013529 0,154862 237 3977 i,oo238ii 0,198829 297 6172 1,0036725 0,239271 
178 2271 1,0013678 0,155626 238 4oio i ,0024005 o,xgg53o 298 6213 1 ,oo36g6i 0,239917 

179 2296 1,0018827 o,i56389 23g 4o43 1,0024200 0,200231 299 6253 1,0037199 o,24o563 
0,180 0,0002321 1,0013978 o,i57i5i 0,240 0,0004076 1,0024396 0,200931 o,3oo 0,0006294 1,0037487 0,241207 



TABLE VII. -—For a Parabola. 
This table is for computing the time t in days, for a comet to describe, in a parabolic orbit, an arc of 

the true anomaly, represented by v' — v = 2 f. This arc 2/ being given, together with the extreme 

radii r, r'. 

Rule. Put tang. 2 = y/Ç ; cos. y — cos. /. sin. 2 t. 

With this value of y, find in Table VII. the corresponding log. C; then we have, 

log. t = log. C -j— log. sin. è 2/+ 3. log. (—fz) ■ 

EXAMPLE. 

Given log. r = g,9ii5i4o. log. r'— 9,7902520 ; 2/= iid44w 22s ; to find t in days. 

/ d m /qS 
Z = 41 O 40 

2Z = 82d Iw37s 

f= 5d52mns 

y= 9d 53w 22s 

£ log. r' 9,8951260 

h log.r 9>9557570 

,5 tang. 9,9393690 

sin. 9,9957814 

cos. 9,9977170 

cos. 9,9934984 

h log. r 9,955757c 

z cos. 9,8776911 

V/ r 
— log. 0,0780659 

Multiplied by 3 . log. 0,2341977 

Table VII. log. C. 1,7622613 

56w4is sin. 8,g3548oo 

t=8days,5494 log. 0,9319390 

TABLE VII. — For a Parabola. 
With the two radii r, r', and the included arc v' — v = zf, to find the time t in days, for a comet 

to describe that arc, in a parabolic orbit. 

y Log. C Diff. y Log. C Diff. y Log. C Diff. y Log. C Diff. 

d m neg. d m 
1,7638665 

neg. d m 
1,7622129 

neg. d m 
1,75g4568 

neg. 

0,00 1,7644177 5,00 
373 

10,00 
741 
7 54 
765 
778 

15,00 
0,10 1,7644171 

0 
18 
3i 
43 
55 

5,io 1,7638292 10,10 1,7621388 i5,io 1,7593459 1109 

0,20 i,7644i53 5,20 1,7637906 
398 
4n 
422 

10,20 1,7620634 l5,20 1,7592338 
1121 
1133 
1145 
ii57 

o,3o 1,7644122 5,3o 1,7637508 10,3o 1,7619869 i5,3o I,759I2o5 
0,40 1,7644079 5,4o 1,7637097 10,40 1,7619091 i5,4o 1,7590060 
o,5o 1,7644024 5,5o 1,7636675 10,5o i,76i83oi 79° i5,5o 1,7588903 

67 435 8o3 1170 
1,00 1,7643957 

80 
6,00 1,7636240 

447 
459 
472 
484 
496 

11,00 1,7617498 
814 
827 
840 
85i 
863 

16,00 1,7587733 
1182 
1194 

1,10 1,7643877 6,xo 1,7635793 II,10 1,7616684 16,10 1,758655i 
1,20 1,7643785 92 

104 
116 

6,20 1,7635334 IT,20 1,7615867 16,20 1,7585357 
i,3o 1,7643681 6,3o 

6,40 
1,7634862 n,3o 1,7615017 16,3o i,7584i5o 1207 

i,4o 1,7643565 1,7634378 ii,4o 1,7614166 i6,4o i,7582q3i 
1219 
I23i 

t,5o 1,7643436 
129 6,5o 1,7633882 n,5o i,76i33o3 i6,5o 1,7581700 
i4x 5o8 876 1243 

2,00 1,7643295 7,oo 1,7633374 521 
533 
545 
558 
569 

12,00 1,7612427 
888 

17,00 1,7580457 
1256 
1268 
1280 

2,10 1,7643142 i65 
178 
189 

7,io 1,7632853 12,10 1,7611539 17,10 1,7579201 
2,20 1,7642977 7,20 1,7632320 12,20 1,7610638 

901 17,20 
17,80 

1 >7577933 
2,3o 1,7642799 7>3o 1,7631775 I2,3o 1,7609726 

912 
925 
937 

1,7576653 
2,4o 1,7642610 7>4o .1,7631217 I2,4o 1,7608801 17,40 i,757536i 

1292 
i3o4 

2,5o 1,7642408 7,5o i,763o648 I2,5o 1,7607864 i7,5o 1,7574067 
2l5 58s 9^9 i3i7 

3,00 1,7642193 8,00 1,7630066 
5g5 
606 
618 
631 
643 

13,00 1,7606915 962 
973 
986 

18,00 1,7572740 
1329 
1341 
1354 
1365 
1378 

3,10 1,7641967 239 
8,10 1,7629471 i3,io 1,7605953 18,10 1,7571411 

3,20 1,7641728 8,20 1,7628865 i3,20 1,7604980 18,20 1,7570070 
3,3o 1,7641477 

/ur 

264 
275 

8,3o 1,7628247 i3,3o 1,7603994 i8,3o 1,7568716 
3,40 1,7641218 8,4o 1,7627616 i3,4o 1,7602995 999 18,4o i,756735i 
3,5o 1,7640938 8,5o 1,7626973 i3,5o 1,7601985 

1010 18,5o 1,7565973 
288 655 1023 1390 

4,00 i,764o65o 9,oo 1,7626318 
668 i4,oo 1,7600962 19,00 1,7564583 

4,10 i,764o35o 8t3 9>10 i,762565o 680 
692 
70 4 

14,10 I >7599927 10 47 
19,no i,7563i8o 

4,20 
4,3o 
4,4o 

1,7640037 
324 
337 
349 
362 
373 

9,2° 1,7624970 14,20 1,7598880 19,20 1,7561765 
1427 
1439 
i45i 
1464 

1,7639713 
1,7639376 

9,3° 
9,40 

1,7624278 
1,7623574 

i4,3o 
i4,4o 

1,7597820 
1,7596748 

1072 
1084 
1096 
11091 

ig,3o 
19,40 

i,756o338 
1,7558899 

4,5o 1,7639027 9,5° 1,7622858 i4?5o 1,75g5664 19,5o 1,7557448 

5,oo 1,7638665 10,00 1,7622129 729 
741 

15,oo 1,7594568 20,00 1,7555984 



USES OF TABLES VIII. IX. AND X. 
Table VIII. combined with Table IX., for an elliptical orbit, and with Table X., for a hyperbolic orbit, are used in finding the 

elements of the orbit ; when we have given, the two radii r, r', the included heliocentric arc v'— v = 2 f, and the time t of describing 
that arc, expressed in days. These tables are limited to the most useful values of h, H, which do not exceed 0,6 ; and to values of x,z, 
which do not exceed 0,3. These limits include the most common cases ; and in observations which do not fall within them, we can use 
the indirect solutions explained in this appendix. When h or H exceeds 0,040, and log. yy, or log. YY, is required to be correct in 
the seventh decimal place, we must use the second differences. 

PRECEPTS FOR TABLES VIII., IX., IN AN ELLIPTICAL ORBIT. 

The particular object of these tables is to facilitate the computation of the value of 2 g — E' — E, representing the difference between 
the two excentric anomalies E', E; corresponding respectively to the true anomalies v', v ; which is an important part of the 
preliminary process, in computing- the elements of the orbit. After g has been found, the elements may be computed by the methods, 
given in this appendix ; we shall not however enter here upon this subject, but shall restrict our remarks to the mere explanation of the 
method of computing the value of g, by means of the tables. 

In the calculation of g, there are two separate cases ; the one when f is acute, or v' — v between 01 and 180^; the other when/ is 

obtuse, or v' — v between ISO'1 and 3601. We shall give the precepts, in both these cases, at full length, for convenience of reference ; 
remarking, however, that the case of / being acute, is that which occurs most frequently in practice,"and is that for which these tables 
are particularly designed. 

When f is acute. 

We must find w, l, mm, h, by the following formulas ; 

tang. (451-}- w) =\/r- ; 

l. 
sin.2 J/ tang.2 2 w 

cos. f cos. f 

log. mm — 5,5680729 -\- 2 log. t— 3 log. cos./—J- log. (rr') ; 

Approx, log. h — log. mm —log. (1-j- •§•) • 

With this approximate value of h, find, in Table VIII., the 
coresponding approximate value of log. yy, also, 

mm 
Approx, value ot x =-l . 

yy 
With this approximate value of x, find, in Table, IX., the 

corresponding approximate value of and then the corrected 
value of h, from the formula, 

corrected log. h — log. mm — log. (Z -J- -1 -j- f ) • 

With this corrected value of h, find a new value of log. yy, in 
Table VIII., which is to be used in finding a corrected value of a;, 
by the formula used above, 

. , „ mm 
corrected value oi x =-1. 

yy 
If necessary, we may repeat the operation until the assumed and 

computed values of f agree ; then we have, 

x — sin.2 J g — sin.2 | (E’ — E) ; 

from which we easily obtain g or E'— E. 

JVhen f is obtuse. 

We must find w, L, MM, H, by the following formulas ; 

tang. (45tf-J-w)=p~; 
r 

_ sin.2 ^ f tang.2 2 w , 
COS. J COS. J 

log. MM= 5/680729 -j- 2 log. t—3 log. (—cos./)—J- log. (rr')- 

Approx, log. II— log. MM—log. (L — -|) , 

With this approximate value of II, find, in Table VIII., the 
corresponding approximate value of log. YY, also, 

MM 
Approx, value of x — I — 1—-—■ . 

1 YY 
With this approximate value of x, find, in Table IX., the 

corresponding approximate value of |, and the corrected value 
of H, from the formula, 

corrected log. H= log. MM— log. (A — — f). 

With this corrected value of II, find a new value of log. YY, 
in Table VIII., which is to be used in finding a corrected value of 
x, by the formula used above, 

corrected value of x = 
MM 

"YY 
If necessary, we may repeat the operation until the assumed and 

computed values of £ agree ; then we have, 

x = sin.2 h. g — sin.2 u (£' — A?) ; 

from which we easily obtain g or E' — E. 

EXAMPLE. 

Given log. r = o,33o764o; log. r'— o,322223g : v1 — v — 2/ = yd34”1 53s, 73 ; t = 2idays, g33gi ; to find 2g — E' — E, or rather 

a; = sin.2 ^ g. 

r' log. 0,3222239 

r log. 0,3307640 

— =tang.4 (45^4-m) log. 9,9914599 
r 

0,322223g 

0,3307640 

sum 0,6529879 

half o,3264g4o 

3 
(rr')2 log. 0,9794819 

arith. co. 9,020618 x 

cos. / 

l = o,ooii2o5685 

0,8333333 

45^—1—^ ;= 44^ 5im 33s tang. 9,9978650 

ora ns 
W == — o 27 

2 w— — i6ni 54s tang. 7,6gi6i63n 

same 7,6916163,» 

/ cos. arith. co. o,ooog5i2 

tangI2_2jn __ 0,0000242205 log. 5,384i838 
cos./ _ 

constant log. 5/680729 

t — 2idays,93391 log. i,34in6o 

same i,34iii6o 

(arith. co. log. cos. /) X 3 o,0028536 

J. log. r r' arith. co. g,o2o5i8i 

mm log. 7,2736766 
Approx, x = 0,0007480186 

The correction. Table IX., corresponding to this value of x is insensible, therefore, we may assume this value of x for the true value 

of sin.2 £ g — 0,0007480186. 

/= 3®47™ 26s,865 cos. arith. co. 0,0009512 

}2f=id53m 43s 

sin.2 £/ 
cos. f 

tang.2 2 w 

= 0,0010963480 

= 0,0000242205 

sin. 8,5194986 

same 8/194986 

log. 7,0399484 

l -f- = 0,8344539 log. 9,9214023 

mm log. 7,2736766 

Approx. 7i — 0,00225047 log. 7/522743 

Corresponds in Table VIII., to approx, log. yy — 0,0021633 

mm log. 7,2736766 

mm 

yy 
: 0,0018685871 log. 7,27i5i33 

l = o,ooxi2o5685 



PRECEPTS FOR TABLES VIII. AND X., IN A HYPERBOLIC ORBIT. 
The process for calculating the elements of a hyperbolic orbit, by means of r,r', v' — 0 = 2/and I, varies but very little fiom 

that in an elliptical orbit, which we have just explained. The formulas for the computation of w, l, m, L, M, are identically the 
same. The formulas for h, H, are the same, with the exception of using £ Table X, instead of f Table IX ; moreover x is changed 
into —z. For convenience in reference we shall here give the formulas, for the hyperbola, arranged in the same order as for the 

ellipsis, 

1 = 

When f is acute 

tang. (45 

sin.2 \f 1 tang.2 2 w 

4 r' 

^7 ; 

cos. / cos. / 

log. mm = 5,5680729+ 2 log. t — 3 log. cos./— |- log. (rf); 

approximate log. h = log. mm—log. (Z —f— -§-). 

With this approximate value of h, find in Table VIII. the cor¬ 
responding approximate value of log. yy, also 

approximate value of z = L- 
mm 

yy 
With this approximate value of z, find in Table X. the corres¬ 

ponding value of Ç, and then the corrected value of h, from the 
formula, 

corrected log. h = log. mm — log. (I -j- -j- f). 

With this corrected value of h, find a new value of log. yy, in 
Table VIII., which is to be used in finding a corrected value of z, 
by the formula used above, namely, 

corrected value of z — l — 
yy 

If necessary we may repeat the operation, until the assumed 
and computed value of / agree ; and this must be taken for the true 
value of to be used in computing the elements of the orbit, by 
the formulas given in this appendix. 

When f is obtuse. 
4 f' 

tang. (45d-\-w)=\/— ; 

r sin.2 ^/ tang.2 2 w 

cos. / cos. / 

log. MM — 5,5680729-}-2 log. t—3log. (— cos./) —§ log. (r r') ; 

approximate log. H— log. MM — log. (L — ). 

With this approximate value of H, find in Table VIII. the cor¬ 
responding approximate value of log. YY, also 

. MM 
approximate value of z = ~ yY — ^ ' 

With this approximate value of z, find in Table X. the corres¬ 
ponding value of and then the corrected value of H from the 
formula, 

corrected log. iT=log. MM—log. (A — — f). 

With this corrected value of H, find a new value of log. YY, 
in Table VIII., which is to be used in finding a corrected value of 
z, by the formula given above, namely, 

. , , . MM 
corrected value of z = — A • 

If necessary we may repeat the operation, until the assumed and 
computed value of £ agree ; and this must he taken for the true 
value of to be used in computing the elements of the orbit, by 
the formulas given in this appendix. 

EXAMPLE. 

Given log. r — o, o333585 ; log. r' = o,2oo854i v' — z> = 2/=48d 12™; Z = 5i,lîays 49788; to find z. 

r' log. o,2oo854i 

r log. o,o333585 

0,1674956 

45rt -+- w = 47^45™ 28s, 47 tang. 0,0418739 

w= 2^45™ 28s, 47 

210= 5d 3o™ 56s, g4 tang. 8,9848318 

same 8,g8483i8 

/ arith. co. cos. 0,0396081 

tang.2 2 w 

cos. / 

o,2oo854i 

o, o333585 

sum 0,2342126 

half 0,1171063 

(r r')^ log. o,35i3i89 

arith. co. 9,6486811 

:o.oio2i5784 log. 8,0092717 

constant 5/680729 

t — 51days, 49788 log. 1,7117894 

same 1,7117894 

(arith. co. log. cos. /) X 3 0,1188243 

A log. rr' arith. co. 9,6486811 

mm log. 8,7591571 

f = 2/\d 6™ cos. arith. co. 0,0396081 
1 r d -m 
hf— I2 3 sin. 9,3196581 

same 9,3196581 

sin.2 If 

cos. / 

tang.2 2 w 

cos. / 

= o,o477446o4 log. 8,6789243 

= 0,010215784 

l — 0,057960388 

= 0,8333333 

1 +1 = 2937 log. 9>95oo2°8 

mm log. 8,7591571 

Approx, h = 0,0644371 log. 8,8091363 

Corresponds in Table VIII. to approx, log. yy = o,o56o848 
mm log. 8,7591571 

mm 

yy 
= o,o5o47454 log. 8,7030723 

l = 0,05796039 

Approx, z — 0,00748585 =1 — 
mm 

yy 
Corresponding to this in Table X. is £ = o,ooooo32 

Hence, l -f-f-f-f = 0,8912969 log. 9,9500224 

mm log. 8,7591571 

corrected A = 0,0644369 log. 8,8091347 

Corresponds in Table VIII. to corrected log. yy = o,o56o846 

mm log. 8,7591571 

mm 

yy 
■ o,o5o47456 

l = 0,05796039 

log. 8,7030725 

Corrected z = o,00748583 which agrees with the assumed value. 

a25 



TABLE VIII. — For an Ellipsis or Hyperbola. 

This table, with Tables IX., X., are for computing the 
r,r'; the included heliocentric arc »'—v — if, and the 

elements of the orbit, when there are given the two radii 
time t of describing that arc. exnressod in davs. 

h L°g. yy 
Diff. 

h L°g. yy 
Diff. 

h Log. yy 
H Log. YY H Log. YY H Log. YY 

0,0000 0,0000000 
g65 
g65 

964 
964 

0,0060 0,0057298 
945 

0,0120 0,0113417 
0001 0965 0061 58243 0121 114343 
0002 193° 0062 59187 944 0122 115268 

ooo3 2894 oo63 6oi3i 944 0123 Ii6ig3 
0004 3858 0064 61075 944 

012 4 117118 

o,ooo5 0,0004821 

g63 944 

g63 
g63 
963 
962 

o,oo65 0,0062019 0,0125 o,on8o43 
0006 

0007 

5784 
6747 

0066 

0067 

62962 

63905 

g43 
943 

0126 

0127 

118967 

119890 

0008 7710 0068 64847 
942 

943 
0128 120814 

0009 8672 0069 65790 0129 121737 

0,0009634 

962 942 

g41 

g41 

0,0010 
961 

962 

960 

961 

0,0070 0,0066732 0,013o 0,0122660 

0011 10595 0071 67673 oi3i 123582 
0012 ii5§7 0072 68614 Ol32 i245o5 
ooi3 

ooi4 

12517 

13478 

0073 

0074 

69555 
70496 

941 

g41 
oi33 

oi34 

125427 

126348 

o,oor 5 0,ooi4438 
960 94o 

960 

959 
969 

959 

0,0075 0,0071436 
g4o 

g4o 

939 
939 

0,0135 0,0127269 

0016 

0017 

15398 

16357 

0076 

0077 

72376 

733i6 
oi36 
oi37 

128190 

129m 

0018 17316 0078 74255 oi38 i3oo32 
0019 18275 0079 75ig4 °i3g i3og52 

0,0019234 

969 939 
0,0020 

g58 
g58 

957 
967 

967 

966 

966 

966 

956 

955 

g55 

954 
954 
g54 

0,0080 0,0076133 
q38 

938 
938 
937 

937 

987 

936 
936 
936 

g36 

g35 
g35 

g34 
g34 

o,oi4o 0,0131871 

0021 20192 0081 77071 oi4i 182791 

0022 

0023 
2Il5o 

22107 

0082 

oo83 
78009 

78947 

0142 

oi43 
133710 

134629 

0024 23o64 0084 79884 oi44 i35547 

0,0025 0,002402 ] o,oo85 0,0080821 o,oi45 0,0136466 
0026 24977 0086 81758 0146 i37383 
0027 25g33 0087 82694 0147 i383oi 

0028 26889 0088 8363o 0148 139218 

0029 27845 0089 84566 0149 i4ox35 

o,oo3o 0,0028800 0,0090 o,oo855o2 o,oi5o o,oi4io52 
oo3i 29765 0091 86437 oi5i 141968 

0032 30709 0092 87372 Ol52 142884 

oo33 3i663 oog3 883o6 oi53 i438oo 

oo34 32617 0094 89240 0154 144716 

o,oo35 0,0033570 

g53 g34 

953 
g53 
q52 
g53 

o,ooq5 
0096 

0097 

0,0090174 
g34 
g33 

933 
932 

o,oi55 o,oi4563i 

oo36 
0087 

34523 

35476 
91108 

92041 

0156 
oi5y 

i46546 
147460 

oo38 36428 0098 92974 oi58 i48375 
oo3g 3738i 0099 939°6 0159 149288 

95i g33 
o,oo4o 0,oo38332 

952 
95i 

q5i 

g5° 

0,0100 o,ooq483q 
g31 

932 
q3i 

0,0160 0,01 50202 
oo4r 39284 0101 95770 . 0161 i5iii5 
0042 40235 0102 96702 0162 152028 

oo43 4n86 oio3 97633 oi63 i52g4i 

oo44 42i36 0104 98564 9JI 0164 153854 
g5° 93i 

o,oo45 o,oo43o86 
g5o 

o,oio5 
0106 

0,0099495 
930 

931 

0,0165 0,0154766 

0046 44o36 100425 0166 155678 
0047 44g85 9^9 

949 
949 

0107 ioi356 0167 i5658g 

oo48 45934 0108 102285 929 

93° 

0168 i575oo 

0049 46883 0109 io32i5 0169 i584ii 

o,oo5o 0,0047832 
949 929 

948 
g48 

947 
947 

0,0110 o,oio4i44 0,0170 o5oi5g322 
oo5i 48780 OIII io5o73 929 

928 

928 

928 

0171 160232 

0052 49728 or 12 106001 0172 161142 

oo53 50675 on3 106929, 0173 162052 

oo54 51622 oir4 107857 0174 162961 

9^7 928 

o,oo55 0,0052569 
946 
947 
g45 

946 
g45 
g45 

0,0115 0,0108785 0,0175 0,0163870 

oo56 53515 0116 109712 927 
0176 164779 

0057 54462 0x17 no63g 
927 
926 

926 

926 

926 

0177 i65688 
oo58 55407 ot 18 iix565 0178 i665g6 
oo5g 56353 0119 112491 0179 167504 

0,0060 0,0057298 0,0120 0,0113417 0,0180 0,0168412 

Diff. 

926 
925 
925 
925 

925 

924 

923 

9 24 
923 

923 

922 
923 

922 

921 

92Ï 

921 
921 
921 
92° 

9J9 

920 

919 
9J9 
918 

919 

9*7 
918 
9X7 

9*7 

917 

9ï6 

916 
916 
916 

9ï5 

qi5 
qi4 

9i5 
gi3 

9*4 

gi3 
gi3 
gi3 
913 

912 

912 

911 

911 

911 

9” 

910 
qio 
gr° 

9°9 

9°9 

9°9 
9°9 
go8 

908 
g°8 

9° 7 

h 

H 

Log. yy 

Log. YY 
0,0180 0,0168412 

0181 169319 

0182 170226 

oi83 171133 

0184 172089 

o,oi85 0,0172945 

0186 I7385i 

0187 174757 

0188 175662 

0189 176567 

0,0190 0,0177471 

0191 178376 

0192 179280 

°ig3 i8oi83 
0194 181087 

0,01 g5 0,0181990 

0196 182893 

0197 183796 

0198 184698 

0199 i856oo 

0,0200 o,oi865oi 

0201 187403 

0202 i883o4 
0203 189205 

0204 igoio5 

0,0205 o,oigioo5 
0206 191905 

0207 192805 

0208 193704 

0209 ig46o3 

0,0210 o,oig55o2 

0211 196401 

0212 i97299 
0213 198197 

0214 i99094 

0,0215 0,0199992 

02l6 200889 

0217 201785 

02l8 202682 

O219 203578 

0,0220 0,0204474 

0221 2o536g 

0222 206264 

0223 20715g 

0224 208054 

0,0225 0,0208948 

0226 209843 

0227 210736 

0228 2ii63o 

0229 212523 

o,023o 0,0213416 

023l 2143og 

0232 215201 

0233 216093 

0234 216985 

0,0235 0,0217876 

0236 218768 

0237 219659 

0238 220549 

023g 221440 

0,0240 0,0222330 

Diff. 

9°7 
9°7 
9° 7 
9°6 

g°6 

9°6 
906 

9°5 
g°5 

9°4 

go5 

9°4 
qo3 

9°4 

9°3 

9°3 
9°3 

902 

902 

9OT 

go 2 

9° 1 

qoi 

9°° 

900 

900 
qoo 

899 
899 

899 

899 
898 

898 

897 

898 

897 
896 

897 

896 

896 

8g5 
8g5 
8g5 
8g5 

894 

8g5 
893 
8g4 
8g3 

893 

8g3 
892 

892 
892 

891 

892 

891 

890 

891 

890 

890 



TABLE VIII.—For an Ellipsis or Hyperbola. 

This table, with Table IX., X., are for computing the elements of the orbit, when there are given the two radii 
r, r' ; the included heliocentric arc v' — v~if, and the time t of describing that arc, expressed in days. 

y Log. yy 
Diff. y Log. yy 

Diff. 
h L°g. yy 

Diff. 
h Log. yy 

Diff. 

H Log. YY H Log. YY H Log. YY H Log. YY 
0,0240 0,0222330 

8go 
889 
889 
889 

o,o3oo 0,0275218 
873 
873 
872 
872 

o,o36o 0,0327120 856 0,060 0,0525626 
7976 
7954 
7932 

79°9 

0241 
0242 

223220 
224109 

o3oi 
0302 

276091 
276964 

o36i 
o362 

327976 
328833 

857 
856 

061 
062 

5336o2 
54i556 

0243 224998 o3o3 277836 o363 329689 
85-j o63 54g488 

0244 225887 o3o4 278708 o364 33o546 064 557397 
889 872 855 7888 

0,0245 0,0226776 888 o,o3o5 0,0279080 872 
871 
871 
871 

o,o365 o,o33i4oi 856 o,o65 0,o565285 7865 
7844 
7823 
780 X 

0246 227664 888 o3o6 280452 o366 332207 855 066 578i5o 
0247 228552 

888 0307 281323 0367 333112 855 067 58ogg4 
0248 229440 888 

o3o8 282194 o368 333967 
855 

068 588817 
0249 23o328 o3og 283o65 o36g 334822 069 5g66i8 

887 871 855 7780 
0,0250 0,023l2l5 

887 
886 
887 
886 

o,o3xo o,0283g36 870 
870 
870 
869 

0,0370 0,0335677 854 0,070 0,0604398 
7759 
7738 
7717 
7696 

025i 232X02 o3n 284806 0371 33653i 85 4 
854 
853 

071 612107 
0252 232988 o3i2 285676 0372 337385 072 619895 
0253 233875 o3i3 2.86546 0373 338239 073 627612 
0254 234761 o3i4 287415 0374 339092 074 6353o8 

886 869 854 7676 
0,0255 0,0235647 885 o,o3i5 0,0288284 869 

869 
868 

0,0375 o,o33g946 853 0,075 0,0642984 7655 
7035 
7614 
7595 

0256 236532 
885 o3i6 289153 0376 340799 852 076 65o639 

0257 2374x7 885 o3i7 290022 0377 34i65i 853 077 658274 
0258 2383o2 

885 o3x8 290890 868 0378 3425o4 852 078 665888 
0259 239187 °3i9 29x758 o37g 343356 079 673483 

884 868 852 7574 
0,0260 0,0240071 

885 0,o320 0,0292626 868 o,o38o 0,0344208 0,080 0,0681057 7555 
7534 
75x5 
7496 

0261 240956 
883 o32I 293494 867 o38i 345o59 081 688612 

0262 241839 
884 
883 

o322 294361 867 
867 

866 

o382 345911 85x 082 696146 
0263 242723 o323 295228 o38 3 346762 851 o83 7o366i 
0264 243606 o324 296095 o384 3476x3 084 711157 

883 85i 7476 
0,0265 0,0244489 883 o,o325 0,0296961 866 o,o385 0,o348464 8^0 o,o85 0,0718633 7457 

7437 
74x8 
7400 

0266 245372 
882 o320 297827 866 o386 3493x4 g5o 086 726090 

0267 246254 0327 298693 866 0387 35oi64 85o 087 733527 
0268 247x36 

882 o328 299559 865 o388 35xoi4 85o 088 740945 
0269 248018 0329 300424 o38g 351864 089 748345 

882 866 84g 738o 
0,0270 0,0248900 

881 o,o33o o,o3oi2go 864 o,o3go 0,0352713 
849 
849 
848 

0,090 0,0755725 7362 
7343 
7324 
73o6 

0271 249781 88 x o33i 3o2x54 865 o3gi 353562 og 1 763087 
0272 250662 

881 o332 3o3oi9 864 o3g2 3544ii 092 770430 
0273 25i543 

880 o333 3o3883 864 o3g3 355209 
849 

093 777754 
0274 252423 o3 34 3o4747 o3g4 356io8 094 785060 

881 864 848 7288 
0,0276 o,o2533o4 

879 
B80 

o,o335 o,o3o56i 1 864 0,0395 
0396 

o,o356g56 848 
847 
848 
847 

0,095 
096 

0,0792348 7269 
725i 
7233 
7215 

0276 254i83 o336 3o6475 863 357804 799^X7 
0277 255o63 

879 
880 

o337 307338 863 °397 35865i 097 806868 
0278 255g42 o338 308201 863 o3g8 359499 098 8i4ioi 
0279 256822 o33g 3ogo64 o399 36o346 °99 82x3x6 

0,0280 
878 862 846 7197 

0,0257700 
879 
878 
878 
878 

o,o34o 0,0309926 862 o,o4oo o,o36i 192 
8454 
8429 
84o3 
8378 

0,100 0,0828513 7180 
7161 
7i45 
7126 

0281 258579 o34i 310788 862 o,o4i 369646 IOI 8356g3 
0282 259457 0342 3xx65o 862 042 378075 102 842854 
0283 20o335 o343 3l25x2 861 043 386478 , io3 849999 
0284 261213 o344 3i3373 o44 394856 104 857125 

877 861 8353 7110 
0,0285 0,0262090 

877 
877 
877 
876 

o,o345 o,o3i4234 861 o,o45 o,o4o32.o9 8328 o,io5 o,o864235 
871327 

7092 
7074 
7o58 
7041 

0286 262967 o346 315095 861 o46 4h537 
83o4 

106 
0287 263844 0347 315956 860 047 4iç84i 107 878401 
0288 264721 o348 3i68i6 860 o48 428121 8255 

108 88545g 
0289 265597 0349 317676 0 4g 436376 109 892500 

876 860 823i 7023 
0,0290 0,0266473 

876 
875 
875 
875 

o,o35o o,o3x8536 860 o,o5o 0,0444607 8207 
8184 
8i5g 
8137 

0,110 0,o8gg523 7007 

699° 
6974 
6g57 

0291 267349 o35x 319396 85g o5i 452814 ixi go653o 
0292 
0293 

268224 
269099 

o352 
o353 

320255 
32IIl4 

85g 
85g 

002 
o53 

460998 
469157 

112 
113 

9i3520 
920494 

0294 269974 o354 321973 o5 4 477294 n4 927451 

0,0295 
875 858 8 u3 6g4o 

0,0270849 
874 
874 
874 
874 
873 
873 

o,o355 o,o32283i 858 o,o55 0,0485407 8089 
8067 
8044 

0,115 o,oo343gi 
6924 
6908 
6891 
6876 
68 5g 
6843 

0296 271723 o356 323689 858 o56 493496 116 g4 t 315 
0297 272597 0357 324547 858 o57 5oi563 117 948223 
0298 273471 o358 3254o5 857 o58 509607 118 g55ii4 
0299 274345 o35g 326262 858 o5g 517628 

7998 
7976 

“9 96i990 
o,o3oo 0,0275218 o,o36o 0,0327120 856 0,060 o,o525626 0,120 0,0968849 



TABLE VIII. —For an Ellipsis or Hyperbola. 

This table, with Table IX., X., 
r, r' ; the included heliocentric arc 

are for computing the elements of the orbit, when there are given the two radii 
zv'—1> = 2/, and the time t of describing that arc, expressed in days. 

h 

H 

Log. yy 
Log. YY 

0,120 0,0968849 
12 I 975692 
122 982520 
123 989331 
124 996127 

0,125 0,1002907 
I2Ô 1009672 
127 1016421 
128 io23i54 
129 1029873 

0,13o o,io3657Ô 
i3i 1043264 
l32 1049936 
i33 io565g4 
134 1063237 

o,i35 0, io6g865 
i36 1076478 
ï37 1083076 
i38 1089660 
i3g 1096229 

o,i4o 0,1102783 
i4x 1109323 
142 11i584g 
i43 1122360 
i44 1128857 

o,i45 0,1i3534o 
146 1141809 

147 1148264 
i48 1154704 
i4g 1i6ii3i 

o,i5o 0,1167544 
i5i 1173943 
1Ô2 1180329 
i53 1186701 
154 1193059 

o,i55 0,1199404 
156 1200735 
157 1212053 
158 1218357 
i5g 1224649 

0,160 0,1230927 
161 1237192 
162 1243444 
163 1249682 
16 4 1255908 

o,i65 0,1262121 
166 I208321 
167 1274508 
168 I280683 
169 1286845 

0,170 1,1292994 

171 1299131 
172 i3o5255 
173 i3ii3Ô7 
174 1317466 

0,175 o,i323553 
176 1329628 
177 1335690 
178 1341740 

179 1347778 
0,180 o,i3538o4 

Diff. 

6843 
6828 
6811 
6796 

6780 

6765 
6749 
6733 
6719 

6703 

6688 
6672 
6658 
6643 

6628 

66i3 
65g8 
6584 
656g 

6554 

654o 
6526 
65n 
6497 
6483 

6469 
6455 
6440 

6427 

64i3 

63gg 
6386 
6372 

6358 

6345 

633i 
63i8 
63o4 
6292 

6278 

6265 

Ô2Ô2 

6238 
6226 

6213 

6200 
6187 
6175 
6162 

6i4g 

6i3y 
6124 
6112 
6099 

6087 

6075 

6062 
6o5o 
6o38 
6026 
6oi4 

h 
H 
0,180 

181 

182 

183 
184 

o,i85 
186 
187 

188 

189 

0,190 

191 

192 

iq3 

194 

0,195 
196 

197 
198 

199 

0,200 
201 

202 

203 
20 4 

o,2o5 
206 

207 

208 

209 

0,210 
211 
212 
213 
214 

0,215 
2l6 

2X7 
2l8 

2ig 

0,220 

221 

222 

223 
224 

0,225 
22Ô 

227 
228 

229 

0,23o 

231 
232 
233 
234 

0,235 
236 
237 
238 
23g 

0,240 

Log. yy 
Log. YY 

o,i3538o4 
i3598i8 
1365821 

1371811 
1377789 

o,i383755 
t389710 
1395653 
i4oi585 
1407504 

o,i4i34i2 
1419309 
142S194 
I431068 
i436g3i 

0,1442782 
1448622 
i45445o 
1460268 
1466074 

0,1471869 
1477653 
1483427 
1489189 
i4g4g4o 

o,i5oo68i 
i5o64ii 
x5i2i3o 
1517838 
1523535 

0,1529222 
1534899 
i54o564 
1546220 
i55i865 

o,i557499 
1563I23 
1568737 
i57434o 
1579933 

o,i5855i6 
1591089 

i5g6652 
1602204 
1607747 

o, 1613279 
1618802 

iÔ243i5 
1629817 

i6353io 

0,1640793 
1646267 
i65i73o 
1657184 
1662628 

0,1668o63 
1673488 
1678903 
i6843og 
1689705 

0,1695092 

Diff. 

6oi4 
6oo3 
5ggo 
5978 

5g66 

5g55 
5g43 
5g32 
$9*9 
59o8 

5897 
5885 
5874 
5863 

585i 

584o 
5828 
58i8 
58o6 

5795 

5784 
5774 
5762 
575i 

5741 

5730 
5719 
5708 
5697 

5687 

5677 
5665 
5656 
5645 

5634 

5624 
56i4 
56o3 
55g3 

5583 

5573 
5563 
5552 
5543 

5532 

5523 
55i3 
55o2 
5493 

5483 

5474 
5463 
5454 
5444 

5435 

54a5 
54i5 
54o6 
53g6 
5387 
5378 

Jl 
H 
0,240 

241 
242 
243 
244 

0,245 
246 
247 
248 
249 

0,25o 
251 
2Ô2 

253 
254 

0,255 
256 
257 
258 
25g 

0,260 
261 
262 
263 
264 

o,265 
266 
267 
268 
269 

0,270 
271 
272 
273 
274 

0,275 
276 
277 
278 

279 

0,280 
281 
282 
283 
284 

0,285 
286 
287 
288 
289 

0,290 
291 
202 

293 
294 

0,295 
296 
297 
298 

299 
o,3oo 

Log. yy 
Log. IT 

0,1695092 
1700470 
1705838 
1711197 

1716547 

0,1721887 

1727218 

1732540 
1737853 
1743156 

0,1748451 

1753736 
1769013 

1764280 
1769538 

0,1774788 
1780029 

178526 
1790483 
1795698 

0,18oogo3 
1806100 
1811288 
1816467 
1821638 

0,1826800 
i83i953 
1837098 
1842235 
i847363 

o,i852483 
1857594 
1862696 
1867791 
1872877 

0,1877955 
1883024 
i888o85 
i8g3i38 
1898183 

0,1903220 
1908249 
1913269 
1918281 

1923286 

0,1928282 

1933271 
1938251 
1943224 
1948188 

o,ig53i45 
ig58og4 
i963o35 
1967968 
1972894 

0,1977811 
1982721 

1987624 
1992518 
1997406 

0,2002285 

Diff. 

5378 
5368 
535g 
535o 

534o 

5331 
5322 
53i3 
53o3 

5295 

5285 
5277 
5267 
5258 

525o 

524i 
5232 
5222 
52i5 

52o5 

5197 
5i88 
6179 
5171 

5iÔ2 

5i53 
5i45 
5137 
5i28 

5120 

5iii 
5l02 
5095 
5o86 

5078 

5o6g 
5o6i 
5o53 
5o45 

5o37 

5o2g 

5020 
5012 
5oo5 

4996 

4989 
4g8o 
4973 
4g64 

4g57 

4949 
4g4i 
4g33 
4926 

4917 

4910 
4go3 
48g4 
4888 
4879 
4872 

h 
H 

o,3oo 
301 
302 
303 
304 

o,3o5 
306 
307 
308 
3og 

o,3io 
3n 
312 
313 

314 

o,3i5 
316 
317 
318 
3ig 

0,320 
321 
322 
323 
324 

0,325 
326 
327 
328 
329 

o,33o 
331 
332 
333 
334 

o,335 
336 
337 
338 
33g 

o,34o 
341 
342 
343 
344 

0,345 
346 
347 
348 
349 

o,35o 
351 
352 
353 
354 

o,355 
356 
357 
358 
35g 

o,36o 

Log. 

Log. 
yy 
YY 

0,2002285 
2007157 
2012021 

2016878 
2021727 

0,2026569 
2o3r4o3 

2o3623o 

2o4io5o 

2045862 

0,2050667 
2055464 
2060254 
2o65o37 
2069813 

0,2074581 
2079342 
2084096 
2088843 
2093582 

0,2098315 
2Io3o4o 

2107759 
2112470 
2117174 

0,2121871 
212Ô5Ô2 
2l3l245 
2i35g2i 

2i4o5gi 

0,2145253 
2149909 
2i54558 
2159200 
2x63835 

0,2168464 

2173085 
2177700 
2182308 
2186910 

o,2igi5o5 

2196093 
2200675 
2205250 
2209818 

o,2214380 

2218935 
2223483 
2228026 
2232561 

0,2237091 
224i6i3 
2246i3o 

225o64o 

2255i43 

o,225964o 

2204t3i 

2268615 
2273094 
2277505 

0,2282031 

Diff. 

4872 
4864 
4857 
4849 

4842 

4834 
4827 
4820 
4812 

48o5 

4797 
479° 
4783 
4776 

4768 

4761 
4? 54 
4747 
4789 

4733 

4725 
4719 
4711 
4704 

4697 

4691 
4683 
46 76 
4670 

4662 

4656 
4649 
4642 
4635 

4629 

4621 

4615 
4608 

4602 

4595 

4588 
4582 
4575 
4568 

4562 

4555 
4548 
4543 
4535 

453o 

4522 
4517 
45io 
45o3 

4497 

44gi 
4484 
4479 
4471 

4466 
445g 



TABLE VIIL—For an Ellipsis or Hyperbola. 

This table, with Table IX., X., are for computing the elements of the orbit, when there are given the two radii 
r, r' ; the included heliocentric arc v' — and the time t of describing that arc, expressed in days. 
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TABLE IX. — For an Elliptical Orbit. 

This table is used in connexion with Table VIII., in finding the elements of the orbit, by means of the two radii ?•', r ; 
the included heliocentric arc v'— v — 2f, and the time t of describing that arc, in days. 
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3o5og 
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TABLE X. — For a Hyperbolic Orbit. 

This table is used in connexion with Table VIII., in finding the elements of the orbit, by means of the two radii r’, r 
the included heliocentric arc v' — v — 2f, and the time t of describing that arc, in days. 
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PRECEPTS FOR THE USES OF TABLES XI. AND XII. 
These Tables are inserted for the purpose of changing the arcs of the centesimal division of the quadrant into sexagesimals. 

Table XL, is divided into three distinct parts. The first part gives the degrees and minutes, in sexagesimals, for every degree of 

the centesimal division, from 0° to 399° ; the tens being in the side column, and the units at the top. Thus we see by inspection, that 

260° = 234a 00™ ; 261° = 234d 54™ ; &c. The second part gives the minutes and seconds in sexagesimals, corresponding to the 

centesimal division from O' to 99' ; the tens of minutes being at the side, and the units at the top ; thus 60'= 32™ 24s ; 61' = 32™ 56s, 4; 

&c. The third part gives the seconds and decimals in sexagesimals, corresponding to the centesimal division, from 0" to 99"; the tens 

of seconds being at the side and the units at the top; thus 40" = 12s, 960; 41"= 13s, 284; &c. The two following examples, show 

its use in more complicated cases ; they require no particular explanation. 

EXAMPLE I. 

Change 293° 21' 17" into sexagesimals. 

Table XI. 293° = 263d 4a™ 00s 

21' = 11 20,4 

17" = 5,5o8 

293d 21' 17" = 203d 53™ 2 5s,908 

EXAMPLE II. 

Change 263d 53m 25s, 908 into centesimals. 

Table XI. 263d 42™ = 293° 00' 00" 

Remainder, 11™ 25s, 908 

Table XI. ii™2os,4 = o 21 00 

Remainder Table XI. 5s, 5o8 = 17 

263d 53m 25s 908 = 293° 21' 17" 

Table XII., gives the seconds and decimals, in sexagesimals, for every second of the centesimal division, from 0" to 999"; the tens 

being in the side column and the units at the top. It is computed by the rule s = 0,324. c ; s being the number of sexagesimal seconds 

corresponding to c in centesimal seconds. Hence we have by inspection 570" = 184s, 680 ; 571" = 185s, 004; &c. If we change the 

decimal point, three places to the left, we shall get, from the table, by inspection, the value of every thousandth part of 1" from 0",001 

to 0",999. Thus we have, by using the same numbers as before, 0",570 = 0s,184680 ; 0",571 = 0s,185004 ; &c. In like manner, by 

changing the decimal point to the left 6 units we get the values from 0",000001 to 0",000999; &c. We may also change the decimal 

point to the right, if larger numbers are wanted. 

EXAMPLE III. 

Change 327", 345 into sexagesimals. 

327", 000 = io5s, 948 

,345 111780 

327", 345 = 106s, 059780 

EXAMPLE V. 

Change 327345" into sexagesimals. 

327000" = io5948s 

345" = 11 is, 780 

327345" = io6o59s, 780 

EXAMPLE VII. 

Change o", 6443o2 into sexagesimals, 

o", 644 = os, 208656 

O", 000302 = 98 

o", 644302 = os, 208754 

EXAMPLE IV. 

Change 106s, 059780 into centesimal seconds. 

Table XII. io5s, 948 = 327", 000 

Table XII. 111780 = 345 

106s, 059780 = 327", 345 

EXAMPLE VI, 

Change io6o59s, 780 into centesimal seconds. 

Table XII. io5g48s = 327000'' 

Table XIII. 11 is, 780 = 345" 

106059s» 780 = 327345" 

EXAMPLE VIII. 

Change o", 076897 into sexagesimals, 

o", 076 = os, 024624 

o", 000897 = 291 

o", 076897 = os, 024915 

Table XII., has been found very convenient in making the reductions of the planetary inequalities, in this volume, from centesimal 

to sexagesimal seconds, to six places of decimals, as in the two last examples. Since it is easy to obtain the sum of the two parts of the 

fraction, without the trouble of writing them down separately; the last part of the fraction being generally so small that it is easy to 

add it to the large tabular number corresponding to the first part. Thus in example VII., the number 98 is easily added to 0,208656, 

to obtain 0,208754, by mere inspection. The numbers given in this volume were in the first place computed from the table, and then 

verified by a numerical calculation; found by putting s'= 0,3 c and s = s'-j-0,08 s'. So that instead of writing down the number c 

and then multiplying it by 0,324; w7e may write down, in the first instance 0,3 c; and then multiply it by 0,08, which gives 0,024 c; 

whose sum is s = 0,324 c. This method, applied to the preceding examples VIL, VIII., produce the following results : 

EXAMPLE IX. 

Change o", 644302 into sexagesimals. 

o,3 c = os, 1932906 

Multiply by 0,08 i5463248 

EXAMPLE X. 

Change o", 076897 into sexagesimals. 

o,3 c = os, 023o69r 

Multiply by 0,08 i845528 

os, 2o8753848 os, 024914628 



TABLE XI. 
To convert centesimal degrees, minutes, and seconds, into sexagesimals. 

1. — To convert centesimal degrees into sexagesimals. 

Centes. 0 1 2 3 4 5 6 7 8 9 
d m d m d m d m d m d m d m d m d m d vi 

o 0,00 0,54 i,48 2,42 3,36 4,3o 5,24 6,18 7,12 8,06 

I g,oo 9,54 10,48 11,42 12,36 i3,3o 14,24 i5,i8 16,12 17,06 

2 18,00 18,54 19,48 20,42 2i,36 22,3o 23,24 24,18 25,12 26,06 

3 27,00 27,54 28,48 29,42 3o,36 3i,3o 32,24 33,i8 34,12 35,o6 

4 36,oo 36,54 37,48 38,42 39,36 4o,3o 4l,24 42,18 43,12 44,o6 

5 45,oo 45,54 46,48 47,42 48,36 4g,3o 5o,24 5i,i8 52,12 53,o6 
6 54,oo 54,54 55,48 56,42 57,36 58,3o 59,24 60,18 6l,I2 62,06 

7 63,oo 63,54 64,48 65,42 66,36 67,30 68,24 69,18 70,12 71,06 
8 72,00- 72,54 73,48 74,4a 75,36 76,30 77,24 78,18 79,12 80,06 

9 81,00 8i,54 82,48 83,42 84,36 85,3o 86,2.4 87,18 88,12 89,06 

IO 90,00 90,54 91,48 92,42 93,36 g4,3o 95,24 96,18 97,i2 98,06 
ii 99;°° 99,54 100,48 101,42 102,36 io3,3o 104,24 io5,i8 106,12 107,06 
12 108,00 io8,54 109,48 110,42 iii,36 II2,3o 113,24 n4,i8 115,i2 116,06 
i3 117,00 117,54 118,48 119,42 120,36 I2I,3o 122,24 123,18 124,12 I25,o6 

i4 126,00 126,54 127,48 128,42 129,36 i3o,3o i3i,24 i32,i8 i33,i2 134,o6 

i5 i35,oo 135,54 136,48 137,42 138,36 1 39,3o i4o,24 i4i,i8 142,12 l43,o6 
16 144,oo i44,54 i45,48 146,42 i47,36 i48,3o 149,24 i5o,i8 l5l,I2 i52,o6 

17 i53,oo i53,54 154,48 i55,42 i56,36 157,3o 188,24 i5g,i8 160,12 161,06 
18 162,00 162,54 i63,48 164,42 i65,36 166,3o 167,24 168,18 169,12 170,06 

*9 171,00 i7T,54 172,48 173,42 174,36 i75,3o 176,24 177,18 178,12 179,06 

20 180,00 i8o,54 181,48 182,42 i83,36 i84,3o 185,24 186,18 187,12 188,06 
21 189,00 189,54 190,48 191,42 192,36 198,30 194,24 i95,i8 196,12 197,06 
22 198,00 rg8,54 199-48 200,42 2oi,36 202,3o 2o3,24 204,18 2o5,I 2 206,06 
23 207,00 207,54 208,48 209,42 2io,36 21 i,3o 212,24 2i3,i8 2l4,I2 2i5,o6 
2 4 216,00 216,54 217,48 218,42 2ig,36 220,3o 221,24 222,t8 223,12 224,06 

25 225,00 225,54 226,48 227,42 228,36 229,30 23o,24 23i,i8 232,12 233,o6 
26 234,00 234,54 235,48 236,42 287,36 238,3o 239,24 240,18 24l,I2 242,06 
27 243,00 2.43,54 244,48 245,42 246,36 247,3o 248,24 249,18 25o,T2 25i,o6 
28 252,00 252,54 253,48 254,42 255,36 256,3o 287,2 4 258,18 25g,I2 260,06 

29 261,00 261,54 262,48 263,42 264,36 265,3o 266,24 267,18 268,12 269,06 

3o 270,00 270,54 271,48 272,42 273,36 274,30 275,2 4 276,18 277,12 278,06 
3i 279,00 279,54 280,48 281,42 282,36 283,3o 284,24 286,18 286,12 287,06 
32 288,00 288,54 289,48 290,42 291,36 292,30 293,24 294,18 295,12 296,06 
33 297,00 297,54 298,48 299,42 3oo,36 3oi,3o 302,24 3o3,i8 3o4,i2 3o5,o6 
34 3o6,oo 3o6,54 307,48 3o8,42 3og,36 3io,3o 3ii,24 3i2,i8 3i3,i2 314,06 

35 3i5,oo 315,54 316,48 317,42 3i8,36 319,30 320,24 321,18 322,12 323,o6 
36 324,00 324,54 325,48 326,42 327,36 328,3o 32g,24 33o,i8 33i,i2 332,o6 
37 333,oo 333,54 334,48 335,42 336,36 337,3o 338,24 33g,i8 340,12 341,06 
38 342,00 342,54 343,48 344,42 345,36 346,3o 347,24 348,i8 349,12 35o,o6 

39 351,00 35 r,54 352,48 353,42 354,36 355,3o 356,24 357,i8 358,12 35g,o6 

II. — To convert centesimal minutes into sexagesimals. 

Centes. 0 1 2 3 4 5 6 7 8 9 
7)1 S 11X s 111 S 111 s m s 111 S 111 s m s m s 7)1 S 

0 0,00,0 0,32,4 1,04,8 1,37,2 2,09,6 2,42,0 3,t4,4 3,46,8 4,19,2 4,5i,6 
i 5,24,0 5,56,4 6,28,8 7,01,2 7,33,6 8,06,0 8,38,4 9,10,8 9,43,2 io,i5,6 
2 10,48,0 11,20,4 11,52,8 12,25,2 12,57,6 i3,3o,o 14,02,4 i4,34,8 15,07,2 15,89,6 
3 16,12,0 i6,44,4 17,16,8 17,49,2 18,21,6 i8,54,o 19,26,4 19,58,8 20,31,2 2i,o3,6 
4 2i,36,o 22,08,4 22,40,8 23,l3,2 23,45,6 24,18,0 24,5o,4 25,22,8 25,55,2 26,27,6 

5 27,00,0 27,32,4 28,04,8 2.8,37,2 29,09,6 29,42,0 3o,i4,4 3o,46,8 31,19,2 3i,5i,6 
6 32,24,0 32,56,4 33,28,8 34,01,2 34,33,6 35,o6,o 35,38,4 36,io,8 36,43,2 37,i5,6 

7 37,48,0 38,20,4 38,52,8 39,25,2 39,57,6 4o,3o,o 41,02,4 4i,34,8 42,07,2 42,39,6 
8 43,12,0 43,44,4 44,i6,8 44,49,2 45,21,6 45,54,o 46,26,4 46,58,8 47,31,2 48,o3,6 

9 48,36,o 49,08,4 49,40,8 5o,i3,2 5o,45,6 5i,i8,o 5i,5o,4 52,22,8 52,55,2 53,27,6 

III. — To convert centesimal seconds into sexagesimals. 

Centes. 0 1 2 3 4 £5 6 7 8 9 
s S S s S S s S 5 

O 0,000 0,32 4 o,648 0,972 1,296 1,620 r,9 44 2,268 2,592 2,916 
j I 3,240 3,564 3,888 4,212 4,536 4,860 5,184 5,5o8 5,832 6,i56 

2 6,480 6,8o4 7,128 7,452 7,776 8,100 8,424 8,748 9>°72 9;3g6 
3 9,720 10,044 io,368 10,692 11,016 11,340 11,664 n,g88 I 2,312 12,636 
4 12,960 13,284 13,6o8 i3,g32 i4,256 i4,58o 14,904 i5,228 i5,552 15,876 

5 16,200 16,624 16,848 17,172- 17,496 17,820 i8,t44 18,468 18,792 19,116 
6 19,440 19,764 20,088 20,4i 2 20,786 21,060 21,384 21,708 22,082 22,356 
7 22,680 28,004 23,328 23,652 23,976 24,3oo 24,624 24,948 25,272 25,5g6 
8 25,920 26,244 26,568 26,892 27,216 27,540 27,864 28,188 28,512 28,836 
9 29,160 29,484 29,808 3o,i32 3o,456 30,780 . 3i,io4 31,428 3i,752 32,076 

a27 



TABLE XII. 
To convert centesimal seconds into sexagesimals. 

Centes. 0 1 2 3 4 5 6 7 8 9 Centes. | 
// 
O s 0,324 o,648 

S 5 
1,296 

5 
1,620 

s 

1,9 44 
s 

2,268 
5 
2,592 

S 

2.Q16 
// 
O 

i 3,240 3,564 3,888 4,212 4,536 4,860 5.184 5,5o8 5,832 6,156 I 
2 6,480 6,8o4 7,128 7,452 7,776 8,100 8,424 8,748 9,072 9,3q6 2 
3 9=720 10,0 44 io,368 10,692 11,016 1 i,34o 11,664 11,988 12,312 12,636 3 
4 12,960 i3,284 13,6o8 i3,g32 i4,256 i4,58o 14,904 15,228 i5,552 15,876 4 

5 16,200 16,524 16,848 17,172 17,496 17,820 18,144 18,468 18,792 19,i16 5 
6 19,440 19,764 20,088 20,4i 2 20,736 21,060 21,384 21,708 22,082 22,356 6 
7 22,680 28,004 23,328 23,652 23,976 24,3oo 24,624 24,948 25,272 25.5g6 7 
8 25,920 26,244 26,568 26,892 27,216 27,540 27.864 28,188 28,512 28,836 8 
9 29,160 29,484 29,808 3o,i32 3o,456 30,780 3i,io4 31,428 3i,752 32,076 9 

TO 32,400 32,724 33,o48 33,372 33,696 34,020 34,344 34,668 34,992 35,3i6 10 
II 35,64o 35,964 36,288 36,612 36,936 37,260 37,584 37,908 38,232 38,556 11 
12 38,88o 39,204 39,528 3g,852 40,176 4o,5oo 40,824 4i,i48 4i,472 41,796 12 
13 42,120 42,444 42,768 43,092 43,4i6 43,740 44,o64 44,388 44,712 45,o36 i3 
14 45>36o 45,684 46,008 46,332 46,656 46,980 47,3o4 47,628 47,952 48,276 i4 

i5 48,600 48,924 49,248 49,572 49,896 5o,220 5o,544 5o,868 51,192 5i ,5i6 i5 
16 51,840 52,1 64 52,488 52,812 53,i36 53,460 53,784 54,io8 54.432 54,756 16 
17 55,o8o 55,4o4 55,728 56,o52 56,376 56,700 57,02 4 57,348 57,672 57,096 17 
18 58,320 58,644 58,g68 69,292 59,616 5g,g4o 60,264 60,588 60,912 61,236 18 
*9 

6i,56o 61,884 62,208 62,532 62,856 63,180 63,5o4 63,828 64,152 64,476 *9 

20 64,8oo 65,124 65,448 65,772 66,096 66,420 66,744 67,068 67,392 67,716 20 
21 68,o4o 68,364 68,688 69,012 6g,336 69,660 69,084 70,308 70,632 70,956 21 
22 71 ,280 71,6o4 71,928 72,262 72,576 72,900 73,124 73,548 73,872 74,196 22 
23 74,520 74,844 75,168 75,492 75,816 76,140 76,464 76,788 77,112 77,436 23 
2 4 77,760 78,084 78,408 78,782 79,o56 79,38c 79,704 80,028 80,352 80,676 24 

25 81,000 8x,324 81,648 81,972 82,296 82,620 82,944 83,268 83,5q2 83,916 25 
2Ô 84,240 84,564 84,888 85,212 85,536 85,860 86,184 86,5o8 86,832 87,156 26 
27 87,480 87,804 88,128 88,452 88,776 89,100 89,424 89,748 90,072 qo,3q6 27 
28 90,720 91,044 91,368 91,692 92,016 92,340 92,664 92,988 g3,3i2 g3,636 28 
29 93,960 94,284 94,608 94,982 95,256 g5,58o 95,904 96,228 96,552 96,876 29 

3o 97,200 97,5a 4 97,848 98,172 98,496 98,820 99,j44 99,468 99,792 100,116 3o 
3i ioo,44o 100,764 101,088 101,412 101,786 102,060 102,384 102,708 io3,o32 io3,356 3i 
32 io3,68o 104,004 io4,328 io4,652 104,976 xo5,3oo 105,624 io5,g48 106,272 io6,5g6 32 
33 106,920 107,244 107,568 107,892 108,216 io8,54o 108,864 109,188 109,5l2 109,836 33 
34 110,160 110,484 110,808 I1I,i32 iii,456 111,780 112,104 112,428 112,762 113,076 34 

35 1 i3,4oo 113,724 114,048 114,372 114,696 Il5,020 115,344 115,668 115,QQ2 1 i6,3i6 35 
36 ii6,64o 116,964 117,288 117,612 117,936 118,260 118,584 118,908 119,232 119,556 36 
37 119,880 120,204 120,528 120,852 121,176 I2I,5oO 121,824 122,148 122,472 122,796 37 
38 123,120 123,444 123,768 124,092 124,416 124,740 125,064 125,388 125,712 126,036 38 

39 
126,360 126,684 127,008 127,332 127,656 127,980 128,304 128,628 128,952 129,276 39 

4o 129,600 129,924 i3o,248 i3o,572 i3o,8g6 131,220 131,544 131,868 i32,ig2 i32,5i6 4o 
4i i32,84o i33,i64 i33,488 i33,8i2 i34,i36 i34,46o 134,784 i35,io8 i35,432 i35,756 41 
42 i36,o8o i36,4o4 136,728 i37,o52 137,376 137,700 i38,o24 i38,348 138,672 138,996 42 
43 139,320 139,644 189,968 140,292 i4o,6i6 140,940 141,264 i4i,588 141,912 142,236 43 
44 142,56o 142,884 143,208 i43,532 i43,856 144,180 i44,5o4 144,828 i45,x5a i45,476 44 

45 i45,8oo 146,124 i46,448 146,772 147,096 147,420 i47,?44 148,068 i48,3g2 148,716 45 
46 149,040 i4g,364 149,688 i5o,OI2 i5o,336 i5o,66o 15o,g84 i5i,3o8 151.632 i5i,g56 46 
47 152,280 i52,6o4 152,928 i53,252 153,576 153,900 i54,224 154,548 154,872 i55,ig6 47 
48 i55,52o 155,844 156,168 156,4g2 156,816 157,140 157,464 157,788 i58,i 12 158,436 48 

49 x 58,760 i5g,o84 159,408 159,732 i6o,o56 160,38o 160,704 161,028 i6i,352 161,676 49 
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TABLE XII. 
To convert centesimal seconds into sexagesimals. 

I Centes. 0 1 2 3 4 5 6 7 8 9 Centes. I 

1 5° 

5 
162,000 162,324 

ë 
162,648 

S 

162,972 163,296 163,620 163 ,g44 164,268 

S 

164,592 164,916 5o 

i 5i i65,24o i65,564 i65,888 166,212 166,536 166,860 167,184 167,508 167,832 168,i56 5i 

i 5a 168,480 168,804 169,128 169,452 169,776 170,100 170,424 170,748 171,072 171,396 52 

1 53 171,720 172,044 172,368 172,692 173,016 173,340 173,664 173,988 174,312 174,636 53 

54 174,960 175,284 175,608 175,932 176,256 176,580 176,904 177,228 177,552 177,876 54 

55 178,200 178,524 178,848 I79,I72 i79>496 179,82° 180,144 180,468 180,792 181,116 55 

56 181,440 181,764 182,088 182,412 182,786 188,060 i83,384 183,708 184,082 184,356 56 

57 184,680 i85,oo4 i85,328 i85,652 185,976 i86,3oo 186,624 186,948 187,272 187,596 57 

58 187,920 188,244 188,568 188,892 189,216 189,540 189,864 190,188 190,5l2 1 go,836 58 

5g 191,160 191,484 191,808 192,182 192,456 192,780 ig3,io4 193,428 193,752 194,076 59 

6o ig4,4oo 194,724 195,048 195,372 195,696 196,020 196,344 196,668 196,992 197,316 60 

6i 197,640 197,964 198,288 198,612 198,936 199,260 199,584 i99*9°8 
200,232 200,556 61 

1 62 200,880 201,204 201,528 201,852 202,176 202,5oo 202,824 2o3,i48 203,472 203,796 62 

63 2o4,I 20 204,444 204,768 205,092 2o5,4i6 205,740 206,064 206,388 206,712 207,086 63 

64 207,360 207,68 4 208,008 208,382 208,656 208,980 209,3o4 209,628 209,952 210,276 64 

65 210,600 210,924 211,248 211,572 211,896 212,220 212,544 212,868 2l3,I92 2i3,5i6 65 

66 213,84o 214,164 214,488 214,812 2i5,i36 215,46o 215,784 216,108 2l6,432 216,756 66 

I 67 217,080 217,404 217,728 218,052 218,376 218,700 219,024 219,348 219,672 219,996 67 

68 220,320 220,644 220,968 221,292 221,616 221,940 222,264 222,588 222,912 223,236 68 

69 223,56o 223,884 224,208 224,532 224,856 225,180 225,5o4 225,828 226,102 226,476 69 

70 226,800 227,124 227,448 227,772 228,096 228,420 228,744 229,068 229,392 229,716 70 

71 23o,o4o 23o,364 23o,688 23l,012 231,336 231,660 231,984 282,3o8 232,632 232,g56 71 

72 233,280 233,6o 4 233,928 234,202 234,576 234,900 235,224 235,548 235,872 236,196 72 

73 236,520 236,844 237,168 237,492 237,816 238,i4o 238,464 238,788 239,112 23g ,436 73 

74 239,760 240,084 240,408 240,732 24i,o56 24i,38o 241,704 242,028 242,352 242,676 74 

75 243,000 243,324 243,648 243,972 244,296 244,620 244,944 245,268 245,592 245,916 75 
76 246,240 246,564 246,888 247,212 247,536 247,860 248,184 248,5o8 248,832 249,156 76 

77 249,480 249,804 250,128 a5oj452 250,776 25l,IOO 25l,424 251,748 252,072 252,396 77 
78 252,720 253,o44 253,368 253,692 254,oi6 254,34o 254,664 254,988 255,3i2 255,636 78 

79 255,960 256,284 256,6o8 256,982 257,256 257,580 257,904 258,228 258,552 258,876 79 

80 259,200 259,524 259,848 260,172 260,496 260,820 261,144 261,468 261,792 262,116 80 

81 262,440 262,764 263,088 263,412 263,786 264,060 264,384 264,708 265,o32 265,356 81 
82 265,680 266,004 266,328 266,652 266,976 267,300 267,62 4 267,948 268,272 268,596 82 

83 268,920 269,244 269,568 269,892 270,216 270,540 270,864 271,188 271,512 271,836 83 

84 272,160 272,484 272,808 273,132 273,456 273,780 274,104 274,428 274,752 275,076 84 

85 275,400 275,724 276,048 276,372 276,696 277,020 277,344 277,668 277,992 278,316 85 
86 278,640 278,964 279,288 279,612 279,936 280,260 280,584 280,908 281,282 28i,556 86 

87 281,880 282,204 282,528 282,852 283,176 283,5oo 283,824 284,148 284,472 284,796 87 

88 285,120 285,444 285,768 286,092 286,416 286,740 287,064 287,388 287,712 288,036 88 

89 288,360 288,684 289,008 289,382 289,656 289,980 290,3o4 290,628 290,952 291,276 «9 

9° 291,600 29^924 292,248 292,572 292,896 293,220 293,544 293,868 294,192 2g4,5i6 9° 

91 294,840 295,164 295,488 295,812 296,186 296,460 296,784 297,108 297,432 297,756 9T 

92 298,080 298,404 298,728 299,°52 299,376 299,700 300,024 3oo,348 300,672 300,996 92 

93 3oi,32o 3oi,644 3oi,ç68 302,292 3o2,6i6 3o2,g4o 3o3,2 64 3o3,588 3o3,gi2 3o4,236 93 

94 3o4,56o 3o4,884 3o5,2o8 3o5,532 3o5,856 3o6,i8o 3o6,5o4 306,828 3o7,i52 307,476 94 

95 307,800 308,124 3o8,448 308,772 309,096 309,420 309,744 310,068 3io,3q2 310,716 95 
96 311 ,o4o 311,364 311,688 312,012 3i2,336 312,660 312,984 3i3,3o8 3i 3,632 3i3,g56 96 

97 314,280 3i4,6o4 814,928 3i5,252 3i5,57Ô 315,900 316,224 3i6,548 316,872 317,196 97 
98 317,520 3i7,844 3i8,i68 3i8,4g2 3i8,8i6 319,140 3ig,464 319,788 320,11 2 320,436 98 
99 320,760 321,084 32i,4o8 321,782 322,o56 322,38o 322,704 328,028 323,352 328,676 99 

0 1 2 3 4 5 6 7 8 9 
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